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Abstract
Gaussian Process State Space Models aim at constructing models of nonlinear dynamical systems capable of quantifying the uncertainty in their predictions. By
means of sampling in a noisy environment and covariance functions, Gaussian Process regression techniques aim to infer an estimate of the underlying function as well
as a probabilistic confidence interval.
Optimally choosing sample points is crucial for system identification and control
as it conforms, together with the prior knowledge, all the information available to
approach the inference problem. The error between the real system and the estimation, as well as its probabilistic confidence interval, directly depend on a measure of
the true function complexity, the maximum information gain and the number and
distribution of the training data for a given kernel. However, a closed-form solution
for the aforementioned parameters hasn’t been presented in past literature.
In this work, we show proof of exact information confidence bounds for the Linear
Kernel and derive a connection between its parameters and the most informative
subset of sample points. We derive closed forms for the information maximization
problem, thus avoiding a non-linear optimization problem and significantly reducing
the computational load. We also compute the true function’s norm in its associated
Reproducing Kernel Hilbert Space and use it as a measure of complexity of the
true function. Finally, we obtain a unique sample point distribution that ensures
both minimal sample variance and maximum information gain for the Linear Kernel.
Additionally, a similar intuition is developed for the Gaussian Kernel, computing the
true function norm in terms of its Fourier transform and deriving a similar connection
between the sample point distribution and the tightest confidence bounds.
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Chapter 1
Introduction
System identification aims to build models of dynamical systems based on empirical measures. While numerous methods and algorithms of machine learning and
statistics have been developed for the identification of linear dynamic systems, such
as ARX or ARMAX models [SP14], treating nonlinear systems requires using more
sophisticated approaches. Volterra series [Fla63], neural networks[ZLB13] [YO10] or
NARMAX models [POTO01] [Bil13] are some of the most popular ones and present,
however, strong limitations arising from the difficulty of parameterizing the complex
physics laws that govern them. Nonparametric regression methods, such as Gaussian Process Regression (GP-R), are not as restrictive as parametric models and
offer a more flexible framework for accurately estimating unknown nonlinearities.
Nowadays, Gaussian Process State Space Model (GP-SSM) emerges as an upcoming
model identification technique for complex nonlinear time invariant systems, such
as human motion[WFH08] or gas-liquid separation[LK07]. The most important advantage of GPP-SM is the prediction of the variance, which contains information
about the uncertainty of the identification and allows the computation of confidence
bounds. Smoothness assumptions and previous knowledge about the true function
is encoded in a covariance function and imposed on the inference model by using a
Gaussian Process as prior. By means of Bayesian optimization, a posterior distribution of the objective function is computed, with its probabilistic nature revealing
the uncertainty of the estimation, thus providing useful feedback for an iterative
model fitting. This offers a powerful tool for nonlinear function regression in scenarios where little previous knowledge is available, and makes the GP-SSM a strong
candidate for the analysis of different control applications based on system models,
such as predictive and adaptive control.
Nevertheless, the fundamental system dynamics of GP-SSM are sparsely research,
with recent contributions on GP-SSM stability [BH16b] and equilibrium distributions [BH16a], as most publications focus on computational issues, such as the
derivation of more efficient sampling methods, like Particle Markov Chain Monte
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Carlo [ADH10] [FLSR13] [TDR10] [ENDH] or the design of experimental design criteria for near-optimal sensor placement [KSGW05] and sensor calibration [GYCW15].
Inference techniques always rely on obtaining information from a real system. As the
true function is to be inferred from the empirically measured data, an optimal design
of the experiments is crucial in order to obtain the most informative sets of available
data in an efficient manner. However, the measured data is always inaccurate in
some way, due to the stochastic nature of variables and the presence of noise. Thus,
the selection of an optimal subset from a given interval of possible sampling locations
is a crucial task to be addressed in all model identification scenarios. In this work,
we aim to analyze how the true function estimation error is affected by the number
and distribution of the training points, as well as to analyze the accuracy of various
confidence bounds for different prior functions.

1.1

Problem Statement

The problem of efficiently distributing sample points is crucial for system identification and control as it conforms, together with the prior knowledge, all the information available to approach the inference problem .
In particular, we want to extract information from as few samples as possible by
using mutual information maximization as optimization criteria, that is, seeking
to find training points distributions that are the most informative about unsensed
locations. This criteria directly measures the effect of sample distribution on the
posterior uncertainty of the Gaussian Process and allows us to analyze the system
behavior depending on the number and the position of the training points. Consequently, the error between the real system and the GP regression, as well as its
probabilistic confidence interval directly depends on the training data.
Our goal is thus to establish and characterize the connection between the model
error and the amount and the distribution of the training data. For this, we perform the identification of linear and nonlinear systems by use of appropriate kernel
methods, assess the quality of its estimation by comparing the properties of the true
system and the GP-SSM. More specifically, we want to measure the certainty of
our model’s estimation by probabilistically bounding the difference of the estimate
mean and the true function.

7
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In particular, we work with the information related expression derived by Srinivas
[SKKS12]:
1/2

P r{∀N, ∀x ∈ D, |µN (x) − f (x)| ≤ βN +1 σN (x)} ≥ 1 − δ
where β and σN (x) are the confidence parameter and sample point variance, depending exclusively on the kernel choice and true function complexity measure.
In order to obtain the confidence parameter β, we provide closed forms for the
determinant maximization problem needed, thus avoiding a non-linear optimization problem and significantly reducing the computational load. We also compute
the true function’s norm in its kernel associated Reproducing Kernel Hilbert Space
(RKHS), to be used as a measure of complexity of f (x). Similarly, we are interested
in globally minimizing σN (x), as well as in deriving a connection of that minimal
point’s variance and point distribution for the maximum information gain for different common kernels.

