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Abstract
The objective of this work consists in the qualitative and quantitative analysis of ageing processes and
associated plaque formation in mice arteries which are typical for atherosclerosis. Speciﬁcally, reliable
information on the characteristic evolution of pressure-stretch curves due to the ageing eﬀects are extracted from appropriate experiments. Furthermore, characteristic age-dependent material parameters
are identiﬁed on the basis of a continuum-mechanics-based parameter optimization technique.
A computational continuum-mechanics-based framework is used to identify age-dependent material
parameters on the basis of the experimental data. The basic deformation modes considered are represented by combined inﬂation and axial extension. We make use of an orthotropic constitutive model
with two families of ﬁbres and solve the underlying equilibrium conditions iteratively. We compute
an objective function, represented by the diﬀerence between simulated and experimental data, which
is minimized with respect to the material parameters.
The results indicate that the aorta-stiﬀness of the healthy control mice remains constant irrespective
of the diet-time and age, respectively. In contrast, we observe signiﬁcant deviations of the material
parameters between the ApoE−/− and the control mice as well as for the diﬀerent locations over the
aorta which clearly underlines our observations from the experiments. With regard to the temporal
evolution of the material parameters, we observe that the material parameters for the ApoE−/− mice
aortas exhibit a characteristic, partially saturation-type, increase with respect to age.
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Introduction

Recent experimental studies show that atherosclerosis signiﬁcantly modiﬁes the mechanical
properties of the arterial tissue. In this regard, a combination of inﬂammatory, biological and
mechanical processes tend to remodel the arterial wall structure and composition, see, for
instance, [30]. Although histopathological analyses of postmortem specimens provide important data on the histological features of ruptured human plaques ([2, 18]) more sophisticated
representative animal studies of plaque rupture are required. Manifold animal species are commonly used to study the pathogenesis and potential treatment of the lesions of atherosclerosis,
see [5, 11, 25, 26, 31] amongst others. However, since their introduction in the early 1990s,
apolipoprotein E-deﬁcient transgenic mice (ApoE−/− mice)—created by homologous recombination in embryonic stem cells—represent the most common animal species studied in connection with atherosclerosis, cf. [8, 21, 34]. This is essentially due to their rapid development
of atherosclerotic lesions with histopathological progression, similar to those of humans, as
reported by Plump et al. [24].
Studying the morphological changes and mechanical properties during atheroma plaque development is particularly important in order to understand the mechanisms of vascular adaptation
in response to changes in physical stress. Several studies investigate the morphological, structural, and biochemical changes of the aorta as well as the relation between these changes and
the mechanics of the aorta, see [9, 16, 20, 32, 33]. These studies conﬁrm that the aorta increases
its stenosis ratio, wall thickness, and mechanical stiﬀness during atherosclerosis. Most of these
studies, however, mainly focus on the proximal aorta, and none of them systematically characterize the geometrical and mechanical properties along the entire length of the aorta. Even
though Guo and Kassab [14] study the whole aorta, they exclusively focus on the common
laboratory mice (C57BL/6J mice), irrespective of the fact that ApoE−/− mice represent the
only genetically engineered species that develops extensive atherosclerotic lesions on a normal
chow diet, cf. [17].
The modelling, simulation and experimental study of arteries and associated vascular diseases
such as atherosclerosis is an area of current multidisciplinary research. In order to enable an
individual patient-speciﬁc adaptation/modiﬁcation of the medical treatment, it is necessary to
understand the underlying mechanisms of atherosclerotic plaque evolution. In this context, the
modelling and simulation becomes increasingly important. For the description of the purely
mechanical and passive behavior of arteries, several numerical material models have already
been developed in the past decades. However, the temporal evolution and evolution in these
vessels, commonly referred to as ageing, has almost not discussed in the literature yet. Nevertheless, the incorporation of such ageing eﬀects—in combination with the detection, description, and especially interaction with plaques—is of central importance for the understanding
of atherosclerosis.
As patient-speciﬁc “experimental studies” are usually not feasible for human arteries, the modelling and simulation of ageing phenomena becomes increasingly important in order to improve
the reliability of medical prognoses. We therefore consider continuum mechanics-based mate2

