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Abstract
Living biological tissues are complex structures that have the capacity of evolving
in response to external loads and environmental stimuli. The adequate modelling of soft biological tissue behaviour is a key issue in successfully reproducing
biomechanical problems through computational analysis.
This study presents a general constitutive formulation capable of representing
the behaviour of these tissues through finite element simulation. It is based on
phenomenological models that, used in combination with the generalized mixing
theory, can numerically reproduce a wide range of material behaviours.
First, the passive behaviour of tissues is characterized by means of hyperelastic and finite-strain damage models. A generalized damage model is proposed,
providing a flexible and versatile formulation that can reproduce a wide range of
tissue behaviour. It can be particularized to any hyperelastic model and requires
identifying only two material parameters. Then, the use of these constitutive
models with generalized mixing theory in a finite strain framework is described
and tools to account for the anisotropic behaviour of tissues are put forth.
The active behaviour of tissues is characterized through constitutive models
capable of reproducing the growth and remodelling phenomena. These are built
on the hyperelastic and damage formulations described above and, thus, represent
the active extension of the passive tissue behaviour. A growth model considering
biological availability is used and extended to include directional growth. In addition, a novel constitutive model for homeostatic-driven turnover remodelling is
presented and discussed. This model captures the stiffness recovery that occurs
in healing tissues, understood as a recovery or reversal of damage in the tissue,
which is driven by both mechanical and biochemical stimuli.
Finally, the issue of correctly identifying the material parameters for computational modelling is addressed. An inverse method using optimization techniques
is developed to facilitate the identification of these parameters.
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Resum
Els teixits biològics vius són estructures complexes que tenen la capacitat
d’evolucionar en resposta a càrregues externes i estı́muls ambientals. El modelat adequat del comportament del teixit biològic tou és un tema clau per poder
reproduir amb èxit problemes biomecànics mitjançant anàlisi computacional.
Aquest estudi presenta una formulació constitutiva general capaç de representar el comportament d’aquests teixits mitjançant la simulació amb elements
finits. Es basa en models fenomenològics que, usats en combinació amb la teoria
de mescles generalitzada, permeten reproduir numèricament un ampli ventall de
comportaments materials.
Primer, el comportament passiu dels teixits es caracteritza amb models
hiperelàstics i de dany en grans deformacions. Es proposa un model generalitzat
de dany que proporciona una formulació versàtil i flexible per poder reproduir
una extensa gamma de conductes de teixits. Pot ser particularitzat amb qualsevol model hiperelàstic i requereix identificar tan sols dos paràmetres materials.
Llavors, es descriu l’ús d’aquests models constitutius en conjunt amb la teoria
generalitzada de mescles, desenvolupada en el marc de grans deformacions, i es
presenten eines que permeten incorporar les propietats anisòtropes dels teixits.
El comportament actiu dels teixits es caracteritza mitjançant models constitutius capaços de reproduir els fenòmens de creixement i remodelació. Aquests
es construeixen sobre les formulacions d’hiperelasticitat i dany descrites anteriorment i, per tant, suposen l’extensió activa del comportament passiu del teixit.
Es fa servir un model de creixement que té en compte la disponibilitat biològica
de l’organisme, que després s’amplia per incloure dany direccional en el model.
També es presenta i analitza un nou model constitutiu per al remodelat per renovació tendint a l’homeòstasi (homeostatic-driven turnover remodelling). Aquest
model captura la recuperació de rigidesa que s’observa en teixits que es guareixen.
Aquı́, el remodelat s’entén com la recuperació o inversió del dany en el teixit i és
motivat tant per estı́muls mecànics com bioquı́mics.
Finalment, s’aborda el tema de la identificació correcta dels paràmetres materials per al modelat computacional. Es desenvolupa un mètode invers que fa ús
de tècniques d’optimització per facilitar la identificació d’aquests paràmetres.
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Acronyms
AAA
ACD
ALL
CDM
CL
ECM
FEA
FEM
FSU
HTR
IL
ItL
LF
MCL
PLCd

abdominal aortic aneurysm
anterior cervical discectomy
anterior longitudinal ligament
continuum damage mechanics
facet capsular ligament
extracellular matrix
finite element analysis
finite element method
functional spinal unit or motion segment
homeostatic-driven turnover remodelling
interspinous or interspinal ligament
intertransverse ligament
ligamentum flavum or yellow ligament
medial collateral ligament
In-house implicit FE code capable of solving finite-strain nonlinear threedimensional solid mechanics problems. www.cimne.com/PLCd/ [213]
PLL posterior longitudinal ligament
pUL partially updated Lagrangian
ROM Range of motion or rotation angle
SL
supraspinous ligament
TL
total Lagrangian
UL
updated Lagrangian
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Notation
αi
δij
ε
η
θ
θexp
θF EM
ϑ
ϑa
ϑb
ϑf
ϑ̇gmax
ϑ̇+
max
ϑ̇−
max
κ
λ
λf
µ
µi
ν
ρ
σ
∗+
σeq
∗−
σeq

Stiffening parameters of the Ogden hyperelastic model, with i = {1, 2, 3}
Kronecker delta function, δij = 1 when i = j and δij = 0 when i 6= j
Infinitesimal strain tensor
Specific entropy
Biological availability for growth in the metabolic growth function of the
growth model
Rotation corresponding to the flexo-extension moment of the FSU obtained from the experimental corridors
Rotation corresponding to the flexo-extension moment of the FSU computed using FEM
Growth multiplier
Growth stretch associated with the direction of the structural tensor a0
in the directional growth model
Growth stretch associated with the direction of the structural tensor b0
in the directional growth model
Growth stretch associated with the direction of the structural tensor f0
in the directional growth model
Maximum possible growth/atrophy stretch rates of the directional growth
model
Growth limit in the mechanical growth function of the growth model
Atrophy limit in the mechanical growth function of the growth model
Bulk modulus
Stretch
Stretch in the fibre direction, used in the tensile/compressive switch
Initial shear modulus of a hyperelastic material
Shear moduli of the Ogden hyperelastic model, with i = {1, 2, 3}
Poisson’s ratio
Density
Cauchy stress tensor
Superior limit of the homeostatic equilibrium in the mechanical growth
function of the growth model
Inferior limit of the homeostatic equilibrium in the mechanical growth
function of the growth model
xv

τ
τ
τ0d
τ max
ξ
Ξ
ΞR
Φc
χc
Ψ
Ψe
eR
Ψ
a0

A
Ai

A
A

E
S

b
b
b0

B
B0
B0, N L

c
C
C

tan

tan

C
C1
d

Kirchhoff stress tensor
Energetic norm used in the generalized damage model
Initial damage threshold, material property of the generalized damage
model
Damage threshold, maximum reached value of τ in the history of strains
Irreversible stiffness loss parameter in the HTR model, ξ ∈ [0, 1]
Dissipation
Total dissipation in the HTR model
Stiffness ratio of the component c in the generalized mixing theory
Serial-parallel coupling parameter of the component c in the generalized
mixing theory, χc ∈ [0, 1]
Strain energy density function also denoted as Helmholtz free energy
density function or elastic potential
Elastic strain energy density function
Recovery strain energy density function in the HTR model, the energy
introduced by the metabolism in a healing tissue
Unit vector that characterizes one of the two transversal directions to
the fibre in the directional growth model, structural tensor given in the
reference configuration
Lineal operator that represents the sum of the different force components
Slope of the nutrient function in the growth model
Strain transformation tensor from the real anisotropic space to the fictitious isotropic space
Stress transformation tensor from the real anisotropic space to the fictitious isotropic space
Vector of body forces acting on a volume per unit of mass
Slope of the transition in the tensile/compressive switch
Unit vector that characterizes one of the two transversal directions to
the fibre in the directional growth model, structural tensor given in the
reference configuration
Left Cauchy-Green or Finger deformation tensor, B = F · FT
Linear strain-displacement compatibility or transformation tensor in material configuration, see definition in [27]
Nonlinear strain-displacement compatibility or transformation tensor in
material configuration, see definition in [27]
Tangent constitutive tensor also denoted as tangent stiffness tensor or
spatial elasticity tensor, given in the present configuration
Constitutive tensor in the reference or material configuration; Constitutive tensor in infinitesimal strain theory
Tangent constitutive tensor also denoted as tangent stiffness tensor or
material elasticity tensor, given in the reference configuration
Right Cauchy-Green deformation tensor, C = FT · F
Material constant of the neo-Hookean hyperelastic model
Rate of deformation tensor
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df0
D
Def f
e
E
E
Ee
f0

F
F

int
0
ext
0

F
Fe
Fg
gfd
G
Gf
hP

I
I

C-1

I

Unit vector in the reference configuration indicating the direction of application of the tensile/compressive switch
Internal scalar damage variable of the generalized damage model,
D = G (τ ) ∈ [0, 1]
Internal scalar effective damage variable of the HTR model, Def f ∈ [0, 1]
Euler-Almansi strain tensor
Green-Lagrange strain tensor
Young’s modulus or elastic modulus
Material elastic limit
Unit vector that characterizes the fibre direction in the directional growth
model, structural tensor given in the reference configuration
Vector of internal forces in the reference configuration
Vector of external forces in the reference configuration
Deformation gradient tensor, F = ∂x/∂X
Elastic part of the deformation gradient tensor
Incompatible part of the deformation gradient tensor, growth tensor
Maximum dissipated fracture energy per unit of volume, gfd = Gf /L0
Pressure constitutive tensor
Maximum dissipated fracture energy per unit of area, material property
of the generalized damage model
Pressure shape function vector
Fourth-order symmetric identity tensor, used in the definition of tan
vol
Fourth-order tensor based on C−1 , used in the definition of tan
vol
Second-order identity tensor, [I]ij = δij

C

(i)

c

Invariant number i of the tensor {•}
Jacobian determinant of the deformation gradient tensor F
Jacobian determinant of the tensor Jξ0 = ∂X/∂ξ, where ξ is the vector of
elemental coordinates
k
Healing rate parameter of the HTR model
+
k
Slope of the growth rate in the mechanical growth function of the growth
model
k−
Slope of the atrophy rate in the mechanical growth function of the growth
model
K
Stiffness tensor in the reference configuration
Kg
Tensor of growth stretch rates in the directional growth model
Lφ (•) Lie derivative of {•}
Lg
Velocity growth gradient or rate of growth
L0
Element’s characteristic length in the reference configuration
m
Mass in the present configuration
M
Mass in the reference configuration
M exp Flexo-extension moment of the FSU obtained from the experimental corridors
M F EM Flexo-extension moment of the FSU computed in FEM

I{•}
J
J0ξ

xvii

+
Mmax
Maximum rate of mass production in the mechanical growth function of
the growth model
−
Mmax
Maximum rate of mass loss in the mechanical growth function of the
growth model
N
Shape function tensor
Ni
Nutrients available for growth in the tissue, used in the growth model
p
Hydrostatic pressure
p
Pressure obtained from the displacement field
pe
Total element pressure obtained by independent interpolation
pav
Averaged hydrostatic elemental pressure
P
Pressure vector in the reference configuration
q0
Heat flux vector in the reference configuration
r
Influx of mass
r
Reduction factor in the tensile/compressive switch, r ∈ [0, 1]
Vector of residual forces in the reference configuration
R
Mass source
R
Internal scalar repair or healing variable in the HTR model
Rg
Residue used in the growth algorithm
Ri
Initial reserve of nutrients in the nutrient function of the growth model
S
Second Piola-Kirchhoff stress tensor
S
Surface in the reference configuration
S0
Entropy source in the HTR model
S0d
Initial damage threshold stress, related to the material property τ0d of the
generalized damage model
t
Vector of surface forces acting on the surface of a volume per unit surface
t
Time
T
First Piola-Kirchhoff stress tensor
+
Tmax
Normalized maximum rate of mass production in the mechanical growth
function of the growth model
−
Tmax
Normalized maximum rate of mass loss in the mechanical growth function
of the growth model
U
Displacement vector in the reference configuration
v
Volume in the present configuration
vi
Volumetric participation of the component i in the generalized mixing
theory formulation
V
Volume in the reference configuration
w̄
Quadrature weight of an integration point
Wf
Total dissipation in a computationally-modelled structure
x
Coordinate vector in the present configuration
X
Coordinate vector in the reference configuration
{•}0 In general, this subindex indicates {•} is given with respect to the
reference configuration. For the damage formulation, it indicates the
tensor {•} is the undamaged hyperelastic tensor.
{•}vol This subindex indicates {•} corresponds to the volumetric or dilatational
part of the tensor.

R
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init

{•}
g
{•}
g
{•}

{•}

This superindex indicates {•} refers to the initial time.
This superindex indicates {•} corresponds to the incompatible growth
configuration.
The tilde indicates {•} corresponds to the deviatoric or isochoric part of
the tensor, or the volume-preserving part of a tensor invariant.
The overline indicates {•} belongs to the fictitious isotropic space.
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Chapter 1

Introduction
1.1

Motivation

Computational biomechanics is an emerging field that embraces a broad range of
computational modelling techniques used in the numerical simulation and analysis of biological systems. Research in biomechanics, which seeks to understand
the mechanics of living systems [96], is generally aimed at improving our knowledge of the human body to advance in medical science and technology. Unsurprisingly, biomechanics plays an important role in what is now termed in silico
medicine [249]. This new discipline aims at capturing aspects of the physiology
and pathology of the human body in computer models that aid in the clinical
prevention, diagnosis and treatment of injury and disease. In this context, finite
element analysis (FEA) [269] is proving to be a powerful tool to perform certain
patient-specific biomechanical studies and, in this way, provide additional data
for clinical decisions.
Computational biomechanics and in silico medicine overlap in areas such
as orthopaedics, rehabilitation, gait analysis, tissue engineering, hemodynamics and mechanobiology, to name but a few. The latter is of particular interest for researchers in continuum mechanics and structural analysis
since it poses the challenge of extending well-established constitutive formulations to be able to model biological tissue behaviour. Constitutive models describe the macroscopic behaviour resulting from the internal constitution of a material in order to characterize its response to external stimuli [156].
The constitutive modelling of biological tissues presents the difficulty of having to account for the fact that these materials are alive, so they respond and
adapt to external and internal actions of both mechanic and metabolic origins.
Furthermore, computational modelling of living tissues tends to involve complex and evolving geometries, large displacements and strains, and often their
loads, boundary conditions and interactions are hard to quantify and establish
with accuracy [73]. Further challenges include accounting for their hierarchical
1
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structure and the multiple biophysical stimuli at the different spatial and time
scales involved.

1.2

Overview

Biological tissues are constituted by different components arranged in a hierarchical structure whose properties strongly depend on the size, distribution and
geometry of these constituents. Biomaterials are typically classified into either
hard or soft tissues. The former include mineralized tissues with a rigid intercellular substance, e.g., bone and teeth. They suffer small deformations and behave
nearly elastically in the physiological range. The latter are tissues composed of
an extracellular matrix (ECM) of collagen and elastin fibres embedded in ground
substance. Examples of soft tissues are tendons, ligaments, skin, muscles and
blood vessels, amongst others. They are highly deformable and exhibit a nonlinear elastic behaviour. In addition, the ground substance, which is basically a
hydrophilic gel, confers near-incompressibility to these tissues.
The properties of both hard and soft tissues are classified into two separate
groups, passive and active, according to their predominantly mechanical or biological nature. Properties that are not directly determined by the biochemical
and biophysical processes taking place in the tissue are known as passive properties. In addition to the nonlinearity and near-incompressibility mentioned above,
soft tissues may exhibit passive properties such as anisotropy, residual stresses,
viscoelasticity, plasticity, damage and failure. In contrast, active properties are
directly dependent on the metabolism, which keeps the tissues alive and allows
them to adapt and evolve in response to their environment. Growth, atrophy,
remodelling, healing, regeneration and ageing are all active properties.
Constitutive models to represent these properties can be developed following
either a mechanistic or a phenomenological approach. The mechanistic approach
tries to understand and model the mechanisms that regulate tissue reactions
at cellular level. By incorporating the biophysics behind the tissue behaviour,
these mathematical models allow testing different hypothesis and, ultimately,
provide a better understanding of the mechanobiological interactions involved
in the processes being modelled. However, they require in-depth knowledge of
the tissue histology and the biochemical reactions taking place at cellular and
molecular levels, which in some cases are not completely understood yet.
Phenomenological models, on the other hand, establish direct relations
between the external stimuli and the observed tissue response without trying
to explain the mechanisms behind the observations. They describe tissue behaviour using functional relations that closely fit experimental studies. The phenomenological approach avoids quantifying microscopic quantities. Instead, the
internal variables of the model are directly associated with the behaviour observed at macroscopic level. These variables are expressed in continuous terms
even though they are indirectly related to the mechanisms taking place at cellular
and molecular levels. Nonetheless, biological tissues are extremely heterogeneous
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and, often, cannot be modelled with precision by using this approach alone.
The characterization of material inhomogeneity due to the local variation of
the tissue structure is sometimes addressed with microstructural models. Histological data is used to describe the tissue architecture and then, by means
of homogenization techniques, the macroscopic behaviour of the biomaterial is
obtained. The underlying microstructural relations are mathematically complex
and accurate quantification of the interactions between the constituents at the
different organizational scales is required. Humphrey and Yin [121] proposed using mixing theory as an alternative, combining in this way desirable features from
the phenomenological and microstructural approaches.
Mixing theory idealizes the composite material (the tissue) as composed of
several individual compounds (fibres and matrix). Each of these components
or simple materials is modelled, in turn, by the constitutive model of choice.
Phenomenological models are generally used to describe the behaviour of the
simple material, although mechanistic, microstructural or, even, mixing theory
could be used for this purpose. The use of phenomenological models provides a
compromise between the physical accuracy of the microstructural approach and
the mathematical simplicity of the purely phenomenological one.

1.3

Goals

The aim of this study is to set the bases for a general constitutive formulation
that represents the behaviour of soft biological tissues through numerical simulation, specifically, the finite element method (FEM). This formulation is based
on phenomenological models used in combination with the generalized mixing
theory [196] and implemented in the in-house code PLCd [213].
PLCd is an implicit FE code developed in Fortran and capable of solving
finite-strain nonlinear three-dimensional solid mechanics problems. It uses the
direct sparse solver Pardiso [223] and a full Newton algorithm. Originally developed for the modelling of fracture, dynamics behaviour and analysis of composite structures through mixing theory, its scope has extended over the years to
topics such as multi-scale homogenization, fatigue analysis, the study of masonry
structures and, now, biological tissue simulation. Among its strengths are the
thorough implementation of the generalized mixing theory and the straightforward organization and accessibility of the code, which facilitates the introduction
of new constitutive models. Nevertheless, since PLCd is research-oriented and in
constant development, the implementation of new constitutive formulations often requires additional changes and improvements in the general structure of the
code.
The mixing theory is understood as a constitutive equation manager that
allows mixing and matching simple materials, whose behaviour is modelled by
means of phenomenological constitutive formulations, to obtain the overall behaviour of the composite material. In this study, biological tissues are assimilated
to a composite material and, therefore, the appropriate constitutive models must
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be formulated to represent its simple components. Hence, the idea of a general
constitutive formulation for biological tissues: the use of mixing theory in conjunction with the simple constitutive models confers flexibility and versatility
and, ultimately, generality to the overall formulation.
Exploiting the aforementioned strong points of the formulation, phenomenological constitutive models capable of reproducing biological tissue behaviour are
developed and implemented in order to achieve the goal of this study, a general
constitutive formulation. This task is tackled in two distinct parts: the passive
and active properties.
First, the passive behaviour of biological tissues is addressed by means of
quasi-incompressible hyperelastic and finite-strain damage models. This is, of
course, a simplification since tissues are known to exhibit more complex behaviours such as viscoelasticity. However, the aim of the study is to obtain a general
formulation and the hyperelastic and damage models implemented are deemed
enough for the purpose of representing the passive properties of the tissues.
Then, the active behaviour of the tissues is modelled through continuum
growth and healing models, which are based on the previous hyperelastic and
finite-strain damage formulations. Again, the active properties of living tissues
include much more than the growth and remodelling modelled in this study. Yet,
the scope of the general constitutive formulation is limited to these under the
assumption that they are the most notable of the active properties observed in
adult functional tissues.
The use of phenomenological models requires the correct identification of its
material parameters to obtain an adequate computational representation of the
real tissue behaviour. Due to the non-mechanistic nature of these parameters, it
is often difficult to establish their values based on physical or structural information. Identifying the correct material parameters tends to require a trial-and-error
approach, which is often tedious and generally time-consuming. Parameter identification through inverse methods by means of optimization techniques is an
alternative to the manual identification. Such a method is developed, tailored to
the particular applications of this study, but flexible enough to be easily modifiable if required for other purposes.
In view of the above, the aim of this study is divided into the following
objectives, each of which corresponds to a chapter in this dissertation:
• Development of a set of constitutive formulations capable of representing
the basic passive properties of biological tissues.
• Development of a set of constitutive formulations capable of representing
the basic active properties of biological tissues.
• Identification of the material parameters of the constitutive formulations
through an inverse method and adequate optimization techniques.
These constitutive formulations are developed in the framework of finite-strain
continuum solid mechanics and are built on a well-established thermodynamic
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basis. The computational implementation and validation of the models require
numerical improvements in areas of the code such as FE formulation, integration
scheme, loading configurations and pre- and post-processor interfaces.

1.4

Outline

This dissertation is organized as follows:
Chapter 2 A set of constitutive equations capable of reproducing the basic
passive properties of biological tissues is proposed. First, several hyperelastic
formulations are reviewed and the implementation of two of these models is described in detail. The finite strain framework in which these formulations are developed and the numerical requirements imposed by the quasi-incompressibility
assumption are also described. Then, a generalized finite-strain damage model is
developed and implemented based on these hyperelastic models. A few examples
serve to illustrate its main characteristics and validate the formulation. The use
of these constitutive models together with generalized mixing theory is studied.
Improvements to better represent the passive properties of biological tissues are
proposed and discussed.
Chapter 3 A set of constitutive equations capable of reproducing the main
active properties of biological tissues is proposed. Continuum modelling of growth
and remodelling is reviewed and a constitutive model for volumetric growth that
takes into account the metabolic contribution is described and implemented. An
extension of this model to include directional growth is also presented. Then, a
novel reverse-damage model to account for healing in soft tissues is formulated,
implemented and validated through numerical examples. Similarly to the growth
formulation, healing is driven by mechanical stimuli but subject to biological
availability, as allowed by the tissue’s metabolism. The integration of the growth
and healing models in a common formulation in order to better represent the
active properties of biological tissues is proposed and discussed.
Chapter 4 The constitutive formulation described in Chapter 2 is used to
model the basic components of the human cervical spine and an attempt to
numerically reproduce a discectomy spine surgery is presented. The difficulties
encountered in the modelling of the spine are discussed and a solution is proposed
to solve the material parameter identification problem. An inverse method using optimization techniques, tailored to this particular application, is developed.
Then, the method is modified and used in the material parameter identification
of a generic composite specimen, demonstrating the versatility of the method
proposed. Finally, the improvements required in the cervical spine modelling are
discussed, in addition to the capabilities of the proposed material parameter
identification method.
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Chapter 5 The achievements of this study are summed up, final conclusions
are drawn and future work lines are outlined.
Note that a chapter devoted to reviewing the state of the art is not included at
the beginning of the dissertation. The self-contained nature of each chapter lends
itself to including specific literature reviews in each chapter. Likewise, conclusions
related to the specific content of each chapter are pointed out at the end of the
same.

1.5

Research dissemination

The work included in this dissertation resulted in the following scientific publications, reproduced in Appendix B.
Chapter 2
E. Comellas, F.J. Bellomo and S. Oller. A generalized finite-strain damage model for
quasi-incompressible hyperelasticity using hybrid formulation. International Journal
for Numerical Methods in Engineering, 2015. doi:10.1002/nme.5118

Chapter 3
F.J. Bellomo, E. Comellas, L. Nallim and S. Oller. Numerical simulation of the directioned growth and remodelling of soft biological tissues generated by mechanical
stimuli (in Spanish). In: Mecánica Computacional Vol. XXXIII. Asociación Argentina
de Mecánica Computacional, 2014.
E. Comellas, T.C. Gasser, F.J. Bellomo and S. Oller. A homeostatic-driven turnover
remodelling constitutive model for healing in soft tissues. Journal of the Royal Society
Interface. Submitted October 2015.

Chapter 4
E. Comellas, S. Oller, J. Poblete, J. Berenguer and A. Prats-Galino. Numerical modelling of a cervical spine discectomy. In: Mecánica Computacional Vol. XXXI. Asociación
Argentina de Mecánica Computacional, 2012.
E. Comellas, S.I. Valdez, S. Oller and S. Botello. Optimization method for the determination of material parameters in damaged composite structures. Composite Structures,
2015, 122:417–424. doi:10.1016/j.compstruct.2014.12.014.
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In addition, part of the work was presented at the following conferences and
workshops:
Unpublished Conference Presentations
E. Comellas, T.C. Gasser, F.J. Bellomo and S. Oller. A reverse damage model for
healing in soft biological tissues, VI International Conference on Computational Bioengineering (ICCB 2015), Barcelona, September 14 – 16, 2015.
E. Comellas, F.J. Bellomo and S. Oller. Ogden parameter optimization for finite element
modelling of cervical ligaments, invited to present in Biomechanics Session of XXXII
Annual Conference of the Spanish Society of Biomedical Engineering (CASEIB 2014),
Barcelona, November 26 – 28, 2014.
E. Comellas, F.J. Bellomo and S. Oller. Ogden parameter optimization for finite element modelling of cervical ligaments using hybrid formulation, 11th World Congress on
Computational Mechanics (WCCM XI), Barcelona, June 20 – 25, 2014.

Unpublished Workshop Presentations
E. Comellas and S. Oller. Non-linear constitutive modelling of biological tissues, Course
on Advanced Structural Analysis Interface, MuMoLaDe Michaelmas School a Marie
Curie ITN, Barcelona, October 1 – 2, 2015.
E. Comellas, T.C. Gasser, F.J. Bellomo and S. Oller. A damage-driven model for remodelling/healing of soft tissues considering biological availability, International Workshop
on Modelling across the Biology-Mechanics Interface, Castro Urdiales, September 1 –
4, 2015.
E. Comellas, F.J. Bellomo and S. Oller. Ogden parameter optimization for finite element
modelling of cervical ligaments. IV Meeting of the Spanish Chapter of the European Society of Biomechanics (ESB), Valencia, November 20 – 21, 2014. Best valued works,
2nd position.
E. Comellas. TCAiNMaND Progress in WP5. TCAiNMaND First Annual Workshop
a Marie Curie IRSES, Barcelona, July 18, 2014.
E. Comellas, F.J. Bellomo and S. Oller. FE modeling of cervical ligaments using Ogden hyperelasticity and hybrid formulation, III Meeting of the Spanish Chapter of the
European Society of Biomechanics (ESB), Barcelona, October 23 – 24, 2013.
E. Comellas, S. Oller, J. Poblete, J Berenguer and A. Prats-Galino. Numerical simulation of a cervical discectomy surgery (in Spanish), II Meeting of the Spanish Chapter
of the European Society of Biomechanics (ESB), Sevilla, October 25, 2012.
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Finally, part of the work presented in this document is the result of collaborating with external researchers during the following research stays:
KTH Royal Institute of Technology, 6-month doctoral research stay. Worked under the direct supervision of Prof. Christian Gasser in the Solid Mechanics Department
of the KTH Royal Institute of Technology. Stockholm, Sweden. February – July 2015.
The article “A homeostatic-driven turnover remodelling constitutive model for healing
in soft tissues” is the result of the work developed during the stay.
CIMAT Center for Research in Mathematics, 2-month research stay in the
framework of the TCAiNMaND project, a Marie Curie International Research Staff
Exchange Scheme (IRSES) under the European Union 7th Framework Programme with
grant agreement n. 612607. Worked under the direct supervision of Dr. Salvador Botello
in the Computational Sciences Department of the Center for Research in Mathematics
(CIMAT). Guanajuato, México. February – March 2014. The article “ Optimization
method for the determination of material parameters in damaged composite structures”
is the result of the work developed during the stay.

Chapter 2

Constitutive modelling
of passive properties
2.1

Background

The adequate modelling of a biological tissue’s constitutive behaviour is key
in successfully reproducing biomechanical problems through computational analysis. The nonlinearity exhibited by soft tissue in response to loading was studied
and experimentally quantified as early as mid-19th century [118]. The pioneering researchers in biomechanics observed that this behaviour is similar to that
of rubber-like materials due to the long-chain, cross-linked polymeric structures
of both types of materials. Hence, the introduction of continuum finite elasticity
theory, used in the modelling elastomers, to model soft tissue behaviour.
Continuum-based theories deal with matter at a macroscopic scale, i.e., the
behaviour of materials is studied considering matter as a continuous medium
rather than as an heterogeneous mass formed by discrete particles. Also, the
assumption is made that the solid and its properties are describable by continuous functions which have continuous derivatives. The existence of a continuous
displacement field in this type of problems makes the implementation of finite
element techniques to solve them much simpler.
Fung, considered by many the father of modern biomechanics, was among
the first to characterize soft tissue biomechanics within the framework of finitestrain elasticity [95, 96]. So, these first efforts to numerically reproduce soft tissue
behaviour were mainly focused at determining the adequate elastic potentials Ψ
for such purpose.
Most of the models employed in representing soft tissue behaviour were borrowed or adapted, and still are, from elastomer applications. These models assume
the material is homogeneous, incompressible and isotropic, which can be oversimplifying hypotheses for some biological tissues. Yet, these assumptions allow
defining the elastic potential in terms of either the first and second invariant val9
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ues of the right Cauchy-Green deformation tensor C, or the principal stretches,
which are the square roots of the eigenvalues of C. This is especially useful in
the mathematical development and numerical implementation of the hyperelastic
formulation, as will be seen in section 2.2.
The main challenge is then to choose an appropriate set of invariants such
that the material model includes as few parameters as possible but is still able to
adequately reproduce complex deformation states of the material it is representing. In addition, the material parameters should be determined by fitting solely
a small number of simple experiments. Among the most popular models of these
type are the Mooney-Rivlin type, based on the first and second invariants of C,
and the Ogden models, based on the principal stretches. Another commonly used
polynomial form of strain energy function is the one introduced by Yeoh, which
uses power terms of the first invariant of C. Exponential and logarithmic forms
are also widely used, for example in the Fung and Veronda-Westmann models.
The reader is referred to the comprehensive review on hyperelastic models for
rubber-like materials by Steinmann et al. [234] for detailed information on many
other constitutive models not mentioned in this study. Chagnon et al. [47] provide
a comprehensive review of strain energy density functions for soft biological tissues. Studies of hyperelastic models for particular applications are also available,
e.g. Auricchio et al. [20] review hyperelastic models for human aortic valve tissue.
The numerical and thermodynamic bases of isotropic quasi-incompressible
hyperelasticity will be reviewed in section 2.2. The hyperelastic models typically used in biomechanical applications will be briefly described and discussed
and, then, the complete neo-Hookean and Ogden formulations will be developed.
Their numerical implementation in PLCd will be described and validated through
numerical examples.
Although the hyperelastic models used to reproduce soft-tissue behaviour
described above are able to adequately reproduce the behaviour of biological
tissues in some applications, the anisotropy exhibited in most cases cannot be
ignored. In order to address this issue, several authors [243, 97, 237] developed
elastic potentials in terms of the components of the strain tensor. Therefore,
the orientation of each material point in the tissue could be specified in terms
of a certain coordinate system. Typically, the cylindrical polar coordinates are
chosen for this purpose since these models were first applied on arterial tissue.
However, this type of formulation is inherently limited to specific kinematics and
the applicability of these models is limited, as discussed in [114].
Humphrey and Yin [121] proposed a different approach to modelling anisotropy. The elastic potential is defined as the sum of an isotropic part Ψiso , attributable to the behaviour of the extracellular matrix (ECM), and an anisotropic
one Ψani , accountable for the contribution of the collagen fibres. The latter, in
turn, is defined as the sum of the contribution of each family of fibres1 . Then,
1 Humphrey and Yin [121] define a family of fibres as “a collection of locally parallel fibres
with identical material properties”.
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the elastic potential of the tissue is
Ψ = Ψiso + Ψani ,

with

Ψani =

k
X

Ψif ,

(2.1.1)

i=1

where k is the amount of fibre families considered. Here, Ψiso is defined in terms of
the right Cauchy-Green deformation tensor C invariants and should account for
the ECM behaviour. Ψf depends on both C and the fibre orientation, typically
through the pseudo-invariants of the fibre orientation vectors, also known as
Spencer invariants [233]. The incorporation of the matrix-fibre distinction and
the fibre orientation confers a certain mechanistic character to this formulation,
even if phenomenological models are used as basis to define the basic elastic
potentials.
Over the years, many researchers have used this same concept to develop constitutive models to represent soft tissue behaviour. One of the most popular of
these models is the HGO model, developed by Holzapfel, Gasser and Ogden to
represent arterial tissue behaviour [114]. Generally, the isotropic elastic potential
Ψiso is defined as an isotropic phenomenological hyperelastic function, while the
definition of the anisotropic counterpart Ψani depends on the histological structure of the particular tissue at study. Numerous constitutive formulations based
on this isotropic/anisotropic split have been developed in the past decade and
a half, extending the models to account for characteristics such as viscoelasticity [115, 149, 207, 103, 3], softening [150, 180, 42, 210, 23], or both [102, 203].
Biological tissues exhibit three known softening phenomena: the Mullins effect, preconditioning, permanent set and damage softening [210]. The Mullins
effect is a phenomenon originally investigated and documented by Mullins et
al. [174] in rubbers. This effect is phenomenologically characterized by the degradation of the elastic properties of rubber-like materials subjected to quasistatic cyclic tensile/compressive loading. The degradation is observed at strain
levels below the maximum strain achieved in the history of deformation. This
stress-softening is associated with internal damage at microscopic level and structural realignment in the material. However, there is no general agreement on its
physical source. Diani et al. [70] review both phenomenological and macromolecular models put forth by researchers in the field to model the Mullins effect in
rubber-like materials. Preconditioning or hysteresis is characterized by an initial
continuous softening in the first cycles of a testing procedure which is identically repeated on the same tissues [118]. Softening in the tissue halts when it
reaches a steady or ”saturated” state, that is, it suffers no further changes in its
internal structure. Permanent set is the residual stretch observed in tissues after
unloading [205]. Finally, softening in biological tissues may occur as a result of
damage or degradation in the material structure. Rupture, fissures and voids at
microscopic level occur in the tissue as the (macroscopic) deformation proceeds,
resulting in an overall softening behaviour of the tissue.
The latter type of softening is commonly described through models formulated
in a continuum damage mechanics (CDM) framework. These damage formula-
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tions are based on the hyperelastic strain energy functions, as will be seen in
section 2.3. The CDM bases will be described in this section, together with a
brief review of finite-strain damage models developed up to date, with particular
focus on those developed for biological applications. Then, a general finite-strain
damage model that can be particularized for any hyperelastic strain energy function will be developed and its numerical implementation and main characteristics
will be described.
Let us recall the models based on a split elastic potential, initially introduced
by Humphrey and Yin [121]. They can be interpreted as an ad hoc mixing theory,
tailored to each biomechanical application. Now, since the aim of this study is
to set the bases for a constitutive formulation to represent soft tissue behaviour,
we propose a more general approach by directly using the generalized mixing
theory [196], which works as a constitutive equation manager. In this way, one
can build a library of constitutive equations which are known to adequately
represent certain biological tissues or their main components and, then, choose
the relevant models and quantify their contribution according to each application.
So, there should be no need to redefine a new constitutive equation for each
new biomechanical problem. The mixing theory is no longer introduced in the
definition of the elastic potential, instead, it is applied at stress level. Then,
for a tissue composed by n distinct components (matrix and fibres), the second
Piola-Kirchhoff stress in the tissue will be given by
S=

n
X

vi Si .

(2.1.2)

i=1

Here, vi is the volumetric participation of each tissue component and Si is the
second Piola-Kirchhoff stress of each of these components, computed by its own
constitutive equation.
The mixing theory formulation used, developed in a finite strain framework,
will be reviewed in section 2.4. Its capability in reproducing soft tissue behaviour
will be discussed as well as its shortcomings in the present form. In particular,
the lack of anisotropy will be addressed and the numerical tools that can be used
to account for the anisotropic behaviour of tissues will be discussed.

2.2

Hyperelasticity

Hyperelastic models are basically higher-order forms of linear elastic ones and,
therefore, are a particular type of nonlinear elastic models. Yet, hyperelasticity
accounts for both nonlinear material behaviour and large geometric changes.
Rubber-like materials are the most common example of a hyperelastic material
but many elastomers and most soft biological tissues are also modelled using a
hyperelastic idealization.
In elastic materials, the constitutive behaviour is solely a function of the
current strain level or deformation state and does not depend on the loading
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path followed or the history of strains suffered by the material. This implies
that the stress-strain curves for loading and unloading are exactly the same and,
thus, the original shape of the material is recovered upon unloading. In other
words, the work stored during loading is retrieved during the unloading process,
so there is no dissipation of internal energy. Hence, strains are reversible and
rate-independent, and there is a biunivocal correspondence between stress and
strain.
The simplest elastic model is the linear elastic one, in which stress is directly proportional to strain through a linear relationship. However, in general, an
elastic solid which undergoes large deformations will not follow linear elasticity.
Many different constitutive relations can be developed to represent the behaviour
of the elastic materials under the finite strain theory. In addition, the same constitutive behaviour, i.e., the same material model, can be written in several ways
because of the different stress and deformation measures used in finite strain.
These models are said to follow nonlinear elasticity and can be loosely grouped
into [188, 61, 36]:
• Kirchhoff material. It is a straightforward generalization of linear elasticity
to finite strain, typically used for applications in which the large deformation
effects are due to geometric nonlinearities. The most general model is defined
through the relation S = : E, where S is the second Piola-Kirchhoff stress
tensor, is the constitutive tensor and E is the Green-Lagrange strain tensor.

C

C

• Hypoelasticity. The constitutive equation is defined in terms of increments
or rates, for example, σ̇ = f (σ, d), where σ̇ is the rate of the Cauchy stress
tensor, σ is the Cauchy stress tensor and d is the rate of deformation tensor.
These type of laws do not strictly reflect the path independence of elasticity.
In addition, the derivation of objective stress rates2 and the corresponding
stiffness tensors is not trivial.
• Cauchy elasticity. The stress is computed by means of a material response
function, σ = G (F), where F is the deformation gradient tensor. The material
response function G has an explicit dependence on position, time and choice
of reference configuration.
• Hyperelasticity or Green elasticity. Stress is obtained from a scalar strain
energy density function, also known as Helmholtz free energy density function or elastic potential, Ψ. This function is a measure of the energy stored
in the deforming material such that, upon unloading, the energy is gradually released as the material recovers its original shape. The strain energy
density function typically takes the form S = ∂Ψ (E)/∂E, although expressions for different stress measures are easily obtained through appropriate
transformations.
The finite strain framework in which hyperelasticity is developed assumes
that both rotations and strains are large and, thus, the reference or undeformed
2 An

objective stress rate is a time derivative of stress that is frame indifferent.
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F=

Reference
configuration
t = t0

∂x
∂X
Present
configuration
t

Figure 2.2.1: Configurations of the continuous medium, adapted and reproduced with
permission from Oliver [193]. Point P in the reference configuration Ω0 (at the initial
time t0 ) corresponds to point P 0 in the present configuration Ωt (at time t). X and
x are the position vectors of this point for the reference and present configurations,
respectively. F is the deformation gradient tensor.

configuration is significantly different to the present or deformed one (see Figure 2.2.1). A clear distinction must be made between them and it is of utmost
importance to know in which configuration one is working in at all times.
The implications of developing constitutive models for FEA in a finite strain
framework are detailed in section 2.2.1. Then, the constraints imposed by the
quasi-incompressibility of soft biological tissues in the numerical modelling are
addressed in section 2.2.2. Section 2.2.3 presents the derivation of the basic constitutive formulation of quasi-incompressible hyperelasticity. Several hyperelastic
models and their applicability to reproducing soft tissue behaviour are outlined
in section 2.2.4. Then, the formulation derived in section 2.2.3 is particularized
for the neo-Hookean and Ogden models in sections 2.2.5 and 2.2.6, respectively.
The details of the numerical implementation in the in-house FE code PLCd [213]
are described for both, and, finally, the numerical and modelling limitations of
these two formulations are discussed in section 2.2.7.

