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RESUM

En andlisi de dades sovint hom analitza conjunts de
dades les observacions dels quals venen lligades mitjangant
un graf. Aquest &s el cas per dades de tipus electoral, on
les unitats electorals corresponen a 3drees geogrifiques ben
delimitades. Aleshores pot &sser interessant analitzar el
mateix fendmen fixant la relacid a priori definida pel graf.

D'antuvi presentem el "rationale” d'aquests métodes.
L'objecte de 1'an3lisi local &s eliminar l'efecte de 1la
posicid geogrdfica dels individus, definida mitjangant un
graf de contigiliitat, en una andlisi factorial exploratdria de
dades parcials. Serad interessant també, analitzar els
resultats electorals mantenint constant l'efecte de 1la
posici® socio-econdmica, mitjangant un graf de similitud.
Aixd és anomenat andlisi parcial, car &s basat en la mateixa
idea que 1l'andlisi de correlacions parcials o de variables
instrumentals d'en Rao.

En la segona part de 1l'article, apliquem aquesta
metodologia a la matriu de dades formada per 1059 seccions
censals de Barcelona, donant per cadascuna els resultats
electorals en les fltimes eleccions autondmiques de 1984. A
més a més també serd interessant definir zones de Barcelona
amb un comportament electoral homogeni, aixd es aconseguit
mit jangant un algorisme de classificacié amb restriccid de
contigliitat.
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UMMARY

(]

L3 we must often analvze data sets whose
ara raelated bv & graph structurs. This is the
Ttoral data, where the 2lectoral units
a definite g2ographical areas. TIn this case
ing to analvze the same rhenomenon fixing
2lation. ‘
we are gquing to present Ethe r
The- local analvsis aims to =limi
aphical position of individuals, represented
grapn, in an exploratory factorial analysis
It will be proved interesting ¢ analyze
¢ r2sults keeping the socio-economic position
» by m2ans of a similarity graph. This 1is calle
analvsis Dbecause it is based on the same idea of
ntal variables of Rao and partial correlation
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£t of the article, :his methodology 1is
4 macrixz formed by 1059 electoral units,
» giving the electoral results in the last
Cion of 1984 in Barcelona. Moreover, it Wwill
to define regions of units with homogeneous
naviour, obtained bv an algorithm of clustering
Tv constraint.

)
[#7]
i1

el

(173 ]
(R

[n 8

g

L
Fo | e Bi's o )
i

T O

T
o - b

[

:l,
3

ay @
=
a7 'y
SO0 e
O w
U ST I i 1]

a3 b
G oor G jap
u W Goor
3 k=10
(W]

T PO s e
arorg

t+ == il
oroa
O A

r
1

¥4 0D

3

O

e
H
o

R
%)

ar o

P
|.‘,.J ]
173 ¢
[ i}

b
) i

I Introduction

Jescriprive data analvsis consists Ehe andlysis of
i

(a4
vr2 numericzal arravs by means of visual 2isplavs and some

17
e
[ad

lustering msthods, without presupprosing  any probabilistic
hygotheses aboub the data. Verv often, however, it is useful



Lo Io0us our attantion upon a partial aspect of data. For
2Xampls in 2l2c¢toral data, it may be worthwhile studying the
nbserved phenomenon separately from the geographical
the =l=ctoral units, or to study it by keeping

gosition of
fizaed the so-called instrumental variables like the

o

ocic-economic profile of the =lectoral units: in such cases
1 relation bhetween individuals, which is

2sented by means of a non-oriented qraph‘
€ (1969,73.84) was the first to introduce
this analvsis for a contiguity graph of spatial data, and
£or this reason, he called it "local factorial analysis".
Laker it wWas generalized for similaritv graphs of
fviduals, (Aluja, Lebart (1385)), and it was then called
"gartial factorial analysis", because it is based on the
zame idea of instrumental variables of Rao (1l965), or on
~lassical partial corrvelation 'analysis, without, however}
faving the strong hypotheses implied by these latter
analvses. It has been also generalized for temporal graphs
bv Carliesr (1385).

2 Svmbols

Let Z be a set of n individuals related by a graph
G(E.T)., over which we have measured p variables. Let ¥ be
the data matrix (n,p) formed. Let D Dbe the metric matrix
fep), and pi the weight of each individual. .

a diagonal matrix (p,p) of standard deviations

- Ethe symmetric matrix (n,n) associated with the

gragh G(E,T), mij= L if i and j are joined by an edge, mija
2

Let N bs the diagonal matrix (n,n) of degrees of
vzrticses, n, .= 2 m. .
_ s J 1]
Leb m double the number of edges, m = 5 n, .
< hand -
Let T b2 the matrix (ntn=-1)/2,n) crossing the edges with



the vertices. An =dge joining vertices i and J is coded by a

sequence 000000100-1000, with 1 and -1l 1in the i and j
position.

