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a b s t r a c t 

This work presents an optimization-based approach to simultaneously solve the Network Design and the 

Frequency Setting phases on the context of railway rapid transit networks. The Network Design phase 

allows expanding existing networks as well as building new ones from scratch, considering infrastructure 

costs. In the Frequency Setting phase, local and/or express services are established considering transporta- 

tion resources capacities and operation costs. Integrated approaches to these phases improve the transit 

planning process. Nevertheless, this integration is challenging both at modeling and computational effort 

to obtain solutions. In this work, a Lexicographic Goal Programming problem modeling this integration 

is introduced, together with a solving strategy. A solution to the problem is obtained by first applying a 

Corridor Generation Algorithm and then a Line Splitting Algorithm to deal with multiple line construc- 

tion. Two case studies are used for validation, including the Seville and Santiago de Chile rapid transit 

networks. Detailed solution reports are shown and discussed. Conclusions and future research directions 

are given. 

© 2016 Published by Elsevier Ltd. 

1. Introduction 1 

Population growth in cities has led to traffic congestion. To 2 

alleviate this effect, transport agencies have designed Rapid Transit 3 

Systems. These systems are continuously revised to account for 4 

changes in passenger demand. 5 

The overall transit planning process can be divided into the 6 

following phases [1,2] : Transit Network Design (TND), Transit 7 

Network Frequency Setting (TNFS), transit network timetabling, 8 

vehicle scheduling, and crew scheduling and rostering. Strategic 9 

and tactical decisions are taken in the first two phases. Because of 10 

the high costs of construction and exploitation of railway transit 11 

networks, it is important to optimize every strategic and tactical 12 

decision. The TND phase may build from scratch or expand the in- 13 

frastructure of a rapid transit network (i.e., stations and stretches), 14 

considering budgetary restrictions and coverage demand satisfac- 15 

tion. Having determined the new infrastructure of the network, the 16 

TNFS sets the line frequencies and the number of vehicles needed 17 

to satisfy the passenger trip requirements at reasonable operative 18 

costs and not exceeding the capacities of the planning resources 19 
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(i.e. the number of passengers per vehicle, the number of available 20 

vehicles, the maximum stretch frequency, and among others). 21 

In current practice, TND and TNFS phases are solved separately 22 

as the infrastructure of the rapid transit network is considered as 23 

a stable component contrary to line frequencies which are treated 24 

as a flexible component [3] . However, it is admitted that to know 25 

how the infrastructure will be used by passengers, an assignment 26 

of passengers to lines is required. This assignment requires in 27 

turn the definition of lines and frequencies operating on them. 28 

Clearly, not considering lines and frequencies in the TND phase 29 

makes unrealistic estimates on passenger volumes at this early 30 

stage. Therefore, solving separately TND and TNFS phases is an 31 

approach that may lead the system to operate inefficiently because 32 

the new infrastructure of the rapid transit network is determined 33 

without considering the capacities of the planning resources. In 34 

other words, the expected amount of demand to be covered in the 35 

TND phase can be overestimated because when setting the line 36 

frequencies in the TNFS phase, it might not have enough vehicle 37 

capacity to fill that demand or the needed line frequencies exceed 38 

the stretch capacities. The need for new approaches integrating 39 

TND and TNFS phases is acknowledged in [2] , and recently some 40 

works have explored this integration and showed promising 41 

results [4–6] improving substantially rapid transit systems. 42 
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Nevertheless, integrated models impose two great challenges. 43 

On the one hand, these models need to correctly represent the 44 

underlying structural properties of the TND and TNFS phases and 45 

allow a seamless integration. This means that models need to 46 

evaluate every trade-off regarding the decisions associated with 47 

each phase, and capture the impact of decisions in the TND phase 48 

on decisions in the TNFS phase, and vice-versa. On the other 49 

hand, the complexity of these models increases because of the 50 

integration. Consequently, customized solution algorithms and 51 

strategies are required. 52 

In this work, the integration of TND and TNFS phases is 53 

achieved by means of an optimization model formulated as a 54 

mixed-integer linear goal-programming problem. Because of the 55 

size of real-world rapid transit networks, and the highly con- 56 

strained set of design and frequency decisions, solving the model 57 

directly with an exact Branch & Bound optimizer, such as CPLEX, is 58 

impractical. Meta-heuristic approaches such as Genetic Algorithms 59 

(GA), Simulated Annealing (SA) and Tabu Search (TS), among 60 

others, have been used to provide a set of feasible solutions in 61 

reasonable time [5–9] . These methods are enough flexible to be 62 

adapted to a wide range of optimization models with different 63 

objective functions and constraints. However, this flexibility does 64 

not allow taking advantage of the mathematical structure of the 65 

model to explore the solution space in a way that complexity is 66 

minimized. In [7] , the performances of GA , SA , TS, among other 67 

meta-heuristics, is examined showing that the solving times and 68 

the number of algorithmic steps are still strongly affected by the 69 

combinatorial nature of problems solving TND & TNFS phases, 70 

especially in the number of new lines to be constructed and the 71 

enumeration of all possible feasible line traces (corridors). 72 

To deal with these complexity issues, a 2-stage methodology is 73 

proposed. The first stage employs a Corridor Generation Algorithm 74 

(CGA), whereas the second one uses a matheuristic (mathematical 75 

programming based heuristic) called the Line Splitting Algorithm 76 

(LSA). The CGA determines the pool of line traces that can be 77 

assigned to the new lines during the optimization process. The 78 

size of this pool is limited by infrastructure budgetary restrictions 79 

together with some user behavior rules which are verified in an 80 

ad hoc implementation of the Yen’s k-shortest path algorithm [10] . 81 

The LSA solves as much instances of the optimization model as 82 

the number of lines under construction. Each instance builds only 83 

one line but determines the frequencies of all lines whose layouts 84 

(i.e. stretches and stations) are known (operating + already con- 85 

structed + new constructed line). To this end, the constructed line 86 

in a given instance is transformed into a fictitious operating line 87 

for the next instance resolution. New lines are defined over the set 88 

of corridors built by the CGA. The instance optimization could be 89 

achieved with the aid of a solver based on either meta-heuristics 90 

or mathematical programming techniques. In this work, the lat- 91 

ter approach is used under the premise that information about 92 

the quality of the solutions of the specific instances is available 93 

through the integrality gap metric of the Branch & Bound, and that 94 

the solving time is reasonable. In that manner, a quality standard 95 

for the instance solutions achieved by the LSA is guaranteed. 96 

In each instance of the LSA, two goals are sought-after, 97 

minimize passenger riding time and minimize operator costs. 98 

To optimize these goals, goal programming [11] is used. This 99 

technique comes from multicriteria decision making and allows 100 

managing different and possibly conflicting objectives denomi- 101 

nated goals in the context of an optimization problem. Current 102 

trends in urban planning emphasize the need for car-free cities 103 

[12,13] , a concept that can only be realized by providing good level 104 

of service to passengers in public transport systems. Following 105 

this trend, this work assumes a strictly preference for minimizing 106 

passenger riding time over minimizing operator costs. In the 107 

context of well-defined preferences, the use of Lexicographic Goal 108 

Programming is recommended [14] , where goals are optimized se- 109 

quentially according to their priority levels defined by the decision 110 

maker preferences. This technique has recently been used in some 111 

public transport works [15,16] . 112 

Two case studies based on the rapid transit networks of 113 

Santiago de Chile and Seville (Spain) are used for validation. 114 

Detailed solution reports are shown and discussed. The paper is 115 

organized as follows. Section 2 surveys the literature on TND and 116 

TNFS, highlighting the contributions of the proposed approach. 117 

Section 3 states the problem. Section 4 describes the modelling 118 

strategy. Section 5 introduces the formulation of the optimization 119 

model. Section 6 presents the solving strategy. Section 7 shows 120 

the computational tests. The paper finishes with some conclusions 121 

and directions for further research in Section 8 . 122 

2. Literature review 123 

Bruno et al. [17] is one of the first to tackle the TND phase. 124 

Their work aims to maximize demand coverage in a public 125 

network. Laporte et al. [18] incorporate demand using an origin- 126 

destination trip matrix. The papers of Laporte et al. [19] and 127 

Hamacher et al. [20] address the stations location problem on 128 

a given alignment. García and Marín [21,22] study the mode 129 

interchange and parking network design problem using Bilevel 130 

Programming. They consider multimodal traffic allocation prob- 131 

lems using combined modes at the lower level of the bilevel 132 

program. Laporte et al. [23] extend the previous models by in- 133 

corporating into the station location problem the possibility to 134 

include the construction of several lines. The resulting model also 135 

considers budgetary constraints; however, line terminal nodes are 136 

fixed. Marín [24] overcomes this limitation. 137 

References related to TNFS may be classified into the ones 138 

that consider the point of view of the operator and the ones 139 

that account for the point of view of the user. In the first group, 140 

Claessens [25] consider the minimization of the service costs. 141 

They formulate a model accounting for the selection of services, 142 

frequencies and train lengths, considering vehicle types. Cordeau 143 

et al. [26] also consider different types of train com positions. 144 

From the point of view of the user, Bussieck et al. [27] maximize 145 

the number of passengers without considering transfers. Scholl 146 

[28] minimizes the number of transfers by using passenger routes 147 

in the model and heuristics to generate feasible solutions. Schöbel 148 

and Scholl [29] minimize travel time together with route selection 149 

from a predefined pool. 150 

Works integrating TND and TNFS phases may be grouped ac- 151 

cording to the type of public transportation system to be planned. 152 

The vast majority of works deal with bus network design, whereas 153 

fewer works faces to the railway network planning. In the first 154 

group, Newell [30] studies the optimal geometries of bus routes 155 

depending on the demand trip distribution. The author proposes 156 

close formulas for computing desired frequencies depending on 157 

the choice of route geometries, and shows that the passenger cost 158 

function needed for route evaluation is not convex, therefore only 159 

local optimum can be found. Ceder & Wilson [1] formulate two se- 160 

quential mathematical models for solving the bus network design 161 

problem. The first one minimizes the excess passenger travel time 162 

upon boarding, expressed as the deviation time from the shortest 163 

travel path, plus the transfer time (if any). The second model adds 164 

the passenger waiting time and vehicle operating and capital costs 165 

to the objective function. Baaj & Mahmassani [31] decompose the 166 

bus network design problem into three phases: a route generation 167 

step, in which routes and frequencies are constructed; a network 168 

analysis procedure, defining measures of effectiveness at the 169 

network-, route-, and stop-level; and a route improvement algo- 170 

rithm to improve the route design. These procedures are applied to 171 

different sets of weights, which examine the total travel time, total 172 
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demand satisfied, and the required fleet size to operate the system. 173 