1.2

Related Work

In inference scenarios, there are two main challenges to be approached: the estimation of an unknown function f (x) from samples drawn from a noisy environment,
and the optimization of the obtained estimate function over some high-dimensional
input space. For the former, much progress has been made through the study of
kernel methods [HSS08] [Cap08] and GP-R [KMSRL03] [RW05]. More recent contributions on Bayesian optimization address one of the main issues in GP-R, the
tuning of kernel hyper-parameters for complex models and algorithms in machine
learning, robotics, and computer vision [CSPD14] [WA13]. Even to this date, the
choice of an appropriate kernel and the adjustment of its hyper-parameters for each
inference scenario remains an open problem in control engineering and statistics,
and isn’t considered in this work.
GP-SSM models aim at constructing models of nonlinear dynamical systems capable
of quantifying the uncertainty in their predictions. For its successful application, the
study of fundamental system properties for control such as equilibrium distributions
and stability properties [BH16b] [BH16a] has been carried out in recent works.
How to optimally distribute sampling points has also been widely investigated during the last decade and different methods such as the minimal energy principle or
the Fisher information matrix [GKS05]. Predominant approaches to this problem
include the multi-armed bandit paradigm [BS92], where the goal is to maximize cumulative reward by optimally balancing exploration and exploitation [Aue03], and
experimental design [CV95], where the function is to be explored globally with as
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few evaluations as possible, for example by maximizing information.
The probabilistic terms of its estimation being one of the greatest advantages of
using GP-SSM models, it is just natural that confidence bounds have become a field
of major study. Multiple algorithms for an optimal sampling in terms of information and accuracy have been studied, most notably the information-related bounds
presented by Srinivias [SKKS12] which based on an K-armed Bandit setting have
served as basis for deriving sharper regret bounds [dFSZ12b] [CBRV13] [dFSZ12a]
[DKB14].
However, a closed-form solution for any of the different parameters that model the
confidence bound: sample point distribution for the maximum mutual information
gain, true function norm in RKHS and minimum sample points covariance, hasn’t
been presented in past literature. Instead, the main focus has remained the optimization of numerical procedures and the design of exploration-exploitation algorithms
and experiment layouts that lead to computationally expensive sub-optimal solutions.
In this work, we present proof of exact information confidence bounds for the Linear Kernel (LK) and derive a connection between its parameters and the most
informative subset of sample points. We derive closed forms for the information
maximization problem, thus avoiding a non-linear optimization problem and significantly reducing the computational load. We also compute the true function’s norm
in its associated RKHS and use it as a measure of complexity of the true function.
Finally, we obtain a unique sample point distribution that ensures both minimal
sample variance and maximum information gain for the LK. Additionally, a similar
intuition is developed for the Gaussian Kernel (GK), computing the true function
norm in terms of its Fourier transform and deriving similar sample point distribution
effect on the confidence bounds.
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Chapter 2
Regression with Gaussian
Processes
Gaussian Process Regression Models are nonparametric kernel-based probabilistic
models. Given any inference scenario where a true function f = f (x) is to be
estimated, and for an arbitrary number of sample points N we can write:

D = {(xn , yn )| n = {1, . . . , N } , xn ∈ X ⊆ Rn , yn ∈ R}

(2.1)

where xn is an input vector of dimension D and yn is the corresponding target value
containing an evaluation of f corrupted by noise. The column vector inputs for all
n cases are aggregated in the D × n design matrix X so we can rewrite equation 2.1
as D = {X, y}.
In order to ultimately be able to infer the distribution over all possible functions
f : X → R, the first step is to predict responses y∗ for any new inputs x∗ . By using
a Bayesian approach, when performing regression with Gaussian Processes, we treat
the true function f as a random function and introduce our knowledge about its
expected behavior by placing a prior over it in terms of the covariance function or
kernel. By means of sampling, we obtain a set of data points which we then use to
update the prior distribution by placing a Gaussian posterior over the true function.
Hence, GP-R uses too main tools for inference: the kernel function or covariance
k(x, x0 ), which encodes previous knowledge or assumptions about the true function
behavior, and the sample points xn , which are used to condition the prior and enhance the fitting of the underlying distribution by means of a likelihood function.

10
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Gaussian Process Regression Models

A Gaussian Process is a set of random variables, any finite number of which have
a joint Gaussian distribution. Hence, for an arbitrary input vector x ∈ Rn , a GP
is completely specified by its mean and covariance functions, which are in turn
parametrized by a set of kernel parameters known as hyper-parameters.
We define the mean function m(x) and covariance function k(x, x0 ) of any real GP
f (x) as follows:

m(x) = E[f (x)]
k(x, x ) = cov(f (x), f (x0 )) = E[(f (x) − m(x))(f (x0 ) − m(x0 )]
0

(2.2)
(2.3)

and express the GP as:
f (x) ∼ GP((m(x), k(x, x0 ))

(2.4)

If f (x) is a GP and given N observations {x1 , x2 , ..., xN }, the joint distribution of
the random variables is also Gaussian:
[f (x1 ), f (x2 ), · · · , f (xn )]> ∼ N (µ, K)

