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Abstract

The so called pseudo-observations in survival analysis were introduced by recent stud-
ies that reviewed this method when estimating different parameters using regressions
models (Andersen and Perme, Stat. Meth. Med. Res., 2010) with the condition that
the censoring distribution is independent from covariates. If censoring depends on co-
variates, the method based on pseudo-observations requires modeling of the censoring
distribution, which leads to the construction of alternative estimators based on censor-
ing probability weighting. This master thesis will present the proposal of Andersen and
Perme and – by means of Monte Carlo simulation – will also study its robustness if the
model for the censoring distribution is misspecified. Two alternative estimators will be
explained and used for the study of robustness of the method: the Cumulative Incidence
Function and the Restricted Mean Lifetime.

Keywords: Survival analysis, Cox Model, Dependent censoring, Pseudo-values, Monte
Carlo Simulation, Cumulative Incidence Function, Restricted Mean Lifetime
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Chapter 1

Introduction

1.1 Context of this study
This study is founded on the context of survival analysis (with competing risks) as well
as the modeling techniques available for this time-to-event data with the important (and
widely spread) remark of right-censored data, that is, we only know partially this time-
to-event data.

Censored data is usually always a problem for three main reasons: the first and
most obvious one is that we partially lose information about (usually) several time-to-
event points, which is lowering our statistical power when computing point or interval
estimates with different techniques or models. Secondly is that the most generalized
statistical tools for survival analysis have the assumption that censoring is independent
from the covariates (Kaplan-Meier, Aalen-Johansen, ...). A violation of this assumption
can introduce a bias in our point and interval estimates and ultimately lead to wrong
results or conclusions about a certain clinical trial, study, etc. This is particularly
important when we have a high load of censored time points in our data. Ultimately,
censoring is also a problem when our aim is to do a linear regression model using an out-
come which can be the survival time itself or a function of that survival time Ti → f(Ti).

Thus, (P.K. Andersen et al., 2003; P.K. Andersen & Pohar Perme M., 2010) proposed
pseudo-observations as a way of using same survival analysis tools or methods when right
censoring is present. These pseudo-observations can be used to solve the generalized es-
timating equations in a regression model. N. Binder et al. (2014) expressed the ways
of defining pseudo-values in situations where censoring depends on covariates because
if we don’t have independent censoring, Kaplan-Meier is not consistent, that was the
motive for finding alternative estimators. However, our aim is to study if the robustness
still remains when the model for censoring is misspecified based on different scenarios
and using the Cumulative Incidence Function and the Restricted Mean Lifetime.

The main advantage of this study is that results from Monte Carlo simulations can
be easily compared between them, giving us a clear view of the possible robustness of
the method, as well as the situations where we might have biased results. Nevertheless,
the simulation is not straight forward and it requires high knowledge of R (https:
//cran.r-project.org/). Also, is very time-consuming even with parallelized code
and using 48 CPUs computational servers.

1
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1.2 Structure of this report
This study is structured in 5 main chapters, the first 4 of them contain different sections.

Chapter 2: aims to explain the theoretical background used in this study which is split
in 2 basic sections:

• Inverse Probability of Censoring Weighted Estimators: will present and ex-
plain the alternative estimators that will take into account the covariate-
dependent censoring in the data. These are the censoring weighted cumu-
lative incidence function and restricted mean lifetime, which, as a point in
common, are weighted by the inverse of the probability of not being lost
to follow-up before a given time t and for a given value of the covariates
(conditional censoring).
• Pseudo-observations: Explanation of this method, the assumptions and the
advantages of using it.

Chapter 3: first of the two practical and Monte Carlo simulation-based parts of this
study. Having the theoretical background, the estimating equations for the cu-
mulative incidence using pseudo-observations will be used and then applied to the
simulation where the study of robustness of the method respect to the specification
of the censoring model will be done.

Chapter 4: this second Monte Carlo simulation-based part will have a similar struc-
ture as Chapter 3 but in this case we will look at the behavior of the restricted
mean lifetime when the censoring model is misspecified. The main difference with
Chapter 3 is that in this case we need to calculate the link function between the
restricted mean lifetime and the linear predictor, as well as using the appropriate
algorithm to fit a GEE model specifying a user-defined link function, inverse link
function, first derivative of the inverse link function and the variance function.

Chapter 5: will explain and show the results from the two previous simulations.

Chapter 6: will explain the conclusions and open the discussion based on the previous
shown results.



Chapter 2

Theoretical Background

2.1 Inverse Probability of Censoring Weighted Estimators
(IPCW Estimators)

Standard non-parametric estimator (Kaplan-Meier, Aalen-Johansen, ...) can not only
handle censoring but they also have (under random censoring) an exact representation
as inverse probability of censoring weighted estimators.

In a competing risks setup with i number of individuals (i = 1, ..., n), j number of
endpoints (j = 1, 2, 3, ..., k) and Ti as the true survival times (Ti = T1, ..., Tn, which are
defined as the true time from 0 to the first possible event j), using the notation used by
N. Binder et al. (2014), let’s define the following (where I is the indicator function):

• Right censoring times Ui, observed times T̃i and censoring indicator ∆i for subject
i:

Ui = U1, ..., Un

The observed times T̃i then are defined as,

T̃i = Ti if Ti ≤ Ui and T̃i = Ui if Ui ≤ Ti

Then the censoring indicator (0 for censored observation and 1 otherwise),

∆i = I(Ti ≤ Ui)

• Number of observed cause j events for a given subject i between 0 and t:

Nij(t) = I(T̃i ≤ t;Di = j; ∆i = 1)

• Number of subjects still at risk at time t (or count number of observed times T̃i
greater or equal than t):

Y (t) =
n∑
i=1

I(T̃i ≥ t)

2.1.1 Cumulative Incidence Function (CIF)

Using the previous notation, Cumulative Incidence Function (CIF) can be defined as:

Fj(t) = P (T ≤ t,D = j) = E(I(T ≤ t,D = j))

3
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As an example of this Cumulative Incidence Function the following figure is shown with
2 possible endpoints or events from the competing risks setup:

Figure 2.1: Example of Cumulative Incidence Function (step function) for causes j =
1, 2.

Competing risks data generated with the algorithm described in section 3.3

CIF is giving us the probability that an event of type j cause has occurred before or
at time t. We start by defining the Kaplan-Meier estimator (Kaplan & Meier, 1958):

Ŝ(t) =
∏
i:ti≤t

(
1− Ni

Yi

)
Then, in a non-parametrical way using the Aalen-Johansen estimator for a given cause
j:

Âj(t) =
∫ t

0

∑n
i=1 dNij(u)
Y (u)

The CIF is defined as (Aalen, 1978):

F̂j(t) =
∫ t

0
Ŝ(u−)dÂj(u) =

∫ t

0
Ŝ(u−)

∑n
i=1 dNij(u)
Y (u) (1)

Where Ŝ(u−) is the probability of having an event just before time u (thus notation
u− is used). We can also use Gill’s relation (Gill, 1980) between the number of subjects
still at risk at time t, the total number of subjects, the survival probability and the
estimated censoring probability which is defined as the product limit estimator for C0(t):
Ĉ0(t). This estimator is giving us the (marginal or unconditional) probability of not
being lost to follow-up (being uncensored) just before time t. If we define N c = I(T̃i ≤
t,∆i = 0) (analogously to Nij(t)), then:
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Y (t)
n

= Ŝ(t)
∏
s≤t

(
1− N c(ds)

Y (s)−N(ds)

)
= Ŝ(t)Ĉ0(t)

Y (t) = nŜ(t)Ĉ0(t) (2)

Following the work done by (N.Binder et al, 2014), the Aalen-Johansen estimator in
this case can be represented, using (1) and (2):

F̂j(t) =
n∑
i=1

∫ t

0
Ŝ(u−) Nij(du)

nŜ(u−)Ĉ0(u−)
= 1
n

n∑
i=1

Nij(t)
Ĉ0(T̃i−)

(3)

The previous estimator is consistent when censoring is independent from covariates
(Aalen, 1978), but for the case of covariate-dependent censoring, Aalen-Johansen esti-
mator is biased, giving us a biased estimate for F̂j(t) (N.Binder et al., 2014), also shown
by Andersen and Pohar Perme (2010) for the marginal survival function. The proposed
solution to obtain an un-biased estimator for F̂j(t) when the censoring is depending
on covariates is to estimate Ĉ(t|Z) which is the censoring distribution conditional on
covariates. Then, if we are able to do a consistent estimation for C(t|Z) (which requires
a correct specification of the model for censoring), we should also obtain a consistent
estimation for F̂j(t).