rial modelling and simulation approaches on the basis of the aforementioned experimental
investigations, in order to validate and calibrate the models. To be speciﬁc, a computational
continuum-mechanics-based framework is used to identify age-dependent material parameters
on the basis of the experimental data. We consider an inhomogeneous boundary value problem
allowing for large deformations, i.e. an incompressible thick-walled cylindrical tube, which is
assumed to approximate a real artery. The basic deformation modes considered are represented
by combined inﬂation and axial extension. We make use of an orthotropic constitutive model
with two families of ﬁbres and solve the underlying equilibrium conditions iteratively. We compute an objective function, represented by the diﬀerence between simulated and experimental
data, which is minimized with respect to the material parameters. As a main objective, we
aim at determining the characteristic age-dependent evolution of material parameters in time.
The scientistic objective of this work consists in the quantitative analysis of ageing processes
and associated plaque formation in mouse arteries. These eﬀects are typical for atherosclerosis.
Speciﬁcally, reliable information on the evolution of pressure-stretch curves and axial residual
stretches due to the ageing eﬀects are extracted from extensive previous experimental investigations [7]. Furthermore, characteristic age-dependent material parameters are identiﬁed on
the basis of a continuum-mechanics-based parameter optimization technique.

2

Materials and methods

2.1 Mechanical properties
Female apolipoprotein E-deﬁcient transgenic mice (ApoE−/− mice) and common laboratory
control mice (C57BL/6 mice) were previously used to measure the pressure-diameter relationship. We analyzed the progressive evolution of atherosclerotic lesions at three diﬀerent locations
of the aorta of (i) ApoE−/− mice put on a hyper-lipidic Western diet and (ii) C57BL/6 control
mice put on a normal chow diet. Diﬀerent sets of ﬁve ApoE−/− and control mice were sacriﬁced after 10, 20, 30 and 40 weeks of their associated diet. Inﬂation tests and axial residual
stretch measurements were performed. The aorta, beginning at the aortic valve and ending at
the common iliac bifurcation, was connected to a pump system via the ascending aorta, the
mouse being cannulated with an 18-gauge needle at the beginning of the intercostal aorta. The
pressure transducer was connected to the pressure circuit between the pump and the specimen
at one end, and to the computer at the other. Information of the deformation of the aortic
outer diameter, do , was provided by two high resolution cameras.
The aorta was preconditioned within three cycles from 0 [mmHg] − 200 [mmHg]. Then, the
perfusion pressure pi is increased in steps of 25 [mmHg] from pi = 0 [mmHg] − 250 [mmHg],
cf. Guao et al. [14], while the outer diameter do along the trunk of the aorta at each pressure
step is recorded. The vessel is subdivided into a series of short segments of approximately
3 [mm] − 4 [mm] length per segment, and the pressure-outer-diameter-relation for each of the
segments is measured. From these relations, typical pressure-stretch-curves are determined by
3

evaluating the outer circumferential stretch λθo as the ratio of the current and referential outer
diameters do and Do , i.e.
do
λθo =
.
(1)
Do
The atheroma plaque development is not uniform along the vessel. Therefore, three diﬀerent
zones of the aorta are studied separately, i.e. the upper thoracic aorta, the lower thoracic aorta
and the iliac/abdominal aorta. In order to measure the axial residual stretch λz , separated
markers are ﬁxed to the aorta. Axial lengths before and after harvesting are determined by
measuring the distance between markers, obtaining the in situ and ex situ dimensions, respectively. Then, the residual axial stretch λz , deﬁned as the ratio between the in situ and ex situ
measured lengths, λz = lin-situ /lex-situ := l/L, is computed, cf. Garcı́a et al. [12]. Axial residual
stretches are calculated for the whole aorta vessel. The morphological measurements are made
using the ImageJr software.

2.2 Computational framework
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Fig. 1. Deformation modes of a thick-walled cylindrical tube: inﬂation (internal pressure pi ) and axial
extension (axial stretch λz = l/L); arterial wall reinforced by two families of ﬁbres with ﬁbre angle
β deﬁned in (a) a stress-free reference conﬁguration B0 ; (b) residually stressed and loaded current
conﬁguration Bt .

This section deals with the computational continuum-mechanics-based framework used to identify age-dependent material parameters on the basis of the data obtained by the experimental
framework described above in Section 2.1. Section 2.2.1 ﬁrst discusses the basic kinematics of
an incompressible thick-walled cylindrical tube, which is assumed to approximate a real artery.
The basic modes of deformation considered are combined inﬂation and extension, see Ogden
[22], Holzapfel et al. [15]. In Section 2.2.2, the underlying constitutive model adopted for the
following investigations is brieﬂy reviewed. To be speciﬁc, use of an orthotropic model with
4

two families of ﬁbres is made as introduced by Holzapfel et al. [15]; for a general review on
the modelling of ﬁbre reinforced materials the reader is also referred to Spencer [28] and the
contributions in Spencer [29] and Boehler [4]. Section 2.2.3 summarises the underlying equilibrium conditions. Finally, Section 2.2.4 deals with theoretical and algorithmic details with
regard to the identiﬁcation of the material parameters.