(2.5)

where the mean N -column vector µ has entries of the form µn = m(xn ) and the
N × N covariance matrix K has entries of the form Knm = k(xn , xm ). The embedding of important properties of the true function, such as differentiability or
periodicity, are determined by the choice of the kernel function, which is briefly
discussed in section 2.4.
Let us consider the training set xn ∈ Rn with n = {1, 2, · · · , N } corresponding to
samples drawn from an unknown objective function f . A GP-R model aims to predict the value of the response variable y∗ given a new input vector x∗ by making use
of the previously obtained training data. Note that our goal is the characterization
of the relationship between inputs xn and targets yn , that is, we want to obtain the
conditional distribution of the targets given the inputs, rather than in modeling the
input distribution itself [RW05].
The Bayesian analysis of the standard linear regression model corrupted with Gaussian noise is modeled as:
y = x> β + ε
(2.6)
with β = [β1 , β2 , · · · , βp ] ∈ Rp and where we have assumed that the observed values
y differ from the function values f = x> β by an additive noise that in turn follows
an independent Gaussian distribution with zero mean and variance σn2 such that
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ε ∼ N (0, σn2 ). The error variance σn2 characterizing the noise and the real coefficients β are both estimated though the data obtained by sampling.
A GP-R model characterizes the response by drawing samples from the GP and
defining explicit basis functions φ = {φ(x1 ), φ(x1 ), · · · , φ(xP )} : X → Rp such that:
f (x) =

P
X

βi φi (x)

(2.7)

i=0

The covariance function captures the smoothness of the response and the basis functions project the inputs xn into a higher dimension feature space.
By combining this noise assumption with the linear regression model, and as the
probability density of the Gaussian observations also follows a Gaussian distribution,
the following likelihood function can be derived:
2 !
β
y n − x>
1
n
√
exp −
p(y|X, β) =
p(yn |xn , β) =
2
2σ
2πσ
n=1
n=1
n
n
!

n
2
y − X> β
1
= √
exp −
= N (X> β, σn2 I)
2σn2
2πσn
N
Q

N
Q

(2.8)
(2.9)

As we are suing a Bayesian approach, we need to specify a prior over the parameters,
thus expressing our beliefs about their behavior before taking into consideration any
observations. We place a zero mean Gaussian prior with covariance matrix Σp on
the weights β:
β ∼ N (0, Σp )

(2.10)

In the Bayesian linear model, inference is based on the posterior distribution over
the weights, which can be computed using Bayes rule:
p(y|X, β)p(β)
(2.11)
p(y|X)
where the normalizing constant, also known as the marginal likelihood, is independent of the weights and given by:
Z
p(y|X) = p(y|X, β), p(β)dβ
(2.12)
p(β|y, X) =

where the posterior p(β|y, X) combines the likelihood and the prior, capturing
knowledge about the parameters.
By considering only the weight-dependent terms from the likelihood and prior we
obtain:
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1
1
>
>
>
p(y|X, β) ∝ exp − 2 (y − X β) (y − X β) exp(− β)> Σ−1
p β)
2σn
2




1
1
1
−1
>
>
∝ exp
− (β − w)
XX + Σp
− (β − w)
2
σn2
2


(2.13)
(2.14)

−1
where w = σn−2 (σn−2 XX> + Σ−1
p ) Xy.

Note the posterior distribution is also a Gaussian with mean w and covariance
matrix C−1
ov such that:
p(y|X, β) ∼ N (w, C−1
ov )

(2.15)

2 −1
where Cov = σn−2 XX> + Σ−1
p so that w = σn Cov Xy.

To make predictions for a specific input point x∗ we average over all possible parameter predictive distribution values weighted by their posterior probability.
The predictive distribution for f∗ , f (x∗ ) is given by the average of all possible
linear model outputs with respect to the Gaussian posterior:
Z
p(f∗ |x∗ , X, y) =

p(f∗ |x∗ , β)p(w|X, y)dβ

−1
> −1
= N (σn2 x>
∗ Cov Xy, x∗ Cov x∗ )

(2.16)
(2.17)

Thus, the predicted distribution is also Gaussian and of mean given by the posterior
mean of the weights β multiplied by the input point x∗ .

2.1.1

Inference in the projected Feature Space

The Bayesian linear model is too simple to express complex functions. A very simple and common approach to overcome this issue is to project the input data into
a higher dimension, more tractable feature space in which the linear model can be
applied. A projection into this feature space can be defined by using an appropriate
set of basis functions and as long as the projections are independent of the weights
β, the model keeps its linearity and thus is still analytically tractable.
We assume such feature functions are given as φ(x), which map a D-dimensional
input vector x into an N dimensional feature space.
Let the matrix φ(X) be the aggregation of columns φ(x) for all cases in the training
set. Now the model can be written as:

2.1. GAUSSIAN PROCESS REGRESSION MODELS

f (x) = φ(x)
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(2.18)

where the vector of parameters now has length N .
The analysis for this model is analogous to the standard linear model, except that
everywhere Φ(X) is substituted for X. Thus, the predictive distribution becomes:


1
> −1
> −1
f∗ |x∗ , X, y ∼ N
φ(x∗ ) Cov Φ(X)y, φ(x)∗ Cov φ(x∗ )
(2.19)
σn−2
with Cov = σn−2 Φ(X)Φ(X)> + Σ−1
p .
In order to make predictions using equation 2.19, we need to invert the Cov matrix
of size N × N which may not be convenient if N , the dimension of the feature space,
is large. However, by defining K = Φ> Σp Φ, where Φ = Φ(X) predictions can be
computed as follows:
2 −1
>
>
2 −1 >
f∗ |x∗ , X, y ∼ N (φ>
∗ Σp Φ(K + σn I) y, φ∗ Σp φ∗ − φ∗ Σp Φ(K + σn I) Φ Σp φ∗ )
(2.20)
where we have simplified the notation with φ∗ (x) = φ∗ .