Thus, the modified and censoring weighted estimator that accounts for covariate-
dependent censoring is (N.Binder et al., 2014):

F̂j(t) = 1
n

n∑
i=1

Nij(t)
Ĉi(T̃i − |Zi)

(4)

2.1.2 Restricted Mean Lifetime (RML)

The restricted mean lifetime or restricted mean survival time can be defined as the τ -
year life expectancy: if we set a horizon time τ > 0, RML is the expected survival time
between 0 and the horizon time τ . Mathematically:

RML = µτ = E[min(T, τ)] =
∫ τ

0
S(t)dt (5)

An example of the Restricted Mean Lifetime (depending on the survival function as said
before) is shown below:
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Figure 2.2:
Example of Survival function (step function) as a black line and Restricted Mean

Lifetime (red colored area). Data generated with the algorithm described in section 3.3
and using the prodlim package for R

Following with the same context of a competing risk set-up as before, we now need
to calculate the alternative estimator for the survival function Ŝ(t) in order to integrate
(or sum in a discrete case) and compute the RML. Following this thought we can express
the survival function, in a competing risk setup, as the complementary of the sum of
the probabilities of having an event (cumulative incidence) at time t from all causes of
failure (j = 1toj = k):

Ŝ(t) = 1−
k∑
j=1

F̂j(t)

And taking the alternative estimator for F̂j(t) in equation (4):

Ŝ(t) = 1− 1
n

k∑
j=1

n∑
i=1

Nij(t)
Ĉi(T̃i − |Zi)

(6)

In equation (6) is important to notice how the competing risks setup is not so rel-
evant anymore, since we are summing over all types of failures and then the operation∑k
j=1Nij(t) will be equal to 1 for any type of event (from cause j = 1 to j = k between

0 and t) and 0 if individual i is censored. It’s also the natural way of looking at the
survival function since if we compute Ŝj=1(t) we are obtaining the probability of either
being alive at time t or having a cause j = 2, ..., k event, so we are not really clarifying
the probability of having an event for the cause of interest.



CHAPTER 2. THEORETICAL BACKGROUND 7

Because of this a competing risks setup doesn’t make much sense in this case, so to
simplify the formulation and the future simulation, we will join all the j causes. Thus,
the resulting alternative estimator for the survival function is:

Ŝ(t) = 1− 1
n

n∑
i=1

Ni(t)
Ĉi(T̃i − |Zi)

(7)

Using equations (5) and (7):

µ̂τ =
∫ τ

0
Ŝ(t)dt (8)

Where Ŝ(t) is the alternative estimator (using the inverse probability of not being
lost to follow-up before a given time t as weights) for the survival function (equation 7).

2.2 Pseudo-observations
Pseudo-observations or Pseudo-values are based on a resampling technique called Jack-
knife (Efron & Stein, 1981). Jackknife allows us to estimate the bias of an estimator
over the entire sample, hence we can recalculate the estimator corrected for bias:

• Calculate the all-sample estimator θ̂

• Calculate all the leave-one-out estimators θ̂(−i) for i = 1, ..., n where n is the
number of subjects/observations/rows of the data, then compute the average:

θ̂(.) = 1
n

n∑
i=1

θ̂(−i)

• The bias-corrected Jackknifed estimator θ̂(corr) will be:

θ̂(corr) = nθ̂ − (n− 1)θ̂(.)

Now if we are interested in only a single correction, one for each subject/observation/row,
then instead of doing the average over all the leave-one-out estimates, we can subtract
the i-th leave-one-out estimate to the all-sample estimate to obtain the bias-corrected
estimate for subject/observation/row i:

θ̂(i) = nθ̂ − (n− 1)θ̂(−i) (9)

Supposing that we define some function of the survival time T → f(T ), it’s impor-
tant to notice that if we don’t have censoring in our data the expectation θ = E(f(T ))
can be estimated using simply the average 1

n

∑n
i=1 f(Ti) and the i-th pseudo-observation

will be f(Ti) (N. Binder et al., 2014).

Case for the Cumulative Incidence: Pseudo-values are (Klein & Andersen, 2005):

F̂ij(t) = nF̂j(t)− (n− 1)F̂ (−i)
j (t) (10)

Then the generalized estimating equations (GEE) take the form:
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Un(β ′) =
n∑
i=1

V (t)[F̂ij(t)− g(t,β ′, Zi)] = 0 (11)

Following this path, (Graw et al., 2009) showed the following property which is necessary
for the consistency for the solution of the GEE:

E(F̂ij(t)|Zi) = E(I(Ti ≤ t,Di = j)|Zi) +Op(1)

However, it relies on the assumption that censoring is independent from covariates:

P (U > t|Z = z) = P (U > t) = C0(t) > 0

That’s why previously we focused on the alternatives estimators for the CIF and RML,
so that pseudo-values are a “correction" for the original values when we have dependent
censoring. However, for the pseudo-values to work in this case and as we will see later,
the censoring model needs to be correctly specified.



Chapter 3

Monte Carlo Simulation for the
Cumulative Incidence Function
(CIF)

The following indexes will be used throughout this chapter:

• i = 1, ..., n as an indicator for the subject.

• j = 1, 2, 3, ... refers to the cause. In this case the cause of interest will be j = 1.

• k = 1, ..., n− 1 is the leave-one-out index, meaning that it won’t have the index i
or it has to be different than index i.

• m = 1, 2, 3, ... refers to the time-points where an event of cause j = 1 has happened.

• To simplify notation, if the cumulative incidence function is specified as F1(t), it
is assumed that the proper time-points for cause 1 events are used.

• Definitions from Theoretical Background still apply.

3.1 Estimating Equations for the CIF
Following the Theoretical Background chapter and the work from N.Binder et al (2014),
we can now calculate the pseudo-observations in order to calculate later the link between
the pseudo-values for the CIF and our linear predictor. Taking equation (4) as the
alternative estimator and a Cox model for the censoring distribution:

Ci(t|Zi) = e−B(t)eγ ′Zi = exp(−B(t) exp(γ ′Zi))
We obtain:

F̂j(t) = 1
n

n∑
i=1

Nij(t)
exp(−B̂(Ti)exp(γ̂ ′Zi))

(12)

Therein B(t) is the cumulative baseline censoring hazard and γ ′ is the vector of
coefficients for each covariate included. In this case B(t) and γ ′ would be estimated
with the whole sample. But calculating the value F̂ (−i)

j (t) is more complicated since
we have different alternatives for estimating (or not estimating) the cumulative baseline
censoring hazard B̂(t) and the covariates coefficients γ̂ ′. To summarize, our options
are:

9
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• Re-estimate the values for B̂(t) and γ̂ ′ each time we remove the subject i from
the sample, that is, re-fitting the Cox model for the censoring distribution from
i = 1 to n.

• Keep the estimates from the whole sample for γ̂ ′ and re-estimate again B̂(t) each
time we remove an individual.

• Keep always the model with the whole sample and then use the previously esti-
mated B̂(t) and γ̂ ′ for each i.

Since we can have an explicit formula for the cumulative baseline censoring hazard
– when γ ′ coefficients are known (or estimated) – called the Breslow estimator, then
keeping the estimated γ̂ ′ effects from the whole sample and re-estimating B̂(t) each
time is the most effective solution in terms of accuracy and computational time or
effort. Analysis of computational time and bias was also done by (N.Binder et al, 2014)
and showed that using the Breslow estimator was the best choice, which is defined as:

B̂(−i)(t) =
∫ t

0

∑
k 6=i dN

c(u)∑
k 6=i Yk(u)exp(γ̂ ′Zk)

Then the leave-one-out estimator for calculating the pseudo-observations can be com-
puted as following:

F̂
(−i)
j (t) = 1

n− 1
∑
k 6=i

Nkj(t)
exp(−B̂(−i)(T̃k−)exp(γ̂ ′Zk))

(13)

Combining equations (12) and (13) we can compute the pseudo-observations in the usual
way using formula (10).

Now let’s suppose a competing risks scenario with at least 2 causes of failure and
with right-censored data. Our cause of interest will be cause number 1. Then we want
to be able to generate data that follows the Fine and Gray model (Fine & Gray, 1999)
for the cause of interest which has the following cumulative incidence function:

F1(t|Z) = 1− exp(−Λ0(t)exp(β ′Z)) (14)

Where Λ0(t) is the cumulative baseline subdistribtuion hazard for cause 1 defined as:

Λ0(t) =
∫ t

0
λ0(u)du

λ0(t) is the subdistribtuion hazard function for cause 1 that is:

λ0(t) = p · exp(−t)
1− p(1− exp(−t))

Where p is the marginal probability (not individual) of having a cause 1 event.

(Klein & Andersen, 2005) proposed the following for modeling the CIF in a compet-
ing risks setup when using pseudo-observations, for cause 1:

φ(Fi,j=1(tm)) = αm + β ′Zi
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Where φ is a proper link function that can be either a logit or a complementary log-log
function. In our case, since we are interested in applying a Fine and Gray model and
therefor having an assumption of proportional subdistribution hazards, we will apply
the complementary log-log function. On the other hand, a logit link function would lead
to a proportional odds model. Operating equation (14) we can find an explicit form for
the complementary log-log link function:

1− F1(t|Z) = exp(−Λ0(t) exp(β ′Z))

Applying logarithms for the first time:

− log(1− F1(t|Z)) = Λ0(t) exp(β ′Z)

And for the second time:

log(− log(1− F1(t|Z))) = log(Λ0(t)) + β ′Z (15)

Which is consistent with the model φ(Fi,j=1(tm)) = αm + β ′Zi proposed.

Using this link function we can use equation (11) to solve the generalized estimating
equations (using R with a proper package such as geepack (https://cran.r-project.
org/web/packages/geepack)).

3.2 Scenarios and Misspecifications
We are mainly interested in seeing what happens to point estimates and the standard
deviations from the GEE model for the CIF when we are in two basic situations: the
model is misspecified by missing a covariate or the model is misspecified when the func-
tional form is not the correct one. Furthermore, we know that dependency between
covariates can be an important factor when estimating from the GEE model, that’s why
we duplicated the scenarios so we can compare the robustness of the pseudo-observations
method when we have correlation between covariates.

