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Abstract—Orthogonal Frequency Division Multiplexing
(OFDM) systems are significantly sensitive to the nonlinear
distortion caused by RF power amplifiers. Generally, nonlinear
distortion of OFDM signals, which generates a huge number of
inter-modulation products (IMPs), is treated as a macro
phenomenon. In this paper, low order IMPs are classified into
various categories by their composition and the characteristics of
IMPs in each category is presented. Relationships between single
IMP and nonlinear distortion are also explored. The popular
Bessel-Fourier (BF) envelope model with associated three signal
representation approaches are used as analysis tools. An IEEE
802.11a signal is used and the nonlinear envelope is measured
from a GaN power amplifier.

Due to the complexity of such distortion, comprising lots of
IMPs and having a noise-like characteristic, it may be
effectively treated as a macro phenomenon, e.g., [8, 9].
Complementary to and informative for this approach is an
analysis which delves more into the composition of the IMPS,
their distribution densities and their behaviour as a function of
the level of nonlinearity. Aspects of this analysis are
undertaken in this paper. Our approach is to classify IMPs into
various categories by their composition. Here the
characteristics of IMPs in each category, including distribution
density functions and the power behaviour of each single IMP,
is presented, along with their relationship to the level of
nonlinear distortion.
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Memoryless PA nonlinear distortion only is treated here.
The popular Bessel-Fourier (BF) is chosen for the PA
behavioural modeling, for its accuracy, extensibility, and
unique decomposability when handling multicarrier signals, [4,
10]. An appropriate signal representation technique has to be
selected also.

I.

INTRODUCTION

OFDM technology is now an established attractive digital
modulation scheme for modern wireless communication
systems, e.g., [1, 2]. OFDM systems, however, generally have
a high peak to average power ratio (PAPR) as they may consist
of large numbers of independent sub-carriers modulated with
adaptive multi-level quadrature amplitude modulation (QAM)
schemes. Thus OFDM systems are very sensitive to the
nonlinearity of RF transmitters, and the power amplifier (PA)
is the main source of nonlinear distortion. Furthermore, the
operating point of PAs may have to be driven into the highly
nonlinear range due to the need for better power added
efficiency (PAE), since the PA consumes most power in the
transmission process, [3, 4]. In practice nonlinear distortion
produces a huge number of IMPs in and around the
fundamental OFDM signal band and, theoretically, in all
harmonic bands, [5, 6]. The IMPs within the fundamental band
are the focus of this nonlinearity analysis, since harmonics and
IMPs at harmonic frequencies may be removed from the output
signal by filters. The IMPs within the fundamental band impair
the signal modulation fidelity, e.g. as measured by Error Vector
Magnitude (EVM), and also causes interference in adjacent
channels, which is measured by the output spectrum mask, [7].

Device measurements, the AM-AM and AM-PM
characteristics, are those extracted from a GaN PA operating at
2.15 GHz. The AM-AM may be seen in Fig. 1. Here the input
and output are expressed as the back off from the
corresponding saturation power. This saturation power is
defined as where the derivative of the output gain first reaches
0.1, [12].As it happens the AM-PM distortion is negligible over
the dynamic range of interest [11]. The signal modelled is an
un-coded IEEE 802.11a OFDM signal with 16-QAM applied.
II.

BESSEL-FOURIER MODEL AND EXAMPLE PA ENVELOPE

Letting the PA’s measured AM-AM and AM-PM
conversions of the envelope of the fundamental band be
denoted as g[.] and Φ[.], the general form the output, s0(t),
may be written as:
g[ A(t )] jΦ[ A(t )]
(1)
s o (t ) =
⋅e
⋅ s i (t )
A(t )
where si(t), the complex analytic form of the input, is
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s i (t ) = A(t ) ⋅ e jφ (t )

(2)

Applying the BF model to the PA, the output envelope of
the fundamental band may be expressed as a linear sum of
finite Bessel series terms of the first kind, Jn, that is, [10],
L

g ( A(t )) ⋅ e jΦ[ A(t )] = ∑ bk ⋅ J n (αkA(t ))

(3)

k =1

where α is a parameter related to the model’s dynamic range,
and bk are the model coefficients. In this case n is one, as the
envelope signal is presumed to be that of a single carrier. The
coefficients may be obtained by a fitting process, by which the
errors between measured values and modelled ones are
minimised.