Let us define k(x, x0 ) = φ(x)> Σp φ(x0 ) with k(·, ·) being a covariance function or
kernel and x, x0 being either the training or tests input points.
Because φ(x)> Σp φ(x0 ) is an inner product and Σp is a positive definite matrix, we
1/2
2
can write Σp = (Σ1/2
p ) . By defining ψ(x) = Σp φ(x) we can observe that a dot
0
0
product of the form k(x, x ) = ψ(x)ψ(x ) results from directly evaluating the kernel.
This will allow us to avoid complex computations of dot products, specially when
working with large datasets, as they can be performed in the higher dimension input
space as simple kernel evaluations.
More specifically, if an algorithm is defined solely in terms of inner products in its
input space, then it can be expanded into a feature space by the explicit computation of the required inner products by k(x, x0 ). This method is also known as the
”kernel-trick”.

2.1.2

Inference in Function Space

We can also obtain the results shown in section 2.1.1 by directly performing inference in the function space.
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Prediction with Noise-free Observations
Initially, we consider all observations to be noise free. The joint prior distribution
of the training outputs f and the test outputs f∗ according to the prior is:
 
 

f
K(X, X) K(X, X∗ )
∼ N 0,
(2.21)
f∗
K(X∗ , X) K(X∗ , X∗ )
where for n training points and n∗ test points, K(X, X∗ ) is the n × n∗ matrix of the
covariances for all pairs of training and test points.
In order to obtain the posterior distribution over all possible underlying functions,
we impose the sample points over the joint prior distribution, thus filtering out all
candidate functions that do not contain the empirically observed points. Mathematically, this is equivalent to conditioning the joint Gaussian prior distribution on
the observations:
f∗ |X∗ , X, f ∼ N K(X∗ , X)K(X, X)−1 f ,

K(X∗ , X∗ ) − K(X∗ , X)K(X, X)−1 K(X, X∗ )

(2.22)

Thus, the objective function evaluations f∗ associated with inputs X∗ can then be
sampled from the joint posterior distribution by simply evaluating the mean and
covariance matrix.
Prediction using Noisy Observations
We consider the more realistic setting where only noisy samples are available, i.e.
y = f + ε. Assuming additive and independent Gaussian noise of the form ε ∼
N (0, σn2 ), the prior on the noisy observations becomes:
cov(y) = K(X> X + σn2 I)

(2.23)

By adding the noise σn2 I in equation 2.21, we obtain the joint distribution of the
observed and true function values at the input points X∗ :
 
 

y
K(X, X) + σn2 I K(X, X∗ )
∼ N 0,
(2.24)
f∗
K(X∗ , X)
K(X∗ , X∗ )
Deriving the conditional distribution we obtain the predictive equations for Gaussian
Process regression:
f∗ |X, y, X∗ ∼ N (f ∗ , var(f∗ ))
where the true function can be expressed as:

(2.25)
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f ∗ , E[f∗ |X, y, X∗ ] = K(X∗ , X)[K(X, X) + σn2 I]−1 y

(2.26)

and has a covariance of the form:
cov(f∗ ) = K(X∗ , X∗ ) − K(X, X∗ )[K(X, X) + σn2 I]−1 K(X, X∗ )

(2.27)

Now for any set of basis functions φ we can compute the corresponding covariance
function as k(xi , xj ) = φ(xi )Σp φ(xj ). Analogously, every positive definite covariance function kcan be expressed in terms of a set of basis functions.
Using a compact notation and for a single test point x∗ :
2 −1
f ∗ = k>
∗ (K + σn I) y

(2.28)

The mean prediction is a linear combination of observations y or, similarly, a linear
combination of n kernel functions, each one evaluated on a training point. This can
be explicitly expressed by writing:
f (x∗ ) =

n
X

αi k(xi , x∗ )

(2.29)

i=1

σn2 I)−1 y.

where α = (K +
The fact that the mean prediction for f∗ can be written
as a linear combination of basis functions evaluations is a consequence of the representer theorem, discussed in section 1.

2.2

Gaussian Process State Space Models

GPS-SM are characterized by a n-dimensional state vector xk ∈ X :
xk+1 = f (xk ), k ∈ N
yk = xk + k
f (xk ) ∼ GP(m(xk ), k(xk , x0 k ))
(xk , x0 k ))
2
2
σk ∼ N (0, diag(σ1,n
, · · · , σn,n
))

(2.30)
(2.31)
(2.32)
(2.33)
(2.34)

A n-dimensional system must be modeled by n GPs, so the vector valued function
m(·) = [m1 (·), · · · , mn (·)]> contains the mean estimates for each component of the
vector state xk+1 . The Gaussian Process for each state is given by:

0

 f1 (xk ) ∼ GP(m(xk ), kϕ1 (xk , x k ))
..
..
f (xk ) =
(2.35)
.
.

 f (x ) ∼ GP(m (x ), k (x , x0 ))
n
k
n
k
ϕn
k
k
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with ϕi being the set of hyper-parameters.
The training data is D = X, Y where X = [x̃1 , · · · , x̃m ] contains the m inputs and
Y = [ỹ1 , · · · , ỹm ] contains the m outputs.
The prediction for each component of the next state xi,k+1 is computed as a Gaussian random variable of mean µ(xi,k+1 |xi,k,D ). The joint distribution of the i-th
component of the predicted next step is:


 