2.2.1 Basic kinematics
Position vectors of particles in an undeformed reference conﬁguration B0 are denoted by X and
position vectors in the deformed current conﬁguration Bt at time t by x = φ(X, t). The kinematics of a thick-walled tube can conveniently be described by cylindrical polar coordinates.
These coordinates are introduced as R, Θ and Z with respect to a chosen reference conﬁguration B0 as well as r, θ and z with respect to the current conﬁguration Bt . An orthonormal
referential and spatial frame, respectively, can be deﬁned in terms of these coordinates as
E R (Θ) = cos(Θ) e1 + sin(Θ) e2 ,
E Θ (Θ) = − sin(Θ) e1 + cos(Θ) e2 ,
EZ
= e3 ,

er (θ) = cos(θ) e1 + sin(θ) e2 ,
eθ (θ) = − sin(θ) e1 + cos(θ) e2 ,
ez
= e3 .

(2)
(3)
(4)

wherein {e1 , e2 , e3 } is a Cartesian frame ﬁxed in space. The geometry of the tube considered
is visualised in Figure 1 and its material and spatial settings are speciﬁed by
Ri ≤ R ≤ Ro ,
0 ≤ Θ ≤ 2π,
0 ≤ Z ≤ L,

ri ≤ r ≤ ro ,
0 ≤ θ ≤ 2π,
0 ≤ z ≤ l.

(5)
(6)
(7)

where Ri , Ro and L represent the inner and outer radii and the length of the tube in a (undeformed) reference conﬁguration B0 while ri , ro and l represent the corresponding quantities
in the (deformed) current conﬁguration Bt ; see Figure 1. With these quantities in hand, the
deformation modes of inﬂation and extension of an incompressible tube can be represented by
the spatial position vector
x = φ(X, t) = r er (θ) + z ez
(8)
speciﬁed by means of
√

r=

R2 − Ri2
+ ri2 ,
λz

θ = Θ,

z = λz Z .

(9)

The parameter λz represents the axial (residual) stretch. Equation (9)1 reﬂects the assumption
of incompressibility: for the isochoric deformation of the tube considered the referential subvolume V (R) = π L [ R2 − Ri2 ] coincides with the current sub-volume v(r) = π l [ r2 − ri2 ] from
which, together with (9)3 , equation (9)1 can be concluded.
Representative deformation measures can be introduced with respect to the coordinates R,
Θ, Z and r, θ, z. In particular, equation (8) is used together with ∇X [•] = ∂R [•] ⊗ E R +
5

R−1 ∂Θ [•] ⊗ E Θ + ∂Z [•] ⊗ E Z to introduce the deformation gradient F = ∇X φ. For the
present scenario, the deformation gradient reduces to
F = λr er ⊗ E R + λθ eθ ⊗ E Θ + λz ez ⊗ E Z ,

(10)

where the radial and circumferential stretch are introduced as
R
r λz

λr =

λθ = [λr λz ]−1 =

and

r
.
R

(11)

It is obvious that the matrix of coeﬃcients of F becomes symmetric for the present deformation
so that λr , λθ and λz take the interpretation as principal stretches in radial, circumferential
and axial direction.

2.2.2 Constitutive model
In the following, the underlying constitutive model adopted for the following investigations
is brieﬂy reviewed. We apply an orthotropic model with two families of ﬁbres as introduced
by Holzapfel et al. [15]. The strain energy density of this model is assumed to additively
decompose into an isotropic part Ψiso , representing the contribution of the non-collagenous
ground material, and an anisotropic part Ψani , representing the contributions of the diﬀerent
families of collagen ﬁbres, i.e.
(

)

(

)

(

)

Ψ F , a0 i = Ψiso F + Ψani F , a0 i .

