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Abstract—The Poggio-Miller-Chan-Harrington-Wu-Tsai
(PMCHWT) integral equation is widely used in the scattering
analysis of dielectric bodies. The RWG set is normally adopted
to expand the electric and magnetic currents in the Method of
Moments (MoM) discretization of the PMCHWT formulation.
This set preserves normal continuity across edges in the
expansion of currents. However, in the analysis of composite
objects, the imposition of such continuity constraint around
junctions, where several regions intersect, becomes convoluted.
We present a new nonconforming discretization of the
PMCHWT formulation so that currents are expanded with no
continuity constraint across edges. This becomes well-suited
for the analysis of composite objects or nonconformal meshes,
where some adjacent facets have no common edges. We show
RCS results where the nonconforming PMCHWT
implementation, facet-oriented, shows similar or better
accuracy as the conventional approach, edge-oriented, for a
given degree of meshing.
Index Terms—Integral Equations, Method of Moments,
PMCHWT formulation

I.

INTRODUCTION

The conventional MoM-discretization of the PMCHWT
integral formulation [1][2][3] usually relies on the low-order
RWG set, which preserves the normal continuity of the
currents across the edges arising from the meshing of the
problem [4]. The hypersingular Kernel contributions arising
in the expansion of scalar potentials are then cancelled out.
However, in the analysis of a composite object, made up of
several regions with different electromagnetic properties, the
definition of the RWG set around junctions, edges where
several regions intersect, becomes a cumbersome task [5].
Recently, new nonconforming schemes, based on the facetoriented monopolar-RWG set, with no interelement
continuity constraints, have been developed for the scattering
analysis of conductors with the Electric Field Integral
Equation (EFIE) [6][7][8]. In these schemes, the
hypersingular Kernel contributions are properly evaluated by
testing the fields off the boundary surface, in the inner region
of the body, through two different non-Galerkin testing
strategies. The fields are either tested over small volumetric
entities (tetrahedral elements or wedges) attached to the
boundary elements [6][7] or with RWG functions defined
over pairs of connected triangles, one matching a surface
facet and the other one oriented normally inside the
conductor [8]. The latter testing scheme, “tangential-

normal”, cancels out the hypersingular scalar potential
contributions and leads to an easier matrix generation than
the former “volumetric” approach. In this paper, we extend
these nonconforming schemes to the scattering analysis of
single dielectric bodies with the PMCHWT integral equation.
Since the PMCHWT formulation now involves two
equivalent problems, the testing of the fields needs to be
conducted in the region where, in light of the equivalence
theorem, the fields have to be zero. In this paper, we show
with RCS results that the nonconforming PMCHWT
implementation shows similar or better accuracy as the
conventional divergence-conforming approach for a given
degree of meshing. The nonconforming PMCHWT
implementation, facet-oriented, appears as a promising tool
for the robust and flexible scattering analysis of piecewise
homogeneous objects.
II.

NONCONFORMING DISCRETIZATION OF THE
PMCHWT FORMULATION

The expansion of the electric and magnetic currents, J i
and M i over the two sides (i=1,2) of the boundary surface
around a dielectric object with the monopolar-RWG set
{mn } = { f n1 , f n2 } yields (see Fig. 1)
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where Ne denotes the number of edges arising from the
discretization of the boundary, and the sequences
{ J ni } = {a1,n i , an2,i } , {M ni } = {bn1,i , bn2,i } represent the sets of
unknown coefficients associated with the expansion of the
electric and magnetic currents, respectively. The
nonconforming monopolar-RWG set adopts the same local
definition as the RWG set but with no continuity constraint
across edges. The subsets { f n1} and { f n2 } denote the
monopolar-RWG contributions at the two facets that share
the nth edge [6].
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where J n = J n1 = − J n2 and M n = M n1 = − M n2 . The quantities
ki , ηi denote, respectively, the wave number and the
impedance of the medium i . They are defined in terms of the
free-space wave number k0 and impedance η0 as
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where we assume different relative permittivities
( ε r ,1 ≠ ε r ,2 ) and same relative permeability ( μr ,1 = μr ,2 = 1 )
in both regions. The Green’s function of the medium i is
defined as Gi = e − jki R / ( 4π R ) , where R = r − r ′ . The
inc
inc
vectors E tan
and H tan
denote the tangential components of

Fig. 1. Surface equivalence theorem for a penetrable object and plane
wave excitation