In that path, the following table presents the 10 scenarios proposed for this study,
where the second column will be the original model (simulated) and the third column
specifies the covariates and the functional form in the model fitted to obtain the cen-
soring probabilities. Two covariates are generated: a binary one (Z1) with a certain
probability p = 0.25 and a continuous one (Z2) with a uniform distribution. The 10
scenarios can be extended in a large number of ways, but in order to keep the simulation
as simple as possible we decided to only generate two with different distributions and
possible dependency between them to compare the robustness of the method.

https://cran.r-project.org/web/packages/geepack
https://cran.r-project.org/web/packages/geepack
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Scenario Model for censoring (Cox model) Fitted model for cens. Description

0 Independent censoring Z1 + Z2 Control Scenario

1 0.5Z1 + 0.5Z2 (Z1, Z2 indep.) Z1 + Z2 Good model fitted

2 0.5Z1 + 0.5Z2 (Z1, Z2 indep.) Z1 Missing covariate when Z1, Z2 indep.

3 0.5Z1 + 0.5Z∗2 (Z1, Z∗2 dep.) Z1 + Z∗2 Good model fitted

4 0.5Z1 + 0.5Z∗2 (Z1, Z∗2 dep.) Z1 Missing covariate when Z1, Z∗2 dep.

5 0.5Z1 + 0.5Z2
2 (Z1, Z2 indep.) Z1 + Z2

2 Good model fitted

6 0.5Z1 + 0.5Z2
2 (Z1, Z2 indep.) Z1 + Z2 Missing functional form when Z1, Z2 dep.

7 0.5Z1 + 0.5Z2
2 (Z1, Z2 indep.) Z1 Missing covariate when Z1, Z2 dep.

8 0.5Z1 + 0.5(Z∗2 )2 (Z1, Z∗2 dep.) Z1 + (Z∗2 )2 Good model fitted

9 0.5Z1 + 0.5(Z∗2 )2 (Z1, Z∗2 dep.) Z1 + Z∗2 Missing functional form when Z1, Z∗2 dep.

10 0.5Z1 + 0.5(Z∗2 )2 (Z1, Z∗2 dep.) Z1 Missing covariate when Z1, Z∗2 dep.

Table 3.1: 10 Scenarios for the Monte Carlo simulations for CIF.

These scenarios will be repeated in different cases that are enumerated here:

• Two different sample sizes, one with 500 individuals in total (counting censor-
ing, cause 1 events and cause 2 events) and the other one with 200 individuals in
total.

• We will do the simulations with two levels of censoring, the first one will be mod-
erate censoring where approximately 30-33% of the data will be right-censored.
The second one will be heavy censoring and will contain approximately 65-67%
of censoring.

This will allow us to also see the robustness of the method when we misspecify the cen-
soring model and we also have a reduced sample size or a fairly amount of censored data.

It’s important to notice that scenario 0 is used as a control since censoring is inde-
pendent from covariates Z1 and Z2 (or Z∗2 ). If the method is consistent we should get
the same results using the censoring weighted estimator and the Aalen-Johansen esti-
mator. In other words, random censoring should not affect the modified or alternative
estimator if we want a robust method.

3.3 Simulation Algorithm
The Monte Carlo simulation for the CIF is based, in a general basis, in a competing
risks setup with j = 2 and right censored data with j = 1 as the cause of interest. This
simulation can be split in 4 main parts:

1. Generate the data: this includes time to either cause 1, cause 2 or being cen-
sored; a status indicator (0 for censoring, 1 for cause 1 and 2 for cause 2) and the
two (possibly dependent) covariates Z1 and Z2 or Z∗2 .

2. Compute pseudo-observations: based on the method explained in Theoretical
introduction, we generate either the censoring-adjusted pseudo-values using the
alternative estimator for the CIF or the not-censoring-adjusted pseudo-values using
the Aalen-Johansen estimator.
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3. Fit of the GEE model: with the linear predictor and the pseudo-values as
the outcome, we fit a linear regression and obtain the point estimates and robust
standard errors (Huber-White standard error estimates).

4. Get the estimates: since we are doing a Monte Carlo based simulation we have
to repeat the previous steps n times (in our case n = 500) and computing the
average we get the final point and robust-interval estimates.

3.3.1 Data generation

Generating covariates

The two covariates are generated using the following distributions and conditions:

Z1 ∼ Binomial(n = 1, p = 0.25)

If Z2 dependent of Z1 → Z2 ∼ Unif [−1, 1]

If Z2 dependent of Z1 → Z∗2 ∼
{
Unif [−1, 0] If Z1 = 0
Unif [0, 1] If Z1 = 1

Generating censoring times

Next step is to simulate the censoring times based on a Cox model with the covariates
we just generated:

C(t|Z) = exp(−B(t) exp(γZ))

With the corresponding survival function:

Sc(t|Z) = exp(−H0(t) exp(γ ′Z))

where:
H0(t) =

∫ t

0
B(u)du

So, it is direct to see that the cumulative distribution function (cdf) denoted as G for
the Cox model is:

G(t|Z) = 1− exp(−H0(t) exp(γ ′Z))

Let T be the randomly distributed censoring times for the Cox model, then from the
previous equation we have (keeping in mind that G(t|Z) is a cdf and if U ∼ Unif [0, 1]
then
1− U ∼ Unif [0, 1]):

U = exp(−H0(T ) exp(γ ′Z)) ∼ Unif [0, 1]

Furthermore, ifH0(T ) > 0 for all positive T 6= 0, the previous expression can be inverted:
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T = H−1
0 (T )(− log(U) exp(−γ ′Z))

So, considering an exponential distribution for the censoring times, we can have
a constant baseline hazard function which will allow us to simplify our coding and
computational times. Then knowing that in this case H0(t) = B · t, the inverse of this
relation is direct: H0(t)−1 = B−1 · t. Finally, times T will be:

T = B−1(− log(U) exp(−γ ′Z)) = − log(U)
B · exp(γ ′Z)

Which will follow an exponential distribution with scale parameter λ = B ·exp(γ ′Z).
Keep in mind that the censoring times will be generated differently in 5 cases (scenarios
0, 1-2, 3-4, 5-7, 8-10) since the true model is also different. The coefficients will be
invariant during the whole simulation for the CIF and the censoring baseline hazard
will change our censored sample size due to the selection process between censored ob-
servation, cause 1 or cause 2 observation (that will be seen later on this chapter), which
by definition will also change our distribution: if we want longer censored times we have
to increase the value of the constant censoring baseline hazard.

Generating cause1 & cause2 survival times

A binomial experiment is used to choose whether a single individual will have an
event of type 1 or type 2. But this decision is also constraint by the fact that the
probability of having cause 1 or cause 2 of failure has to be consistent with the Fine and
Gray model (Fine $ Gray, 1999). In other words, since cumulative incidence can also be
defined as the probability of having an event before a given time t, we can define the
probability of having an event of type 1 as the cumulative incidence directly. However, we
have to make the distinction between the marginal probability of having that type 1 event
and the individual probability of having the type 1 event given the covariates that the
individual has. Following that thought, marginal probability of having a cause 1 failure
time can be seen as the cumulative incidence without conditioning on covariates and at
time t → ∞. Furthermore, since it doesn’t make sense that the individual probability
depends on time, hence has to be seen as a function of the marginal probability (t→∞)
and the value of the covariates that the individual has, combined with the fact that the
Fine and Gray model has to apply.

• Marginal probability of having a cause 1 failure time:

p = 1− exp(−Λ0(∞))

This probability can also be seen as an overall frequency of cause 1 events, meaning
that we can define that value arbitrarily depending on how many cause 1 events
we want to have.

• Individual probability of having a cause 1 failure time, from equation (15), where
the effect of the marginal probability is seen as Λ0(∞):

cloglog(1− pi) = log(− log(1− pi)) = log(Λ0(∞)) + β ′Zi

Applying exponentials:

− log(1− pi) = exp(β ′Zi) · Λ0(∞)
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log(1− pi) = exp(β ′Zi) · −Λ0(∞)

Taking logarithm to an exponential:

log(1− pi) = exp(β ′Zi) · log(exp(−Λ0(∞)))

Summing (1− 1) inside the logarithm we obtain the numerical expression for the
marginal probability p and then isolating pi as a function of p:

log(1− pi) = exp(β ′Zi) · log(1− 1 + exp(−Λ0(∞))) = exp(β ′Zi) · log(1− p)

1− pi = (1− p)exp(β ′Zi) → pi = 1− (1− p)exp(β ′Zi)

And that gives us the probability of having a cause 1 event for each subject. Hence
we can calculate the probabilities for each subject and using a Binomial experiment,
classify them either as status 1 (which is a subject that will have a type 1 event) or
status 2 (subject that will have a type 2 event). Once we have the cause of failure which
we can define as Di, we can compute the time ti (every subject will have a time to
failure given the cause Di, that’s why index i for the time is used) to event from cause
Di from the conditional distribution of ti given Di. This is a proper distribution with
the following distribution functions (Fine & Gray, 1999).
For cause 1:

F1(t|Z) = 1− [1− p(1− exp(−t))]exp(β ′Z)

pi

For cause 2:
F2(t|Z) = (1− p)exp(β ′Z) · (1− exp(−t · exp(β ′Z)))

1− pi

Select minimum time

To summarize, what we have now is 2 times per subject. The first one corresponding
to the censoring time according to the Cox model and the second one is either a type 1
or type 2 event time according to the Fine and Gray model. So the time that happens
first is the one that we would “observe" in a real data set. Thus, we select the minimum
between the two calculated times.

Defining values

For the simulation we have some freedom when defining certain parameters that are:

• Covariate coefficients for censoring (γ ′): will change the effect of covariates to
the censoring times, and consequently the amount of “observed" final censored
subjects.

