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Before state of the art methods can be deployed to solve a classification prob-
lem, the first step is to collect and label a sufficient amount of training data.
Given the time and cost associated to data labeling, crowdsourcing systems
(e.g., Amazon Mechanical Turk) are often used. However, one of the key dis-
advantages of crowdsourcing systems is the presence of spammers or workers
who are not as skilled or careful, thus leading to many false labels being as-
signed. This work addresses this problem by proposing novel algorithms that
optimally assign data to different workers for labeling, taking into account
the expected quality of labeling provided by each worker. Regarding the
model used to classify and select our nodes, we propose a new methodology
that is based on graph signal sampling theory for active learning problems.
Our simulation of the labeling process using these schemes shows that the
classification error can be reduced with respect to a random assignment of
workers. We also give some insights about the advantages of using one or
multiple labels per data point for labeling in crowdsourcing systems.
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Chapter 1

Introduction

1.1 Motivation: crowd-sourcing labeling

With the development of the field of machine learning [1] and the recent
increase in popularity of deep learning [2], there has been a lot of focus on
how to improve methods to find patterns from complex data and use them to
classify or predict behaviors in new data. Using these methods is commonly
referred in machine learning as learning from data. However, what is always
assumed in the majority of the literature is that we already start with some
meaningful data. In practice, we must invest heavily in human resources in
order to label data needed to learn the model parameters.

Take as an example the following classification problem [3]. We have a
huge dataset with images of human faces. We want to know for every image if
the person is a male or a female. Using only manual classification is unfeasible
for huge datasets. Classifying using image processing by explicitly processing
some patterns of the image, such as shape of the face or length of hair, proves
to be excessively difficult, not robust and inefficient. The general approach
is to use machine learning, which requires some previous manual labeling
to create our training set, i.e., labeling a subset of images as either male or
female.

In this work, our principal motivation is to reduce the cost and increase the
efficiency of manual labeling for active learning semi-supervised classification
problems. The cost of labeling, measured in terms of time or human resources,
can become prohibitive given the increased sizes of datasets used for training.
This could be a major bottleneck in deploying machine learning solutions.
Semi-supervised learning can help reduce the burden of labeling, by using
both labeled and unlabeled data. A key problem in semi-supervised learning
is that of determining which items to label, given limited resources. Substan-
tial progress has been made in this area with a focus on active learning, where
the main objective is to select for labeling only those data points that best
characterize the dataset. How to select which points to label without wasting
resources labeling points that provide little to no information is one of the key
questions of this study. There are state of the art studies [4, 5] including the
one in which this work is inspired [6] that address this selection process and
try to improve the class prediction error with the minimum number of labels
possible. Optimality can be defined by quantifying the error in estimating the
label for data that has not been manually labeled.



Chapter 1. Introduction 2

However, one assumption made in those works is that there are no errors
in the labeling. This assumption is fair when the labeling is done by experts
[7], people that invest abundant time doing the task [8] or when tasks are
easy. But in practice, this is rarely the case. There are several important factors
we have to take into account when using human resources to label a dataset,
including the financial cost of labeling, the probability of having mistakes in
the labels and the time required for the process.

Additional factors to address when trying to label a class that is subjective
are the honesty of the labeler, the diversity of the group of labelers or the
wording of the questions, which may influence the answer of the labeler [9].

Clearly, it would be better to hire highly motivated and expert individuals
to minimize the number of errors. But it is easy to see that hiring experts
or supervising people to ensure they are focused on the task not only will
be expensive, but also time-consuming. This is why nowadays a common
approach is to use crowd-sourcing platforms such as Amazon’s Mechanical
Turk [10] or Crowdflower [11]. Not only this approach is much cheaper,
but the labeling quality is not much worse [9]. There are more advantages
when the classification problem is subjective. First, the necessity of making a
standardized process allows no bias from the people that request the tasks.
Second, because each worker is anonymous and they are not supervised,
they are able to give more honest answers [12]. However, because of this
anonymity, we have to also be aware of the possibility of having some low-
performing workers, or spammers, that could be a important source of error
[13].

Our objective is to extend the work in [6] by no longer making the as-
sumption that workers don’t make mistakes when labeling. This extension
is important due to the increased use of crowdsourcing. Our results are
promising and leverage recent advances in Graph Signal Processing (GSP) for
datapoint selection. We will elaborate in some of the concepts presented in
that study [6], that we will use as base of this work. Furthermore, We will
explain all the new methodology and algorithms designed in our study to
adapt the previous proposed ideal scheme to the real crowd-sourcing labeling.

There are multiple approaches that minimize the effect of adding error to
the labels of the training set. Some of the most popular are using multiple
noisy labels for each data point [14] or adding a reduced group of experts to
check some data points [15]. In general, the common approach is to add some
sort of redundancy to improve the prediction error. However, these studies
do not harness the advantage of using active learning to efficiently label and
the fact that labels are similar across points that are neighbors in the feature
space (cluster-like behavior), as our work does.

One additional idea that our study challenges in Chapter 3 is the assump-
tion most literature makes: that changing the assignment order of the workers
does not yield any improvement at all. To the best of our knowledge there
is no work that considers the situation proposed in Problem 2 (which will be
stated in Chapter 2) using GSP-based algorithms.
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1.2 Objectives

The main goal of this project is to design new and better methodologies, based
on GSP, that addresses the challenge of having wrong labels in active learning.
The hypothesis is that taking into account the quality of work of each labeler,
there are ways of assigning them samples that reduce the impact of spammers
or low-quality workers. We will show algorithms that use vertex-domain
consistency as a way to reduce the error after unreliable labeling. This has not
been used in any other work to our knowledge. Our goal is to give insight
about the whole process of labeling and describe it analytically.

Hence, the objectives pursued in this project are:

1. Deduce how to optimally distribute the work to different performing
workers so that the prediction error is minimized.

2. Deduce when it is better to re-label already labeled samples (i.e, increase
labeling redundacy) instead of continuing labeling unlabeled ones.

3. Estimate the error probability associated to the labeling decisions in the
samples and the performance in the workers

4. Develop software in order to apply all the insights obtained and simulate
the crowd-sourcing situation

5. Design relevant heuristics for a realistic scenario, which will be defined
in the next chapter. We will simplify aspects like the dataset target
behavior or the probability error of the workers.

1.3 Semi-supervised Learning

Supervised learning allows us to infer the relation between the features and
the target from the training set and then use the learned function to predict
the target of new data points from their features. Unsupervised learning gives
us information of the distribution of data points, so there is no distinction
between training and test data. We just classify all the information given
but we cannot do any error evaluation or inference of any target from the
data. Semi-supervised learning [16] is a special case that mixes the previous
two types of learning. We usually apply semi-supervised learning methods
when we have little labeled data. In this situation, we cannot learn well the
underlying function that relates the features with the target, so instead of
using a bad estimate of that function we group all data points by feature
similarity as we would do in unsupervised learning and infer the unlabeled
points from the few labeled points within the structure (see Figure 1.1).

In our classification problem we start with no labeled data points. Al-
though we will label part of the data using noisy workers, we assume that we
have a very limited budget, so during all the labeling process the number of
labeled samples will be much lower than the number of unlabeled ones. Thus,
our problem will use semi-supervised methods.
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FIGURE 1.1: In this example we can see the importance of semi-
supervised learning when there are few samples labeled. The
triangular and square figures represent labeled data points that
belong to one of two classes so they are part of the training set.
The circular points are unlabeled points. They are part of the test
set. If we were to use a supervised method we would predict
that the marked point is of the square class because it is nearer
to the square points than to the triangle points. However, using
a semi-supervised method we know that it should belong to the
triangular class because is on the same cluster as the triangular

class points.

1.4 Active learning

When we have few or no examples to train the system, that is, we are in
a unsupervised/semi-supervised regime, we normally cannot make good
enough inferences because we lack knowledge of the function that relates fea-
tures with target. If we want to further improve the quality of our inferences,
we need more labeled samples. We can increment the number of labeling
points by using pasive or active learning.

The difference between passive and active learning is that in the latter
we choose what points we want labeled. The principal objective when using
active learning is to add labels so that the prediction error in all the data
points that we leave unlabeled is minimized. It is similar to a teacher solving
exercises, and having to solve the most relevant exercises for the course
because of lack of time. In active learning, the limiting factor is the cost of
manually having to create examples for the machine. One added advantage
of active learning is that because we get the same quantity of information as in
passive learning but with fewer examples, generally we can obtain the same
results but using a smaller training set. This allows us to use more complex
methods to train because we will not be as limited by the execution time,
which is dependent on the number of samples of the training set.

Some of the query strategies to optimally choose data points to add to
the training set include uncertainty sampling [17], margin sampling [18],
query-by-committee [19, 20], expected gradient length [21] or using Gaussian
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Random Fields [22]. Instead, in our work we base our active learning strat-
egy in Graph Signal Processing principles (see Section 2.3), but other active
learning frameworks can be applied.
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Chapter 2

Problem formulation

2.1 Definition of the problem

In our work, we ultimately want to propose an algorithm capable of assigning
workers efficiently in crowdsourcing systems taking into account possible
errors when labeling. In order to simplify the task we divide the original
problem in two separate problems.

Problem 1 (Single-label problem) Consider the following situation. We have an
unlabeled dataset of size N , which has associated a graph G to be defined later. We
have a limited pool of workers of size W . Each worker can label only one of the data
points. Each worker, i, has a known probability εi of making a mistake when labeling.
We select a subset of data points S with size W using the algorithm in [6]. This subset
defines the set of data points that will be labeled. Each sample of S can only be labeled
one time. Each The problem is choosing where to assign each worker so that when
interpolating the rest of the dataset from the labeled set S the error is minimized.

In Problem 1, we have simplified the real situation by imposing that any
data point can only be labeled one time. Using this constraint, we can try
algorithms that measure the different impact that errors in the labeling have
depending on where we assign the noisier workers. Because we cannot label
more than one time, the number of nodes labeled will be constant for a given
number of workers. This simplifies greatly the problem as we do not have to
worry about harder questions, e.g, when we should stop labeling new nodes
and start adding redundancy.