Cancela et al. [32] formulate a bilevel problem in which the upper 174 

level minimizes user costs subject to resource, station waiting 175 

and transfer constraints. In the lower level, the same objective is 176 

pursued but considering only constraints related to users. 177 

Works dealing with advanced bus service design include the 178 

work of Furth & Wilson [33] . That work presents the problem of 179 

allocating buses to lines between time periods so as to maximize 180 

net social benefit. Wilson & Gonzales [34] focus on practice 181 

methods to identify bottleneck problems in the existing system. 182 

Modifications on existing models are proposed to include multiple 183 

objectives. Results show significant differences when compared to 184 

standard models. Furth [35] devises a new service policy called 185 

deadheading where stops may be discontinuously served in a 186 

certain line service, i.e., odd line cycles may skip the stop but 187 

even cycles may service that stop, or the other way round. The 188 

author also proposes asymmetrical services where stations may be 189 

skipped in some direction. Feillet et al. [36] propose a branch-and- 190 

cut-and-price method to efficiently construct multiple lines using 191 

express services where some intermediate stops can be skipped. 192 

Deadheading is not allowed in such type of services. Leiva et al. 193 

[37] also determines the type of vehicle to be used and considers 194 

operation costs. Verbas & Mahmassani [38] integrate all the service 195 

policies. 196 

In the group of railway planning approaches, Wan and Lo 197 

[39] formulate a mixed-integer programming problem that min- 198 

imizes operation costs subject to resource constraints (fleet size, 199 

vehicle capacity and maximum stretch frequency). The model 200 

is validated on a small-sized network using CPLEX as solver. 201 

Borndörfer et al. [40] propose a multicommodity flow model 202 

where passengers are assigned according to their travel times, 203 

considering line infrastructure costs. Lines are dynamically built 204 

using a column generation algorithm that is applied to the city 205 

of Postdam, Germany. Canca et al. [4] present a non-linear mixed- 206 

integer programming problem, extending previous approaches by 207 

incorporating vehicle acquisition and setup costs in the context of 208 

competition between transportation modes. The model is solved 209 

with the aid of Conopt3 solver. Marín et al. [41] introduce the 210 

concept of “robustness ”. To users, a robust network provides 211 

alternative routes in case of failures in their preferred routes. To 212 

operators, robustness is obtained by a better distribution of vehi- 213 

cles throughout the network, so that fewer vehicles are affected 214 

when a failure occurs. User robustness is tested on a high-speed 215 

network in Andalucía, a region in the South of Spain. Codina et al. 216 

[42,43] extend the previous work by incorporating competition 217 

between public transport and private car modes. The authors 218 

formulate a bilevel problem (BP) where the upper level designs 219 

the rapid transit network according to a given probability of failure 220 

that is evaluated by the lower level. This BP is applied to a test 221 

network. 222 

A thorough review on transit planning works can be found in 223 

[2,44–48] . The review [47] puts emphasis on works integrating 224 

TND and TNFS phases from both modelling and solving strategy 225 

aspects. In this work, the following features previously studied in 226 

the literature are considered: 227 

• Planning costs related to the construction of new infrastructure 228 

resources (new stations and new stretches) (Inf.), the acquisi- 229 

tion of new vehicles (Veh.) and the frequency of vehicles on 230 

stretches (Freq.). 231 

• An infrastructure budget (Inf. budget) limiting the construction 232 

of new infrastructure resources. 233 

• Generation of two types of services: express services, where 234 

vehicles may skip some or all of the intermediate stations 235 

along a line; and local services, where vehicles halt at every 236 

intermediate station. 237 

• Capacity limitations on the amount of passengers that a vehicle 238 

could carry, the number of vehicles going through a stretch, 239 

and the total number of available vehicles. 240 

• Passenger times related to in-vehicle traveling (In-Veh.) and 241 

transfer between nearby stations. 242 

• The imposition of a maximum waiting time at boarding 243 

stations to guarantee a minimum level of service to passengers. 244 

• Penalization for not covering certain origin-destination demand 245 

pairs. 246 

Table 1 highlights the features considered in the works men- 247 

tioned in the context of railway systems. It is observed that 248 

none of these works consider all the features at the same time. 249 

Moreover, the infrastructure budget is only considered in a few 250 

works [4,41] , and the express service design is tackled with for 251 

the first time. 252 

This work also incorporates the following novel aspects to 253 

further improve the integration of TND and TNFS phases in the 254 

context of railway systems: 255 

• The time a passenger waits inside the vehicle during a stop at 256 

an intermediate station. It is considered both in the objective 257 

function as a cost and in the computation of the line cycle time. 258 

• The layover time at terminal stations. This is the time it takes 259 

the driver to go from one extreme of the train to the other in 260 

order to change driving direction. 261 

• A pedestrian network representing not only passengers walking 262 

to nearby stations but also walking directly to destination. 263 

• The ability to incorporate operating lines, whose layouts 264 

(stretches and stations) are already determined, but their 265 

operating frequencies can be changed. 266 

• A planning budget limiting the acquisition of new vehicles. 267 

Finally, and not least importantly, the problem of minimizing si- 268 

multaneously the opposite objectives of passengers riding time and 269 

operator cost is addressed. As mentioned, the literature works ei- 270 

ther minimize solely one of these objectives or assess their relative 271 

importance in terms of weights. The latter approach is justified by 272 

the fact that the optimal solution for a multi-objective optimiza- 273 

tion problem represented with a weighted function is also a Pareto 274 

optimal solution. Nevertheless, achieving the optimal solution in 275 

real-world networks is not possible due to the complexity of inte- 276 

grating TND and TNFS phases. Therefore, the quality of the solution 277 

cannot easily be assessed. To overcome this limitation, the Lexico- 278 

graphic Goal Programming (LGP) technique is used. The LGP mini- 279 

mizes each objective hierarchically. First, the least passenger riding 280 

time is obtained within reasonable time while fulfilling an infras- 281 

tructure budgetary constraint limiting the future investment to be 282 

carried out by the operator. Then, the operator cost is minimized 283 

while keeping the attained passenger riding time. This mechanism 284 

guarantees that the best effort for optimizing both objectives has 285 

been done attaching more importance to passengers goal. 286 

3. Problem statement 287 

The network design phase may start from scratch or may 288 

expand the railway rapid transit network, if there exist a set 289 

of lines already in operation. In this phase, the number of new 290 

lines together with their associated stations and stretches are 291 

determined. New lines are built from a pool of corridors with 292 

known stretches and terminal stations. A stretch is referred to as 293 

the section of a corridor between two consecutive stations. Several 294 

lines can be assigned to the same corridor, starting and finishing 295 

at the terminal stations of the corridor. However, these lines may 296 

halt at different intermediate stations. Fig. 1 depicts a corridor 297 

shared by three lines, composed of four stations. In the figure, 298 

stations 1 and 4 are terminal stations, whereas stations 2 and 3 299 
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Table 1 

Literature features considered in the works integrating Transit Network Design and Transit Network Frequency Setting on railway systems. 

Planning costs Inf. Express Capacity limitations Passenger times Level of Uncovered 

Inf. Freq. Veh. budget service Veh. Stretches # Veh. In-Veh. Transfer service demand 

Wan and Lo [39] 

Borndörfer et al. [40] 

Canca et al. [4] 

Marín et al. [41] 

Codina et al. [42,43] 

This work 

1 2 3 4 Line halting 
at station

Fig. 1. A corridor shared by three lines, composed of four stations. (For interpretation of the references to colour in this figure legend, the reader is referred to the web Q2 

version of this article.) 

1 2 3 4
Layover time 
at terminal station

Dwell time 
at station

Travel time 
between stations

1 2 3 4

1 2 3 4

Line 1

Line 2

Line 3

Fig. 2. Service patterns provided by the lines assigned to the corridor shown in Fig. 1 . (For interpretation of the references to colour in this figure legend, the reader is 

referred to the web version of this article.) 

are intermediate stations. Additionally, the black line stops at all 300 

intermediate stations, whereas the blue line stops only at station 301 

3. Finally, the green line does not serve any intermediate station. 302 

The number of stretches and stations to be constructed is 303 

limited by an infrastructure budget. A limit on the maximum 304 

number of new lines to be constructed is also imposed. 305 

The frequency setting phase determines the number of vehicles, 306 

the frequencies, and the service patterns to be provided by the set 307 

of lines (working plus new constructed lines). The term service 308 

refers to a complete line cycle where each station is traversed 309 

twice, once in each direction as shown in Fig. 2 . The frequency of 310 

a line is then the number of services performed in a given time. 311 

Vehicles may carry out two type of service patterns: local ser- 312 

vices and express services. In local services, vehicles halt at every 313 

station as in the black line on Figs. 1 and 2 ; whereas in express 314 

services, vehicles may skip some or all intermediate stations as 315 

in the blue and green lines on Figs. 1 and 2 . The service time is 316 

made up of three time components: travel time, dwell time and 317 

layover time. Travel time refers to the time that a vehicle spends 318 

on traversing a stretch, whereas dwell time is associated with 319 

the time that a vehicle remains on a station. Finally, layover time 320 

refers to the time that it takes the driver to go from one extreme 321 

of the train to the other in order to change driving direction. 322 

In a given line, travel and layover times are computed accord- 323 

ing to the corridor assigned to that line. However, service time 324 

is calculated according to the service pattern to be performed 325 

(as halting at intermediate stations increases, service time does). 326 

Fig. 2 shows the line cycle composition for the lines constructed 327 

in Fig. 1 . The number of vehicles and services to be performed 328 

is limited by resource constraints (fleet size, vehicle and stretch 329 

capacities). A specified number of additional new vehicles may be 330 

purchased according to the planning budget in order to enlarge 331 

the fleet size. 332 

The network design and the frequency setting phases are mu- 333 

tually dependent one from the other. For instance, if a vehicle halts 334 

at intermediate station i then station i must be built. Conversely, if 335 

no vehicle serves station i , then station i should not be constructed. 336 

Railway rapid transit networks have to maximize passenger 337 

demand coverage. Passengers may transfer between lines by walk- 338 

ing to nearby stations according to a maximum walking distance. 339 

Waiting time at stations is also limited and affects service level. 340 

The problem described above is modeled and solved using 341 

mathematical programming techniques. The model decides on: 342 

• Assignment of new lines to corridors. 343 

• Construction of stations and stretches. 344 

• Number of vehicles and frequencies provided by the set of new 345 

and existing lines. 346 

• The type of service patterns (express or local) to be provided 347 

by the new lines. 348 

• Passenger assignment to lines. 349 

The following assumptions hold: 350 

• There is a set of candidate corridors that is generated before- 351 

hand, using the corridor generation algorithm (described in 352 

Section 6.2 ). 353 

• The fleet of vehicles is homogeneous, i.e., same capacity and 354 

average speed on stretches. 355 

• Every line consists of one and only one service pattern (express 356 

or local). However, several lines may share the same corridor 357 

accounting for asymmetrical demand (i.e., in each direction the 358 

amount of passengers are different). Therefore, having different 359 

line frequencies. 360 

• Average dwell time and layover time are known in advance. 361 

• Average values for passenger boarding, alighting and transfer 362 

times are known in advance. 363 
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• Because the model is intended for systems where passengers 364 