2.2.1

Finite strain framework

The great majority of solid mechanics FE solvers work with a Lagrangian mesh,
and PLCd is no exception. This type of mesh is advantageous in computational
solid mechanics because nodes and elements move with the material and, therefore, the problem boundaries and interfaces remain coincident with the element
edges, simplifying their computational treatment. Also, the constitutive equations are evaluated always at the same material points because the integration
points also move with the material and, thus, always coincide with the exact
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same point of the material. This is especially useful in history-dependent models
such as damage, which will be addressed in section 2.3.
Then, the static equilibrium condition for an elemental discrete volume e in
the reference configuration is given by
!
Z
Z
Z

R

e

=

|

V0e

Se Be dV0 −
{z

}

internal forces

|

V0e

ρ0 b Ne dV0 +
{z

S0e

external forces,

t Ne dS0

F

e
e

=0

(2.2.1)

}

which must be satisfied for any displacement increment δU . Here,
•

R is the vector of residual forces, which must be null;

• V0 , S0 and ρ0 are the initial volume, initial surface and initial density of the
discrete volume, respectively;
• S is the second Piola-Kirchhoff stress tensor;
• B is the strain-displacement compatibility or transformation tensor, given by
B = ∇s N;
• N is the shape function;
• b is the vector of body forces acting on the volume per unit mass; and
• t is the vector of surface forces acting on the surface of the volume per unit
surface.
The local equilibrium equations of each elemental volume are assembled in
order to obtain the global equilibrium equation,
(Z
)

R=A
e

V0e

Se Be dV0

−

F = 0,

(2.2.2)

where A is a lineal operator that represents the sum of the different force components, according to the position and direction of the local contributions.
This equation may include nonlinearities, which can be of material or geometric origin. Material nonlinearities arise when the stress-strain behaviour is nonlinear due to the particular constitutive equation of the material. Constitutive
nonlinearity is strictly due to the changes in the material properties during its
mechanical behaviour. It is directly reflected in the constitutive tensor
and,
thus, the nonlinearity is introduced in (2.2.2) through the stress tensor S. Geometric nonlinearities appear when there are changes in the geometry which have a
significant effect on the load-deformation behaviour. In large displacement cases,
the large translations and rotations taking place induce changes in the local reference system of the different solid points. This introduces nonlinearities in the
displacement-strain compatibility tensor B. Large strains, in addition to the large

C
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displacement effects, also introduce nonlinearities in the strain field due to the
change in configuration of the solid. This change also modifies the constitutive
tensor, which results in a nonlinear dependency of stresses on strains.
The reader is referred to reference textbooks in the FEM field such as Zienkiewicz and Taylor [269], Bathe [26], Crisfield [61] and Belytschko et al. [30] for
detailed information on the numerical bases of nonlinear FE analysis.
FE solutions for problems which use Lagrangian meshes are typically divided
into total Lagrangian (TL) and updated Lagrangian (UL) formulations. In both
cases the dependent variables are functions of the material coordinates and time,
i.e., they use Lagrangian descriptions. However, in the TL scheme all variables
are referred to the reference (initial) configuration at time 0 whilst in the UL
one they are referred to the current (deformed) configuration at time t. Thus,
in a TL formulation integrals are taken over the reference configuration and
derivatives are calculated with respect to the material coordinates. In contrast,
variables are integrated over the current configuration and derived with respect to
spatial coordinates in an UL formulation. Nonetheless, both formulations include
nonlinear effects due to large displacements, large rotations and large strains.
Whether the large strain behaviour is modelled correctly or not will depend on the
constitutive relations used and the results will be the same for both formulations
if the appropriate constitutive models are defined in each formulation.
A decisive factor in choosing one formulation over the other is the computational efficiency. In the present study, the use of mixing theory might require
the definition of angles to indicate the fibre alignment in the matrix. An UL
approach would require updating the angle information, as well as the integration volumes, each time the equilibrium of forces were to be enforced. This
was regarded as a considerable computational drawback and the decision was
made to use a TL framework. However, because one might need to define certain
constitutive equations in the reference configuration, a partially updated Lagrangian (pUL) framework was implemented. In the pUL framework, all steps of
the resolution scheme are performed in the reference configuration, except for
the computation of the stress tensor through the constitutive equation which
is done in the present configuration (see Figure 2.2.2). To switch between the
→
−
←
−
two configurations, push-forward and pull-back operators, denoted as φ and φ ,
respectively, are required. These are defined as
→
−
τ = Jσ = φ (S) = F · S · FT ,
→
−
e = φ (E) = F−T · E · F−1 ,
←
−
S = φ (τ ) = F−1 · τ · F−T = J F−1 · σ · F−T ,
←
−
E = φ (e) = FT · e · F,

(2.2.3)

where τ is the Kirchhoff stress tensor, J = det F is the Jacobian determinant
and e is the Euler-Almansi strain tensor.
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reference
configuration

present
configuration

Initial material and
geometric properties

Calculate initial stiffness tensor:

K = BT0 : init : B0 J0ξ w̄

C

4Uk+1 = 4Uk + K−1 4F

4U = K−1 Fext
0

∂x
Calculate F = ∂X
and
Green-Lagrange strain E

Calculate 2nd Piola-Kirchhoff
stress through constitutive
equation, S = f (E)

Calculate internal forces and
stiffness tensor, Fint
= S B0 J0ξ w̄
0
T
tan
and K = B0 :
: B0 +

+ BT0 N L · S · B0 N L J0ξ w̄

−
→
e = φ (E)
Calculate Kirchhoff stress
through constitutive
equation, τ = f (e)
←
−
S = φ (τ )
←
−
E = φ (e)

C

is 4F = Fint
− Fext
≤ tol. ?
0
0
NO
YES
END

Legend:
– Total Lagrangian (TL)
– Partially updated
Lagrangian (uPL)

Figure 2.2.2: Scheme of the total Lagrangian and partially updated Lagrangian formulations implemented in PLCd. The subindex k indicates iteration number in the present
load increment. The definition of each term is available in the notation list.
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Quasi-incompressibility and hybrid elements

The near-incompressibility characteristic of many hyperelastic materials implies
that any hydrostatic pressure can be applied on said material without changing
its shape and, thus, stress cannot be uniquely determined from strains. In this
case, the hyperelastic constitutive law only specifies the deviatoric stresses and
the hydrostatic stresses must be calculated by solving the equilibrium equations
with the appropriate boundary conditions (assuming a quasi-static loading case).
Thus, the strain energy density function in the reference configuration is split into
e
Ψ = Ψvol + Ψ,

(2.2.4)

e to
where Ψvol corresponds to the volume-preserving or volumetric part and Ψ,
the isochoric or deviatoric one [229].
In addition, a quasi-incompressible material has a quasi-infinite bulk elastic
modulus, which results in an ill-conditioned stiffness matrix and locking problems when computing the solution using standard displacement-based FE formulations.
Gadala [98] reviews in his work the formulations proposed to overcome these
difficulties, detailing the advantages and disadvantages of one approach over another. All of them are based on the decomposition of the deformation gradient
into a deviatoric or isochoric part and a volumetric or dilatational one. The most
popular approaches used in literature can be grouped into:
• Multifield or mixed principles. The variational principle behind the FE
formulation not only includes the displacement field, but also the volumetric
deformation and/or pressure fields [167, 229]. In their most general form, they
have the disadvantage of introducing a considerable number of unknowns into
the problem, which is computationally costly. However, static condensation
at element level can eliminate the pressure degrees of freedom and, thus, this
problem is overcome [26].
• Reduced selective integration penalty approach. The displacement
field corresponding to the deviatoric deformation is integrated normally but
the volumetric terms are integrated using low order rules [235]. This reduces
the over-stiffening caused by volumetric locking. Unfortunately, this approach
does not work well with elements subjected to large strains or highly distorted
elements [98].
In the present work, a two-field approach has been used. The u/p formulation
described by Crisfield [61] and Bathe [26], consisting in a mixed interpolation of
the displacements and pressure has been implemented into PLCd [213]. This formulation is based on the classical displacement FEM but includes an additional
unknown variable, the hydrostatic stress distribution or pressure, which is interpolated separately from the displacement variable [235]. Then, the equations of
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motion for an elemental discrete volume are


 
 

int
KU U KU P
U
Fext
F


 =  0  −  0, U  ,
KP U KP P
P
0
Fint
0, P

(2.2.5)

where U is the displacement vector, P is the pressure vector, K{•}{◦} are the
stiffness matrices and Fext
and Fint
0
0, {•} are the vector of forces corresponding to
the external and internal loads, respectively. All variables are nodal and given
in the reference configuration. The stiffness matrices are defined as K{•}{◦} =
∂ Fint
0, {•} /∂ {◦}, which results in
KU U =

Z

V0

BT0

:

C

tan

: B0 dV0 +

Z

V0

KU P =

Z

V0

BT0, N L · S · B0, N L dV0 ,

BT0, N L · g hTp dV0 = KTP U

and
KP P = −

Z

V0

(2.2.6)

(2.2.7)

1
hP hTP dV0 .
κ

(2.2.8)

Here B0 and B0, N L are the classical linear and nonlinear strain-displacement
compatibility or transformation tensors, respectively [27]. tan is the tangent
constitutive tensor, hP is the vector of pressure shape functions, κ is the bulk
modulus and g is a vector which in matrix form is the pressure-related constitutive tensor G. The internal forces Fint
{•} are computed as

C

Z

BT0, N L · S dV0

V0

1
∂ pe
(p − pe)
dV0 ,
κ
∂P

Fint
U =
and
Fint
P =

Z

V0

(2.2.9)

(2.2.10)

where p is the pressure obtained from the displacement field and pe is the total
element pressure obtained by independent interpolation, pe = hP · P. Then, tan
and G are constitutive tensors relating strain and pressure, respectively, to stress,
i.e.,
Ṡ = tan : Ė + G · Ṗ.
(2.2.11)

C

C

The pressure constitutive tensor G is given by
G = −J C−1 ,

(2.2.12)

where C is the right Cauchy-Green deformation tensor that is defined in terms of
the deformation gradient tensor as C = FT · F. Since the volumetric part of the
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Cauchy stress tensor is given directly by the hydrostatic pressure3 , σ vol = −p I,
the pressure constitutive tensor is, in fact, a pull-back operation (2.2.3) of this
term. So, J converts the Cauchy stress to Kirchhoff stress (τ = Jσ) and, through
the inverse of the right Cauchy-Green deformation tensor, the pull-back operation
is completed.
Now, the pressure obtained from the displacement field, p, is defined positive
in compression and computed as
p=−

∂Ψvol
,
∂J

(2.2.13)

where Ψvol can take different forms according to different authors [26, 61, 229, 35],
but is always defined in terms of the Jacobian determinant J, which is a measure
of the change of volume, and the bulk modulus κ. Possible functions of are Ψvol
and their corresponding function for the pressure p are
(a)

Ψvol = 12 κ (J − 1)
(b)

2

Ψvol = 12 κ (ln J)
(c)

2

⇒
⇒

Ψvol = 12 κ J 2 − 2 ln J
(a)

p = −κ (J − 1) ,
p = −κ



⇒

ln J
,
J

and

(2.2.14)


J2 − 1
.
p = −κ
J

In the first case, Ψvol , the value of the bulk modulus κ directly dictates the value
of the pressure p when there is no change in volume, i.e., J = 0 (see Figure 2.2.3).
In addition, the tetrahedral elements that will be discussed later are very sensitive
to the choice of the function Ψvol and the best choice is the one with the term
(J − 1) because it usually has a stabilizing effect [19]. For these reasons, the first
expression in (2.2.14) of the volumetric strain energy density function has been
used in PLCd. Then, the internal force corresponding to the volumetric part is
reduced to

Z 
pe
Fint
=
−
(J
−
1)
+
hP dV0 ,
(2.2.15)
P
κ
V0

where ∂ pe/∂P = hP has been taken into account.
Figure 2.2.4 shows two possible configurations of mixed elements based on
the serendipitous hexahedral and the tetrahedral families of elements already
implemented in PLCd. Both element types satisfy the inf-sup condition4 and,
therefore, will produce robust and reliable solutions. Figure 2.2.5 shows alternative configurations of the distribution of the pressure nodes in which these nodes
do not coincide with the displacement nodes. Such elements are often referred to
3 Here, I is the second-order identity tensor, which is defined as [I]
ij = δij , being δij the
Kronecker delta function.
4 The inf-sup condition is the basic mathematical criterion that determines whether a mixed
finite element discretization is stable and convergent and, hence, will yield a reliable solution [26].
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Figure 2.2.3: Pressure p (positive in compression) vs. the Jacobian determinant J for
the different volumetric strain energy density functions Ψvol given in (2.2.14) in terms
of the bulk modulus κ.

as hybrid elements and have the advantage of allowing for static condensation of
the pressure variables in the equation of motion. Isolating P from the second line
of (2.2.5) yields

int
T
P = −K−1
(2.2.16)
P P · FP + KU P · U ,
which, replaced into the first line of (2.2.5), results in the condensed equation of
motion to be solved,


ext
int
int
−1
T
KU U − KU P · K−1
. (2.2.17)
P P · KU P · U = F0 − FU − KU P · KP P · FP
|
|
{z
}
{z
}
K
Fint

The formulation obtained is expressed solely in terms of displacement variables,

and the new stiffness tensor K and internal force vector Fint differ from the
classic displacement FE formulation in that they have the pressure-related subtracting terms. Therefore, the same FE solver can be used because new variables
have not been added, only the stiffness tensor and internal force vector require
modification.
Now, not all possible configurations of hybrid elements shown in Figure 2.2.5
perform equally. Element Q1P0 does not satisfy the inf-sup condition but is
capable of predicting reasonably good displacements and is commonly used because of its simplicity. However, due to the constant pressure assumption, stress
predictions may be inaccurate [26]. Element T1P0 is known to exhibit volumetric locking for nearly incompressible deformations and most authors recommend
directly avoiding its use in problems of this type [61, 186, 36]. Nonetheless, tetrahedral linear elements present considerable advantages in terms of computational
cost and straightforward meshing of complex geometries. This motivated some
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Figure 2.2.4: Possible configurations for mixed u/p elements that satisfy the inf-sup
condition [26]: elements Q2P1c (left) and P2P1c (right). The blue circles indicate displacement nodes and the orange crosses indicate pressure nodes. Nodes are numbered
according to the local numbering criterion used in PLCd.

authors [33, 34, 126] to develop the averaged nodal pressure tetrahedral element,
which overcomes the volumetric problems of the standard T1P0 element. This
option was studied for PLCd but eventually discarded since it was seen that
quadratic tetrahedrons do not entail an excessively high computational cost for
the applications we could consider modelling with this code. Elements Q2P0
and T2P0 both satisfy the inf-sup condition but, again, fine discretization may
be required in order to accurately predict stresses due to the constant pressure
assumption. To overcome this problem, linear or quadratic pressure variable distributions can be introduced but, to obtain adequate results, switching to higher
order displacement distributions is also required [26]. Thus, Q1P0, Q2P0 and
T2P0 elements are deemed to be sufficient for the purposes of this study.
When a constant pressure distribution is considered, the condensed equation
of motion (2.2.17) is further simplified. There is a single pressure variable, therefore, P = pe = p, and the pressure shape function vector is reduced to hP = 1.
Then, the stiffness matrices (2.2.7) and (2.2.8), and internal force vector (2.2.10)
become
Z
KU P = −
BT0, N L · J C−1 dV0 = KTP U ,
(2.2.18)
V0

KP P = −
Fint
P =−

Z

V0

Z

V0



1
dV ,
κ 0

(J − 1) +

and
p
dV0 .
κ

(2.2.19)
(2.2.20)

The definition of the pressure constitutive tensor (2.2.12) has been taken into
account in (2.2.18).
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Figure 2.2.5: Possible configurations for mixed u/p or hybrid elements that allow for
static condensation of the pressure variables in the equation of motion. Elements Q1P0
(top left) and T1P0 (top right) do not satisfy the inf-sup condition. Elements Q2P0
(bottom left) and T2P0 (bottom right) satisfy the inf-sup condition but the constant
pressure assumption may require fine discretization [26]. The blue circles indicate displacement nodes and the orange crosses indicate pressure nodes. Nodes are numbered
according to the local numbering criterion used in PLCd.
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Figure 2.2.6 summarizes the condensed mixed u/p formulation implemented
in PLCd for the total Lagrangian framework. Extension to the partially updated
Lagrangian framework is straightforward and requires no additional changes (see
Figure 2.2.2).
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Initial material and geometric properties
Calculate initial stiffness tensor:
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Figure 2.2.6: Scheme of the condensed mixed u/p or hybrid formulation implemented
in PLCd for a total Lagrangian framework (reference configuration). The subindex k
indicates iteration number in the present load increment. The definition of each term
is available in the notation list.
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Thermodynamic basis of hyperelastic formulations

The Axiom of Local State postulates that, in continuous media, the thermodynamic state at a given point and time instant is completely defined by a certain
number of variables at that time instant. The physical phenomena can be described with precision depending on the nature and number of state variables
chosen for that. The process defined in this way will be thermodynamically admissible if, at any time instant, the Clausius-Duhem inequality5 is satisfied. The
state variables, also named thermodynamic or independent variables, are the
observable and the internal variables. Internal variables describe the internal
structure of the medium, which is hidden to the eye of the external observer who
simply sees a “black box”. It must be pointed out, though, that the notion of
internal depends upon the considered level of observation: a variable considered
as internal from the point of view of macroscopic observation will probably be
an observable variable from a mesoscopic point of view. Thus, the tensor and
physical nature of the internal variables should be known. Furthermore, these
variables are, in practice, measurable but not controllable.
It follows that the dependent values in the continuous medium such as stress
are, at any given time instant, a function of both the values of the independent observable variables and the internal variables. In the particular case under
consideration, the observable variables are strain, E, and temperature, θ, whilst
no internal variables are considered. We anticipate that, in the following section,
when damage is introduced, there will be an internal variable associated with the
damage in the material, D.
Once the state variables have been defined, one postulates the existence of a
thermodynamic potential from which the state laws can be derived. This potential
must be a continuous scalar function, concave with respect to the temperature,
convex with respect to the other state variables and containing the origin. Taking
the Helmholtz free energy, one has Ψ = Ψ (E, θ). Then, the local form of the
second law of thermodynamics in terms of internal specific energy is expressed
through the Clausius-Duhem inequality in reference configuration [55] as
Ξ = −Ψ̇ − η θ̇ + S : Ė −

1
q · ∇θ ≥ 0,
θ 0

(2.2.21)

where η is the specific entropy, q 0 is the heat flux vector and Ξ is the dissipation.
Considering solely purely deformation processes where there does not intervene
any changes in entropy or temperature, and taking into account that hyperelastic
materials have null internal dissipation due to the reversible character of their
loading processes, this equation is reduced to
Ξ = −Ψ̇ + S : Ė = 0.

(2.2.22)

5 The Clausius-Duhem inequality is a way of expressing the second law of thermodynamics
in local form which is extensively used in continuum mechanics. This inequality is particularly
useful in determining whether the constitutive relation of a material is thermodynamically
allowable [93].
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Then, the time derivative of the energy function is described in terms of the
second Piola-Kirchhoff stress tensor and its conjugate, the rate of Green-Lagrange
strain as Ψ̇ = S : Ė. The rate of energy, which is totally due to deformation, is
equal to the stress power. Expanding the derivative of the energy function leads
to
∂Ψ (E) ∂E
:
= S : Ė,
(2.2.23)
∂E
∂t
which shows that, as expected, S derives from a strain energy function. It is often
more convenient to use the right Cauchy-Green deformation tensor instead of the
Green-Lagrange strain tensor. Introducing the relation E = (C − I) /2, the stress
results in
∂Ψ (C)
∂Ψ (E)
=2
.
(2.2.24)
S=
∂E
∂C
This relation can be expressed using other stress tensors such as the first PiolaKirchhoff stress tensor, T. If one recalls that, like S and Ė, the tensors T and Ḟ
are work conjugates, then
∂Ψ (F)
T=
.
(2.2.25)
∂F
In any case, the elastic potential Ψ must fulfil:
1. Normalization condition: the function must be zero when the material is
completely unloaded, Ψ (F = 1) = 0 .
2. The energy function must grow monotonously with deformation, Ψ (F) ≥ 0.
Additionally, a reversible material (with no internal energy dissipation) must also
satisfy:
1. RThe work performed
by the forces must be independent of the path followed,
R
S : dE = Γ2 S : dE.
Γ1
H
2. For any closed deformation cycle, the deformation work must be zero, S :
dE = 0.
Now, introducing the additive split of the strain energy density function
(2.2.4) into (2.2.24), and considering the first volumetric strain energy density
function in (2.2.14), yields the constitutive equation
S=2

e (C)
e (C)
∂Ψvol ∂J
∂Ψ
∂Ψ
+2
=2
− p JC−1 .
∂C
∂J ∂C
∂C
1/2

(2.2.26)

Here, the relation J = [det C ]
has been considered in the derivation of
∂J/∂C = −J C−1 / 2. This constitutive equation must now be completed by dee
fining an appropriate deviatoric part of the strain energy density function, Ψ.
Many different functions have been proposed over the years in order to adequately
represent the behaviour of the material being modelled. These must satisfy the
aforementioned conditions of the elastic potential in addition to the principle of
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material frame-indifference6 .The isotropic functions typically used in biomechanical applications will be reviewed in the following section.
An isotropic material exhibits identical behaviour in all material directions.
In mathematical terms, isotropy requires (2.2.24) to be independent of the chosen
material axes. Thus, the strain energy density function must be defined solely in
terms of the invariants of the right Cauchy-Green deformation tensor,


(1) (2) (3)
Ψ (C) = Ψ IC , IC , IC .
(2.2.27)
The invariants of C are defined as
(1)

1. First invariant: IC = Tr (C) = Cii ,


(2)
2
2. Second invariant: IC = C : C − IC
/ 2 = Cij Cji − Cii2 / 2,
(3)

3. Third invariant: IC = det (C) = J 2 ,

and the corresponding partial derivatives, which will prove useful in the derivation
of the different hyperelastic constitutive equations, are
(1)

1. ∂IC / ∂C = I,
(2)

2. ∂IC / ∂C = 2 C

and

(3)

3. ∂IC / ∂C = J 2 C−1 .
Expressions of isotropic strain energy density functions given in the present
configuration are generally defined in terms of the invariants of the left CauchyGreen deformation tensor B. This tensor, also known as Finger deformation
tensor, is defined as B = F · FT and is known to have identical invariants to
(1)
(1)
(2)
(2)
those of the right Cauchy-Green deformation tensor: IC = IB , IC = IB and
(3)
(3)
IC = IB .
Finally, let us evaluate the rate of change of the constitutive equation (2.2.26),
which can be expressed as

C

∂ 2 Ψ (C)
: Ċ.
Ṡ = 4
| ∂C
{z∂C}

C

(2.2.28)

tan

Here, tan is a symmetric fourth-order tensor named tangent constitutive tensor,
tangent stiffness or elasticity tensor. It can be noted that, even though this expression is similar to Hooke’s Law (σ = : ε), here the tangent constitutive tensor
is not constant but a function of strain, tan (C) and it relates the material time

C

C

6 The principle of material frame-indifference, also referred to in literature as material objectivity, requires that the constitutive equations not depend on the external frame of reference
used to describe them or, in other words, the constitutive equations should be independent of
the observer.
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derivatives of strain and stress. Because the stress and strain variables belong to
the reference configuration, this tensor is known as the Lagrangian or material
elasticity tensor. The equivalent tensor in current configuration is obtained if a
push-forward operation is performed on the time derivatives of stress and strain.
This yields the Eulerian or spatial elasticity tensor, tan , which relates the Lie
derivative7 of the Euler-Almansi strain to the Lie derivative of the Kirchhoff
stress,
Lφ (τ ) = J tan : Lφ (e) .
(2.2.29)

c

c

The spatial elasticity tensor is, in fact, the push-forward of the material one
which, in index notation, is written as

ctan = FiI · FjJ · FkK · FlL · Ctan

IJKL

ijkl

.

(2.2.30)

The tangent constitutive tensor is used to obtain the stiffness tensor K by
means of (2.2.6). The correct implementation of the tangent constitutive tensor
is of particular importance in highly nonlinear models because an error in its numerical formulation can lead to lack of convergence in the calculation, especially
in problems involving triaxial stress states.
Introducing the additive split of the strain energy density function (2.2.4)
into (2.2.28) yields the material tangent constitutive tensor

C

tan

C

tan
= e
+

C

tan
vol

=4

e
∂ 2 Ψvol
∂2Ψ
+4
.
∂C ∂C
∂C ∂C

(2.2.31)

Considering the first volumetric strain energy density function in (2.2.14) for the
volumetric tangent constitutive tensor results in

∂ JC−1
∂p
tan
=
2p
+ 2JC−1 ⊗ p
,
(2.2.32)
vol
∂C
∂C

C

where the operator ⊗ is used to indicate the open product between the two
second-order terms. Further developing this expression in terms of the right
Cauchy-Green deformation tensor invariants produces

C

tan
vol

(3) 1/2

= −p IC

C−1 ⊗ C−1 − 2

Here, the fourth-order tensor

I

[

C-1 ]IJKL

=

I

C-1

I

C-1



(3)

+ κ IC C−1 ⊗ C−1 .

(2.2.33)

is defined as


 
 
1  −1   −1 
C IK C JL + C−1 IL C−1 JK .
2

(2.2.34)

7 To perform a time derivative of a variable in the current configuration, this variable must
be first pulled-back to the reference configuration. The material time derivative is performed
and, then, the variable is brought back to the current configuration through a push-forward.
This is so because the derivative must be performed in an invariant frame. The Lie derivative
is defined [114] as the change of a spatial field f (x, t) relative to the vector field v = dx
:
dt
−
→ h D ←
− i
Lφ (f ) = φ Dt
φ [f ] .
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Performing the push-forward operation (2.2.30) on (2.2.33), yields the volumetric part of the spatial elasticity tensor,
(3)
(3) 1/2
tan
( I ⊗ I − 2 ) + κ IB I ⊗ I,
(2.2.35)
vol = −p IB

I

c

where the fourth-order identity tensor

I

[ ] ijkl =

I is defined as

1
(δik δjl + δil δjk ) .
2

(2.2.36)

The last terms in (2.2.33) and (2.2.35) are not included in the definition
of the tangent tensor at constitutive level. This term corresponds to the purely
volumetric component of the tangent constitutive tensor and is already accounted
for separately at element level in the implementation of the hybrid element (see
section 2.2.2).
tan
The deviatoric part of the tangent constitutive tensor e
must be derived
e Unfor each hyperelastic model according to the expression of its particular Ψ.
fortunately, this is not always an easy task. Alternatively, the complete tangent
constitutive tensor, or only its deviatoric part, can be computed numerically
through the perturbation technique outlined in Miehe [169].

C

2.2.4

Characterization of soft biological tissue behaviour
using hyperelasticity

The strain energy density functions most commonly used in modelling soft biological tissue behaviour are presented in this section. These correspond to the
e in (2.2.4), however, the tilde has been
deviatoric part of the elastic potential Ψ
dropped in this section for simplicity. The expression for uniaxial stress is also
given for each model and is then employed in a simple example to illustrate the
characteristics of each model.
The deformation gradient tensor obtained when loading uniaxially in the xdirection is


λ
0
0


−1/2
[F] = 
(2.2.37)
0 
 0 λ
,
0
0
λ−1/2

where λ is the stretch in the loading direction, defined as λ = l/L0 . Here, L0 is
the original length and l is the deformed (stretched) length. Then, the second
Piola-Kirchhoff stress in the loading direction is derived from the strain energy
density function following


∂Ψ 
∂Ψ 
Sx = 2 (1) 1 − λ−3 + 2 (2) λ−1 − λ−4
(2.2.38)
∂IC
∂IC
(1) (2) 
(3)
Note that Ψ = Ψ IC , IC because the third invariant is IC = det (C) ≈ 1 due
(1)
to the near-incompressibility assumption. Here, the expressions IC = λ2 + 2λ−1
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(2)

and IC = 2λ + λ−2 have been used. Finally, the first Piola-Kirchhoff and
Cauchy stresses in the loading direction are obtained through the transformations T = λ S and σ = λ2 S, respectively.
Neo-Hooke It is the simplest hyperelastic model, given by the strain energy
density function [241]


(1)
Ψ = C1 IC − 3 ,
(2.2.39)

where C1 = µ/2 > 0 is a material constant related to the initial shear modulus
of the material, µ. Then,

S = 2 C1 1 − λ−3
(2.2.40)
is the corresponding second Piola-Kirchhoff stress in the loading direction of an
uniaxial loading set-up.

Mooney-Rivlin The general form of the strain energy density function [173,
218] for this model is
Ψ=

N
X

i+j=1


i 
j
(1)
(2)
Cij IC − 3
IC − 3 ,

(2.2.41)

where Cij are the material constants and N is a positive integer that determines
the order of the model. Then,


S = 2 C10 + C01 λ−1 1 − λ−3
(2.2.42)

is the corresponding second Piola-Kirchhoff stress in the loading direction of an
uniaxial loading set-up for the first-order model (N = 1). It is usually assumed
that C01 > 0 and C10 ≤ 0, yet C10 may be positive and still result in a positivedefinite strain energy density function [151]. The first-order model with C01 = 0
becomes the neo-Hookean model. The stress for the second-order model (N = 2)
is


S = 2 C10 + C01 λ−1 + 3 C11 λ−2 − 1 (1 − λ) +


 
+2 C20 λ2 + 2λ−1 − 3 2λ−1 C02 λ−2 + 2λ − 3
1 − λ−3 .
(2.2.43)
In general, higher order models are not as used since they require fitting a considerable amount of material constants to the experimental data.
Yeoh

This model is defined by the strain energy density function [262]
Ψ=

3
X
i=1


i
(1)
Ci IC − 3 ,

(2.2.44)
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where C1 , C2 and C3 are material constants. The initial shear modulus is given
by µ = 2 C1 > 0. Then,



2  
S = 2 C1 + 2 C2 λ2 + 2λ−1 − 3 + 3 C3 λ2 + 2λ−1 − 3
1 − λ−3 (2.2.45)

is the corresponding second Piola-Kirchhoff stress in the loading direction of an
uniaxial loading set-up.
Fung

The strain energy density function of this model [96] is
Ψ=

h 
i

C1 
(1)
exp C2 IC − 3 − 1 ,
2 C2

(2.2.46)

where C1 and C2 are the positive material constants related to the shear modulus
and the stiffening, respectively. Then,


 
S = C1 exp C2 λ2 + 2λ−1 − 3
1 − λ−3
(2.2.47)

is the corresponding second Piola-Kirchhoff stress in the loading direction of an
uniaxial loading set-up.

Veronda-Westmann This model adds a term based on the second invariant
of C to the exponential term of the Fung model that depends solely on the first
invariant of this tensor. Thus, the strain energy density function [248] is given by

h 
i



(1)
(2)
Ψ = C1 exp C3 IC − 3 − 1 + C2 IC − 3 ,
(2.2.48)
where C1 , C2 and C3 are material constants. Then,





S = 2 C1 C3 exp C3 λ2 + 2λ−1 − 3 + C2 λ−1 1 − λ−3

(2.2.49)

is the corresponding second Piola-Kirchhoff stress in the loading direction of an
uniaxial loading set-up.
Ogden The strain energy density function [187] is based on the principal
stretches, instead of the invariants of C,
Ψ=

N
X

µi αi
αi
i
λ1 + λα
2 + λ3 − 3 .
α
i=1 i

(2.2.50)

Here, the shear moduli µi and the stiffening parameters αi must satisfy the
consistency condition
2µ =

N
X
i=1

µi αi

with

µi αi > 0

for i = {1, 2, ..., N } .

(2.2.51)
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N is a positive integer that determines the order of the model. The third-order
model is the most widely used, although the first-order model (N = 1) with α = 2
reduces to the Neo-Hookean expression and the second-order model (N = 2) with
α1 = 2 and α2 = −2 produces the Mooney-Rivlin expression. For the third-order
model,
N

X
µi  (αi −2)
(2.2.52)
S=
λ
− λ−(αi /2+2)
α
i=1 i
corresponds to the second Piola-Kirchhoff stress in the loading direction of an
uniaxial loading set-up.
As a general rule, a model with more parameters has a higher chance of producing a good fit to experimental data. The drawback is, of course, identifying
the adequate parameter values. A model with a large amount of material parameters may be burdensome and time-consuming to fit. Therefore, the simplest
model which gives a reasonable fit to the desired experimental data is usually
selected for a given application. Experimental data that includes several types
of test (uniaxial, biaxial, torsion, etc.) tends to require more complex models in
order to correctly reproduce the tissue behaviour.
Figure 2.2.7 shows the stress-stretch responses for the hyperelastic models
described above, whose material parameters have been fitted to experimental
data of liver tissue under tensile and compressive loadings [51]. The values used
for these parameters are given in Table 2.2.1. The fitting was performed manually
through trial and error and does not pretend to be an exhaustive study but merely
an illustrative example. The reader is referred to the comprehensive studies of
hyperelastic material models for modelling biological tissue behaviour by Martins
et al. [160] and Wex et al. [255] for more information on this subject.
The neo-Hookean and first-order Mooney-Rivlin models are clearly incapable
of reproducing the J-shape of the stress-stretch curves characteristic of soft tissue
behaviour. Nonetheless, they are typically used when the stretches of interest are
in the initial linear interval of the tissue response due to their simplicity and ease
in fitting. In addition, it is often used to represent the ECM behaviour in the
context of mixing theory constitutive formulations.
The most popular hyperelastic models for representing soft tissue behaviour
are the Fung and Yeoh models because they predict responses with reasonable
accuracy and require a small amount of parameters. The Veronda-Westmann
model produces comparable results but has not received as much attention in
literature.
The third-order Ogden model generally produces accurate fits but requires
identifying six material parameter values. Yet, its use in soft tissue modelling is
also considerably extended owing to the fact that it is based on the principal
stretches, which are directly measurable quantities.
Precisely for this reason, the Ogden hyperelastic model has been chosen for
implementation in PLCd. In addition, it can be easily reduced to the neo-Hookean
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Figure 2.2.7: Uniaxial stress-stretch responses for the different hyperelastic models used
to fit the experimental data [51] of liver tissue under tensile and compressive loadings.
The material parameters in Table 2.2.1 have been used.

Model

Param.

Value

Model

Param.

Value

Neo-Hooke

C1

100 kPa

Fung

MooneyRivlin

C10
C01

100 kPa
30 kPa

C1
C2

22 kPa
1.36

MooneyRivlin
(N = 2)

C10
C01
C11
C20
C02

1 kPa
0.03 kPa
2 kPa
32 kPa
20 kPa

VerondaWestmann

C1
C2
C3

1.2 kPa
32 kPa
1.98

Ogden

Yeoh

C1
C2
C3

15 kPa
2.1 kPa
13 kPa

µ1
α1
µ2
α2
µ3
α3

30 kPa
1.4
0.005 kPa
16.2
−0.8 kPa
−12

Table 2.2.1: Material parameters of the different hyperelastic models used to fit the experimental data [51] of liver tissue under tensile and compressive loadings. The uniaxial
stress-stretch responses of the models are plotted in Figure 2.2.7.
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and first-order Mooney-Rivlin models with adequate values of it material parameters. The neo-Hookean model has also been implemented in the code since it
is the most basic and simple of hyperelastic models.

2.2.5

Neo-Hookean hyperelasticity

The neo-Hookean function (2.2.39) is introduced as the deviatoric term in the
split strain energy density function (2.2.4), resulting in


e + Ψvol = C1 Ie(1) − 3 + 1 κ (J − 1)2 ,
(2.2.53)
Ψ=Ψ
C
2

where the first expression in (2.2.14) has been taken into account for the volumetric part of the elastic potential. Here, the material constant C1 is related
to the initial shear modulus through C1 = µ/2, κ is the bulk modulus and
(1)
(1)
IeC = J (−2/3) IC is the modified volume-preserving first invariant of C.
As expected, if there is no deformation C = I and J = 1. Then, the elastic
(1)
potential vanishes since IeC = J (−2/3) Tr (C) = 3 and (J − 1) = 0.
Applying (2.2.26), the constitutive equation in the reference configuration


1 (1)
S = 2 C1 J −2/3 I − IC C−1 − p JC−1
(2.2.54)
3
is obtained. Performing a push-forward operation (2.2.3) on this expression, the
constitutive equation in the present configuration results in


1 (1)
τ = 2 C1 J −2/3 B − IB I − p JI.
(2.2.55)
3
Considering the split definition (2.2.31) of the material elasticity tensor and
the expression of its volumetric part (2.2.33) corresponding to the selected volumetric elastic potential, the material elasticity tensor is computed as


(1)
(1)
tan
= 43 C1 J (−2/3) 31 IC C−1⊗ C−1− I ⊗ C−1− C−1⊗ I + IC C-1

C

I

−p J C−1 ⊗ C−1 − 2

I

C-1



+ κ J 2 C−1 ⊗ C−1 ,

(2.2.56)
where
= J has been introduced and the the fourth-order tensor C-1 is
computed as in (2.2.34).
Then, the spatial elasticity tensor


(1)
(1)
tan
= 43 C1 J (−2/3) 13 IB I ⊗ I − B ⊗ I − I ⊗ B + IB
(2.2.57)
2
−p J ( I ⊗ I − 2 ) + κ J I ⊗ I
(3)
IC

2

c

I

I

I

is obtained by applying the push-forward operation (2.2.30) on (2.2.56). The
fourth-order identity tensor is defined in (2.2.36).

I
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Figure 2.2.8: Prescribed displacements applied on an 8-noded hexahedral linear element
with a single pressure integration point (Q1P0) used in the homogeneous uniaxial tensile
test example.

The tangent constitutive tensor in the reference and present
configurations
both
satisfy
the
minor
and
major
symmetries
tan
tan
tan
tan
tan
tan
tan
tan
=
=
=
and
=
=
IJKL
KLIJ
JIKL
IJLK
ijkl
klij
jikl =
ijlk ,
respectively.
The terms containing the bulk modulus κ in (2.2.56) and (2.2.57) are not
included in the definition of the tangent tensor at constitutive level when hybrid
elements are used. This term corresponds to the purely volumetric component of
the tangent constitutive tensor and is already accounted for separately at element
level in the implementation of the hybrid element (see section 2.2.2). In addition,
the tangent constitutive tensor in a pUL framework could be directly computed
in the reference configuration instead of computing tan and then performing a
pull-back to obtain tan . In the pUL framework, the calculation of the stiffness
tensor KU U is performed in the reference configuration and, therefore, requires
tan
instead of tan (see Figures 2.2.2 and 2.2.6).
The scheme at Gauss point level of the numerical integration in PLCd of
the isotropic neo-Hookean hyperelastic model is outlined in Table 2.2.2. The
implementation has been validated by means of a simple example consisting in
a single element subjected to homogeneous uniaxial tensile loading. An 8-noded
hexahedral element with 1 cm length sides and a single pressure point (Q1P0) is
subjected to a displacement-driven pure tensile load applied in steps of 0.1 mm
(see Figure 2.2.8). The material constant C1 has been set to 27.2 kPa and a
penalizer value of 1012 Pa has been considered for the bulk modulus κ. The results
for both TL and uPL formulations coincide with the reference curve from [160]
and are shown in Figure 2.2.9.
A second example reproducing a membrane with a hole at its centre subjected

C

C

C

C

c

C

C

c

c

c

c

c
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Algorithm at each load increment n
Given: deformation gradient tensor F, elemental pressure p
and the material property C1 .
If (TL framework) then
• Compute the right Cauchy-Green deformation tensor C = FT · F and its
inverse C−1 .
• Calculate the stress
from the constitutive
equation (2.2.54),


S = 2 C1 J −2/3 I − 13 Tr (C) C−1 − pJC−1 .
• Calculate the corresponding
material elasticity tensor (2.2.56),

tan
= 34 C1 J (−2/3) 13 Tr (C) C−1⊗ C−1− I ⊗ C−1− C−1⊗ I


+ Tr (C) C-1 − p J C−1 ⊗ C−1 − 2 C-1 .