(12)

Moreover, a0 i denotes a set of i = 1, . . . , N referential unit-vectors characterising the ﬁbre
families. The isotropic part of the strain energy is speciﬁed by a common neo-Hookean format
)

Ψiso (F =
with

c
[ I1 − 3 ] ,
2

(13)

−2
I1 = F : F = λ2θ + λ2z + λ−2
θ λz

(14)

.
for J = 1. The anisotropic part adopted takes the following exponential form
(

)

Ψani F , a0 i =

N [
(
)
]
k1 ∑
exp k2 ⟨Ei ⟩2 − 1 ,
2 k2 i=1

(15)

wherein it is assumed that the ﬁbres are mechanically equivalent. The notation ⟨•⟩ = [ |•|+• ]/2
reﬂects the Macaulay brackets. These allow activation of the ﬁbre contributions in the tension
regime only. To be speciﬁc, the referential strain measure Ei is introduced as
Ei = ai · F t · F · ai − 1 = I4 i − 1 .

(16)

Even though equation (16) does not include any dispersion of ﬁbre contributions, the formulation can be extended to account for these as discussed in, for instance, Gasser et al. [13] and
6

Alastrue et al. [1]. The number of mechanically equivalent ﬁbre families is restricted to N = 2
and, moreover, their initial orientations are assumed as
( )

( )

a0 1,2 = sin β E Z ± cos β E Θ ,

(17)

.
Furthermore, one observes E1 = E2 = E and the invariant introduced in equation (16) can be
expressed as
( )
( )
I4 i = ai · F t · F · ai = sin2 β λ2z + cos2 β λ2θ .
(18)
In conclusion, the strain energy can be written as a function in terms of the circumferential
and axial(stretch,
i.e. Ψe (λθ , λz ). With these relations in hand, the Cauchy stress tensor σ =
)
∂F Ψ · cof F −1 can be speciﬁed, namely
(

)

σ = c F · F t + 4 k1 E exp k2 ⟨E⟩2 [ a1 ⊗ a1 + a2 ⊗ a2 ]

(19)

with a1,2 = F · a0 1,2 .
Alternatively, the Cauchy stress tensor can be expressed with respect to the base system
introduced in equations (2)–(4), or rather in spectral form, as
−2
σrr = c λ−2
θ λz ,

( )

(

( )

(

σθθ = c λ2θ + 4 cos2 β k1 λ2θ E exp k2 ⟨E⟩

2

)

(20)
,

(21)

σzz = c λ2z + 4 sin2 β k1 λ2z E exp k2 ⟨E⟩2 .

(22)

)

2.2.3 Equilibrium conditions
Neglecting body forces, the underlying equilibrium conditions in terms of spatial arguments
take the representation as
0 = ∇x · σ
t=σ·n
t = − pi n

in
on
on

Bt
∂Bto
∂Bti .

(23)
(24)
(25)

In view of the base system introduced in equations (2)–(4), together with the assumed coaxiality of conjugated stresses and strain measures, the Cauchy stresses allow representation in
spectral form as σ = σrr er ⊗ er + σθθ eθ ⊗ eθ + σzz ez ⊗ ez . By analogy with the derivations
reviewed above and with n = ± er , the Euler-Lagrange equations can be summarised as
[

∂σrr σrr − σθθ
+
0=
∂r
r
t = σrr er
t = pi er

]

er +

1 ∂σθθ
∂σzz
eθ +
ez
r ∂θ
∂z

7

in

Bt

on
on

∂Bto
∂Bti .

(26)
(27)

Due to geometrical and constitutive symmetry, the only non-trivial component of (26) is
∂σrr σrr − σθθ
+
= 0,
∂r
r

(28)

see, for example, Ogden [22]. From this equation and the boundary condition σrr |r=ro = 0 on
the outer surface of the tube, the radial Cauchy stress σrr may be calculated as
∫

σrr (ξ) =

ro

ξ

[σrr − σθθ ]

dr
.
r

(29)

The internal pressure pi = −σrr |r=ri is then obtained in the form
∫

pi =

ro
ri

[σθθ − σrr ]

dr
.
r

(30)

This equation plays a crucial role for the iterative numerical solution scheme of the problem
considered, see Table3 for details.