In Chapter 3, we will develop two new algorithms to solve Problem 1.
The first algorithm is the covariance dispersion algorithm (CDA), which is ob-
tained from analyzing the conditional covariance matrix (KSC |S). The second
algorithm is the node contribution algorithm (NCA), which is obtained from
interpreting the MAP estimator (µSC |S) as a random walk process.

Problem 2 (Multi-label problem) Same as Problem 1, but each sample of S can
receive any number of labels.

Problem 2 corresponds to a more realistic situation, in which we can make
use of redundancy to reduce the error in certain data points. Because we can
have multiple labels in the same data point, the number of labeled nodes can
be less than the number of workers. In this case we have to take into account
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that the sample class probability is not directly expressed by the quality of
worker assigned to it as in Problem 1, but it is a function of the quality of each
of the workers assigned to the sample and the class of each label given. This
adds difficulty to the problem because the optimization will be dependent on
the sample probabilities and not the worker probabilities.

In Chapter 4 we will see that this new degree of freedom will allow us to
lower the prediction error below what can be achieved under Problem 1. We
will adapt the node contribution algorithm for this new scheme and add several
improvements to it. We will show in Chapter 5 that using this algorithm is
much better than using other known common algorithms such as uniform
labeling or adaptively labeling the noisier samples.

In both Problem 1 and Problem 2, we distinguish two different cases,
binary and multiclass classification. In binary classification we will consider
that the labels can only have two values: {+1,−1}. In multiclass classification
we will consider that each label class is encoded as a one-hot vector. In case
of labeling error, the label given could be any of the erroneous classes with
equal probability.

2.2 Notation and preliminaries

We will start giving some notation used in the field of Graph Signal Processing
(GSP) [23, 24]. The use of GSP in semi-supervised learning is not new, has
already led to promising results [25, 26, 27]. The graph reflects the underlying
feature and target distribution of a data set. Each node is a data point, and
the edges represent similarity between data points. Each node has a value
associated with it, which for classification problems is a categorical value.
These values constitute the graph signal. A graph signal is smooth or low-
pass if moving from one node to its neighbors, the graph signal is unlikely
to change. This is analogous to saying that, when doing clustering in semi-
supervised methods, data points from the same cluster are likely to belong to
have the same class.

Let G = (V , E) be a connected, undirected and weighted graph of size N ,
where V is the set of nodes and E is the set of edges. If two nodes share a lot
of categorical features or have numerical features with close values, the edge
between them will have a high weight. In the opposite case, the edge will
have low or zero weight (no edge). A typical example of this would be the
Gaussian kernel weights, which are defined as wij = exp(−||xi − xj||2/2σ2),
where xi, xj are the feature vectors of data points i and j. It is easy to verify
that if xi and xj are similar their edge weight wij will be high.

The adjacency matrix W is given by the weights of the edges between the
nodes of the graph. That is, we have that Wij = wij where wij is the weight of
the edge that connects i and j. We also know that W = W> because the graph
is undirected and that Wii = 0 because there are no self-loops. The degree
matrix D is a diagonal matrix where Dii =

∑N
j=1wij . The expression of the

Laplacian matrix is L = D −W. The Laplacian matrix can be shown to be
positive and semi-definite. Hence, it has real eigenvalues 0 = λ1 < λ2 ≤ ... ≤
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λN with corresponding set of eigenvectors {u1,u2, ...,uN} and can be written
as L = UΛU>, where U = (u1,u2, ...,uN) and Λ = diag(λ1, λ2, ..., λN).

The sets of eigenvalues and eigenvectors of the Laplacian matrix gives us a
notion of frequency in the spectral graph domain. The eigenvalues would be
related to the frequency each of the eigenvectors has. Eigenvectors associated
with eigenvalues with low value, have similar values between nodes that are
strongly connected and vice versa. Thus, in GSP, low frequency is related
with closeness of values in neighboring nodes and high frequency would be
equivalent to having very different values in strongly connected nodes. Any
graph signal, can be projected into the base formed by the eigenvectors of the
Laplacian and the resulting coefficients correspond to the spectral components
of the signal. This projection operation is similar to the Fourier Transform, so
in this field it is called Graph Fourier Transform or GFT.

2.3 Sampling theory using GSP

This subsection serves as a reference for the two active learning algorithms
used in our experimental results (Chapter 5), that will be explained in more
detail in Section 5.2.

Algorithm 1 has been used in [6]. It tries to maximize the cut-off frequency
ω of the Paley-Wiener space of perfectly recoverable graph signals in the graph
G that represents our dataset: f ∈ PWω(G). This is analogous to maximizing
the Nyquist frequency when sampling in traditional signal processing.

Algorithm 2 is a novel method of our work based on the k-medoids method
[28], but applied to graphs. It chooses cluster representatives so that we
maximize their similarity with the rest of the data points. These algorithms
are unrelated to the ground of our work, but we use them to select the subset
of representative nodes S that the algorithms we explain in Chapters 3 and 4
will require.

Algorithm 1 Greedy heuristic based on graph sampling theory

Input: Adjacency matrix W
Output: Optimal subsets of n nodes Sn where n = 1...N , cut-off frequencies

of each subset ωn
1: S ← {∅}
2: L← obtainLaplacianMatrix(W)
3: L(K) ← LK

4: for i = 1 : N do
5: [ωi,v]← smallestEigenpair(L(K)

SC )
6: nextNode← indexMaxV alue(v)
7: S ← addNode(S, nextNode)
8: Si ← S
9: end for

Time Complexity: O((|V|+ 2|E|)KN)
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Algorithm 2 Greedy heuristic based on k-medoids clustering

Input: Adjacency matrix W
Output: Optimal subsets of n nodes Sn where n = 1...N

1: S ← {∅}
2: D← graphAllShortestPaths(W)
3: for i = 1 : N do
4: v← meanDistanceToEachNode(D)
5: nextNode← indexMinV alue(v)
6: S ← addNode(S, nextNode)
7: Si ← S
8: D← updateDistances(D, nextNode)
9: end for

Time Complexity: O(|V|log|V|+ |V||E|)

2.4 Gaussian Random Field assumption

Let S be the subset of nodes chosen to be labeled by workers. This set will
be obtained from the active learning algorithm. Let SC = V \ S be its com-
plementary set in the graph. Our main question is: to which node i ∈ S
should we assign a noisy worker so that, if the worker makes any mistakes
labeling, it has the minimum possible impact in the prediction? To answer
that, we will assume that, although the graph signal components li are cate-
gorical values, they are generated by hard thresholding from an underlying
Gaussian graph signal fi (for example, in face recognition there are faces that
are more probable to belong to female class than others but both have the
same categorical value). In binary classification the class labels of the target
are obtained from the sign of the underlying Gaussian graph signal, while in
multiclass classification the class is given by the component with greater value.
We will see next that for any labeling in S, we can express the distribution
of the graph signal on SC , conditional on the observation, as a multivariate
Gaussian density function, where its mean gives us the best estimation of the
interpolated signal.

Consider f = (f1, f2, ..., fN)> a graph signal generated by a GRF. For the
sake of simplicity, let us assume binary classification and the prior E{fi} = 0.
The probability of obtaining a given graph signal will then be proportional to:

p(f) ∝ e−f>(L+δI)f = e−f>K−1f (2.1)

In the general case E{fi} 6= 0, we would have to make the substitution
fi −→ (fi − E{fi}) in (2.1). In multiclass classification, we would have a GRF
generated signal for each of the classes.

In GRF, signals that have most of its energy in the low frequency part
of the spectrum are more probable, which can be verified by expressing the
Laplacian in (2.1) as L = UΛU>. This emulates the cluster-like behavior
typical in machine learning problems.
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Like in any other multivariate Gaussian process, here the notion of covari-
ance matrix is given by K = (L + δI)−1 where I is a identity matrix of size N x
N and δ is a real positive with an arbitrarily small value. It is easy to see that
the covariance matrix K has the same eigenvectors as the Laplacian matrix
L but their corresponding eigenvalues are σi = 1/(λi + δ). Here we can see
the importance of adding the δI term in the covariance matrix expression as it
avoids having a singular σ1 eigenvalue (λ1 = 0). Henceforth, we can express
the covariance matrix as:

K =
N∑
i=1

1

λi + δ
uiuTi = UΣU> (2.2)

where Σ = diag(σ1, σ2, ..., σN). K can be written as in (2.2) because L is a
positive semi-definite, real and symmetric matrix, so that K and K−1 will
be positive definite, real and symmetric matrices, and thus, by the spectral
theorem they are diagonalizable.

Let us select a subset of nodes S ⊂ V . By simple permutation we can
write without loss of generality f = [f>S f>SC ]>, where fS is the graph signal
corresponding to only the vertices in S. It is well known that, given E{fi} =
0, the conditional distribution of fSC given fS will be another multivariate
Gaussian [29, 30] with mean µSC |S and covariance matrix KSC |S such that:

µSC |S = KSCS(KS)+fS (2.3)

KSC |S = KSC −KSCS(KS)+KSSC (2.4)

where KSCS denotes the sub-matrix of K with rows indexed by SC and
columns indexed by S and (KS)+ is the Moore-Penrose pseudoinverse of
KS . For simplicity in the notation, KS is equivalent to KSS . For the general
case E{fi} 6= 0, we just have to add a bias term to the mean µSC |S and to the
graph signal fS .

This model gives us a probabilistic interpretation of the interpolated labels.
The influence the subset of nodes chosen has on the predicted classes and the
uncertainty of each prediction, which is given by the covariance matrix, is well
defined by this model. Each prediction is given as a Gaussian distribution,
where sign(µSC |S) gives us the most probable combination of positive or nega-
tive class labels for SC . To calculate the exact probability, we have to represent
the multivariate conditional Gaussian distribution in the |SC | dimensional
space. The integral of the multivariate conditional density function in one of
the 2|S

C | quadrants gives us the probability that the corresponding particular
combination of class labels is correct.
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Chapter 3

Single-label problem algorithms

3.1 Covariance dispersion algorithm

In this section we present the CDA, that we will use to solve Problem 1, for
binary classification. For multiclass classification we would have to account
for biases and apply the algorithm to each of the classes, which complicates
the formulation. For the sake of simplicity in the notation we will show the
CDA only for binary classification.