• Covariate coefficients for CIF (β ′): will change the effect of covariates to our
outcome (the CIF) as well as the type 1 and type 2 failure times.

• Cumulative censoring baseline hazard (B): as covariate effects, will also change
censoring times and censored sample size.

• Marginal probability of being a type 1 event (p): will change the amount of subjects
that have a cause 1 event.
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The effects of the covariates and the intercept for the censoring model are defined as:

γ ′ =


αc = 0.2

γ1 = 0.5

γ2 = 0.5


The effects of the covariates and the intercept for the CIF (Fine and Gray) model are
defined as:

β ′ =


αf = 0.2

β1 = 0.75

β2 = 0.5


For our simulation we also found that good values for B given the coefficients and
covariates defined before are:

• B = 0.5 for the case of moderate censoring (around 33% of data).

• B = 1.6 for the case of heavy censoring (around 66% of data).

Finally, since we aim to have a 50/50 ratio between cause 1 and cause 2 failures (e.g for
moderate censoring we would have around 33% of censored data, around 33% of cause 1
failure data and around 33% of cause 2 failure data), the optimal value for p is p = 0.45.
An example of this generated data corresponding to scenario number 1 (independent
Z1, Z2) is shown below:
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id time status z1 z2

1 0.36 1.00 0.00 -0.35

2 0.04 0.00 1.00 -0.30

3 0.17 0.00 1.00 -0.07

4 0.30 0.00 0.00 -0.63

5 0.25 2.00 0.00 0.03

6 0.29 0.00 0.00 0.46

7 0.31 0.00 0.00 0.42

8 1.10 1.00 0.00 -0.52

9 1.43 2.00 0.00 -0.18

10 0.67 0.00 0.00 0.01

11 2.38 1.00 0.00 0.31

12 0.24 0.00 1.00 -0.41

13 1.32 0.00 0.00 0.10

14 0.53 0.00 0.00 0.92

15 0.05 1.00 0.00 0.13

16 1.70 0.00 0.00 -0.26

17 0.27 2.00 0.00 -0.80

18 0.89 1.00 0.00 0.69

19 0.98 2.00 0.00 -0.76

20 0.09 1.00 0.00 0.34

Table 3.2: Example of generated data with scenario 1.
id is the subject number (one for each subject), time is the time to failure, status

indicates whether the subject is censored (status = 0), a cause 1 failure (status = 1) or
a cause 2 failure (status = 2), (z1, z2 ) are the two covariates (generated for each

subject) without dependency between Z1 and Z2.

3.3.2 Computation of pseudo-observations

Once we generate the data we have defined two options of estimators to compute the
pseudo-observations. The first one uses the Aalen-Johansen estimator already seen in
Theoretical Background, the other option and the one that makes most interest is the
estimator weighted by the inverse censoring probability (IPCW estimators) also seen in
the Theoretical Background section. Making both of them will allow us to see – once we
fit the model and get the coefficient estimates – how the IPCW estimators perform in
comparison with the Aalen-Johansen estimator as well as the different scenarios already
mentioned. Then, we can assess more precisely the robustness of the method when
misspecifying the model for censoring.
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Choosing times

Revisiting the equations for the CIF:

F̂j(t) =
∫ t

0 Ŝ(u−)dÂj(u) =
∫ t

0 Ŝ(u−)
∑n

i=1 dNij(u)
Y (u) (using Aalen-Johansen estimator)

F̂j(t) = 1
n

∑n
i=1

Nij(t)
exp(−B̂(Ti) exp(γ̂ ′Zi))

(using IPCW)

F̂
(−i)
j (t) = 1

n−1
∑
k 6=i

Nkj(t)
exp(−B̂(−i)(T̃k−) exp(γ̂ ′Zk))

(using IPCW)

F̂ij(t) = nF̂j(t)− (n− 1)F̂ (−i)
j (t) (Pseudo-observations)

We have to keep in mind that when computing pseudo-observations, whether using
Aalen-Johansen estimator or IPCW estimator, we will have a curve (or more precisely a
step function) for the cumulative incidence function defined at all t and for each subject
i (given a cause j). That can be seen in the pseudo-observations formula where:

• F̂j(t) will be a step function given all subjects (i = 1, ..., n), given a cause of failure
j and for all t. An example of the CIF computed as F̂j(t) for j = 1 is shown below:

Figure 3.1: Example of Cumulative Incidence Function F̂j(t) for cause j = 1.
Computed with same previously generated data (table 3.2)
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• F̂ (−i)
j (t) will also be a step function with the difference that now we have a unique

curve for each subject (i = 1, ..., n), for all t and for a given cause j. However,
since the estimation for the CIF won’t change much when we remove one subject
from the whole sample, the curves will be very similar. This can be seen in the
figure below where –as an example– we’ve plotted the leave-one-out estimator of
the cumulative incidence (F̂ (−i)

j (t)) for two different values of i:

Figure 3.2: Example of Cumulative Incidence Function using leave-one-out estimator
F̂

(−i)
j (t) for cause j = 1. Computed with same previously generated data (table 3.2)

That would lead us to a matrix n x n of pseudo-observations, where n is the sample
size of our data, that would take the form:

t1 t2 ... tn

1 F1,j=1(t1) F1,j=1(t2) ... F1,j=1(tn)

2 F2,j=1(t1) F2,j=1(t2) ... F2,j=1(tn)

3 F3,j=1(t1) F3,j=1(t2) ... F3,j=1(tn)
...

...
...

...
...

n Fn,j=1(t1) Fn,j=1(t2) ... Fn,j=1(tn)

Table 3.3: Example of pseudo-observations matrix with n times chosen and j = 1

This has a serious problem when computing because is very memory-consuming and
then the computation slows down drastically. To solve this we choose the times where we
want the CIF estimated when using pseudo-values. We will loose some precision when
fitting the final model and therefore we will most likely have larger standard errors, but
it’s necessary step in this case. Our simulation will compute the pseudo-values in 10
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different (and evenly spaced or quantiles) time-points.

Computing pseudo-values

As said before, we have to make a distinction depending on if we use the Aalen-
Johansen estimator or the IPCW estimator. In the first case the computation is fairly
fast and direct using the prodlim package from Thomas A. Gerds (https://cran.
r-project.org/web/packages/prodlim) which gives us the function prodlim to com-
pute the cumulative incidence using the Aalen-Johansen estimator and then the function
jackknife to compute the pseudo-values for a given cause and given time-points. Other-
wise, if we want to use the IPCW estimator we have to follow the steps defined previously
in this chapter, section 3.1 Estimating Equations for CIF, that is, estimating the cen-
soring coefficients γ ′ with the whole sample and re-fitting the cumulative censoring
baseline hazard for each leave-one-out case B̂(−i)(t):

1. Fit the censoring model and keep the coefficients γ̂ ′ and the cumulative censoring
baseline hazard B̂(t).

2. Using the previously fitted censoring model compute F̂j(t) and evaluate at the
chosen time-points.

3. Compute the Breslow estimator for the leave-one-out for all t:

B̂(−i)(t) =
∫ t

0

∑
k 6=i dN

c(u)∑
k 6=i Yk(u) exp(γ̂ ′Zk)

4. Compute the leave-one-out CIF F̂ (−i)
j (t) using B̂(−i)(t) and the same γ̂ ′ from step

1, evaluate the function at the chosen time-points.

5. Compute the pseudo-observations for subject i and cause of interest j (in our
case, as said before, j = 1) using F̂j(t) from step 2 (already evaluated at chosen
time-points):

F̂ij(t) = nF̂j(t)− (n− 1)F̂ (−i)
j (t)

6. Repeat steps 3 to 6 for i = 1, ..., n.

The final matrix contains n rows corresponding to our n subjects and 10 columns
corresponding to the chosen time-points, a sample can be seen below:

https://cran.r-project.org/web/packages/prodlim
https://cran.r-project.org/web/packages/prodlim
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t.0.0582 t.0.1116 t.0.1812 t.0.2551 t.0.3444 t.0.44016 t.0.5622 t.0.7071 t.0.9718 t.1.3173

-0.00058 -0.00251 -0.00547 -0.01143 -0.01814 1.14937 1.13626 1.12117 1.09858 1.08315

0.01342 0.05791 0.09854 0.14762 0.18499 0.25391 0.30942 0.37327 0.46891 0.53427

-0.00109 -0.00468 0.00141 0.05901 0.10286 0.18375 0.24889 0.32382 0.43605 0.51277

-0.00049 -0.00210 -0.00457 -0.00956 0.00165 0.11346 0.20351 0.30709 0.46224 0.56829

-0.00074 -0.00320 -0.00698 -0.01459 -0.02148 -0.03418 -0.04441 -0.05618 -0.07381 -0.08585

-0.00098 -0.00421 -0.00917 -0.01918 0.00384 0.10277 0.18245 0.27410 0.41137 0.50521

-0.00095 -0.00409 -0.00892 -0.01865 -0.01258 0.08895 0.17072 0.26478 0.40566 0.50196

-0.00052 -0.00226 -0.00491 -0.01027 -0.01629 -0.03192 -0.04924 -0.08566 -0.16907 1.37041

-0.00065 -0.00280 -0.00610 -0.01276 -0.02025 -0.03968 -0.06120 -0.10648 -0.21023 -0.38669

-0.00073 -0.00315 -0.00687 -0.01436 -0.02279 -0.04466 -0.06889 -0.01897 0.25922 0.44945