Let U b2 the matrix with unity in all its téerms, u,, =
1 Vi, Vj. Thus U is the associated matrix for a cpméiete

graph.

Let I be the identity matrix (n,n), Thus nrl is the:
degrees matrix for a complete graph.. )

Let B be the matrix (n(n-1)/2,n) crossing the edges with
vertices for a complete graph.

The following straightforward relation exists between
Chese matrices: ¥ - M = T'T = B'T = T'B.

Let L be a diagonal matrix (n(n-1)/2,n(n-1)/2) with
waight of =dges lk,=-9191" (if edge k is formed by vertices
L and i"). :

Finally Z:} represent the double sum over the edgesi

i |
of the graph G(E.T). !

3 X

]

Ackorial analvsis upon a Jraph. Analvsis on RP

Let be a sat of n points with the rows of X as
Toordinates and Py weight, defined in a space RP of metric
0. and related by a graph G(E,T). The quantity to optimize
1s now written as:

. 7
(1) Max C 2 p.p,, dgT(i.17) 1

whers dHZ(i:i'l is the squared distance between vértices i
and L, projecced upon a subSpd&g H. Taking first a subspace
of dimension one defined by a unitary vector w, the
projection of points over it will be written: X D w. Thus
quantitv (1) becomes:



Max C @w'D X'T'L T XD w1
with constraint W'D w

i
- >

This maximum is obtained for the first elgenvalue of
matriz X'T'L T X D, w being its associated eigenvector.

(-\\ T
& 4 .- &L

LTXDw= Ngw

In order to diagonalize a symmetric matrix, we

prz-multiply (2) by Dl/z‘
(3 Au=0"% T rxDM2 = 2y
with constraint u'uy = 1
1/2
where u =20 W

Cikewise, the subspace of dimension two would bq
obtained brv the first two eigenvectors of matrix A. Thus,'
the subspdceroﬁ dimension q which maximizes criterion (1) is
defined by the Ffirst q eilgenvectors associated with the g

largest eigenvalues of matrix A.

Note that matrix A coincides with the local covariance
matrix’taking'piz l/ytand D = I as metric, (Lebart, 1969).

Vl: L/m (N - M) X =1/m XXT'T X

It coincides with the contiguity matrix if D = S-ZL and

. : . , . -2
with the local correlation matrix if D = S1 . Note also

that the local covariance matrix coincides with the
classical «covariance matrix of variables for a complete

- «

Jraph:

Vl= (l/nz) X'(nl - U) X = (1l/n) XX =V

whereas the contiguitv matrix and local correlation matrixz
coincide with the empirical correlation matrix for a

zomplete agraph.



Locking at relation (3) we see that the factorial
analysis upcn a 4graph is equivalent to a normal (=global)
a rix T with weight matrix L. We call the
columns of IX local variables, where each component
jo! 5 e; whereas we- call the columns of ¥ (or the
columns of BX) global variables.

a2 proiaction of  individuals  (=vertices) upon the

9cal factorial axis will be obtained bv the relation:
(4 We = x D20,

and the coordinatess of edges: =TV, .

Tﬁe local inertia is:

L 2 1
In = tr(A) = k“,= P, (X, .- x,,.) = v.".
Z& ;% PiPy ij i3 j

Thus the influence of one variable to the local

-

3.2 Induced analvsis on RY

n, is done by taking the

symmetric of relation (3), that is:

The induced analvsis on R

(3 8 v =LY% xpwxrrt 2,

with constraint viv o= 1

= ANv

. . , 172
This means taking the columns of matrix T X D as
ZQordinatsas of variables in Rn, with L metric. The sub-space

2% di;

ension r wWwhich maximizes the projection of 1local

o
ariablss  1is

<

defined by the r eigenvectors of matrix B,



Associarnad with {ts ¢ largest =1igenvalues.

Tt i3 2asv to find the following relations between the

2lysnvectors of both analvses:

- 1 2
i, ot Exerent %,

(5) ] o=
of
(7) 7 = A, ot x pt 2,

ain the graphic representation of active
vding to the classical relation:

W
~
%
fu
o
|—A
(b
I
ju
Iy’
e}

(8) PR & O AR
an¢>the.illustrative ones. by:

(3) % = Ly, oY% Ty,

The conkriiution of one edge can be computed easily by

y 2

cont(i,i’) = (pipiJ Z: 1#% (xij—xi’j
J.