We will see that the CDA sorts the nodes of a given set of nodes S by
the impact that an error has in the prediction of SC . We will use the relative
entropy to measure the impact of an error. This will allow us to determine the
optimal labeling probability error for each worker so that the prediction error
is minimized, for a given mean labeling error of the workers.

From Section 2.4 we know that for any graph signal f that has been gen-
erated by a GRF, fSC |S will be a multivariate Gaussian random variable with
mean and covariance matrix given by (2.3) and (2.4). We face two problems
because of the nature of labeling. First, the graph signal obtained from label-
ing the samples of S is not fS , but lS = sign(fS). Second, the predicted graph
signal fSC has to be thresholded. That is, we have to make a hard decision
of the class of each sample of SC from the graph signal obtained fSC . The
prediction error will be assessed based on lSC , rather than fSC .

We are going to make some assumptions in order to use the GRF model.

• We will assume that in reality the data points do not have a real hard
value. In a sense, when we say a data point is of one class, we just
are more confident that the data point is of that class than the others.
Although there are points that can be easily classified, there are some
others that have some uncertainty and for which even non noisy workers
could strongly disagree. For example, this kind of situation may arise
when trying to diagnose some types of cancer.

• We will assume that replacing fS by lS will just add more variance to the
MAP estimation, specially at the nodes of the graph where the graph
signal has values close to zero. However, the location of the near-zero
points or frontiers depends on the frequency of the graph signal. Because
we have no prior knowledge of the graph signal frequency we cannot
optimize this error, which is independent of the parameters we use to
optimize. It is important to point out that although we add variance by
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using l instead of f, obtaining lSC from fSC does not add error. That is, if
we know f we know l but not vice versa.

Now, we will use the GRF model to assess the impact on the prediction
of the subset SC of errors on samples of S. First, we will use the second
assumption above and substitute fS by lS in (2.3). The resulting conditional
multivariate normal distribution will be given by:

µSC |S = QSCSlS (3.1)

KSC |S = KSC −QSCSKSSC (3.2)

where we define QSCS = KSCS(KS)+.
As we can see, the covariance matrix of the prediction is invariant to any

errors, because it does not depend on the values of the labeling graph signal.
However, we see that an error on a sample i ∈ S is equivalent to changing
the sign of li. This results on a shift of the mean of the multivariate normal
distribution of value:

εSC |i = −2qSC ili (3.3)

where qSC i is the column i ∈ S of the matrix QSCS and li is the true label of
the node i.

We know that, if there are no errors in the labeling, µSC |S is the MAP
estimation of fSC given fS . That is, it is the best estimation possible. Our objec-
tive will be to chose in which samples we would want to allocate the noisier
workers so that the resulting shifted distribution is as close as possible to the
best estimation. We will measure the closeness of the shifted distribution by
calculating the Kullback-Leibler divergence (KL or relative entropy) between
the shifted and original multivariate normal distributions.

Let l̃S = lS − 2φS · lS , be the noisy labels. φS is a column vector in which
each of its components is a random variable that has Bernoulli distribution
valued 1 with probability εi and 0 with probability (1− εi) with i ⊂ S, where
εi is the probability that the worker assigned to sample i makes a mistake
when labeling. The mean of the shifted distribution will be then:

µ̃SC |S = QSCS l̃S

= QSCSlS · (1S − 2φS)
(3.4)

Now that we have defined the mean of the original and shifted distribu-
tions, we can measure the relative entropy between them, keeping in mind
that their covariances are the same. The KL divergence of two multivariate
normal distributions that share the same covariance matrix is:

DKL(fSC |S||f̃SC |S) =
1

2
(µ̃SC |S − µSC |S)>K−1

SC |S(µ̃SC |S − µSC |S)

= (QSCSlS · φS)>K−1
SC |SQSCSlS · φS

(3.5)

We could further simplify this expression if we diagonalize KSC |S . Let us
go back to the equation (2.4). Because both terms of the right side are real
and symmetric, we know that KSC |S will also be real and symmetric, and
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by the spectral theorem it will be diagonalizable. Thus we can express the
conditional covariance matrix as:

KSC |S = UcΣcU>c (3.6)

where Uc and Σc are the corresponding eigenvector and eigenvalue matrices,
respectively. Using terminology specific to the context of multivariate normal
distributions, Uc contains the vectors of principal axes of the multivariate
normal distribution and Σc contains the variance in the directions of each
one of the principal axes. Because KSC |S is an Hermitian matrix, Uc is an
orthogonal matrix.

Substituting the expression in (3.6) to the equation (3.5), we can further
simplify the KL divergence as:

DKL(fSC |S||f̃SC |S) = |Σ−1/2c UcQSCSφS|2 (3.7)

where we used the fact that (lS · φS)2 = φ2
S and that U>c = U−1c .

As mentioned earlier, trying to minimize the KL divergence is equivalent
to minimizing the prediction error. To simplify the process, we minimize the
square root of the KL divergence, in order to avoid having a squared vector
in the expression. Furthermore, we will average the expression so that we
can express it in terms of the labeling error probabilities and not the Bernoulli
distributions. Then, instead of (3.7), we minimize:

E

{√
DKL(fSC |S||f̃SC |S)

}
= |Σ−1/2c UcQSCSεS| (3.8)

where εS is the vector of error probabilities associated to each labeled sample
of S, which depends on the worker assignment.

Trying to minimize the mean KL divergence or the mean square-rooted KL
divergence over all possible worker assignments is unfeasible computationally,
because we would have to check each of the |S|! possible assignments and
choose the one with least KL divergence. We could potentially use some
heuristics in (3.8). For example, we could choose to apply the following
inequality |Σ−1/2c UcQSCSεS| ≤

∑
j⊂S |Σ

−1/2
c UcQSCj|εj and minimize the right

side, which is much easier than minimizing the original problem.
As an alternative, we relax the problem so that instead of having that each

of the εi corresponds to a chosen worker from a known set of workers of size
|S|, we allow any labeling error probability to be chosen. This means that we
are not limited to evaluating the KL divergence on a discrete set of points
given by all the different assignments of the workers.

It is trivial to see that without any constraint the optimal labeling error
vector would be εS = 0S . Instead, we study what would be the optimal in
terms of minimizing the KL divergence cost εS with the constraint E{εS} = ε̄,
i.e., we constraint the average error probability to be given. This relaxation is
useful empirically to see the validity of the assumptions we made at the start
of this section, as we will see when we present the simulations and results
in a later chapter. To solve it, we will use the following constrained linear



Chapter 3. Single-label problem algorithms 14

least-squares problem:

min
εi

AεS → AεS = 0SC

subject to ISεS = ε̄|S|, (εi, ε̄) ∈ [0, 1]
(3.9)

where A = Σ−1/2c UcQSCS is a matrix of dimension |SC | x |S|, 0SC is the all
zero vector of dimension |SC |, εi is the i-th element of εS and ε̄ is the given
constraint in the mean of εS . This constrained overdetermined system of
equations has been thoroughly studied and can be solved using standard
tools [31].

To conclude this section, the CDA allows us to get the optimal distribution
of error in the labeling. That is, if we had as only constraint the mean labeling
error, it would give us the optimal error probabilities for each of the data points
(3.9). We will show in Chapter 5 that using these optimal values improves
greatly the prediction error. However, these optimal values cannot be obtained
in the real world, because the workers have fixed error probabilities that do
not match in general those from the optimal solution. Instead, we would have
to minimize (3.8), which requires checking each possible configuration of
workers. Our proposed solution (see Algorithm 3) is to compute the optimal
values and then sort the nodes in S in increasing order of εi and then allocate
workers from better to worse following that order.

Algorithm 3 Covariance dispersion algorithm

Input: Adjacency matrix W, optimal subset of nodes S, worker probability
errors ε

Output: Optimal distribution of error εopt, optimal assignation of workers ε
1: K← createCovarianceMatrix(W)
2: Kc ← createCondCovMatrix(K, S)
3: Q← createEstimatorMatrix(K, S)
4: [U,Λ]← getEigenvectors(Kc)
5: εopt ← solveConstrLinLSQ(U,Λ,Q, ε)
6: ε← reorderWorkers(εopt, S)

Time Complexity: O(|V|3)

3.2 Node contribution algorithm

In this section we will present the NCA we have developed to optimize the
assignment of unreliable workers (see Algorithm 4 at the end of this section).
There are several reasons we have developed an alternative method to solve
the same problem. First, although we will have to make the same initial
assumptions as the other method to be able to use the GRF model, in the
CDA we had to relax the problem rather than solving the integer problem.
Second, we are forced to obtain all the eigenvectors and eigenvalues of the
covariance matrix, which makes for most of the computational time, especially
for the kind of machine learning problems we try to solve in this thesis where
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SC � S. Third, although the covariance matrix will always be invertible, from
(2.2) we see that we could lose a lot of precision when λ1 is too small due to
numerical issues. Additionally, the covariance matrix cannot determine the
real density function of fSC if it is not generated by a GRF. Although in the
NCA we will start assuming generation by a GRF, we will not use in any way
the covariance matrix, so that we are not as dependent on f being a Gaussian
graph signal.

Following the same initial reasoning as for the previous method, we know
that getting the labels for all data points by interpolating a subset of labeled
points S is equivalent to making a MAP estimation [32]. The MAP estimate
µSC |S and the conditional covariance matrix of the process KSC |S are given by
(2.3) and (2.4) respectively. To predict the labels of SC we evaluate sign(µSC |S).
The label will have the same class as the sign of this function.

This is where we find another intuition to solve the assignment problem.
The sign of the MAP estimate is all that is required to classify the predicted
labels. Because of that, we could just minimize the number of nodes whose
MAP estimate changes sign due to error. That is, instead of minimizing the
prediction error, we try to minimize the chance that any of the components of
µ̃SC |S has a different sign than the corresponding one in µSC |S .