C

I

I

else (pUL framework) then
• Compute the left Cauchy-Green deformation tensor B = F · FT .
• Calculate the stress
from the
 constitutive equation (2.2.55),

(1)
τ = 2 C1 J −2/3 B − 31 IB I − p JI.
• Calculate the corresponding
spatial elasticity tensor (2.2.57),


(1)
(1)
tan
= 43 C1 J (−2/3) 13 IB I ⊗ I − B ⊗ I − I ⊗ B + IB

c

I

I

−p J ( I ⊗ I − 2 ) .
end

Table 2.2.2: Algorithm at Gauss point level of the numerical integration in PLCd [213]
of the isotropic quasi-incompressible neo-Hookean hyperelastic model for both TL and
pUL frameworks using hybrid elements.
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Figure 2.2.9: Results for an 8-noded hexahedral linear element with a single pressure
integration point (Q1P0) under homogeneous uniaxial tensile loading. Neo-Hookean hyperelastcity with C1 = 27.2 kPa and a penalizer value κ = 1012 Pa has been considered.
PLCd results for both TL (blue crosses) and pUL (green squares) formulations coincide
with the reference results from [160] (black line).

to tensile loading is performed to ensure the correct numerical implementation
of the formulation. The membrane depicted in Figure 2.2.10 is subjected to the
indicated displacement-driven loading u. Due to the symmetry in the specimen,
only a quarter of the membrane has been discretized using 360 hexahedral elements. Symmetry conditions are imposed, thus, nodes belonging to the symmetry
y−z plane shown in Figure 2.2.10 have motion restricted in the x−direction, while
nodes belonging to the symmetry x − z plane have motion in the y−direction restricted. Accumulative incremental displacements are imposed in the y−direction
on the nodes of the top part of the specimen, with the other directions left unrestrained. The material constant C1 has been set to 7.5 kPa and a penalizer value
of 1012 Pa has been considered for the bulk modulus κ.
The mechanical response for the TL formulation is illustrated in Figure 2.2.11 (top left) by means of the vertical reaction vs. stretch curve. The
vertical reaction plotted is the total resultant reaction force in the y−direction
of the quarter of the specimen. Figure 2.2.11 (bottom) shows the pressure and
the principal second Piola-Kirchhoff stress distribution for the final displacement
value u = 75 mm. The convergence curves for each load increment, plotted in
Figure 2.2.11 (top right), show adequate convergence of the solution. A tolerance
of of 10−5 has been used and only two iterations per load increment are required
to reduce the maximum residue below this value.
The same example is repeated with a quadratic hexahedral (Q2P0) and tetrahedral (T2P0) meshes (see Figures 2.2.12 and 2.2.13). The tetrahedral mesh
contains elements whose side lengths are, on average, half the side length of the
hexahedral element. Table 2.2.3 summarizes the characteristics of each mesh.
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Figure 2.2.10: Geometry (r = 100 mm, h = w = 200 mm, t = 20 mm) and loading of the
membrane with a hole as described in [252] (left); and hexahedral mesh and boundary
conditions imposed on the quarter of the membrane that has been discretized (right).

Element
type

Total number
of elements

Gauss points
per element

Total number
of nodes

Q1P0
Q2P0
T2P0

360
360
39458

8
27
4

630
2217
14739

Table 2.2.3: Characteristics of the different meshes used for the membrane with a hole
examples of Figures 2.2.11, 2.2.12 and 2.2.13.
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Figure 2.2.11: Membrane with a hole meshed with Q1P0 elements and subjected to
tensile displacement-driven loading. Neo-Hookean hyperelasticity in a TL framework
with C1 = 7.5 kPa and κ = 1012 Pa. Vertical reaction vs. stretch response (top left)
and convergence curves of each load step (top right). Pressure p (bottom left) and
principal second Piola-Kirchhoff stress S1 (bottom right) distributions at an imposed
displacement value of u = 75 mm. Real deformation (×1) is plotted.
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Figure 2.2.12: Membrane with a hole meshed with Q2P0 elements and subjected to
tensile displacement-driven loading. Neo-Hookean hyperelasticity in a TL framework
with C1 = 7.5 kPa and κ = 1012 Pa. Vertical reaction vs. stretch response (top left)
and convergence curves of each load step (top right). Pressure p (bottom left) and
principal second Piola-Kirchhoff stress S1 (bottom right) distributions at an imposed
displacement value of u = 75 mm. Real deformation (×1) is plotted.
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Figure 2.2.13: Membrane with a hole meshed with T2P0 elements and subjected to
tensile displacement-driven loading. Neo-Hookean hyperelasticity in a TL framework
with C1 = 7.5 kPa and κ = 1012 Pa. Vertical reaction vs. stretch response (top left)
and convergence curves of each load step (top right). Pressure p (bottom left) and
principal second Piola-Kirchhoff stress S1 (bottom right) distributions at an imposed
displacement value of u = 75 mm. Real deformation (×1) is plotted.
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2.2.6

Ogden hyperelasticity

The strain energy function of the third-order Ogden hyperelastic material (2.2.50)
is introduced as the deviatoric term in the split strain energy density function (2.2.4), resulting in
e + Ψvol =
Ψ=Ψ

3
 1
X
µi eαi eαi eαi
2
λ1 + λ2 + λ3 − 3 + κ (J − 1) .
α
2
i=1 i

(2.2.58)

Here, the first expression in (2.2.14) has been taken into account for the volumetric part of the elastic potential. The shear moduli µ1 , µ2 and µ3 , and the
stiffness constants α1 , α2 and α3 are empirically determined material constants
that must satisfy the consistency condition (2.2.51). The volume-invariant or dee1 , λ
e2 and λ
e3 are related to the principal stretches
viatoric principal stretches λ
(−1/3)
e
e1 λ
e2 λ
e3 = 1.
through λi = J
λi with J = λ1 λ2 λ3 and λ
Then, applying (2.2.26), the constitutive equation in the reference configuration
3
X
S=
βA MA − p JC−1
(2.2.59)
A=1

is obtained. Here, the tensor MA is given by MA = λ−2
A NA ⊗ NA , where
NA isPthe eigenvector of the right Cauchy-Green deformation tensor such that
3
C = A=1 λ2A NA ⊗ NA . In addition, the square of the principal stretches are the
eigenvalues of C, i.e., C · NA = λ2i NA . The scalar βA is related to the deviatoric
principal stretches through
!
3
3
X
1 X e αi
αi
e
βA =
µi λA −
λ
(2.2.60)
3 p=1 p
A=1

Performing a push-forward operation on (2.2.59) and considering that τ = Jσ
yields
3
X
τ =
βA mA − p JI,
(2.2.61)
A=1

which corresponds to the constitutive equation in the present configuration. Here,
βA is defined as in (2.2.60) and the tensor mA is given by mA = nA ⊗ nA ,
wherePnA is the eigenvector of the left Cauchy-Green deformation tensor, i.e.,
3
B = A=1 λ2A nA ⊗ nA . Analogous to the reference configuration, the square of
the principal stretches are the eigenvalues of B, i.e., BnA = λ2i nA .
Considering the split definition (2.2.31) of the material elasticity tensor and
the expression of its volumetric part (2.2.33) corresponding to the selected volumetric elastic potential, the material elasticity tensor is computed as

C

tan

=

3
3
P
P

A=1 B=1

γAB MA ⊗ MB + 2
−1

−p J C

−1

⊗C

−2

I

3
P

βA

A=1

C-1



∂MA
∂C
2

−1

+ κJ C

(2.2.62)
−1

⊗C

.
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I

(3)

Here, IC = J 2 has been introduced, the the fourth-order tensor C-1 is computed
as in (2.2.34) and the scalar γAB is related to the deviatoric principal stretches
through
!

3
3
P
P

α

e i+1
eαi

µi αi 13 λ
if A = B,
λ

p
A
9

 A=1
p=1
γAB =
(2.2.63)
!


3
3
P
P


eαi − 1 λ
eαi 1
eαi

µi αi − 13 λ
if A 6= B.
λ

p
A
3 B + 9
p=1

A=1

The term ∂MA /∂C is given by
∂MA
∂C

=



I −I ⊗ I + J λ

2 −2
A

C−1 ⊗ C−1 −

I

C-1

 
DA



+ λ2A (I ⊗ MA + MA ⊗ I) − 12 ḊA λA (MA ⊗ MA ) DA

−J 2 λ−2
C−1 ⊗ MA + MA ⊗ C−1 DA .
A

(2.2.64)

I

where the fourth-order identity tensor is defined in (2.2.36). Here, the scalar
DA is computed as DA = 2λ4A − Tr (C) λ2A + J 2 λ2A and its derivative is ḊA =
8λ3A − 2 Tr (C) λA − 2J 2 λ−3
A .
Then, the spatial elasticity tensor

c

tan

=

1
J

3
3
P
P

A=1 B=1

γAB mA ⊗ mB +

I

2
J
2

3
P

βA

A=1

∂mA
∂g

(2.2.65)

−p J ( I ⊗ I − 2 ) + κ J I ⊗ I

is obtained by applying the push-forward operation (2.2.30) on (2.2.62). The term
∂mA /∂g is given by
∂mA
∂g



= I B − B ⊗ B + J 2 λ−2
(I
⊗
I
−
)
DA
A


+ λ2A (B ⊗ mA + mA ⊗ B) − 12 ḊA λA (mA ⊗ mA ) DA

−J 2 λ−2
A (I ⊗ mA + mA ⊗ I) DA ,

I

where the fourth-order tensor I B is defined as

1
[I B ]ijkl =
[B]ik [B]jl + [B]il [B]jk .
2

(2.2.66)

(2.2.67)

The reader is referred to the work by Simo and Taylor [229] for further details
on the derivation of the constitutive equation and tangent constitutive tensor
from the Ogden hyperelastic strain energy density function.
As in the neo-Hookean model, the tangent constitutive tensor in the reference
and present configurations both satisfy the minor and major symmetries. Again,
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Figure 2.2.14: Results for an 8-noded hexahedral linear element with a single pressure integration point (Q1P0) under homogeneous uniaxial tensile loading. Ogden hyperelasticity with µ1 = 12.069 Pa, µ2 = 3.773 MPa, µ3 = −52.171 kPa, α1 = 8.395,
α2 = 1.882 and α3 = −2.2453 and a penalizer value κ = 1012 . PLCd results for both
TL (blue crosses) and pUL (green squares) formulations coincide with the reference
results from [189] (black line).

the terms containing the bulk modulus κ in (2.2.62) and (2.2.65) are not included
in the definition of the tangent tensor at constitutive level since they correspond
to the purely volumetric component that is already accounted for separately at
element level in the implementation of the hybrid element (see section 2.2.2).
The scheme at Gauss point level of the numerical integration in PLCd of the
isotropic third-order Ogden hyperelastic model is outlined in Table 2.2.4. The
implementation has been validated by means of a simple example consisting in
a single element subjected to homogeneous uniaxial tensile loading. An 8-noded
hexahedral element with 1 cm length sides and a single pressure point (Q1P0) is
subjected to a displacement-driven pure tensile load applied in steps of 0.1 mm
(see Figure 2.2.8). The material constants have been set to µ1 = 12.069 Pa,
µ2 = 3.773 MPa, µ3 = −52.171 kPa, α1 = 8.395, α2 = 1.882 and α3 = −2.2453. A
penalizer value of 1012 Pa has been considered for the bulk modulus κ. The results
for both TL and uPL formulations coincide with the reference curve from [189]
and are shown in Figure 2.2.14.
A second set of examples are performed to ensure the correct numerical implementation of the formulations. The membrane with a hole subjected to displacement-driven loading u (see Figure 2.2.10) in the previous section sub:NeoHooke is now modelled with Ogden hyperelasticity. The material
constants considered are µ1 = 0.04 kPa, µ2 = 3.7 kPa, µ3 = −0.05 kPa, α1 = 6.4,
α2 = 1.9 and α3 = −4.2, in addition to a penalizer value κ = 1012 Pa. Again,
the example has been repeated with three different meshes, each of which uses a
different type of hybrid element (see Table 2.2.3)
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Algorithm at each load increment n
Given: deformation gradient tensor F, elemental pressure p
and material properties µi and αi for i = {1, 2, 3}.
If (TL framework) then
• Compute the right Cauchy-Green deformation tensor C = FT · F and its
inverse C−1 .
• Calculate the stress from the constitutive equation (2.2.59),
3
P
S=
βA MA − p JC−1 .
A=1

• Calculate the corresponding material elasticity tensor (2.2.62),
3
3
3
P
P
P
tan
A
=
γAB MA ⊗ MB + 2
βA ∂M
∂C
A=1 B=1
A=1


+ Tr (C) C-1 − p J C−1 ⊗ C−1 − 2 C-1 .

C

I

I

else (pUL framework) then
• Compute the left Cauchy-Green deformation tensor B = F · FT .
• Calculate the stress from the constitutive equation (2.2.61),
3
P
τ =
βA mA − p JI.
A=1

• Calculate the corresponding spatial elasticity tensor (2.2.65),
3
3
3
P
P
P
tan
A
= J1
γAB mA ⊗ mB + J2
βA ∂m
∂g

c

A=1 B=1

I

A=1

−p J ( I ⊗ I − 2 ) .
end

Table 2.2.4: Algorithm at Gauss point level of the numerical integration in PLCd [213]
of the isotropic quasi-incompressible third-order Ogden hyperelastic model for both TL
and pUL frameworks using hybrid elements.
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The mechanical response of the TL formulation for the Q1P0 mesh is illustrated in Figure 2.2.15 (top left) by means of the vertical reaction vs. stretch
curve. The vertical reaction plotted is the total resultant reaction force in the
y−direction of the quarter of the specimen. Figure 2.2.15 (bottom) shows the
pressure distribution and the principal second Piola-Kirchhoff stress distribution
for the final displacement value u = 200 mm. The convergence curves for each
load increment, plotted in Figure 2.2.15 (top right), show adequate convergence
of the solution. A tolerance of 10−5 has been used and, again, only two iterations
per load increment are required to reduce the maximum residue below this value.
Figures 2.2.16 and 2.2.17 show these results for the Q2P0 and T2P0 meshes,
respectively.
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Figure 2.2.15: Membrane with a hole meshed with Q1P0 elements and subjected to
tensile displacement-driven loading. Ogden hyperelasticity in a TL framework with
µ1 = 0.04 kPa, µ2 = 3.7 kPa, µ3 = −0.05 kPa, α1 = 6.4, α2 = 1.9 and α3 = −4.2. A
penalizer value κ = 1012 Pa has been considered. Vertical reaction vs. stretch response
(top left) and convergence curves of each load step (top right). Pressure p (bottom
left) and principal second Piola-Kirchhoff stress S1 (bottom right) distributions at an
imposed displacement value of u = 200 mm. Real deformation (×1) is plotted.

2.2 Hyperelasticity

49

Figure 2.2.16: Membrane with a hole meshed with Q2P0 elements and subjected to
tensile displacement-driven loading. Ogden hyperelasticity in a TL framework with
µ1 = 0.04 kPa, µ2 = 3.7 kPa, µ3 = −0.05 kPa, α1 = 6.4, α2 = 1.9 and α3 = −4.2. A
penalizer value κ = 1012 Pa has been considered.Vertical reaction vs. stretch response
(top left) and convergence curves of each load step (top right). Pressure p (bottom
left) and principal second Piola-Kirchhoff stress S1 (bottom right) distributions at an
imposed displacement value of u = 200 mm. Real deformation (×1) is plotted.
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Figure 2.2.17: Membrane with a hole meshed with T2P0 elements and subjected to
tensile displacement-driven loading. Ogden hyperelasticity in a TL framework with
µ1 = 0.04 kPa, µ2 = 3.7 kPa, µ3 = −0.05 kPa, α1 = 6.4, α2 = 1.9 and α3 = −4.2. A
penalizer value κ = 1012 Pa has been considered. Vertical reaction vs. stretch response
(top left) and convergence curves of each load step (top right). Pressure p (bottom
left) and principal second Piola-Kirchhoff stress S1 (bottom right) distributions at an
imposed displacement value of u = 200 mm. Real deformation (×1) is plotted.
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Discussion

The neo-Hookean and Ogden hyperelastic models have been implemented successfully in PLCd for both TL and uPL formulations, as confirmed by the validation examples provided. Both models produce practically the same results regardless of the configuration (reference or present one) chosen for the definition
of the constitutive equation. These two definitions of a same model are, strictly
speaking, different constitutive equations that reproduce a same behaviour.
The pUL formulation used in PLCd requires a series of push-forwards and
pull-backs that the TL one does not require. This obviously increases the overall calculation time and might induce numerical errors which could explain the
slightly delayed convergence in the pUL examples reproducing complex stress
states. For this reason, when possible, the TL formulation will be favoured over
the pUL one. On occasions, a constitutive model, or the parameters defining a
constitutive model, could be only available in the present configuration. In such
case, the use of the pUL would be mandatory.
The analytical constitutive tensors have been implemented correctly since
a low number of iterations per load step is required in all examples. In future
models that might not allow for the analytical derivation of their constitutive
tensor, the calculation by perturbations [169] will be required although this will
certainly increase the computational cost.
Regarding the element order, lineal elements are known to be inadequate for
the analysis of problems involving bending [186]. However, refining the mesh can
improve substantially the quality of the results. Quadratic elements will always
yield better results than their linear counterparts but, of course, are computationally more expensive. On the other hand, when the geometry allows it, hexahedral
elements should be favoured over tetrahedral ones as they produce much better
results using fewer elements and, hence, less computation time.
The fact that the hybrid elements used all have a single pressure point might
translate into unrealistic stress distributions. A constant pressure per element
results in an approximately constant volumetric stress per element, which means
the stress is no longer continuous across elements. In addition, the incompressibility condition is enforced at elemental level and, thus, the individual Gauss points
of a same element might have slight volume changes which even out at elemental
level. The Cauchy and Kirchhoff stresses are obtained through a push-forward
operation on the second Piola-Kirchhoff stress, which uses the deformation gradient tensor and its determinant. Then, these volume differences are reflected in
the stress distribution at the present configuration. Applying a smoothing technique on the stress distribution in the post-processing of the results reduces
the visibility of this effect (see Figure 2.2.18), although the best solution would
undoubtedly be to implement mixed elements with higher number of pressure
integration nodes.
Nonetheless, the single pressure elements Q1P0, Q2P0 and T2P0 already implemented in the code will be used in the remainder of this study. The linear element Q1P0 will be favoured when possible owing to its computational efficiency.
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The aim of this study is to develop a constitutive formulation for representing
the behaviour of biological tissues. Thus, the shortcomings of these elemental
formulations are acknowledged, but it is not the purpose of this study to address
them.

Figure 2.2.18: Stress distributions at an imposed displacement value of u = 75 mm for the membrane with a hole modelled using neoHookean hyperelasticity in a TL framework and meshed with Q1P0 elements (above, see Figure 2.2.11) and Q2P0 elements (below,
see Figure 2.2.12). Principal second Piola-Kirchhoff stress S1 (left), smoothed principal second Piola-Kirchhoff stress S1 (centre left),
Kirchhoff stress τ1 (centre right) and smoothed Kirchhoff stress τ1 (right) distributions. Real deformation (×1) is plotted.
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Finite-strain damage

A damaged material is characterised by a certain loss of load carrying capacity with respect to the original, undamaged material. This damage is a result of
micro-voids and small fissures, present inside the matter, starting to grow. As they
increase in size, there is a progressive material deterioration which can be measured through a loss in strength and stiffness [46]. This deterioration culminates
in crack initiation, growth and final fracture. The latter are, obviously, occurring
at larger scales than the material imperfections overlooked when dealing with
continuum mechanics. Therefore, continuum concepts are somewhat difficult to
introduce here. However, for the former phase, the process of progressive material
deterioration leading up to the initial crack formation, a continuum approach can
be followed to model the behaviour of the damaged material.
Continuum damage mechanics (CDM) is used to describe the progressive
degradation experienced by the mechanical properties of materials prior to the
initiation of macro-cracks. The small fissures and micro-voids occurring before
are modelled as continuous, disregarding the discontinuity they introduce into the
material properties but taking into account how they globally affect the value of
these properties. The theories developed in the continuum damage framework
are based on the thermodynamics of irreversible processes and use internal state
variables [228]. They offer complementary possibilities to fracture mechanics,
which deals with the actual fracture phenomena and requires the modelling of
the cracks and voids present in the material.
The extent of damage in a given material is not directly measurable as strain
is in elasticity and an alternative must be found in order to quantify the damage. The effective stress tensor σ 0 is introduced, which interprets the change in
mechanical behaviour of a damaged material as a loss of effective area. Thus, a
damage variable that is, in general, a tensor quantity is defined. Denoted by M,
this fourth-order tensor characterises the state of damage in an anisotropic model
and transforms the “real” stress tensor, σ, into the effective stress tensor,
σ 0 = M−1 : σ.

(2.3.1)

The concept of effective stress was first introduced in 1958 by Kachanov [130]
through the use of a reduction factor associated with the amount of damage in
the material. This factor would be equal to unity at the initial moment when no
damage was present and reduce to zero, either at the moment of fracture localization or at the moment of rupture. In addition, a hypothesis of strain equivalence
can be introduced. It states that “the strain associated with a damaged state under the applied stress is equivalent to the strain associated with its undamaged
state under the effective stress” [228], as illustrated in Figure 2.3.1.
In the case of isotropic damage, the mechanical behaviour of the small cracks
and voids is completely independent of their orientation and affects the material properties in the exact same way whatever the material direction considered
is. This, however, does not necessarily imply that the original undamaged constitutive tensor of the material is isotropic. The isotropic damage simply preserves
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Figure 2.3.1: Schematic illustration of the effective stress concept, adapted and reproduced with permission from Oller [195].

the directional characteristics of the initial elastic tensor by degrading it equally
in all directions and, therefore, is describable by a single scalar variable d. In this
model, the internal damage variable M is rewritten as M = (1 − d) , where
is the fourth-order symmetric identity tensor defined in (2.2.36). Then, (2.3.1)
becomes
σ
σ̄ =
,
(2.3.2)
(1 − d)

I

I

where the damage parameter d is a measure of the loss of rigidity in the material
and must be within the limits d ∈ [0, 1]. A value of d = 0 represents an undamaged
material state whilst d = 1 represents a material state such that the material
is completely degraded. This state can represent anything ranging from initial
(macro)crack formation to local rupture, depending on what one defines as full
material damage.
Since Kachanov first introduced the concept of effective stress, many authors have developed formulations based on this concept of elastic degradation
to model damage in materials. Over the years, these formulations have been
consolidated and are now regarded as indisputable knowledge in the context of
CDM [129, 228, 46, 146]. This phenomenological approach is based on a rigorous
mathematical and thermodynamic basis that will be reviewed in section 2.3.1.
This formulation has proved to be a simple and effective tool in numerical modelling. Although initially formulated in an infinitesimal strain framework and as isotropic, it has been extended to include anisotropy [175, 128], has been combined
with plasticity [145, 127, 199] and viscoelasticity [89], and has been formulated
for application to specific materials such as concrete [155, 201], composites [200]
or biological tissues [112], among others.
The first damage models developed in a finite strain context were proposed
more than two decades ago, being the work of Simo [228] one of the most
renowned. These are generally based on the additive decomposition of the strain
energy density function (introduced for hyperelasticity in section 2.2.2) with damage affecting only the deviatoric part. Like the formulations by Miehe [168], de
Souza [232] and other authors [70], these models were motivated by the Mullins
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effect (see section 2.1). More recently, damage models based on the decoupled
volumetric-deviatoric response have been formulated to model the behaviour of
fibred soft biological tissues [210, 23]. The main characteristics of some of these
models will be reviewed in section 2.3.2.
All these formulations use damage criteria and evolution laws which are
defined to particularly suit the specific material behaviour being modelled. In
this work, a generalized finite-strain damage softening model is proposed, which
includes linear and exponential damage evolution laws that have been translated
from an infinitesimal strain framework [196] into the present finite strain one. The
novelty of this formulation is that, on the one hand, both proposed evolutions
of the damage variable are based on solely two measurable material properties
and, on the other hand, the formulation can be particularized for any decoupled
volumetric-deviatoric hyperelastic constitutive model desired. Thus, the result
is a general-purpose formulation which is versatile enough to model disparate
material behaviours without requiring reformulation of the damage model or
complex material parameter adjustments. The details of the proposed model are
presented and discussed in sections 2.3.3 through 2.3.5.

2.3.1

Thermodynamic basis of finite-strain damage formulations

Assuming that damage only affects the deviatoric part of the deformation [114],
the strain energy density function is
 
e ,
e0 C
Ψ (C, D ) = Ψvol (J) + (1 − D) Ψ
(2.3.3)

e 0 is the undamaged isochoric or deviatoric part and Ψvol is its undamaged
where Ψ
volumetric one, both given in the reference configuration. The Jacobian determinant J is related to the right Cauchy-Green deformation tensor, C, through
(1/2)
e indicates that it is the deviatoric or volumeJ = (det C)
. The tilde in C
e
preserving part of C, given by C = J (−2/3) C. The functions chosen for Ψvol and
e = 0 hold if and only if J = 1 and
e 0 must be such that Ψvol (J) = 0 and Ψ
e 0 (C)
Ψ
e = I, respectively.
C
Expression (2.3.3) introduces an internal scalar damage variable D ∈ [0, 1],
which defines a reduction factor (1 − D) similar to the one first proposed by
Kachanov [130].
For an isothermal case with uniform temperature distribution and other
standard arguments [227], the Clausius-Duhem inequality in the reference configuration (2.2.21) is reduced to
− Ψ̇ + S :

Ċ
≥ 0,
2

(2.3.4)

where S is the second Piola-Kirchhoff stress tensor. Considering Ψ = Ψ (C, D ),

57

2.3 Finite-strain damage

the expression becomes
−

∂Ψ
∂Ψ Ċ
Ḋ + 2
:
∂D
∂C 2

!

+S:

Ċ
≥ 0.
2

(2.3.5)

Then, introducing the strain energy density function defined in (2.3.3) and rearranging, the internal dissipation in the reference configuration,
"
!#
e0
∂Ψ
∂
Ψ
Ċ
vol
e 0 Ḋ + S − 2
Ξ=Ψ
+ (1 − D )
:
≥ 0,
(2.3.6)
∂C
∂C
2

is obtained. This inequality must hold true for any strain increment, therefore,
the term in brackets must be null and the expression of the dissipation is reduced
to
e 0 Ḋ ≥ 0.
Ξ=Ψ
(2.3.7)
Setting the term in brackets in (2.3.6) to zero yields

e0
S = Svol + (1 − D ) S

with

Svol = −p JC−1

e
e 0 = 2 ∂ Ψ0 , (2.3.8)
and S
∂C

which is the finite-strain version of the Kachanov effective stress concept. Here,
the same volumetric strain energy density function used in hyperelasticity (2.2.26)
has been introduced.
Consider now the material tangent constitutive tensor (2.2.31) and the expression for its volumetric part derived in (2.2.32). Then, a general expression for the material elastic-damage tangent constitutive tensor is derived as
tan
e tan with
= tan
vol +

C

C

C
Ce

C

tan
vol

tan


∂ JC−1
∂Svol
∂p
=2
= 2p
+ 2JC−1 ⊗ p
and
∂C
∂C
∂C
i
∂ h
e 0 = (1 − D) e tan − 2 ∂D ⊗ S
e0.
=2
(1 − D) S
0
∂C
∂C

C

(2.3.9)

Now, the onset and evolution of the damage variable D in the constitutive
equation (2.3.8) must be defined to complete the finite-strain damage model.

2.3.2

Characterization of soft biological tissue behaviour
using finite-strain damage

Various models based on this approach have been proposed for characterizing the
degradation or damage in biological tissues since the foundations of the finitestrain damage formulation were first developed in the 1980s.
Among the major known causes of physiological damage in biological tissues
are the tensile and shearing structural failures due to the relative motions between
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Figure 2.3.2: Schematic illustration of fibred soft tissue response to loading, inspired
by [206]. (I) Toe region: ECM bears most of the loading, the tissue exhibits low value
of practically constant stiffness. (II) Heel region: Fibres are progressively recruited,
the stiffness of the tissue increases in a nonlinear manner. (III) Linear region: The
majority of fibres have been recruited, the tissue has a high value of nearly constant
stiffness. (IV) Progressive fibre failure: Fibres weaken and start to rupture, slightly
decreasing the overall stiffness of the tissue. (V) Complete failure: The majority of
fibres have ruptured, the tissue decreases drastically its load-bearing capacity until it
completely fails.

tissue components [82]. Damage in soft tissues is caused by fibre tearing and rupture caused by excessively high stretches. Collagen fibres are, in fact, a bundle of
collagen fibrils assembled together by proteoglycan cross-links. As stretch on the
fibre increases, the proteoglycan cross-links begin to rupture, weakening the collagen fibre [102]. This results in the stress-stretch response shown in Figure 2.3.2.
Initially, the collagen fibres in the tissue are crimped and most of the loading is
borne by the ECM (I: toe region). As loading progresses, the fibres begin to
straighten and start to bear load. The fibres are said to be “recruited”. The high
nonlinearity observed (II: heel region) and fast increase in stiffness value is due
to more and more fibres being recruited. Once all fibres have been recruited, a
constant stiffness region ensues (III: linear region) in which fibres are completely
straightened and at full load-bearing capacity. At certain loading, fibres reach
their maximum possible extension and start to rupture. At first, only a few fibres
are disrupted and the tissue as a whole can still continue bearing load, albeit
with a lower stiffness (IV: progressive fibre failure). Fibres continue to rupture as
loading on the tissue increases, reaching a point where the tissue can no longer
bear any loading. The tissue stiffness suddenly decreases just before complete
rupture of the tissue (V: complete failure).
Therefore, damage in soft tissue is related to the microstructural response
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of the tissue to loading. From a CDM viewpoint, the fibre rupture and ECM
disruption can be assimilated to the small fissures and micro-voids observed in
damaging inert materials and, hence, the justification for using CDM theory to
model damage in soft tissue. Constitutive models that take into account the
mechanisms causing damage at fibrilar level have been proposed [102, 32]. Yet,
a common approach from a phenomenological perspective is to describe fibre
rupture and ECM disruption by means of adequate mathematical expressions of
damage onset and evolution. These models mainly vary in how damage is defined
to begin and evolve.
Continuous and discontinuous damage variables Most authors define
damage in terms of a discontinuous variable, D = D (α), such that the reloading
and the unloading response of the model coincide. Thus, damage accumulation
never occurs for strain values below the previous maximum attained strain. A
typical form of discontinuous damage variable α is
e 0 (s) ],
α (t) = max f [ Ψ
s∈[0,t]

(2.3.10)

where s ∈ [0, t] is the history variable [168, 232].
Miehe [168] introduced a continuous damage variable β into the definition of
the total damage, d = d (α) + d (β). Then, part of the damage accumulates continuously within the deformation process, even during unloading and reloading
at strain values below the previous maximum. The continuous damage variable
is defined in terms of the arc-length of the undamaged strain energy function as
β (t) =

Z

t

ψ̇0 (s) ds,

(2.3.11)

0

where the initial condition is β (0) = 0. Note that Miehe worked in an exclusively
spatial setting, but the formulation can be extrapolated to a TL framework. The
continuous damage variable has been used for modelling the Mullins effect [209,
81] and preconditioning [23, 206] in biological tissues. Conversely, to account for
the softening exclusively caused by damage (rupture) in soft tissues, researchers
usually use a discontinuous damage variable.
Decoupled tensile-compressive models The damage model described in
the previous section 2.3.1 has been developed based on the effective stress concept.
In other words, the model is based on the hypothesis that damage is directly
linked to the history of total strains and, in addition, damage is accumulative in
nature. To illustrate this concept, consider the fact that, once the material starts
to fissure and micro-voids appear, it is impossible that they later reduce their
size and disappear. Thus, damage can grow but will never diminish. Nonetheless,
it could happen that, if these small fissures and micro-voids are closed (due to
a posterior compressive load state for example) they will not affect the macroscopic behaviour. Then, the damaged state is still present but it is considered to
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be passive, as opposed to the active state when the damage in the material is
growing [46]. If the loading state were subsequently reversed and a tensile load
applied again, the damage state would be the previously existing one before it
would continue degrading. To account for this phenomena, models in which the
strain energy density function [17] or the strain tensor [112] is decomposed into
its tensile and compressive parts are used and damage is made to affect only the
tensile one.
Onset and evolution of damage
variable is given by

The evolution of the discontinuous damage

∂F
(2.3.12)
∂τ
where µ̇ is a non-negative scalar named damage consistency parameter used to
define the loading, unloading and reloading conditions through the Karush-KuhnTucker complementary conditions
Ḋ = µ̇

µ̇ ≥ 0

;

F ≤0

and

µ̇ F = 0.

(2.3.13)

The damage surface is
F = G (τ ) − G (τ max ) = 0,

(2.3.14)

where G (τ ) is a damage evolution law given in terms of the norm τ , and G (τ max )
is a scalar function of the damage threshold τ max , which is the maximum reached
value of τ in the history of strains. The damage criterion proposed by Simo and
Ju [228],
q
τ=

e 0,
2Ψ

(2.3.15)

is quite extended [42, 4, 205, 204], although other functions of the strain energy
density function are also used [179, 25].
Numerous expressions have been proposed for the damage evolution law G (τ )
to characterize damage in soft tissue. Among the type of functions used are
exponential [112, 179, 25, 42, 81, 210, 88], root [17], polynomial [4, 208] and
sigmoidal [220, 210] ones. The reader is referred to the article by Peña [204] for
a detailed review on the topic. Some of these functions are tailored to particular
applications and their parameters can be assigned a physical meaning [180, 88].
These functions tend to have a considerable amount of material parameters which
are not always easily obtainable from experimental data. Other functions are
more phenomenological in nature and require fitting fewer parameters [112, 17],
although they may not have a direct physical meaning. The functions proposed
by Balzani and coworkers [25, 23, 24] and Calvo, Peña and coworkers [42, 208,
203, 204] in general rely on only two or three material parameters which have
been proven to show excellent fit with experimental data. In addition, some of
the functions include viscosity, directional damage, separate fibre and matrix
contributions and/or other softening effects such as preconditioning, permanent
set and the Mullins effect.
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In this work, for the purpose of setting the bases of a general constitutive
formulation that represents the passive behaviour of soft tissues, the finite-strain
extension of two evolution laws first described in an infinitesimal strain context
are proposed. These are developed with the aim of reproducing a wide range of
softening behaviours and are to be used in conjunction with mixing theory. Thus,
they must be simple in their formulation, easy to fit to experiments and versatile
enough to reproduce disparate soft tissue behaviour. The damage laws proposed
use a discontinuous damage variable since they only aim to represent softening
due to damage. Also, damage will be isotropic and affect equally the tensile
and compressive states. Possible ways to account for anisotropy and different
tensile/compressive behaviours in tissues will be addressed at composite level in
section 2.4.

2.3.3

Proposed damage evolution laws

The linear and exponential explicit scalar functions described in [192, 195] as
damage evolution laws in an infinitesimal strain context have been translated to
a finite strain framework to define G (τ ). A notable advantage of these laws is
that they are based on only two material parameters with direct physical sense
that can be experimentally determined.
Linear softening
linear arguments

The damage variable D is defined as a scalar function with
D = G (τ ) =

1 − τ0d /τ
,
1+H

(2.3.16)

where τ0d and gfd are the material properties initial damage threshold and fracture
energy per unit volume, respectively. Both may be obtained from experimental
uniaxial tensile tests as in classical damage models [194]. In particular, the initial
damage threshold τ0d is computed as
τ0d =

√

2Ψe ,

(2.3.17)

where Ψe is the stored elastic energy up to the elastic limit E e corresponding
to the uniaxial initial damage threshold stress S0d and calculated as shown in
Figure 2.3.3. The parameter H in (2.3.16) a parameter related to the dissipation
obtained by imposing
Z t∞
Ξ dt = gfd .
(2.3.18)
t0

Introducing (2.3.7) and (2.3.16) into the previous equation yields
Z

t∞

t0

Ξ dt =

Z

t∞

t0

e 0 Ḋ dt =
Ψ

Z

τ∞

τ0

e 0 (τ ) ∂G (τ ) dτ =
Ψ
∂τ

Z

G(τ∞ )

G(τ0 )

e 0 (τ ) dG (τ ) .
Ψ

(2.3.19)
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S

S0d

e

Ψ =

Z

Ee

S dE

0

Ee

E

√
e e and the initial
Figure 2.3.3: Relation between the initial damage threshold τ0d = 2Ψ
d
damage threshold stress S0 obtained from experimental uniaxial tensile tests. Here
S and E are the uniaxial second Piola-Kirchhoff stress and Green-Lagrange strain,
respectively. The material elastic limit E e indicates the end of the nonlinear elastic
regime and corresponds to the stress S0d . The elastic energy Ψe corresponds to the
energy stored up to the elastic limit, computed as the shaded area below the curve.

Considering the Simo and Ju criterion in (2.3.15) and introducing integration by
parts, this expression becomes
Z t∞
Z G(τ∞ )
Z τ∞
τ∞
1 2
1 2
−
G (τ ) τ dτ. (2.3.20)
Ξ dt =
τ dG (τ ) = τ dG (τ )
2
2
τ0
t0
G(τ0 )
τ0
The damage variable has been defined for the interval D ∈ [0, 1], therefore

G (τ0 ) = 0,
d
d
(2.3.21)
G (τ∞ ) = 1 ⇒ 1 − τ0 /τ∞ = 1 ⇒ τ∞ = − τ0 .
1+H
H

Then, (2.3.20) results in

Z

t∞

t0

2
τ0d
Ξ dt = −
,
2H

(2.3.22)

and, considering (2.3.18), the parameter
H=

− τ0d
2gfd

2

(2.3.23)

is obtained.
Exponential softening The damage variable D is defined as a scalar function
with exponential arguments
 

τ0d
τ
D = G (τ ) = 1 −
exp A 1 − d
.
(2.3.24)
τ
τ0
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The parameter A is obtained in a similar manner to the parameter H in the
linear softening law. Up to (2.3.20) the procedure is identical. Then, the damage
variable, defined for the interval D ∈ [0, 1], is now

G (τ0 ) = 0,

G (τ∞ ) = 1

=⇒

 

τ0d
τ∞
1−
exp A 1 − d
= 1.
τ∞
τ0

(2.3.25)



Since exp A 1 − τ∞ /τ0d > 0 is always true, it becomes obvious that τ∞ → ∞
for G (τ∞ ) = 1. Thus, operating on (2.3.20) with these values of G (τ ) and τ
yields


Z t∞

1
1
d 2
Ξ dt = τ0
+
,
(2.3.26)
A 2
t0

and, considering (2.3.18), the parameter
A=

"

is finally obtained.

gfd
1
2 −
d
2
τ0

#−1

(2.3.27)

Tangent constitutive tensor The expression for the material tangent constitutive tensor derived in (2.3.9) can now be completed. Specifically, the term
∂D/∂C becomes
∂D
∂D ∂τ
∂D 1 e
=
=
S0 ,
(2.3.28)
∂C
∂τ ∂C
∂τ 2τ

where the Simo and Ju criterion (2.3.15) has been taken into account. Then, the
volumetric and deviatoric parts of the tangent constitutive tensor (2.3.9) are now

C
Ce

tan
vol
tan


∂ JC−1
∂p
+ 2JC−1 ⊗ p
= 2p
∂C
∂C
tan
1
∂D
e0 ⊗ S
e0.
= (1 − D) e 0 −
S
τ ∂τ

and

C

(2.3.29)

Here, the differentiation of the evolution law D = G (τ ) with respect to the energy
norm is
∂G (τ )
−τ0d
= 2
(2.3.30)
∂τ
τ (1 + H)
for the linear softening law (2.3.16) and
 

∂G (τ )
τ0d + Aτ
τ
=
exp A 1 − d
∂τ
τ2
τ0
for the exponential softening one (2.3.24).