3.3 Relation between the global and local analvsis

From Labart (1573,84) we know that local analysis leads
L0 a vparticular partial operator (supposing graph G to be
clanar and regqular). which means projecting the global
7ariables " upon a space orthogonal to M. On the other hand,
grovided that the number of edges is greater than the number
2f variables (m/2 > ), the dimension of local space is p.



"e evaluate the strength of the relation between both.
tvpes of variablss by means of its covariance matrix,
omputzad as:

Yop® fh/nm XUBT X o= (L/nfm) XN - M) X = (VA/n) v,
4L
i the correl 2 c.,=s v s 7t
and Ehe copr 7atlon mabrix: gl- g 7171
thiis c:rqu,]'L) = COV(jg,J'l)/ [ (] 73" =

= (\w/n) Cov(jl,j’l)/ \{v(jg)vtj'La

Iz is worthwhile looking at the Correlation between a
alobal variable and its corresponding local one:

cor( = (ym/n) ¢ Y/v(j ) =

(10) Igr3 (m/n) Ig
L 2 : Z

=) L U X,.- X,,.

«g; (XLJ zi'] / %% (tlj YL J)

Consequently, although the correlation between jg and.
I, does not depend on m, 1t tends to the unity when we
oéerate with larcer draphs Generally the number of edges of
2 Contiguity or similarity graph is far lower compared with
; £2 graph, (around three per cent). It implies that
12 local variable would be very much,shortgr than the

FLobal variable. In order to make the comparison plausible

we weigh  2ach  individual by 1/{m and not by the classical
. C : . . . 2

n. This leads :o multiplving the local variable by an n"/m
oefficiant

. MQr2over, we can visualise the change in variables when
“We 3Witch from a global to a local level, projecting both
Lyees of wvariakls on the same basis:



. {9 1/2
ot =T s x ot

1/2
Vl

LIS -
Y, = DT tRITL a

where U and 7., ace the sigenvectors issuing from the

~lassical sictal analvsis on RP and RO,

spondence analvsis upon a graph
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Data matrices very often adopt the form of contingency
n  such cases correspondence analysis is the
escription technique. Let F be the relative

fraquency table, Dn and ]Jp their diagonal matrices of
requencies. Thus we take as individual
3 ir profile defined by the rows of Dn_lﬁ

malrix, with their marginal relative frequency Dn as weight,!
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and  a Khi-square wmetric, defined bv the Dp matrix.
Equation {(3) is now written:

- 2 - =T - 7
o "Yigg Lo T'DnL e p /2

0 Au

1]

The projection of individuals on the factorial axis

and the grojection of edges: §Q= T Y. .

. n o, , , .
The analvsis on B induced by relation (12) is written:

(13) %0 b “lep ol - v
n o n

with v'v = 1

that 15, we take the columns of Dn‘lF Dp“l matrix as

varlaZls coordinates, with weight matrix Dp and metric L. As



can be pointed cut, taking account of the graph relation
m2ans or2aking up the symmetry between rows and columns that
lsts in classical correspondsnce analvsis. The vrelation

i
between both analvses is now written:

2 - -1
we 1, oo Tirop 12

e

’_l

>
=
h

j—
N
-
&
1}

~1/20,y =Llo, 2 1/2
LN, D, TF'D TR fw

The sraphic displays of active local variables on the

lgcal factorial axis ars obtained:
- =5 “lein ~lnol72 -1/2
(18) Pu = O, F'D, T'LT g = \{Tiop Ug
and the sugrlamentary variables:
117 fo= 14x. 0 "'eip Tlrn Ty
- o o p T n : Y
These technigues have been programmed in modular steps
compatibhle with the software SPAD, developped by the CESIA.

ve p2rformed a local correspondence analysis of
tha 2lactoral data smerging from the last autonomous
arcelona. It 1is argqued that glactoral
nds  on Jeographical 1localization, that is,
1 oL= in a similar wav one to
oral distribution of votes will be
n all over the citv. On the other
argued that electoral behaviour depends on

)
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c
'
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)
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Osition. We «can show here how local
lgrrespondenca analysis allows us Eo go further -into
answering thase guestions.

e



tn? odata mactrix formed contains the number of votes for

2acii p2litical gartv  in 2ach one of the 1059 electoral

Morscvz2y, Wwe have recorded the distribution of
intc 1S5 socio-=conomic categories: finally the

123 ware
zal A (Communist pro-Sovietk)
3 A (Conservative)
PEZ. (Socialist)
2SUC  (Euro-communist)
Ziyg (Ce2ntre-right, moderats Nationalist)
=RC iCentre, Nationalist)
ES  (extreme Leftb) -
Z=C (Left, stronglv Nationalist)
VERT (2cologist)