The MAP estimate is dependent on the values of the labels of S. However,
for the prediction of each node of SC , not all the labels obtained in S have the
same weight. In fact, the weight that each node of S has on each node of SC is
determined by the values of the matrix Q. Q, which we will call the estimator
matrix, is obtained from the subset of nodes S chosen and the values of the
covariance matrix K. Let us define the MAP estimation from (2.3) as:

µSC |S =
∑
j⊂S

ljqj (3.10)

where qj is the j-th column of Q = KSCS(KS)+. Let µi =
∑

j⊂S ljqij be
the MAP estimator of the i-th node of SC . We know that lj is a random
variable that takes values +1 or −1, and the coefficients qij are known. Hence,
estimating the variable µi is analogous to the following random walk problem:
determining the position x of a particle that is initially located at zero and
moves right or left with equal probability in steps of sizes qi1, qi2, etc.

3.2.1 Binary classification

Let us first explain the assignment procedure when the target only has two
classes. We will examine first the special case P (li = +1) = P (li = −1) = 0.5.
It is important to note that li is the true label and not the noisy label. Moving
to right or left when making a particular step is equally probable. Thus,
we get that E{µi} = 0, which is trivial. However, what is more interesting
is the distribution of µi, which gives an idea of where the random walk is
likely to end. As a simple characterization for this interval we could use the
interval given by E{µi} ± std(µi). If we were able to express these values in
terms of the weights qij , we could get an idea of how much each node j ∈ S
contributes to the uncertainty of the value of a given node i ∈ SC . We would
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want to reduce this uncertainty by putting the workers with less labeling error
probability in the nodes that produce most of the value variability. This would
maximize the probability that the label predicted by the noisy set of labels in
S has the same class as the label predicted when all the training set labels are
true labels. In other words, think of each node i ∈ SC as a poll in which each
node of S votes for a positive or negative outcome and the weight of each
vote depends on the coefficient qij . This would be similar to weighted voting.

We can express the uncertainty of the result of each of the votes by mea-
suring the standard deviation or the variance of each node i ∈ SC . We will
compute the variance for simplicity:

E
{
µ2
i

}
− E {µi}2 =

∑
j⊂S

E
{
q2ijl

2
j

}
+
∑
j,k⊂S
j 6=k

E {qijqikljlk} − 0

=
∑
j⊂S

q2ij +
∑
j,k⊂S
j 6=k

qijqikE {ljlk}

'
∑
j⊂S

q2ij

(3.11)

where we make the approximation E {ljlk} ' 0 which is valid when |S| �
|SC |. This is equivalent to saying that because S is small, there is almost no
similarity between nodes of S (they are located far to each other in the graph)
and their values can be considered independent because they have almost no
effect to the smoothness of the graph. Denote kij the contribution given by the
node j ∈ S to the variance of the node i ∈ SC . We define kj as the importance
weight of the node j, which measures the total contribution of that node to the
prediction.

kij =
q2ij∑
j⊂S q

2
ij

(3.12)

kj =
∑
i⊂SC

kij (3.13)

∑
j⊂S

kj = |SC | (3.14)

The reason kij is normalized is so that all the nodes of SC are considered
equally important. Because the value of each node i ∈ SC is only determined
by the sign of µi, the absolute quantity of variance removed is not relevant and
instead it is the relative variance that matters, further reinforcing the necessity
of normalizing. The criterion of this method will be to assign the best worker
to the node that most contributes on average to the variance of the nodes of
SC , which is given by kj . Knowing the values of the nodes that make most of
the variance let us put noisy workers in the remaining nodes, because they
will have little to no influence in the result. Summing up, the workers must
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be assigned so that we minimize κε:

κε =
∑
j∈S

kjεj (3.15)

where κ = [k1, k2, ...] is the row vector of the importance weights and ε is the
column vector that has for components the labeling probability error of the
worker assigned to each sample of S. Trivially, we can see that to minimize
this quantity we have to assign the most noisy worker to the sample with
minimum importance weight.

For the general case p+ = P (li = +1) 6= P (li = −1), we have that the
variance is E {µ2

i }−E {µi}
2 = 4p+(1− p+)

∑
j⊂S q

2
ij , which is just the previous

case scaled. Thus κwill be scaled as well and therefore the assignment chosen
will be the same as the first case.

3.2.2 Multiclass classification

We now consider in more detail than for the CDA, the case of multiclass
classification. This will be useful for the next chapter, where we will use
a slight variation of this specific method for the unconstrained problem, in
which we can use multiple labels in the same sample (which is the same
as adding redundancy to reduce error when labeling). The changes are as
follows. First, as mentioned in the previous method, instead of a positive or
negative label, we will have a one hot vector for each class. This means that
instead of having just one µi, we will have:

µin =
∑
j⊂S

ljnqij (3.16)

where n = {1 . . . C}with C the number of classes, and ljn = 1 if the label in the
node j is of class n and ljl = 0 otherwise. Second, we would want to reduce
the uncertainty in each one of the classes, unlike in the binary case where we
only reduce the uncertainty of the positive class. So, we will minimize the
quantity κε =

∑C
n=1 κnε, where κn is the row vector of importance weights

for the class n.
Let pn be the prior probability that the node j has class n. If there are the

same number of nodes for each of the classes we would have that pn = 1/C.
Also, without any prior information we will have to assume this. From (3.16)
we can derive the following:

E
{
µ2
in

}
=
∑
j⊂S

E
{
q2ijl

2
jn

}
+
∑
j,k⊂S
j 6=k

E {qijqikljnlkn}

=
∑
j⊂S

q2ijpn +
∑
j,k⊂S
j 6=k

qijqikp
2
n

(3.17)
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E {µin}2 =

(∑
j⊂S

E {qijljn}

)2

=

(∑
j⊂S

qijpjn

)2

=
∑
j⊂S

q2ijp
2
n +

∑
j,k⊂S
j 6=k

qijqikp
2
n

(3.18)

E
{
µ2
in

}
− E {µin}2 = pn(1− pn)

∑
j⊂S

q2ij (3.19)

We now normalize the variance so that each node i ∈ SC has the same
importance, as in the binary case. For that we will just divide by

∑
j⊂S q

2
ij .

Given a class n, we see that its vector of importance weights κn is scaled by
the term pn(1− pn). We know that if it was not scaled, the minimizer function
would be the same as (3.15). Scaling, we will have that:

κnε = pn(1− pn)
∑
j⊂S

kjεj (3.20)

κε =
C∑
n=1

pn(1− pn)
∑
j⊂S

kjεj (3.21)

So κ is just a scaled version respect to the binary case. This means that the
assignment order is independent on the number of classes the target has.

Algorithm 4 Node contribution algorithm

Input: Adjacency matrix W, optimal subsets of n nodes S
Output: Optimal assignation of workers ε

1: K← createCovarianceMatrix(W)
2: Q← createEstimatorMatrix(K, S)
3: κ← getImportanceWeights(Q2)
4: ε← reorderWorkers(κ, S)

Time Complexity: O(|V|2 + |S|3)
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Chapter 4

Multi-label problem algorithms

4.1 Extension of the node contribution algorithm

In the previous chapter we have used the NCA to assign workers when only
one worker can be assigned to label a given sample. Because of this, we did
not consider calculating the variance when there are nodes already labeled.
Thus, we could assume pjn = pn in equations (3.17), (3.18) and (3.19). That
is, we had always started from the initial state, where we only have a prior
probability of each class, p(0)n , representing the probability of any node being
of a certain class before any labeling has been done. E.g., a face recognition
dataset generated from images of random people will have approximately the
same number of male and female faces, so in this case p(0)male = p

(0)
female = 0.5.

In this section, we will use pjn 6= pn, which is true for any general state.
We want to know where to assign the next label, given an state in which
we had already labeled a certain number of times. This differs from what
we did in the previous section, where we started from a state where there
were no labels and we wanted to assign all the workers at the same time.
Because we could have already labels in any general state we cannot do the
substitution pjn = p

(0)
n , like we did in the previous section. Another difference

is the function we minimize. In this case, we cannot just multiply a vector of
importance weights with a vector of errors like we did in (3.21). The reason
is that εi is not directly related with the labeling probability of any of the
workers from the workforce. For example, if the sample has multiple labels,
εi would be a combination of the error probabilities of all participant workers.

Searching for an optimal κε is simply unfeasible in this case. The solution
is not as simple as sorting like in the NCA. We just cannot evaluate for each
possible ε. The reason for that is that for W workers and assuming the
general case where each worker have an unique labeling error probability,
there are a total of W |S| different error vectors κε (including permutations of
its components). Our proposed solution is an iterative heuristic that tries to
greedily reduce a cost functionH. We know that each component of κ is the
normalized variance that one node of S contributes to all nodes of SC in all
target classes. Our cost function should then reduce the normalized variance
contributed by all the nodes of S, which is similar of adding all components
of κ. That is:
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H =
∑
j⊂S

C∑
n=1

kjpjn(1− pjn) (4.1)

where pjn is the probability that the node j is of class n and kj is the importance
weight of node j as computed in (3.13).

Let us defineHi as the value the cost function has after applying iteratively
i labels. For simplicity let us assume that we know initially that any node is
equally likely to be of any class, i.e, pjn = 1/C. Then the cost function before
adding any labels will be:

H0 =
∑
j⊂S

C∑
n=1

kjpjn(1− pjn) =
C − 1

C

∑
j⊂S

kj (4.2)

Now, for any state Hi, we need to choose which node of S should be
labeled next. The criterion when choosing a node is to maximally reduce the
cost function. Let p(0)jn and p

(1)
jn be the probabilities that sample j belongs to

class n, before and after adding a label. We can then express our criterion as:

max
j
Hi −Hi+1 = max

j
kj

C∑
n=1

p
(0)
jn (1− p(0)jn )− p(1)jn (1− p(1)jn ) (4.3)

Using this criterion we can determine iteratively which will be the node
that gives the most uncertainty and then assign a worker to it. The fact that
we have kj in this criterion means that not only the error of each sample is
relevant, but also its role in the graph.