(2.3.31)
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2.3.4

The generalized finite-strain damage model

The damage model for quasi-incompressible hyperelasticity proposed [56] is developed in a total Lagrangian finite strain framework following CDM theory and
uses a Kachanov-like reduction factor applied on the deviatoric part of the hyperelastic constitutive equation, as shown in (2.3.8). The linear and exponential
softening laws, (2.3.16) and (2.3.24), respectively, are proposed to describe the
evolution of damage. The corresponding tangent constitutive tensor is derived
in (2.3.29). The damage model proposed can be particularized for any hyperelastic model based on the volumetric-isochoric split of the Helmholtz free energy.
However, for the present study it has been implemented in the in-house FE code
PLCd [213] for neo-Hooke and Ogden hyperelasticity (see sections 2.2.5 and 2.2.6,
respectively).
Particularization for neo-Hookean hyperelasticity Introducing the deviatoric part of the stress (2.2.54) defined in the neo-Hookean hyperelastic model,
the constitutive equation (2.3.8) becomes
e0,
S = Svol + (1 − D ) S



e 0 = 2 C1 J −2/3 I − 1 I (1) C−1 .
and S
3 C

Svol = −p JC−1

with

(2.3.32)

Here, the material constant C1 is related to the initial shear modulus through
C1 = µ/2 and κ is the bulk modulus.
Introducing now the corresponding deviatoric part of the material elasticity
tensor (2.2.56), the tangent constitutive tensor (2.3.29) becomes

C
with C

tan

tan
vol

and

Ce

0

tan

C

C

1 ∂G (τ ) e
e0,
+ (1 − D) e 0 tan −
S0 ⊗ S
τ ∂τ

= −p J C−1 ⊗ C−1 − 2 C-1 + κ J 2 C−1 ⊗ C−1

=

tan
vol

= 43 C1 J (−2/3)

I



Here, the fourth-order tensor,

1 (1) −1
3 IC C ⊗

I

C-1

(1)

C−1− I ⊗ C−1− C−1⊗ I + IC

I

C-1



.

(2.3.33)

has been defined in (2.2.34).

Particularization for Ogden hyperelasticity Introducing the deviatoric
part of the stress (2.2.59) defined in the Ogden hyperelastic model, the constitutive equation (2.3.8) becomes
e 0 with
S = Svol + (1 − D ) S

Svol = −p JC

−1

and

3
X

βA MA ,

where βA is related to the deviatoric principal stretches through
!
3
3
X
X
1
eαi −
eαi .
βA =
µi λ
λ
A
3 p=1 p
A=1

(2.3.34)

A=1

(2.3.35)
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The tensor MA is given by MA = λ−2
A N A ⊗ N A , where N A is the eigenvector
of C. The material parameters µi and αi are the (constant) shear moduli in the
reference configuration and dimensionless stiffening constants, respectively, and
both must satisfy the consistency condition (2.2.51).
Considering now the corresponding deviatoric part of the material elasticity
tensor (2.2.62), the tangent constitutive tensor (2.3.29) becomes

C = C + (1 − D) Ce − τ1 ∂G∂τ(τ ) Se ⊗ Se ,

(2.3.36)
with C
= −p J C ⊗ C − 2 I
+ κJ C ⊗ C
P P
P
∂M
e
=
and C
γ M ⊗M +2
β
.
∂C
Here, the fourth-order tensor I
is already defined in (2.2.34), the scalar γ
tan

tan
vol

tan
vol

tan
0

0

−1

3
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−1

0

−1

2

C-1

3

0

3

AB

A

B

A=1 B=1

A

−1

A

A=1
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3
3
P
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1
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i
e +
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 A=1
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!


3
3
P
P

αi
αi
1
1
1
α

e
e
e
i

if
µi αi − 3 λA − 3 λB + 9
λp

p=1

A=1

A = B,
(2.3.37)
A 6= B,

and the derivative ∂MA /∂C has already been given in (2.2.64).
The numerical integration in PLCd at Gauss point level of these particularizations of the generalized finite-strain damage model presented is outlined in
Table 2.3.1. As in the hyperelastic models, the last term in the volumetric component of the tangent constitutive tensors (2.3.33) and (2.3.36) is not included in
the definition of the tangent tensor at constitutive level. This term corresponds
to the purely volumetric component of the tangent constitutive tensor and is
already accounted for separately at element level in the implementation of the
hybrid element (see section 2.2.2).
Calculation of the dissipation To ensure the damage model implemented is
thermodynamically consistent, the total dissipation value of the structure, Ws ,
can be numerically obtained by means of expression (2.3.7) through
Z Z t∞
Ws =
Ξ dt dV.
(2.3.38)
V

t0

When damage localizes in a band of elements, this can be compared to an estimate of the same value calculated in terms of the fracture energy, taking into
account (2.3.18), and the final volume of the elements in the damaged band as
Z
Ws =
gfd dV = gfd Vd .
(2.3.39)
V
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Initialization at t = 0 and n = 0
Damage Dn+1 =Dn = 0, dissipation Ξn+1 = Ξn = 0 and
maximum reached value of the damage threshold stress, τ max = τ0d
Algorithm at each load increment n
Given: deformation gradient tensor F, elemental pressure p,
hyperelastic material properties and damage material properties τ0d and gfd .
• Compute the right Cauchy-Green deformation tensor C = FT · F and its
inverse C−1 .
• Calculate the volumetric and deviatoric parts of the predictor hyperelastic
e 0 , from the constitutive equation [(2.3.32) for neo-Hookean
stress Sh = Svol + S
partic.; (2.3.34) for the Ogden partic.].
• Calculate the corresponding volumetric and deviatoric parts of the predictor
e tan
material elasticity tensor, tan
= tan
from the tangent constitutive
0
h
vol +
tensor [(2.3.33) for neo-Hookean partic.; (2.3.36) for the Ogden partic.].

C

C

C

• Compute the undamaged deviatoric part of the strain energy density funce 0 [(2.2.53) for neo-Hookean partic.; (2.2.58) for the Ogden partic.] and
tion Ψ
the present damage threshold stress τ according to the Simo and Ju criterion (2.3.15).
Verification of the damage threshold criterion:
If (τ > τmax ) then (damage progresses)
◦ Determine the value of the damage variable Dn+1 [(2.3.16) for linear
softening; (2.3.24) for exponential softening].
◦ Calculate the deviatoric part of the damaged tangent constitutive tensor
e tan [(2.3.33) for neo-Hookean partic.; (2.3.36) for the Ogden partic.].

C

◦ Compute the dissipation generated in this load increment:
e 0 ∆D, where ∆D = Dn+1 − Dn .
Ξn+1 = Ξn + Ψ
◦ Update the maximum reached value of the damage threshold stress:
τ max = τ , and the damage and dissipation variables: Dn = Dn+1 and
Ξn = Ξn+1 .
else (no further damage)
tan
tan
◦ Assign e
= (1 − D) e 0 .
end
• Obtain the complete stress and tangent constitutive tensor:
e 0 and tan = tan
e tan
S = Svol + (1 − D) S
vol +

C

C

C

C

C

Table 2.3.1: Algorithm at Gauss point level of the numerical integration in PLCd [213]
of the generalized finite-strain damage model, particularized for neo-Hookean and Ogden hyperelasticities. The algorithm is implemented in a TL framework using hybrid
elements.
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Here, the maximum dissipated fracture energy per unit volume, gfd , is related to
the material property Gf , which is the maximum dissipated fracture energy per
unit area, through the element’s characteristic length in the reference configuration, L0 : gfd = Gf /L0 . The final volume can be computed as Vd = Ad ld , where
Ad is the final cross-section area of the band of elements where damage has localized and ld is the final length of these elements in the direction perpendicular
to Ad . Finally, defining a final damage stretch as λd = ld /L0 , the expression for
the total dissipation results in
Ws = λd Ad Gf .

(2.3.40)

Imposition of initial damage It might be of interest in some computational
applications to impose a certain damage in part of the structure and then study
its evolution to an applied loading. The sole difficulty in introducing an initial
damage value D0 lays in correctly updating the maximum reached value of the
damage threshold stress τ max at the beginning of the problem. The initial damage
threshold S0d remains unchanged as it is a material property.
Because the damage law is an explicit function of the damage threshold τ , the
equation can be equated to the imposed damage value D0 and the corresponding
τ max value is isolated. Then, for linear softening (2.3.16) the initial τ max should
be
τ0d
τ max =
(2.3.41)
1 − D0 (1 + H)

and for exponential softening (2.3.24) it should be


A
τd
,
τ max = 0 W exp [A]
A
1−D

(2.3.42)

where the Lambert W[x] function is defined as x = W exp [W].
So, in the numerical integration scheme of Table 2.3.1 the damage variable
will no longer be initialized to zero but to the value D0 . And the initial value
of the maximum reached value of the damage threshold stress τ max will be calculated according to the equations above. The initial damage option has been
implemented in PLCd in such a way that different elements can be assigned different values of initial damage ranging from 0 to 1 (both included). However, in
the sake of simplicity, all integration points in a given element are assigned the
exact same value.
The main characteristics of the proposed damage model are presented by
means of two representative three-dimensional examples. A homogeneous state
under uniaxial tension is reproduced with the aim of illustrating the basic constitutive characteristics of the damage formulation for both the neo-Hookean and
the Ogden particularizations of the formulation. Then, a membrane with a hole
at its centre is subjected to a tensile load in order to show how two different
particularizations of the same formulation can result in very different damage
initiation and evolution behaviours for a same specimen.
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An 8-noded hexahedral element with a single pressure point (Q1P0) is subjected to a displacement-driven pure tensile uniaxial load state as described in
Figure 2.2.8. Uniaxial tensile loading, unloading and reloading is imposed for
both particularizations of the damage formulation to show how the choice of
hyperelastic model has a direct influence on the response of the damage formulation. The stress-stretch response obtained for the neo-Hookean particularization
is given in Figure 2.3.4 while Figure 2.3.5 shows the result obtained for the Ogden particularization. The linear damage evolution law given in (2.3.16) has been
used in both cases, in addition to the specific material properties shown in the
respective figures.
Both materials show a nonlinear elastic response from the initial point O to
point A, where damage initiates. From A to B, loading continues but damage
softening occurs. The grey dotted line corresponds to the response of the undamaged (hyperelastic) material. In the neo-Hookean-based damage model, stress
decreases as stretch increases once damage is initiated (point A), as opposed to
the Ogden-based damage model, in which stress continues to grow with stretch,
although with a much lower stiffness than the one of the undamaged model. At
point B, unloading starts and stress decreases with the decreasing stretch, up to
point O, where loading is imposed again. The reloading path (O-B) is the same as
the unloading one, with a stiffness lower than the original undamaged one (curve
O-A). When reloading reaches the stretch value at which maximum damage had
occurred previous to the unloading phase (point B), softening continues as if the
unloading and reloading had not taken place. At point C, unloading up to point
O and reloading is imposed once more, exhibiting the same behaviour as the first
unloading-reloading phase (B-O-B).
As can be observed in these results, the damage model proposed is based
on an accumulative discontinuous damage variable which can increase but never
decrease, as imposed by the Karush-Kuhn-Tucker conditions. This model is analogous to the infinitesimal strain model proposed by Oller [195], but translated
into a finite strain framework in which large nonlinearity is present, as made
clear by the stress-stretch curves plotted in Figures 2.3.4 and 2.3.5. The generalized damage model can result in disparate softening behaviours, depending on
the value of stiffness and amount of nonlinearity displayed by the original undamaged hyperelastic model chosen as basis for the generalized damage model.
These dissimilarities are further enhanced depending on the combination of material parameter values used. The effect of changing the initial damage threshold
τ0d and the maximum dissipated fracture energy gfd values, as well as the type of
damage evolution law selected, is illustrated in Figure 2.3.6 for the neo-Hookean
particularization of the damage formulation and in Figure 2.3.7 for the Ogden
one. In both figures, the grey solid line represents the undamaged (hyperelastic)
response while the dotted lines show the response of the damage model for different combinations of material parameters, where Gf is the maximum dissipated
fracture energy per unit of area, i.e., Gf = gfd L0 . Here, L0 is the element’s characteristic length in the reference configuration [155, 192]. These figures show the
stress-stretch curves obtained under uniaxial loading when using the linear and

69

2.3 Finite-strain damage

Material
parameter

Value

C1
κ
τ0d
Gf

7.5 kPa
0.1 GPa
57.7 Pa1/2
20 kN/m

Figure 2.3.4: Second Piola-Kirchhoff stress vs. stretch for loading, unloading and reloading considering the linear damage evolution law with the neo-Hookean particularization
of the damage formulation (left) and the material parameters used (right).

Material
parameter

Value

µ1
µ2
µ3
α1
α2
α3
κ
τ0d
Gf

0.04 kPa
3.7 kPa
-0.05 kPa
6.4
1.9
-4.2
0.1 GPa
2.31 kPa1/2
50 kN/m

Figure 2.3.5: Second Piola-Kirchhoff stress vs. stretch for loading, unloading and reloading considering the linear damage evolution law with the Ogden particularization
of the damage formulation (left) and the material parameters used (right).
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the exponential damage evolution laws and, below, the corresponding evolution
of the internal damage variable, D.
It is interesting to observe how the use of the exponential damage evolution
law in the neo-Hookean particularization of the model translates into a more
markedly nonlinear softening behaviour in the stress-stretch response. Yet, the
opposite effect is observed in some of the stress-stretch responses of the Ogden particularization, for example the one obtained for τ0d = 57.7 Pa1/2 and
Gf = 2.31 kN/m. This is due to the interaction of the exponential softening with
the highly nonlinear original undamaged (hyperelastic) curve.
In the second set of examples, the membrane with a hole at its centre depicted in Figure 2.2.10 is subjected to the indicated displacement-driven loading u. Due to the symmetry in the specimen, only a quarter of the membrane
has been discretized using 360 8-noded hexahedral elements with a single pressure point (Q1P0). Symmetry conditions are imposed, thus, nodes belonging to
the symmetry y − z plane shown in Figure 2.2.10 have motion restricted in the
x−direction, while nodes belonging to the symmetry x − z plane have motion in
the y−direction restricted. A total of 500 accumulative incremental displacements
are imposed in the y−direction on the nodes of the top part of the specimen, with
the other directions left unrestrained.
The example is run for both the neo-Hookean and Ogden particularizations
of the damage formulation. In the former, the material properties used are those
defined in Figure 2.3.4, except for the fracture energy which is set to Gf =
600 kN/m; while the latter uses the material properties defined in Figure 2.3.5,
except for the initial damage threshold and the fracture energy which are set to
τ0d = 34.7 Pa1/2 and Gf = 1200 kN/m, respectively.
The mechanical response of the membrane with neo-Hookean-based damage
formulation is illustrated in Figure 2.3.8 (top left) by means of the vertical reaction vs. stretch curve. The vertical reaction plotted is the total resultant reaction
force in the y−direction of the quarter of the specimen. It can be observed how
the initial response of the curve follows the undamaged (hyperelastic) load path,
depicted as a grey dotted line in the figure, up to approximately a displacement
value of u = 15 mm. This point corresponds to the initiation of damage in the
specimen, whose progression results in a considerable reduction of the overall
structural stiffness. Figure 2.3.8 (bottom) shows the distribution of the damage
variable D in the specimen for the displacement values u = 20, 28 and 47 mm.
Damage initiates in the bottom corner of the quarter hole and progresses horizontally in the outward direction, localizing for the lower band of elements. This
localization allows verifying that energy dissipation is being computed correctly
according to (2.3.40). As these elements where damage has localized are increasingly damaged, loosing, thus, the stiffness of their deviatoric part, they become
largely deformed. However, the quasi-incompressible character of the hybrid elements requires that the adjacent band of elements deform to accommodate the
narrowing of the highly damaged elements in the lower band. This, in turn, generates higher deviatoric stresses in these adjacent row of elements, which result
in damage initiation.
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Linear softening

Exponential softening

Figure 2.3.6: Results for the neo-Hookean particularization of the damage formulation
for an initial damage threshold τ0d = 57.7 Pa1/2 and different fracture energy values Gf .
Second Piola-Kirchhoff stress vs. stretch considering the linear softening law (top left)
and the corresponding evolution of the damage variable D (bottom left). Second PiolaKirchhoff stress vs. stretch considering the exponential softening law (top right) and
the corresponding evolution of the damage variable D (bottom right).
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Linear softening

Exponential softening

Figure 2.3.7: Results for the Ogden particularization of the damage formulation for
different values of the fracture energy Gf and the initial damage threshold τ0d . Second
Piola-Kirchhoff stress vs. stretch considering the linear softening law (top left) and
the corresponding evolution of the damage variable D (bottom left). Second PiolaKirchhoff stress vs. stretch considering the exponential softening law (top right) and
the corresponding evolution of the damage variable D (bottom right).
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Figure 2.3.8: Neo-Hookean-based damage model with an initial damage threshold
τ0d = 57.7 Pa1/2 and fracture energy Gf = 600 kN/m. Vertical reaction vs. stretch
response (top left) and convergence curves of each load step (top right). Damage distribution D of this specimen corresponding to the imposed displacement values u of 20 mm
(bottom left), 28 mm (bottom center) and 47 mm (bottom right). Real deformation (×1)
is plotted.

The convergence curves for each load increment, plotted in Figure 2.3.8 (top
right), show adequate convergence of the solution. A tolerance of 10−7 has been
used and, at most, four iterations per load increment are required to reduce the
maximum residue below this value, albeit most load increments suffice with two
or three iterations.
The vertical reaction of the membrane with Ogden-based damage formulation
is plotted vs. the stretch in Figure 2.3.9 (top left). In this case, the value of the
vertical reaction continues to increase once damage initiates in the structure at
approximately u = 20 mm, albeit at a considerably slower rate than the expected load path of the corresponding undamaged (hyperelastic) model, depicted
as a grey dotted line. This effect is analogous to the one observed in the stress
vs. stretch curves of Figure 2.3.7, where the stiffness increase of the undamaged
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model is much higher than the decrease induced by damage softening on the deviatoric part of the stress. However, damage softening is still occurring since the
damaged response exhibits lower stiffness than the original undamaged hyperelastic model. Thus, the damage formulation proposed is capable of representing a
wide range of damage softening behaviours including both positive and negative
slopes in the load-displacement or stress-stretch response.
As in the neo-Hookean-based model, damage also initiates in the bottom
corner of the quarter hole but now progresses differently, as seen in Figure 2.3.9 (bottom). In this case, damage does not localize in a band of elements,
instead, it propagates vertically at first and, then, outward, resulting in a much
larger zone of the structure affected by damage. The displacements imposed in
this model are three times as large as those imposed in the neo-Hookean-based
one, therefore, stress induced by them will also be larger and probably increases
faster than the damage propagation rate that would be required for localization
in the lower band of elements.
The convergence curves for each load increment, plotted in Figure 2.3.9 (top
right), show adequate convergence of the solution. A tolerance of 10−7 has been
used and, at most, five iterations per load increment are required to reduce the
maximum residue below this value, albeit most load increments suffice with two
or three iterations.
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Figure 2.3.9: Ogden-based damage model with an initial damage threshold τ0d =
34.7 Pa1/2 and fracture energy Gf = 1200 kN/m. Vertical reaction vs. stretch response
(top left) and convergence curves of each load step (top right). Damage distribution D
of this specimen corresponding to the imposed displacement values u of 27 mm (bottom left), 44 mm (bottom center) and 76 mm (bottom right). Real deformation (×1) is
plotted.
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Discussion

A generalized damage model for quasi-incompressible hyperelasticity in a total
Lagrangian finite strain framework has been presented and discussed. The damage model is based on the decoupled volumetric-isochoric definition of quasiincompressible hyperelastic formulations. A Kachanov-like reduction factor is
applied on the deviatoric part of the hyperelastic constitutive model. Linear and
exponential softening have been defined as damage evolution laws, both translated from an infinitesimal strain context to the present finite strain framework.
Other softening laws (see section 2.3.2) could be considered to model particular
materials. However, the evolution laws presented here have the advantage of a
straightforward formulation and being easily adaptable to model different material behaviours since they are defined only by the material properties initial
damage threshold, τ0d , and maximum dissipated fracture energy per unit volume,
gfd . Also, the popular Simo and Ju damage criterion has been used, but any other
energy-based criterion could be easily introduced.
The generalized damage model has been particularized for two types of hyperelastic formulation, neo-Hooke and Ogden hyperelasticity, and implemented
in the in-house finite element code PLCd. Examples have been presented in order
to illustrate the main characteristics of the proposed damage model. The damage
variable used has been shown to be accumulative and discontinuous, as imposed
by the Karush-Kuhn-Tucker complementary conditions.
The damage softening approach presented is robust and versatile. It can be
easily adapted to any desired hyperelastic formulation as long as it is defined with
split volumetric and deviatoric parts. In addition, it is able to reproduce a wide
range of softening behaviours, as made clear in the numerical examples. However,
one must bear in mind that the nonlinear nature of the undamaged hyperelastic
formulation used to particularize the damage model influences greatly the final
softening behaviour of the model. Unlike in the infinitesimal strain context, the
linearity or exponentiality of the damage evolution law does not directly dictate
the shape of the softening curve in the present model.
Furthermore, the use of quasi-incompressible elements makes it difficult for
damage to localize in a band of elements as is common in infinitesimal strain damage models. Damaged elements loose part of their stiffness, stretching in the loading direction. When a band of elements deforms (stretches) due to damage, the
adjacent band must deform to accommodate for the reduction in the cross-section
of damaged elements, maintaining its volume owing to its quasi-incompressible
nature. To illustrate this phenomenon, consider a rectangular specimen subjected to uniaxial displacement-driven tensile loading. A notch has been created by
displacing the central external nodes in order to induce damage in the central
cross-section. Figure 2.3.10 shows how, due to the near incompressibility of the
elements and the finite strain framework, the tensile loading induces considerable stresses in the the plane of the cross-section and, thus, there is no longer an
uniaxial stress state.
Note, however, that Q1P0 elements have been used in all examples, which
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Figure 2.3.10: Evolution of principal second Piola-Kirchhoff stresses (left, centre left
and centre right) and final damage distribution (right) in a rectangular specimen modelled with the Ogden particularization of the generalized damage model and subjected
to uniaxial displacement-driven tensile loading. The specimen has a notch to induce
damage in its centre, formed by displacing the central external nodes. Real deformation
(×1) is plotted. Tensile values in red and compressive values in blue.

require fine meshing due to the lack of compliance with the inf-sup condition.
Improving the u/p elements will predictably result in better results, especially in
terms of damage localization and evolution in complex geometries. In any case,
the fact that damage is applied only on the deviatoric part of the model means
that, for a completely damaged structure, there will always remain a volumetric
quasi-incompressible undamaged part.

2.4

Mixing theory

Mixing theory provides the behaviour of a composite material as the composition of the individual components according to their particular morphology and
mechanical properties (see Figure 2.4.1). The original theoretical framework of
mixing theory was initially developed by Truesdell and Toupin [242]. It was later
extended to a finite strain framework and generalized to represent the composite
component’s behaviour participating in a combination of serial-parallel behaviours [196]. This allows taking into account the incompatibility of deformations
between the components of the composite permitting, thus, the representation
of complex behaviours of composites (in this case, a biological tissue) by means
of the interaction between the simple constituent materials, each defined by its
own constitutive law. In the generalized mixing theory, the parallel direction is
that in which the material components have the same stretches (usually the fibre
direction) and the serial direction is that in which the material components have
the same stresses (usually perpendicular to the fibre direction), as illustrated in
Figure 2.4.2. The bases of this formulation are outlined in section 2.4.1 but for a
comprehensive derivation of the generalized mixing theory see [196].
The generalized mixing theory evaluates the interaction of the different mater-
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Sf

Fibres

Sm

Matrix

S = vf Sf + vm Sm

Composite

Figure 2.4.1: Simplified description of the composite behaviour as a superposition of
the fibre and matrix contributions in mixing theory, adapted and reproduced with
permission from Oller [195]. S is the stress and vi is the volumetric participation of the
component i.

Figure 2.4.2: Simplified description of the parallel and serial behaviours of a composite,
reproduced with permission from Oller [195].

ial components at stress level. Thus, this approach works as a “constitutive model
manager” that allows evaluating the interaction of the different constitutive models that represent each component’s behaviour (matrix and fibres) to obtain the
overall composite behaviour (biological tissue).
The constitutive models used to represent each component’s behaviour can be
as complex as desired. Yet, in line with the prevailing idea of this study, we seek
a general overall formulation built upon relatively simple constitutive models but
capable of reproducing a wide range of soft tissue behaviour. In this sense, we
propose accounting for the anisotropic behaviour at a more “general” level than
the constitutive equation of the simple component material. Two generic ways of
achieving this are described in sections 2.4.2 and 2.4.3.

2.4.1

Generalized mixing theory formulated in finite
strains

Mixing theory is based on the mechanics of the local continuum solid and is suitable for reproducing the behaviour of a point in a composite whose components
have strain compatibility. The generalized mixing theory does not have the limitation of addressing the strain compatibility condition, instead the formulation is
posed such that the problem leads to an automatic adjustment of the composite
material closure or compatibility equation. Then, the following hypothesis are
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assumed:
1. There is a finite number of component substances in each infinitesimal volume
of the composite.
2. The contribution of each component material to the composite behaviour is
proportional to its volumetric participation.
3. All components follow a general compatibility equation adapted to the topology of the serial-parallel composite. This is the fundamental hypothesis that
differentiates the generalized mixing theory from the classic one.
4. The volume occupied by each component is much smaller than the total
composite volume.
The parallel behaviour hypothesis (classic mixing theory) implies

n
 S= Pv S ,
c c
c=1

E = Ec ,

while the serial behaviour hypothesis entails

 S = Sc ,
n
P
 E=
vc Ec .

(2.4.1)

(2.4.2)

c=1

Here, S is the second Piola-Kirchhoff stress tensor, E is the Green-Lagrange
strain tensor and the volumetric participation of the component c is defined in
the reference configuration as
dVc
vc =
,
(2.4.3)
dV0
where Vc is the volume of the component c and V0 is the total volume of the
composite. To guarantee the continuity equation is satisfied,
n
X

vc = 1.

(2.4.4)

c=1

The remaining hypothesis (see hypothesis 3. above) establishes the relationship between the composite strain and each component strain. It is the serialparallel compatibility equation

Ec = (1 − χc ) +χc Φc : E − χc Epc ,
(2.4.5)

I

where χc ∈ [0, 1] is the serial-parallel coupling parameter of the component c,
c is the stiffness ratio of the
component c and Epc is the plastic strain of the component c. The latter is defined

I is the fourth-order symmetric identity tensor, Φ
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for operational purposes and has no physical meaning. It is obtained as a result
of the composite plastic strain average and distributed among its components
according to their respective stiffness ratio. In addition, this term will be zero
in the applications of this study since plasticity has not been considered for the
basic set of constitutive equations used to model tissue behaviour. Nonetheless,
it is included in the formulation of the generalized mixing theory for the sake of
completeness.
As to the serial-parallel coupling parameter, it depends on the angle αχ ∈
[0, π/2] between the principal stress orientation and the fibre orientation and
corresponds to a pure parallel behaviour for χ = 0 and to a pure serial behaviour
for χ = 1. From a physical point of view, this parameter locates the fibre position
with respect to the action. In regard to the stiffness ratio, it works as a serial
S
behaviour factor and is computed as Φc = −1
, where c is the constitutive
c :
S
tensor of the component c and
is the constitutive tensor of the composite
when its n components work exclusively in serial.
Introducing these hypothesis into the definition of stress in terms of the elastic
potential (2.2.24) produces

C C

C

I

n

n
X

C

X

∂Ec
vc Sc : (1 − χc ) +χc Φc ,
vc Sc :
=
S=
∂E
c=1
c=1

(2.4.6)

which is the constitutive equation of the composite. The corresponding material
tensor is

C = Xv C
n

c

c=1

n

c

:

X
∂Ec
=
vc
∂E
c=1

C

c

I


: (1 − χc ) +χc Φc .

(2.4.7)

The algorithmic solution to the problem is schematically outlined in Figure 2.4.3,
which is based on the scheme in Figure 2.2.6.
As an example, the experimental data obtained by Martins et al. [159] is used
to illustrate how the manifestly different behaviours of fibre and matrix can be
represented by means of the damage model proposed, particularized for Ogden
hyperelasticity, and in the framework of the generalized mixing theory.
The work by Martins et al. provides experimental stress-stretch curves obtained from an uniaxial tensile test of a rectus sheath sample in the longitudinal
and transversal directions. Using Matlab’s Curve Fitting Toolbox [163], an initial
estimate of the material parameters of fibre and matrix were obtained, which were
then manually adjusted in the numerical reproduction of the sample to better fit
the experimental curve. The material parameters used are given in Figure 2.4.4,
together with the stress-stretch curve numerically obtained using generalized mixing theory and the Ogden-based damage formulation implemented in PLCd. In
the sake of simplicity, the fibres were assumed to work completely in parallel,
i.e., χ = 0 in the generalized mixing theory. Due to lack of information, the fibre
contribution to the composite was estimated as 20% of the composite, based on
information available in literature. A different proportion of fibre and matrix in
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With initial material and geometric properties
calculate initial stiffness tensor K = KU U
−1 ext
F0

4U = K

element loop
Gauss point loop

Calculate F = ∂x/∂X,
E and p of the element
Calculate component strain:
Ec = ((1 − χc ) +χc Φc ) : E − χc Epc

•••

Recomposition of stresses: S =

n
P

Obtain stress Sn from
constitutive equation
of COMPONENT n

Obtain stress S2 from
constitutive equation
of COMPONENT 2

Obtain stress S1 from
constitutive equation
of COMPONENT 1

Elastic strains
correction loop

4Uk+1 = 4Uk + K

−1

4F

I

vc Sc :

c=1

∂Ec
∂E

int
Calculate internal forces Fint
U and FP

Update matrices KU U , KU P and KP P .
int
Calculate total elemental force F0 and stiffness K
int

Assemble F0

and K for whole structure

int

NO

is 4F = F0

− Fext
≤ tol.?
0

YES
END

Figure 2.4.3: Scheme of the generalized mixing theory formulation for finite strains
implemented in PLCd for a total Lagrangian framework (reference configuration), based
on the scheme of the hybrid formulation in Figure 2.2.6. The subindex k indicates
iteration number in the present load increment. The definition of each term is available
in the notation list.
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Material
param.

Matrix
Value

Fibre
Value

µ1
µ2
µ3
α1
α2
α3
κ
τ0d
Gf
v

71.26 kPa
74.59 kPa
-0.485 kPa
13.18
16.05
-0.78
0.1 GPa
0.835 kPa1/2
2.24 MN/m
0.8

142.75 kPa
-160.22 kPa
0.152 kPa
21.21
-4.49
13.59
0.1 GPa
2.686 kPa1/2
32.0 MN/m
0.2

Figure 2.4.4: Cauchy stress vs. stretch of the composite and its individual components
modelled with the Ogden-based damage formulation and generalized mixing theory
(χ = 0) to reproduce the experimental data by Martins et al. [159] (left) and the
material parameters used (right).

the composite would obviously lead to a completely different stress response of
the fibre in order to fit the composite response with the experimental data.

2.4.2

Tensile/compressive switch

Most fibred soft biological tissues consist of collagen fibres embedded in an isotropic ECM. The modelling assumption that fibres cannot support compression
can be made in such case [116]. From a computational point of view, this requires
“turning off” the fibre contribution to the model when this component of the composite is under compression. In the context of the generalized mixing theory, this
requires affecting the compressive response of the simple material (the fibre, in
this case). Thus, we propose introducing a tensile/compressive switch that affects
a particular constitutive model of choice. Introducing an on/off switch is not a
viable option because it generates computational instabilities in the case of complex stress states due to the sudden change in stress in a same Gauss point from
one load step to the next. The fact that hybrid elements are being used does not
contribute at all to the convergence of the problem.
Therefore, a smoothing function is introduced, which allows to transition from
the purely tensile (full response) to the purely compressive (null response) of the
fibre without a sudden discontinuity. In addition, the option to choose a reduction
factor r ∈ [0, 1] is also given, where r = 1 means that the compressive response is
reduced a 100% with respect to the tensile one, that is, the compressive response
is null. Conversely, r = 0 means that the compressive and tensile responses are
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Figure 2.4.5: Role of the reduction factor r and slope value b, both modifiable by the
user, in the tensile/compressive switch function implemented in PLCd.

exactly the same and, thus, no switch is applied. The function used to this aim
is

r
f λf =
+ (1 − r) ,
(2.4.8)
1 + exp [−b (λf − 1)]

where b is the slope of the function and λf is the stretch in the fibre direction.
The effect of the two user-modifiable parameters r and b are graphically depicted
in Figure 2.4.5.
Table 2.4.1 describes the scheme introduced at the Gauss point constitutive
level to produce a smoothed tensile/compressive switch for a given simple constitutive equation in a TL framework. The algorithm requires the deformation
gradient tensor F, the second Piola-Kirchhoff tensor S obtained by means of the
chosen simple constitutive equation and the material parameter “switch direction” df0 . This parameter is a unit vector defined by the user that indicates the
direction in which the switch is to be applied. From a physical point of view, df0
should correspond to the initial orientation of the fibres in the ECM. The scheme
has been implemented solely for the TL framework, but extension to the pUL
framework would only require replacing S by τ .
The tensile/compressive switch has been used in the uniaxial example with
Ogden hyperelasticity (see Figure 2.2.14). Figure 2.4.6 shows the results obtained
for a same slope of the smoothing function and different reduction factors. The
switch manages to reduce the stress response in comparison to the original curve
(solid yellow line). There is a transition zone from the tensile to the compressive
response when the switch is activated. This is especially visible for the case with
r = 1 in which the compressive response at first has negative stress values which,
as the compression progresses, are reduced to zero. The tensile part is also slightly
affected by the transition zone in the initial stages of tensile loading, although
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Algorithm at each load increment n
(applied after computing the stress at simple constitutive level)
User parameters: Reduction factor of the smoothing function r, slope of the
smoothing function b and switch direction unit vector df0 .
Given: deformation gradient tensor F and second Piola-Kirchoff stress tensor S.
Translate switch direction unit vector into present configuration, df = F · df0 ,
and compute stretch
in the present switch (fibre) direction as the norm of df ,
√
f
f
f
λ = |d | = d · df .
f
Calculate
the value of the smoothing

 function for the value of λ computed above,
f
f
+ (1 − r).
f λ = r/ 1 + exp −b λ − 1

Affect the stress tensor with the smoothing function, Sswitch = f λf S.

Table 2.4.1: Algorithm at Gauss point level of the numerical integration in PLCd [213]
of the tensile/compressive switch implemented in the TL framework.

the difference with the original curve is minimal. The span of this transition
period is given by the chosen value b. Higher values of b will reduce the transition
period but, of course, will also increase the numerical instability of the solution
due to the abrupt change in material response. This is the case, especially, for
complex geometries that will induce triaxial stress states in which there might
not be a predominant tensile/compressive direction or this direction might shift
considerably for a same Gauss point from one load step to the next. Thus, smaller
load steps tend to improve the convergence of the solution.
In conclusion, the tensile/compressive switch is a tool that allows accounting for the fact that fibres in soft biological tissues have a different response in
tensile loading than in compressive loading. However, the solution proposed has
its limitations. The main one is that its robustness is linked to the span of the
smoothing function and a trade-off between a small transition zone and a robust
computation is required. In addition, the switch proposed here affects the whole
stress tensor equally, that is, stresses in all directions of the fibre will be reduced
the same percentage when the fibre is working in compression for the selected
switch direction df0 . Thus, the tensile/compressive switch proposed is only valid
for quasi-uniaxial stress states. This, however, should not be a problem since the
purpose of the switch is precisely to “deactivate” the fibre response in compression. Then, one would expect the user to set up df0 in the fibre direction and
to use this in conjunction with the generalized mixing theory described in the
previous section. In this way, this problem is mitigated since the fibre should
only contribute in the parallel direction, which would coincide with the switch
direction.
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Figure 2.4.6: Results for the tensile/compressive switch used in the Ogden example of
Figure 2.2.14 to illustrate the effect of the reduction factor r for a same value of the
smoothing function slope b.

2.4.3

Anisotropy using space mapping

The anisotropy of soft fibred biological tissues is typically addressed through the
definition of two separate strain energy density functions as described in (2.1.1).
One accounts for the isotropic contribution of the matrix and the other, for the
anisotropic contribution of the fibres. Then, the anisotropic strain energy density
function must be specifically defined in terms of the pseudo-invariants of the fibre
orientation vectors.
The usage of the generalized mixing theory described in section 2.4.1 to reproduce soft tissue behaviour allows considering any of these anisotropic strain
energy density functions to describe the behaviour of the fibres in the the composite tissue. However, we propose using the approach introduced by Oller et
al. [198, 43, 44], to model anisotropy in the simple material behaviour through
space mapping. In this way, isotropic constitutive formulations can be used to
describe anisotropic behaviour of simple materials.
The idea of using a mapped stress tensor to formulate the anisotropic behaviour of a material by means of an equivalent isotropic solid was first introduced
by Betten [31] for creep modelling. It was then extended to the mapping of both
stress and strain tensors by Oller et al. [198]. This concept is especially useful in
that it profits of the advantages of the well known isotropic models, namely, the
analytic and computational techniques for isotropic constitutive equations.
The formulation [196] presented here is a means of generalizing any classic
isotropic formulation, such as hyperelasticity or damage, to account for aniso-
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tropy. It is based on the translation of the material constitutive parameters and
the stress and strain states from a real anisotropic space to a fictitious isotropic
space. Once in the fictitious isotropic space, the isotropic constitutive models and
associated procedures can be used to determine the material behaviour, which
is then translated back into the real anisotropic space to obtain the anisotropic
response of this material behaviour.
Through the use of space mapping, an anisotropic behaviour is represented
with an isotropic formulation. Hence, an explicit mathematical expression of the
model in an anisotropic form is not required. Instead, through a numerical transformation, an explicitly isotropic formulation can be converted into an implicitly
anisotropic characterization of the material behaviour. All the material anisotropy information is contained in the fourth-order transformation tensors S
and E , both defined in the reference configuration. In this manner, instead of
computing the stresses in terms of the strains through an anisotropic constitutive
equation (orange arrow in Figure 2.4.7), the strains are converted to the fictitious
isotropic space through
E = E : E,
(2.4.9)

A

A

A

then the fictitious isotropic stresses are computed by means of an isotropic constitutive equation and, finally, these are converted back to the real anisotropic
space through

−1
S
S=
: S.
(2.4.10)

A

Here, the overline {•} indicates the tensor {•} belongs to the the fictitious isotropic space. The blue arrows in Figure 2.4.7 schematically depict this procedure.
This methodology was initially developed in the context of elastoplasticity to
be able to use the well-known and thoroughly studied isotropic yield functions
to describe anisotropic material behaviour without having to resort to explicit
definitions of anisotropic yield criteria which do not always satisfy the invariance
conditions [198]. In this context, the stress transformation tensor is
h

A

S

i

IJKL

h i
= fS

IK

h

fS

i−1

JL

,

(2.4.11)

where f S and f S are the second-order stress tensors representing the corresponding fictitious isotropic and real anisotropic strengths [196].
In the case being studied here, the original framework can be simplified because the purpose of the space mapping is to relate stiffnesses, not yield strengths.
Hence, S = is considered. However, unlike the original set-up, the stress-strain
relationship is highly nonlinear because hyperelastic formulations are being considered for the isotropic constitutive model in the fictitious space. Then, at a
given increment n of a loading process, the constitutive relation in the real and
n
: E and S = n : E, respectfictitious spaces can be reduced to S =
n
n
ively, where
and
are the pseudo-constitutive tensors for that particular
load increment in the fictitious isotropic and real anisotropic spaces, respectively.

A I
C

C

C

C
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S=



A

S

−1
:S

S

S=

∂Ψani
∂E

S
Isotropic
constitutive
equation

Anisotropic
constitutive
equation
E

S=

∂Ψ
∂E

E

E=

A

E

:E

Figure 2.4.7: Space mapping transformations in a finite strain framework. Second PiolaKirchhoff stresses and Green-Lagrange strains in the reference configuration for both
the real and fictitious spaces. The entities belonging to the fictitious space are indicated
with an overline {•}.
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Considering these relations and taking into account the definitions in (2.4.9) and
(2.4.10), the transformation tensors are related through

A
A

E

=



C


n −1

:

A :C ,
S

n

(2.4.12)

where the E must be adequately defined such that the desired proportionality
n
relation between
and n is obtained. For example, in the case of a transversally isotropic material in which the longitudial direction exhibits a higher stiffness
than the transversal directions, the easiest definition of E is a diagonal tensor
with anisotropy ratios in the terms affecting the longitudinal direction. These
anisotropy ratios indicate the additional amount of stiffness in the longitudinal
direction with respect to the transversal ones.