determine in advance which lines need to choose, passenger 365 

assignment to lines is guided by the minimization of the 366 

following time costs: in-vehicle traveling, in-vehicle waiting, 367 

maximum waiting time at boarding stations, alighting and 368 

transfer (described in Section 4.2 ). Waiting time prior to board 369 

a vehicle is not explicitly modelled but limited by means of 370 

constraints (15), (19) stated in Section 5.5 , and time costs at 371 

boarding links are comprised of the boarding time and the 372 

minimum amongst the maximum waiting time at stations and 373 

a given time threshold characterizing the anticipation time of 374 

passengers (typically few minutes). 375 

• The number of trips for every origin-destination pair of sta- 376 

tions (from the set of corridors) is known. This implies that if 377 

a station is not constructed, the passengers that would have 378 

departed from it will have to walk to a nearby station (using 379 

transfer links). 380 

4. Modelling strategy 381 

The Network Design and the Frequency setting phases are 382 

modeled using a graph, denominated Rapid Transit Graph (RTG). 383 

Decisions regarding these phases are in direct correspondence 384 

with the elements of this graph. As Rapid Transit Networks pro- 385 

vide service to passengers, a directed graph called Passenger Flow 386 

Network (PFN) is used to carry out passenger assignment to the 387 

Rapid Transit System. 388 

4.1. Rapid Transit Graph 389 

The RTG holds the set of existing and candidate corridors. In 390 

the graph, nodes represent stations, and links stretches. Stations 391 

and stretches are either existing or candidate. Candidate stations 392 

or stretches are resources that can be used by new lines if con- 393 

structed. Existing stations and stretches are used by operating 394 

lines, but can also be used by new lines. The RTG is undirected 395 

because rapid transit vehicles are assumed to pass through sta- 396 

tions twice (once in each direction) during a service on the line, 397 

as explained in Section 3 . 398 

An illustrative example consisting of a RTG with five corridors 399 

is shown in the following Figure. There exists one operating corri- 400 

dor with constructed stations 1 to 4 and four candidate corridors: 401 

6-1-5, 6-1-2, 5-1-2 and 8-3-7. In the figure, constructed station 402 

1 can also be allocated to candidate corridors 6-1-5, 6-1-2 and 403 

5-1-2, constructed stretch (1,2) to corridors 6-1-2, 5-1-2, and 404 

constructed station 3 to corridor 8-3-7. 405 

4.2. Passenger flow network 406 

This graph is constructed as follows. For each station in the 407 

RTG, an access node representing incoming and outgoing flows 408 

of the station is used. Additionally, for each line likely to pass 409 

through the station a pair of boarding and an alighting nodes are 410 

used. The valid flows among these nodes are as shown in Fig. 4 . 411 

In this figure, passenger flow departing from a given access 412 

node to any destination has to go through the set of connecting 413 

links. Links can represent flow bifurcation and joint, as passengers 414 

may exit the network or transfer between lines. The possible 415 

links/flows are as follows. In-vehicle traveling links connect board- 416 

ing nodes to alighting nodes of different and consecutive stations 417 

(represented in this graph by their access nodes). This is indepen- 418 

dent on whether the vehicle actually halts at the station or not. If 419 

the vehicle halts at the station, flows from the alighting node to 420 

the access node, and flows from the access node to the boarding 421 

node, may occur. Passengers flow that neither alight nor board at 422 

the station and continue traveling is represented by the in-vehicle 423 

waiting link. If the vehicle does not halt at the station, a skip-stop 424 

link and flow is used. All the aforementioned flows are indexed by 425 

the set of lines either new or in operation. 426 

Since capacity resources and budget limitations are taken 427 

into account, a feasible solution and even an optimal solution 428 

to this problem may not provide full connectivity to passengers 429 

using the RTN. As a consequence of that, transfer links and flows 430 

connecting access nodes of nearby stations, and access nodes from 431 

the origin station to the destination station, are used. These flows 432 

are independent from the set of lines. 433 

For lines in operation, at stations where vehicles halt, skip-stop 434 

links are not considered. Conversely, at stations where vehicles do 435 

not halt, only skip-stop links are taken into account. Fig. 5 shows 436 

the PFN associated with station 3 of Fig. 3 . This station is contained 437 

in the corridors used by five different lines. Among these lines, 438 

operating lines 1 and 2 serve station 3, whereas operating line 3 439 

skips that station. New lines 6 and 7 are also considered and, for 440 

these lines, skip-stop, in-vehicle waiting, alighting and boarding 441 

links are used because their line layouts are not yet determined. 442 

4.3. Integration of operator decisions and passenger assignment 443 

The optimization model for the Network Design and Frequency 4 4 4 

setting problem is built upon the elements of the RTG and PFN 445 

graphs. Variables, parameters and sets are defined in direct cor- 446 

respondence to graph elements. Decisions can be classified into 447 

either operator decisions (layout, services and frequencies) or 448 

passenger assignment (passenger flow distribution). Nevertheless, 449 

both decision groups are interdependent, so the values of passen- 450 

ger flow variables defined over the links in the PFN are constrained 451 

by the line layouts and services established by variables associated 452 

with the RTG, and vice-versa. This interdependency is illustrated 453 

in the following Fig. 6 . 454 

In the figure, two possible scenarios for passenger assignment 455 

are shown. Each scenario represents a different use of candidate 456 

station i = 3 when line l = L 6 is allocated to corridor c = 8 − 3 − 7 . 457 

Scenario 1 represents allowable flows when station L6 provides 458 

service to passengers at station 3. Under this scenario, passenger 459 

flow exchange at the access node of station 3 may occur; however, 460 

skip-stop flow is forbidden. In scenario 2, line L 6 does not provide 461 

service to passengers at station 3. Therefore, flow exchange at 462 

the access node is not allowed and incoming flow is directly 463 

transferred to outgoing flow through skip-stop link. 464 

5. Mathematical formulation 465 

This section presents the formulation of the Network Design 466 

and Frequency Setting model (NDFS) to be applied to railway 467 

rapid transit networks. In this formulation, passenger flows are ex- 468 

pressed for each origin of demand in order to reduce the problem 469 

size. There are two objectives for this model, describing passenger 470 

and operator interests. Goal programming will be later used to op- 471 

timize the model, considering both objectives sequentially. 472 

473 

Definition of sets: 474 

L Set of lines. 475 

L a Set of lines containing stretch a ∈ ST . 476 

L i Set of lines associated with access node i ∈ N W 

(i.e., the 477 

line may provide service at station i or pass by). 478 

L O Set of operating lines. 479 

L N Set of candidate new lines to be constructed in the Rapid 480 

Transit Network. 481 

S Set of stations. 482 

S N Set of candidate new stations to be allocated to new 483 

lines l ∈ L N . 484 
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Fig. 3. Rapid Transit Graph for a Rapid Transit System with one operating corridor and four candidate corridors. 
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Fig. 4. Passenger Flow Network representation for a candidate station on a new line. 
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Fig. 5. Passenger Flow Network representation for station 3 of Fig. 3 . 

Line l=L6 is assigned to corridor c=8-3-7  
but does not provide service at station i=3 

Line l= L6 is assigned to corridor c=8-3-7
and provides service at station i=3 
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Fig. 6. Allowable scenarios for passenger assignment on new line 6 at station 3 according to operator decisions. 
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S O (l) Set of stations to which operating line l ∈ L O provides 485 

service. 486 

ST Set of stretches. 487 

ST l For an operating line l ∈ L O , it is the set of stretches 488 

composing the line. For a new line l ∈ L N , it is the set of 489 

stretches composing every candidate corridor to which 490 

the new line can be assigned. 491 

ST N Set of stretches that can be used by new lines l ∈ L N . 492 

C Set of corridors to which new lines l ∈ L N can be 493 

assigned. 494 

C a Set of corridors containing stretch a ∈ ST N . 495 

C i Set of corridors containing station i ∈ S N . 496 

O Set of demand origins ( O ⊆N W 

). 497 

D p Set of destinations for demand originated at access node 498 

p ∈ N W 

. 499 

N Set of flow nodes. 500 

N 

l Set of flow nodes belonging to line l ∈ L . 501 

N 

l 
A 

Set of alighting nodes belonging to line l ∈ L . 502 

N 

l 
B 

Set of boarding nodes belonging to line l ∈ L . 503 

N W 

Set of access nodes. 504 

A Set of flow links. 505 

A 

l 
v Set of in-vehicle traveling links related to line l ∈ L . 506 

A 

l 
x Set of in-vehicle waiting links related to line l ∈ L . 507 

A 

l 
y Set of boarding links related to line l ∈ L . 508 

A 

l 
z Set of alighting links related to line l ∈ L . 509 

A 

l + (i ) Set of incoming links to alighting node i ∈ N 

l 
A 

of line l ∈ L . 510 

A 

l −(i ) Set of outgoing links to boarding node i ∈ N 

l 
B 

of line l ∈ L . 511 

A W 

Set of transfer links connecting nearby stations (accord- 512 

ing to a maximum allowable walking distance), and 513 

origin to destination stations. 514 

A 

+ 
W 

(i ) Set of transfer links coming into access node i ∈ N W 

. 515 

A 

−
W 

(i ) Set of transfer links going out of access node i ∈ N W 

. 516 

A 

N 
x (i ) Set of in-vehicle waiting links related to candidate new 517 

station i ∈ S N . 518 

A 

N 
˜ x 
(i ) Set of skip-stop links related to candidate new station 519 

i ∈ S N . 520 

A 

N 
y (i ) Set of boarding links related to candidate new station 521 

i ∈ S N . 522 

A 

N 
z (i ) Set of alighting links related to candidate new station 523 

i ∈ S N . 524 

A 

N 
xyz (i ) Union set of in-vehicle waiting, boarding and alighting 525 

links related to candidate new station i ∈ S N . 526 

A 

l 
y (i ) Set of boarding links from access node i ∈ N W 

to line l ∈ 527 

L . 528 

A 

l 
z (i ) Set of alighting links from line l ∈ L to access node i ∈ 529 

N W 

. 530 

Definition of parameters: 531 

B Vehicle fleet size expressed as the number of available 532 

vehicles with no acquisition cost. 533 

�B Maximum number of extra vehicles that can be acquired, 534 

considering the planning budget. 535 

c c a Cost of building new stretch a ∈ ST N . 536 

c 
f 
a Cost of operation on new stretch a ∈ ST N . 537 

c 
f 

l 
Cost of operation on operating line l ∈ L O . 538 

c b Cost of assigning a vehicle to a line l ∈ L . 539 

c � Cost of acquiring a new vehicle. 540 

c i Cost of building new station i ∈ S N . 541 

f , f Upper and lower bounds for the number of vehicles per 542 

time unit working on any candidate new line l ∈ L N . 543 

f 
i 
, f̄ i Upper and lower bounds for the number of vehicles per 544 

time unit going through station i ∈ S N . 545 

f 
a 
, f̄ a Upper and lower bounds for the number of vehicles per 546 

time unit going through stretch a ∈ ST N . 547 

g p Number of passengers per time unit originated at p ∈ O . 548 

g pi Number of passengers per time unit originated at p ∈ O 549 

with destination in access node i ∈ N W 

. 550 

ib Available budget for infrastructure resources. 551 

k Constant related to the passenger arrival time distribu- 552 

tion at stations. 553 

q Vehicle capacity expressed as the maximum number of 554 

passengers that a vehicle can hold. 555 

t a Time cost associated with a link a ∈ { ST ∪ A }. 556 

t l Layover time at any terminal station. 557 

t d 
i 

Dwell time at station i ∈ S . 558 

W max Maximum allowable passenger waiting time at any 559 

station i ∈ S . 560 

Definition of decision variables: 561 

Binary variables 562 

s l 
i 

Variable with value 1 when new line l ∈ L N provides 563 

service to passengers at station i ∈ S N , value 0 otherwise. 564 

x a Variable with value 1 when new stretch a ∈ ST N is 565 

constructed, value 0 otherwise. 566 

y i Variable with value 1 when new station i ∈ S N is 567 

constructed, value 0 otherwise. 568 

δl 
c Variable with value 1 when new line l ∈ L N is assigned 569 

to corridor c ∈ C, value 0 otherwise. 570 

Integer variables 571 

b l Number of vehicles working on line l ∈ L . 572 

�b Number of purchased vehicles. 573 

z l Number of services to be provided by line l ∈ L . 574 

Continuous non-negative variables 575 

c l Time that takes to complete one cycle (service) on the 576 

line l ∈ L . 577 

f l Number of vehicles per time unit working on line l ∈ L . 578 

f l a Number of vehicles per time unit going through stretch 579 

a ∈ ST N on new line l ∈ L N . 580 

f l 
i 

Number of vehicles per time unit halting at station i ∈ S N 581 

on new line l ∈ L N . 582 

u 
p 
a Portion of passengers originated at p ∈ O traversing link 583 

a ∈ A W 

. Value must be within (0,1). 584 

v p,l 
a Portion of passengers originated at p ∈ O traversing link 585 

a ∈ A 

l of line l ∈ L . Value must be within (0,1). 586 

5.1. Passenger objective 587 

z pax ( v , u ) = 

∑ 

p∈ O 

∑ 

l∈ L 

⎛ 

⎝ 

∑ 

a ∈ A l v 

t a g p v p,l 
a + 

∑ 

a ∈ A l y 

t a g p v p,l 
a + 

∑ 

a ∈ A l z 

t a g p v p,l 
a + 

∑ 

a ∈ A l x 

t a g p v p,l 
a 

⎞ 

⎠ 

+ 

∑ 

p∈ O 

∑ 

a ∈ A W 
t a g p u 

p 
a (1) 