Y:,i
Kϕi (X, X) kϕi (xk , X)
∼ N 0,
.
(2.36)
xi,k+1
kϕi (xk , X)> kϕi (xk , xk )
where Y:,i is the i-th column of the matrix Y , Kϕi (X, X) the covariance matrix and
kϕi (xk , X) the vector-valued extended covariance function with hyper-parameters
ϕi .
Kϕi (X, X) : X m × X m → Rm×m
Kj 0 ,j = kϕi (X:,j 0 , X:,j )
kϕi (xk , X) : X × X m → Rm , kj = kϕi (xk , X:,j )
∀j 0 , j ∈ 1, · · · , m, i ∈ {1, · · · , n}

(2.37)
(2.38)
(2.39)
(2.40)

Assuming all GP functions are of mean zero, a prediction for the i-th component
of §k+1 is derived from the joint distribution as a Gaussian conditional probability
distribution of mean:
µi (xk+1 |xk , D) = kϕi (xk , X)> h(i)

(2.41)

2 −1
where h(i) = (Kϕi + Iσn,i
) Y:,i .

The variance of the prediction is of the form:
2 −1
vari (xk+1 |xk , D) = kϕi (xk , xk )) − kϕi (xk , X)> (Kϕi ) + Iσn,i
) kϕi (xk , X)

(2.42)

2
where σn,i
∈ R is the standard deviation of the noise of the input data for all
i ∈ {1, · · · , m}. The set of hyper-parameters ϕi are optimized by means of the
likelihood function, thus by maximizing the probability of:

ϕ∗i = arg max log P (Y:,i |X, ϕi )
ϕi

(2.43)

The n normally distributed components of xi,k+1 |xk , D are combined in a multivariable Gaussian distribution:
xk+1 |xk , D ∼ N (µ(·), (·))

(2.44)
>

µi (xk+1 |xk , D) = [µ1 (·), · · · , µn (·)]
(xk+1 |xk , D) = diag(var1 (·), · · · , varn (·))

(2.45)
(2.46)
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Hence, the whole system can be rewritten as an affine stochastic system with state
dependent noise:
xk+1 = µi (xk+1 |xk , D) + (xk+1 |xk , D)η
(2.47)
with η ∼ N (0, I).

2.3

The Reproducing Kernel Hilbert Space

In order to avoid overfitting, we want to choose f to be as smooth as possible. The
norm of the RKHS, which define spaces of functions, is extremely useful to encode
this criterion. In addition, the use of RKHS offers many other advantages, as under
some restrictions, results and algorithms for linear models in Euclidean spaces can
be generalized and applied [Ros10]. The RKHS main three properties of interest
are:
• The reproducing property:
∀x ∈ X , ∀f ∈ Hk , f (x) = hf (·), k(·, x)ik ,

(2.48)

where h·, ·ik is the inner product defined in space Hk , the associated RKHS to
the kernel k(·, ·).
• Functions in a RKHS can be expressed as a linear combination of the kernel
k(·, ·) evaluated at given points:
X
f (x) =
αi k(xi , x)
(2.49)
i

• The squared norm in a RKHS can be written as:
X
||f ||2k =
αi αj k(xi , xj )

(2.50)

i,j

and can be viewed as a measure of complexity or smoothness of function f .
Let X be an arbitrary set and Hk a Hilbert space of real-valued functions on X . The
evaluation functional over the Hilbert space of functions Hk is a linear functional
that evaluates each function at a point x:
Lx : f → f (x), ∀f ∈ Hk

(2.51)

We say that Hk is a RKHS if ∀x ∈ X , Lx is continuous at any f ∈ Hk .
A RKHS is a Hilbert space Hk of functions defined by a symmetric, positive-definite
function k : X × X → R called the reproducing kernel, such that k(x, ·) ∈ Hk for
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∀x ∈ X .
A more intuitive definition of the RKHS can be obtained by observing that this
property guarantees that the evaluation functional can be represented by taking the
inner product of f with a function Kx in Hk . More formally, the Riesz representation
theorem[Goo70] implies that for ∀x ∈ X there a unique element Kx of Hk exists
and holds:
f (x) = Lx (f ) = hf, Kx i, ∀f ∈ Hk

(2.52)

which is known as the reproducing property.
Since Kx is itself a function in Hk , it holds that for ∀y ∈ X there exist a Ky ∈ Hk
such that:
Kx (y) = hKx , Ky i

(2.53)

This allows us to define the reproducing kernel Hk as a function K : X × X → R:
K(x, y) = hKx , Ky i

(2.54)

From this definition it is easy to see K : X × X → R is both symmetric and positive
definite.

2.3.1

RKHS norm and smoothness

Some kernels of interest, such as the Gaussian, are invariant. This implies we can
evaluate them with a single argument as:
K(x, y) = K(x − y)

(2.55)

We can define its Fourier series representation:
K(x) =

∞
X

K̂ω exp(iωx)

(2.56)

ω=−∞

with K and its Fourier transform K̂ω being real and symmetric.
Define H to be the space of functions with an possibly infinite feature space representation of the form:
#>
"
fˆω
···
(2.57)
f (·) = · · · p
K̂ω
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The space H has an inner product:
∞
X

∞
X
fˆω ĝω
fˆ ĝ
p  p  =
 ω ω
hf, giH =
K̂ω
K̂ω
ω=−∞
ω=−∞ K̂ω

(2.58)

So the feature map can be defined as:

K(·, x) = φ(x) = · · ·

q

>
K̂ω exp(−iωx) · · ·

(2.59)

We can check that the reproducing property holds:
p
∞
∞
X
X
fˆω K̂ ω exp(−iωx)
p
=
fˆω exp(iωx) = f (x)
hf (·), K(·, x)iH =
K̂ω
ω=−∞
ω=−∞

(2.60)

By using the inner product definition and for a given kernel K, we can write the
squared norm of a function f in its associated RKHS Hk as:
kf k2H = hf, f iH =

∞
X
fˆi2
i=−∞

k̂l

.