The approximated scattered electric and magnetic fields,
respectively, E is and H is , obtained from the expanded
currents in (1) and (2) are

the incident electric and magnetic fields, respectively, at the
meshed boundary surface Γ S (see Fig. 1).
The Galerkin testing of (7) and (8) results in the
following expressions
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The discretized PMCHWT is defined at the surface of the
dielectric target in terms of the subtraction of the tangential
components of the approximated fields in (3) and (4), so that
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where the integral operator K ni is interpreted in the Cauchy
principal value sense. The contribution of the nth
monopolar-RWG basis function to the gradient of scalar
potentials (electric or magnetic) ∇Φ in at each medium
(i=1,2) yields [6]
∇Φ in ( r ) = j
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where ∂Sn and nˆcn denote, respectively, the closed contour
around the source triangle S n and the unit vector
perpendicular to this contour. The testing integrals in (10)
become unbounded because the line integral in (11)
becomes non-integrable when the field point approaches the
source point. In this work we circumvent this problem
through non-Galerkin testings in the vicinity of the
boundary inside the region where the fields must be null in
accordance with the equivalence theorem.
A. Volumetric testing
The testing of the fields is carried out over a set of
tetrahedral elements attached to the boundary surface (see
Figs. 1, 2) [6]. The monopolar-RWG discretization of the
PMCHWT formulation with volumetric testing thus leads to
the following matrix system
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where S m ∪ S mi denotes the m-th domain in a particular
region (i=1,2), where the corresponding RWG testing
functions {t mi } are defined. The testing of ∇Φ in with
tangential-normal testing functions results in

m = 1....2Ne

where Vmi denotes the m-th tetrahedral testing element
attached to the boundary surface, in the medium i, where the
monopolar-SWG testing functions {v mi } are defined (see
Fig. 2). This testing set, defined in an analogous manner as
the monopolar-RWG set, adopts the definition of SWG
basis functions [9] in each tetrahedron but do not set any
continuity constraints across common faces. The nth
monopolar-SWG testing function shares the face at the
surface where the corresponding nth monopolar-RWG
function is defined. In view of Fig. 2, the testing elements
are attached to the boundary in the side where, for that
particular region, in accordance with the equivalence
theorem, the fields must be zero. The accuracy of this
implementation depends on the height of the tetrahedral
elements (H), which we define, in view of Fig. 2, with the
same value at both regions, as a fraction of the lengths (h) of
the associated edges in the matching triangles.
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∇ ⋅ ( t mi Φ in ( r ) )dS = 0 thanks to the normal

continuity of the tangential-normal testing functions across
the edge m. The Kernel hypersingular contributions in (11)
are now canceled out and the computational burden is
reduced when compared with the volumetric testing [8].

Fig. 3. Tangential-normal testing with RWG functions defined over the
pairs of triangles S m and S m1 , inside region 1, or S m and S m2 , inside
region 2. The height of the triangles oriented normally with respect to
the boundary, S m1 and S m2 , Hm, is defined as a fraction of hm, the
length of the associated edge in S m

III.
Fig. 2. Volumetric testing over the tetrahedral elements Vm1 and Vm2 ,
attached to the triangular facet S m , and defined, respectively, inside
regions 1 and 2. The height of the mth testing tetrahedral element Hm
is defined as a fraction of hm, the length of the associated edge in S m

B. Tangential-normal testing
The fields are tested with RWG basis functions
embracing a pair of connected triangles such that one
triangle matches one facet arising in the surface
triangulation and the other one is orientated normally to the
boundary, inside the region where the null field condition
needs to be accomplished (see Fig. 3).
The monopolar-RWG discretization of the PMCHWT
formulation with tangential-normal testing gives rise to
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NUMERICAL RESULTS

The testing object in Fig. 4 is a low-contrast dielectric
sphere with diameter 0.2m (εr=2), meshed with 128
triangular facets. In Fig. 5, we test a high-contrast dielectric
cube with side 0.1m (εr=100) meshed with 192 triangles.
Both objects are immersed in the free space. We show RCS
results computed with the monopolar-RWG discretization of
the PMCHWT formulation with tangential-normal testing
(PMCHWT[tn-monoRWG]) and volumetric testing
(PMCHWT[v-monoRWG]). These are compared against
the
RWG-discretization
of
the
PMCHWT
(PMCHWT[RWG]) and reference results. Whereas for the
sphere, the Mie series solution can be adopted as reference,
for the cube, with no analytical solution available, we adopt
the result computed with PMCHWT[RWG] and a very
dense mesh (32400 unknowns). Note that the observation
angle of 0º in Figs. 4 and 5 corresponds with the
backscattering direction. In both examples the targets are
impinged by an x-polarized +z-propagating plane wave, the
free-space wavelength (λ0) is set to 1m and the height of the
testing elements, H, is set to be h/10. In view of Figs. 4 and
5, very good agreement is observed between the RCS
computed with the several implementations. Moreover, in
view of Fig. 5, for the case of the target with sharp edges
and corners, the RCS computed with nonconforming

PMCHWT implementations shows even better accuracy
than the RCS computed with the divergence-conforming
RWG implementation and same degree of meshing. We
attribute this improvement to the better modeling with the
nonconforming schemes of the singular currents arising in
the vicinity of sharp edges.
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Fig. 4. xz plane cut of the bistatic RCS computed with PMCHWT[vmonoRWG], PMCHWT[tn-monoRWG] and PMCHWT[RWG] for a
dielectric sphere with diameter 0.2m and εr=2 , meshed with 128
triangles,. The impinging plane wave is x-polarized travelling in the
+z-direction and λ0=1m. Mie series is adopted as reference.
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