The value of ∑Nl=1nl for any combination of nl, l=1, 2, …, N
denotes the harmonic level of any IMP. Hence the fundamental
band components (including wanted and distorted components)
are selected by setting the condition ∑Nl=1nl =1. Within this
band, or within any band for that matter, the IMPs of any order
γ are selected by setting the condition: ∑Nl=1|nl|=γ.
With this the IMPs are generated their defining parameters
calculated individually, with each IMP mapping onto a unique
realisation of the parameter set {nl} in equation (5). Besides
harmonics and orders, it is possible to further classify IMPs by
subcarrier composition defined by values of non-zero elements
in the set {nl}. The dominant lower order 3rd and 5th IMPs in
the fundamental band may be classified into 2 and 6
composition types, respectively, as given in Table I, in which
only non-zero {nl} values are presented. In the analysis below,
the IMPs in the fundamental band are our focus, and IMPs at
higher order harmonics are ignored.
TABLE I: Subcarrier composition types of 3rd and 5th order IMPs at
fundamental band
{nl}

Type

3A

(2, -1)

5C

(2, 1, -2)

3B

(1, 1, -1)

5D

(1, 1, 1, -2)

5A

(3, -2)

5E

(2, 1, -1, -1)

5B

(3, -1, -1)

5F

(1, 1, 1, -1, -1)

Type

Fig. 1. AM-AM conversion & first-order derivate function of output gain of
measured envelope characteristic from the example GaN PA at 2.15GHz.

III.

ANALYSIS OF IMPS BY COMPOSITION

The MFTD signal representation approach, [14], is the
means to enable this analysis. It’s the multicarrier form of the
Bessel Fourier model in which the generated IMPs are
calculated and tracked individually. The M-symbol OFDM
input signal may be written [4 & 14]:
M

N

si (t ) = ∑∑ Al ,s ⋅ e

jnl [ωl ⋅ (t − sT ) + φl ,s ]

{nl}

From the MFTD approach, it may be shown that the
distribution density functions (DDFs) in the frequency domain
of the IMPs of various types are frequency-dependent (i.e. on
the subcarrier frequency), but independent of both the PA
characteristics and the operating point. The DDFs of all 8 types
of 3rd and 5th orders, listed in Table I, arising from the
application of a 802.11a signal comprising 52 sub-carriers and
a null DC subcarrier to a nonlinear PA, are shown in figure 2.

(4)

s =1 l =1

where Al,s and φl,s are the amplitude and phase respectively of
the lth OFDM subcarrier of angular frequency ωl in the sth
OFDM symbol having symbol duration T. Notably Al,s may
remain unchanged for some adjacent OFDM symbols. The PA
output for this signal may be shown to be:

s o (t ) =
⎡
⎧N
⎫⎤ (5)
∞
⎢L
⎪⎥
⎪Π J nl (αkAl (t ))
⎨ l =1
⎬⎥
⎢∑ b k
∑
N
j ∑ l = 1 nl ⋅[ω l t +φl ( t )] ⎪⎥
⎢ k =1 n1 , n1 ,...n N = −∞ ⎪
⋅e
⎭⎦
∑ nl = 1 ⎩
⎣

[

nlth

]

order term of a Bessel function of the
where Jnl denotes the
first kind. It comprises, besides the fundamental output
components, all the harmonics and IMPs over all bands.

Fig. 2. DDFs of all IMP types of 3rd and 5th orders over the frequency domain

As would be expected, the IMP types 3B and 5F, composed
of higher numbers of contributing subcarriers – i.e., of higher
complexity, have relatively higher-valued DDFs. This may be
seen in the DDF graphs in figure 2. The peak value of the DDF
of type 5F is around 300 times higher than that of type 3B.
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In the MFTD signal representation approach, the
relationship of the power of a single IMP to both the operating
point and its composition is made visible. The estimated power
of a single IMP of all 8 types over a large dynamic range is
shown in figure 3. For this estimation, the amplitudes of all
input subcarriers are here assumed equal. The reference powers
used in the normalisation at each operating point is the output
power at that point.

a phase range from zero to 2π, the probability distribution
function of the phase of a single IMP may be regarded as an
operating-point independent variable.
A conclusion from this analysis of the individual IMP’s
phase value, is that the PA mainly affects the power of single
IMPs rather that its phase, i.e., that the DDFs and phase
characteristics of single IMPs are PA independent. To sum up,
from figures 2 and 3, it is clear that IMPs of type 3B and 5F
have the highest DDF and the highest single IMP power among
IMPs of their order and type and they actually dominate the 3rd
and 5th order nonlinear distortion, respectively. So we may use
IMPs of type 3B and 5F to approximately represent the 3rd and
5th order nonlinear distortion components, respectively.
IV.

Fig. 3. Normalised powers of single IMP of all types in Table I.

The IMP behaviour in figure 3 indicates that with an
increase of input power the ratio of the power of a single IMP
to total output power increases, implying an increase in signal
degradation as the operating point moves towards the
saturation point. This is in fact the case. Another observation is
that the power of the single IMP of two types, 5D and 5E, are
identical over the whole dynamic range. That this is not
actually an ‘accident’ may be explained. Considering:

ANALYSIS OF NONLINEAR DISTORTION

The PA output signal includes the wanted output signal and
the distortion output signal. Both can be treated as complex
Gaussian processes. Figure 4 shows the simulated probability
distribution (bars) of the magnitude of that part of the distortion
component in the fundamental subcarriers frequency band. The
distribution was obtained using around 100 FFT OFDM
symbol frames. The PA operating point is at 4.5dB output
back-off (OBO). The solid curve represents a Rayleigh
distribution function, which is the theoretical probability
function of the magnitude of a zero-mean complex Gaussian
process. The results clearly show a good fit bars obtained by
the simulation to the theoretical.