However, before using this approach we need to solve two additional
problems. First, suppose that we have a sample with a certain number of
labels given by different workers whose labeling error probability is known.
These labels need not be in agreement. For example, there could be two
labels that state that the node is of class 1, three labels for class 2,... etc. The
question is, what is the probability of the sample being of class n in such a
scheme? Second, suppose that we know these probabilities and that we want
to add another label from a new worker of labeling probability pe. What is the
expected probability of that node being of class n given that we do not know
beforehand the new label?

We will answer these questions in the next section.

4.2 Estimating the class probabilities for any node

In this section we will derive step by step that the probability of a node being
of class n is the softmax of a vector x with components xn =

∑
i ln(pin), where

pin is the probability that the i-th label of that node is of class n.
Let us make the following initial assumptions for simplicity. They will be

relaxed through this chapter. First, assume we only have two classes: positive



Chapter 4. Multi-label problem algorithms 21

and negative. Second, the prior probabilities of the node being positive or
negative are equal. Third, all workers have a labeling error probability of ε.

Let L = (n+, n−) be a two component vector with the number of positive
and negative labels. Let p+ be the probability that the true class of the node is
positive.

First, for n+ = n− we have that p+ = 0.5. Because all the workers have the
same probability of making a mistake, having the same number of positive
and negative labels does not give any information about the class of the node,
so we have to use the prior probability of the node being positive. This also
implies that p+ is not dependent on the number of labels, but on the difference
between positive and negative labels.

p+L=(n+,n−) = p+L=(n++k,n−+k) (4.4)

Second, given d, the difference between positive and negative labels for a
given sample, we have that:

p+(L=(d,0)) =
(1− ε)d

εd + (1− ε)d
(4.5)

Because the left side is a probability, this equation can be thought as
proportion of desired cases divided by possible cases. In (4.5), all d labels
given are positive, so we will make the decision that the node probably is
positive. Thus, our desired case is that our decision is correct, that is, all labels
are true: (1 − ε)d. But all the possible cases are that all labels are true or all
labels are false (εd). Hence, the expression given by (4.5).

Third, given any p+L(0) , by the same reasoning as the previous statement,
the probability of that sample being positive after adding one positive label of
a worker with labeling probability ε′ will be:

p+L(1) =
p+L(0)(1− ε

′)

(1− p+L(0))ε′ + p+L(0)(1− ε′)
(4.6)

if the new label were negative, we would substitute ε′ by (1 − ε′) and vice
versa in the previous equation.

We see that if we add a positive label of error probability ε and then add
a negative label of error probability ε′, the resulting probability of the node
being positive is not the same as if it did not receive any labels at all. This
means that equation (4.4) is not applicable when the workers have different
probability. This implies that the labels have different importance depending
on the labeling probability error of the workers that have labeled.

When there are different quality workers labeling the same sample, instead
of using majority voting, where we just count the difference in the number
of labels (in (4.5) this would be d), we will use weighted majority voting
where each label has a corresponding label weight depending on its quality:
x =

∑
ωili, where ωi is the label weight, which depends on the labeling error

probability of the worker i and li is the value of the label provided by this
same worker. If all wi = 1 we have that x = d.
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Let us show that if we choose by design ωi = ln((1 − εi)/εi) as in [33],
where εi is the labeling error probability of the i-th worker, then p+ is the
sigmoid function of x:

p+(x) =
1

1 + e−x
=

1

1 + e−
∑
ωili

(4.7)

To deduce this, we consider the following three situations: the initial state
where we do not have any labels, adding multiple labels with the same error
probability ε and adding a label that has error probability ε′. If we show that
in these three situations the sigmoid gives the same result than the equations
that describe these processes, that is, equations (4.4), (4.5) and (4.6), we would
have that for any possible state of that sample the sigmoid gives us the positive
class probability of that sample.

Verifying equation (4.4) is equivalent to checking that p+(0) = 0.5, which
is one of our assumptions. Furthermore, we will verify that adding d labels
with probability error ε in (4.7) is equivalent to the expression of (4.5):

p+
(
d ln

(
1− ε
ε

))
=

(1− ε)d

εd + (1− ε)d
=

1

1 +
εd

(1− ε)d

=
1

1 + eln( ε
1−ε)

d

=
1

1 + e−dln 1−ε
ε

(4.8)

Now we will verify that equation (4.7) also holds when adding one positive
label of a worker with error labeling probability ε′ by comparing it with
equation (4.6):

p+
(
x+ ln

(
1− ε′

ε′

))
=

1
1+e−x (1− ε′)

e−x

1+e−x ε′ +
1

1+e−x (1− ε′)
=

1

1 + ε′

1−ε′ e
−x

=
1

1 + e−(x+ln( 1−ε′
ε′ ))

(4.9)

Because all possible situations are obtained from combining in some way
these last three cases, we prove that the sigmoid function is indeed the way
of estimating the probability of the class being positive, given a weighted
sum of labels where each label weight is of the form ωi = ln((1 − εi)/εi). In
the more general case where the probability of any sample without labels
being positive is pn 6= 0.5, we just will add a bias term in the weighted sum
whose value will be ln(pn/1− pn). This bias term has pn instead of 1− pn in
the numerator, because pn is the probability of the node being class n, and not
the error probability of that node being class n.

For a multiclass classification problem, with total number of classes C, we
have to make some modifications. First, each label quality is not defined by a
single probability, but by a vector of probabilities p in which each component
pn is the probability of the sample being class n. The class of the label is k such
that max

n
pn = pk. Second, instead of a having a scalar weighted sum, we have
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a vector of weighted sums x where each component is defined as xn =
∑

i ωin.
For multiclass classification, ωin = ln(pin) where pin is the probability that the
label i is of class n. The final difference is that instead of using the sigmoid
function we will use the softmax function. The probability of the sample being
of class n is then defined as:

pn(x) =
exn∑C

n′=1 e
xn′

(4.10)

One of the properties of the softmax function is that pn(x) = pn(x + k1). Using
this property it is easy to check that for C = 2 we can transform the softmax
function into the sigmoid function that we have defined previously. It also
can be used to simplify the number of operations we have to do when adding
a label.

Let us make the assumption already stated in Section 2.1 that in case of
error, all erroneous classes are equally probable. Then we will have that
ωn=k = ln p and ωn6=k = ln((1− p)/(C − 1)). We can use the property pn(x) =
pn(x + k1) and substitute x by (x − ln((1 − p)/(C − 1))1). Then we would
have that ω′n=k = ln((C − 1)p/(1 − p) and ω′n6=k = 0. This greatly simplifies
the computational time of our algorithm. We can use the equivalent sum of
weights where each component is xn =

∑
i ω
′
iklin where lin = 1 if the label is

of class n and lin = 0 otherwise.

4.3 Simplifying the cost functionH
Now that we can express the probability of any node being of a particular
class using a softmax function, let us go back to the NCA. We have stated
in Section 4.1 that after computing H0, the next labels are added so that
Hi−Hi+1 is maximized at each iteration. Looking at equation (4.3), we would
have to compute the expected p

(1)
jn in each node to choose whichever j makes

Hi−Hi+1 maximum. In this section, we will propose an approximation so that
we do not have to compute these new probabilities for each node, reducing
computational time.

First, suppose we have chosen a node j. Let us express p(0)jn and p
(1)
jn as

softmax functions. Although we will not know this beforehand, suppose that
the label added will be of class k. The probability of that label being correct
will be 1− ε, with corresponding weight in the weighted sum of the softmax
of ω = ln(1− ε).

p
(0)
jn =

exn

K
p
(1)
jn =

exn

K + ζ
for n 6= k (4.11)

p
(0)
jk =

exk

K
p
(1)
jk =

exk+ω

K + ζ
(4.12)

where K =
∑C

n=1 e
xn , xn are the components of the vector of weighted sums x

of the node before adding a label and ζ = exk+ω − exk .
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We will now try to express p(1)jn (1 − p(1)jn ) as a function of p(0)jn (1 − p(0)jn ) so
that we will not have to calculate p(1)jn . To make it possible we will do some
approximations. Because we do not know beforehand what will be the class
of the label received, we will suppose two cases: that it is the same class as
the most probable class (our prediction), which happens approximately with
probability (1− ε), or it is not the same class. Then we will average both cases
to obtain a general expression.

Consider that the most probable class were k. First, we will make the
approximation exk+ω � exk , which is valid when the new label received is
much more probable to belong to the node true class than a false one. Second,
in the case that the label class were the true class of the node, we will do the
approximation exk � exn , which is valid if before receiving the new label, we
had that the probability of the node being the true class was much greater
than any other class. This second approximation is better applied in labeled
nodes or when the prior probabilities of unlabeled nodes favor one class over
all the others.
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(4.14)

Now, in the case that the most probable class were not k, instead of the
approximation exk � exn we will use the approximation exk+ω � K. This
approximation is valid if after adding the wrong label we did not change our
estimate of the class of the node labeled. That is, it is less probable to estimate
the class node wrongly before adding the label than the probability of this
additional label being incorrect. This holds when the workers have similar
error probabilities for nodes that have received multiple labels already.
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p
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' 1 (4.15)



Chapter 4. Multi-label problem algorithms 25
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So, using the fact that the label will be correct (1 − ε) of the times and
incorrect ε of the times, we can calculate the mean value:

E

{
C∑
n=1

p
(1)
jk (1− p(1)jk )

p
(0)
jk (1− p(0)jk )

}
= (1− ε) ε

(C − 1)(1− ε)
+ ε

(C − 1)(1− ε)
ε

+
∑
n6=k

p
ε

(C − 1)(1− ε)
+ ε

=
C∑
n=1

ε

(C − 1)
+

(C − 1)

C

(4.17)

Although we may not fulfill in the first iterations the conditions needed for the
approximations used in (4.13), (4.14), (4.15) and (4.16) to be valid, we accept
that initial loss in accuracy to simplify our problem. As we add new labels in
posterior iterations the approximations are more accurate, because we have
more multi-labeled nodes (so in general one class will be much more probable
than the rest), and in the case that we update the class probabilities of the
unlabeled nodes, as we will explain in detail in the next section, we will have
that one class will be more probable than the rest for unlabeled nodes too. In
the end, substituting (4.17) in (4.3) we get:

max
j
Hi −Hi+1 ' max

j
kj

C∑
n=1

p
(0)
jn (1− p(0)jn )

(
1− ε

(C − 1)
− (C − 1)

C

)
(4.18)

which makes it easier to maximize because this new term is independent of
j, so we can ignore it. This also implies that adding labels to a node reduces
exponentially the quantity that that node adds to the cost function. This also
means that even if any node j has a very high kj , there will be a point were
the benefit of adding another label to it will be outweighed by the fact that
the other nodes have much less labels.

