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AFSTRACT.

We find sets in the class LOGSPACE (on=-line) that
do not have good respectively optimal approximations
by context-free languages. For that we introduce the
languages CF-bi-inmune and CF-levelable. We prove
the results by defining directly the sets and
obtaining the properties via pumping arguments.

RESUM.

Trobem conjunts en la classe LOGSPACE (onm-line) que
no tenen bhones respectivament Optimas aproximacions
per llenguatges incontextuals. Per aixd introduim
els llenguatges CF-bi~ipnmune i CF-nivellable.
Demostrem els resultats directament, definim els
llenguatges 1 demostren les propietats mitjangant el
lema d'iteraccib.
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o aim in this note 1s te find sets in  the class LOGSFACE
cr-iine o ThAat ac not have aood, respectivelv optimal

ions tv context-free languacges. Our "good approximations”
2 1in the sense that, given & set L in LOGSPACE, we sayv that it 1is
well approximated i there are contzxt-free grammars which dcenerate

ets of L. The idea is related to the idea of polyncmial

compilexlty core fcr a set: zee LCZ1, [413.

il prove two results: the first one is inspired by a vresult of
£11. and presents a set in LOGSPACE which is CF-bi-immune. A& set is
“F-bi-immune if neither L nor its complement L have an infinite
subset 1in CF, the class of the context-free languages. Thus, this
results exhibits a set which can not be approximated by ‘“pieces”

trat are infinite context-free languages.

The second result presents a set in LOGSPACE which is
"F-levelable. The concept of CF-levelability is taken in the sense
). Assume the class LOGSPACE ordered by inclusion modulo finite
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sets: then L[ is CF-levelable if it has no maximal context-free
subzet for this partial ordering. This second result means that
sTten it  is not possible to obtain a "best" infinite approximation

tz sets in LOGSPACE via the use of CF languages.

We prove the results by defining directly the set and obtaining
ired properties via pumping arguments. For the basic

Jefinitions and results see e.g. [3].



Tho-rey 1. D2rine the szt A as follows:
A= Dw I p.g lw, = prg . Ovpiq
m™hen A Iz recognizakle by an on-line logspacs machine, and is

v~of, A 15 esasily recognized in logarithmic space by a search over
211 rcossible vaiues cof p.g9. As only the length of the input is

meaded, the computation can be made on-line.

ite. context-free, and included in A. By the
, there are integers x.y and a family of words

11 of them in [ and with lengths lwnl = x+ny. Let g
y greater than both x and ¥; let m be the greatest

zrim+lrrigTey

and
z+(m+liv = Z+y+mviy+q +gl g +29
so that |w = g +p wi (p<2q. € A.
S R m+l| q +p with gqip¢2q. Hence w ., € A

ow assume that L is infinite. context-free, and included in A.
As before, we have x., v and the words W Let g be greater than both
% and v, and m be the greatest integer such that x+my<q2. Then

x+(m+1)qué

and

o



.
XH\m+l0y = Z+y+myiy+q-

32 thet |w I = g +p with p<q. Hence wm+l € a.

(4]
cr

the prime integers. The s
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B = a2 / pE F 7
ig IF-levelarl= ( a i3 any svmbcl of the alphabet ).

froof. As prime numbers are written down in tally, the set B is
casily recoagnized by a on-line machine within logarithmic space. He

infer the levelability from the fcllowing fact:

Fact. If L is a context-free language which is included in B, then

there is a finite set of primes F such that L is included in

E\
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cafs s pEF V.

Frocf of fact. Let k be the constant giwen by Ogden’s lemma for L.
=t F be the smallest set of primes such that L is included in
aba s p EF }*. If F is infinite then there exists a word in L
such that '
W o= u#am#v. u,v € ¢ a.# }*, mk.

L)
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By marking the block cf a letters in w we can obtain a word w

W= Ul #a #v u,v e {a,# . qgq€P

zte that F finite does not impilv L finite, because co¢f the

ztavr in the definition ci B.

Now anv infinite context-free subset of B can be extended by

T
adding to it an infinite recular set disjoint to it: take { aFa 1
focr some prime g higher than the ones which occur in the words of L:
hience there 1s nc maximal CF subset of B, which implies that B is

The CF-levelability of several other languages can be proved in
a similar way. Alsc, if we consider the concept of levelability
respect to regqular languages, it can be proved using the same ideas
that the set

- _n _ *
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is context-free., recognizable on-line within LOGSPACE, and 1is

recular-levelable.
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