(6)

J −n ( x) = (−1) n J n ( x)

we may have
[ J 1 (αsA)]3 ⋅ J − 2 (αsA) = [ J −1 (αsA)]2 ⋅ J 2 (αsA) ⋅ J 1 (αsA)

(7)

Applying (7) to (5), we may show that the power ratio of a
single IMP of type 5E to that of a single IMP of type 5D is 1. It
may also be seen that the ratios between the power curves of
single IMPs of various types of one order vary little, just
several dB, over the dynamic range of interest. This is not an
‘accident’ Either but may be explained with the same
argument. A key finding from figure 3 is that IMPs of types
with relatively higher complexity also have higher power level.
As the AM-PM conversion of this GaN PA may be
neglected, the coefficients of the BF model may be regarded as
real numbers and their phases (5), expressed as:

θ (t ) =
=

∑

n ⋅ [ωl t + φl (t )]

N
l =1 l
n1 , n1 ,...nN = −∞
∑ nl =1

∑

[nl ωl t ] +

∑

(8)

[ nlφl (t )],

N
l =1
n1 , n1 ,...nN = −∞

N
l =1
n1 ,n1 ,...nN = −∞

∑ nl =1

∑ nl =1

= θ f (t ) + θ p (t )

where θf(t) indicates the angular frequency of the IMP, and
θp(t) is its phase. In order that the phase of the IMP may be
considered as a quasi uniform-distributed random variable over

Fig.4. Probability distribution of the magnitude of nonlinear distortion
component in the fundamental subcarrier band for the PA at 4.5dB OBO with
100 FFT/IFFT OFDM symbol blocks considered. The bars are simulated data,
and solid curve is the Rayleigh distribution.

In figures 5a and 5b, the power spectral masks of low-order
output components (including wanted, 3rd, 5th, 7th and 9th
components) at both 3dB and 0.5dB OBO are presented. The
DTD signal representation approach, [14], provides a spectral
mask for the total output signal in figures 5a and 5b, which
shows very good consistency with the spectrum of wanted and
3rd order components obtained by Stat signal representation
approach, [14].
As analysed above, the IMPs of types 3B and 5F dominate
the nonlinear components of 3rd and 5th orders, respectively.
From figures 2 and 3, we may know the peak value of DDF of
IMP type 5F is around 300 times (around 25dB) higher than
that of type 3B, but the power of a single IMP of type 3B is
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higher than that of a single IMP of type 5F by around 30-50dB
over the whole dynamic range. As mentioned above, we may
use IMPs of type 3B and 5F to approximately represent the 3rd
and 5th order nonlinear distortion components and so the power
of 3rd order nonlinear distortion is around 5-25dB higher than
the power of 5th order nonlinear distortion. That is why,
generally, the 3rd order component dominates the nonlinear
distortion.
From figure 3, we can see that the gap between the powers of
single IMPs of types 3B and 5F is about 40dB at 3dB OBO, so
the gap between the masks of 3rd and 5th order distortion at the
DC subcarrier should be about 15dB, since the gap of DDFs of
type 3B and 5F is about 25dB there, as given in figure 5a. The
power spectral masks of output components at 0.5dB OBO is
presented in figure 5b, and we can see that the gap between the
masks of 3rd and 5th order distortion at DC subcarrier is only
about 7dB, since the power gap between a single IMP of types
3B and 5F is only 32dB at 0.5dB OBO. It is notable that the
influence of the 5th order nonlinear distortion can not be
neglected at an operating point of 0.5dB OBO.

characteristics of IMPs arising in nonlinear amplification of
OFDM signals through RF nonlinear power amplifiers is
possible is presented. This makes possible the direct analysis
of the actual IMPs generated in any nonlinear PA, and
provides different and additional information to usual
statistical analysis alone.
IMPs are classified according to composition into various
categories, and distribution density functions and power
spectral density functions of these categories are found and
presented. From this it was shown that IMPs of certain
categories will dominate the total IMP distortion. This is a
useful insight. It also has implications for the individual
subcarrier power distribution and power distribution
algorithms used in OFDM systems and which are generally
focused on PAPR minimisation.
In support of this analytic approach to IMPs, the paper
includes an initial investigation of the statistical
characteristics, as a function of composition and category, of
the actual 3rd and 5th order IMPs generated when an IEEE
802.11a OFDM signal is amplified by a GaN PA.
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Fig. 5a. Power spectral masks of the total output (by DTD), wanted
components, and low-order nonlinear distortion components (by Stat); the
operating point is at 3dB OBO.
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