_ ABST (non voters)
2zancmic uIRB (Managers)
riss ’ O0ICY (Tradesmen)
PLIE (Professionals)
TEZT (Executives)
TEMI  (Middle order executives)
sLTE  (Lower order executives)

I tForemen)

2DMIT (0ffice workers)
UENE {Zalssmean)

SERYT (Zervice workers)
JBTR  (Transport workars)
D8IN (:IduSuflal workers)
22C0  {(3Building workers)

In zvder S0 analvse the behaviour of electoral units,

& analvsis taking the political
PArtiss &s activs variables, first fixing the geographical
position of the slactoral unlus by means of a contlgultv
JTraph. Later, we repeated the same analysis, but this time

fixing the socio=-=conomic position of the electoral units.

2.1 3nalvsis fixinge the geocgrarhical nosition of
=lectoral units =
$.1.1 Global analvsis



It 7lves two main factors (with 75.28 and 10.81 per
L inertia), the former revealing the classical
Fhit” oprosition, whereas the latter opposes the two
frands of naticnalism "Catalan against Spanish". We can see
Irvom the projsction of supplementary variables that upper
Tlaszes tand to be Conservative and Spanish-nationalist, the

nidal= classes, clerical and service workers relate o the
Zentr2 and Catalan Nationalism, and working class categories

vote For the Faft, We can also see that non-voters are

r2latad in this =zlection wit the Left and the lower

"zlation betw=en the global and local levels
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cvpes of wvariables, (local

variablas are  identified by an as 3k in the Lourth

m
5

i
iants, computed a$
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t

gositcion), w2 can see their Gearv coeffi
catio batwean the global and Lloecal inertia of =ach
ariable, which ars also re=lated with their coryslation,
tian 1. Thus the _Geary coefficient 1is a good
measursment 2f the changes of variables when we switch from

Lz rlobal  to the local lsvel. We can see for example from

iz, 2, tha all political parties have positive
adtocorralaticon over the contigquity graph, but majority
partias have strony autocorrelation rather than minority

wn2s.  With  rvegard to the socio-economic categories, worker
cat2gorizs have the strong autocorrelation. followed by the
upper classes, with middle classes in last position. Notice,
wywevves,  that  “"salssmen” and “tradesmen" have negative
iutocorralation. By looking at fig. 1 we can see the local
varianlzs projected on the first global factorial plan, as..

SUpelemantary, contracted to the origin, although the
Essition statad by the sscond axis seems to stand out more
Tl2arly than ths 0ppositisn of the first one.

T.1.7 Local analvsis



Local analysis reveals, a3 Dbefore two main factors

35 and 21.64 of the local inertia = 0.035); their
Jraphic display shows almost the same pattern we have seen
in qlobal analyvsis. Roughly - speaking, it allows us to
conclude that Barcelona displays quite neterogeneous
behavicur Irom an 2lectoral point of view.

3.2 dnalvsis fiving the socin-economic profile of the

Ls now formed by edges Jjoining elactoral
units with a similar distribution of socio-economic
categorias., The coefficients of Geary (fig. 4), now give us
a m2asuramentt of the iﬁter-classism of the political
paritizs. For exemple, we can see that the ecologist receive
votas from a wide range of socio-economic categories.

r

In fig. S we see the graphic display of global and
local variables all together on the first global factorial
slan. We can see there the different behaviour of local
variables, for example, AP and PSC seem to approach each

other, whereas CiU approaches the other ¢two Nationalist
rarties,

Local analysis (fig. §), gives an inertia of 0.0SS with
two wain factors (with §9.74 and 11.93), the Nationalist
les clearly oprosing the remaining parties, whereas the
cand  factor Dbreaks these latter parties dependinq on
whether thev are of the cight or the 1left. Consequently,

within elac

[ 21
T

&
g2

i
3

Coral units with similar socio-economic position,
the main factor of opposiktion is Nationalism rather than the

classical - "Right-Left".




althcough tha territory of Barcelona does not appear

nomggensous  {rom &n elactoral point of view, this does not
m2an 1t 1s lagpossibla to define regions with similar voting

in fact, all variables have positive
autcoccrrzlation. Thus, we have obtained a partition of
Barcelona 1into eight zones from the dendrogram of an
algorithm of Thierarchical classification with contigquity
constraint (see fgive in fig. 8 on the first global
factorial plamr the pesition and the number of electoral

dnits of =ach one of these clusters.
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4 Geary coefficients (similarity graph).
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CLASBIFTCATION AGCENOANTE HINRARCHIQUE
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Fig. 7 30 last clusters of hierarchical algorithm with conti-
guity constraint. i
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