-0.00089 -0.00382 -0.00832 -0.01739 -0.02759 -0.05407 -0.08341 -0.14517 -0.28675 -0.52809

-0.00088 -0.00377 -0.00822 -0.00695 0.04334 0.13612 0.21084 0.29679 0.42554 0.51354

-0.00078 -0.00334 -0.00728 -0.01523 -0.02416 -0.04735 -0.07304 -0.12710 -0.25100 -0.46199

-0.00131 -0.00564 -0.01229 -0.02569 -0.04077 -0.07991 -0.08781 0.03409 0.21669 0.34152

1.02595 1.02479 1.02372 1.02244 1.02147 1.01967 1.01822 1.01655 1.01406 1.01235

-0.00062 -0.00267 -0.00581 -0.01214 -0.01926 -0.03775 -0.05822 -0.10130 -0.19999 -0.36779

-0.00044 -0.00189 -0.00411 -0.00860 -0.01307 -0.02132 -0.02796 -0.03560 -0.04705 -0.05487

-0.00113 -0.00488 -0.01064 -0.02225 -0.03530 -0.06918 -0.10674 -0.18584 1.91601 1.76952

-0.00045 -0.00193 -0.00421 -0.00880 -0.01397 -0.02736 -0.04221 -0.07341 -0.14488 -0.21547

-0.00091 1.06620 1.06334 1.05989 1.05727 1.05242 1.04852 1.04403 1.03731 1.03271

Table 3.4: Example of pseudo-observations matrix with 10 chosen time-points from our
simulated data.

The matrix is then modified to include the original times to failure, status and the two
covariates.

3.3.3 Fit of the GEE model

What we do in this step is re-arranging the previous matrix (particularly “melting") so
we can obtain a new matrix that will take the following form:
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pseudo tpseudo z1 z2 id

-0.00 1 0.00 -0.35 1

-0.00 2 0.00 -0.35 1

-0.01 3 0.00 -0.35 1

-0.01 4 0.00 -0.35 1

-0.02 5 0.00 -0.35 1

1.23 6 0.00 -0.35 1

1.22 7 0.00 -0.35 1

1.20 8 0.00 -0.35 1

1.17 9 0.00 -0.35 1

1.15 10 0.00 -0.35 1

0.01 1 1.00 -0.30 2

0.05 2 1.00 -0.30 2

0.08 3 1.00 -0.30 2

0.12 4 1.00 -0.30 2

0.15 5 1.00 -0.30 2

0.21 6 1.00 -0.30 2

0.26 7 1.00 -0.30 2

0.32 8 1.00 -0.30 2

0.41 9 1.00 -0.30 2

0.48 10 1.00 -0.30 2

Table 3.5: Example of “melted" pseudo-observations matrix from our simulated data.
id is the subject number (in this case 1, ..., 500), pseudo are the calculated

pseudo-values, tpseudo indicated the chosen time-point where the pseudo is computed
and (z1, z2 ) are the two covariates (generated for each subject).

What we do at this point is using the R package geepack (https://cran.r-project.
org/web/packages/geepack) and the function geese from that same package to fit the
model with the cloglog link function that we explained in section 3.1, Estimating Equa-
tions for CIF. This is a known and well-defined link function, so the R function knows
how to handle it. Something worth mentioning is that the GEE fit will also give us the
robust standard errors.

Following the same notation as the previous table (table 3.5), the formula that we will
use as input is:

pseudo ∼ factor(tpseudo) + factor(z1) + z2

In this case we are putting the CIF pseudo-values as outcome or response but also
specifying at which time-point that pseudo-value corresponds (hence the factor(tpseudo)),
as well as using the covariates Z1 and (in this case) Z2 as explanatory variables. Each
subject (id) is treated as a different cluster.

The outcome of this function will be saved and then the coefficients and the robust

https://cran.r-project.org/web/packages/geepack
https://cran.r-project.org/web/packages/geepack
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standard errors are extracted for the next step.

3.3.4 Get estimates from Monte Carlo simulation

To find the asymptotic estimates (point and interval estimates) for a given sample size
the Monte Carlo simulation is used. This method is characterized for repeating the
same estimation process a number B of times and that is what we have done, from the
data generation till the fit of the GEE model. For reproducibility we always generate
the same data using the seed function from R. In our case and following the work done
by (N.Binder et al, 2014), we decided that B = 500 was a number large enough to get
those asymptotic estimates.

The whole algorithm is parallelized using the packages foreach (https://cran.
r-project.org/web/packages/foreach) and doParallel (https://cran.r-project.
org/web/packages/doParallel) so we can save the GEE output each of the 500 times
and then calculate the mean point estimates and robust standard errors. The mean
square error (MSE) is also computed once we have the 500 point estimates.

It’s also worth mentioning that this is a very time consuming process even with the
code parallelized. Using 48 CPUs with 800MHz the process can take up to 30 hours for
the computation of the 10 scenarios approximately. Taking 3 hours for each scenario.

https://cran.r-project.org/web/packages/foreach
https://cran.r-project.org/web/packages/foreach
https://cran.r-project.org/web/packages/doParallel
https://cran.r-project.org/web/packages/doParallel


Chapter 4

Monte Carlo Simulation for the
Restricted Mean Lifetime (RML)

Throughout this chapter, the following notation will be used:

• i = 1, ..., n as an indicator for the subject.

• Definitions from Theoretical Background still apply.

4.1 Estimating Equations for RML
Revisiting the alternative estimator for RML from Theoretical Background:

Ŝ(t) = 1− 1
n

n∑
i=1

Ni(t)
Ĉi(T̃i − |Zi)

µ̂τ =
∫ τ

0
Ŝ(t)dt

With the same defined Cox model as the previous chapter:

Ci(t|Zi) = e−B(t)eγ ′Zi = exp(−B(t) exp(γ ′Zi))

We can now compute the pseudo-observations for the RML:

µ̂(i)
τ = n · µ̂τ − (n− 1) · µ̂(−i)

τ

In this case, for the leave-one-out estimator, the censoring Cox model is refitted
every time (different from the CIF). It has been done this way because from a coding
point of view it was much easier and the computing time is fairly short.

We now aim to find a link function between the RML and the linear predictor. Let’s
define a randomly distributed time to failure t that follows a uniform distribution from
0 to the linear predictor LP = α+ β ′Z:

t ∼ Unif [0, LP ]

Then the probability density function f(t) is, by definition (Pr[0 ≤ t ≤ LP ]):

24
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f(t) = 1
LP
· I(0 ≤ t ≤ LP ) =

{ 1
LP If t ∈ [0, LP ]
0 Otherwise

Hence the cumulative distribution function F (t):

F (t) =
{

t
LP If t ∈ [0, LP )
1 If t ≥ LP

Then the survival function, defined as S(t) = 1 − F (t) where F (t) is the cumulative
distribution function:

S(t) =
{

1− t
LP If t ∈ [0, LP )

0 If t ≥ LP

And following the definition of RML introduced in Theoretical Background:

µτ =
∫ τ

0
S(t)dt =


τ − τ2

2(LP ) If τ < LP

LP − 1
2 · LP If τ = LP

1
2 · LP If τ > LP

This particular distribution of t allows us to find an explicit link function between
the RML and the linear predictor, which in general can be fairly challenging. But we
also realize that this is not a very realistic distribution of failure times, however, this
can be interpreted as the foothold on how to operate with pseudo-values and the RML
once you have a well-defined link function, inverse link function, variance function and
first derivative of the inverse link function. We also have to choose a value for τ and we
decided to operate with τ < LP , which leads us to the following:

Link function:

LP (µτ ) = τ2

2(τ − µτ )
Inverse link function:

µτ (LP ) = τ − τ2

2 · LP
First derivative inverse link:

dµτ
d(LP ) = τ2

2 · LP 2

Recovering equation (11):

Un(β ′) =
n∑
i=1

Vi(t)[µ̂(i)
τ − g(t, α,β ′, Zi)] = 0

We can see that if we want a solution for this equation is enough to find that
µ̂

(i)
τ = g(t, α,β ′, Zi), the variance function is not needed explicitly. That’s why we don’t

have a formula for the variance and we can simply put a constant number. However, we
also realize that this can introduce a larger standard error to the estimates.



CHAPTER 4. MONTE CARLO SIMULATION FOR THE RML 26

To solve the estimating equations using R we need to use a special package called
geeM (https://cran.r-project.org/web/packages/geeM) and its function geem al-
lows us to use the previous equations as a custom or user-defined link.

4.2 Scenarios and Misspecifications
The objective is still the same as chapter 3 but using RML instead of the CIF as pseudo-
values. We have also simplified the generation of covariates to one covariate (Z) and we
simulated 4 different scenarios in this case where one of them is the control. Results from
the IPCW estimator and the K-M estimator will be compared to assess the robustness
of the method:

Scenario Model for censoring (Cox model) Fitted model for cens. Description

0 Independent censoring Z Control Scenario

1 1 · Z Z Good model fitted

2 1 · Z2 Z2 Good model fitted

3 1 · Z2 Z Missing functional form

Table 4.1: 10 Scenarios for the Monte Carlo simulations for RML.

This will give us a very important insight: if something (use pseudo-values with
alternative estimators) is better than nothing. We still want to see the robustness when
the model for censoring is misspecified but not with the same intensity as for the CIF
case. We will also use the moderate and heavy censoring as defined in Chapter 3.

4.3 Simulation Algorithm
The Monte Carlo simulation for the RML is based, in a general basis, in a single time
to failure setup and right - censored data. This simulation, as before, can be split in 4
main parts:

1. Generate the data: this includes time to failure or being censored; a status
indicator (0 for censoring, 1 for failure) and the covariate Z.