The inaccuracy from using these approximations is greatly diminished
when all the nodes have similar number of labels, when the number of labels
is increased, when the workers have lower labeling probability error, when
there is great difference between the probability of the most probable class
and the other classes and when we increase the number of classes.

In conclusion, the extension of the NCA we have designed, which we will
denote as multi-label node contribution algorithm (MNCA), minimizes the cost
functionH using equations (4.2) and (4.18), and updating the class probabili-
ties of the labeled nodes at each step (see Algorithm 5).



Chapter 4. Multi-label problem algorithms 26

Algorithm 5 Multi-label node contribution algorithm

Input: Adjacency matrix W, optimal subsets of n nodes S. When required,
the error probability of the next worker ε and the class of its generated
label l

Output: The index of the next node to be labeled j
1: K← createCovarianceMatrix(W)
2: Q← createEstimatorMatrix(K, S)
3: κ← getImportanceWeights(Q2)
4: j ← max(κ)
5: while there are still labels to assign do
6: pj ← updateNodeProbability(ε, pj) (4.10)
7: j ← max(κp(1− p)) (4.18)
8: end while

Time Complexity: Before labeling, O(|V|2 + |S|3). Between labels, O(|S|)

4.4 Updating the unlabeled nodes

One additional matter that affects the estimation are the class probabilities of
the unlabeled nodes. At first, when we do not have any labels yet, we have
used the reasonable assumption that the class probabilities for all unlabeled
nodes are pn = 1/C. However, as the number of labels obtained increases, this
assumption loses validity. The reason for that is that we could just label all the
remaining unlabeled nodes from the set S by interpolating from the already
labeled nodes. Because we expect the graph signal (with label information)
to be low-pass, interpolating, even with a very limited set of nodes, is better
than just choosing the class of an unlabeled node at random.

This effect is due to the cluster-like behavior of the graph signal, unlabeled
nodes that belong to the same cluster than some labeled nodes have greater
probability of sharing the same class as them. Although our heuristic has
taken into account the fact that the samples of S have an impact on the values
of the samples of SC , we have not taken into account the inter influence that
each sample of S has on the rest yet. This also implies that we could reduce
the chance of error of the unlabeled, and even the labeled nodes, by taking
into account the values of close labeled nodes of S.

Thus, we present a different approach (see Algorithm 6) that is better than
not updating the prior probabilities. This approach is based on substituting
the fixed probabilities of the unlabeled nodes pn = 1/C by pn=k = 1−εpred and
pn 6=k = εpred/(C−1) where εpred is an estimation of the total prediction error for
the current number of labels. This estimation is obtained during the labeling
process by comparing the class of the labels applied to unlabeled nodes with
their previous predicted classes. This means that we cannot estimate the
current prediction error but the prediction error of a state where we had
fewer labeled nodes. This makes our estimation always worse than the real
prediction error, as we will see in Chapter 5.
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Algorithm 6 Improved MNCA

Input: Adjacency matrix W, optimal subsets of n nodes S. When required,
the error probability of the next worker ε and the class of its generated
label l

Output: The index of the next node to be labeled j
1: K← createCovarianceMatrix(W)
2: Q← createEstimatorMatrix(K, S)
3: κ← getImportanceWeights(Q2)
4: j ← max(κ)
5: while there are still labels to assign do
6: pj ← updateNodeProbability(ε, pj)
7: if count == C then (*)
8: numLabels← countLabeledNodes()

9: l̃
(numLabels) ← interpolateLabeledNodes(p)

10: εpred ← estimatePredError(l̃
(numLabels−k)

,p)
11: p← updateUnlabeledNodes(p, εpred)
12: count = 0
13: end if
14: j ← max(κpp̄)
15: count+ +
16: end while
Time Complexity: Before labeling, O(|V|2 + |S|3). Between labels, O(|S|) or

O(|V|2) (if we update the unlabeled nodes probabilities)

(*) = from steps (7) to (13) we are estimating the prediction error
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Chapter 5

Experimental results

An important part of this study is to show if all the proposed methods given in
the previous chapter hold empirically. To test this we have designed software
that is capable of:

• Given a dataset, create its corresponding associated graph.

• Given the graph and a number of points, find the optimal subset S that
best represents the graph.

• Given the graph, an optimal subset S and the probability error of each
worker, solving the assignment problem using the proposed methods.

• Simulating the labeling and predict the remaining labels using a given
allocation of workers in a subset S.

The software has been developed using Matlab R2014a. The code is avail-
able in GitHub 1. The datasets used for the following experiments are the
USPS handwritten digits dataset 2 and the Isolet dataset 3.

5.1 Generating a graph from each dataset

The USPS handwritten digits dataset consists of 1100 16 x 16 pixel images
for each of the digits 0 to 9. The target is the value of each digit. Thus, it is a
categorical variable with 10 classes. The features are each one of the pixels,
which are valued between 0 and 255 (grayscale value). From this dataset,
we randomly select 100 images for each digit class to create one instance of
our dataset. So, each instance of our dataset consists of 1000 feature vectors
of dimension 256. We create instances from the dataset until we have 30 of
them. For each instance, we construct a graph using Gaussian kernel weights
wij = exp(−||xi − xj||2/2σ2), where xi is the 256-dimensional feature vector
of one of the images. The parameter σ is chosen to be 1/3-rd of the average
distance to the K-th nearest neighbor (KNN) for all data points as suggested in
[34, 26]. We fix K = 10 and force the edges to be mutual connections after the
KNN. That is to say, if wij = 0 6= wji ⇒ wij = wji. This results in a symmetric
adjacency matrix W for the graph, where Wij = wij .

1https://github.com/javier-maroto/GSP-Noisy-Crowdsourcing
2http://www.cs.nyu.edu/~roweis/data.html
3http://archive.ics.uci.edu/ml/datasets/ISOLET

https://github.com/javier-maroto/GSP-Noisy-Crowdsourcing
http://www.cs.nyu.edu/~roweis/data.html
http://archive.ics.uci.edu/ml/datasets/ISOLET
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The Isolet dataset consists of letters of the English alphabet spoken in
isolation twice by 150 different subjects. The target is the value of each spoken
letter. Thus, is a categorical variable with 26 classes. Each alphabet utterance
has been preprocessed beforehand to create a 617-dimensional feature vector.
The approach to generate the graphs is similar to the one used in the USPS
dataset. Notable differences are the size and number of instances. Because the
problem has more target categories than the USPS dataset, when randomly
selecting 100 recordings of each letter, we generate instances of 2600 feature
vectors instead. Bigger instances hugely increment the time needed for each
simulation, so instead of 30 instances we generate 10. The graphs are also
constructed using Gaussian kernel weights, and the σ and K are fixed similarly.

These datasets have been chosen to analyze the differences in behavior
when varying the number of dimensions of the feature and target space or
varying the context of the classification problem. All the adjacency matrices
generated in this process are stored, for use as inputs in the next phase:
selecting the optimal nodes.

5.2 Selecting the optimal nodes

We have implemented two different methods that select the subset that best
represents the graph, for a given number of nodes.

The ’default’ method (see Algorithm 1) is similar to the selection scheme
used in [6]. The idea is to maximize the cut-off graph frequency of the graph
signals generated by the subset of nodes chosen. This is shown to be equiva-
lent to maximizing the eigenvalue of the Laplacian matrix of the nodes of the
complementary subset, λ(LSC ). The algorithm uses the fact that the gradient
of this eigenvalue is maximized when we add the node corresponding to the
biggest absolute value in the eigenvector of LSC : v(LSC ). Thus, the algorithm
chooses greedily one node at a time in order to obtain a sampling set.

The ’distance’ method (see Algorithm 2) is based on the intuition that every
node predicted will obtain most of the information from labeled nodes that
are close to it. This intuition has been used before for clustering. The k-
medoids method [28] relies in maximizing the similarity between the features
of any of the data points and the closest cluster representative (where there
are k cluster representatives). As we can see, the ’distance’ method and the
k-medoids method are similar. Closeness in graphs is equivalent to similarity
between feature vectors. The samples selected are equivalent to the k cluster
representatives of the k-medoids. The only difference is the context, it is
normally used for clustering, while we use it for selecting representative
nodes. There have been studies that show that k-medoids is competitive
against other clustering algorithms like the k-means [35] and it has also been
used for active learning [36].

As expected, when comparing both methods we obtain very different
results. The graph sampling-based method greatly outperforms the k-medoids
method. This is not surprising, because the k-medoids method does not
take into account the complex interactions and the connectivity patterns that
underline the graph data. It only uses as information the absolute distance
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FIGURE 5.1: Comparison between the prediction error obtained
by selecting the optimal sets of nodes using the graph sampling
or the k-medoids method. The results were obtained combining
300 different simulations. We used the USPS handwritten digits
dataset. The workers are assigned randomly to each of the

samples.

between each node. However, one disadvantage of the graph sampling-based
method is the time complexity of the algorithm. Although computing the
distances between nodes in the k-medoids is time-consuming, it is required
one time for execution only. However, the graph sampling method requires
computing the smallest pair eigenvalue/eigenvector one time for each sample
in the optimal subset, which is much more expensive.

5.3 Prediction and labeling simulation

We will skip for now the algorithms for assigning workers to samples. We
will explain them in detail in the next section. Suppose that we have the
graph, the subsets of nodes that best represents the dataset and the error
probabilities expected in each sample. The latter is obtained after generating
the error probabilities of each worker and sorting them in the subset of samples
using an assignment optimizer method. We would like to evaluate the CDA
and NCA algorithms (see Algorithms 3 and 4) based on prediction error for
different sizes of subsets, different datasets and even different workers.