2.5

C

C

A

Conclusions

The numerical modelling of the passive behaviour of soft biological tissue has
been addressed by means of generalized mixing theory in conjunction with phenomenological hyperelastic and finite-strain damage models.
The numerical and thermodynamic bases of quasi-incompressible hyperelasticity have been reviewed and the most common hyperelastic models used in the
characterization of soft tissues have been described. Then, the neo-Hookean and
Ogden hyperelastic formulations have been developed in detail and implemented
in the in-house FE code PLCd. The neo-Hookean formulation does not manage
to capture the characteristic J-shaped stress-stretch curve of soft tissue, but it
may be useful in reproducing the ECM behaviour in the context of mixing theory. Ogden hyperelasticity manages to reproduce the highly non-linear response
with agreeable accuracy. The computational problems derived from the use of
the selected hybrid elements (Q1P0, Q2P0 and T2P0) have been pointed out
and discussed.
Then the thermodynamic bases of the finite-strain damage have been reviewed
and a generalized damage model has been proposed with the aim of providing
a flexible and versatile formulation, capable of reproducing a wide range of tissue behaviour. To this aim, linear and exponential softening have been used in
the model, which has been particularized for the neo-Hookean and Ogden formulations already implemented in PLCd. Yet, the formulation developed can be
easily adapted to any chosen hyperelastic model. Other softening laws could also
be easily introduced, but the ones proposed require identifying only two material
parameters, which can be determined experimentally, to characterize the behaviour of biological tissue. Again, computational problems that may arise due to
the use of hybrid elements have been discussed.
Finally, the formulation of the generalized mixing theory used in PLCd has
been briefly described and the use of a tensile/compressive switch and space
mapping to account for anisotropic behaviour has been addressed.
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To our best knowledge, the mixing theory approaches used up to date and
available in literature for the modelling of soft tissue behaviour manage the contribution of each material component at the level of strain energy density function.
Therefore, a closed formulation is produced which includes the contribution of
the collagen fibres and ECM at constitutive level, usually oriented to reproducing
a particular tissue’s behaviour. The generalized mixing theory also manages the
contribution of each material component at this same level but allows evaluating the interaction of the different constitutive models at a more general level,
working as a “constitutive model manager” . It allows to separately represent
each component behaviour (matrix and fibres) to obtain the overall composite
behaviour (biological tissue). Used in conjunction with a series of phenomenological models capable of spanning a large scope of material behaviours, it is a
powerful tool in achieving a general multi-purpose constitutive formulation for
representing soft tissue behaviour.
We believe the generalized approach allows for more flexibility in composing
the overall behaviour of the tissue since new constitutive models to represent
fibre or matrix behaviour can be easily introduced if required. In addition, the
constitutive models proposed to represent the simple constituent material behaviour have a solid and established thermodynamic basis, which allows for better
tracing of the individual component’s thermomechanical behaviour.
The generality of the formulation entails a certain loss of detail, namely, microstructural phenomena that cannot be captured unless specific micro-mechanical
constitutive models are introduced into the picture. The generalized mixing theory could replace the phenomenological constitutive model of a certain component
for a mechanistic one if desired. Nonetheless, in pursuing a general constitutive
formulation to represent the passive properties of soft biological tissues, one assumes that the representation of particular behaviours might not be as detailed
and exact as if the formulation were specifically developed for that purpose or
application.

Chapter 3

Constitutive modelling
of active properties
3.1

Background

A characteristic feature of living biological tissues is that they have the capacity of
growing, adapting, remodelling and, in general, evolving in response to external
loads and environmental stimuli. However, none of these processes take place
solely due to the mechanical and environmental factors. There needs to be, in
addition, the appropriate biological conditions.
Although the concepts of growth and remodelling are quite intuitive, let us
establish the usage of these and other related terms considered in this particular
work. The definitions given by Humphrey and Rajagopal [120] are employed as
reference.
• Adaptation. Any acute or chronic change in the biological state, properties, mass or internal structure of a tissue in response to a change in the
environment.
• Morphogenesis. Development of a fertilized egg into a mature organism.
It is possible due to genetically programmed adaptive processes that involve
changes in properties, mass and internal structure of a tissue.
• Homeostasis. Normal programmed adaptive processes that maintain a balanced turnover of cells and ECM without a net change in properties, mass
or internal structure of a tissue1 .
1 This is one of the most remarkable characteristics of living tissues and it acts at many levels
in the organism, in addition to the tissue level described here. A living organism manages a
host of incredibly complex interactions in order to maintain the internal balance and return,
when required, systems to their normal functioning range.

91

92

3. Constitutive modelling of active properties

• Ageing. Gradual changes in properties, mass or internal structure of a tissue
following the maturity stage in the organism. It is independent of injury and
disease, although they lead to a higher possibility of “natural” death.
• Healing. Adaptation process in response to injury or disease that involves
changes in properties, mass or internal structure of a tissue. Its aim is to
restore the original function, previous to the injury or disease, of the tissue
or, if this is not possible, at least arrest the extent of damage.
These adaptation processes typically take place through a combination of the
following phenomena:
• Growth. An increase in mass and volume, usually at constant density. This
is achieved through an increase in number (proliferation, hyperplasia or migration) or size (hypertrophy) of cells2 , or through the synthesis of new ECM.
Although growth may be associated with changes in the density or properties of the tissue, in this study growth will be assumed to occur at constant
density.
• Atrophy. Inverse or negative growth, i.e., decrease in mass and volume. This
typically occurs through cellular death (necrosis or apoptosis3 ), cell migration
or degradation of the ECM.
• Remodelling. A change in the internal structure of the tissue. This is
achieved through the reorganization of the existing constituents or through
the synthesis of new constituents that have a different organization to that
of the existing ones. Remodelling may or may not change the density of the
tissue, but it always changes material properties such as the stiffness of the
tissue.
The first modern studies regarding living matter saw growth as a change
in form [239, 123] but there is now wide acceptance in the continuum mechanics
community that it is change in mass that defines growth which, in turn, is related
to changes in form. One of the driving forces behind this change in mass are the
mechanical loads applied on the tissue. This phenomenon was first described in
bone by Wolff in 1870 [260] but many researchers have contributed since to refine
and develop the theory of functional adaptation of bone, being Frost [94] the most
renowned.
The first application of the functional adaptivity in a continuum mechanics framework is credited to the theory of adaptive elasticity by Cowin and
2 Cell proliferation refers to the increase in the amount of cells due to the creation of new
cells through cell division. In the case of cell migration, the increase in the amount of cells of a
tissue is due to cell movements, i.e., cells migrating into the tissue. Hyperplasia or hypergenesis
is tissue growth resulting from cell proliferation while hypertrophy is tissue growth resulting
from the enlargement of the cells composing the tissue.
3 Necrosis is the pathological death of cells, caused by external factors such as infection or
trauma. In contrast, apoptosis is the programmed and targeted death of cells in the organism.
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Hegedus [60]. Changes in mass are characterized by means of open-system thermodynamics, an approach used by many researchers up to date [85, 138]. Another
widely-accepted approach to modelling growth makes use of a multi-phase material and continuum theory of mixtures to represent changes in mass [120, 99, 14].
The former treatment of growth requires that the gain and loss of mass be
translated into non-uniform changes in form. In fact, simplified models based on
open-system thermodynamics typically characterize growth through non-linear
kinematics by means of the change in volume associated with the change in
mass. In mathematical terms, this is done through the decomposition of the
deformation gradient tensor4 ,
F = Fe · Fg ,
e

(3.1.1)
g

where F corresponds to the elastic part of the tensor and F to the incompatible
part, which includes the growth and remodelling effects.
This was explicitly written by Rodriguez et al. in 1994 [219], however, the
concept of growth as an incompatible configuration had already been discussed
before [117, 231, 230]. The elastic part of the deformation gradient defines the
mechanical response of the tissue whilst the adaptation effects are modelled
through the incompatible part which is controlled by the stress imbalance in the
tissue. In particular, the stress imbalance, related to a homeostatic imbalance,
activates growth in the tissue. The current configuration is then reached through
an elastic deformation which ensures the compatibility of the deformations with
the final growth. Figure 3.1.1 shows a schematic diagram of the relationships
between the three configurations.
The intermediate growth configuration is incompatible and, thus, it is not a
physical state attained by the tissue. Hence, the difficulty in defining the evolution equations for Fg , which cannot be described through direct experimental
observations. An aspect which has been questioned [13] from this formulation
is that, because mass is added to and lost from the tissue during the growth
process, there no longer exists a fixed reference configuration when the mapping
between configurations is defined only by the deformation. However, there are
several ways to overcome this issue, as described in [5]. Other authors reject the
multiplicative decomposition of growth because it focuses on the consequences
of growth (changes in form) instead of on the biological processes which drive
growth (cell and matrix turnover). This matter is addressed by some through
micro-mechanical modelling of tissues, i.e., growth is based on cell-level microstructure behaviour which can, to a certain extent, be characterized experimentally [22, 250]. An important downside of this type of approach is that it requires
defining the actual pathways by which mechanical and chemical activity of cells
is translated into growth of tissues [5].
Despite these concerns, the focus in this study is in continuum modelling of
growth and remodelling, which is a topic that has attracted the attention of the
4 This

is the preferred approach for continuum-mechanics-based constitutive models trying
to capture the growth and remodelling phenomena in soft tissue since, in this case, the model
is necessarily defined in a finite strain framework.
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ρ = ρinit
v, ρ, m

F = Fe · Fg

Fe
m = M = mg

Fg
V , ρ0 , M
V = V init

v g , ρg , mg
mg = M init Jg

Figure 3.1.1: Schematic representation of the multiplicative decomposition of the deformation gradient, inspired by [154]. Density, volume and mass relations in the different
configurations are given for a continuum growth process at a given time. At the initial
time, all configurations collapse into a single one. The definition of each term is available
in the notation list.

computational mechanics community over the past couple of decades. Articles
by Ambrosi et al. [5], Menzel and Kuhl [166] and Kuhl [136] provide an excellent
review on the different approaches used to deal with growth and remodelling, as
well as the current challenges in this field of research.
Following this continuum approach to model growth, the issue is in specifying,
on the one hand, the driving forces behind this phenomenon and, on the other,
how the growth tensor Fg evolves. With respect to the former, the main difficulty
is in accounting for the biological stimuli, i.e., the effect of the tissue’s metabolism,
in addition to the mechanical stimulus that drives growth in living tissues [197].
Regarding the latter, finite growth has been typically categorized into volume,
area and fibre growth [236, 166, 136]. These topics will be addressed in detail in
section 3.2, as well as the development and implementation in PLCd of a growth
model that takes into account the role of the metabolism. The model is first
described for volumetric growth and then extended to include anisotropy. Volume
growth is characterized by means of an isotropic Fg while the area and fibre
growth models are described through anisotropic growth tensors. In this context,
remodelling has often been defined in literature as an evolution or reorientation
of the anisotropy direction in Fg [166].
However, remodelling has been defined as a change in the internal structure
of the tissue, a concept that includes much more than fibre reorientation. It may
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involve, for example, reorganization of the tissue constituents through synthesis
and degradation. This has been tackled as a structural optimization problem in
bone remodelling applications [5]. Also, remodelling is known to result in a change
of tissue stiffness. This has been addressed in bone remodelling by Doblaré and
Garcı́a [72] through the formulation of a constitutive model in a CDM framework,
in which the internal variable of the model is able to degrade (or regrade) with
and without mass increase.
In soft tissue, remodelling is a key part of the healing process. The repair
of soft tissues is known to be driven by a complex sequence of events involving
cellular processes as well as biochemical and biomechanical factors [91, 107]. The
exact role of many of these factors is not completely understood yet. Nonetheless,
from a physiological point of view, the healing process is classified into four
distinct but overlapping phases:
Haemostasis The loss of structural integrity in the tissue immediately activates the coagulation cascade. Platelet aggregation and constriction of the injured
vessels prevents further blood loss and a platelet-rich fibrin clot is formed. The
activation of these platelets is associated with the secretion of several growth
factors that initiate the healing process. Yet, this process is still not fully comprehended since healing is known to occur in wounds with no haemorrhage [84].
Inflammation As part of the organism’s immune response, neutrophils infiltrate the site of injury within the first one to two days and start to phagocytose
bacteria and debris to prevent infection of the wound. Within two to three days
after injury, macrophages attracted to the wound site by chemoattractants have
replaced the neutrophils. Macrophages further debride the wound and release cytokines, which stimulate angiogenesis and enhance the production of fibroblasts.
After 3 days, lymphocytes appear in the site of injury and seem to play a role in
regulating the proliferative phase through the production of ECM [265].
Proliferation Once the inflammatory response is balanced and the wound has
been cleared of debris, the repair of the defect begins. This phase usually starts
about three days after the injury and can last up to several weeks. Fibroblast
proliferation and migration takes place, resulting in the synthesis and deposition
of collagen to form the granulation tissue. Through angiogenesis, a vascular network of capillaries is formed that provides the necessary oxygen and nutrients
in the healing tissue. The provisional ECM is highly disorganized and contains
“flaws” such as fat cells and inflammatory pockets [91]. Skin wounds additionally
exhibit epithelialization and wound retraction [259].
Remodelling The final stage lasts from weeks to years and consists in a continuous synthesis and degradation of collagen as the ECM is remodelled and the
granulation tissue becomes the scar tissue. As this matrix turnover takes place,
its composition shifts and reorganizes: the newly-formed blood vessels regress, the
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“flaws” are removed and the collagen fibres become increasingly organized [91].
Over time, and under adequate biochemical and biomechanical conditions, the
remodelled tissue approaches the characteristics of the original undamaged tissue. However, the completely remodelled scar tissue does not fully recover the
characteristics of the uninjured tissue it replaces.
The mathematical modelling of wound healing has been widely addressed
since the development of the first models in the 90s [226, 240, 212]. These models
focus on the underlying cellular and biochemical mechanisms to define and simulate dermal wound contraction [125, 176, 247] and angiogenesis [225, 90, 246]
from a continuum-based approach. The inflammation and proliferation phases
have also been modelled using a discrete or a hybrid discrete/continuum approach [41, 164, 62] and, more recently, a systems-biology multi-scale and multifield approach has been proposed [39]. The reader is referred to the work by
Buganza Tepole and Kuhl [38] for a comprehensive review of mathematical and
computational dermal wound healing models.
On the other hand, the remodelling phenomena in soft tissue has also been
extensively addressed. In general, it is treated together with growth and not
necessarily in the biological context of the tissue healing process described
above [118, 5, 15, 166]. Many of these models aim at characterizing collagen fibre
reorientation through evolving structural tensors [78, 137, 100, 165, 135, 221]. A
different approach characterizes growth and remodelling as a continual turnover
of tissue constituents by means of a constrained mixture theory [120, 13, 215, 177],
or, more recently, a mechanistic micro-structural theory [143].
Over the past years, advancements in the field resulted in sophisticated models
with cellular [152, 110] and molecular [16] processes being the driving forces of remodelling. In this sense, much effort is directed towards representing remodelling
in vascular tissue [109, 21, 221, 245], with a particular focus on the pathological
remodelling observed in aortic aneurysm tissue [254, 119, 162]. The mathematical
modelling of the inflammation, proliferation and remodelling phases in ligament
tissue has also been addressed [45, 101].
Numerous studies, both in animal models and in patients, have shown that
mechanical loading has a significant impact on the speed and efficiency of healing [83, 134, 224, 253]. However, the optimal loading regime remains unclear
and the detailed mechanobiogical mechanisms involved are not fully understood.
Computational approaches have been widely used in bone healing mechanobiological modelling to enable predictions of bone healing and improve the understanding of both mechanical and biological mechanisms at play [124, 7]. In order
to apply this approach to soft tissue healing, a continuum constitutive model
that can represent both the changing soft tissue mechanics during healing and,
also, the proposed biophysical stimuli for the cells involved is required.
In this sense, a constitutive model for homeostatic-driven turnover remodelling (HTR) in soft tissues is developed, formulated in accordance with CDM
and in an open-system thermodynamics framework. The main internal variable
is a recoverable effective damage, similar to the one proposed by Doblaré and
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Garcı́a [72] for bone remodelling. The HTR model describes the overall change
in material behaviour at tissue level of healing/remodelling tissues. Analogous
to the growth model described in this chapter, healing is not only driven by
mechanical loading, but also by biological stimuli. In particular, the underlying
metabolism in healing tissues is represented by phenomenological parameters.
Although growth and healing are separate phenomena, they typically occur
together as the former initiates the latter and they often interact with each other.
Thus, the models described in sections 3.2 and 3.3 have been developed separately
but with the ultimate intention of combining them to obtain a more general constitutive formulation to reproduce the active behaviour of soft biological tissues
through the use of the generalized mixing theory already described in section 2.4.
How this can be achieved is discussed in section 3.4.

3.2

Growth

Growth/atrophy is a key phenomenon in the adaptation processes characteristic
of living tissues. It has a fundamental role in pathologies such as cardiac hypertrophy5 , aneurysms 6 and hypertrophic scarring7 , among others. Some of the
factors that regulate growth/atrophy are fundamentally mechanic. and represent,
in general, a stimulus for the adaptation process. Hence, the importance of studying these phenomena in the framework of a formulation that allows estimating
the stress and strain fields and their relation to said phenomena.
In this sense, the multiplicative split of the deformation gradient tensor introduced in (3.1.1) allows deriving a constitutive formulation for growth in a
continuum mechanics framework. This development, based on open-system thermodynamics, will be described in section 3.2.1. To complete the characterization
of the growth phenomenon, the evolution of the growth tensor Fg must be defined,
as will be seen in section 3.2.2. Although mechanical stimuli are often driving
factors in tissue growth, the role of the metabolism cannot be neglected. Hence,
the evolution of the isotropic stress-driven growth tensor that accounts for for
biological availability proposed by Bellomo et al. [29] is adapted and introduced
into PLCd. The details of the derivation and numerical implementation will be
discussed in sections 3.2.3 and 3.2.4. Finally, this growth model is extended to
account for anisotropy in the direction of growth, detailed in section 3.2.5.
5 Ventricular hypertrophy is the thickening or enlargement of the heart muscle (myocardium),
which may be associated with a smaller heart chamber.
6 An aneurysm is an abnormal localized dilatation or enlargement of a blood vessel. As
it increases in size, the risk of rupture, which has a high death rate associated with it, also
increases.
7 A hypertrophic scar is a raised scar, in which the healed tissue (the scar) is characterized
by containing an excessive amount of collagen.
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3.2.1

Thermodynamic basis of continuum growth formulations

In a growing body, changes of mass must be accounted for by means of the balance
of mass equation for open systems, which in local form and in the reference
configuration is [166]
dρ0
= R0 + ∇ · r,
(3.2.1)
dt
where ρ0 is the density, R0 is a mass source and r0 is an influx of mass, which
for our purposes will be considered zero. Then, integrating the expression yields
Z
init
ρ0 = ρ
+ R0 dt,
(3.2.2)
where ρinit is the density at the initial time in the reference configuration. During
the growth process, there is a change in mass but the density ρg remains constant.
Then, the densities in the different configurations (see Figure 3.1.1) are related
by means of the growth tensor Fg and the deformation gradient F through
ρ0 = ρini J g = ρJ

with

J g = det (Fg )

and J = det (F) .

(3.2.3)

Considering these definitions, a mass change at constant density ρg = ρini requires that
∂ρg
= ρ̇g = 0
∂t

⇒

ρ̇ini = ρ˙0 j g + ρ0 j˙g = 0

with j g = 1/J g .

(3.2.4)

Then, the evolution equation for the density in the reference configuration
ρ˙0 = −ρ0 j˙g J g = ρ0 Tr (Lg )

(3.2.5)

−1
is deduced8 . Here, Lg = F˙g · (Fg ) is the velocity growth gradient or rate of
growth. Recalling the initial mass balance equation (3.2.1), and assuming there
is no influx of mass, then the mass source results in

R = ρ˙0 = ρ0 Tr (Lg ) ,

(3.2.6)

which allows determining the source of mass directly from the evolution of the
growth tensor Fg . This approach has been widely used to characterize growth as
mass increase in soft tissues in a continuum mechanics framework [154, 111, 136].
Now, the stresses in the tissue can be obtained from any elastic potential Ψ
through (2.2.24), as described in detail in section 2.2.3,
S=2

∂Ψ (C)
.
∂C

(3.2.7)

8 The detailed deduction of the evolution equation is as follows: ρ˙
g g =
0 = ρ0 j˙ J
−ρ0 J g [∂j g /∂ (Fg )−1 ] : [∂ (Fg )−1 /∂t] = −ρ0 Fg : (F˙g )−1 = −ρ0 − [(Fg )−1 · Fg ] : [−Fg ·
(F˙g )−1 ] = ρ0 I : [F˙g · (Fg )−1 ] = ρ0 Tr F˙g · (Fg )−1 = ρ0 Tr (Lg ).
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Here, S is the second Piola-Kirchhoff stress in the reference configuration and
C is the right Cauchy-Green deformation tensor, which is directly related to the
T
elastic deformation gradient through C = (Fe ) ·Fe . To obtain the corresponding
stresses in the intermediate incompatible configuration Sg , a push-forward (2.2.3)
is performed on S with the corresponding space-transformation tensor Fg ,
T

Sg = Fg · S · (Fg ) .

(3.2.8)

The Kirchhoff stress τ and the Cauchy stress σ in the current configuration are
also obtained by means of a push-forward on S,
τ = Jσ = F · S · FT ,

(3.2.9)

where the complete deformation gradient F has been used, since it is the one
that directly relates the reference and current configurations (see Figure 3.1.1).
Therefore, any of the hyperelastic constitutive models described in section 2.2.4 could be used as basis for his type of growth model. The hyperelastic
model would represent the passive behaviour of the tissue, while the definition of
the growth tensor would account for the active behaviour of the tissue.
The tangent constitutive tensor, required in the numerical implementation
of any constitutive model, is obtained as in the corresponding hyperelastic constitutive model chosen, using the elastic part of the deformation gradient, since
the FE problem is solved either in the reference or the current configuration, but
never in the intermediate one.

3.2.2

Characterization of growth in soft tissue through the
growth tensor evolution

To complete the growth model derived in the previous section, the growth
tensor Fg must be defined. Based on the microstructural type of growth observed in tissues, finite growth has been categorized into volume, area and fibre
growth [236, 166, 136]. These can be driven either by biochemical factors such as
nutrients, hormones or growth-factor, or by mechanical factors like stress, strain
or stretch, or by a combination of both.
Volume growth The simplest form of finite growth is to consider an isotropic
growth tensor of the form [49]
√
3
(3.2.10)
Fg = ϑ I,
where I is the second-order identity tensor and ϑ is the growth multiplier. Then,
the grown volume will be J g = det (Fg ) = ϑ and the elastic gradient tensor,
−1

Fe = F · (Fg )

= ϑ−1/3 F.

(3.2.11)

The evolution of the growth multiplier ϑ is then defined in terms of the
chosen biochemical or mechanical factors considered for the particular tissues.
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For example, Ambrosi and Mollica [6] propose modelling growth of tumours by
means of a nutrient-driven expression. They define a growth speed, a maximum
volume growth towards which the multiplier converges over time and a nutrient
threshold beyond which growth occurs. Himpel et al. [111] consider a stress-driven
evolution of the multiplier, governed by a pressure variable, to model the growth
of cardiovascular tissue. Similarly to the previous model, growth occurs when the
pressure value is above a given threshold and its evolution depends on the growth
speed, a shape parameter for the growth curve and the maximum growth volume
allowed.
Area growth In transversely isotropic in-plane finite growth, there is no
growth in the out-of-plane direction. This “no-growth” direction is characterized
by the unit normal of the growth plane, n0 . Then, the growth tensor is [40]

√ 
√
(3.2.12)
Fg = ϑI + 1 − ϑ n0 ⊗ n0 ,

where the growth multiplier can be interpreted as the grown surface area, η g = ϑ.
Since there is no growth outside the plane defined by n0 , the volume growth is
J g = det (Fg ) = ϑ. Inverting the growth tensor, the elastic gradient tensor results
in


Fe = ϑ−1/2 F + 1 − ϑ−1/2 n ⊗ n0 ,
(3.2.13)

being n = F · n0 the unit normal in the spatial configuration.
Again, the evolution of the growth multiplier can be computed in terms of
biochemical and/or mechanical factors selected for particular applications. Papastavrou et al. [202] propose computing it in terms of the growth factor concentration to model growth in airway walls by means of an evolution equation analogous
to the one proposed by Ambrosi and Mollica [6] in volumetric growth. However,
they replace the nutrient concentration variable for a growth factor concentration
that now drives growth, which is limited by a maximum area growth. A straindriven evolution of the area growth used to model skin growth is put forth by
Buganza Tepole et al. [40]. The expression used is similar to the one proposed
by Himpel et al. [111] in volumetric growth. However, now growth is driven by
a physiological area stretch once a certain threshold is surpassed. Its evolution
depends on the growth speed, a shape parameter for the growth curve and the
maximum growth area allowed.
Fibre growth In this case, finite growth takes place along a single (fibre)
direction, determined by the unit normal n0 , with no growth in the cross-fibre
direction. The growth tensor is defined as [271]
Fg = I + (ϑ − 1) n0 ⊗ n0 ,

(3.2.14)

where the growth multiplier is directly the fibre lengthening or stretch, λg = ϑ.
In an analogous manner to area growth, because no growth takes place outside
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the fibre direction, the total amount of volume growth is J g = det (Fg ) = ϑ.
Then, the elastic gradient tensor is computed as

Fe = F + ϑ−1 − 1 n ⊗ n0 .
(3.2.15)

Once more, either biochemical factors or mechanical factors, or both, are
considered by different researchers for the definition of the growth multiplier
evolution. A hormone-driven evolution of the growth multiplier similar to the
nutrient-driven and growth-factor-driven expressions proposed for the volume
and area growth, respectively, is used by Holland et al. [113] to define plant
tissue longitudinal growth. In this model, hormone concentration triggers growth
when its value exceeds a given threshold. Growth evolves differently depending
on the growth speed and shape parameter selected, and is bounded from above
by a maximum stem lengthening value. A stretch-driven evolution equation is
proposed by Zollner et al. [270] for skeletal muscle applications, which is analogous
to the one described in area growth. Now, the driving variable is the longitudinal
stretch, which is limited by a physiological stretch limit.
Hence, whichever growth tensor is chosen to characterize growth in a soft
tissue, determining the growth multiplier evolution is key to a successful representation of the active properties of soft tissues. Many equations have been
proposed by researchers in the field for this purpose, usually based, up to a certain extent, on the biological observations of particular tissues. However, as in
the damage evolution law used to characterize the passive behaviour of soft tissue
(see section 2.3.2), we seek now a general expression for the growth rate. Then,
we propose following the concept first introduced by Oller and Bellomo [197, 29],
which defines a stress-driven growth rate, limited by the effect of the metabolism
which is characterized through a phenomenological parameter that represents the
biological availability for growth in the tissue.

3.2.3

Growth evolution considering biological availability

Following Lubarda and Hoger [154], the isotropic growth tensor (3.2.10) is defined
as
Fg = ϑ I,
(3.2.16)
where growth rate is
ϑ̇
−1
Lg = F˙g · (Fg ) = I
ϑ
and the mass source, following (3.2.6), is
R0 = ρ0 Tr (Lg ) = ρini J g

ϑ̇
Tr (I) = 3ρini ϑ2 ϑ̇.
ϑ

(3.2.17)

(3.2.18)

Here, J g = det (Fg ) = ϑ3 has been taken into account.
By analogy with the principal stretches, the growth multiplier is now denoted
as growth stretch. Its value will be the unity when the deformations are purely
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elastic, smaller than one when there is atrophy in the tissue and larger than one
for growth. The evolution rule proposed for the growth stretch is
ϑ̇ = g (Tr (σ)) f (θ, ϑ)

(3.2.19)

where g (Tr (σ)) determines the growth/atrophy rate and f (θ, ϑ) is related to
the metabolic part of the growth phenomena.
The function that determines the growth/atrophy rate is exclusively dependent on mechanical stimuli, by means of the trace of the Cauchy stress tensor, σ.
If there is an unlimited source of nutrients, the growth rate will not be limited by
the metabolic part (that is, f (θ, ϑ) = 1) and, thus, it will be directly the function g (Tr (σ)). Figure 3.2.1 shows the function g (Tr (σ)) used, which is defined
in terms of the following material parameters:
∗+
∗−
• σeq
and σeq
are the superior and inferior limits, respectively, of the homeo∗+
, growth in the
static equilibrium. When the value of Tr (σ) is larger than σeq
∗−
,
tissue will begin. Conversely, when the value of Tr (σ) is smaller than σeq
atrophy starts. In between, the homeostatic equilibrium is maintained, i.e.,
new cells are solely generated to replace those that die.

• k + and k − are the slopes of the growth and atrophy rates, respectively.
−
• ϑ̇+
max and ϑ̇max are the growth and atrophy limits, respectively. The maximum possible growth stretch rate the tissue may have is determined by the
+
maximum rate of mass production, Mmax
. This maximum rate is expressed
as the percentage of the original mass which can be produced by unit of time,
therefore
+
Mmax
=

Rmax
= 3ϑ2 ϑ̇+
max .
ρini

(3.2.20)

This yields the maximum growth stretch rate in terms of the maximum rate of
+
2
mass production, ϑ̇+
max = Mmax / 3ϑ . Operating in an analogous manner
−
with the maximum rate of mass loss, Mmax
, the maximum atrophy stretch
−
−
2
rate is obtained as ϑ̇max = Mmax / 3ϑ . In the numerical implementation,
+
+
it will be more convenient to use the normalized values Tmax
= Mmax
/ϑ3
−
−
3
and Tmax = Mmax /ϑ .
Both the slopes and the growth/atrophy stretch rate limits have a biological basis
in the cell division and collagen recruitment rates of the tissue being represented.
The translation of the function in Figure 3.2.1 into a mathematical expression
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Figure 3.2.1: Growth function g (Tr (σ)) due to mechanical stimulus proposed by Bellomo et al. [29]. Reproduced and adapted with permission. The definition of each term
is available in the notation list.

is

g=




ϑ̇+

max





+
∗+

k Tr (σ) − σeq




0





∗+

k − Tr (σ) − σeq





 ϑ̇−
max


∗+
∗+
≥ ϑ̇+
and k + Tr (σ) − σeq
if Tr (σ) > σeq
max ,

∗+
∗+
and k + Tr (σ) − σeq
< ϑ̇+
if Tr (σ) > σeq
max ,
∗+
∗−
if σeq
> T r (σ) > σeq
,


∗−
∗−
> ϑ̇−
if Tr (σ) < σeq
and k − Tr (σ) − σeq
max ,

∗−
∗−
and k − Tr (σ) − σeq
≤ ϑ̇−
if Tr (σ) < σeq
max .
(3.2.21)
In this model, an external mechanical stimulus is the basic requirement for
growth to occur, but the metabolism of the tissue must also allow it. Biological
availability is understood here as the complete set of internal elements (proteins,
enzymes, growth factors, etc.) necessary for growth to take place. These are the
“nutrients” the tissue needs in order to grow in response to a mechanical stimulus.
A variable of biological availability for growth θ is defined. This variable represents the mass production the metabolism can sustain with the available nutrients
at a given time and is defined as a percentage of the original mass as
θ=

dV g
,
dV

(3.2.22)

where V is the initial volume and V g is the grown volume. It can also be defined
in terms of the nutrients stored in the tissue,
θ = Ni − J g ,

(3.2.23)

where J g = det (Fg ) = ϑ3 and Ni represents the nutrients introduced into the
system. Thus, the biological availability variable is, in fact, a balance of the

104

3. Constitutive modelling of active properties

Figure 3.2.2: Nutrients available for growth in the tissue, defined through the function
Ni , similar to the one proposed by Bellomo et al. [29]. The definition of each term is
available in the notation list.

incorporated nutrients over time and those used to grow, both expressed in terms
of mass production.
The nutrient function has been defined as an initial reserve Ri and a value
increasing over time with slope Ai (see Figure 3.2.2). The value Ni is dimensionless and represents the mass increment allowed by the nutrients, i.e., a value of
Ni = 1.04 indicates that the nutrients available in the system can generate an
increase of mass in the tissue of 4% with respect to its original mass.
Then, if the biological availability for growth is below the potential growth
induced by a given mechanical stimulus, the actual growth of the tissue will
be limited to the growth allowed by the biological availability. Conversely, if
the biological availability allows for a larger growth than the potential growth
induced by a certain mechanical stimulus, the real tissue growth will be limited
by the mechanical factors.
Finally, the biological availability function f (θ, ϑ) introduced at the beginning of this section to define the growth rate is


if g (Tr (σ)) ≤ θ̇/ 3ϑ2 ,
 1


f (θ, ϑ) =
(3.2.24)
θ̇/ 3ϑ2

if g (Tr (σ)) > θ̇/ 3ϑ2 ,
g (Tr (σ))
where the (volumetric) growth rate allowed by the nutrients θ̇ is divided by the
term 3ϑ2 to obtain the growth stretch rate allowed by the nutrients9 .
The model presented here and originally developed by Oller and Bellomo [197, 29] in the framework of continuum mechanics can be grouped into
the growth models based on concepts seen in large-strain plasticity [153]. Then,
the hypotheses of the continuous medium are modified the least possible in order to treat growth in the material. In particular, the reference configuration is
considered to evolve over time but it is identified as the same body, not as a
superposition of a deformed ungrown body and a grown one10 .

+
2
operation is based on (3.2.20), but here Mmax
is θ̇ and ϑ̇+
max is θ̇/ 3ϑ .
reader is referred to Ambrosi et al. [5] for more information on the approaches used
by different authors to treat this aspect of growth in a continuum mechanics framework.
9 This

10 The
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The reference configuration used in the model is the original one only with regard to geometry since it is obtained as the pull-back of the grown (and elastically
deformed) current configuration. Then, the mesh and volumes in the reference
configuration are the same as the original ones but the rest of properties that
depend on time, such as mass if there is growth, are not constant and will change
over time. Since the volume in the reference configuration is constant but mass
evolves with time, the density in the reference configuration will also change.
This has already been summarized in Figure 3.1.1.
In a nutshell, the growth model is developed in the current configuration (in
terms of the Cauchy stress) because experimental data is obtained in this configuration. However, the geometrical part of the model, namely, the deformation
gradient tensor, relates the reference and current configurations. Then, density
is maintained constant in the current configuration (where the model is defined)
as mass grows, which is achieved by means of the intermediate incompatible
configuration that arises from the split of the deformation gradient tensor. In
addition, many numerical solvers such as PLCd solve the equilibrium equations
in the reference configuration. And, hence, the need of identifying these three
configurations and knowing the role of each one in relation to the model used.

3.2.4

A constitutive model for volumetric growth considering biological availability

The growth model described in the previous section has been implemented in a
finite strain framework coupled to the isotropic quasi-incompressible Ogden hyperelastic described in section 2.2.6. Similarly, to the damage model proposed in
section 2.3.4, it could be particularized for any hyperelastic formulation desired.
Table 3.2.1 shows the scheme of the formulation implemented. In the interest
of simplicity, it was decided that the user introduce the biological availability
parameters per element, not per Gauss point.
The trace of the Cauchy stress tensor has been calculated as
Tr (σ) = Tr (e
σ ) + Tr (σ vol ) = Tr (σ vol ) = Tr (−pav I) = −3pav ,

(3.2.25)

e is the deviator part of the Cauchy stress tensor, which is null, σ vol
where σ
is its volumetric part and pav is the averaged hydrostatic elemental pressure.
This allows implementing the model in a TL framework but avoids the need to
perform a push-forward on the second Piola-Kirchhoff stress to obtain the Cauchy
stress and, then, compute its trace. It was deemed that this would introduce
unnecessary numerical noise. In addition, the second Piola-Kirchhoff stress of the
present iteration previous to including growth effects would have to be calculated,
incrementing the overall calculation time. The stress obtained in the previous
iteration could be used instead, but this also would have required considerable
changes in the code. Therefore, (3.2.25) was considered the most effective way to
obtain the trace of the Cauchy stress tensor given the circumstances.
The main characteristics of the growth model implemented in PLCd are
presented here by means of two representative three-dimensional examples. A ho-
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Initialization at t = 0 and n = 0
Growth stretch ϑn+1 =ϑn = 1.
Algorithm at each load increment n
Given: deformation gradient tensor F, elemental pressure p, averaged elemental
∗+
pressure pav , hyperelastic material properties, growth/atrophy parameters σeq
,
∗−
+
−
+
−
σeq , k , k , Tmax and Tmax and biological availability parameters Ri and Ai .
Read value of growth stretch from previous converged step, ϑn .
• Calculate the growth stretch increment predictor, ∆ϑ = g ∆t:
Compute the trace of the Cauchy stress tensor, Tr (σ) = −3pav .
+
Calculate the maximum growth and atrophy rates, ϑ̇+
max = Tmax ϑ/3 and
−
ϑ̇−
=
T
ϑ/3.
max
max
∗+
If (Tr (σ) > σeq
) then (growth)
(


∗+
∗+
+
≤ ϑ̇+
if k+ Tr (σ) − σeq
g = k T r (σ) − σeq
max

∗+
+
+
g = ϑ̇max
if k Tr (σ) − σeq > ϑ̇+
max
∗−
else if (Tr (σ) < σeq
) then(atrophy)
(


∗−
∗−
−
≥ ϑ̇−
g = k T r (σ) − σeq
if k− Tr (σ) − σeq
max

∗−
−
−
g = ϑ̇max
if k Tr (σ) − σeq < ϑ̇−
max

else (homeostatic equilibrium)
g=0
end
• Newton-Raphson solution of the growth/atrophy problem:
Calculate the residue, Rg = ϑn − ϑn+1 + ∆ϑ.
If (|Rg | > toler.) then (calculate slope)



∂ ϑ̇/∂ϑ = 0


∂ ϑ̇/∂ϑ = −9k+ J/ϑ4





4
∗+
∂ ϑ̇/∂ϑ = −9ϑ+
Tr (σ) − σeq
max J/ ϑ
end

if ∆ϑ = 0
if g < ϑ̇+
max
if g = ϑ̇+
max

Update the growth stretch increment, ∆ϑ = Rg

)
if ∆ϑ 6= 0



1 − ∆t ∂ ϑ̇/∂ϑ .
(continued in the following page)

Table 3.2.1: Algorithm at Gauss point level of the numerical integration in PLCd [213]
of the stress-driven volumetric growth model considering biological availability. The
algorithm is implemented in a TL framework using hybrid elements.
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Algorithm at each load increment n (continued)
• Check the biological availability for growth, θ (t):
Calculate θ (per unit of volume), θ = Ni − ϑant 3 .
Convert
θ to the increment of stretch allowed per unit of length, ∆θl =
√
3
θ + 1 − 1.

If ∆θl < ϑ − ϑant then ∆ϑ = ∆θl .
• Update the growth stretch, ϑ = ϑant + ∆ϑ.
• Compute the elastic part of the deformation gradient tensor, Fe = ϑ−1 F.
• Calculate the second Piola-Kirchhoff stress and the corresponding tangent
constitutive tensor using the chosen constitutive model (e.g., sections 2.2.5
and 2.2.6), S = S (Fe , J e , p) and tan = tan (Fe , J e , p).