Passengers aim at minimizing their traveling times throughout 588 

the PFN network described in Subsection 4.2 . These times include 589 

from left to right, the in-vehicle travel, the boarding, the alighting, 590 

the in-vehicle waiting, and the transfer times. Their associated 591 

costs per passenger are represented by parameter t a . Passenger 592 

flows are expressed as portions of passengers originated at distinct 593 

demand origins with decision variables v p,l 
a and u 

p 
a . The number of 594 

passengers in a given flow is obtained by multiplying this flow by 595 

the number of passengers originated at p , g p v p,l 
a and g p u 

p 
a . 596 

5.2. Operator objective 597 

z op ( y , x , �b , δ, s , f , b ) = 

∑ 

i ∈S N 
c i y i + 

∑ 

a ∈ ST N 

c c a x a + c ��b + 

∑ 

l∈ L O 
c f 

l 
f l 

+ 

∑ 

l∈ L N 

∑ 

a ∈ ST N 

c f a f 
l 
a + 

∑ 

l∈ L 
c b b 

l (2) 
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Operator seeks to minimize costs related to infrastructure 598 

construction resources and exploitation costs. From left to right 599 

of (2) , it is represented the construction costs of new station 600 

and stretches ( c i y i and c c a x a , respectively), the acquisition of new 601 

vehicles ( �b ), the operation costs associated with working and 602 

new line frequencies ( c 
f 

l 
f l and c 

f 
a f 

l 
a , respectively), and the setup 603 

costs of vehicles to lines ( c b b 
l ). All these costs are expressed in 604 

monetary units per time unit. 605 

5.3. Infrastructure budget constraint 606 

∑ 

i ∈S N 
c i y i + 

∑ 

a ∈ ST N 

c c a x a ≤ ib (3) 

Constraint (3) sets the maximum number of infrastructure re- 607 

sources to be constructed according to the available infrastructure 608 

budget ( ib ). The number of constructed resources is captured with 609 

the aid of decision variables y i and x a . 610 

5.4. Line generation constraints 611 

s l i ≤ y i , ∀ i ∈ S N , l ∈ L N (4) 

612 

s l i ≤
∑ 

c∈C i 
δl 

c , ∀ i ∈ S N , l ∈ L N (5) 

613 

δl 
c ≤ x a , ∀ a ∈ ST N , c ∈ C a , l ∈ L N (6) 

614 ∑ 

c∈C 
δl 

c ≤ 1 , ∀ l ∈ L N (7) 

Constraints (4) ensure that if a new line provides service to 615 

passengers at a new station, then that station must be constructed. 616 

Complementary, (5) verify that if a new line l provides service 617 

at a new station i , then the line must be assigned to a corridor 618 

containing station i . Analogously to (4) , (6) ensure that if a new 619 

line l is assigned to corridor c , then every stretch of the corridor 620 

must be constructed. Finally, (7) establish that a new line is only 621 

assigned to one corridor. 622 

5.5. Line frequency setting constraints 623 

The line frequency setting is based on the following relation: 624 

b l H ≥ z l c l (8) 

where variables b l and z l represent the number of vehicles and 625 

the number of services to be provided by line l , respectively, and 626 

c l is a function denoting the time that takes to complete one cycle 627 

(service) on the line l . Finally, parameter H stands for the time 628 

horizon. In an optimal planning solution where setting vehicle 629 

costs are taken into account, it can be seen that b l is set to the 630 

minimum number of vehicles that are strictly needed to carry out 631 

the z l services on the line while not exceeding H . This relation 632 

is implemented as follows. First, z l variable is replaced with the 633 

continuous variable f l , defined as the number of vehicles per time 634 

unit. Then, f l is accommodated into (8) by defining its relationship 635 

with z l as follows: 636 

z l = H f l (9) 

Consequently, Eq. (8) turns into the following: 637 

b l ≥ f l c l (10) 

Now, function c l is substituted with its corresponding mathe- 638 

matical expression as follows: 639 

b l ≥ f l 

( ∑ 

a ∈ ST l 

t a + 

∑ 

i ∈S O (l) 

t d i + 2 t l 

) 

, ∀ l ∈ L O (11) 

640 

b l ≥ f l 

( ∑ 

a ∈ ST N 

t a 
∑ 

c∈C a 
δl 

c + 

∑ 

i ∈S N 
t d i s 

l 
i + 2 t l 

) 

, ∀ l ∈ L N (12) 

The line cycle consists of three time components: travel time, 641 

dwell time and layover time, as explained in Subsection 3 . In 642 

lines under construction (12) , travel and dwell times are not 643 

known beforehand because the corridor and the stations to which 644 

these lines are assigned and provide service, respectively, are 645 

decisions to be taken. Therefore, non-linearities given by products 646 

of f l × ∑ 

a ∈ ST N t a 
∑ 

c∈C a δ
l 
c and f l × ∑ 

i ∈S N s 
l 
i 

arise. To overcome this 647 

problem, we employ Grover’s approach [49] . The author devised 648 

an exact method for linearising products involving binary and 649 

continuous non-negative variables. The method is used as follows. 650 

First, we define new variables f l a = f l × ∑ 

c∈C a δ
l 
c and f l 

i 
= f l × s l 

i 
, 651 

so (12) turns into the following: 652 

b l ≥
∑ 

a ∈ ST N 

t a f 
l 
a + 

∑ 

i ∈S N 
t d i f l i + 2 t l f l , ∀ l ∈ L N (13) 

Second, we approach the relationships between new variables 653 

f l a , f l 
i 

and f l , δl 
c , s 

l 
i 

as follows: 654 

f 
i 

s l i ≤ f l i ≤ f̄ i s 
l 
i , ∀ i ∈ S N , l ∈ L N (14) 

655 

f l − f̄ (1 − s l i ) ≤ f l i ≤ f l − f (1 − s l i ) , ∀ i ∈ S N , l ∈ L N (15) 

656 

f 
a 

∑ 

c∈C a 
δl 

c ≤ f l a ≤ f̄ a 
∑ 

c∈C a 
δl 

c , ∀ a ∈ ST N , l ∈ L N (16) 

657 

f l − f̄ 

( 

1 −
∑ 

c∈C a 
δl 

c 

) 

≤ f l a ≤ f l − f 

( 

1 −
∑ 

c∈C a 
δl 

c 

) 

, ∀ a ∈ ST N , l ∈ L N 

(17) 

Constraints (14) –(15) state relationship f l a = f l × ∑ 

c∈C a δ
l 
c , 658 

whereas (16) and (17) represent relationship f l 
i 

= f l × s l 
i 
. Upper 659 

bounds f̄ i and f̄ a set the maximum number of vehicles per time 660 

unit halting at stations i ∈ S N and going through new stretches a 661 

∈ ST N , respectively. Analogously, lower bounds f i and f a establish 662 

the minimum number of vehicles per time unit at each resource. 663 

The lower bound f i ensures a minimum level of service to passen- 664 

gers, setting a maximum passenger waiting time at any station i ∈ 665 

S N prior to boarding a vehicle ( W max ). The relationship between f 666 

i and W max obeys the following formula: 667 

f 
i 
= 

k 

W max 
(18) 

where k is a parameter related to the passenger arrival distribu- 668 

tion at stations. To maintain these minimum level of service to 669 

passengers in operating lines, the following set of constraints is 670 

also included: 671 

f l ≥ k 

W max 
, ∀ l ∈ L O (19) 

5.6. Planning capacity constraints 672 

∑ 

l∈ L 
b l ≤ B + �b (20) 

673 
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�b ≤ �B (21) 

674 ∑ 

l∈ L a 

˜ f l a ≤ f a , ∀ a ∈ ST (22) 

Constraints (20) –(22) fulfill some additional planning require- 675 

ments. Constraint (20) ensures that the total number of vehicles 676 

set to lines does not exceed the current vehicle fleet size plus the 677 

number of acquired vehicles ( B + �b). Additionally, (21) limits the 678 

number of purchased vehicles according to parameter �B . Finally, 679 

(22) limit the number of vehicles going through each stretch a ∈ ST 680 

according to its capacity ( f a ). Function 

˜ f l a is defined as follows: 681 

˜ f l a = 

{
f l if l ∈ L O 

f l a if l ∈ L N 
(23) 

5.7. Passenger flow balance constraints 682 

∑ 

l∈ L i 

⎛ 

⎝ 

∑ 

a ∈ A l z (i ) 

v p,l 
a −

∑ 

a ∈ A l y (i ) 

v p,l 
a 

⎞ 

⎠ + 

∑ 

a ∈ A + 
W 

(i ) 

u 

p 
a −

∑ 

a ∈ A −
W 

(i ) 

u 

p 
a 

= 

⎧ ⎨ 

⎩ 

1 if i = p 

− g pi 

g p 
if i 	 = p, i ∈ D p 

0 if i / ∈ D p 

, ∀ i ∈ N W 

, p ∈ O (24) 

683 ∑ 

a ∈ A l + (i ) 

v p,l 
a −

∑ 

a ∈ A l −(i ) 

v p,l 
a = 0 , ∀ l ∈ L, i ∈ N 

l 
A ∪ N 

l 
B , p ∈ O (25) 

Constraints (24) and (25) perform the passenger assignment 684 

in the PFN network as depicted in Fig. 4 . Constraints (24) bal- 685 

ance passenger flows connected to access nodes i ∈ N W 

, whereas 686 

(25) carry out the passenger flow balance at alighting and boarding 687 

nodes of each line ( i ∈ N 

l 
A 

∪ N 

l 
B 
). 688 

5.8. Binding constraints 689 

∑ 

a ∈ A N xyz (i ) 

v p,l 
a ≤ s l i , ∀ l ∈ L N , i ∈ S N , p ∈ O (26) 

690 ∑ 

a ∈ A N 
˜ x 
(i ) 

v p,l 
a ≤

∑ 

c∈C i 
δl 

c − s l i , ∀ l ∈ L N , i ∈ S N , p ∈ O (27) 

Constraints (26) and (27) provide consistency between operator 691 

decisions and passenger assignment to new lines, as explained in 692 

Subsection 4.3 . Constraints (26) ensure that passengers only alight 693 

and/or board lines at stations to which these lines provide service, 694 

whereas (27) prevent in-vehicle passengers from waiting at sta- 695 

tions where lines do not provide service. If the line is assigned to 696 

a corridor not containing the station, then passenger flow balance 697 

neither occur at its alighting node nor at its boarding node. 698 

5.9. Line capacity constraints 699 

∑ 

p∈ O 
g p v p,l 

a ≤ q ˜ f l st(a ) , ∀ l ∈ L, a ∈ A 

l 
v (28) 

Constraints (28) limit the maximum in-vehicle passenger flow 700 

on each stretch contained in the corridors to which the lines 701 

are assigned. That maximum is reached when equalling the line 702 

capacity on that line, defined as the vehicle’s capacity q times the 703 

frequency of that line. Expression st ( a ) maps the in-vehicle link 704 

a ∈ A 

l 
v to the corresponding stretch a ∈ ST l . Finally, function 

˜ f l 
st(a ) 

705 

is defined by (23) . 706 

5.10. Symmetry constraints 707 

∑ 

a ∈ ST N 

t a 
∑ 

c∈C a 
δl 

c + 

∑ 

i ∈S N 
t d i s 

l 
i + 2 t l ≤

∑ 

a ∈ ST N 

t a 
∑ 

c∈C a 
δl−1 

c + 

∑ 

i ∈S N 
t d i s 

l−1 
i 

+ 2 t l , ∀ l ∈ L N \{ 1 } 

(29) 

Constraint (29) breaks the line symmetry for those lines under 708 

construction, i.e., it gives an enumeration of the lines, so that line 709 

1 must have a line cycle that is less than or equal to cycle of line 710 

2 and so on. This constraint is not strictly necessary, but it speeds 711 

up the model resolution significantly. 712 

5.11. Relaxing constraints 713 

y i ≤
∑ 

l∈ L N 
s l i , ∀ i ∈ S N (30) 

714 

x a ≤
∑ 

l∈ L N 

∑ 

c∈C a 
δl 

c , ∀ a ∈ ST N (31) 