However, we cannot check the performance using a real crowdsourcing
platform such as Amazon Turk. It is easier to analyze the effects of our assign-
ment algorithms when there are no uncontrollable effects such as uncertainty
in the quality of the workers or heterogeneous task difficulty. Hence, all the
labeling process is simulated.

For each one of the subsets of nodes, we generate the worker labels. The
worker labels are obtained using the equation l̃S = lS − 2φS · lS . We then
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interpolate the graph signal that has the values of the worker labels in S
and zeros in the remaining nodes using an iterative algorithm developed in
[37] based on projection onto convex sets (POCS). This is an iterative process
where we force the predicted graph signal to fulfill two constraints: (1) for all
nodes in S the predicted graph signal must be equal to the obtained worker
labels and (2) the graph signal must be low-pass filtered so that f ∈ PWω(G).

5.4 Single-label problem

In this section we will simulate and compare the prediction error of the
algorithms we used to solve Problem 1, that is, CDA and NCA, with a baseline.
We will make this comparison for different sized subsets Sn. Because there are
no works that consider this problem, our baseline is just assigning the workers
at random. The objective is to obtain insights about the labeling process as
well as to evaluate the improvements that our algorithms could have respect
to random assignation.

The CDA is thoroughly explained in Section 3.1. The general idea is
to apply the Gaussian Random Field model to our graph. The process of
interpolating all the labels of the dataset from a labeled subset of data points
is quasi-equivalent in this model to making a MAP estimation [32]. The
intuition is to try to allocate the error in the axes of the multivariate conditional
covariance matrix that carry more dispersion. Thus, reducing the effect of any
false label.

This algorithm has high time complexity. This is because for every subset
of nodes, we have to compute all the eigenvalues and eigenvectors of the
conditional covariance matrix. Not only that, but we also have to solve a
constrained linear least-squares problem for each subset of nodes. For that,
we use active-set methods, which, in some particular counterexamples, could
take exponential time to converge [38]. Defining time complexity in this case
is not easy, so we will give a lower bound that does not take into account
the active-set methods. To address the time requirements of the algorithm
we have reduced the number of subsets we check, only providing allocation
solutions to every 10th subset of points.

The NCA is explained in detail in Section 3.2. The general idea is to apply
the Gaussian Random Field model to our graph. In the previous method we
focused on the inherent Gaussian noise that the prediction process has. In this
method, instead, we focus in ensuring that the maximum number of labels
are predicted as if there was no error in the labeled data points. Modeling
the MAP estimator as multiple univariate random walk processes we can
determine which data points of the chosen subset have more power in the
deciding the rest of the labels. Thus, reducing the number of predicted labels
that differ from the non labeling error case.

This algorithm has the advantage that it requires much less computational
power to solve the assignment problem. The main time complexity bottleneck
is computing inverse matrices of size n x n, where n is the size of the subset
chosen. So for graphs where nmax � |V| this method is especially faster.
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We have chosen a simple way of modeling the worker behavior. Any
worker i has associated a probability labeling error εi. When that worker
labels any given sample, the probability of labeling correctly the sample is
1− εi. Without loss of generalization we create as many workers as samples,
and assign them in a one-to-one basis. The parameter εi for each worker is
generated using a probability density function. Most simulations use the
probability density functions plotted in Figure A.1.

(A) ’Hammer-spammer’ with 40% of spam-
mers

(B) ’Beta’ with α = 2, β = 8

(C) ’Beta’ with α = 0.5, β = 2 (D) ’Constant and optimal distribution’ with
p̄ = 0.2.

FIGURE 5.2: Comparison between the prediction error obtained
between the baseline (random assignation) and the selected
assignations after using each method. The results were obtained
combining 300 different simulations. We used the USPS hand-
written digits dataset. All different distributions of error used in

each of the Figures have mean = 0.2

We made multiple series of simulations for different distributions and
different datasets (Figures 5.2 and A.3). From the results of this study we have
obtained some insights about the labeling process:

• Labeling more samples yields little improvement when we already have
between 8 to 10% of the samples labeled. That is to say, that we get
most of the information of the dataset after labeling between 100 and
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200 samples, for the applications and the range of complexity the feature
and target space have in our analysis. This of course will depend on
the problem we consider. When the workers have perfect quality this
behavior also holds (see Figure A.2)

• Changing the distribution of error in the group of workers has almost
no impact when we are assigning them randomly. There is no benefit
in having an homogeneous group of workers or having a group of
hammers and spammers as long as the mean labeling error is the same
for both groups, as long as we are using just one label per sample.

• Using the NCA method does not yield any improvement versus just
assigning the workers randomly, its modified algorithm, the MNCA, has
good results in Problem 2 as we will see in next section. Although our
heuristic of sorting the fixed worker labeling errors in the CDA seems to
work almost only when the error probabilities of the workers coincide
with the optimal distribution of error (figure 5.2d), we expect that an
heuristic that better minimizes equation (3.8) could yield significant
improvement.

5.5 Solving the multi-label problem

In this section we compare the prediction and labeling error of the algorithms
we used to solve Problem 2, that is, MNCA and its improved version (see
Chapter 4 and Algorithms 5 and 6), with some baselines: uniform labeling and
adaptively minimizing the labeling error. The objective is to obtain insights
about the efficiency of our methods respect to the baselines, the effect that the
size of the subset S has in the prediction error and the labeling process in this
scheme.

We will present three different experiments. In the first experiment, we
will compare MNCA with the baselines and observe the effect of changing
the size of S. In the second experiment we will show the improvements that
updating the unlabeled nodes class probabilities have. That is, we will show
the potential of the improved MNCA. In this second experiment, for reference
only, we will update these errors with the real prediction error instead of an
estimate. In the third experiment we show the prediction error obtained when
using an estimate of the prediction error when updating the unlabeled nodes
class probabilities. The difference with respect to the previous experiment is
the use of estimates, which is required when applying the improved MNCA
in the real world.

The first experiment presents our greedy algorithm, the MNCA (see Al-
gorithm 5), that minimizes at each step the cost function H. We use the
approximation applied in equation (4.18), instead of the harder to compute
equation (4.3). We do not apply any update in the probabilities of the unla-
beled nodes.

This algorithm is compared against more popular methods such as uniform
labeling or adaptively adding a label in the node where the probability of error
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is maximum. We will show for a given total number of labels, the performance
of all these methods as a function of the size of the set S. We will measure
principally the mean error of the labeled nodes and the prediction error of the
interpolation.

The results from this first experiment where the class signal is the original
of the dataset used are plotted in figures 5.3, A.4 and A.5. In Figure 5.3 we
have also tried an algorithm based on the CDA but, because its performance
is significantly lower than any of the other algorithms, we do not plot it in the
rest of simulations.

(A) Labeling error (B) Prediction error

FIGURE 5.3: Comparison of the labeling and prediction error
obtained between our proposed method and other conventional
algorithms. The results were obtained combining 300 different
simulations. We used the USPS dataset. The labeling probability

error of each worker is 0.2. The number of labels used is 500.

In Figure 5.3a we can see that the better of the three curves is the minimum
labeling error algorithm, which is expected. We see also that all three methods
have less overall labeling error when S is smaller. This is also expected because
the number of labels per sample is larger than when S is bigger, since we keep
the number of labels constant. We also see that for S small, both iterative
methods outperform the uniform labeling. That is because we spend more
efficiently the labels by reducing the error primarily in the nodes that have
contradicting labels first, as we cannot determine so easily their class. For S
bigger we also see that our method is outperformed, but that is only because
with our method we do not label all the nodes of S (only the important ones),
so all the unlabeled nodes count as big sources of uncertainty.

In Figure 5.3b we can see that our method outperforms both the baseline
methods for any given S. We have shown also what is the zero error curve, or
the prediction error curve obtained from perfect labeling. The reason there is
a minimum in the prediction error of each of the methods is the fact that we
are not using the inter influences of the already labeled nodes, as explained
in section 4.4. If we changed the prior probabilities of the unlabeled nodes
iteratively as we are getting more labels in S, what we should see is that
our algorithm will tend to choose to label less of the unlabeled nodes so that
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ultimately the number of labeled nodes ends fixing for all sizes of S > k. This
will be shown when instead of the MNCA, we use its improved version in the
next two experiments.

Intuitively, there is a trade-off between the number of nodes labeled and
the mean quality of the nodes labeled. If we have too few nodes labeled, even
if they are of perfect quality, our interpolation will be very limited in frequency,
which limits greatly the space of true class signals that we can predict. In
Figure 5.3b, this would be the zone where the proportion of labeling set size
is lower than 0.05, where the derivative of the zero error curve is extremely
high (any new node added gives a lot of information). Alternatively, there is
a point where having more labeled nodes adds little to no information. This
is because the target has most of its energy in its low frequency components.
The uncertainty given by the decrease of the mean quality of the nodes will
outweigh the information that could be given by having an additional node.
This corresponds to the zone where the proportion of the labeling set size is
higher than 0.2. In Figure 5.4, we have limited beforehand the frequency of
the true class signal so that this trade-off is clearer. Just looking at the zero
curve error, we see that after labeling with no errors 10% of the dataset we do
not improve the prediction error incrementing the labeling set size.

(A) Labeling error (B) Prediction error

FIGURE 5.4: Comparison of the labeling and prediction error
obtained between our proposed method and other conventional
algorithms. The results were obtained combining 300 different
simulations. We used the USPS dataset limiting the target graph
frequency. The labeling probability error of each worker is 0.2.

The number of labels used is 500.

If we were to know beforehand the cut-off frequency of the true class
signal, one way of improving drastically the prediction error obtained with
a larger labeling set sizes would be to filter the labeling graph signal before
interpolating. This filters all the labeling noise of high graph frequency, at the
cost of reducing the bandwidth of the signals that can be interpolated. The
result of filtering using the same cut-off frequency we have applied to the true
class signal is shown in Figure A.6. We can see that the noise from the labeling
errors it is indeed filtered out, just comparing its prediction error with the
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prediction error of Figure 5.4. Alternatively we could set the size of S to be of
about 10% of the dataset on this particular case, with the same trade-off we
get when filtering.