C

C

Table 3.2.1 (continued): Algorithm at Gauss point level of the numerical integration in
PLCd [213] of the stress-driven volumetric growth model considering biological availability. The algorithm is implemented in a TL framework using hybrid elements.

mogeneous state under uniaxial tension is reproduced in a single-element problem
with the aim of illustrating the basic constitutive characteristics of the growth
formulation and the role of the material parameters of the model. Then, a rectangular plate with a double notch at its centre and varying biological availability
throughout the specimen is subjected to a tensile load in order to show how
growth is affected by biological availability.
An 8-noded hexahedral element with a single pressure point (Q1P0) has been
subjected to a displacement-driven pure tensile load applied in a single step and
then has been left to grow without applying any additional loads for 40 steps,
corresponding each step to a day. That is, the cubic element with 1 cm length sides
is subjected to a stretch of λx = 1.075, which is then kept constant for 40 days (see
Figure 2.2.8). The Ogden material parameters used are µ1 = 348.2 kPa, α1 = 2
and µ2 = µ3 = α2 = α3 = 0, which correspond to a Neo-Hookean behaviour.
A bulk modulus of κ = 108 Pa, used in the hybrid formulation as a penalizer,
has been considered. The growth properties of the example used as basis are a
∗+
homeostatic superior limit σeq
= 34 kPa, a growth slope k + = 6 · 10−8 and a
+
normalized maximum rate of mass production Tmax
= 0.01.
First, a series of examples with the biological availability part of the model
deactivated have been run for varying values of these three properties in order
to understand the role of each property. Figure 3.2.3 shows how a lower value
∗+
of the superior limit σeq
results in larger values of growth stretch, since growth
initiates for lower values of the trace of the Cauchy stress tensor. The tensile load
applied in the first step already generates a small amount of growth, therefore, the
growth stretch is already larger than one in the first day of the simulation. Also,
the decrease in the trace of the Cauchy stress tensor is inversely proportional to
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Figure 3.2.3: Evolution of the growth stretch ϑ (left) and the trace of the Cauchy stress
tensor Tr (σ) (right) along time for a growth slope k+ = 6·10−8 , a normalized maximum
+
rate of mass production Tmax
= 0.01 and varying values of the homeostatic superior
∗+
limit σeq .

the increase in the growth stretch. Obviously, as mass (volume) is added to the
element through growth, stress must necessarily decrease if there is no change in
the applied load.
Figure 3.2.4 illustrates how the growth slope k + is directly related to the
growth stretch rate and higher values of this slope result in a steeper growth
stretch rate along time. In addition, the figure shows how, once the trace of the
∗+
Cauchy stress tensor is below the homeostatic superior limit σeq
= 34 kPa,
growth halts and the growth stretch value remains constant.
+
Finally, the effect of the maximum rate of mass production Tmax
is depic+
ted in Figure 3.2.5. Low values of Tmax mean that the growth is taking place
at the constant value ϑ̇+
max in Figure 3.2.1. This translates into a linear growth
stretch rate instead of a non-linear one, as observed in Figure 3.2.5. The case
+
Tmax
= 0.0035 shown in this figure is of special interest because growth takes
place at the maximum rate of mass production for the first 20 days, approximately, but once the trace of the Cauchy stress tensor is below a certain value,
the growth stretch rate becomes non-linear. This is because the decrease in the
value of the trace means that the growth rate g (T r (σ)) is no longer in the zone
+
governed by ϑ̇+
max , but has entered the zone of the function governed by k (see
Figure 3.2.1).
After studying the effect of the growth parameters on the numerical response,
the biological availability part of the model has been activated to see how the
nutrient function Ni affects the response. Initially, three examples were run with
a very high nutrient function, a moderate one and a very low one. Results are
plotted in Figure 3.2.6. As expected, for a high nutrient function, the growth
behaviour is identical to the result obtained when the biological availability was
not activated (for example, in Figure 3.2.5). For a very low nutrient function, the
biological availability is not enough to allow the growth of the element and, thus,
the growth stretch and the trace of the Cauchy stress tensor remain constant
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Figure 3.2.4: Evolution of the growth stretch ϑ (left) and the trace of the Cauchy
∗+
stress tensor Tr (σ) (right) along time for a homeostatic superior limit σeq
= 34 kPa,
+
a normalized maximum rate of mass production Tmax = 0.01 and varying values of the
growth slope k+ .

Figure 3.2.5: Evolution of the growth stretch ϑ (left) and the trace of the Cauchy
∗+
stress tensor Tr (σ) (right) along time for a homeostatic superior limit σeq
= 34 kPa,
+
−8
a growth slope k = 6 · 10
and varying values of the normalized maximum rate of
+
mass production Tmax
.
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Figure 3.2.6: Evolution of the growth stretch ϑ (above left) and the trace of the Cauchy
∗+
stress tensor Tr (σ) (above right) along time for a homeostatic superior limit σeq
=
+
−8
34 kPa, a growth slope k = 6 · 10 , a normalized maximum rate of mass production
+
Tmax
= 0.01 and varying values of the nutrient function Ni (below).

along time. In an intermediate case, growth begins later than the case with full
biological availability because growth cannot initiate until enough nutrients have
been accumulated, and these are being accumulated at a lower rate than in the
full biological availability case.
However, the nutrient function not only affects the moment when growth begins, but also the growth rate. This is observed in Figure 3.2.7. Note that the
nutrient function is accumulative so, a function that is constant over time means
that, once these nutrients have been spent, growth will completely halt, as observed in the figure for case Ri = 1.1 and Ai = 0. Also, an initially higher reserve
of nutrients (larger Ri ) does not necessarily translate into growth initiating earlier
in time. Growth will start when Ni > 0, therefore, it is the combination of Ri
and Ai that will dictate the beginning of growth.
A tensile test has been performed on a larger double-notched specimen in
order to assess the effect of an unequal distribution of biological availability. A
rectangular 30 mm × 20 mm × 1mm specimen with a central double notch has
been subjected to a displacement-driven pure tensile load, which generates a
stretch of λx = 1.003, and is then kept constant for 40 days (see Figure 3.2.8).
The specimen has been meshed with 411 quadratic hexahedral elements with a
single pressure point (Q2P0). The Ogden material parameters used are the same
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Figure 3.2.7: Evolution of the growth stretch ϑ (above left) and the trace of the Cauchy
∗+
stress tensor Tr (σ) (above right) along time for a homeostatic superior limit σeq
= 34
+
−8
kPa, a growth slope k = 6 · 10 , a normalized maximum rate of mass production
+
Tmax
= 0.01 and varying values of the nutrient function Ni (below).
∗+
= 47 kPa,
as in the previous example. The growth properties considered are σeq
+
−8
+
k = 6 · 10 and Tmax = 0.01. A nutrient function with Ri = 1.0 and Ai = 1.0
has been defined for the right half of the specimen whilst the left half has been
given a null nutrient function. Therefore, only the right half part of the model is
given biological availability.
Results show that the initial stress field is symmetric, since no growth has
taken place yet. As time advances, the left part of the model, which has no biological availability, remains the same while the right part suffers growth and,
thus a reduction of the trace of the Cauchy stress tensor (see Figure 3.2.9). The
post-processor used to view the results allows smoothing of the elemental values,
which results in the more accessible growth stretch and pressure distributions
given in Figure 3.2.10. The evolution of the growth stretch and pressure distributions at the four elements marked in Figure 3.2.8 have been plotted over time in
Figure 3.2.11. It can be observed how elements A and D, and elements B and C
begin with the same values but, over time, elements A and B do not grow due to
lack of biological availability. The discrepancy in the initial values of elements A
and D is explained by the fact that growth already starts in the initial increment,
when tensile loading is applied, for element D. The slight increase of the trace of
the Cauchy stress tensor in element B is due to a change in the element geometry
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Figure 3.2.8: Boundary conditions, prescribed displacements and reference elements of
the double-notched specimen used [29]. Element A in blue, element B in green, element
C in yellow and element D in red.

due to its closeness to the growth zone.
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Figure 3.2.9: Evolution of the growth stretch ϑ in the double-notched specimen at times
t = 1, t = 15 and t = 41 (above) and the corresponding averaged pressure pav (below).
Real deformation (×1) is plotted.
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Figure 3.2.10: Smoothed evolution of the growth stretch ϑ in the double-notched specimen at times t = 1, t = 15 and t = 41 (above) and the corresponding smoothed
averaged pressure pav (below). Real deformation (×1) is plotted.

Figure 3.2.11: Evolution of the growth stretch ϑ (left) and the trace of the Cauchy stress
tensor Tr (σ) (right) along time for the four elements marked in Figure 3.2.8.
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3.2.5

Extension to anisotropic growth

In many cases, given the morphological characteristics of tissues, growth does
not occur isotropically but following a direction that will depend on the tissue
structure and the stress states acting on said tissue. To account for the directionality of this biomechanical process, the growth tensor in the constitutive model
described in the previous section is extended to an orthotropic formulation [28].
Following the formulation by Goktepe et al. [105], the growth tensor in (3.2.16)
is now defined as
Fg = ϑf f0 ⊗ f0 + ϑa a0 ⊗ a0 + ϑb b0 ⊗ b0 ,

(3.2.26)

where f0 , a0 and b0 are unit vectors, named structural vectors, that characterize the orthotropy directions in the reference configurations and ϑf , ϑa and ϑb
are the internal growth variables in the directions associated with the aforementioned vectors. As in the volumetric growth model, by analogy with the principal
stretches, these variables are denoted as growth stretches. An evolution rule similar to the one used in volumetric growth (see (3.2.19)) is proposed. However, it
is now a second-order tensor given by



g
ϑ̇ = Kg ϑ̇gmax g Tr (σ) f θ, ϑ ,
(3.2.27)

where the tensor of growth stretch rates, Kg , determines the growth in the different directions, establishing the orthotropy of the phenomenon. The growth
stretch rates are limited by the maximum possible growth/atrophy stretch rates
ϑ̇gmax , a limit given by the maximum capacity of the tissue to generate new
mass in ideal conditions. These are analogous to the growth and atrophy limits
−
ϑ̇+
max and ϑ̇max , respectively, defined in the volumetric growth model. However,
now different limits may be imposed in each growth direction depending on the
particularities of the tissue being studied.
In general, the tensor Kg is defined as a diagonal tensor such that the evolution of the growth stretches ϑf , ϑa and ϑb are uncoupled. The parameters that
characterize each structural direction will depend on the structure of the tissue
under study. In the most general case, they will be different in the three directions
and, in the simplest one (volumetric growth), the three will be the same. The
functions g (Tr (σ)) and f (θ, ϑ) in (3.2.27) remain the same as in the volumetric
growth model. Hence, these functions are scalars that determine the magnitude
of growth while the spatial distribution of the phenomenon is controlled by the
terms in the second-order diagonal tensor Kg .
As an example, this model is particularized for a transversally isotropic growth
case to represent the growth of fibres in muscle tissue. In this case, the fibres in
the tissue are known to increase their transversal section without appreciable
changes in their length. Considering the direction of the fibre in the reference
configuration is given by the structural vector f0 , the growth stretches are
ϑf = 1

and ϑa = ϑb b0 ⊗ b0 .

(3.2.28)
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Then, the growth tensor is

Fg = I + (ϑa − 1) a0 ⊗ a0 + ϑb − 1 b0 ⊗ b0 ,

(3.2.29)

where ϑa and ϑb represent now the growth stretches in the two directions orthogonal to the fibre direction. Assuming that growth is homogeneous in the transversal section of the fibre, ϑa = ϑb = ϑ, where ϑ represents the growth stretch
in the direction perpendicular to the fibre. Consequently, the growth tensor is
reduced to
Fg = I + (ϑ − 1) (a0 ⊗ a0 + b0 ⊗ b0 ) .
(3.2.30)
Since there is a single growth internal variable, the transversal growth stretch ϑ,
the growth stretch rate is reduced to the scalar



g
ϑ̇ = ϑ̇ = K ϑ̇max g Tr (σ) f θ, ϑ ,
(3.2.31)
where the function K is given by


  1
K ϑ̇max =
ϑ̇max

g (Tr (σ))

if g (Tr (σ)) ≤ ϑ̇max ,
if g (Tr (σ)) > ϑ̇max .

(3.2.32)

In this way, the maximum growth rate is delimited by the maximum rate of
mass
The
 functions for growth and atrophy rate are denoted as

 limit
 production.
−
+
K ϑ̇max and K ϑ̇max , respectively. The expression for the mechanical stim-

ulus function g (Tr (σ)) has been given in (3.2.21) and the function quantifying
the biological availability defined in (3.2.24) is now


if g (Tr (σ)) ≤ θ̇/ 2ϑ2 ,
 1


f (θ, ϑ) =
(3.2.33)
θ̇/ 2ϑ2

if g (Tr (σ)) > θ̇/ 2ϑ2 ,
g (Tr (σ))

since the growth occurs now along a surface (two dimensions), not a volume
(three dimensions).
A simple example is presented to verify and illustrate the behaviour of the
transversal growth model described here. In a very simplified way, growth is seen
to be controlled directly by the stress states in this example. Muscular growth
is, in fact, associated with damage repair and inflammation in the muscle and
it is this damage that depends on the stress states. In addition, the metabolic
effect derived from the inflammation in the muscular fibres is also associated
with growth. Given the complexity of this phenomenon, a simplified approach
has been considered, where the growth stimulus has been directly linked to the
stress state through the trace of the Cauchy stress tensor in the intermediate
configuration.
A patch of tissue is numerically reproduced and subjected to displacementdriven tensile loading along the longitudinal axis. The initial geometry and deformations induced by the loading imposed are shown in Figure 3.2.12. The displacement induced is approximately 15% of the initial length of the specimen.
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Figure 3.2.12: Original meshed geometry and boundary conditions of the patch of muscular tissue subjected to displacement-driven tensile loading (above) and deformed
mesh. Real deformation (×1) is plotted.

A Yeoh hyperelastic model was used to characterize the passive part of the material’s behaviour, with C1 = 58.4 kPa, C2 = 26.5 kPa and C3 = 0.2 kPa [52].
These parameters correspond to the media layer in a coronary artery, which constitutes a compact elastic laminar tissue mainly composed of smooth muscular
cells. Hence, it seems reasonable to assume transversally isotropic growth for this
type of tissue.
The loading imposed on the tissue is maintained and the deformed specimen
is left to grow for 30 days, considering a normalized maximum rate of mass
+
= 0.0113 per day. The biological availability is computed in
production of Tmax
terms of the initial nutrient reserve Ri = 0.02 and an increasing value over time
with slope Ai = 0.0096 per day. A superior limit of the homeostatic equilibrium
∗+
σeq
= 0.4 kPa has been assumed.
The evolution of the transversal growth stretch and the trace of the Cauchy
stress tensor is shown in Figure 3.2.13. The imposed displacements generate a
stress state at the initial time in the specimen such that the growth threshold
is surpassed. Therefore, the tissue suffers a stress imbalance with respect to
the homeostatic equilibrium and a mechanical stimulus for growth is generated.
Growth evolves, limited by the metabolism’s biological availability, producing
an increment in the transversal section. Consequently, and because the loading
remains constant, stress values in the specimen diminish over time.
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Figure 3.2.13: Smoothed evolution of the transversal growth stretch ϑ in the muscle
specimen at times t = 0, t = 15 and t = 30 (left, from top to bottom) and the
corresponding trace of the Cauchy stress tensor Tr (σ) (right). Results plotted on the
original mesh.

3.2.6

Discussion

The growth model proposed in this section presents some numerical issues, related to the elements chosen to solve the FE problem. The trace of the Cauchy
stress tensor has been calculated as Tr (σ) = −3pav , where pav is the averaged
pressure of the element. This pressure is obtained by adding the averaged nodal
pressures of the element and dividing by the number of nodes. The averaged
nodal pressure is, in turn, obtained by adding the pressure of the elements which
contain that node and dividing by the number of contributing elements. The aim
of this procedure is to obtain a smoothed distribution of the elemental pressure
instead of the one calculated by the solver. In quadratic Q2P0 elements, not
much difference is observed between the averaged and the normal distribution,
but when linear Q1P0 elements are used, the difference is substantial, as observed
in Figure 3.2.14. In fact, calculating the trace from the real distribution of pressure instead of pav , results in non-convergence for certain problems such as the
tensile test on the double-notched specimen described in the previous section.
This is most probably due to the checker-boarding of the pressure, clearly
visible in Figure 3.2.14 (below left). As has already been noted in section 2.2.2,
Q1P0 elements do not satisfy the inf-sup condition and are only known to work
acceptably well for fine meshes, which is not the case in the example used. The use
of the averaged pressure distribution overcomes the problems derived from these
inaccuracies and results in growth stretch and averaged pressure values comparable to the quadratic case (see Figure 3.2.15, in comparison with Figure 3.2.11).
Note, however, the pressure instability in the last steps of the linear model for
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element D. Obviously, the stress distribution in the specimen with linear elements
will exhibit checker-boarding when the hydrostatic part of the stresses are obtained from the elemental pressure, not from the averaged pressure distribution.
So, the growth model has been made robust in this manner, but the user must
assess if the results obtained, especially in terms of stresses, are valid or not for
the purpose being sought.
An alternative which is foreseeably more robust than using the averaged pressure distribution to compute the trace of the Cauchy stress tensor is to use the
values from the previous converged step. Since pressure oscillates from one iteration to the next of the same load step until it converges to a certain value,
using the last converged value of the pressure would probably result in faster
convergence of the growth model. The problem is then that the growth will be
based on the stress values of the previous step, instead of the present step. Thus,
the use of this solution would only be acceptable for relatively small load steps.
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Figure 3.2.14: Element pressure computed by the solver p (left), averaged pressure
distribution pav used to compute Tr (σ) without (centre) and with (right) application
of the GiD smoothing, for the last step in the double-notched specimen meshed with
Q2P0 elements (above) and Q1P0 elements (below). Real deformation (×1) is plotted.

Figure 3.2.15: Evolution of the growth stretch ϑ (left) and the trace of the Cauchy
stress tensor Tr (σ) (right) along time for the four elements marked in Figure 3.2.8,
using Q1P0 elements instead of Q2P0 ones as in Figure 3.2.11.

121

3.3 Healing

3.3

Healing

A complex sequence of events drives the change in the internal structure of remodelling soft tissue. Remodelling is observed both in the final stage of the healing
process leading to scar formation, and in the pathological remodelling of diseased
tissues such as aortic aneurysm tissue. From a phenomenological standpoint, remodelling results, amongst other observations, in a tendency to recover or repair
the injured ECM, with the tissue’s stiffness tending to the original uninjured
tissue stiffness.
A constitutive model for homeostatic-driven turnover remodelling (HTR) in
soft tissues is proposed to account for this stiffness recovery. It is developed
within the framework of CDM and is based on the thermodynamics of irreversible
processes with internal state variables [129, 228, 46, 146].
Unlike inert materials, tissues have an underlying metabolism, which is essential to the growth, healing and remodelling processes characteristic of living
organisms. From a continuum mechanics standpoint, this metabolism introduces
energy into the system, allowing for the “recovery” of the energy dissipated during damage and, thus, permitting a “reversal” of the damage produced in the
material. Consequently, the total specific Helmholtz free energy introduced into
the system is the sum of the initial strain energy density function Ψini contained
e R introduced by the metain the tissue and the strain energy density function Ψ
bolism such that
e R = Ψvol + Ψ
e ini + Ψ
e R.
Ψ = Ψini + Ψ
(3.3.1)
Here, the energies are given with respect to the reference volume and the tilde
indicates the deviatoric or volume-preserving part of the free energy. The subindex vol refers to the volumetric part.
e R reverses the damage in the tissue such that the
The recovery energy Ψ
internal damage variable is no longer accumulative in nature, i.e., as in classic
CDM models. Specifically, we postulate the deviatoric part of the Helmholtz free
energy to be of the form
e =Ψ
e ini + Ψ
e R = (1 − Def f ) Ψ
e 0,
Ψ

(3.3.2)

e is the original (undamaged) hyperelastic Helmholtz free
e0 = Ψ
e 0 (C)
where Ψ
energy given in terms of the deviatoric part of the right Cauchy-Green strain
e The effective damage Def f is the internal (recoverable) damage varitensor C.
able, given by
Def f = D − R.
(3.3.3)
Here, D ∈ [0, 1] is an explicit Kachanov-like mechanical damage variable and R
is the repair or healing term. From a CDM point of view, D may be associated to
the micro-voids and small fissures that appear and extend as damage initiates and
evolves. D = 0 corresponds to a compact material with no voids or fissures whilst
D = 1 is a completely damaged material whose amount of voids and fissures is
such that it can no longer carry any load. The healing term R represents the
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reversal or “filling” of these micro-voids and small fissures such that the original
load-carrying capacity of the material is recovered. Then, R = 1 corresponds
to a mass deposition coinciding with the original undamaged material stiffness.
To account for the experimental observation that healed tissue is often softer
than the healthy uninjured tissue [92, 91, 261], R ∈ [0, 1] will be assumed, i.e.,
at most, the original density can be recovered. The evolution of both D and R
will be defined in more detail in section 3.3.2. However, since R will be seen to
implicitly depend on the tissue damage, it is anticipated that Def f ∈ [0, 1].

3.3.1

Thermodynamic basis of the reverse-damage healing
formulation

The free-energy-based Clausius-Duhem inequality for an open system [138], following standard simplifying arguments [227], is reduced to
− Ψ̇ + S :

Ċ
− S0 θ ≥ 0,
2

(3.3.4)

where S is the second Piola-Kirchhoff stress tensor, S0 is the entropy source and θ
is the absolute temperature. Introducing (3.3.1) and (3.3.2), and considering that
the inequality must hold true for any strain increment, leads to the constitutive
equation
e
e 0 = 2 ∂Ψvol + (1 − Def f ) 2 ∂ Ψ0 .
S = Svol + (1 − Def f ) S
∂C
∂C

(3.3.5)

Thereby, the following dissipation inequality must be satisfied
e 0 − S0 θ ≥ 0.
Ḋef f Ψ

(3.3.6)

e 0 + (1 − Def f ) R Ψ
e 0 ≥ 0,
ΞR = Ḋef f Ψ

(3.3.7)

An entropy source S0 of the type typically found in the context of biomeche 0 /θ, with a normalized mass source
anics [138] is considered, S0 = −ΨR
ini
e
e
e
R0 = (Ψ − Ψ )/Ψ0 = R. Here, R is the repair or healing variable introduced
eR = Ψ
e 0 , i.e., the
in (3.3.3), that for R = 1 corresponds to a recovery energy Ψ
initial pre-injury strain energy. Then, the dissipation inequality (3.3.6) becomes
where ΞR is the total dissipation in the reference configuration, which must be
non-negative at any time.

3.3.2

Effective damage evolution

Following CDM theory, the stress level determines the damage D in the tissue.
The linear and exponential softening laws used in the generalized damage model
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described in section 2.3.3 are considered for the evolution of the variable D,
2
− τ0d
Linear sof t.
,
with H =
2gfd
"
#−1
 

gfd
τ0d
τ
1
Expon. sof t. D = 1 −
exp A 1 − d
with A =
.
2 −
τ
2
τ0
τ0d
(3.3.8)
Here, the initial damage threshold τ0d and the fracture energy gfd are material
properties per unit spatial volume that can be identified from passive in vitro
e 0 )1/2 denotes the Simo and Ju energetic norm [228].
tests and τ = (2Ψ
The evolution of the repair or healing variable R is defined in accordance
with the biochemical and biomechanical observations of healing soft tissue. It is
inferred from the description of the phases of the healing process that damage
is a trigger of this process, but healing only occurs when the metabolism allows
for it (see Figure 3.3.1). Also, in many cases, the mechanical properties of the
completely healed tissue remain inferior to uninjured tissue [92, 91, 261]. Based
on this experimental evidence, the healing rate
1 − τ0d /τ
D=
1+H

Ṙ = η̇ hDef f − ξi

(3.3.9)

is proposed. Here, h•i represents the Macaulay brackets [195], η̇ is a function
that regulates how fast healing occurs (introduces a time scale) and ξ defines the
percentage of stiffness that is not recovered at the end of the healing process.
Note the implicit character of the healing rate, since Def f is a function of R. In
addition, because Def f is also a function of D, the healing rate is also implicitly
dependent on the mechanical loading of the tissue.
The irreversible stiffness loss parameter ξ ∈ [0, 1] is a given value that dictates
the amount of stiffness lost, with respect to the uninjured tissue’s stiffness, at the
end of the healing process. In other words, ξ establishes the remanent effective
damage that is not recovered in the completely healed tissue. For example, ξ = 0.2
indicates that, after complete healing, the tissue will have recovered an 80% of
its original stiffness, namely, there will remain a Def f = 0.2.
The function η̇ regulates the healing speed, which is directly related to the
system’s metabolism or biological availability. Here, the biological availability
is understood as the complete set of internal biochemical elements (proteins,
enzymes, growth factors, etc.) necessary for healing to take place [29]. Due to
lack of experimental data and in the sake of simplicity, a constant healing rate
has been defined, η̇ = k. The healing rate parameter k is a given value that
determines the healing time scale and is measured in [time]−1 .
Thus, the healing rate function Ṙ proposed here complies with the basic
biomechanical conditions that under absence of injury (Def f = 0) or in case of
no biological availability (k = 0 days−1 ) healing will not occur.
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Figure 3.3.1: Interpretation of the healing process in a CDM framework and contribution
of the HTR model in this context.

3.3.3

The homeostatic-driven turnover remodelling constitutive model

The proposed HTR constitutive model has been implemented in PLCd, particularized for an Ogden hyperelastic model (see section 2.2.6). Details regarding the
numerical implementation are schematized in Table 3.3.1.
The corresponding tangent constitutive tensor Ctan is obtained as in (2.3.29),
with the volumetric part of the tensor remaining the same, but the deviatoric
part being now
e tan = (1 − Def f ) C
e 0 − 2 ∂Def f S
e0.
C
(3.3.10)
∂C

e 0 corresponds to the material elasticity tensor of the undamaged material,
Here, C
e
e 0 /∂C, and the derivative of Def f is
C0 = 2 ∂ S
∂Def f
∂D
∂R
∂D ∂τ
∂R ∂Def f
=
−
=
−
.
∂C
∂C ∂C
∂τ ∂C ∂Def f ∂C

(3.3.11)

Rearranging terms and isolating the derivative of Def f , yields

−1
∂Def f
∂D ∂τ
∂R
1+
=
.
∂C
∂τ ∂C
∂Def f

(3.3.12)
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Initialization at t = 0 and n = 0
n+1
n
n
n
Effective damage, Def
= Daux
= 0 and
f = Def f = 0, mechanical damage, D
R
R
dissipation Ξn+1 = Ξn = 0.

Maximum reached value of the damage threshold, τ max = τ0d .
Algorithm at each load increment n
Given: deformation gradient tensor F, elemental pressure p, hyperelastic material
properties, damage material properties τ0d and gfd , and healing parameters k and ξ.
• Compute the right Cauchy-Green deformation tensor C = FT · F and its
inverse C−1 .
• Calculate the volumetric and deviatoric parts of the predictor hyperelastic
f0 , from the constitutive equation [(2.3.34) for the Ogden
stress Sh = Svol + S
partic.].
• Calculate the corresponding volumetric and deviatoric parts of the predictor
e tan
material elasticity tensor, tan
= tan
from the tangent constitutive
0
h
vol +
tensor [(2.3.36) for the Ogden partic.].

C

C

C

• Compute the undamaged deviatoric part of the strain energy density funce 0 [(2.2.58) for the Ogden partic.] and the present damage threshold τ
tion Ψ
according to the Simo and Ju criterion (2.3.15).
If (τ > τmax ) then (damage progresses)
Determine the mechanical damage Dn+1 from (3.3.8)
and ∂D/∂τ from (3.3.15).
n
If (D < Daux
) then (elastic unloading)
∂D/∂τ = 0
end

Update the auxiliary damage variable from the previous step,
n
Daux
= Dn+1 .
else (no further damage)
n
Assign Dn+1 = Def
f and ∂D/∂τ = 0.
end
(continued in the following page)

Table 3.3.1: Algorithm at Gauss point level of the numerical integration in PLCd [213]
of the homeostatic-driven turnover remodelling (HTR) model. The algorithm is implemented in a TL framework using hybrid elements.
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Algorithm at each load increment n (continued)
• Compute the mechanical damage increment, ∆D = Dn+1 − Dn .
• Evaluate the effective damage and the derivative of the healing variable,

n+1
n
Def
f = Def f + ∆D + k ξ ∆t / (1 + k ∆t) and ∂R/∂Def f = k ∆t.
n+1
If ((Def
f − ξ) < 0) then (no further healing)
n+1
n
Def
f = Def f + ∆D and ∂R/∂Def f = 0

end
n+1
n+1
n
• Compute R = Dn+1 − Def
f and ∆Def f = Def f − Def f to update the
R
R
e
e 0.
dissipation (3.3.7), Ξn+1 = Ξn + ∆Def f Ψ0 + (1 − Def f ) R Ψ
n+1
• Update the maximum reached value of the damage threshold for current Def
f :
n+1
n+1
max
impose D
= Def f in (3.3.8) and isolate τ = τ
.
n+1
n
n
n+1
.
• Update the internal variables Def
f = Def f and D = D

• Compute the stress state for the present load step from (3.3.5):


n+1 e
S = Svol + 1 − Def
S0 .
f
• Compute the corresponding tangent constitutive tensor from (3.3.14):


h
i−1
n+1 e
1
e0 ⊗ S
e0
Ctan = Ctan
C0 − ∂D
1 + ∂D∂R
S
vol + 1 − Def f
∂τ τ
ef f
Table 3.3.1 (continued): Algorithm at Gauss point level of the numerical integration
in PLCd [213] of the homeostatic-driven turnover remodelling (HTR) model. The algorithm is implemented in a TL framework using hybrid elements.
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Now, considering the Simo and Ju criterion [228] as the energetic norm,
e 0 )1/2 , produces
τ = (2Ψ
e0
∂τ
∂  e 1/2
1 ∂Ψ
1 e
2Ψ0
=
=
2
=
S0 .
∂C
∂C
2τ ∂C
2τ

(3.3.13)

Introducing this expression into (3.3.12) and, then, into (3.3.10) results in

−1
tan
∂D 1
∂R
e
e
e0 ⊗ S
e0.
C
= (1 − Def f ) C0 −
1+
S
(3.3.14)
∂τ τ
∂Def f

The derivative of the mechanical damage variable with respect to τ for the
linear and exponential softening laws (3.3.8) considered is derived in section 2.3.3
as
2
− τ0d
τ0d
∂D
= 2
with H =
Linear sof t.
,
∂τ
τ (1 + H)
2gfd
#−1
"
 

gfd
τ0d + Aτ
τ
∂D
1
=
exp A 1 − d
.
Expon. sof t.
with A =
2 −
∂τ
τ2
2
τ0
τ0d
(3.3.15)
The derivative of the healing variable with respect to Def f , taking into account
the healing rate defined in (3.3.9), is given by
∂R
∂
=
∂Def f
∂Def f

Zt

∗

k hDef f − ξi dt,

0

(3.3.16)

where t∗ denotes the present time. The Leibniz integral rule allows introducing
the derivative into the integral and, eliminating the Macaulay brackets, the expression results in
∂R
=0
∂Def f
∂R
=
∂Def f

Zt
0

for (Def f − ξ) ≤ 0,
∗

(3.3.17)

∗


∂ 
k
Def f − ξ dt = k
∂Def f

Zt
0

dt

for (Def f − ξ) > 0.

The main characteristics of the HTR model are illustrated by means of a
simple uniaxial tensile test example. Then, data on ligament healing taken from
the literature is used to validate the model. Finally, an abdominal aortic aneurysm (AAA) [71] is numerically reproduced under different healing conditions
to demonstrate the applicability of the model in reproducing experimental set-ups
and the capability of the formulation to analyse geometrically complex models.
An 8-noded cubic element with 1 cm length sides is subjected to a
displacement-driven pure tensile load applied in steps of 0.1 mm, as shown in
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Ogden material behaviour
Parameter

Value

µ1
µ2
µ3
α1
α2
α3

4 kPa
370 kPa
−5 kPa
6.4
1.9
−4.2

τ0d
Gf

Neo-Hookean material behaviour

Parameter

Value

µ1
α1

1.5 MPa
2.0

τ0d
Gf

322.8 Pa1/2
40 N/cm

1.16 kPa1/2
20 N/cm

Table 3.3.2: Hyperelastic and damage material parameters used in the homogeneous uniaxial tensile test example. The fracture energy per unit area is computed as Gf = gfd L0 ,
where L0 is the localization or characteristic length in the reference configuration
[191, 192].

Figure 2.2.8. Each load step corresponds to a time increment of 0.05 days. Two
sets of hyperelastic and damage material properties have been considered (listed
in Table 3.3.2), one reproduces a Neo-Hookean-like behaviour and the other, an
Ogden-like one. A penalizer value 109 times the maximum value of the shear
moduli has been considered for the bulk modulus κ in all cases.
In the first set of examples (see Figure 3.3.2), an irreversible stiffness loss
parameter ξ = 0 has been used, such that the initial stiffness properties will be
completely recovered by healing. The healing rate parameter k changed between
0 days−1 and 1000 days−1 . A high healing rate (k = 1000 days−1 in Figure 3.3.2)
is undistinguishable from the hyperelastic model because healing immediately
compensates for the damage produced. This can be understood as a representation of the continuous turnover known to occur in living tissues. Also, a null
healing rate (k = 0 days−1 in Figure 3.3.2) results in a passive damage response,
i.e. accumulation of damage in an inert material.
The next set of examples (see Figure 3.3.3) shows the effect of varying the
parameter ξ, which dictates the final effective damage in the completely healed
tissue. As expected, for a value ξ = 1.0, a behaviour analogous to the passive damage model is obtained since no stiffness can be recovered and damage
continuously accumulates.
Finally, a loading-unloading-reloading case is reproduced for different values
of the healing variables (see Figure 3.3.4) to illustrate how healing may continue
whilst unloading takes place, such that damage progression and recovery (healing)
may or may not occur simultaneously.
Quantitative experimental data on healing is difficult to find in literature and,
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Figure 3.3.2: Second Piola-Kirchhoff stress vs. stretch (left) and effective damage vs.
stretch (right) responses of the homogeneous uniaxial tensile test example using the NeoHookean material parameters (see Table 3.3.2) with linear damage for an irreversible
stiffness loss parameter ξ = 0 and varying values of the healing rate parameter k (values
given in days−1 ).

Figure 3.3.3: Second Piola-Kirchhoff stress vs. stretch (left) and effective damage vs.
stretch (right) responses of the homogeneous uniaxial tensile test example using the
Ogden material parameters (see Table 3.3.2) with exponential damage for a healing
rate parameter k = 0.25 days−1 and varying values of the irreversible stiffness loss
parameter ξ.
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Figure 3.3.4: Second Piola-Kirchhoff stress vs. time (left) and effective damage vs. time
(right) responses of the homogeneous uniaxial tensile loading-unloading-reloading test
example using the Neo-Hookean material parameters (see Table 3.3.2) with linear damage for varying values of the healing rate parameter k (values given in days−1 ) and
irreversible stiffness loss parameter ξ.

when available, is not always in a form which can be readily used and reproduced
to validate numerical models. As one of the rare examples, the experimental work
by Abramowitch et al. [1] on healing medial collateral ligaments (MCL) in goat
knees provides excellent data to validate the HTR model. In their experiments,
the MCL is surgically sectioned and the free ends of the ligament are realigned
but not sutured, leaving a gap of about 0.5 cm between the free ends [1, 222]. The
wound is then closed and the animals are allowed to recover for 6 weeks, after
which they are humanely euthanized and their knees are prepared for testing.
Typical tensile stress-strain curves are provided for the healed ligament and a
healthy (uninjured) ligament used as control (see grey lines in Figure 3.3.5).
Since there is no specific geometry and boundary conditions associated with
these curves, the data has been used to calibrate material properties with the
cubic element of the previous set of examples (see Figure 2.2.8). However, the
length of the element sides has been reduced to 0.5 cm to match the experimental
data provided.
An uniaxial tensile loading is reproduced in order to estimate the Ogden and
damage material properties which fit best the healthy stress-strain curve. These
material properties are then used in a simulation with a forced initial damage
Def f = 1, in which no load is applied but healing is allowed to progress for 6
weeks. An irreversible stiffness loss parameter ξ = 0.65 has been considered since
MCL scar tissue is known to regain at most 30 − 40% of its normal stiffness [92].
The healing rate parameter k is adjusted such that, after a 6-week healing period,
the stress-strain curve obtained for uniaxial tensile loading fits the experimental
data. Table 3.3.3 summarizes the material parameters used in this numerical example and Figure 3.3.5 compares the numerical results to the experimental data.
The set of parameters used was achieved by a manual trial and error approach
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Parameter

Value

Parameter

Value

µ1
µ2
µ3
α1
α2
α3

1.3 MPa
50 MPa
22 MPa
13.7
0.7
12.8

τ0d
Gf
k
ξ

2.43 kPa1/2
17 N/mm
0.01 days−1
0.65

Table 3.3.3: Material parameters, estimated from experimental data by Abramowitch
et al. [1], used in the MCL healing example (Figure 3.3.5). The fracture energy per unit
area is computed as Gf = gfd L0 , where L0 is the localization or characteristic length in
the reference configuration [191, 192].

and is not unique nor satisfies the minimum of an objective function. A penalizer
value κ = 1016 Pa has been considered as the bulk modulus.
An AAA is a permanent localized dilatation of the abdominal aorta which, if
left untreated, progresses over time and can eventually rupture, leading to death.
AAA rupture is a multi-factorial process that involves interacting biomechanical,
biochemical, cellular and proteolytic aspects. In the latter stages of AAA disease, an irreversible remodelling is known to occur in the aortic wall connective
tissue. This pathological remodelling is characterized by a progressive imbalance
between the synthesis and degradation of collagen and elastin in the ECM. This
degradation is linked to a decreased load-bearing capacity of the wall tissue, which
leads to arterial dilatation. The reader is referred to [50, 251, 161] and references
therein for further details on the many factors involved in the progression and
rupture of AAAs.
The proteolytic degradation of structural proteins above may be regarded,
from a macroscopic point of view, as a degradation of the tissue’s properties.
Thus, the HTR model has the potential to characterize this particular factor in
the complex evolution of AAAs, linking rupture to the healing capacity of the
tissue.
A three-dimensional reconstruction of an AAA was obtained through segmentation of computer-tomography images (A4research, VASCOPS GmbH) [18]
and meshed using 4707 hexahedral Q1P0 elements. A single element was included across the wall thickness with an approximately constant value of 1.5 mm
throughout the aneurysm. Therefore, bending effects are neglected in the simulation. The model is fully-fixed at the top slice and allowed vertical displacements
at the bottom one. A blood pressure of 100 mmHg (13.33 kPa) is applied in 200
load increments on the inner surface of the wall by means of a deformationdependent follower pressure load on the face of each element. Material properties
were estimated from the experimental tensile test data available in Gasser [102]
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Figure 3.3.5: Cauchy stress vs. engineering strain responses to uniaxial loading of a
healthy and a 6-week healed MCL tissue following a surgical sectioning. FE results
(solid black lines) were obtained using the material properties given in Table 3.3.3. The
grey curves illustrate the response from the experimental data in Abramowitch et al. [1].

using a single element (see Figure 2.2.8). A penalizer value κ = 1012 Pa has been
considered as the bulk modulus. The set of parameters used (listed in Table 3.3.4)
was achieved by a manual trial and error approach and is not unique nor satisfies
the minimum of an objective function. The corresponding constitutive response
is plotted in Figure 3.3.6. The distal and proximal extents of the aneurysm are
excluded from damage evolution, i.e. assigned the purely hyperelastic response
shown in this same figure.
The example was studied with two different values of the healing rate parameter k and an irreversible stiffness loss parameter ξ = 0 was assumed in both
cases. Under non-pathological conditions, the aortic wall is continuously remodelling and, thus, for a high healing rate its behaviour should be that of a healthy
tissue. Figure 3.3.7 shows the deformed shape of the same AAA at identical
loading and boundary conditions but considering two different healing rate parameters: k = 0.01 years−1 (high rate) and k = 0.002 years−1 (low rate). The high
healing rate resulted in deformations comparable to a sole hyperelastic simulation
since damage is healed quasi simultaneously. However, for the low healing rate,
the simulation failed at a blood pressure of 71.5 mmHg (9.53 kPa). At this loading
value, a high damage concentration localizes in a narrow band of elements (see
Figure 3.3.8), which leads to structural instability and numerical failure in the
following load step.
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Parameter

Value

µ1
µ2
µ3
α1
α2
α3

1.0 kPa
2.1 kPa
3.6 kPa
12.3
10.4
10.9

Parameter

Value

τ0d
Gf

169.8 Pa1/2
45 N/m

Table 3.3.4: Ogden and damage material parameters, estimated from experimental data
by Gasser [102], used in the remodelling AAA example. The fracture energy per unit
area is computed as Gf = gfd L0 , where L0 is the localization or characteristic length in
the reference configuration [191, 192].