Constraints (30) and (31) prevent the emergence of fractional 715 

values of variables y i and x a , when the integrality on them is 716 

relaxed. Again, these constraints are not strictly necessary, but 717 

they accelerate the model resolution significantly. 718 

5.12. Model shortly formulation 719 

The NDFS model may be expressed in terms of the above 720 

constraints and objective functions as follows: 721 

H(z pax ( x ) , z op ( x )) (32) 

s.t.: x ∈ X 

where X represents the set of feasible solutions to the set of 722 

constraints given by (3) –(31) . H ( ·) is a multi-criteria objective 723 

function that will be approached as described in Section 6.1 . 724 

6. Solving strategy 725 

This section presents the solving strategy used for the NDFS 726 

model. Firstly, the application of the goal programming technique 727 

is described. Secondly, an algorithm to generate the pool of 728 

feasible corridors as input to the NDFS is introduced. Finally, a de- 729 

composition approach to efficiently solve the NDFS on real-world 730 

networks is presented. 731 

6.1. Goal programming for the NDFS model 732 

A goal programming problem takes the following general 733 

form: 734 

min a = h ( n , p ) (33) 

s.t. : 

f q ( x ) + n q − p q = b q , q = 1 . . . Q 

x ∈ X 

n q ≥ 0 , p q ≥ 0 , q = 1 . . . Q 

where Q is the number of goals and f q ( x ) is a function repre- 735 

senting the value of goal q in terms of decision variable vector 736 

x . Admissible values for x are contained in set X . Finally, target 737 

values for each goal are represented by b q , and n q and p q are 738 

deviational variables representing the amount by which the left 739 

side falls short of/exceeds b q . These variables are minimized using 740 

an achievement function h ( n , p ). 741 
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There are several approaches to solve a goal programming 742 

problem. In this work, the Lexicographic variant of goal program- 743 

ming [14] is used, and is represented as follows: 744 

Lex min a = 

[
h 1 (n 1 , p 1 ) , h 2 (n 2 , p 2 ) , . . . , h L (n | L | , p | L | ) 

]
(34) 

s.t. : 

f q ( x ) + n q − p q = b q , q = 1 . . . Q 

x ∈ X 

n q ≥ 0 , p q ≥ 0 , q = 1 . . . Q 

The lexicographic variant assumes the existence of a hier- 745 

archy of goals, represented by an ordered set of priority levels 746 

L = { 1 , 2 , . . . , | L |} , where a goal within priority level i is infinitely 747 

more important than a goal within i + 1 . For each priority level, 748 

a function h i over the values of its corresponding deviational 749 

variables n i and p i is defined. The form of each h i is used to 750 

be linear and separable, so h i represents the priority level. The 751 

meaning of lexicographic minimization of an achievement function 752 

a (defined over the | L | priority levels) is that the minimization of 753 

h i is infinitely more important than the minimization of h j for a 754 

lower level j . As a consequence of this, first only h 1 is minimized, 755 

then the best value for h 1 is maintained during the minimization 756 

of h 2 , and so forth. A thorough description of this technique can 757 

be found in [50] . 758 

The Lexicographic Goal programming (LGP) variant is applied 759 

to the NDFS model (32) as follows. Let f 1 represent the goal of 760 

minimizing passenger riding time and f 2 the goal of minimizing 761 

operator costs, so that f 1 is strictly preferred over f 2 . Let also 762 

z pax ( x ) and z op ( x ) be the functions denoting the value of goals f 1 763 

and f 2 , respectively, as defined in (1) and (2) for a given decision 764 

variable vector x belonging to its feasible set X (i.e, fulfilling every 765 

constraint of the model). In this work, the goal targets (not neces- 766 

sarily attainable) are b 1 = b 2 = 0 , then the first goal programming 767 

stage is: 768 

min n 1 + p 1 (35) 

s.t. : 

z pax ( x ) + n 1 − p 1 = 0 

x ∈ X 

As z pax ( x ) > 0, ∀ x ∈ X (i.e. it is impossible that passenger riding 769 

time fall under a zero value), then deviational variable n 1 = 0 and 770 

z pax ( x ) = p 1 , ∀ x ∈ X . So, stage 1 can be rewritten as: 771 

min z pax ( x ) (36) 

s.t. : 

x ∈ X 

Under a similar reasoning, stage 2 can be formulated as 772 

follows: 773 

min z op ( x ) (37) 

s.t. : 

z pax ( x ) = z ∗pax 

x ∈ X 

where z ∗pax is the optimal or best value found when optimizing 774 

the passenger riding time, and it is set as a constraint. Therefore, 775 

once stage 2 is solved, both goals have been optimized under the 776 

stated preference structure. 777 

6.2. The corridor generation algorithm 778 

The pool of candidate corridors to be assigned to new lines 779 

during the optimization process is previously determined by a 780 

procedure called the Corridor Generation Algorithm (CGA). This 781 

procedure implements a constrained version of the Yen’s k-shortest 782 

path algorithm [10] over an undirected graph consisting of every 783 

station and stretch (candidate or already constructed). The CGA is 784 

applied to every relevant pair of stations i, j ∈ S, i.e. to those sta- 785 

tions with significant attracted/originated demand, resulting in K 786 

shortest paths that later will be considered as corridors. During the 787 

application of this algorithm, a generated path will be considered 788 

as a corridor only if it satisfies the following constraints: 789 

CGA constraint 1 . Let γ 1 
i j 

be the time associated with the short- 790 

est path between a pair of nodes i, j ∈ S, then for every pair of 791 

nodes contained in a given path k , the following rule is checked: 792 

γ 1 
i j (1 + �L ) ≤ γ k 

i j ≤ γ 1 
i j (1 + �U ) (38) 

where �L and �U are nonnegative parameters denoting the 793 

minimum and maximum deviation times from the shortest path 794 

between nodes i and j , and γ k 
i j 

is the time associated with the 795 

subpath in k connecting them. This constraint is taken from 796 

[52] and ensures that every subpath contained in a corridor does 797 

not overlap/deviate too much with/from the shortest path. 798 

CGA constraint 2 . The sum of the construction cost of links 799 

(stretches) and nodes (stations) in a path representing a candidate 800 

corridor must not exceed the infrastructure budget (ib) as in 801 

constraint (3) . 802 

CGA constraint 3 . The attracted demand in a path k > 1 must 803 

be greater than the attracted demand in the shortest path k = 1 . If 804 

the path k is represented by the ordered sequence of nodes ( i k 
1 
, i k 

2 
, 805 

. . . , i k n ), this constraint can be expressed as follows: 806 

n ∑ 

j=1 

g i k 
j 
> 

n ∑ 

j=1 

g i 1 
j 

(39) 

where g k 
i j 

is the demand originated at candidate station i . 807 

Table 2 shows the pseudo-code of the CGA for a given pair of 808 

stations i, j ∈ S . It employs: the in-vehicle travel times matrix ˜ T ; 809 

list B, which contains all the computed feasible paths; and the 810 

sublist Q ⊂ B, which contains all the computed feasible not chosen 811 

as some k-shortest paths in P 

k 
i j 

. The subroutine begins by initial- 812 

izing list Q to null and list B to the shortest path P 

1 . Then, the 813 

iterative part of the algorithm starts. Every k-iteration seeks all the 814 

existing feasible new paths, such that they contain a common sub- 815 

path ( P 

k −1 
1 −i 

) coming from the k − 1 shortest path P 

k −1 , which itself 816 

starts at the source node P 

k −1 
1 

and ends at an intermediate node 817 

P 

k −1 
i 

. However, they differ from a detour subpath which starts at 818 

P 

k −1 
i 

and ends at terminal node P 

k −1 
t . Feasibility is checked by 819 

verifying if every new path satisfies the aforementioned planning 820 

and construction constraints, as well as the user input rules. To 821 

compute these new subpaths, the method works with a copy of 822 

the in-vehicle travel times matrix ( T 
′ 
). This copy may be modified 823 

according to the position of the intermediate node P 

k −1 
i 

(under 824 

process) in path P 

k −1 and the links held in the common subpath 825 

P 

k −1 
1 −i 

. This modification is carried out in two steps: 826 

1. The links adjacent to P k −1 
i 

are eliminated. These links are 827 

contained in the paths of list B. Their initial subpath from 828 

the first node B 

1 
j 

to the intermediate node B 

i 
j 

overlaps with 829 

the initial subpath of k − 1 , from its first node P 

k −1 
1 

to the 830 

intermediate P 

k −1 
i 

. 831 

2. The links adjacent to nodes in the initial subpath of path k − 1 832 

are eliminated, from its first node P 

k −1 
1 

to the antecessor node 833 

of the intermediate node P 

k −1 
i 

. 834 

The second step mentioned above is not specified in the 835 

original Yen’s algorithm [10] , but it is required to deal with undi- 836 

rected graphs to prevent more than one visit to any node already 837 

contained in the initial subpath P 

k −1 . 838 
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Table 2 

Pseudo-code of the Corridor Generation Algorithm (CGA). 

procedure CGA ( in K, T, P 1 , ib, �L , �U , out P 1 ..K ) 
Q ← ∅ , B ← P 1 
for each k ∈ [2 . . . K] do 

for each i ∈ [1 . . . |P k −1 | − 1] do 

T 
′ ← T 

for each j ∈ [1 . . . |B| ] such that |B j | ≥ |P k −1 
1 −i 

| and B j 
1 −i 

= P k −1 
1 −i 

do 

T 
′ 
(P k −1 

i 
, B j 

i +1 
) ← ∞ , T 

′ 
(B j 

i +1 
, P k −1 

i 
) ← ∞ 

end for 

T 
′ 
(p, q ) ← ∞ , ∀ (p, q ) ∈ ST N , p < q : p o q ∈ P k −1 

1 −(i −1) 

Z ← Shortest path from P k −1 
i 

to P k −1 
t by calling Dijkstra ( T 

′ 
, P k −1 

i 
, P k −1 

t , Z) 

if Z 	 = ∅ then 

if γ Z 
1 n ≥ (1 + �U ) γ

k −1 
1 n 

then go to next i ∈ [1 . . . |P k −1 | − 1] 

R ← P k −1 
1 −(i −1) 

∪ Z
for each p ∈ P k −1 

1 −(i −1) 
and q ∈ Z 2 −t do 

if γ R 
pq ≤ (1 + �L ) γ 1 

pq then go to next i ∈ [1 . . . |P k −1 | − 1] 

end for 

if c ( R ) ≤ ib and g(R ) ≥ g(P 1 ) then Q ← Q ∪ { R } , B ← B ∪ { R } 
end if 

end for 

P k ← Select R with minimum γ R 
1 n from Q , Q ← Q − { R } 

end for 

return P 1 ..K 
end CGA 

Having updated T 
′ 

properly, the shortest path from P 

k −1 
i 

to 839 

P 

k −1 
t is computed by using Dijkstra’s algorithm [51] . If a new 840 

subpath ( Z ) linking the intermediate node P 

k −1 
i 

to the final node 841 

P 

k −1 
t is found, the algorithm verifies whether Z satisfies rule (38) . 842 

Firstly, the right hand side inequality of (38) is checked by 843 

comparing the travel time cost of detour Z ( γ Z 
1 n ) with the travel 844 

time cost of the k − 1 shortest path ( γ k −1 
1 n 

) times 1 + �U . If γ
Z 

1 n is 845 

not from above, then a new path R is built by appending Z to the 846 

initial subpath P 

k −1 
1 −(i −1) 

, and the left hand side inequality of (38) is 847 

verified as follows. For every pair of nodes p , q , such that p is 848 

held in the common subpath ( p ∈ P 

k −1 
1 −(i −1) 