(2.61)

where fˆ is the Fourier transform of f . If ||f ||H < ∞, then f belongs to the Hilbert
space Hk . We can see that fˆi2 has to decrease quicker than k̂i for the sum to converge
so that ||f ||2Hk < ∞.

2.3.2

Mercer’s theorem

Mercer’s theorem [Mer09] derives a strong connection between the eigenvalues and
eigenfunctions associated with the kernel. More specifically, it provides a representation of any symmetric positive-definite function K(·, ·) ∈ L2 (X × X) as a sum of
a convergent sequence of product functions.

Theorem 1 (Mercer’s Theorem).
Let X ∈ Rn be a finite set {x} and K : X × X → R be a symmetric, nonnegative definite, continuous function. A countable sequence of eigenfunctions {φ},
i.e. Kφ = λφ, and a sequence of associated eigenvalues λ ∈ R+ exist such that
K(·, ·) can be expressed as:
0

K(x, x ) =

∞
X
i=1

λi φi (x)φi (x0 )
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Thus, Mercer kernels [Her02] can be decomposed in terms of the set of basis functions
corresponding to the non-zero eigenvalues. This ensures that every zero mean GP
is defined by an RKHS such that orthonormal eigenfunctions {φi } with associated
eigenvalues {λi } exist and are given by:
0

k(x, x ) =

∞
X

λi φi (x)φi (x0 )

(2.62)

i=1

Mercer’s theorem itself is a generalization of the result that any positive semidefinite
matrix is the Gramian matrix of a set of vectors and ensures the existence of a feature
map φ : X → K ∈ l2 . Thus, expanding the previous expression:
0

k(x, x ) =

∞
X

λi ψi (x)ψi (x0 )

i=1

(2.63)

p
p
p
p
= ( λ1 ψ1 (x), λ2 ψ2 (x), · · · )> ( λ1 ψ1 (x0 ), λ2 ψ2 (x0 ), · · · )
where ψ(x) = {ψ1 (x), ψ2 (x), · · · } is known as the Mercer map. With this, for any
given kernel that satisfies Mercer’s conditions,
a feature space K and
√
√ we can define
a feature map φ : X → K ∈ l2 , with φ(x) = ( λ1 ψ1 (x), λ2 ψ2 (x), · · · )> .
Note that because Hk is a function space, we note that it may be infinite-dimensional.
While this is not a problem in theory, it does pose a computational problem.[Ros10]

2.4

Kernel selection for GP Regression

In order to build accurate models we want to encode some of the underlying true
function main characteristics, such as symmetry and periodicity. We can achieve
that by defining a suitable positive definite covariance kernel, an operator that determines the similarity between all pairs of points in the given domain.
Hence, choosing the kernel that best reflects the prior knowledge and the assumptions about the true function is by no means trivial, and greatly determines the
performance properties of a GP model as well as the quality of its estimation and
confidence bounds [Kri14]. Ultimately, the choice of the kernel and its regularization
parameters can be automated to a certain degree by combining Bayesian inference
with cross-validation techniques.

2.4.1

Hyper-parameter optimization

In Bayesian statistics, a hyper-parameter is a parameter of a prior distribution.
This term has been coined to distinguish the characterization of the prior from the
parameters of the model for inferring the underlying system. Altogether with the
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covariance function, they encode prior information about the underlying system and
its selection can dramatically impact the accuracy of the inference algorithm.
Once an appropriate kernel has been chosen, the next step involves the tuning of its
hyper-parameters, which generally implies solving a constrained optimization problem. Their optimal value for a particular data set can be automatically estimated
by maximizing the log marginal likelihood using standard optimization methods.
The posterior over the parameters is given by Bayes’ rule:
p(β|y, X, σ, Hi ) =

p(y|X, β, Hi )p(β|σ, Hi )
p(y|X, σ, Hi )

(2.64)

where p(y|X, β, Hi ) is the likelihood and p(β|σ, Hi ) is the prior. The prior encodes
as a probability distribution the knowledge about the parameters before seeing the
data. For example, if we only have vague prior information about the parameters, a
broad prior distribution should be chosen. The posterior combines the information
from the prior and the data through the likelihood.
The normalizing constant in the denominator, p(y|X, σ, Hi ) is the marginal likelihood, which is independent of the parameters and of the form:
Z
p(y|X, σ, Hi ) = p(y|X, β, Hi )p(β|σ, Hi )dβ
(2.65)
At the next level, we analogously express the posterior over the hyper-parameters,
where the marginal likelihood from the first level plays the role of the level 2 inference
likelihood:
p(y|X, σ, Hi )p(σ|Hi )
,
(2.66)
p(σ|X, Hi ) =
p(y|X, σ, Hi )
where p(y|X, σ, Hi ) is the prior for the hyper-parameters with a normalizing constant
of:
Z
p(y|X, Hi ) =

p(y|X, σ, Hi )p(σ|Hi )dσ

(2.67)

However, due to computational expensiveness, a good approximation is the maximization of the first level marginal likelihood over the hyper-parameters σ. For a
Gaussian prior as in GP-R:
1
1
d
log p(y|X, σ) = − y> Ky−1 y − log(|Ky |) − log(2π)
2
2
2