2.2.4 Material parameter identification
This section deals with theoretical and algorithmic details with regard to the identiﬁcation
of the material parameters of the anisotropic constitutive model described in Section 2.2.2,
i.e. c, k1 and k2 . These material parameters essentially characterize the mechanical response
of the artery and we therefore expect these parameters to evolve in time due to the ageing
process. The objective is to determine the characteristic evolution of material parameters in
time qualitatively and quantitatively on the basis of the experimental measurements.
Table 1
Setting of material, structural, geometrical and loading parameters used throughout the following
computations. The ﬁbre angle β is based on data from Ohayon et al. [23], the geometry based on
data from Cilla et al. [7].
Type

material

structural

Symbol

Description

Value

Unit

c

elastic constant

to be identiﬁed

[kP a]

k1

elastic constant

to be identiﬁed

[kP a]

k2

elastic constant

to be identiﬁed

[–]

β

ﬁbre angle

48.47

[deg]

Ri

inner referential radius

0.38197

[mm]

H

referential wall thickness

0.03

[mm]

λz

axial stretch

1.0

[–]

geometrical

loading
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In order to do so, we consider an inhomogeneous boundary value problem allowing for large
deformations. Several assumptions and approximations are included into the model which
shall be highlighted brieﬂy. First, we idealize the geometrically complicated aortic specimen
by the following geometrical simplifications; cylindrical tube, thick-walled, and singe-layered.
Secondly, we idealize the experimental setting/setup by the following boundary conditions and
kinematic constraints; fully incompressible, uniform internal pressure at the inner diameter of
the tube, stress-free at the outer diameter of the tube, and constant axial residual stretch, circumferential residual stretch neglected. And thirdly, we idealize the material behavior by the
following constitutive assumptions; hyperelastic, inelastic eﬀects neglected, anisotropic (transversely isotropic or orthotropic), two mechanically equivalent families of ﬁbres, ﬁbres oriented
in tangential plane of the tube, non-zero mechanical response of the ﬁbres in tension-regime
only, ﬁbre dispersion neglected, and homogeneous material properties.
In order to investigate the age-dependent evolution of the material parameters in detail, we will
ﬁrst ﬁt the material parameters associated with the constitutive model reviewed in Section 2.2.2
to the pressure-outer-circumferential-stretch curves recorded during the experiments. These pi λθo -curves are measured for the diseased ApoE−/− mice as well as for the healthy control mice,
each recorded at three diﬀerent locations of the aorta: the upper (thoracic) part, the lower
(thoracic) part and the iliac (abdominal) part.
For the computational ﬁtting process, we apply a pressure-driven parameter identiﬁcation
procedure, where by analogy to the experimental approach, the internal pressure pexp
is applied
i
to the tube, see Table 2 for algorithmic details. The equilibrium condition (26) is not fulﬁlled a
priori and therefore an additional iterative solution procedure is required. Thereby, we apply a
common Newton-Raphson iteration scheme to iteratively satisfy the equilibrium condition of
the underlying boundary value problem as summarized in Table 2. We are enable to compute an
objective function f formulated in terms of the stretch-diﬀerence λθo −λexp
θo . Then, the objective
function is minimized with respect to the material parameters ν, see Table 3. Generally, such
minimization problems may conveniently be solved by typical optimization techniques. In this
study, the Matlab optimization-algorithm fmincon is used which is based on a sequential
quadratic programming (SQP) method. Without discussing speciﬁc algorithmic details at this
stage, this algorithm allows us to ﬁnd a constrained minimum of a scalar function of one or more
variables, whereby initial estimate values must be set. For detailed background information
on such constrained nonlinear optimization problems, the reader is referred to monographs by
Luenberger [19], Bertsekas [3] and Dennis and Schnabel [10].
Finally, we end up with a set of material parameters ν min providing optimal data ﬁtting capabilities for the particular experimental curve of interest. The identiﬁed material parameters are
then plotted over time/age in order to get an impression which parameter might be less/more
aﬀected due to the ageing eﬀects. The corresponding results will be discussed in detail in the
following Section 3.
The material parameter identiﬁcation procedure is based on a sequential optimization of three
material parameters c, k1 and k2 . This procedure ﬁts the material parameters corresponding
with the ﬁrst part of the test up to 3-4% of strain and c is identiﬁed with k1 = const and
9

Table 2
Algorithmic box for the material parameter identiﬁcation procedure.
(1) set up structural and geometrical parameters from Table 1 and collect these in pseudo-vector κ = [β, Ri , H, λz ]

[

]

(2) perform initial guess ν = ν 0 = c0 , k10 , k20 for the material parameters to be identiﬁed
(3) set objective function to f (ν) = 0
(4) identify material parameters as argument of minimum of objective function f

(

)

ν min = arg min f ν; ν 0 , κ ,
ν
wherein f (ν) is determined by the algorithm for the pressure-driven case and the minimisation can be performed
by, e.g., the Matlab fmincon-optimisation-function

Table 3
Algorithmic for the pressure-driven deformation process. All quantities are associated with tn+1 .