Figure 3.3.6: First Piola-Kirchhoff stress vs. stretch responses to uniaxial loading of an
AAA tissue. The FE results (black lines) were obtained using the material properties
given in Table 3.3.4. The grey dots illustrate the response from the experimental data
provided in Gasser [102].
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Figure 3.3.7: Deformed shape of an AAA considering the material properties given in
Table 3.3.4 and subjected to a blood pressure of 71.5 mmHg (9.53 kPa). Two different
healing rate parameters k have been considered in addition to an irreversible stiffness
loss parameter ξ = 0. The distal and proximal extents were excluded from damage and
assigned a hyperelastic material behaviour. Real deformation (×1) is plotted.
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high healing rate
(k = 0.01 years−1 )

low healing rate
(k = 0.002 years−1 )

Figure 3.3.8: Effective damage distribution in an AAA considering the material properties given in Table 3.3.4 and subjected to a blood pressure of 71.5 mmHg (9.53 kPa).
Two different healing rate parameters k have been considered in addition to an irreversible stiffness loss parameter ξ = 0. The distal and proximal extents were excluded
from damage and assigned a hyperelastic material behaviour. Real deformation (×1) is
plotted.
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Discussion

The effective damage Def f (3.3.3) drives healing in the HTR model. This variable
is a direct representation of the tissue’s state since it dictates the stiffness of the
healing tissue, which can be measured through experimental tests. In contrast
with previous remodelling models (see section 3.1), the present description does
not attempt to capture the realignment of collagen or the processes taking place
at cellular or microscopic level. Instead, it is a phenomenological model which
aims to describe the overall change in material behaviour (stiffness) at tissue level
of healing tissue.
The driving internal variable Def f accounts for both mechanical and biological stimuli. Mechanical loading induces damage in the tissue as D is a function
of the stress. The injury produces a biological response such that, if the metabolism allows for it, healing occurs and the effective damage in the tissue is reversed
(see Figure 3.3.1). The metabolism’s action is quantified through the two healing parameters, k and ξ. Then, a healed tissue that has completely recovered
the original properties is undistinguishable from the original tissue. The model
is able to capture this, as seen in Figure 3.3.4 for the uniaxial tensile loadingunloading-reloading case with k = 1.00 days−1 ; ξ = 0.0 , where the reloading
curve is exactly the same as the first loading curve.
In contrast, when the healed tissue does not recover the original properties
(ξ > 0), it is assumed to have a remanent damage such that it is permanently
softer than the initial pre-injured tissue. This is observed in Figure 3.3.4 for the
cases with k = 0.25 days−1 ; ξ = 0.2 and k = 0.25 days−1 ; ξ = 0.5. In both cases
the reloading curves have a lower stiffness in their initial elastic portion than the
corresponding portion in the loading curves. Note how a healed scar tissue that
suffers additional injury will heal back to the first scar tissue properties, i.e., the
stiffness loss is not accumulative over successive injuries in a same tissue.
The issue arises, then, whether this (new) healed material should maintain
the updated damage threshold corresponding to the remanent damage value. An
alternative would be to redefine the healed tissue as a completely new material
by eliminating the remanent damage and affecting the hyperelastic (and, possibly, the damage) material properties instead. Then, the same effect would be
achieved (lower stiffness), but the material would be considered simply as new
and “undamaged”. In this case, if ξ > 0, an additional injury would result in
a further reduction of stiffness in the scar tissue. This approach entails certain
difficulties, namely, the calculation of the new material properties due to the nonlinear nature of the Ogden material definition. In addition, the idea of keeping
a remanent damage seems to fit well with the concept of a healed tissue which
has not recovered completely from injury. That is, the ECM in the healing tissue
tends to reorganize and remodel towards the original configuration but does not
quite achieve it. Hence, the denomination of the model as homeostatic-driven
turnover remodelling.
An interesting feature of the HTR model is that there exist two completely
different scales for the generation of the mechanical stimulus that produces dam-
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age (load step) and the effectivization of the biochemical part of the healing
process (time step). Hence, the evolution of the mechanical damage D is dictated
solely by the loading pattern imposed in the numerical simulation. Yet, the healing variable R is driven by both the load increment and the time step considered
for that load increment. Then, the healing rate can be sped up or slowed down
to match experimental observations independently of the loading speed imposed.
Due to this characteristic, the mechanical damage looses its physical meaning. In
particular, a high value of D may be computed for a given load but, if the healing rate is high enough, the effective damage Def f could be, in fact, practically
null. As a result, a tissue can be completely healed, even when the value of D is
significant. This ties in well with the fact that, in the HTR model, Def f is the
variable that describes the current state of the tissue, as stated at the beginning
of this section.
Healing is influenced by many factors like age, severity of injury and location
of the injury, among others [92, 265], and the healing parameters ξ and k should
account for this. At present, they are constant throughout the healing process
and manually adjusted. It would be interesting to automatically adjust their value
at the moment of injury, although this would require a comprehensive database
quantifying the influence of the above factors on the value of the parameters.
Unfortunately, the type of data required to produce this type of study is not
abundant in literature. On the other hand, the healing rate function η̇ = k could
be made variable through the healing process. This would allow accounting for the
regression of the blood vessels, i.e. the reduction of biological availability, observed
in the final phase of soft tissue healing. For example, the healing rate function
could be coupled to a convection/diffusion system such that the biochemical
contribution to the healing rate would change as healing occurs, allowing for an
adaptive biological availability distribution.
Nonetheless, the present HTR model is capable of reproducing experimental
data on healing (see Figure 3.3.5) and has potential to reproduce certain characteristics of pathological remodelling, as has been exemplified in an AAA case
(see Figures 3.3.7 and 3.3.8). AAA remodelling is characterized by an abnormal
degradation of the aortic wall’s structural properties, which is captured by the
HTR model. Note how the low healing rate case reproduces the evolution of an
AAA, where the degradation of the ECM results in larger deformations, reduced
load-bearing capacity and eventual rupture. On the other hand, the results for
the high healing rate case are comparable to a tissue with a higher structural
integrity, more akin to a healthy tissue.
The structural instability encountered in the low healing rate case is due to the
numerical limitations of the generalized damage model, discussed in section 2.3.5.
From a numerical point of view, in problems with negligible healing effects the
HTR model is limited by stress-locking due to the smeared approach of the
damage formulation. This has been widely addressed in literature [26, 61] and a
known solution to the problem is to use higher-order FE formulations. Otherwise,
the HTR formulation is robust and, in any case, thermodynamically consistent.
In particular, the dissipation inequality (3.3.7) has been verified in all numerical
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problems (ΞR > 0), although it would be interesting to mathematically prove this
inequality for the proposed damage evolution and healing rate functions, which
is no trivial task.
Numerical implementation of the HTR model is straightforward and may be
particularized for any hyperelastic model. The formulation is flexible and versatile
since both the damage softening laws and the healing rate can be easily changed
or modified to fit particular biological observations.

3.4

Towards an integrated constitutive model of
active properties

The adaptation processes in biological tissues are extremely complex and, in
general, result from a series of phenomena that cover broad spatial and temporal scales. In addition, the fundamental aspects of the underlying mechanisms
in these processes are not completely understood yet and are leading topics of
research in the biomedical community. Hence, the formulation of a constitutive
model capable of accounting for all the phenomena involved in these processes in
a realistic manner is still a distant goal.
Nonetheless, keeping this aim in mind, when developing constitutive models,
one should consider the possibility of defining them such that they posses a modular structure that will facilitate the simultaneous analysis of several phenomena.
This is an essential requirement for the analysis of complex biological processes
such as the evolution of aneurysms or the formation of cutaneous scars, to name
but a few, in which tissue adaptation is achieved through multiple phenomena.
In general terms, the main adaptation processes in biological tissues involve
growth/atrophy and remodelling, which are fundamentally driven and regulated
by mechanical and biochemical factors. The latter are typically associated with
the metabolism, either locally or managed by means of specific chemical messengers that are controlled from the organism’s central system. Due to the complexity involved in the structure and functioning of the “biological machine”,
the relevance of these factors will differ according to the function of the tissue
under consideration and its specific natural or pathological circumstances at the
moment of analysis.
It seems sensible to tackle the numerical representation of sophisticated biological processes such as tissue adaptation by establishing first a solid foundation
and, then, progressively adding further layers of complexity until a satisfactory
representation of the biomechanical reality is achieved. The foundation should
be based on the most elemental phenomena that define the adaptation process.
Once these bases have been defined, the inclusion of additional details in the formulation to complete the numerical modelling should be easier to address if there
already exits a strong numerical and thermodynamic functioning framework.
In the present study, the bases for a general description of the growth and
remodelling phenomena have been set, focusing separately on the development of
these two particular areas. On the one hand, a constitutive model for growth is
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presented and, on the other, the HTR constitutive model to capture remodelling,
understood as a tendency to recover the tissue’s original properties, is proposed.
In accordance with the foregoing logic, during the development of these models we
took special care in considering the mechanical and biochemical fields involved in
the phenomena by means of internal variables and constitutive parameters that
will allow a straightforward integration between the models.
In particular, the next natural step is to couple the HTR model to the volumetric growth model, which would allow accounting for the proliferative scarring
seen in hypertrophic or keloid scars. This coupled model would be able to capture,
in addition to the remodelling of the granulation tissue, the volume increment
in the damaged tissue due to the inflammation processes taking place during
the formation of granulation tissue. This is achieved through the multiplicative
decomposition of the deformation gradient tensor, F = Fe · Fg . Here, Fe corresponds to the elastic part and Fg = ϑI to the incompatible volumetric growth
part, where ϑ is the isotropic growth stretch. The trigger of this volume change
is the traumatic injury produced in the tissue, hence, it seems reasonable to associate it to an effective damage variable. This would account for the mechanical
aspects of the process, while the biochemical factors could be included by means
of a metabolic variable capable of quantifying the reactivity of the tissue to the
traumatic event. The evolution of this function should, of course, account for the
time scale of the inflammation process.
During the early stages of scarring, most of the collagen fibres formed are
of type III, which have a lower stiffness than the original (type I) fibres found
in most tissues. Hence, a larger volume of fibres is needed to recover the original uninjured stiffness of the tissue. These type III fibres are generally replaced
by type I fibres during the last phase of the healing process, the remodelling
phase. This remodelling phase may last for months or years and, in the best of
cases, the scar tissue tends to recover the original properties and morphology of
the uninjured tissue throughout this process. Unfortunately, biomechanical and
metabolic factors may alter this process and result in a pathological scar tissue.
This situation could be explicitly considered in the coupled constitutive model
through a parameter ζ that not only accounts for the stiffness loss in the tissue,
but also introduces a permanent growth proportional to said stiffness loss. In
other words, the recovery of the uninjured tissue morphology would be linked to
the recovery of the mechanical properties. This would allow exploring the effect
of different stress states on the healing process and the resulting scar tissue.
The coupled HTR-growth model sketched here represents a simplified approach to the proliferative scarring process, which is driven and modulated by a
myriad of interacting biochemical, biophysical and biomechanical factors that
may have a considerable inter-specimen variability and be greatly influenced
by environmental conditions. Nevertheless, the coupling proposed illustrates the
philosophy followed throughout the whole study, namely, the development of
modular models that allow for a gradual increment in sophistication by means of
their coupling to address natural or pathological processes that involve several of
these basic phenomena.
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To sum up, the first steps towards an explicit coupling of the mechanical
and metabolic field are proposed, albeit in a simplified way. The growth and
remodelling models developed do not address these phenomena as a direct result
of the stress or strain mechanical fields. Instead, the mechanical field provides only
the stimulus and tissue changes are carried out by a series of metabolic process
fuelled by proteins, complex chemical mediators and nutrients. The ability of the
metabolism to obtain the proteins and nutrients needed to change or generate
new tissue are accounted for by setting a bioavailability function, pre-set by the
user at element level.
A more realistic model would be attained by taking into account the tissue
bioavailability using internal variables that represent a nutrient distribution along
the domain governed by a conduction-diffusion like law. In this law, the nutrient distribution along the tissue would be determined by a gradient driven law,
derived from an analogy with Darcy’s law11 . In this analogy, the tissue permeability would be related mainly to the vascularization level and tissue structure.
The main issue would be to develop a biological model capable of correlating in
a simplified way the nutrient income, the metabolic production of growth factors
and the biochemical intermediaries that mediate cellular and ECM development
with the current generation capacity of the tissue constituents. To our best of
knowledge, even such a simplified approach would be a step forward towards a
more realistic modelling of the active properties of soft tissues since the coupling
of the mechanical and metabolic fields for this purpose has barely been addressed
in literature up to date.

3.5

Conclusions

The numerical modelling of active behaviour of soft biological tissue has been addressed as an extension of the passive behaviour described in the previous chapter.
Thus, the phenomenological models used to describe the individual components
of the composite material (the living tissue) in the context of generalized mixing theory are now extended to include growth and remodelling, which are the
fundamental phenomena driving adaptation processes observed in living tissue.
A constitutive model for isotropic growth that accounts for biological availability, proposed by Bellomo et al. [29], has been described in detail and implemented in PLCd. It has then been extended to include anisotropy in the direction of
growth. The model is based on the multiplicative decomposition of the deformation gradient tensor and the definition of the growth tensor is given in terms
of the internal scalar variable growth stretch. The mechanical growth stimulus
considered is the trace of the Cauchy stress tensor, whilst the effect of the metabolism is accounted for through the so-called “biological availability”. Precisely,
the introduction of this concept is the original contribution of their work. Biological availability is accounted for through the definition of a potential mass
production in terms of the nutrients available in the body.
11 Darcy’s

law describes the flow of a fluid through a porous medium [257].
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Unfortunately, even though there is a clear biological basis for the variable
introduced, translating experimental data regarding a tissue’s metabolism and
its cell growth rate into the parameters required by the model is not a straightforward task. The same applies to parameters involved in the growth function
due to mechanical stimulus. In this sense, this model has been developed as a
general basis on which to construct future models tailored to specific tissue types
under particular growth conditions. As more experimental data in this field becomes available, this continuum mechanics constitutive model can be adapted to
selected particular cases.
Regarding the remodelling phenomena, a novel constitutive model for
homeostatic-driven turnover remodelling (HTR) in soft tissues has been presented and discussed. This model captures the stiffness recovery that occurs as a
consequence of the ECM turnover observed in both the last phase of healing in
tissues and the pathological remodelling of certain tissues. During remodelling,
the tissue composition shifts and reorganizes, approaching the characteristics of
the original undamaged material. Thus, healing is understood as a recovery or
reversal of damage in the tissue, which is driven by both mechanical and biochemical stimuli.
Set in a CDM framework, the driving internal variable of the HTR model is
the effective damage, a sum of the Kachanov-like mechanical damage and a healing term. The former is purely driven by mechanical loading, as observed in the
proposed damage softening laws which are directly those derived in the generalized damage model of the previous chapter. The healing term is defined through
an implicit healing rate, which depends on the effective damage and two healing
material parameters that account for the biochemical aspects of the healing process. The model is formulated in accordance with open-system thermodynamics
to account for the energy introduced into the system by the metabolism. Although the healing parameters are phenomenological in nature, they have been
shown to be capable of reproducing experimental data on healing.
In conclusion, both growth and healing models are constructed on the basis of
finite-strain hyperelasticity and, in the case of the latter, also finite-strain damage. Hence, these can be regarded as the active extension of the passive models presented in the previous chapter. The formulations proposed are relatively
simple but have the potential to represent adaptation processes such as homeostasis, aging or healing in complex tissues. Usage of this model in conjunction
with the generalized mixture theory would allow to further extend the scope of
representation of these models. Undoubtedly, as has been outlined in section 3.4,
there is place for much improvement. Nonetheless, we believe that the framework proposed here has a solid numerical and thermodynamic basis which can
serve as foundation for more sophisticated models in the aim of representing the
behaviour of living soft tissue.

Chapter 4

An inverse method for
material parameter
identification
4.1

Background

The ultimate aim when developing constitutive models that describe biological
tissue behaviour is to use them in finite element analysis applications to help
advance in medical science and technology. So-called in silico medicine allows
computing patient-specific biomechanical studies that provide additional data
for clinical decisions. An example of this is the study of spinal degeneration and
treatment by means of FE models that provide useful information for the design
and surgical placement of implants [182, 183].
A spine discectomy is a relatively common medical procedure that involves
surgically removing a herniated intervertebral disc or part of it. When the complete disc is removed, either a prosthesis is placed or a bone graft is introduced
in the disc space to promote the fusion of the adjacent vertebrae. FEA to study
the post-operative effects of the different techniques have been reported in literature [75, 141, 238, 69, 87, 122].
Neurosurgeons from the Hospital Clı́nic de Barcelona perform a minimally
invasive anterior cervical discectomy (ACD), described in section A.2 of appendix A. This procedure, like most discectomies, entails forcing apart the vertebrae adjacent to the herniated disc. Surgeons expressed their concern about
the effects this supra-physiological loading might have on the adjacent discs and
vertebrae and its relation to the patient’s post-surgical pain and recovery. At
present, surgeons rely solely on their expertise to minimize the damage induced
by this action as they do not have the means to know a priori how the components of the cervical spine will internally respond to the external loading applied
during the surgery. FEA offers an insight into the internal mechanical response of
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the spine to induced loads, which could contribute to improved techniques during
the procedure.
The concern of the surgeons led us to attempt to reproduce a cervical spine
discectomy through finite element modelling [58]. As an initial simplified approach to this subject, the mesh of the C3 − C6 cervical vertebrae1 was generated
from digitalized quantitative axial computed tomography scans and a compressible neo-Hookean constitutive model was used as basis to model the different
component materials of the spine. The results obtained clearly lacked the characteristic nonlinear response observed in experimental data. This was attributed to
the fact that ligaments exhibit a highly non linear constitutive behaviour, which
cannot be reproduced with the chosen neo-Hookean constitutive model. This, in
fact, was one of the motivations behind the study presented in this dissertation,
which led us to introduce quasi-incompressibility and material non-linearity in
the constitutive models used to represent soft tissue behaviour that have been
described in the previous chapters.
To produce a reasonable prediction of the response of an injured or diseased
spine to atypical loading scenarios, the FE model of the spine must be previously
validated for known experimental data. In the case of cervical spine models, the
experimental corridors published by Wheeldon et al. [256] for flexo-extension and
by Yoganandan et al. [263, 264] for axial rotation and lateral bending are used
for this purpose2 . The experimental data consists in a mean range of motion
(ROM) or rotation angle extracted from a series of “healthy” cadaver FSU specimens that are subjected to different rotation loadings. The FE reproduction
of one of these experimental set-ups should produce results that fall inside the
mean standard deviation corridor of the corresponding curve in order to ensure
it is a fair reproduction of a real FSU. Of course, the experimental data used is
obtained from cadavers and dead tissue is known to behave differently from live
one. However, this is the standard way of validation used in the computational
spine biomechanics community since it is the only data available at present.
Over the past decade, a significant amount of research has focused on studying
part of the human spine by means of the finite element method. The aim of these
studies is diverse as are the hypothesis and assumptions made in the modellings.
Dreischarf et al. [77] provide an in-depth comparison of eight well-established
FE models of the lumbar spine. Several authors have presented FE models of
the cervical spine over the past decade [267, 266, 211, 238, 131, 147, 122, 68,
86, 79, 133]. In general, these investigations confirm that the soft tissues are key
in maintaining the stability of the spine and that the modelling assumptions
considered greatly influence the results obtained.
We attempt to obtain an FE model of a healthy FSU which is representative
of the cervical spine in order to evaluate the hypotheses made in the modelling. In
addition, we want to establish the procedure and requirements needed to build
this basic building block of the spine. The construction of a FE model of the
1 See
2 See

section A.1 of appendix A for a review of the human cervical spine anatomy.
Figure A.1.5 of appendix A for a schematic description of these motions.
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C4 –C5 FSU is described in section 4.2.
One of the difficulties encountered is the determination of the material parameters of the phenomenological constitutive models used to represent soft tissue
behaviour. The desired behaviour is often known in the form of a stress-strain
or load-displacement curve. Manually obtaining adequate values of the material
parameters to fit the data can be a gruelling task. Fortunately, this procedure
can be automatized by means of inverse methods using optimization techniques.
Certain experimental data is given and the material parameters for the FE
model reproducing the experimental set-up that produce the best-fitting numerical result must be found. Hence, an algorithm that compares the numerical
results to the experimental data and determines the parameters which result in
the best fit can be developed based on optimization techniques. This approach
has been followed by researchers to determine material parameters of different
soft tissues in diverse applications [144, 178, 268, 108, 2, 142]. In this line, an
inverse method for the identification of the ligament material parameters in our
C4 –C5 FSU model is developed using a gradient-based optimization technique.
However, this parameter identification problem is not unique to soft tissue
materials. In fact, it is a common issue when using phenomenological models to
reproduce experimentally-obtained material behaviour. The inverse method initially developed for the particular FSU application is then extended to a more
general composite material model and a genetic algorithm is used for optimization, instead of a gradient-based one. Both versions of the method are detailed
in section 4.3. Then, the results obtained are compared and the strength and
weaknesses of each approach are discussed in section 4.4.
The development of inverse methods for the determination of material parameters in composite structures has already been addressed by researchers in the
past. Markiewicz et al. [157] and Geers et al. [104] first used the inverse approach to determine parameters for material models of an aluminium alloy and
a glass-fibre reinforced polypropylene composite, respectively. Since then, several
variations and improvements on this method have been presented, with different
authors putting more focus on particular aspects of the methodology. These include the objective function defined [8, 214], the material parameters to identify
in the context of its applications [11, 9, 12, 10, 132] and the type of optimization
algorithm used [11, 48, 63].
Optimization algorithms are broadly classified into three distinct groups according the principle used in computing the optimal solution of the optimization
parameters: gradient-based algorithms, direct search algorithms and genetic algorithms.
The first two methods are point-by-point and resort to a deterministic procedure to achieve the optimal solution. They begin with an initial guess solution
(either computed randomly or introduced by the user) and, then, a search is
performed along a given search direction in order to find the best solution. This
best solution becomes the new solution and the above procedure is repeated until the algorithm reaches the optimal solution, that is, the objective function is
minimized/maximized.
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In direct search methods, the search strategy is guided solely by the objective function and the constraint values, whilst the gradient-based algorithms also
use first- and/or second-order derivatives of the objective function. The latter
typically converge faster, especially when close to the optimal solution, but the
requirement of the derivative calculation makes the method more difficult and/or
expensive to implement in certain problems. In this sense, the direct search methods are useful when non-differentiable or non-continuous objective functions are
used. For non-convex problems, the convergence of both types of optimization
techniques is highly dependent on the chosen initial solution and tend to get stuck
in suboptimal solutions corresponding to local extrema.
In contrast with the local nature of direct search and gradient-based algorithms, genetic algorithms provide a global approach to solving optimization
problems. They are population-based techniques that introduce the evolutionary
ideas of natural selection and genetics to produce an adaptive heuristic search
algorithm. The initial choice of solutions to the optimization problem, randomly
selected, are individuals of the population. Then, genetic operators (reproduction,
cross-over, mutation, etc.) are applied on them to obtain a second generation
of individuals (solutions). Only the fittest individuals survive, that is, the best
solutions are selected for reproduction. The process is repeated, creating many
generations and, thus, obtaining an evolution of the individuals in the population
towards an optimal solution.
This approach generally requires evaluating the objective function many
times, but the increase in computational capacity of modern computers has
made them a feasible option. In addition, they typically perform consistently
well across many types of problems and are quite robust [48]. They tend to avoid
local extrema and provide solutions in the vicinity of the global extremum, although the global extremum of the objective function is not guaranteed. One of
the main advantages of these algorithms is that they handle well discontinuous,
non-differentiable and highly nonlinear objective functions. The main drawback
is that they are not feasible for use in problems that have a large number of
optimization variables.
A combination of the gradient-based and genetic approaches can be used to
take advantage of the best qualities of each. These hybrid methods use a genetic
algorithm to identify an adequate initial guess point and, then, the gradient-based
algorithm initiates its search of the optimal solution based on the result of the
genetic algorithm [48, 108, 63, 214].
The study and development of improved optimization techniques is a broad
and active field of research. The reader is referred to the many references available on the subject, for example [216, 64], for more information on optimization
techniques.
In the present application, we make use of well-established optimization techniques to tackle the inverse problem of material parameter identification. The
methodology proposed has not been subjected to and exhaustive study to determine whether it is the most efficient option for our purposes. The inverse
method presented here has been developed to address a particular need, the
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determination of the material parameters to characterize soft tissue behaviour.
Hence, it is a tool used in the pursuit of the general goal of this study.

4.2

Cervical spine modelling

The geometry of C4 –C5 vertebrae and the intervertebral disc between them was
obtained from BodyParts3D [171]. A complete mesh of the C4 –C5 FSU was created based on this geometry by adding the relevant ligaments3 , the zygapophysial
or facet joints and a rigid plate at the top and bottom on which to apply the
flexo-extension loading.
At first, all components were meshed using 10-noded quadratic tetrahedral
elements with a single pressure point (T2P0). This was the easiest option since
the geometry to mesh is quite complex. However, preliminary results showed that
elements at the interface between hard and soft tissue, namely, the surface shared
by the intervertebral disc and the cortical shell of the vertebra’s body, exhibited
locking problems. The issue was with elements belonging to the disc that had
three of their four vertices contained in this interface surface. In such cases, said
face did not deform since the nodes were shared with elements belonging to the
material with high stiffness representing the cortical bone. Then, the only node
left to move to account for the compression of the soft intervertebral disc was
locked after a few loading steps due to the quasi-incompressibility of the FE
formulation. Hence, it was deemed necessary to switch to a hexahedral mesh.
Q1P0 elements were used (see Figure 4.2.1) to reduce the computational cost.
A total of 9088 elements and 11389 were required. The vertebrae were divided
into the body and the posterior part, with the former composed of a nucleus of
trabecular bone and a shell of cortical bone. The intervertebral disc was divided into the nucleus pulposus and the annulus fibrousus, with the latter further
divided into anterior, lateral and posterior zones. The lateral parts of the annulus were treated as the uncovertebral joints. The anterior longitudinal ligament
(ALL), the posterior longitudinal element (PLL), the ligamentum flavum (LF),
the interspinous ligament (IL) and the capsular ligament (CL) were included in
the model. The CL surrounds the facet joint. The top and bottom plates are
rigid blocks on which to apply the loads to induce the rotations. All parts have
been modelled with the neo-Hookean hyperelastic constitutive model described
in section 2.2.5, except the ligaments which have been modelled with the Ogden hyperelastic constitutive model described in section 2.2.6. The neo-Hookean
material parameter values were extracted from literature. Those reported as common to the cervical spine were considered [139, 211, 131, 148] and are given in
Table 4.2.1. To obtain the Ogden material parameters of the ligaments, analytic
uniaxial tensile curves of the Ogden material (see section 2.2.4) were fitted to
the stress-stretch curves available in Kallemeyn et al. [131] using the Matlab
Curve Fitting Toolbox [163]. The fitted Ogden material parameters are given in
Table 4.2.2 and the corresponding curves are plotted in Figure 4.2.2.
3 See

section A.1 of appendix A for a list and brief description of these ligaments.
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Figure 4.2.1: C4 –C5 FSU meshed with Q1P0 elements. The components of the model
and loading for flexion are detailed in the image. To impose extension loading, the
flexion loading is reversed.

Tissue

C1 (MPa)

κ(MPa)

Cortical bone

8330

1923

Trabecular bone

300

90

Posterior bone

2083

717

Anterior annulus

10

0.5

Posterior annulus

5

0.3

Disc nucleus

57

0.5

Joints

100

0.1

9

106

Rigid plates

10

Table 4.2.1: Hyperelastic neo-Hookean material parameters used in the flexo-extention
FE computation of the C4 –C5 FSU model shown in Figure 4.2.1.
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Ligament
ALL

µ1 (Pa)
6

2.04·10

5

µ2 (Pa)
4

1.60·10

−3

µ3 (Pa)

α1

α2

14.63

8.58

1.71

−3

α3
0.15
−8

PLL

1.80·10

1.74·10

11.75

2.32·10

IL

2.90·103

8.52·10−3

1.16·10−9

15.20

0.51

2.22·10−14

LF

2.98·102

9.64·10−5

1.31·10−7

17.20

1.06·10−10

1.07·10−9

CL

2

20.00

4.90

0.10

5.73·10

3.36·10

2

9.50·10

2

3.59·10

4.65

Table 4.2.2: Hyperelastic Ogden material parameters used in the flexo-extention FE
computation of the C4 –C5 FSU model shown in Figure 4.2.1. The uniaxial tensile curves
that have been fitted to obtain these parameters are shown in Figure4.2.2.

Figure 4.2.2: Cauchy stress vs. stretch of ligaments reported by Kallemeyn et al. [131]
(lines) and fitted curves for Ogden material model (crosses) to be used in the C4 –C5
FSU model shown in Figure 4.2.1. The Ogden material parameters corresponding to
the fitted curves are given in Table 4.2.2.
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A displacement-driven loading was applied in steps of 0.015 mm on points
A and P of the top rigid plate as indicated in Figure 4.2.1 to induce the flexion
moment. A total of 100 steps were computed, which correspond to an approximate
moment of 14 N·m and about 13◦ of rotation. To induce the extension motion, the
loading direction was reversed and 200 steps of 0.005 mm were computed, which
correspond to an approximate moment of -5 N·m and about -9◦ of rotation.
The deformation and the strain distribution obtained in both cases (see Figure 4.2.3 and 4.2.5, respectively) show qualitatively correct results. The soft tissues (ligaments and intervertebral disc) absorb all the deformation while the
hard tissues (bone) barely suffer deformation. However, to ensure the model is
representative of a real FSU, its rotation vs. moment curve must fall within the
experimental corridor published by Wheeldon et al. [256]. The displacements
of the anterior point A and the posterior point P where the loads are applied
(see Figure 4.2.1), UA and UP , respectively, are obtained in the output files
for each load step. The reaction at these points is also given, RA and RP . The
displacement-driven loading is vertical in all load steps, regardless of the inclination of the rigid top plate so the reaction vector for both points will only have
vertical (z−axis) components. Hence, the moment can be computed as
M F EM =

RzA + RzP
dAP ,
2

(4.2.1)

where dAP is the distance between the two points, which is constant due to the
rigid nature of the top plate. This distance should be, in fact, the projection of
the distance between points A and P on the x − y plane, which varies throughout
the simulation. However, for simplicity, it has been assumed it is directly dAP .
This induces an error below 0.3% in both the flexion and extension cases for moment values below 2 N·m, which is the maximum value given in the experimental
corridors.
The rotation is computed knowing that the vertical displacement of the posterior and anterior points, UzP and UzA , respectively, are always in opposite directions, then
"
#
A
P
U
+
U
z
z
θF EM = arcsin
.
(4.2.2)
dAP
The flexo-extension rotation vs. moment curves are plotted together with
the experimental corridors in Figure 4.2.4. The nonlinearity of the response is
captured but, even though the ligament curves obtained through the fitting are
quite close to the ones available in literature, the flexion results from the FE model
fall outside the experimental corridors. This can be explained by the fact that the
curves used to reproduce the ligament behaviours were calibrated by Kallemeyn
et al. [131] to fit their specific FE model. They model ligaments as nonlinear threedimensional trusses with a certain cross-section. Scaling the material parameters
according to the difference between the cross-section they considered and the
approximate cross-section of the ligaments reproduced in our FE model improved
the results. However, it became obvious that a more efficient way of computing
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Figure 4.2.3: Deformation of the C4 –C5 FSU subjected to flexo-extension loading. The
material parameters of the component materials are given in Tables 4.2.1 and 4.2.2.
Half model is shown so that the internal deformation can be appreciated. The flexion
results correspond to an approximate moment of 14 N·m and about 13◦ of rotation.
The extension results correspond to an approximate moment of -5 N·m and about -9◦ of
rotation. Extension (left), no deformation (centre) and flexion (right). Real deformation
(×1) is plotted.

adequate material parameters was required. The FSU model must be validated
with the experimental curves and the material models used are phenomenological,
so the main requirement is to identify the parameters that produce the desired
result. This could be done by a manual trial-and-error procedure but, since, the
whole process might have to be repeated anew when the FSU model of different
vertebrae are developed or when a patient-specific geometry is required, it seems
that automatizing the material identification process is a sensible choice.
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Figure 4.2.4: Range of motion (or rotation) vs. applied flexo-extension moment results
obtained for the C4 –C5 FSU model shown in Figure 4.2.1. The material parameters of
the component materials are given in Tables 4.2.1 and 4.2.2. The mean experimental
result and experimental corridors are taken from Wheeldon et al. [256].
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FLEXION
EXX

EY Y

EZZ

EXTENSION
EXX

EY Y

EZZ

Figure 4.2.5: Strain distributions of the C4 –C5 FSU subjected to flexo-extension loading.
The material parameters of the component materials are given in Tables 4.2.1 and 4.2.2.
Half model is shown so that the internal distribution can be appreciated. The flexion
results correspond to an approximate moment of 14 N·m and about 13◦ of rotation.
The extension results correspond to an approximate moment of -5 N·m and about -9◦
of rotation. Real deformation (×1) is plotted.
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Material parameter identification

To identify the material parameters of an FE model built to reproduce an experimental set-up, the numerical and experimental results are compared and,
through a systematic adjustment of the parameters in the numerical model, the
error between both results is minimized. Optimization techniques are used to aid
in the adjustment of the parameters such that it is done in an optimal manner, reducing as much as possible the time required to reach the solution and
computational resources employed to that aim.
This procedure is essentially an inverse problem solved using computational
techniques. Inverse problems consist in computing, from a set of results or observations, the causal factors or actions that produced them. Certain inverse
problems can be solved analytically, however, for the present problem this is a
complicated task of enormous mathematical complexity which is way beyond the
objectives of this study. Therefore, and since we have numerous computational
optimization tools at our disposal, the resolution of this problem is addressed
from an optimization point of view.
First, an inverse method using a gradient-based optimization algorithm is developed to identify the material parameters of the FSU model described in the
previous section that result in a rotation vs. moment response that falls inside
the experimental corridors. Although developed independently, it is similar to the
method proposed by Lei and Szeri [144]. The main algorithm is coded in Matlab [163] and coupled to the in-house FE code PLCd. It uses a constrained nonlinear optimization algorithm available in the Matlab Optimization Toolbox [163].
The details of this inverse method are described in section 4.3.1 and the method
is used to identify the Ogden material parameters of the the FSU model.
Then, using the same basic concept, the method is restructured to be capable of identifying the material parameters of a damaged composite structure
using an evolutionary algorithm. In this case, the main algorithm is written in
Octave [80] and coupled to the FE code PLCd and the simple genetic algorithm
Optimate [244], an in-house code developed at CIMAT (Center for Research in
Mathematics in Guanajuato, Mexico). The details of this inverse method and its
application to the identification of material parameters in composite materials is
described in section 4.3.2.

4.3.1

Ogden material parameter identification using Matlab optimizer

The Matlab Optimization Toolbox [163] has been used to implement an optimizer
which, linked to PLCd, calculates the value of the Ogden material parameters
that result in a numerically obtained rotation vs. moment curve as close as possible to the mean experimental one from Wheeldon et al. [256]. Figure 4.3.1
presents the general scheme of the optimization method implemented in Matlab
and its interaction with PLCd [213]. It is divided into three different blocks:
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(1) The optimization function per se, implemented in Matlab (marked in blue in
Figure 4.3.1).
(2) The FE calculations launched in PLCd for each iteration of the optimization
function (marked in yellow in Figure 4.3.1).
(3) The experimental data used to calculate the optimizer’s objective function
(marked in green in Figure 4.3.1).
These three blocks can be viewed as independent units which interact with each
other to form the proposed Ogden material parameter identification method.
Optimizer module – Matlab The Matlab module is the method’s core since
it contains the optimization function that launches the FE calculations for each
set of proposed parameters, adjusting their values according to the calculated
objective function at the end, and launching a new set of parameters if the minimum has not been reached. In fact, the whole optimization process is initiated
from Matlab.
The constrained nonlinear optimization algorithm fmincon available in the
Matlab Optimization Toolbox has been used. The algorithm fmincon attempts
to find a constrained minimum of a scalar function of several variables starting
at an initial estimate, i.e., it finds the minimum of a problem specified by
min f (x) such that lb ≤ x ≤ ub,
x

(4.3.1)

where f (x) is a nonlinear function that returns a scalar, namely, the objective
function; x is the vector of (normalized) material parameters to optimize; and
lb and ub are the lower and upper band restrictions, respectively, of the optimization parameters x. Detailed information on the options available for fmincon
can be found in the on-line Matlab help website [163].
The sequential quadratic programming (sqp) algorithm has been chosen for
the optimization and the step size factor has been set to 1 · 10−5 . The objective
function is defined as an l2 −norm such that the optimization algorithm will
minimize the root mean squared error between the (mean) experimental curve
θexp –M exp and numerical curve θF EM –M F EM . Hence, the objective function is
v
u n  exp
2
uX θ
− θiF EM
i
t
f (θi ) =
,
(4.3.2)
θiexp
i=1
where n is the number of points available in the experimental data from Wheeldon
et al. [256]. A small value is added to the denominator to avoid an indetermination
for the initial step in which θ1exp = 0.
Prior to calculating this objective function, the following actions must be
performed by the algorithm:
1. Print the new material parameter values for this iteration in then adequate
position of the FE input file.
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change µi and
αi values until
f (θi ) is minimized

Experimental data:
θexp − M exp curves
from literature.

Initialize Matlab optimization
parameters: µi and αi

Call fmincon from the Matlab Optimization Toolbox :
1. Print new values of µi and αi
in FE input file.
2. Launch FE calculation.
3. Post-process output curve files
to obtain the θF EM –M F EM
curves.
4. Compare the θexp –M exp and
θF EM –M F EM curves to obtain
the objective function f
(θi ).

PLCd input files: FE model replicates the experimental structure, including:

• Geometry, loads and fixed
boundary conditions.

• All materials completely defined
except for optimization
parameters.

FEM calculation in PLCd

PLCd output files: GiD output file
and text curve files, including:

• Displacements and forces in nodes.

• Strain and stress in Gauss points.