Ultimately we would want to have a labeling set of size great enough
so that we do not lose a lot of information, and also we would want the
number of labeled nodes to be fixed for any chosen set S large enough. This
means that although we have selected a large S, our algorithm effectively
is using an smaller sized S because it is ignoring several of its nodes. To
prove that updating the prior probabilities of the unlabeled nodes could
achieve this, we have made another simulation in which we substitute the
prior probabilities by the prediction error. For that we make a simulation
every time we add 10 labels, get the true prediction error from the simulation,
and set the probability error of the unlabeled nodes with the prediction error.
So, if initially this probability error was set to (N −1)/N , after each simulation
we set it to the prediction error only. We can see the result of this update in
Figure 5.5. It is important to point that we have plotted the labeling error of
just the labeled nodes instead of the labeling error of all the nodes. We see that
for S sufficiently big, varying |S| changes marginally the prediction error and
does not change the labeling error at all. Which is the effect that we desired.

(A) Labeling error (B) Prediction error

FIGURE 5.5: Comparison of the labeling and prediction error
obtained between our proposed method and other conventional
algorithms. The results were obtained combining 300 different
simulations. We used the USPS dataset. The labeling probability
error of each worker is 0.2. The number of labels used is 500. We
update the unlabeled nodes with the real prediction error every

10 labels.

However, this is just a theoretical simulation, because we cannot obtain
the real prediction error without knowing beforehand the target of the dataset.
In our third simulation we will try to estimate this prediction error adaptively,
as we would have to do in practice. Because the size of the labeling set S does
not affect the result if it is large enough in the theoretical simulation, we will
impose its size to be half of the total size: |S| = |SC |. We will monitor the
evolution of the prediction error as we increment the number of labels and
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we will compare it with our estimation of the prediction error. To estimate the
prediction error, we will interpolate the rest of S from its labeled nodes each
time 10 unlabeled nodes are labeled. We will compare these interpolations
with the 10 new labeled nodes of the next iteration to estimate the prediction
error. We take into account the probability of the new labeled nodes being
wrong in our estimation. The results of this simulation are presented in figures
5.6, A.7 and A.8.

(A) Number of labeled nodes (B) Prediction error

FIGURE 5.6: Comparison of the labeling and prediction error
obtained between our proposed method and other conventional
algorithms. The results were obtained combining 300 different
simulations. We used the USPS dataset. The labeling probability
error of each worker is 0.2. The number of labels used is 500. We
update the unlabeled nodes with the estimation of the prediction
error every 10 labels. We compare the 10 newer labeled nodes

with the interpolation generated without them

Figure 5.6a indicates how many labeled nodes we have as a function of
the total number of labels. The interesting part of updating the probabilities
of the unlabeled nodes is that its cost function is reduced, so use less labels on
them. This reduces the total number of labeled nodes. As we can see in this
subplot, we only label half of S although we have enough labels to label all S.

Figure 5.6b shows our estimation of the prediction error and the real pre-
diction error. Our estimation is always worse than the real value (’Having
the prediction error’ line). We also cannot estimate the error if we do not
have enough labeled nodes to compare, which explains the initial gap. If
we compare the prediction error when using 500 labels with the prediction
error of figure 5.3 for a labeling set size of |S| = 500, updating the probabil-
ity of the unlabeled nodes improves this prediction error from 2̃4% to 1̃8%.
This improvement alone shows the significance of updating the unlabeled
probabilities in the MNCA, giving us the improved MNCA (see Algorithm 6).

We see in figures A.7 and A.8 that changing the number of nodes checked
to estimate the prediction error greatly reduces the variance of our estimation,
at the cost of enlarging the initial gap. Checking more often does not make
any significant improvement in the prediction error.
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Chapter 6

Related and future work

The algorithms used for the selection of the subset of nodes and the model
used for classification are similar to the ones used in [6]. Using the Gaussian
Random Field as the first assumption for each of the assignation methods
is closely inspired by [32]. However, both of these papers do not take into
consideration the typical labeling uncertainty of the crowdsourcing schemes.

There are approaches to solve similar schemes to Problem 2 with a different
approach than using GSP methods [39, 40, 41]. [39] uses support vector
machines modified to be less affected by labeling noise, but does not consider
that workers could have different quality and the number of nodes to be
labeled using clustering is fixed before applying a majority voting based
scheme. The fact that clustering is used instead of GSP-based sampling and
that a prior in the sampling set is used, reduces greatly the efficiency of
the algorithm respect to our work. This is shown in Figure 5.1, where we
compare GSP with respect to using cluster representatives, and in Figure 5.3
respectively. In the latter we see that if we fix S and it is chosen too small or
too large for a limited number of labels, we have a loss respect to the ideal
S. However, we solve this problem with our improved MNCA algorithm
(Algorithm 6).

There are other works that consider the crowdsourcing scheme, but do
not use active learning or take into account the interrelation between data
points [14, 42]. One of the works [42] answers how to be more efficient using
multiple noisy labels in a single data point. Although they allow a way of
estimating the quality of each worker, which our work does not, it does not
give any improvement based in active learning that benefits from the dataset
structure.

Finally, there are works that do not consider the crowdsourcing situation,
where the workers could make mistakes in the labeling [6, 22, 25]. One of
the works [22] uses harmonic functions and belief propagation on graphs
in schemes of semi-supervised active learning. In other cases, the consider
different crowdsourcing schemes, e.g. heterogeneus tasks where some worker
have better expertise for particular tasks than the others [43].

To the best of our knowledge, not only or work solves efficiently Problem
2 as compared to other state of the art works but also there seems to be no
literature about solving Problem 1. Generally, it is assumed that changing the
order with we assign the workers to the samples in the single-label problem
does not have any effect in the prediction error. That is, it is assumed that our
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constrained problem has no optimal solution, but we have shown that this is
not the case.

For future work, we can further improve the MNCA by, instead of im-
posing that the probability error of each node is the total prediction error,
considering that each unlabeled node has different error probability (e.g., the
nodes in the frontier between classes will be more noisy that those inside a
cluster). Another interesting line of work would be to instead of assuming
that the graph signal is obtained by a GRF (2.1), we could instead assume that
its probability is of the form p(f) ∝ exp(−τ

∑
vij|fi − fj|).. This is analogous

to minimizing the L1-norm instead of the L2-norm, which could be useful in
classification problems. Some of the expected advantages are robustness and
sparsity. Other less significant improvements could be improvements to the
transform from dataset to graph, e.g., using different σij for each Gaussian
kernel weight and considering them as hyperparameters [22].
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Chapter 7

Conclusion

What we show in the first part of this work, that is, solving Problem 1 is that,
not only there are cases where the assignment can affect the result, but also
improves significantly the prediction error. We also expect that, for worse but
faster algorithms that select the subset of nodes S than the one used in this
study (see Algorithm 1), the assignment can play a bigger role in the overall
prediction. This means that for a bigger number of worker error distributions
than just the optimal one the improvement could be significant.

In the second part of the work, that is, solving Problem 2, we have showed
that the IMNCA not only is always significantly better than the currently used
methods in crowdsourcing but also can automatically take a decision between
labeling new nodes or relabeling already labeled ones, proving to be useful in
a real crowdsourcing system.



41

Appendix A

Additional simulation figures

(A) ’Constant’ with p = 0.2.
Mean = 0.2, Std = 0

(B) ’Hammer-spammer’ with 40% of spam-
mers.

Mean = 0.2, Std = 0.2449

(C) ’Beta’ with α = 2, β = 8
Mean = 0.2, Std = 0.1206

(D) ’Beta’ with α = 0.5, β = 2
Mean = 0.2, Std = 0.2138

FIGURE A.1: Plots of the probability mass/density functions of
some of the used labeling error distributions.
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FIGURE A.2: Prediction error obtained when the workers have
no labeling error. The results were obtained combining 100

different simulations. We used the USPS dataset.

(A) ’Hammer-spammer’ with 40% of spam-
mers

(B) ’Beta’ with α = 2, β = 8

FIGURE A.3: Comparison between the prediction error obtained
between the baseline (random assignation) and the assignations
after using each proposed method. The results were obtained
combining 100 different simulations. We used the Isolet dataset.
All different distributions of error used in each of the Figures

have mean = 0.2
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(A) Labeling error (B) Prediction error

FIGURE A.4: Comparison of the labeling and prediction error
obtained between our proposed method and other conventional
algorithms. The results were obtained combining 300 different
simulations. We used the USPS dataset. The density function of
the labeling probability error of each worker is a Beta(2,8). The

number of labels used is 500.

(A) Labeling error (B) Prediction error

FIGURE A.5: Comparison of the labeling and prediction error
obtained between our proposed method and other conventional
algorithms. The results were obtained combining 300 different
simulations. We used the USPS dataset. The density function of
the labeling probability error of each worker is a Beta(0.5,2). The

number of labels used is 500.
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(A) Labeling error (B) Prediction error

FIGURE A.6: Comparison of the labeling and prediction error
obtained between our proposed method and other conventional
algorithms. The results were obtained combining 300 different
simulations. We used the USPS dataset limiting the target graph
frequency. The labeling probability error of each worker is 0.2.
The number of labels used is 500. Previous to interpolating the
labeling graph signal has been filtered to the cut-off frequency

of the target graph signal.

(A) Labeling error (B) Prediction error

FIGURE A.7: Comparison of the labeling and prediction error
obtained between our proposed method and other conventional
algorithms. The results were obtained combining 300 different
simulations. We used the USPS dataset. The labeling probability
error of each worker is 0.2. The number of labels used is 500. We
update the unlabeled nodes with the estimation of the prediction
error every 10 labels. We compare the 50 newer labeled nodes

with the interpolation generated without them
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(A) Labeling error (B) Prediction error

FIGURE A.8: Comparison of the labeling and prediction error
obtained between our proposed method and other conventional
algorithms. The results were obtained combining 300 different
simulations. We used the USPS dataset. The labeling probability
error of each worker is 0.2. The number of labels used is 500. We
update the unlabeled nodes with the estimation of the prediction
error every 5 labels. We compare the 50 newer labeled nodes

with the interpolation generated without them
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