(1) given: internal pressure pexp
at time tn+1
i
(2) perform initial guess λθo = λ0θo for the outer circumferential stretch
(3) perform local Newton-Raphson iteration scheme
(a) compute residual
r(λθo ) = pexp
− pi (λθo )
i
wherein the internal pressure pi (λθo ) is determined by the algorithm describen below
(b) compute linearisation of residual by means of forward diﬀerence scheme
dr = [r(λθo + h) − r(λθo )] /h with h ≪ 1
(c) Compute increment
∆λθo = dr/r
(d) compute update
λθ o
λθo − ∆λθo
(e) check tolerance with tol ≪ 1
7→

if |r| < tol go to 4.
else go to 3. (a)
(4) compute objective function
7→

f (ν)

[

f (ν) + w λθo − λexp
θ

]2

o

k2 = const using the ﬁrst two experimental data points. Later, and using the value of the elastin
as seed c, we ﬁt the rest of the parameters related with the collagen ﬁbers, so k1 and k2 are
identiﬁed with c = const using all experimental data points [27]. This non-standard sequential
optimization technique is applied, as it may occur that a single optimization including every
experimental data point for all of the three material parameters results in unphysical material
parameters, e.g. such that c < 0, or in c = lb for a constrained optimization including a lower
bound lb.
10

Table 4
Algorithmic for the determination of the internal pressure.

(1) given: material parameters ν = [c, k1 , k2 ], structural and geometrical parameters κ = [β, Ri , H, λz ], see Table 1,
deformation in terms of the outer circumferential stretch λθo at time tn+1
(2) calculate referential outer radius
Ro = Ri + H
(3) calculate current radii
ro = λθo Ro

√

ri =

[

]

ro2 − Ro2 − Ri2 /λz

(4) apply m = 3-point Gaussian quadrature rule with quadrature points ξj =
wj =

{

}

{

−

√

3/5 0

√

}

3/5

and weights

5/9 8/9 5/9 :

loop over number of quadrature points j = 1, . . . , m
(a) calculate current radius
rj = [[ri + ro ] + ξj [ro − ri ]] /2
(b) calculate referential radius

√

Rj =

[

]

λz rj2 − ri2 + Ri2

(c) calculate circumferential stretch
λθj = rj /Rj
(d) calculate radial and circumferential stresses
σrrj = c λ−2
λ−2
z
θj

( )

(

σθθj = c λ2θj + 4 cos2 β k1 λ2θj E exp k2 ⟨E⟩2

)

with E = λ2z sin(β)2 + λ2θj cos(β)2 − 1 by means of equations (20, 21)
calculate internal pressure
pi ≈ [ro − ri ] /2

m [
∑

]

σθθj − σrrj wj /rj

j=1

3

Results

This section summarizes the results obtained by the associated simulation framework to the
experiments discussed in the previous section.

3.1 Mechanical properties

In order to illustrate the stiﬀening behaviour with respect to age, we plot the experimentally
obtained circumferential stretch over diﬀerent stages of ageing at three chosen pressure levels,
i.e. pi = {50, 150, 250}[weeks] in Figure 2. The left column (a,c,e) corresponds to the diseased
ApoE−/− mice, the right column (b,d,f) corresponds to the healthy control mice. The three
diﬀerent rows (a,b), (c,d), (e,f) are associated with diﬀerent locations over the length of the
11

Fig. 2. Experimentally obtained circumferential stretch with respect to diﬀerent stages of ageing at
three chosen pressure levels, i.e. pi = {50, 150, 250}[weeks]. The left column (a,c,e) corresponds to
the diseased ApoE−/− mice, the right column (b,d,f) corresponds to the healthy control mice. The
three diﬀerent rows (a,b), (c,d), (e,f) are associated with diﬀerent locations over the length of the
considered arterial specimen [7].

considered arterial specimen. We observe that the circumferential stretch λθo decreases with
age (stiﬀening) for the diseased ApoE−/− mice but stays relatively constant for the healthy
control mice.
As it was pointed in Cilla et al. [7], the ApoE−/− aorta stiﬀness increases dramatically for
increasing diet period. This holds for all aortic zones studied. In contrast, the aorta stiﬀness
of the control mice remains practically constant for increasing diet period. Comparing the
12

ApoE−/− and control results, the ApoE−/− pressure-stretch curve after 10 [weeks] for the
upper aorta and 10 and 20 [weeks] for the lower and iliac aorta, are similar to the control
curves for all ages. This shows that a short period on a hyper-lipidic diet does not signiﬁcantly
aﬀect the mechanical properties of the ApoE−/− mice. Furthermore, the diﬀerent behaviour of
the three zones studied for the ApoE−/− mice is highlighted. The upper aorta turns out to be
stiﬀer than the lower aorta which, in turn, is stiﬀer than the iliac aorta. The stiﬀness for the
three zones considered for the control mice remains constant.