2. Compute pseudo-observations: we generate either the censoring-adjusted pseudo-
values using the alternative estimator for the RML or the not-censoring-adjusted
pseudo-values using the K-M estimator.

3. Fit of the GEE model: using same strategy as for the CIF but now the difference
is the user-supplied link function.

4. Get the estimates from Monte Carlo simulation.

4.3.1 Data generation

Generating covariates

For this section with the RML we chose a continuous covariate with a uniform
distribution:

Z ∼ Unif [−1, 1]

https://cran.r-project.org/web/packages/geeM
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Generating censoring times

The process is exactly the same as for the CIF case when generating the times to
being censored.

Generating times to failure

As said in the previous section, our condition is that t follows a uniform distribution
between 0 and the linear predictor α + β ′Z, so for each subject we pick a random
number from the uniform distribution of times conditional on covariate Zi. Once we
have the time to being censored and the time to failure, we select the minimum time
for each subject i and that will be the “observed” times.

Defining values

Following again the case for the CIF:

• Covariate coefficients for censoring (γ ′).

• Covariate coefficients for RML (β ′): will change the effect of covariates to our
outcome as well as the failure times.

• Cumulative censoring baseline hazard (B).

The effects of the covariates and the intercept for the censoring model are defined as:

γ ′ =

αc = 4

γ1 = 1


The effects of the covariates and the intercept for the RML model are defined as:

β ′ =

αr = 4

β1 = 1


For our simulation we also found that good values for B given the coefficients and
covariates defined before are:

• B = 0.0035 for the case of moderate censoring (around 33% of data).

• B = 0.011 for the case of heavy censoring (around 66% of data).

Example of generated data:
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id time status z

1 0.33 1.00 -0.86

2 1.35 1.00 0.64

3 1.61 1.00 0.89

4 0.58 1.00 -0.46

5 1.74 1.00 -0.66

6 0.07 1.00 -0.93

7 3.04 1.00 -0.64

8 3.21 1.00 0.28

9 1.34 0.00 -0.95

10 2.96 1.00 -0.98

11 2.25 1.00 -0.21

12 1.93 0.00 0.63

13 1.05 1.00 -0.25

14 2.48 1.00 -0.24

15 1.22 1.00 -0.47

16 0.67 1.00 -0.12

17 0.53 1.00 -0.08

18 0.34 1.00 0.08

19 0.32 0.00 0.33

20 0.47 1.00 -0.77

Table 4.2: Example of generated data with scenario 1 (RML algorithm).
id is the subject number (one for each subject), time is the time to failure, status
indicates whether the subject is censored (status = 0) or not (status = 1), z is the

generated covariate for each subject.

4.3.2 Computation of pseudo-observations

We have two options when computing pseudo-observations. The first one using the
K-M estimator without taking into account the covariate dependent censoring and the
second one using the IPCW estimator which should correct the bias from the covariate
dependent censoring.

Now we are in a much simpler case because the RML is integrated for all times,
meaning that we will have a single value for µ̂(i)

τ for each subject, which will lead us to a
matrix of n× 1 pseudo-values instead of the n× n that we had for the CIF case. Thus,
we won’t have to choose times. This n× 1 matrix will have the following structure:
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µ̂τ

1 µ̂
(1)
τ

2 µ̂
(2)
τ

3 µ̂
(3)
τ

...
...

n µ̂
(n)
τ

Table 4.3: Example of pseudo-observations for RML

When using the K-M estimator the calculation of the pseudo-values is straightfor-
ward if we use the R package pseudo (https://cran.r-project.org/web/packages/
pseudo) with its function pseudomean. When using the IPCW estimators the imple-
mentation in R has to be done and the algorithm is the following:

1. Fit the censoring model with the whole sample to get the censoring effects γ̂ ′ and
the cumulative baseline censoring hazard B̂(t).

2. Using the previous censoring fit compute µ̂τ for the whole sample. Important
to notice that working in a discrete case, the integral of the estimated survival
function Ŝ(t) has to be computed as a sum.

3. Fit the censoring model with the leave-one-out data and using the same structure
as step 2 obtain the leave-one-out RML µ̂

(−i)
τ .

4. Compute the pseudo-observation for subject i using µ̂(i)
τ = n · µ̂τ − (n− 1) · µ̂(−i)

τ .

5. Repeat steps 3 and 4 for all subjects i = 1, ..., n.

The final matrix will contain n rows and 1 column, as already stated. An example of
this below:

https://cran.r-project.org/web/packages/pseudo
https://cran.r-project.org/web/packages/pseudo
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id time status z pv

1 0.00 0.00 -0.61 1.80

2 0.00 1.00 -0.45 -0.01

3 0.01 1.00 -0.73 0.03

4 0.02 1.00 0.52 0.01

5 0.02 0.00 -0.57 1.82

6 0.03 1.00 -0.63 0.03

7 0.04 1.00 -0.88 0.08

8 0.04 0.00 0.72 1.81

9 0.05 1.00 -0.36 0.02

10 0.05 0.00 0.78 1.80

11 0.05 1.00 -0.61 0.04

12 0.06 0.00 0.72 1.81

13 0.06 1.00 0.30 0.02

14 0.07 0.00 -0.64 1.83

15 0.07 1.00 -0.93 0.11

16 0.07 0.00 0.90 1.80

17 0.08 1.00 0.17 0.02

18 0.09 1.00 0.55 0.06

19 0.09 1.00 0.54 0.06

20 0.09 1.00 0.54 0.06

Table 4.4:
Example of RML pseudo-values using alternative estimator with the previously

generated data (scenario 1). id is the subject number (one for each subject), time is
the time to failure, status indicates whether the subject is censored (status = 0) or not

(status = 1), z is the generated covariate for each subject, pv is the computed
pseudo-value for RML

4.3.3 Fit of the GEE model

The model that will be fitted using the previous table 4.4 is:

pv ∼ z

Keeping in mind that the proper link, inverse link and first derivative of the inverse
link functions have to be inputted to the geem function.
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4.3.4 Get estimates from Monte Carlo simulation

Similarly to what we did with the CIF, this will also be a Monte Carlo simulation with
B = 500. For each iteration we will get the point estimates and the robust standard
errors, once we have all of them we do the average. At the end we will also have all the
point estimates for β ′ and we will also compute the MSE. Compared to the previous
chapter computational time in this case is not an issue.



Chapter 5

Results

Numerical and graphical results are shown in the next pages, both the Monte Carlo
simulation for the Cumulative Incidence Function regression and the Monte Carlo Sim-
ulation for the Restricted Mean Lifetime regression. All numerical results contain the
point estimates for the coefficients, their robust standard errors (Huber-White standard
error estimates) and the mean square error defined in general, given a vector of point
estimates for β̂ ′:

MSE(β̂ ′) = Var(β̂ ′) + Bias(β̂ ′,β ′)2

5.1 Results of the Monte Carlo simulation for the CIF
regression

Three tables of numerical results are presented:

• Table 5.1: shows the results with a sample size of n = 500 and 500 replications
with moderate censoring (approximately 33% of data is censored). It also shows
the censoring estimates from the fitted Cox model for the 10 different scenarios
presented in Chapter 3.

• Table 5.2: same structure, sample size and replications as table 5.1 but in this
case we have heavy censoring (approximately 66% of data is censored).

• Table 5.3: shows the results with a sample size of n = 200 and 500 replications
only for moderate censoring.

What we can see in the three tables at first glance is that the bias for the point
estimates, the robust standard errors and the MSE (both using the IPCW estimator for
the CIF and the Aalen-Johansen estiamtor (AJ)) are accentuated. This is mainly due
to the change of the proportion of censored/cause 1/cause 2 number of subjects: if we
increase the number of subjects that are censored we will decrease (with a fixed total
sample size of n = 500) the number of subjects that have either a cause 1 failure time
or a cause 2 failure time. Thus, a reduced sample size for the cause of interest (cause 1)
leads to an increased uncertainty in the estimates when doing the regression.

What we also see immediately is that the algorithm is working well and the pseudo-
values regression method is consistent because in the control scenario (scenario 0) we
get almost the same point estimates and robust standard errors for β̂1 and β̂2 in both

32
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moderate censoring and heavy censoring. This also shows that even we don’t have a
covariate dependent censoring scenario, using pseudo-values won’t affect the accuracy
of the estimation.

Next, the following remarks are made when looking at the results:

Scenarios with independent covariates (1, 2, 5, 6, 7):

• The point estimates for β̂1 and β̂2 using IPCW estimators are better than the
same point estimates using the AJ estimator. In fact, the pseudo-values regression
when using the alternative estimator are always accurate when we have moderate
censoring even if the model for censoring is misspecified. When we have heavy
censoring the misspecification of the censoring model can introduce bias to the
point estimates, but even if we misspecify the model for censoring we get a much
smaller bias than doing the pseudo-values regression using the AJ estimator, this
leads to the next remark.

• The estimates are slightly better when the model for censoring is correctly speci-
fied. But we also have to notice that if our censoring is moderate, the misspecifi-
cation of the censoring Cox model won’t affect much the results.

• When we have moderate censoring, the AJ standard errors are always slightly
smaller or equal to the standard errors from the IPCW estimator. This effect is
accentuated when we have heavy censoring.

• In general, using pseudo-values is much better than doing nothing or not adjust-
ing for censoring when we have independent covariates or low correlation between
covariates. Thus, the use of pseudo-values is necessary if you don?t want to un-
derestimate.