Figure 4.3.1: Scheme of the optimization method to obtain the Ogden parameters of the ligaments in the C4 –C5 FSU. Algorithm
implemented in Matlab [163] and that interacts with PLCd [213].
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2. Launch the FE calculation.
3. Read the displacement and reaction results obtained from the FE calculation
and transform them into a θF EM − M F EM curve using (4.2.1). At this point
in the algorithm, the results are plotted and displayed on screen.
4. Interpolate the M F EM vector at the θi values corresponding to M exp .
This whole process is what fmincon considers as the objective function. Since
the gradient of this function cannot be computed analytically, it is estimated
using finite differences (FinDiffRelstep option). This implies that, for each iteration of the optimizer, PLCd will be launched at least once for each constraint
considered plus an additional initial calculation. Therefore, it is of great importance that the number of optimization variables is reduced as much as possible.
In theory, there are at least thirty parameters to optimize (six Ogden material
parameters for five different ligament materials). A sensitivity study performed
on the parameters of each ligament revealed that there is one of the three µi − αi
pairs in each material that influences most the final shape of the corresponding
Ogden curve. This is so because the Ogden material model computes the stress
as the sum of three terms, each corresponding to a µi −αi pair (see section 2.2.6).
Then, plotting each of these terms separately for an uniaxial stress state showed
that one of these three curves is much larger than the other two for all ligaments
in the FSU model considered. It makes sense, thus, to ignore the less influential
pairs in the optimization procedure since any changes they may suffer will have
a minimal effect on the global behaviour of the material.
Selecting only a pair of parameters to identify in each ligament, reduces to
ten the number of optimization parameters to input in the fmincon algorithm.
Then, the vector of (normalized) material parameters to optimize is
T

x = [xµALL , xαALL , xµP LL , xαP LL , xµIL , xαIL , xµLF , xαLF , xµCL , xαCL , ] ,
(4.3.3)
where xξ = ξ/ξ 0 , being ξ the value of the Ogden material parameter computed at
each iteration of the optimizer and ξ 0 the initial value considered. The initial value
of xξ is equal to unity in all cases. The Ogden material parameters determined
for the ligaments given in Table 4.2.2 were reported in the previous section such
that the pair selected for optimization through the sensitivity study correspond
to the first pair µ1 − α1 in all cases. Then, the value ξ 0 considered is the µ1 or
α1 value in Table 4.2.2 corresponding to each ligament.
No upper bound restriction ub is imposed for the optimization parameters
and the lower bound restriction is defined as 10−6 for all optimization parameters.
This ensures that the Ogden material parameter being optimized does not change
signs nor becomes zero. This restriction is more conservative than the original
consistency condition (2.2.51) but easier to enforce in the optimization algorithm.
FE module – PLCd The FE code is not directly accessed by the user while
the optimization process is working. However, previous to launching this process,
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Ligament

µ1 (Pa)

α1

ALL

1.46·106

6.29

PLL

1.59·105

10.44

IL

2.38·102

4.04

LF

9.83·102

14.33

CL

4.85·102

25.06

Table 4.3.1: Hyperelastic Ogden material parameters computed by the Matlab optimization algorithm described in Figure 4.3.1 for the flexo-extention FE computation of
the C4 –C5 FSU model shown in Figure 4.2.1.

the FE model must have been prepared to run in PLCd. This model corresponds
to the C4 –C5 FSU unit described in the previous section. The geometry, loads
and boundary conditions are completely defined, as well as the desired output
text files required to compute rotation vs. moment curves of the model. The
constitutive model of each FSU component is fixed, with all material parameters defined except for the ones for which we seek the optimum value (described
above). Then, Matlab accesses the PLCd input file to write the proposed parameter values and launch FE calculation. Once the calculation is finished, Matlab
accesses the output text files and post-processes the data to obtain the curves to
be compared with the experimental mean curve.
The optimization problem described here was launched for the FSU model
detailed in the previous section. A total of 162 evaluations of the objective function were required, with each evaluation consuming approximately six minutes of
computational time on an Intel(R) CoreTN i7-2600 CPU @ 3.40GHz with 8GB
of RAM. This results in approximately sixteen hours of calculation time for the
optimizer to reach its goal. The value of the optimized material parameters is
given in Table 4.3.1 and the flexo-extension rotation vs. moment curve obtained
for these values is plotted, together with the initial curve, in Figure 4.3.2. The
curve corresponding to the Ogden material parameters identified by the Matlab
optimizer falls inside the experimental corridor, which was the objective of the
optimization method proposed.
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Figure 4.3.2: Range of motion vs. applied flexo-extension moment results obtained for
the C4 –C5 FSU model shown in Figure 4.2.1. The material parameters of the component
materials are given in Tables 4.2.1 and 4.2.2. The µ1 and α1 Ogen material parameters
of the final curve correspond to those computed by the Matlab optimization algorithm
described in Figure 4.3.1 and are given in Table 4.3.1. The mean experimental result
and experimental corridors are taken from Wheeldon et al. [256].
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Composite material parameter identification using
Optimate

The modular concept developed for the Ogden parameter identification using
Matlab has been extended to a more general composite material parameter identification algorithm that uses an evolutionary optimization technique. The proposed optimization method for the determination of composite material parameters [59] is divided into three different blocks:
(1) The optimizer or optimization algorithm per se (marked in pink in Figure 4.3.3).
(2) The FEM calculations launched for each evaluation of the optimizer’s objective function (marked in yellow in Figure 4.3.3).
(3) The experimental data used to calculate the optimizer’s objective function
(marked in green in Figure 4.3.3).
These three blocks can be understood as independent units which interact with
each other to form the complete method, as schematized in Figure 4.3.3.
The optimizer used in block (1) is the in-house simple genetic algorithm Optimate [244]. It is coupled to an external objective function evaluator written in
GNU Octave [80] (marked in orange in Figure 4.3.3). The external evaluator also
acts as the interface with the in-house FE code PLCd [213] used in block (2). It
launches the FEM calculation for each set of parameters proposed by Optimate
and uses the results obtained to calculate the objective function which is fed back
to Optimate. The calculation of the objective function requires the experimental
data in block (3), which dictates the FE model to be used in block (2).
Experimental data The optimization method requires adequate experimental
data with which to compare the numerical results in order to identify the correct
material parameters. Since the experimental set-up must be reproduced in a
FEA, it is essential that the geometrical details of the specimen used as well as
the imposed boundary conditions are known. To calculate the objective function
required by the optimizer, a simple load vs. displacement curve such as those
obtained by standardized tensile tests suffices.
For the purpose of illustrating how the method works, an example is presented
at the end of this section, based on the numerical data used by Car et al. [43]. In
this way, the numerical result obtained can be validated. However, the methodology only requires the experimental data mentioned above to identify the material
parameters of the FE model.
FE module – PLCd The FE code is not directly accessed by the user while the
optimization process is working. However, previous to launching this process, the
FE model must have been prepared to run in PLCd. This model must include
a complete test specimen with the geometry, loads and boundary conditions

objective
function

4. Compare F exp –uexp and
F F EM –uF EM curves to obtain
the objective function f (Fi ) .

3. Post-process FE results to
obtain the F F EM –uF EM curve.

2. Launch FEM calculation.

1. Print new material properties
in FE input file.

External evaluator in GNU Octave:

PLCd output files: Including displacements and forces in nodes.

FEM calculation in PLCd

PLCd input file: FE model replicates the experimental structure. All data completely defined
except for optimization parameters.

Figure 4.3.3: Scheme of the proposed optimization method for the determination of damaged composite material parameters. Algorithm
implemented in GNU Octave [80] and that interacts with Optimate [244] and PLCd [213].

Experimental data: F exp –
uexp curve from literature

Optimate:
Simple genetic
algorithm

optimization
parameters
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completely defined, as well as the desired output results which will be used to
calculate the FEM load vs. displacement curve.
The type of constitutive model to be used must be fixed for all materials,
with all parameters defined except for the ones for which the optimum value is
sought. That is, the type of constitutive models used to represent the behaviour
of the component materials in the composite must be established a priori.
Optimizer module – Optimate The optimizer module includes the optimization program Optimate which seeks to minimize an objective function through
evolutionary methods. This objective function is evaluated externally by the
Optimate–PLCd interface written in GNU Octave.
This interface receives the optimization parameter values for the present evaluation of the objective function which correspond to the selected material parameters of the FE model. Then, the previously prepared PLCd input file is accessed, the new material values are written in the adequate positions of the file
and the calculation is launched. Once the calculation is completed, GNU Octave
accesses the output result file and post-processes the data to obtain the FEM
curve which is then compared to the experimental data. By means of an l∞ –
norm estimation of the error between the two curves, the objective function is
evaluated and the value obtained is fed back to Optimate.
The optimization algorithm developed in Optimate is a genetic algorithm
with SBX [65] crossover, polynomial mutation, and binary tournament selection.
These operators have been widely used in the well known NSGA-II [66] and omnioptimizer [67] algorithms for multi-objective optimization. The main algorithm
is as follows:
1. A random population P (t) is generated inside the search limits. The population size is denoted as np .
2. The objective function is evaluated for P (t), obtaining the objective function
vector F (t).
3. Using the binary tournament selection, a set of parents of size np is selected
as follows:
• Two individuals, i and j, are randomly chosen from P (t) and the objective function is evaluated for these individuals, Fi and Fj , respectively.
• If Fi (t) < Fj (t), then i is selected for minimization; if Fj (t) < Fi (t),
then j is selected; otherwise, one of the two is selected randomly.
• The procedure is repeated until np individuals have been selected.

• The selected individuals are denoted as Pa (t).

4. The crossover is applied. Using a Bernoulli experiment, the algorithm determines if the two parents are used for reproduction (with the crossover operator)
or for cloning (a simple copy). If the parents are suitable for reproduction,
another Bernoulli experiment is used per variable in order to decide if the
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operator is applied to it or not. Two consecutive parents in Pa (t) generate
two children. This procedure is repeated until np children are generated. The
children population is denoted as P̂ (t). Two user-given parameters (probabilities) are required for this operation:
• pcroind: probability of crossover for individuals.

• pcrovar: for two individuals selected for crossover, probability of applying the crossover operator to a variable of these individuals.
5. The mutation is applied. The mutated population is denoted as as P̄ (t).
Similar to the crossover, a Bernoulli experiment decides whether an individual
is mutated or not, and another is used for each variable of an individual suited
for mutation. Hence, two additional user-given parameters are required for
this operation:
• pcmutind: probability of mutation for individuals.

• pmutvar: for two individuals selected for mutation, probability of applying the mutation operator to a variable of these individuals.
6. P̄ (t) is evaluated and the new objective function values are denoted as F̄ (t).
7. The old population is replaced with the np best individuals obtained from
the union of P̄ (t) and P (t).
8. The procedure is repeated from step 3 until a stopping criterion is reached.
Three possible stopping criteria are defined for the algorithm. If one of these
criteria is satisfied, the algorithm stops:
• A minimum objective function value to reach. If the best individual in the
population has an objective function value less than a user-given value
(minObj), the algorithm stops.
• A minimum allowed variance of the objective function. The variance of the
objective function is computed for each generation (iteration) and, for a given
generation, if it is less than a user-given value (maxVar), the algorithm stops.
• A number of iterations for which the minimum variance does not change. The
minimum variance of the objective function values of the population from the
beginning of the generations is computed and stored for each generation, if it
does not change in a number of generations (user-given value, minVarCount),
the algorithm stops.
The l∞ –norm used to estimate the error between the experimental and FEM
curves in order to obtain a value for the objective function is
 exp

F
(ui ) − F F EM (ui )
f (x) = f (Fi ) = max
,
(4.3.4)
F exp (ui )
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where x represents the optimization parameters, ui are the displacement values of
the curves, and F exp (ui ) and F EM (ui ) are the load values of the experimental
and FEM curves for each ui , respectively. Since the displacement values at which
the curves are compared must be the same, the experimental curve is linearly
interpolated to the displacement values of the FEM curve. Obviously, the FEM
calculation must be set up to obtain a certain number of displacement values
such that the number of curve points used to determine the objective function
is sufficient. Also, to avoid an indetermination for the first point of the curves,
which is always zero, a very low value is added to the denominator.
Experimental data to validate the proposed optimization method has been
taken from Car et al. [43]. The rectangular specimen with a double central notch
is composed of carbon-epoxy T2300/914C with fibres oriented at 10◦ with respect
to the longitudinal axis of the sample. The problem is numerically reproduced
using mixing theory in an infinitesimal strain framework. The material behaviour
of the carbon fibres is modelled with an anisotropic elasto-plastic model while
the material behaviour of the epoxy matrix is modelled with an isotropic explicit
scalar damage model. For a detailed description of these constitutive models, see
Comellas et al. [59].
The experimental set-up has been reproduced in FEA using standard 8-noded
hexahedral solid elements. The model has been meshed with 897 elements and
1944 nodes, resulting in 5832 degrees of freedom and 7176 Gauss integration
points. A displacement of 0.295 mm has been imposed on the top nodes of the
specimen in 25 equal increments, with the bottom nodes fully-fixed.
The material properties of both matrix and fibres are shown in Table 4.3.2,
where TBD indicates the value of the properties which have been selected for the
optimization method to determine. The Young’s Modulus and Poisson coefficient
indicated for the fibres correspond to the longitudinal direction of the fibres, in
the transversal direction the values assigned are those of the epoxy matrix. The
anisotropy stress transformation tensor is implemented in Voigt notation into the
FE code and has been defined as a diagonal matrix with ones, except for aσ11 = 5,
following the criterion used in the reference model [43].
The material parameters to be determined are normalized and introduced as
optimization parameters of the optimizer. Since these parameters have a physical
meaning, reasonable upper and lower limits have been imposed for each. This
information is summarized in Table 4.3.3, together with the user-given parameters
required by Optimate, already described in the previous pages.
The material parameters identified by the optimization method are reported
in Table 4.3.4, which correspond to an objective function value of 2.23 · 10−3 . The
use of these parameters results in a load vs. displacement curve which matches
the experimental one, as shown in Figure 4.3.4. The optimizer required 2860
evaluations of the objective function, with each evaluation requiring about half
a minute of CPU time in a personal computer which uses an OpenSuse 12.3
operative system and is equipped with a 3.4 GHz Intel(R) Core(TM) processor
and 16 GB RAM.
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CARBON FIBRES
Young’s modulus, Ef

TBD

Poisson coefficient, νf

0.0

Yield stress,

σfy

TBD

Post yield behaviour law

Linear with hardening

Yield criterion

Von Mises

Hardening parameter, Hf

TBD

Volumetric participation, kf

47.5 %

EPOXY MATRIX
Young’s modulus, Em

TBD

Poisson coefficient, νm
Damage threshold stress,

0.325
d
σm

Damage behaviour law

TBD
Exponential with softening

Damage (yield) criterion

Von Mises

d
Fracture energy, gm

TBD

Volumetric participation, km

52.5 %

Table 4.3.2: Material properties of the carbon fibre and epoxy matrix defined in the
FE model of the specimen used to validate the proposed optimization method for the
determination of composite material parameters. TBD indicates the parameters to be
determined by the optimization algorithm.

Material
parameter

Normalization
value

Lower
limit

Upper
limit

Ef

1011

1.0

σfy

108

Hf

1010

Em

10

np

100

pcroind

0.9

5.0

pcrovar

0.85

1.0

30.0

pmutind

0.8

1.0

10.0

pmutvar

0.5

10

1.0

5.0

minObj

0.002

d
σm

108

0.2

0.6

maxVar

10−9

d
gm

104

0.1

1.0

minVarCount

20

Table 4.3.3: Normalization values and imposed limits of the optimization parameters
(left table) and user-given parameters (right table) introduced into Optimate for the
validation example of the proposed optimization method for the determination of composite material parameters.
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Material
parameter

Normalized
value

Real
value

Ef

3.982

3.98 · 1011 Pa

σfy

13.343

1.33 · 109 Pa

Hf

9.428

9.43 · 1010 Pa

Em

2.124

2.12 · 1010 Pa

d
σm
d
gm

0.374

3.74 · 107 Pa

0.760

7.60 · 103 N/m

Table 4.3.4: Parameter values of the validation example indicated in Table 4.3.2 identified by the proposed optimization method for the determination of composite material
parameters.

Figure 4.3.4: Load vs. displacement curve for the FE model with the material parameters
identified by the the proposed optimization method for the determination of composite
material parameters.
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The material parameters identified using the proposed optimization method
agree with the expected margin of values for these properties, as provided by
manufacturers and seen in literature. Examination of the numerical result obtained also reveals expected behaviour of the specimen under loading, as shown
in Figure 4.3.5. The displacement pattern obtained as well as the stress distributions closely match those of the reference model [43].
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Figure 4.3.5: Top left: Contours of total displacement in the FE specimen with the
identified material parameters (values in m). Top right: Contours of stress in the longitudinal direction (values in Pa). Bottom left: Contours of the principal plastic strain
in the fibres (dimensionless). Bottom right: Contours of the internal damage variable in
the matrix (dimensionless). Deformation is plotted amplified x30.

4.4 Discussion
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Discussion

The Ogden material parameter identification algorithm provides good results (see
Figure 4.3.2), althoough there is room for improvement. The use of an l2 −norm
means the objective function computed by the optimization algorithm is less restrictive than if an l∞ −norm were considered. Unfortunately, for the case presented here, a change of norm would probably not produce a result closer to the
mean experimental curve since it seems that a stiffer flexion curve (closer to
the mean experimental one) would also produce a stiffer extension curve, which
would probably then fall outside the experimental corridor.
This points to the need of revisiting the assumptions made to model the
components of the FSU. In particular, the extension behaviour should be more
pliable and the flexion one, stiffer. This could be achieved in several ways, although an in-depth study of the biomechanics of a FSU and the contribution
of the different components to the overall flexo-extension behaviour is required
in order to determine which is the best approach. A straightforward option is to
consider altering the material parameter values of the anterior and posterior parts
of the intervertebral disc’s annulus. Another approach would be to introduce the
composite modelling of the ligaments and intervertebral disc. If the fibres are
accounted for through mixing theory, then anisotropy can be introduced into the
model (see section 2.4.1) and, predictably, a differentiated response between flexion and extension could be achieved. These two options were tentatively tested
and did not result in a significant improvement of the flexo-extension response.
In addition, it seems that the uncovertebral and facet joints play a decisive important role in the motions of the FSU [170, 185, 53, 140, 37] and the present
modelling of these joints is a crude representation of the complexity of a synovial
joint. Hence, the ligament and disc improvement options were not fully pursued
under the premise that a better modelling of the joints would probably result in
more accurate FE results. This is further supported by the fact that the lateral
flexion and axial rotation corridors, not considered in this study, are known to
be coupled through the action of the facet joints. Then, if multi-objective optimization is to be used in the future in order to obtain material parameters that fit
the corridors of the these three FSU motions, an improved FE model of the FSU
is undoubtedly required.
Regarding the use of the gradient-based constrained nonlinear optimization
algorithm available in the Matlab, it is reasonable to assume that the good results
obtained are, in part, due to the good initial starting point. The initial value of the
Ogden parameters to be optimized already produce a rotation vs. moment curve
which falls inside the experimental corridor for extension and quite close to the
corridor for flexion. It remains to be seen if the algorithm could reach a solution
if the initial values produced a curve that fell far from the experimental corridor.
Moreover, there is possibly not a unique solution to the optimization problem
and the optimizer can easily fall in local minima of the objective function.
In view of this, and considering the known benefits of genetic algorithms over
gradient-based ones (see section 4.1), the substitution of the Matlab algorithm
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for a genetic one such as Optimate seems like a sensible option. This approach
has not been tested with the FSU problem, but the results obtained for the
damaged composite specimen are promising. Of course, the damaged composite
specimen is solved in an infinitesimal framework in PLCd and, hence, the material
constitutive models used do not exhibit the high nonlinearity of the hyperelastic
formulations. Also, the requirement of limiting the possible values (the optimizer’s
search space) of the optimization parameters for material parameters that do not
have a direct physical meaning such as the Ogden parameters might result in very
large intervals of possible values, increasing considerably the computational cost.
In general, the bottleneck of the optimization method, especially if a genetic
optimization algorithm is employed, is the computational cost of each FEM computation, which hinders the computational cost of the overall procedure. In the
genetic optimization method, a complete FEM computation is required for each
evaluation of the objective function, and the optimization method requires a
significant number of evaluations. In the case of the gradient-based method, a
smaller amount of evaluations of the objective function may be needed to reach
a solution, but each evaluation requires at least as many evaluations as optimization parameters considered. Consequently, certain FEM models might result
prohibitive to work with. In the particular cases exposed in this chapter, the
reduction of the computation time of each FEM calculation was already tackled
through the parallelization of the PLCd code. In some cases, the symmetry of
the model and its loading conditions may be exploited to reduce the size of the
computational problem. In any case, a compromise must be reached between accuracy and computational efficiency when it comes to numerically reproducing
the experimental set-up.

4.5

Conclusions

An inverse method that provides a way of identifying the material properties of
FE phenomenological constitutive models such that they fit known experimental
data is proposed. This method is developed, first, for the identification of the
Ogden material parameters in ligaments of a C4 –C5 FSU using a gradient-based
optimization algorithm available in the Matlab Optimization Toolbox, and, then,
for the identification of the material parameters in damaged composite structures
using the genetic optimization algorithm Optimate.
The methodology proposed is highly flexible due to its modular structure. The
codes both for the FEM calculation and optimization algorithm can be easily
replaced by other in-house or commercial equivalent softwares. I addition, the
experimental data and equivalent numerical model may also be changed, requiring
only minor changes in the interface code. This, in fact, has been exemplified by
using the same basic structure to develop, on the one hand, a gradient-based
optimization method to identify the Ogden material parameters in the FSU and,
on the other, a genetic optimization method to identify the material parameters
of a damaged composite structure.

4.5 Conclusions
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The examples presented in this chapter evidence the applicability of optimization techniques in the determination of adequate material parameters to represent known experimental set-ups. However, developing a robust, efficient and
fast method for this purpose is not a trivial endeavour. The type of optimization
algorithm, the selection of the material parameters to optimize, the definition of a
suitable objective function and the modelling assumptions used in the FE reproduction of the experimental set-up must be tailored to each particular application
in order to exploit the full potentiality of this type of approach.

Chapter 5

Conclusions
5.1

Achievements

The aim of this study was to set the bases for a general constitutive formulation
capable of representing the behaviour of soft biological tissue through numerical
simulation using the in-house FE code PLCd. This has been achieved by means
of the generalized mixing theory in conjunction with phenomenological models
to represent both the passive and active behaviours of tissues. Thus, soft biological tissue has been treated as a composite material formed by collagen fibres
embedded in an extracellular matrix. The behaviour of each individual component is reproduced using a phenomenological constitutive model and, then, the
generalized mixing theory produces the global tissue behaviour.
The constitutive modelling of passive properties has been addressed in
Chapter 2. Neo-hookean and Ogden hyperelasticity formulations have been implemented in PLCd, which have served as basis for the rest of constitutive models
developed in this study. To complete the characterization of passive behaviour in
soft tissues, a generalized finite-strain damage model [56] has been developed. It
has been particularized for neo-Hookean and Ogden hyperelasticity, implemented
in PLCd and validated through numerical examples. Finally, the use of generalized mixing theory to represent soft tissue behaviour has been described and the
use of a tensile/compressive switch and space mapping to account for anisotropic
behaviour has been proposed.
The constitutive modelling of the active properties has been addressed in
Chapter 3. The basic active properties of growth and remodelling have been reproduced by means of two different constitutive models which can be viewed as
an extension of the passive models described in the previous chapter. An existing
volumetric growth model considering biological availability has been particularized for Ogden hyperelasticity and implemented in PLCd. Then, it has been
extended to include anisotropy in the direction of growth [28]. Regarding the remodelling phenomena, a novel constitutive model for homeostatic-driven turnover
remodelling in soft tissues [57] has been presented and discussed. The formula173
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tion has been particularized for Ogden hyperelasticity, implemented in PLCd
and validated through numerical examples. Finally, how these two new models
can be integrated to obtain a general multi-purpose constitutive formulation to
represent active behaviour in soft biological tissue has been discussed.
The identification of the material parameters in phenomenological constitutive models has been addressed in Chapter 4. The difficulties encountered in
the FE modelling of a cervical spine are presented [58], namely, the need to correctly identify the material parameters in the constitutive models used. For this
purpose, an inverse method using optimization techniques has been developed
and discussed. The method has been coupled to a gradient-based optimization
algorithm available in Matlab and to the population-based evolutionary algorithm
Optimate [59], and the strengths and weaknesses of each have been identified.

5.2

Concluding remarks

The generalized mixing theory evaluates the interaction of the different material
components at stress level. It works, thus, as a “constitutive model manager”
that allows evaluating the interaction of the different constitutive models that
represent each component’s behaviour (matrix and fibres) to obtain the overall
composite behaviour (biological tissue). Used in conjunction with a series of phenomenological models capable of spanning a large scope of material behaviours,
it is a powerful tool in achieving a general multi-purpose constitutive formulation
for representing soft tissue behaviour.
We believe the generalized approach allows for more flexibility in composing
the overall behaviour of the tissue since new constitutive models to represent
fibre or matrix behaviour can be easily introduced if required. In this sense, an
initial library of constitutive equations to represent the basic characteristics of
soft biological tissues has been introduced in PLCd. This library includes phenomenological models developed in a finite strain framework that account for the
non-linear, damage, growth and remodelling behaviours. These were selected for
the initial library because they were regarded as the “essential” mechanobiological characteristics observed in living tissues.
Given the limited availability of experimental mechanical information and the
difficulties associated with the estimation of parameters, we sought a general overall formulation built upon relatively simple constitutive models but capable of
reproducing a wide range of soft tissue behaviour. In addition to their straightforward formulation, the phenomenological models introduced have the advantage
of being built on a solid and established thermodynamic basis, which allows for
better tracing of the individual component’s thermomechanical behaviour.
Nonetheless, the models implemented throughout this study merely constitute the seedbed of the general constitutive framework described in this study.
The library of constitutive equations can and should be extended to include more
models in order to widen the scope of representation of the formulation. Conversely, models can also be added to particularize the formulation for specific
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applications, if required. It is an ambitious goal, but we believe the foundations
established in this study are solid enough to sustain such enterprise.
Biological tissues are complex hierarchical structures that have the capacity
of evolving in response to external loads and environmental stimuli. The interrelations between the mechanical and biological processes that take place in tissues is not fully understood yet and is an active multi-disciplinary area of research. As a deeper understanding of the processes occurring at molecular and
cellular level is attained, the use of phenomenological models might have to be
set aside in favour of multi-scale homogenization and/or mechanistic models for
the simple constituent materials.
At present, though, and in view of the aims set for this study, the constitutive
models proposed, phenomenological in nature, seem like the best choice because
they manage to produce a general constitutive formulation for biological tissues. This formulation spans a large scope of tissue behaviour and solely requires
the identification of a series of parameters whose identification, given adequate
experimental data, can be automatized by means of inverse methods that use
optimization techniques.
In conclusion, the bases for a general constitutive formulation capable of representing soft biological tissue behaviour have been set successfully. The most
notable contribution is probably the coupling of the mechanical and metabolic
fields in the models developed to account for the active behaviour of tissues. The
numerical examples presented validate the formulations developed and demonstrate their applicability in biomechanical studies.

5.3

Future work

The framework built for the general constitutive formulation is an excellent basis
for future developments. Some of these have already been pointed out and discussed throughout the dissertation.
In the first place, there is always room for improvement in an in-house code
such as PLCd from a numerical perspective. Any modification that can improve
the robustness and accuracy of the calculations, such as an upgrading of the mixed
u/p elements used, is welcome. The automatization of the particularization of
the damage, growth and healing models to any desired hyperelastic formulation
implemented in the code would also be a useful feature, generalizing even more
the framework developed.
Regarding the passive behaviour of soft tissues, the hyperelastic and finitestrain damage formulations implemented could be extended to include other alternatives which might result useful in future applications. In particular, viscoelasticity could be introduced in the hyperelastic formulation and a continuous
damage variable could be added into the damage formulation to account for the
Mullins effect. Needless to say that additional damage evolution laws could also
be included in the damage model to particularize the formulation to represent
specific tissue behaviour.
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5. Conclusions

As to the active behaviour of tissues, if experimental data becomes available, both growth and healing models could be expanded with new expressions
of the growth stretch evolution and healing rate, respectively, tailored to these
particular applications. Also, a constitutive model that accounts for the fibrereorientation observed in most remodelling processes could be introduced to complete the representation of active properties in tissues. In addition, the modelling
of biological availability in these models could be refined, based on mechanobiological observations, to better represent the metabolism of living tissues.
Finally, the inverse method using optimization techniques developed could be
extended to include multi-objective optimization in order to improve the parameter identification results. In addition, it would be interesting to conduct a
thorough study of the sensitivity and uniqueness of the solution obtained and
how the objective function selected for the optimization method affects the results. This is especially important in the case of non-linear material models such
as the ones considered in this study since they are known to have more than one
optimal set of parameters in many applications.

Appendices

177

Appendix A

Anatomical and medical
background for cervical
spine modelling
A.1

Review of the human cervical spine anatomy

The human vertebral column or spine consists of 33 vertebrae: 24 articulated
vertebrae separated by intervertebral discs and 9 fused vertebrae in the sacrum
and the coccyx. The articulated vertebrae are classified into cervical (7), thoracic
(12) and lumbar (5) and numbered from C1 to C7 , D1 to D12 and L1 to L5 ,
respectively as shown in Figure A.1.1. White and Panjabi [258] assimilate the
spine to a mechanical structure in which the vertebrae articulate with each other
in a controlled manner through a complex of levers (vertebrae), pivots (facets and
discs), passive restraints (ligaments) and activations (muscles). Its fundamental
biomechanical functions are:
1. To transfer the weights and resultant bending moments of the head, trunk
and any weights lifted by the pelvis.
2. To allow sufficient physiologic motions between the head, trunk and pelvis.
3. To protect the delicate spinal chord from potentially damaging forces and
motions produced by both physiologic movements and trauma.
The conceptual biomechanical building block of the spine is the functional
spinal unit (FSU) or motion segment. It consists in two adjacent vertebrae and
their corresponding intervertebral disc and ligaments. It is the smallest segment
of the spine that exhibits biomechanical characteristics similar to those of the
entire spine.
Each vertebra consists of an anterior (front) segment, the vertebral body,
and a posterior part, the neural arch (see Figure A.1.2). The vertebral body
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Figure A.1.1: Schematic illustration of a human vertebral column or spine, adapted with
permission from Netter [181].
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is a roughly cylindrical mass of cancellous (or trabecular) bone contained in a
thin shell of cortical (or compact) bone. In biomechanical terms, bone tissue
can be regarded as a biphasic composite material consisting in mineral crystals
embedded in a collagenous protein matrix. The mineral and collagen are bound
in a complex manner that varies considerably depending on site, age, dietary
history and presence of disease [184]. At macroscopic level, however, two types of
osseous tissue are typically distinguished (cancellous and cortical bone), although
some authors consider them the same material with varying porosity or density
levels [217]. In any case, the cortical shell of the vertebral body is stiffer and
denser than the spongy tissue in the cancellous core but can withstand greater
stresses before failure. Vertebral bodies are designed to bear mainly compressive
loads.
The neural arch is a bony structure enclosing the vertebral foramen or spinal
canal which houses the spinal cord. This structure contains the articular, transverse and spinous processes1 . The articular processes or zygapophyses make the
vertebral column more stable by locking with the zygapophysis on the adjacent vertebra through their superior and inferior facets. Each vertebra has two
articular processes, one at each side of the spinal canal. The transverse and spinous processes serve for the attachment of muscles and ligaments. The transverse
apophyses of the cervical spine are unique in that they all contain a transverse foramen for the passage of the vertebral artery. An anterior and posterior tubercle
can be distinguished in each of the two transverse process of a vertebra. The
cervical vertebrae also have an additional process not present in the rest of the
vertebrae, the uncinate process. This apophysis makes the superior face of the
vertebra’s body saddle-shaped and houses the uncovertebral joints or joints of
Luschka, which play an important role with respect to kinetics and stability [184].
The intervertebral disc consists in an outer annulus, the annulus fibrosus,
which surrounds the nucleus pulposus. The nucleus pulposus is composed of a very
loose and translucent network of fine collagenous strands that lie in a mucoprotein
gel containing various mucopolysaccharides2 . Its water content ranges from 70%
to 90%, being the highest value at birth and decreasing with age [184, 158, 258].
The annulus fibrosus gradually becomes differentiated from the periphery of the
nucleus. It is composed of fibrous tissue in concentric laminated bands. The collagenous fibres are arranged in a helicoid manner and run in about the same direction in a given band (orientated at about 30◦ to the disc plane) but in opposite
direction in any two adjacent bands, as seen in Figure A.1.3. The intervertebral
disc bears and distributes loads and restrains excessive motion of the spine. The
forces exerted by the longitudinal ligaments and the ligamentum flavum result
in an intrinsic pressure or pre-stress of the disc’s nucleus. During the loading
1 In anatomy, a process or apophysis, is a projection or outgrowth of tissue from a larger
body.
2 Mucopolysaccharides or glycosaminoglycans (GAGs) are complex polysaccharides containing an amino group which occur chiefly as components of connective tissue. Polysaccharides
are a class of carbohydrates whose molecules contain linked monosaccharide units (a simple
carbohydrate molecule).
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Figure A.1.2: Top view (above) and lateral view (below) of a typical cervical vertebra (representative of C3 -C6 vertebrae), from Gray [106], available on-line at
http://bartleby.com/.

of the spine, the nucleus acts hydrostatically, allowing a uniform distribution of
pressure throughout the disc. Hence, the entire disc serves a hydrostatic function
in the FSU, acting as a cushion between the vertebral bodies to store energy and
distribute loads [184].
Many authors consider the cartilaginous end-plates which separate the disc
from the adjacent vertebral body as an additional distinct part of either the
vertebra or the disc. However, it is believed by some that this cartilaginous tissue
is gradually replaced by bone as one grows, completely disappearing with time.
Ligaments are uniaxial structures composed of parallel-fibred collagenous tissues. They are most effective in carrying loads along the direction in which the
fibres run and readily resist tensile forces but buckle when subjected to compressive loads. They may, in fact, be regarded as rubber bands. Ligaments restrict the
motions between vertebrae within well-defined limits and provide stability to the
spine. When a FSU is subjected to different combinations of loads, the individual ligaments provide tensile resistance to these external loads by developing
tension [258]. All spinal ligaments have high collagen content except for the ligamentum flavum, which has a large percentage of elastin. Here we briefly describe
the ligaments3 involved in the stabilization of the middle and lower cervical spine
(see Figure A.1.4).
Anterior longitudinal ligament (ALL) and posterior longitudinal ligament (PLL). They are fibrous tissues that lie on the anterior and posterior
3 The

ligaments have been listed by order of relevance according to professional medical
judgement. Additional information has been obtained from White and Panjabi [258] and
Gray [106].
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surfaces of the disc and are attached to both the disc and the vertebral bodies.
They limit extension and flexion, respectively, of the FSU.
Interspinous ligament (IL). Also named interspinal ligament, it is a thin,
narrow and membranous ligament that connects adjacent spinal processes, extending from the root to the apex of each process. It limits flexion of the FSU
and prevents contact between the adjacent spinous processes.
Ligamentum flavum (LF). Also named yellow ligament, it extends from
the anterior-inferior border of the lamina above to the posterior-superior border
of the lamina below. This ligament, which consists of two lateral portions, is
under tension even when the spine is in a neutral position. This pre-stresses
the disc and provides some intrinsic support to the spine. Its marked elasticity
serves to prevent the inward buckling of the ligament into the spinal canal during
extension, which could potentially compress the neural elements running through
the spinal canal.
Supraspinous ligament (SL). Also named supraspinal ligament, it is a
fibrous, round and slender strand, which connects together the apices of the
spinous processes. Between the spinous processes, it is continuous with the interspinous ligaments.
Facet capsular ligament (CL). Sometimes referred simply as capsular ligament, it is attached just beyond the articular processes of adjacent vertebrae. it
provides flexion stability to the cervical spine.
Intertransverse ligament (ItL). It connects the adjacent transverse processes and, in the cervical region, consists of a few irregular, scattered fibres.
Regarding the anatomical terminology, the planes of the human body and the
positions used to describe the relative location of body structures or motion are
summarized in Figure A.1.6. The motions of a FSU are shown in Figure A.1.5.
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Figure A.1.3: Schematic illustration of an intervertebral disc, reproduced with permission from White and Panjabi [258]. Top view (left) and vertical cut (right).

Figure A.1.4: Schematic illustration of the spinal ligaments, reproduced with permission
from White and Panjabi [258].
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Figure A.1.5: Motions of a functional spinal unit (FSU).
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Figure A.1.6: Schematic illustration of the planes and positions of the human body commonly used in anatomical and medical imaging, adapted from a Wikimedia Commons
file4 .

A.2

Review of a discectomy operation

Spine pain may be due to a variety of sources such as tumour, trauma, infection
or systemic diseases. Psychologic, socioeconomic, biomechanical, biochemical and
immunologic factors also play a role [258]. The exact cause of the majority of spine
pain remains unproven, yet, often, the source of the pain can be singled out to
the intervertebral disc, either because it is herniated or suffers from degenerative
disc disease. A spinal disc herniation (prolapsus disci intervertebralis) is a medical
condition in which a tear in the annulus fibrosus of an intervertebral disc allows
the nucleus pulposus to bulge out and enter the spinal canal, typically causing
nerve root compression. Major herniations that do not improve with medical
treatment, rest and physical therapy require surgical treatment, which involves
removing the herniated disc or part of it. This surgical procedure is referred to
as discectomy and is also used successfully to treat degenerative disc disease [74].
Disc degeneration is dependent on ageing and, thus, inevitable. However, it may
be associated with degenerative arthritic processes of the vertebral bodies and the
intervertebral joints which can cause severe chronic pain in certain individuals.
The term discectomy includes a series of surgical procedures which are performed in different manners but whose aim is to remove part of or the whole
disc. Thus, discectomy procedures may involve the removal of other tissues, in
addition to the targeted disc. In the case of cervical discectomies, the disc can
be accessed from the patient’s nape (posterior approach) or from their neck (anterior approach). The posterior approach was initially described and performed
in 1934 by Mixter and Barr [172]. They treated cervical disc disease (CDD) by
performing a posterior laminectomy, which involves the removal of part of the
4 The original Wikimedia Commons file “File:Planes of Body.jpg is available at https://commons.wikimedia.org/File:Planes of Body.jpg.
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vertebra’s lamina. CDD has also been treated via posterior approach through a
foraminotomy (with and without discectomy), which involves removal of part of
the bone surrounding the intervertebral foramen5 , usually the lamina and the
articular process [74]. The anterior approach was first described by Cloward in
1958 [54]. This approach allows a direct access to the disc and, hence, surgeons
consider it less invasive because the disc can be reached without disturbing the
spinal cord, the spinal nerves and the strong neck muscles of the back. A variety
of procedures use the anterior approach for treatment of CDD, including anterior
cervical foraminotomy, anterior cervical discectomy (ACD), and anterior cervical
discectomy with fusion (ACDF) [74]. In an ACDF procedure, after removing the
disc, a bone graft is placed in the space left by the disc in order to fuse the
vertebrae above and below together. In an ACD, no graft is placed. The fusion
either occurs naturally or, more commonly, a disc prosthesis is inserted in replacement of the extracted disc. Studies have been performed comparing ACD
(with no disc prosthesis) and ACDF that demonstrate that the addition of the
fusion procedure in ACDF is not absolutely necessary [76]. Moreover, operative
times are shorter, post-operative pain relief is greater and operative requirements
for analgesia are less in ACD patients.
A minimally invasive ACD known as microdiscectomy [190] is used by
neurosurgeons in the Hospital Clı́nic de Barcelona. In this procedure, the surgeon uses a special microscopic camera to view the affected disc and nerves.
Consequently, a smaller cut can be made to perform the procedure and, so, less
damage is caused to the tissue surrounding the affected zone. This procedure,
consists in performing a small incision (about 3 cm) in the front of the neck and
separating the soft tissue (skin and muscles) to reach the affected zone of the
spine. The anterior longitudinal ligament is cut to access the pathological disc
and, then, surgeon starts removing it with specialized tools. Once a big enough
space has been created, the vertebrae are forced apart a few millimetres with the
aid of an adequate tool. In order to minimize the damage induced on the vertebrae, this separation is performed in small stages instead of all at once. First,
a surgical retractor instrument is inserted in the space created by the removal
of part of the affected disc and the vertebrae are forced to separate by applying
force as indicated by “a” in Figure A.2.1. Then, the slender bar-like instruments
inserted previously into the core of the vertebrae are forced apart as indicated
by “b” in Figure A.2.1. These two actions are repeatedly alternated until the
surgeon reaches the desired separation and can smoothly remove the rest of the
disc. Finally, the prosthetic disc is introduced, all instruments and foreign bodies
are removed and the wound is stitched up.

5 Between every pair of vertebrae are two apertures, the intervertebral foramina, one on
either side, for the transmission of the spinal nerves and vessels.
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Figure A.2.1: Schematic depiction of the vertebrae separation in an ACD procedure. The
“a” and “b” actions are repeatedly alternated until the desired separation is reached.

Appendix B

Publications
The following scientific publications resulted from the work contained in this
dissertation and are included in this appendix:
Chapter 2
E. Comellas, F.J. Bellomo and S. Oller. A generalized finite-strain damage model for
quasi-incompressible hyperelasticity using hybrid formulation. International Journal
for Numerical Methods in Engineering, 2015. doi:10.1002/nme.5118

Chapter 3
F.J. Bellomo, E. Comellas, L. Nallim and S. Oller. Numerical simulation of the directioned growth and remodelling of soft biological tissues generated by mechanical
stimuli (in Spanish). In: Mecánica Computacional Vol. XXXIII. Asociación Argentina
de Mecánica Computacional, 2014.
E. Comellas, T.C. Gasser, F.J. Bellomo and S. Oller. A homeostatic-driven turnover
remodelling constitutive model for healing in soft tissues. Journal of the Royal Society
Interface. Submitted October 2015.

Chapter 4
E. Comellas, S. Oller, J. Poblete, J. Berenguer and A. Prats-Galino. Numerical modelling of a cervical spine discectomy. In: Mecánica Computacional Vol. XXXI. Asociación
Argentina de Mecánica Computacional, 2012.
E. Comellas, S.I. Valdez, S. Oller and S. Botello. Optimization method for the determination of material parameters in damaged composite structures. Composite Structures,
2015, 122:417–424. doi:10.1016/j.compstruct.2014.12.014.
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[209] E. Peña and M. Doblaré. An anisotropic pseudo-elastic approach for modelling Mullins effect in fibrous biological materials. Mechanics Research Communications, 36(7):784–790, 2009, doi:10.1016/j.mechrescom.2009.05.006. [ Cited in
page 59. ]
[210] E. Peña, J. A. Peña, and M. Doblaré. On the Mullins effect and hysteresis of
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