) and q is contained in 849 

the detour subpath ( q ∈ Z 2 −t ), it is compared the travel time cost 850 

from p to q in the new subpath ( γ R 
pq ) with the travel time cost of 851 

the shortest path from p to q , γ 1 
pq , times (1 + �L ). If γ R 

pq is from 852 

below, the inequality is satisfied. If any of these two conditions 853 

are satisfied, path R is rejected and a new k-iteration is evaluated. 854 

Finally, R is verified for whether or not it satisfies constraints 855 

(3) and (39) . This is done by means of the mapping functions 856 

c ( R ) and g(P 

1 ) , respectively. If so, it is appended to lists Q and B. 857 

Otherwise, it is also rejected. 858 

To complete the k th-iteration, the shortest travel time is cho- 859 

sen from the list of candidate paths Q and it is then set to the 860 

k-shortest feasible path. Finally, this chosen path is deleted from 861 

Q . The process is repeated at most K − 1 times, providing that the 862 

list Q is not empty when it tries to set a k-shortest path, with k < 863 

K . If so, the algorithm is finished earlier. 864 

6.3. The Line Splitting Algorithm 865 

Solving the LGP formulation of NDFS model for multiple lines 866 

under construction turns out to be computationally inefficient, 867 

preventing the application of the model on real-world networks. 868 

To overcome this limitation a decomposition strategy called Line 869 

Splitting Algorithm (LSA) is introduced. 870 

The LSA solves as much instances of the LGP-NDFS model 871 

given by (36) and (37) as the number of lines under construction 872 

(| L N |). Therefore, in each instance, only one line is constructed. 873 

Having solved the last instance, a global feasible solution to the 874 

original LGP-NDFS is obtained. Two variants of the algorithm are 875 

developed. One in which all the demand is assigned at every in- 876 

stance, and another where the amount of the demand is assigned 877 

Table 3 

Pseudo-code of the Line Splitting Algorithm (LSA). 

procedure LSA ( in G , g , αp , out G RT ) 

L N ← {| L O | + 1 } 
For k := 1 to | L N | do 

g p ← αp g p + (1 − αp ) k 
g p 

| L N | ∀ p ∈ O 
Solve LGP − NDF S (k 

Backup ( x , y , δ, s ) 

ib ← ib −
∑ 

a ∈ ST N 

c c a x a −
∑ 

i ∈ S N 
c c i y i 

c c 
i 

← c c 
i 
(1 − y i ) ∀ i ∈ S N 

c c a ← c c a (1 − x a ) ∀ a ∈ ST N 

S O (l) ← 

{
i ∈ S N | y i = 1 

}⋃ 

{
i ∈ S O (k | s l 

i 
= 1 

}
S O ← S O ∪ S O (l) 

ST l ← 

{
a ∈ ST N | x a = 1 

}⋃ 

{ 

a ∈ ST \ ST N | ∑ 

c∈C a 
δ = 1 

} 

ST ← ST ∪ ST l 

L O ← L O (k 
⋃ 

{
l ∈ L N(k 

}
L N ← {| L O (k +1 | + 1 } 

end for 

G RT ← Get the Final Public Network 
(
G (k 

RT 
, x , y , δ, s 

)
Return G RT 

end LSA 

incrementally according to the number of lines already considered. 878 

For instance, on iteration n 
n 

| L N | of the demand is considered. 879 

Fig. 7 shows an application of the LSA for a case with 3 operating 880 

lines (labeled as L1, L2 and L3) and 4 candidate new lines (labeled 881 

as L4, L5, L6 and L7). The LSA solves 4 LGP-NDFS instances in 882 

order to construct all new lines. 883 

A detailed description of the matheuristic is shown in Table 3 . 884 

The LSA takes as inputs all data sets and parameters that conform 885 

to the global graph ( G ), the OD-demand vector ( g ). An additional 886 

parameter αp is included to establish how the demand is assigned. 887 

The algorithm can be split into two phases. The first phase 888 

consists of initialising the data sets and parameters related to 889 

the network layout, which are modified in each iteration of the 890 

algorithm, and initialising the incremental load portion �g p , which 891 

is used later to update the passenger demand. 892 

The second phase is an iterative process in which the instances 893 

of the LGP-NDFS model are solved. Each instance consists of a 894 

reduced mathematical model where only a new line is constructed 895 
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Fig. 7. Application of the Line Splitting Algorithm for a case with three operating lines and four candidate new lines. 

according to the nodes and stretches given by sets S and ST . The 896 

rest of the lines included in the resolution are treated as operating 897 

lines, having arisen from the heuristic input or from previous 898 

solved instances (fictitious operating lines). 899 

Having solved each instance, a backup of decision variables 900 

corresponding to the constructed line layout is made, as well as 901 

an appropriate update of its associated infrastructure data. In this 902 

update, the infrastructure budget is reduced according to the new 903 

stretches and stations that have been constructed, determined by 904 

variables x a and y i . Right after, the construction costs associated 905 

with used resources (i.e, x a = 1 and y i = 1 ) are set to 0, so that 906 

these costs are not considered for subsequent resolutions of LGP- 907 

NDFS instances, although these constructed stretches and stations 908 

can also be allocated to further new lines. In the Rapid Transit 909 

Network considered in Fig. 7 , 4 new candidate lines labeled as 910 

L4, L5, L6 and L7 can be constructed. Suppose that in the first 911 

instance resolution a line containing candidate corridor 6-1-2 912 

shown in Fig. 3 is built. Moreover, assigned vehicles only halt 913 

at stations 6 and 2. Then, for the following instance resolutions, 914 

the construction costs associated with stretches 6-1 and 1-2, and 915 

stations 6 and 2, are set to 0 and the infrastructure budget is 916 

reduced according to the costs of these resources. 917 

Finally, the data sets related to the stations and stretches of the 918 

constructed line ( S O (l) and ST l , respectively) are created, and line 919 

sets ( L O and L N ) are updated in order to treat the constructed line 920 

as an operating line for the subsequent instance resolutions. In 921 

each instance resolution, the number of vehicles and the services 922 

performed at every line are recomputed so that the previous 923 

vehicles and services assigned to it are not considered. 924 

7. Numerical experiments 925 

This section reports the experiments carried out on the LGP- 926 

NDFS model. First, a comparison between the application of the 927 

LSA and the Branch & Bound algorithm of CPLEX to the LGP-NDFS 928 

model is performed on a test network. This comparison allows 929 

analyzing the quality of the solutions obtained by the LSA. The 930 

LSA proves to be useful, therefore its application to two real-world 931 

networks is then reported. 932 

The LGP-NDFS is solved calling CPLEX 12.4.0 in a R5500 work- 933 

station with processor Intel(R) Xeon(R) CPU E5645 2.40 GHz, and 934 

48 Gbytes of RAM. The CGA and LSA algorithms are implemented 935 

in MATLAB, which calls CPLEX in order to solve the successive 936 

instances of the LGP-NDFS. 937 

In the following subsections, the description of the test network 938 

and the two case studies is presented, together with the results. 939 

7.1. Test network 940 

Fig. 8 illustrates the test network used for comparison purposes 941 

between solving the LGP-NDFS model with/without the LSA. This 942 

network has been previously used in [4,24] , among other works. 943 

In the figure, there is a four component vector (c c a , d 
RT 
a , c 

f 
a , f̄ a ) 944 

attached to each stretch. The meaning of each vector component, 945 

from left to right, is as follows: the construction cost, the in-vehicle 946 

traveling distance, the operation cost, and the capacity (maximum 947 

number of vehicles per hour). Additionally, there is a number next 948 

to the nodes denoting the construction cost of the station. Finally, 949 

the frequency lower bounds attached to each resource are set to 0. 950 

Moving on to demand issues, the amount of demand is 373 951 

thousands passengers/h , and is divided into each pair of access 952 

nodes as follows: 953 

g = 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

− 3 9 7 5 4 2 2 2 

4 − 4 9 3 6 1 3 3 

10 7 − 10 8 3 3 3 4 

7 3 4 − 8 6 7 6 6 

5 5 3 3 − 7 4 6 3 

9 1 8 8 5 − 4 10 7 

3 2 8 7 5 5 − 6 5 

2 3 4 6 7 9 6 − 7 

2 3 4 6 4 7 5 7 −

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

For passenger walking times, all combinations between station 954 

pairs have been considered. These times are computed as the min- 955 

imum road street distance divided by an average passenger speed 956 

of 4.5 km/h, resulting in the following walking time matrix: 957 

T W 

= 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

− 1 . 6 0 . 8 2 1 . 6 2 . 5 4 3 . 6 4 . 6 

2 − 0 . 9 1 . 2 1 . 5 2 . 5 3 . 2 3 . 5 4 . 5 

1 . 5 1 . 4 − 1 . 3 0 . 9 2 3 . 3 2 . 9 3 . 9 

1 . 9 2 1 . 9 − 1 . 8 2 2 3 . 8 4 . 1 

3 1 . 5 2 2 − 1 . 5 3 2 3 

2 . 1 2 . 7 2 . 2 1 1 . 5 − 2 . 5 3 2 . 5 

3 . 9 3 . 9 3 . 9 2 3 2 . 5 − 2 . 5 2 . 5 

5 3 . 5 4 4 2 3 2 . 5 − 2 . 5 

4 . 6 4 . 5 4 3 . 5 3 2 . 5 2 . 5 2 . 5 −

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

The average transfer and in-vehicle waiting times per passen- 958 

ger have been set to 4 min , whereas the average exiting time per 959 
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Fig. 8. Rapid Transit Graph for the test network. 
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Fig. 9. Rapid Transit Graph for Seville underground. 

passenger is 2 min . Regarding operator issues, the infrastructure 960 

budget amounts to 40,0 0 0 mu/h and up to 4 new vehicles can be 961 

acquired at a unitary acquisition cost of 20 mu/h. The total vehi- 962 

cle’s capacity amounts to 550 passengers and its average working 963 

speed (without considering dwell time at stations) rises 40 km/h. 964 

The available vehicle fleet is set to 8 vehicles and each one has 965 

a setting cost of 80 mu/h (monetary units per hour). Their average 966 

dwell time per station is considered to be 1 min , but layover times 967 

are neglected. Finally, no operating lines have been considered. 968 

7.2. Seville underground 969 

Fig. 9 illustrates the Seville underground, a medium-sized 970 

network made up of 24 nodes, 264 links and 552 OD-demand 971 

pairs, with a total of 24,446 trips/h in a working day. All these 972 

nodes and links represent new network infrastructure resources as 973 

there are no operating lines. 974 

Resource parameters have been set with the aid of [53] as 975 

follows. Stretches have an average length of 350 m, with minimum 976 

and maximum values of 200 and 600 m, respectively. The con- 977 

struction cost per km of stretch is 189 millions of euros, and must 978 

be amortized in 25 years. This is the time in which the infrastruc- 979 

ture resources depreciate. This amortization is taken into account 980 

using the net present value formula with no initial investment and 981 

a discount rate of 14%. Having applied this formula, an average 982 

construction cost of 365 € /h and minimum and maximum values 983 

of 60 and 583 € /h are obtained. As for stations, the construction 984 

costs were obtained estimating the platform area according to the 985 

attracted demand, and using an average cost for building 1 m 

2 986 

of platform. The resulting construction costs are between 176 and 987 

374 € /h, with an average value of 244 € /h. Finally, the number of 988 

resources that can be built is limited to an infrastructure budget 989 

of 15,0 0 0 € /h. 990 

Regarding operation features, stretches are homogeneous with 991 

a capacity of 12 veh/h and an operation cost of 20 € /h. The 992 

available planning budget allows buying up to 20 vehicles. Each 993 

vehicle has a setting cost of 20 € /h and can hold a total of 275 994 

passengers. Its average working speed is 30 km/h, going through 995 

the stretches, but this speed is reduced with an average dwell 996 

time per station of 1 min and an average layover time at terminal 997 

stations of 2 min. Additionally, new vehicles can be acquired at a 998 

cost of 80 € /h each one. 999 

The passenger assignment settings are as follows. Passengers 10 0 0 

have been estimated to walk up to 500 m, with an average 1001 

speed of 4.5 km/h. The walking distance between stations has 1002 

been considered the same as the stretch length for the sake of 1003 

simplification. The average transfer and in-vehicle waiting times 1004 

per passenger have been set to 4 min , whereas the average exiting 1005 

time per passenger is 2 min . 1006 

7.3. Santiago de Chile underground 1007 

Fig. 10 illustrates Santiago de Chile underground, a more 1008 

realistic network containing 146 nodes, 520 links and 21,316 1009 

OD-demand pairs, with a total of 3195 trips/min. At present, there 1010 

are five working lines, labeled as L1, L2, L4, L4A and L5. Their 1011 

infrastructure resources amount to 100 stations, from which 8 are 1012 

transfer stations (stations where passengers can move from one 1013 

line to another), and 206 stretches. 1014 

The new infrastructure resources for the network expansion 1015 

amounts to 53 stations and 318 stretches, and are distributed in 1016 

three subgraphs in order to reduce the number of transfers for 1017 

those OD-pairs with origin and/or destination in some extreme 1018 

or near-extreme nodes of lines L2, L4, L4A and L5. In this way, 1019 

the subgraph labeled as SG3 allows linking the L5 terminal node, 1020 

Plaza de Maipú (075), to the L2 terminal node, La Cisterna (048); 1021 

whereas the subgraph SG1 connects the L2 terminal node, Vespu- 1022 

cio Norte (028), to the L1 terminal node, San Pablo (082). Finally, 1023 

the subgraph SG2 links the L1 terminal node, San Pablo, to the L2 1024 

terminal node, Vespucio Norte. 1025 

Resource parameters have also been set with the aid of [53] as 1026 

follows. Stretches have an average length of 1.6 km and minimum 1027 

and maximum values of 0.5 and 8.1 km, respectively. The cost of 1028 
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Fig. 10. Rapid Transit Graph for the expansion of Santiago de Chile underground. 