(2.68)

where Ky = Kf + σn2 I is the covariance matrix for the noisy targets y and Kf is the
covariance matrix for the noise-free latent f . The only term involving the observed
targets is the data-fit 21 y> Ky−1 y; 21 log(|Ky |) is the complexity penalty depending
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only on the covariance function and the inputs and d2 log(2π) is a normalization constant.
Bayesian optimization starts on assuming a general prior over a set of possible functions, which combined with observations allow the derivation of hyper-parameters.
Usually, hyper-parameters are conditioned to optimizing a certain measure of the
algorithm’s performance. This restrictions, plus marginal likelihood computations
and cross-validation techniques are used iteratively to obtain generally sub-optimal
estimates of the kernel function [RW05]. Hyper-parameter optimization remains an
open problem that, due to its complexity and extension, is excluded from the scope
of this work.
Taking into account that kernels encode our prior information about the true function, some general guidelines can be followed regarding its choice. However, hyperparameter optimization must still be addressed for optimal results [RW05].
In the following sections, some commonly used basic kernels, together with which
kind of behavior from the true function they expect are presented.
We established earlier that if a space of functions can be represented as an RKHS,
it has useful properties. More specifically, the inner product and the ability for
each function to be evaluated continuously at any arbitrary point. In the following
section we describe specific examples of RKHS and examine how their different
norms provide different forms of regularization.

2.4.2

Linear Kernel

The Linear Kernel captures strongly linear trends and can be expressed as:
kL (x, x0 ) = x> x0 , x, x0 ∈ Rn

(2.69)

Its associated RKHS is the dual space consisting of functions f (x) = hx, wi of norm:
kf k2k = kwk2
so that our measure of complexity is the slope of the line.

(2.70)
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Figure 2.1: Prior and posterior GP Regression using a Linear Kernel

2.4.3

Polynomial Kernel
kP (x, x0 ) = (x> x0 + α)β , x, x0 ∈ Rn , β ∈ R+

(2.71)

To aid in a proper fitting, the Linear Kernel is commonly combined with exponentiation in order to conform a Polynomial Kernel. For example, for α = 0 ans
β = 2:

Figure 2.2: Prior and posterior GP Regression using a Squared Polynomial Kernel
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Gaussian Kernel

Also known as Radial Basis Function (RBF) or Squared Exponential kernel, inputs
are weighted such that closer variables are highly correlated, whilst those far away
are uncorrelated. It is of the form:


||(x − x0 )||2
0
kG (x, x ) = exp −
, x, x0 ∈ Rn , ` ∈ R+
(2.72)
2`2
where ` ∈ R+ is the lengthscale hyper-parameter.
In more detail, ` determines the degree of smoothness in the function, that is, it is
a measure of how quickly the Gaussian Process varies when the input x changes.
Hence, a bigger ` would prioritize low complexity over prediction accuracy, resulting in a very smooth function which may overlook the shape of the underlying true
function, thus incurring in underfitting. On the contrary, a smaller choice of ` would
strongly prioritize the fitting of small fluctuations in the data, possibly caused by
noise. Consequently, the inferred function would present a too noisy outline due to
overfitting.
Recalling that the definition of the RKHS norm in terms of f ’s Fourier transform fˆ
is:
∞
X
fˆn2
kf k2H = hf, f iH =
(2.73)
k̂
n
n=−∞
where k̂ is in turn the Fourier transform of the kernel associated with the RKHS.
Since a Gaussian function has another Gaussian as Fourier transform, we can ensure
f ∈ Hk . Hence, a Gaussian Kernel has a RKHS norm of the form:
||f ||2k =

1
2π d

Z

σ2ω2
|F (ω)|2 exp 2 dω

(2.74)

which penalizes harshly high-frequency components and where F (ω) is now the
Fourier transform of f [Ros10].
More specifically, |F (ω)| decreases exponentially with an increase of |ω| so for an
arbitrary function f to be contained in this space its bounded Fourier transform has
to decrease even faster than that of the kernel [Moo28]. By analyzing this behavior
in the frequency domain, we can conclude that f has most of its spectrum consisting
of high amplitude, low frequency components, in contrast with weak or non-present
higher frequency contributions. Low frequency in |F (ω)| implies smoothness in
|F (ω)|−1 . Hence, a Gaussian kernel covariance is always be best used for the inference of smooth functions, even though this complexity can be tuned to a certain
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degree by accordingly modifying the lengthscale hyper-parameter.
Thus, the Gaussian Kernel presents very useful properties, such as being stationary
and having very smooth sample functions, which makes them infinitely differentiable
and results in posterior distributions of the following kind:

Figure 2.3: Prior and posterior GP Regression using a Gaussian Kernel

2.4.5

Rational Quadratic Kernel

This kernel is equivalent to adding together multiple SE kernels with different lengthscales. Hence, such as prior would expect true functions that vary smoothly across
various lengthscales. It is of the form:

(x − x0 )2
kRQ (x, x ) = σ exp −
2α`2
0

2



−α
(2.75)

where the parameter α determines the relative weighting of large and small-scale
variations. It can be easily observed, that when α → ∞, the RQ corresponds to the
Squared Exponential kernel and thus its estimates also have a smooth behavior:
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Figure 2.4: Prior and posterior GP Regression using a Rational Quadratic Kernel

2.4.6

Sine Exponential Periodic Kernel

Allows capturing periodic behavior. This kernel corresponds to the space of band
limited functions f ∈ L2 (R) with bandwidth 2a.