Scenarios with dependent covariates (3, 4, 8, 9, 10):

• The two covariates Z1 and Z∗2 are positively correlated, so we should get negatively
correlated estimates for the parameters β̂1 and β̂2. That is what we can see in
all scenarios where we have a covariate dependency, so the simulations for the
different scenarios are consistent.

• When the model for censoring has a linear dependency (scenarios 3 and 4), esti-
mates with moderate censoring are fairly correct and much better than using the
Aalen-Johansen estimator (for the same scenarios) which is underestimating again
the coefficients. Worth notice that is slightly better to misspecify the model for
censoring if we look at the MSE.

• When the model for censoring has a non-linear dependency (scenarios 8 to 10),
estimates, whether using IPCW or Aalen-Johansen, are always biased unless the
model for censoring is correctly specified. So, in case of dependency between
covariates and non-linear dependency with the censoring model, we have to keep
in mind that Aalen-Johansen estimator could be a better choice.

Regardless of the fitted model, when covariates are dependent we get worse results
than if we have independent covariates, also with much larger standard errors (approx-
imately twice than the independent covariates scenarios). That also depends on the
functional dependency for the censoring model, better case scenario where dependency
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with censoring is linear and we have moderate censoring, worst case scenario being de-
pendency between covariates and censoring dependency with non-linear form, having
heavy censoring as well as not fitting the right model for censoring.

For the sake of completeness, results with n = 200 show the same tendency as results
with n = 500, however in this case since we have a smaller (and more realistic) sample
size for the cause of interest, our standard errors will be larger.

5.2 Results of the Monte Carlo simulation for the RML
regression

Results for this simulation are shown in Tables 5.4 and 5.5 where, with a sample size of
n = 500 and 500 replications, estimates, robust standard errors and MSE are presented.
Table 5.4 is for moderate censoring (again approximately 33% of data) and Table 5.5
is for heavy censoring (approximately 66% of data). Graphical results are also shown
in figures 5.3, 5.4, 5.5 and 5.6. These show the distribution of the estimates α̂ and β̂ ′

from the 500 replications. That way it is easier to compare the bias and the variance
when the pseudo-observations regression is made with the K-M estimator or the IPCW
(alternative) estimator.

Like for the CIF case, the control scenario shows us how the simulation and es-
timation algorithm is consistent because we obtain fairly the same point and interval
estimates using both the K-M and the IPCW estimator for the pseudo-observations.

Since we only have one covariate (Z) in this case, comparison between scenarios is
much easier. With moderate censoring we can actually see how the point estimates using
the alternative estimator IPCW are not biased and the point estimates using the K-M
estimator for the pseudo-observations computation present bias in all scenarios except
in 0 (control). However, in scenario number 1 (linear censoring simulated) the standard
errors for the IPCW estimator are a little bit larger, although the difference is so small
that cannot be seen in figures 5.1 and 5.2.

With heavy censoring, we still see good accuracy when using the IPCW estimator
(except scenario 3 where the estimate for β̂ ′ is a bit lower than the true value). When
using the K-M estimator however, the bias in the point estimates is much larger than
before due to the reduced sample size and the use of this estimator when the censoring
depends on covariates. This can also be seen in figures 5.3 and 5.4 where some peaks
of the empirical distribution for α̂r and β̂ ′ are displaced respect to the horizontal line
marking the true values of the coefficients. However, we still can see larger standard
errors and MSE specially in scenarios 1 and 2, this can also be seen in figures 5.3 and
5.4 with wider distributions for the estimates when using the IPCW estimator.

As a general point we can say that using pseudo-observations with the alternative
estimator for the RML is always better in terms of bias than using the K-M estimator.
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CRR model with 500 replications; n = 500 subjects; 10 event-scale equally spaced timepoints. MODERATE CENSORING Censoring estimates

SCENARIO β̂1 β̂2 SE-β̂1 SE-β̂2 MSE-β̂1 MSE-β̂2 AJ-β̂1 AJ-β̂2 AJ-SE-β̂1 AJ-SE-β̂2 AJ-MSE-β̂1 AJ-MSE-β̂2 γ̂1 γ̂2

0 0.7529 0.5159 0.1640 0.1396 0.0289 0.0185 0.7515 0.5154 0.1638 0.1395 0.0292 0.0183 0.0142 0.0050

1 0.7510 0.5137 0.1764 0.1475 0.0328 0.0216 0.6922 0.4877 0.1669 0.1434 0.0336 0.0196 0.5154 0.5024

2 0.7370 0.4962 0.1729 0.1458 0.0322 0.0201 0.6922 0.4877 0.1669 0.1434 0.0336 0.0196 0.5011 -

3 0.7337 0.5192 0.3395 0.3066 0.1220 0.0934 0.6365 0.4637 0.3262 0.2878 0.1266 0.0841 0.5085 0.5073

4 0.7545 0.4922 0.3474 0.3045 0.1271 0.0915 0.6365 0.4637 0.3262 0.2878 0.1266 0.0841 1.0085 -

5 0.7544 0.5133 0.1791 0.1537 0.0329 0.0231 0.7020 0.4917 0.1712 0.1448 0.0328 0.0205 0.5141 0.4983

6 0.7540 0.4954 0.1786 0.1478 0.0326 0.0213 0.7020 0.4917 0.1712 0.1448 0.0328 0.0205 0.5061 -0.0179

7 0.7547 0.4948 0.1786 0.1476 0.0328 0.0213 0.7020 0.4917 0.1712 0.1448 0.0328 0.0205 0.5050 -

8 0.7328 0.5225 0.3471 0.3170 0.1302 0.0996 0.7323 0.4322 0.3457 0.3012 0.1304 0.0977 0.5094 0.5033

9 0.8417 0.3997 0.3613 0.3114 0.1520 0.1087 0.7323 0.4322 0.3457 0.3012 0.1304 0.0977 0.7630 -0.2777

10 0.8263 0.4140 0.3571 0.3102 0.1465 0.1063 0.7323 0.4322 0.3457 0.3012 0.1304 0.0977 0.4933 -

Table 5.1:
Results for the CIF Monte Carlo simulation for n = 500 and 500 replications, moderate censoring. From left to right we have: scenario,

estimates for Z1 and Z2 (which can be Z∗2 ) using IPCW, standard errors when using IPCW and MSE when using IPCW estimator. Then the
estimates, standard errors and MSE when using the Aalen-Johansen estimator (denoted as AJ) for the pseudo-values. Last two columns are

the point estimates for the fitted Cox Model for censoring.
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CRR model with 500 replications; n = 500 subjects; 10 event-scale equally spaced timepoints. HEAVY CENSORING Censoring estimates

SCENARIO β̂1 β̂2 SE-β̂1 SE-β̂2 MSE-β̂1 MSE-β̂2 AJ-β̂1 AJ-β̂2 AJ-SE-β̂1 AJ-SE-β̂2 AJ-MSE-β̂1 AJ-MSE-β̂2 γ̂1 γ̂2

0 0.7528 0.5146 0.2147 0.1866 0.0470 0.0359 0.7507 0.5139 0.2140 0.1861 0.0473 0.0354 0.0104 0.0057

1 0.7537 0.5235 0.2685 0.2253 0.0747 0.0550 0.6308 0.4546 0.2183 0.1927 0.0631 0.0383 0.5115 0.5096

2 0.7132 0.4662 0.2386 0.2065 0.0613 0.0421 0.6308 0.4546 0.2183 0.1927 0.0631 0.0383 0.4885 -

3 0.7082 0.5518 0.5230 0.5081 0.3089 0.2766 0.5315 0.4346 0.4301 0.3775 0.2757 0.1608 0.5235 0.4880

4 0.7859 0.4636 0.5743 0.4916 0.3648 0.2604 0.5315 0.4346 0.4301 0.3775 0.2757 0.1608 1.0002 -

5 0.7572 0.5193 0.2639 0.2360 0.0724 0.0598 0.6554 0.4690 0.2313 0.1959 0.0638 0.0412 0.5130 0.5017

6 0.7563 0.4818 0.2584 0.2119 0.0692 0.0485 0.6554 0.4690 0.2313 0.1959 0.0638 0.0412 0.5041 -0.0036

7 0.7562 0.4807 0.2579 0.2114 0.0693 0.0484 0.6554 0.4690 0.2313 0.1959 0.0638 0.0412 0.5032 -

8 0.7102 0.5655 0.5133 0.5030 0.3073 0.2733 0.7239 0.3785 0.4843 0.4160 0.2827 0.2058 0.5080 0.5073

9 0.9645 0.2798 0.5683 0.4754 0.4289 0.2963 0.7239 0.3785 0.4843 0.4160 0.2827 0.2058 0.7609 -0.2777

10 0.9156 0.3249 0.5422 0.4668 0.3848 0.2772 0.7239 0.3785 0.4843 0.4160 0.2827 0.2058 0.4956 -

Table 5.2:
Results for the CIF Monte Carlo simulation for n = 500 and 500 replications, heavy censoring. From left to right we have: scenario, estimates
for Z1 and Z2 (which can be Z∗2 ) using IPCW, standard errors when using IPCW and MSE when using IPCW estimator. Then the estimates,
standard errors and MSE when using the Aalen-Johansen estimator (denoted as AJ) for the pseudo-values. Last two columns are the point

estimates for the fitted Cox Model for censoring.
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CRR model with 500 replications; n = 200 subjects; 10 event-scale equally spaced timepoints. MODERATE CENSORING Censoring estimates