1 km of stretch is 18.5 € /min, using the net present value formula 1029 

with an amortization period of 25 years, no initial investment, and 1030 

a discount rate of 12%. Thus, the construction costs are between 1031 

11.5 and 69 € /min, with an average value of 30 € /h. As for 1032 

stations, the construction costs were not obtained by estimating 1033 

the cost of the platform area as the actual attracted demand was 1034 

not known beforehand. Instead, an estimated heterogeneous value 1035 

of 3.25 € /min has been set. Finally, the number of resources that 1036 

can be built is limited to an infrastructure budget of 9657 € /min. 1037 

Regarding operation features, stretches are homogeneous, so 1038 

they have different capacities and operation costs. Their values 1039 

comprised 0.1-0.5 veh/min and 3 –50 € /min, with average values 1040 

of 0.3 veh/min and 10 € /min, respectively. The current working 1041 

fleet holds 188 vehicles, but can be extended up to 94 vehicles. 1042 

Setting costs have been neglected, but newly purchased vehicles 1043 

have an acquisition cost of 0.5 € /min. Each vehicle can hold a 1044 

total amount of 1134 passengers, and its average working speed is 1045 

60 km/h. Finally, the average dwell time per station and average 1046 

layover time at terminal stations have the same values as those of 1047 

the Seville network. 1048 

The passenger assignment settings are also the same as for the 1049 

Seville network. 1050 

7.4. Results 1051 

The reported results on the described networks show the 1052 

impact of the number of candidate lines to be constructed and the 1053 

maximum allowable passenger waiting time on the computational 1054 

performance of the LGP-NDFS model. Prior to solve this model, 1055 

the CGA is applied to determine the pool of candidate corridors 1056 

as follows. In the test network, the CGA is applied to every pair 1057 

of stations with K = 17 , �L = 0 . 55 and �U = 4 . 8 , resulting in 295 1058 

corridors. The parameters were calibrated such that the optimal 1059 

line traces obtained by previously solving an optimization model 1060 

incorporating the line routing were encountered within the pool 1061 

of generated corridors [55] . 1062 

As for the real-world networks, parameters �L and �U are set 1063 

to 0.4 and 0.5, respectively, based on the practical experimentation 1064 

undertaken by Schnabel and Löhse [54] . This is the only reference 1065 

we have found related to the setting of the user’s behavioral rules 1066 

(38) . In a real-world application of these rules, a specific survey 1067 

on the future user population of the network should be conducted 1068 

in order to provide reliable values for �L and �U parameters. 1069 

Nevertheless, this matter is out of the scope of this work and the 1070 

authors believe it does not diminish its applicability. 1071 
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Table 4 

Size of the mixed-integer linear goal-programming problems solved in the re- 

ported experiments. 

Network | L N | Discrete Continuous Constraints Non-zero 

variables variables elements 

Test 2 560 4231 2149 + 1 23310 

3 840 6004 3164 + 1 33987 

4 1120 7777 4176 + 1 44658 

Seville 1 518 78,111 10,940 + 1 281394 

2 1036 143,272 20,075 + 1 521119 

3 1554 208,430 29,723 + 1 762360 

Santiago 1 152 576,824 162,887 + 1 2052033 

de Chile 2 305 1,036,214 238,238 + 1 3679077 

3 440 1,304,248 303,958 + 1 4678713 

Finally, parameter K is set as follows. In the Seville network, the 1072 

CGA was applied to a subset of station pairs where the levels of 1073 

generated/absorbed demand were significant. To be more precise, 1074 

those stations generating/attracting low levels of demand were 1075 

discarded, so that only the pairs from stations with high demand 1076 

generation to stations with high demand attraction were consid- 1077 

ered, resulting in 160 station pairs. Using this subset and verifying 1078 

all CGA-constraints at the same time, up to 478 feasible corridors 1079 

were generated setting K ≥ 3. In Santiago de Chile network, the 1080 

CGA was only applied to the station pairs connecting the extreme 1081 

nodes of each subgraph SGi as the aim is to reduce the number 1082 

of transfers for those OD-pairs with origin and/or destination 1083 

in these stations. Up to 100 feasible corridors were determined, 1084 

setting K ≥ 35. 1085 

Table 4 reports the problem size according to the network and 1086 

the number of lines under construction. The table includes the 1087 

number of discrete and continuous non-negative variables, the 1088 

number of constraints, and the number of non-zero coefficients in 1089 

the constraint matrix. In the constraints column, the “+ 1” denotes 1090 

the extra constraint added to the LGP-NFDS when solving the 1091 

stage 2 (i.e. to maintain the optimal or best solution found for the 1092 

passenger goal). 1093 

The results show that the size of the problems increase almost 1094 

linearly to the number of lines under construction. 1095 

Next Table 5 shows a summary of the results obtained for the 1096 

experiments performed on the test network. In these experiments, 1097 

the number of candidate lines to be constructed (| L N |) has been 1098 

varied from 2 to 4, and the maximum allowable waiting times 1099 

( W max ) from 3 to 12 min . For each experiment, it is first reported 1100 

the optimum goal function value ( z GOAL ) obtained by solving the 1101 

LGP-NDFS Model with the Branch & Bound algorithm of CPLEX (B 1102 

& B), as well as the best goal function value provided by the LSA 1103 

variants. Then, the difference between z GOAL values found by the 1104 

LSA variants and B & B resolution is shown, together with the total 1105 

time in seconds T TOTAL (s) for each solving method. LSA variants are 1106 

identified by labels “L SA1 ” and “L SA2” referring to LSA with incre- 1107 

mental demand load and LSA with fixed demand load, respectively. 1108 

Finally, goals are represented by labels “pax” and “op ” standing for 1109 

the passenger riding time and operator costs, respectively. 1110 

The results show that as the values of | L N | and W max increase, 1111 

so do CPU times for the resolution using B & B. Specially for 1112 

W max = 12 min where each increase of one line under construction 1113 

entails consuming one extra order of magnitude in CPU time. 1114 

However, CPU times of the LSA variants are always within a few 1115 

seconds. As for the solution quality, the LSA variants report either 1116 

the optimal value of z GOAL or a near-optimal one. In the latter 1117 

case, reported solutions have a gap difference of at most 5% in z op 1118 

values as shown in the experiments with | L N | = 2 and W max = 6 , 1119 

and | L N | = 2 and W max = 12 . Additionally, it is observed in exper- 1120 

iments with | L N | = 3 and W max = 12 that gaps for z op have low 1121 

and negative values as reported values for z op by the LSA variants 1122 

are lower than those found by using B & B. This issue may occur 1123 

when passenger riding times computed by the LSA variants are 1124 

higher than those obtained by using B & B. Comparing the LSA 1125 

variants, it is not very clear to determine which variant performs 1126 

better as their average gaps and CPU times are rather similar. 1127 

Moving on to the analysis of the LGP-NDFS model on the real- 1128 

world networks, Tables 6 and 7 report the performance results of 1129 

B & B and the LSA variants on instances varying | L N | from 2 to 1130 

3, and W max from 3 to 12 min . The negativity in the relative gap 1131 

measure indicates that the B & B gives worse solutions compared 1132 

to the ones provided by the LSA variants when B & B does not 1133 

reach optimality within the time limit of 1 day. Furthermore, 1134 

operator goal is neither reported in instances with | L N | = 3 in 1135 

Table 6 nor in Table 7 as the B & B spent all solving time on op- 1136 

timizing the passenger goal. So, in those instances, only passenger 1137 

goal values are compared, and the solving times reported for the 1138 

LSA corresponds only to the time spent on optimizing this goal. 1139 

The results show that the LSA variants always attain the same 1140 

or slightly better values for the passenger goal, whereas the 1141 

solutions provided for operator goal, when applicable, are almost 1142 

Table 5 

Comparison between solving the full LGP-NDFS model directly and applying the Line Splitting Algorithm on 

the test network. 

| L N | W max Goal z GOAL GAP GOAL T TOTAL (s) 

B & B LSA1 LSA2 LSA1 LSA2 B & B LSA1 LSA2 

3 min pax 185,409 185,409 185,409 0% 0% 1 2 2 

op 3898 3898 3898 0% 0% 

2 6 min pax 179,305 179,314 179,305 < 1% 0% 4 2 2 

op 6724 7085 6865 5% 2% 

12 min pax 178,700 179,191 179,186 < 1% < 1% 21 13 7 

op 8517 9626 9636 5% 2% 

3 min pax 185,409 185,409 185,409 0% 0% 1 2 2 

op 3898 3898 3898 0% 0% 

3 6 min pax 176,195 176,195 176,195 0% 0% 7 2 3 

op 7855 7996 8056 2% 3% 

12 min pax 173,252 173,581 173,577 < 1% < 1% 965 5 5 

op 10,252 10,233 10,237 < -1% < -1% 

3 min pax 185,409 185,409 185,409 0% 0% 1 3 3 

op 3898 3898 3898 0% 0% 

4 6 min pax 176,199 176,199 176,199 0% 0% 2 2 3 

op 7855 7996 8056 2% 3% 

12 min pax 169,468 170,234 169,468 < 1% 0% 6921 6 6 

op 11,371 11,312 11,432 -1% < 1% 
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Table 6 

Comparison between solving the full LGP-NDFS model directly and applying the Line Splitting Algorithm on 

Seville underground. 

| L N | W max Goal z GOAL GAP GOAL T TOTAL (s) 

B & B LSA1 LSA2 LSA1 LSA2 B & B LSA1 LSA2 

3 min pax 5944 5944 5944 0% 0% 23,230 796 794 

op 13,502 13,583 13,583 < 1% < 1% 

2 6 min pax 5944 5944 5944 0% 0% 24,771 1833 1544 

op 13,142 13,223 13,223 < 1% < 1% 

12 min pax 5944 5944 5944 0% 0% 26,170 1741 1496 

op 13,142 13,223 13,223 < 1% < 1% 

3 min pax 5639 5477 5477 −3% −3% 86,400 695 644 

3 6 min pax 5480 5477 5477 < −1% < −1% 86,400 1047 1034 

12 min pax 5639 5477 5477 − 3% − 3% 86,400 1026 996 

Table 7 

Comparison between optimizing the passengers goal with B & B of CPLEX and with the Line Split- 

ting Algorithm on Santiago underground. 

| L N | W max z pax GAP pax T TOTAL (s) 

B & B LSA1 LSA2 LSA1 LSA2 B & B LSA1 LSA2 

3 min 456,822 456,822 456,822 0% 0% 0 0 0 

2 6 min 245,218 237,255 237,255 −3% −3% 86,400 11,929 24,231 

12 min 250,321 237,255 237,255 −6% −6% 86,400 11,480 22,687 

3 min 456,822 456,822 456,822 0% 0% 0 0 0 

3 6 min 233,244 217,952 217,851 −7% −7% 86,400 13,749 25,710 

12 min 273,730 217,952 217,851 −26% −26% 86,400 13,347 24,128 

Table 8 

Performance results of the Line Splitting Algorithm variants on Seville underground for experiments 

with 3 lines under construction. 