3.2 Material parameter identification

This section summarizes the results of the material parameter identiﬁcation of the anisotropic
constitutive model described in Section 2.2.2, i.e. c, k1 and k2 . These material parameters,
which characterize the mechanical response of the artery, are expect to evolve in time due to
the ageing process. In this regard, the objective is to determine the characteristic evolution of
material parameters in time qualitatively and quantitatively on the basis of the experimental
measurements.
The internal pressure pexp
i , i.e. the quantity which is actually prescribed in the experiments, is
applied to the tube, see Table 4 for algorithmic details.
The ﬁtting results of the material parameter identiﬁcation procedure are depicted in Figure 3
where the discrete points represent the original experimental data from [7], and the solid lines
represent the associated (simulated) ﬁtting. The identiﬁed material parameters are summarized
in Table 5 and their temporal evolution is illustrated in Figure 4. The results in Figure 3 show
excellent ﬁtting capabilities.
With regard to the temporal evolution of the material parameters depicted in Figure 4, we, on
the one hand, expect the material parameters for the control mice aortas for one single location
to remain almost constant. However, it becomes apparent, that the parameters quite strongly
deviate from each other with respect to time, see, for instance, parameter k2 in Figure 4(d).
On the other hand, we expect the material parameters for the ApoE−/− mice aortas for one
single location to exhibit a characteristic increase or decrease in time. And indeed, we observe
that, e.g. parameter c ﬁrst increases linearly within t = 10 − 30 [weeks] and saturates for
t = 30 − 40 [weeks], see Figure 4(a). A similar behaviour holds for parameter k1 , Figure 4(b),
whereas k2 , Figure 4(c), remains almost constant within t = 10 − 30 [weeks] and then increases
for t = 30 − 40 [weeks].

4

Discussion

The objective of this work consists in the qualitative and quantitative analysis of ageing processes and associated plaque formation in mice arteries which are typical for atherosclerosis.
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Fig. 3. Fitted experimental data based on the material parameter identiﬁcation procedure. The discrete points represent the original experimental data from [7], the lines the associated (simulated)
ﬁtting. The material parameter identiﬁcation procedure is based on a sequential optimization of
three material parameters c, k1 and k2 : in a ﬁrst step parameter c is identiﬁed with k1 = const and
k2 = const using the ﬁrst two experimental data points, in a second step k1 and k2 are identiﬁed with
c = const using all experimental data points.

Speciﬁcally, reliable information on the characteristic evolution of pressure-stretch curves and
axial residual stretches due to the ageing eﬀects are extracted from appropriate experiments.
Furthermore, characteristic age-dependent material parameters are identiﬁed on the basis of a
continuum-mechanics-based parameter optimization technique. Complex experimental investigations are performed on the one hand, while, on the other, a continuum-mechanics-based
material modelling approach is used to identify characteristic age-dependent sets of mate14

Table 5
Identiﬁed material parameters by means of the pressure-driven material parameter identiﬁcation
procedure.
diseased ApoE−/− mice

upper aorta

lower aorta

iliac aorta

healthy control mice

[weeks]

10

20

30

40

10

20

30

40

c [kP a]

13.92

54.83

85.38

89.74

32.09

35.80

39.87

18.29

k1 [kP a]

116.70

155.08

167.36

160.41

128.96

125.49

142.81

113.99

k2 [−]

1.20

1.33

1.21

2.69

1.00

1.19

1.14

1.57

c [kP a]

32.51

49.31

116.15

142.56

40.50

22.36

40.69

33.81

k1 [kP a]

123.90

142.81

171.43

158.89

136.79

118.49

150.56

131.24

k2 [−]

1.06

1.19

1.42

2.71

0.95

1.57

0.90

1.37

c [kP a]

34.38

67.61

108.09

105.12

48.10

29.62

62.78

49.29

k1 [kP a]