SCENARIO β̂1 β̂2 SE-β̂1 SE-β̂2 MSE-β̂1 MSE-β̂2 AJ-β̂1 AJ-β̂2 AJ-SE-β̂1 AJ-SE-β̂2 AJ-MSE-β̂1 AJ-MSE-β̂2 γ̂1 γ̂2

0 0.7575 0.5228 0.2629 0.2243 0.0717 0.0520 0.7569 0.5228 0.2627 0.2239 0.0728 0.0520 0.0142 0.0050

1 0.7536 0.5209 0.2842 0.2375 0.0836 0.0611 0.6952 0.4950 0.2677 0.2299 0.0795 0.0542 0.5008 0.4964

2 0.7406 0.5016 0.2780 0.2341 0.0817 0.0568 0.6952 0.4950 0.2677 0.2299 0.0795 0.0542 0.4880 -

3 0.7408 0.5262 0.5479 0.4950 0.2885 0.2328 0.6411 0.4687 0.5222 0.4619 0.2829 0.2095 0.5246 0.4831

4 0.7581 0.5029 0.5580 0.4903 0.2967 0.2303 0.6411 0.4687 0.5222 0.4619 0.2829 0.2095 0.9993 -

5 0.7616 0.5211 0.2892 0.2477 0.0895 0.0657 0.7087 0.4991 0.2753 0.2327 0.0823 0.0568 0.5048 0.5101

6 0.7602 0.5015 0.2881 0.2383 0.0876 0.0598 0.7087 0.4991 0.2753 0.2327 0.0823 0.0568 0.4993 -0.0355

7 0.7621 0.5015 0.2880 0.2377 0.0884 0.0600 0.7087 0.4991 0.2753 0.2327 0.0823 0.0568 0.4966 -

8 0.7369 0.5288 0.5578 0.5113 0.2858 0.2418 0.7320 0.4383 0.5540 0.4837 0.2945 0.2287 0.5122 0.5142

9 0.8443 0.4063 0.5831 0.5026 0.3349 0.2462 0.7320 0.4383 0.5540 0.4837 0.2945 0.2287 0.7815 -0.2966

10 0.8295 0.4206 0.5741 0.5741 0.3202 0.3202 0.7320 0.4383 0.5540 0.4837 0.2945 0.2287 0.4940 -

Table 5.3:
Results for the CIF Monte Carlo simulation for n = 200 and 500 replications, moderate censoring. From left to right we have: scenario,

estimates for Z1 and Z2 (which can be Z∗2 ) using IPCW, standard errors when using IPCW and MSE when using IPCW estimator. Then the
estimates, standard errors and MSE when using the Aalen-Johansen estimator (denoted as AJ) for the pseudo-values. Last two columns are

the point estimates for the fitted Cox Model for censoring.



C
H

A
PT

ER
5.

R
ESU

LT
S

38

RML regression model with 500 replications; n = 500 subjects; Moderate censoring

Sim. indep. cens. Linear cens. simulated Sim. squared cens (Good fit) Sim. squared cens (Linear fit)

α̂r & β̂ SE MSE α̂r & β̂ SE MSE α̂r & β̂ SE MSE α̂r & β̂ SE MSE

4.0283 0.1832 0.0338 3.9434 0.1727 0.0333 4.0213 0.1885 0.0345 4.0213 0.1885 0.0345
K-M Estimator

1.0113 0.2858 0.0842 0.9852 0.2677 0.0872 0.9118 0.2910 0.0932 0.9118 0.2910 0.0932

4.0283 0.1828 0.0338 4.0297 0.1914 0.0364 4.0293 0.1912 0.0362 4.0408 0.1925 0.0377
IPCW Estimator

1.0107 0.2846 0.0845 1.0149 0.2979 0.0936 1.0076 0.3098 0.0992 0.9993 0.2911 0.0972

Table 5.4:
Results for the RML Monte Carlo simulation for n = 500 and 500 replications, moderate censoring. From left to right we have: scenario 0 as
control, scenario 1 with simulated linear censoring and a good fit, scenario 2 with simulated squared censoring and a good fit and scenario 3
with simulated squared censoring and misspecified censoring model. All scenarios show the point estimates (α̂r & β̂), robust standard error
(SE) and mean squared error (MSE). First two rows are results using the K-M estimator and last two rows, results using the alternative

estimator.

RML regression model with 500 replications; n = 500 subjects; Heavy censoring

Sim. indep. cens. Linear cens. simulated Sim. squared cens (Good fit) Sim. squared cens (Linear fit)

α̂r & β̂ SE MSE α̂r & β̂ SE MSE α̂r & β̂ SE MSE α̂r & β̂ SE MSE

4.0375 0.2271 0.0520 3.7859 0.1821 0.0840 4.0255 0.2534 0.0626 4.0255 0.2534 0.0626
K-M Estimator

1.0049 0.3553 0.1301 0.8540 0.2899 0.1464 0.7486 0.3665 0.1951 0.7486 0.3665 0.1951

4.0378 0.2260 0.0528 4.0403 0.2871 0.0879 4.0685 0.2922 0.0984 4.0656 0.2644 0.0743
IPCW Estimator

1.0029 0.3511 0.1304 1.0175 0.4589 0.2350 1.0187 0.5558 0.3926 0.9581 0.3712 0.2079

Table 5.5:
Results for the RML Monte Carlo simulation for n = 500 and 500 replications, heavy censoring. From left to right we have: scenario 0 as

control, scenario 1 with simulated linear censoring and a good fit, scenario 2 with simulated squared censoring and a good fit and scenario 3
with simulated squared censoring and misspecified censoring model. All scenarios show the point estimates (α̂r & β̂), robust standard error
(SE) and mean squared error (MSE). First two rows are results using the K-M estimator and last two rows, results using the alternative

estimator.
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39Figure 5.1: Results of Monte Carlo Simulation for RML regression: distribution of estimated α̂r for K-M and IPCW estimators. Moderate
censoring. The red line shows the estimated density and the green line the true value for αr.
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Figure 5.2: Results of Monte Carlo Simulation for RML regression: distribution of estimated β̂ for K-M and IPCW estimators. Moderate
censoring. The red line shows the estimated density and the green line the true value for β.
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41Figure 5.3: Results of Monte Carlo Simulation for RML regression: distribution of estimated α̂r for K-M and IPCW estimators. Heavy
censoring. The red line shows the estimated density and the green line the true value for αr.
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Figure 5.4: Results of Monte Carlo Simulation for RML regression: distribution of estimated β̂ for K-M and IPCW estimators. Heavy censoring.
The red line shows the estimated density and the green line the true value for β.



Chapter 6

Discussion

In this master thesis, we have presented two alternative estimators (for the Cumulative
Incidence Function and the Restricted Mean Lifetime) that - by modeling the censoring
distribution - allow us to adjust for censoring depending on covariates. Then, the pseudo-
values are computed in both cases and a regression model for the pseudo-observations
has been presented. Using Monte Carlo Simulations we have studied the robustness of
this method when the model for the censoring distribution is misspecified.

Given the results shown before it is accurate to say that, in a general basis, the use
of pseudo-values using alternative estimators is robust when we misspecify the censoring
model. Another good result is that if censoring is independent from covariates we will
get the same results as using a standard estimator like Aalen-Johansen or Kaplan-Meier
when computing pseudo-observations. However, some distinctions have to made regard-
ing the robustness: when we have censoring depending in a non-linear way with the
covariates and these covariates have some type of dependency or correlation between
them, we should be careful when specifying the model for censoring because if we mis-
specify that model, it can lead to a larger bias in the estimates than using for instance
Aalen-Johansen or Kaplen-Meier.

It is also fair to say that when using pseudo-observations with alternative estimators
we should expect an increase of the robust standard errors respect to the usual esti-
mators when we have high correlation between covariates and in particular when our
sample has a high load of censored times and low sample size. In this study we checked if
the estimated coefficients when doing the Monte Carlo simulation had low probability of
not being lost to follow-up before a given time t and conditional on covariates (Ci(t|Z)),
which would lead to very high values of the estimators and eventually outliers present
in our vector of estimates from the simulation, however, that was not the case. Further
checks need to be done regarding this issue to pinpoint exactly the cause of this increase
in the standard errors but the previous results show that it can be directly related with
the sample size and the level of censoring we are working with, both for the RML and
the CIF.

For the CIF case, we realize that the results we get are particular to these 10 sce-
narios, so a generalization of the findings should not be made freely. However, we also
think that, in model fitting, missing a covariate or missing the functional form for the
model are common problems. Thus, we think that studying the robustness with those
misspecifications gave us a lot of insight on what can happen to a particular problem or
data. Using the same reasoning, that’s why we also wanted to include dependent and
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independent covariates, since correlation between covariates is also a very usual problem.

Following a similar thought for the RML case, the distribution of failure times as
uniform is not a very realistic case, but it was a fast solution that we found in order
to find an explicit link and inverse link functions between the Restricted Mean Lifetime
and the linear predictor. That allowed us to see the robustness of pseudo-observations
method using alternative estimators for the RML and also using a particular (and very
useful) function of R. Thus, we think we are in a more restrictive scenario(s) than for the
CIF case, but this also opens a path to be followed or an algorithm that can be adapted
to other explicit and more realistic link functions, although from what we have seen,
finding a link, inverse link and first derivative of the inverse link with different (and more
realistic) distributions for the time to failure is a fairly big challenge. Another comment
regarding this method for the RML is that improvement can be done by specifying
explicitly the variance function which, if correctly specified, will improve the results.
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