W max LSA Goal LSA with incremental demand load LSA with fixed demand load 

It. z GOAL T BS T PROV T TOTAL z GOAL T BS T PROV T TOTAL 

1 pax 2413 29 211 240 7238 25 179 204 

op 6158 74 638 712 6158 31 589 620 

2 pax 3963 40 122 162 5944 110 37 147 

3 min op 8998 46 447 493 9265 44 359 403 

3 pax 5477 293 0 293 5477 293 0 293 

op 7756 25 379 404 7756 24 380 404 

Total Times 507 1797 2304 527 1544 2071 

1 pax 2413 25 212 237 7238 25 218 243 

op 5278 55 641 696 6024 51 4 4 4 495 

2 pax 3963 45 152 197 5944 129 48 177 

6 min op 7656 49 586 635 8905 47 528 575 

3 pax 5477 181 432 613 5477 182 432 614 

op 6996 35 952 987 6996 35 951 986 

Total Times 390 2975 3365 469 2621 3090 

1 pax 2413 24 222 246 7238 25 187 212 

op 4886 72 658 730 6024 52 449 501 

2 pax 3963 94 94 188 5944 34 156 190 

12 min op 7656 53 539 592 8905 46 585 631 

3 pax 5477 291 301 592 5477 292 302 594 

op 6917 38 1058 1096 6917 38 1057 1095 

Total Times 572 2872 34 4 4 487 2736 3223 

the same. Furthermore, in Seville network, solving times of LSA 1143 

variants are one order of magnitude less than the ones of B & B; 1144 

whereas, in Santiago network, solving times of LSA variants are far 1145 

away from the time limit. 1146 

Tables 8 and 9 show the details of the performance results 1147 

of the LSA variants for instances with | L N | = 3 . For each iteration 1148 

of the LSA variants (LSA It.) within each experiment, it is shown 1149 

the optimal goal function values found in each optimization stage 1150 

( z GOAL ), the time to reach the best solution ( T BS ), the proving time 1151 

( T PROV ), and the total time ( T TOTAL ). All these times are expressed 1152 

in seconds. The final values of z GOAL correspond to the ones of the 1153 

third row (third iteration of the LSA), whereas the totals of T BS , 1154 

T PROV and T TOTAL are included in a summary row. 1155 

The results show that the cumulative time to reach the best 1156 

solution is one order of magnitude less than the total time (as 1157 

can be observed in the summary rows). In Seville network, total 1158 

time is around 1 h but only 10 min of cumulative time is needed 1159 

to found the solution, approximately. As for Santiago de Chile 1160 

network, total time is around 1 day but only 2 h is needed to 1161 

reach the solution. The range of the times to reach the optimal 1162 

solutions in each LSA iteration are rather similar in Santiago de 1163 

Chile network. However, in Seville network, they are not so similar, 1164 

specially when applying the LSA with incremental demand load. 1165 

No matter the LSA variant used, the largest variation in the time 1166 

range occurs in the first iteration of the LSA variant. Additionally, 1167 

it is observed that computational times are not really affected by 1168 
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Table 9 

Performance results of the Line Splitting Algorithm variants on Santiago underground for experiments with 3 

lines under construction. 

W max LSA Goal LSA with incremental demand load LSA with fixed demand load 

It. z GOAL T BS T PROV T TOTAL z GOAL T BS T PROV T TOTAL 

1 pax 152,274 0 0 0 456,822 0 0 0 

op 0 0 0 0 0 0 0 0 

2 pax 304,548 0 0 0 456,822 0 0 0 

3 min op 0 0 0 0 0 0 0 0 

3 pax 456822 0 0 0 456822 0 0 0 

op 0 0 0 0 0 0 0 0 

Total Times 0 0 0 0 0 0 

1 pax 67,758 1436 2244 3680 264,532 2579 11,242 13821 

op 762 174 23,116 23,290 820 206 27,344 27550 

2 pax 131,328 5242 3007 8249 237,255 4877 5533 10,410 

6 min op 714 190 27,992 28,182 784 189 28,485 28674 

3 pax 217952 1610 210 1820 217851 836 643 1479 

op 612 220 7965 8185 636 924 33,443 34367 

Total Times 8872 64534 73406 9611 106690 116301 

1 pax 67,758 1110 2677 3787 264,532 2605 9898 12503 

op 759 217 18,143 18,360 820 189 31,848 32037 

2 pax 131,328 4185 3508 7693 237,255 2737 7447 10184 

12 min op 714 177 24,851 25,028 784 196 21,944 22140 

3 pax 217952 1429 438 1867 217851 707 734 1441 

op 632 275 18,085 18,360 616 240 8437 8677 

Total Times 7393 67702 75095 6674 80308 86982 

Table 10 

In-depth analysis of the solution provided by the goal programming model on the real-world networks. 

Network | L N | W max Stage 1 (min z pax ) Stage 2 (min z op ) Reduced operator Savings 

z ∗pax z op z ∗pax z ∗op cost (s) at stage 2 

3 7238 7598 7238 6158 Veh. setup 19% 

1 6 7238 7598 7238 6024 Veh. setup 21% 

12 7238 7598 7238 6024 Veh. setup 21% 

3 5944 14,783 5944 13,583 line freq., Veh. setup 8% 

Seville 2 6 5944 14,236 5944 13,223 line freq., Veh. setup 7% 

12 5944 14,916 5944 13,223 line freq., Veh. setup 11% 

3 5477 17,813 5477 16,712 line freq., Veh. setup 5% 

3 6 5477 17,680 5477 16,232 line freq., Veh. setup 8% 

12 5477 17,054 5477 16,153 line freq., Veh. setup 5% 

3 456,822 0 456,822 0 – 0% 

1 6 264,532 820 264,532 820 – 0% 

12 264,532 820 264,532 820 – 0% 

Santiago 3 456,822 0 456,822 0 – 0% 

de Chile 2 6 237,255 1312 237,255 1304 line freq. 2% 

12 237,255 1312 237,255 1304 line freq. 2% 

3 456,822 0 456,822 0 – 0% 

3 6 217,851 1575 217,851 1554 line freq. 1% 

12 217,851 1574 217,851 1574 – 0% 

changes in W max . Comparing the final goal functions, given in the 1169 

third iteration (third row) of the LSA variants, and the total times 1170 

in the summary rows, it is noticed that LSA with fixed demand 1171 

load works slightly better than LSA with incremental demand in 1172 

Seville. In Santiago, it is the other way round. 1173 

Finally, Table 10 provides an in-depth analysis of the solution 1174 

provided by the LGP-NDFS model, showing the savings in operator 1175 

costs when optimized stage 2 on the real-world networks. For 1176 

each experiment, it is reported the goal function value found for 1177 

the passenger riding time ( z pax ) and the operator costs ( z op ) in the 1178 

two stages of the LGP-NDFS, the reduced operator costs in stage 2, 1179 

and the total savings. 1180 

The results show that passenger riding time remains constant 1181 

when changing the maximum passenger waiting time, except for 1182 

experiments with W max = 3 min in Santiago de Chile network 1183 

where neither an expansion of the network is done nor passengers 1184 

use the operating network. However, optimized operator costs 1185 

decrease moderately as the maximum passenger waiting time in- 1186 

creases. Savings in operator costs are only significant in the Seville 1187 

Network where operator costs are reduced up to 21% and on 1188 

average 12%. These savings increase as less lines are constructed 1189 

and the maximum passenger waiting time increases. The reduced 1190 

item cost/s is/are only related to frequency operation (i.e., vehicle 1191 

and frequency setting costs), thus infrastructure construction and 1192 

vehicle acquisition costs remain constant. In the Santiago de Chile 1193 

network, savings are either no significant (with a 2% at most) or 1194 

nonexistent because the amount of demand to be served does not 1195 

allow finding alternative least costly planning settings. 1196 

8. Conclusions and further research 1197 

This work presents an optimization model that integrates the 1198 

transit network design ( TND ) and transit frequency setting ( TFS ) 1199 

phases in the context of a railway rapid transit system. On the one 1200 

hand, the TND determines whether the current set of operating 1201 

lines will be extended. If so, the new lines will be constructed 1202 

using a pool of candidate corridors and according to the type 1203 

of service to be performed, without exceeding the available in- 1204 

frastructure budget. On the other hand, the TFS assigns vehicles 1205 
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and services to the lines while meeting link and vehicle capacity 1206 

constraints as well as the requirements for vehicle fleet size. 1207 

The benefits of this integration are threefold. First, the infras- 1208 

tructure decisions are taken accordingly to the type of services 1209 

that will be provided, including quality aspects such as the level 1210 

of service that will actually be provided to passengers. Second, 1211 

the investments to be carried out consider every possible op- 1212 

eration aspect and costs, maximizing resource utilization. Third, 1213 

operational aspects such as frequency and vehicle acquisition are 1214 

considered for new and operating lines simultaneously, which 1215 

once again maximizes the value of the investments. 1216 

The optimization model is solved by combining the Lexico- 1217 

graphic Goal programming (LGP) technique and a Line Splitting 1218 

Algorithm (LSA). On the one hand, the LGP allows optimizing two 1219 

opposite objectives, minimize passenger riding time and minimize 1220 

operator costs, giving the priority to passenger goal. Reported 1221 

results shows that significant savings on operational costs can be 1222 

reached while seeking for an alternative equivalent solution for 1223 

passenger riding time, if that exists. Thus, the provided solution 1224 

is more interesting for transport operators. On the other hand, the 1225 

LSA decomposes the LGP model into smaller problems where only 1226 

one line is candidate to be constructed. This approach permits 1227 

solving real-world problems such as the Santiago de Chile and 1228 

Seville underground networks in reasonable time. 1229 

To the best of our knowledge, several existing and new features 1230 

that had been neither considered nor proposed were successfully 1231 

applied. 1232 

Regarding further research, the authors are working on both 1233 

computational and modelling aspects, in order to enhance the 1234 

performance and to broaden the applicability of this transit 1235 

network design procedure. To speed-up the resolution of the 1236 

model, a specialized Benders Decomposition [56] might be useful, 1237 

considering as a subproblem the passenger assignment to the 1238 

constructed/expanded network provided by the Master problem. 1239 

Regarding modelling issues, one important contribution is the 1240 

inclusion of a mode choice model based on transportation mode 1241 

utilities. That approach can be integrated into an optimization 1242 

problem using demand mode splitting constraints [57] . Another 1243 

important aspect is the consideration of passenger waiting time at 1244 

stations. It is widely thought that its inclusion is rather complex 1245 

when considering line capacity constraints, as it entails working 1246 

with a bi-level program. In this bi-level program, the upper level 1247 

represents the decisions of the planner and the lower level repre- 1248 

sents decisions of the users [32] . Also, a limitation of the model is 1249 

that it cannot reflect passenger queueing times at stations due to 1250 

congestion effects because integrating a congested transit assign- 1251 

ment model would increase considerably the model’s complexity, 1252 

although Codina [58] has recently demonstrated that congested 1253 

transit assignment models can be reformulated as a variational 1254 

inequality (VI). These aspects would be required for adapting this 1255 

model to the design of Bus Rapid Transit Systems. Thus, in its 1256 

current state, it is only suitable for metro or suburban rail for 1257 

situations of moderate congestion. The use of the model for other 1258 

transit systems such as Personal Transit systems or Freight Transit 1259 

Systems would require also substantial changes as these systems 1260 

are intended for serving a point-to-point oriented trip pattern. 1261 

Finally, some measures of robustness can also be introduced into 1262 

an optimisation framework as in [41] . Last but not least, different 1263 

service patterns can be determined according to the period of day 1264 

in which the demand is given [33] . 1265 
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