122.75

144.24

173.31

180.15

132.20

112.06

150.12

147.65

1.99

1.89

1.89

3.81

2.11

2.52

2.18

2.33

k2 [−]

rial parameters. A computational continuum-mechanics-based framework is used to identify
age-dependent material parameters on the basis of the experimental data. We consider an
inhomogeneous boundary value problem allowing for large deformations, i.e. an incompressible thick-walled cylindrical tube, which is assumed to approximate a real artery. The basic
deformation modes considered are represented by combined inﬂation and axial extension. We
make use of an orthotropic constitutive model with two families of ﬁbres and solve the underlying equilibrium conditions iteratively. We compute an objective function, represented by
the diﬀerence between simulated and experimental data, which is minimized with respect to
the material parameters. As a main objective, we aim at determining the characteristic agedependent evolution of material parameters in time.
Generally, the results show excellent ﬁtting capabilities. Similar results were obtained by [6],
they applied a ﬁber-based constitutive model to mechanical data from aorta during postnatal
development of WT and Eln+/- mice and obtained the model was capable of distinguishing
elastin amounts and identifying trends during development. Regarding the temporal evolution
of the material parameters, we observe signiﬁcant deviations of the material parameters between the ApoE−/− and the control mice as well as for the diﬀerent locations over the aorta
(upper, lower, iliac) which clearly underlined our observations from the experiments. With
regard to the temporal evolution of the material parameters, we, on the one hand, expect
the material parameters for the control mice aortas for one single location to remain almost
constant. However, it became apparent, that the parameters quite strongly deviate from each
other with respect to time. On the other hand, we expected the material parameters for the
ApoE−/− mice aortas for one single location to exhibit a characteristic increase/decrease in
time. We indeed observed that, parameter c ﬁrst increases linearly within t = 10 − 30 [weeks]
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Fig. 4. Material parameter evolution for the stress-driven (pressure-driven) parameter identiﬁcation
procedure plotted over time, associated values given in Table 5. The left column (a,c,e) corresponds
to the diseased ApoE−/− mice, the right column (b,d,f) corresponds to the healthy control mice.

and saturates for t = 30 − 40 [weeks]. A similar behavior could be identiﬁed for parameter
k1 whereas k2 remained almost constant within t = 10 − 30 [weeks] and then increased for
t = 30 − 40 [weeks]. No study with all these characteristics can be found in the literature.
Only Agianniotis and Stergiopulos [? ] compared the mechanical properties of young 10-12
week-old ApoE−/− mice without fat diet with C57BL/6J wild-type mice by extension-inﬂation
mechanical tests. However, they only compute the Hudetz incremental elastic modulus.
It should be pointed out that the study presented here has some limitations and that the results
16

could be improved in future works. First, the application of an inhomogeneous incompressible
thick-walled cylindrical tube which should represent a real artery is a signiﬁcant idealization
and simpliﬁcation. For future studies, a non-cylindrical multi-layered problem setting should
be considered at least. Furthermore, circumferential residual stretches should be taken into
account as well as the eﬀects of ﬁbre dispersion. However, this essentially requires the acquisition of related experimental data which, in turn, is a non-trivial task, and therefore, was
not available at this stage. In addition, since these inﬂated tests are performed in situ, the
measurement of longitudinal forces, and thus the longitudinal stiﬀness can not be assessed. Ex
situ inﬂation test combined with extension test could be carried out. However the control of
the liquid leaks in this kind of test is diﬃcult to achieve due to the great number of branches of
the aortic root. The second consideration concerns the size of the mouse aorta. Although the
mice were dissected carefully, there are many branches in the aortic root which usually lead
to small leaks during the inﬂation test.. Another crucial aspect associated with experiment
and simulation consists in the appropriate incorporation of axial residual stretches during the
measurements and their associated consideration within the parameter identiﬁcation process.
As pointed out above, we observe that the outer circumferential stretch λθo is one for zero
pressure for all experimental pressure-outer-circumferential-stretch-curves. From the physical
point of view, this remains questionable, as we would rather expect the outer circumferential
stretch to be smaller than one, due to the inﬂuence of the present axial residual stretch. However, at this stage, no reliable data for the proper incorporation of axial residual stretches is
available and therefore this approach constitutes future research.
In spite of these limitations, the obtained results are promising and demonstrate substantial
changes in the mechanical behaviour and in the structural properties of ApoE−/− mice aortas
as compared to the control group. These ﬁndings are important for a better understanding of
the cardiovascular system of mice and could serve as a reference for future investigations of
mechanical properties of blood vessels suﬀering atherosclerotic diseases.
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