1 X sin a(xi − x0i )2
0
2
kP (x, x ) = σ exp −
(2.76)
2 i
`i

Figure 2.5: Prior and posterior GP Regression using a Sine Exponential Kernel
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Chapter 3
Confidence bounds for GP
Regression
3.1

Optimal Bayesian experimental design

One of the key points of statistical inference is the fact that there is a probability
associated to the estimation. In particular, this probability bears information about
the accuracy of the obtained estimation and is given by the confidence interval. In
other words, it can be thought of as a measure of how good our system model is,
and is thus used as feedback for its iterative improvement by means of an increase
or alternative distribution of the sample points or a better kernel hyper-parameter
tuning.
We are concerned with GP optimization where f is sampled from a GP distribution
or has low ”complexity” measured in terms of its RKHS norm under some kernel.
Thus, we study the regret bounds in this nonparametric setting and how the distribution of the sample points affects the estimation error.
Our goal is to understand how the choice and distribution of the sampling points
influences the confidence intervals of a non-linear Gaussian regression setting. In
order to study this behavior, we use the Information-related bound presented on
”Information-Theoretic Regret Bounds for Gaussian Process Optimization in the
Bandit Setting” [SKKS12].
In particular, we work with Theorem 6:
Theorem 2 (Theorem 6, Srinivas). Let us choose δ ∈ (0, 1) and assume that the
noise variables t are uniformly bounded by σ, i.e. ∀t ∈ D, yt = f (xt ) + t ≤
f (xt ) + σ. We can define probabilistic confidence intervals as:
1/2

P r{∀N, ∀x ∈ D, |µN (x) − f (x)| ≤ βN +1 σN (x)} ≥ 1 − δ

(3.1)
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where β is a confidence parameter of form:
βt =

2||f ||2k

3

+ 300γn ln

t
δ

(3.2)

where ||f ||k is the true function’s norm in the kernel’s associated RKHS and γN
is the maximum information gain obtained by maximizing the mutual information
I(yA ; fA ), which can be computed as:


1
−2
log|I + σ KN |
(3.3)
γN = max I(yA ; fA ) = max
A∈D:|A|=N
A∈D:|A|=N
2

3.1.1

D-Optimality: Mutual Information as criteria

To quantify how informative an individual sampling is, we use the criterion of mutual
information, which for an unknown function f and a set of sample points A ∈ D of
form yA = fA + A :
I(yA ; f ) = H(yA ) − H(yA |f )
(3.4)
quantifying the reduction in uncertainty about f from revealing yA , with fA =
[f (x)]x∈A and A ∼ N (0, σ 2 I).
For a Gaussian distribution, the entropy can be expressed as:
1
H(N (µ, Σ)) = | logI + σ −2 KN |
2

(3.5)

which allows us to rewrite the information gain for our setting as:
1
I(yA ; f ) = I(yA ; fA ) = log|I + σ −2 KN |
2

(3.6)

where KN = [k(x, x0 )]x,x0 ∈A .
This criterion expresses the expected reduction of global entropy for all locations
where we didn’t sample, after taking into account the information given by the selected sample points.
While finding the information gain maximizer among A ∈ D, |A| ≤ T is NPhard [KLQ95], we aim to find closed expressions for particular kernel choices. A
general sub-optimal result can be attained by an efficient greedy algorithm. If
F (A) = I(yA ; f ), the algorithm chooses xt = argmaxx∈D F (At−1 ∪ {x}) in round t,
that is:
xt = argmaxx ∈ D σt−1 (x)
(3.7)
where At−1 = {x1 , · · · , xt−1 }. It is guaranteed to find a near-optimal solution
[SKKS12].
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Besides avoiding the finite-dimensional analysis, we must handle confidence issues,
which are more delicate for nonlinear random functions. Importantly, note that the
information gain is a problem dependent quantity - properties of both the kernel and
the input space determines the growth of regret. This theorem shows that, with high
probability over samples from the GP, the cumulative regret is bounded in terms of
the maximum information gain, thus directly connecting GP optimization and experimental design. Moreover, the sub-modularity of I(yA ; fA ) allows the derivation
of sharp a priori bounds, also depending on the kernel type and hyper-parameter
estimation.
The smoothness assumption on k(x, x0 ) disqualifies GPs with highly erratic sample
paths. It holds for stationary kernels which are four times differentiable.
Note that in our case, since we train the GP offline, there are no rounds but a fixed
number of available sample points N .
We define δ in order to obtain the desired probability, e.g. δ = 0.1 for a 90%
probability. Then, for ∀x ∈ D and with our given N sample points, we need to
compute the following:
• Information gain γN , which depends on N and on the kernel choice (in particular, on the kernel’s eigenvalues)
• ||f ||2k bound in the kernel’s associated RKHS, as the function generator is not
known
Note |µN (x) − f (x)|, where µT (x) is the posterior mean function. This value is
obtained by simulation once the confidence bounds for the specific inference setting
are computed.
In our study we use the squared-exponential kernel:
0 2

||
)
k(x, x0 ) = exp(− ||x−x
(2`2 )

Then, for D ∈ Rn , n ∈ N and assuming k(x, x0 ) ≤ 1:
γN = O((logT )d+1 ))
Even though knowing how γn behaves is useful for a general understanding of the
algorithm, it is too loose to be used as an assumption. Hence, based on the definition
of information gain:
γN :=

max I(yA ; fA )

A∈D:|A|=N
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where I(yA ; fA ) = I(yA ; f ) and I(yA ; f ) = 21 log|I+σ −2 KA |, with Kn = [k(x, x0 )]x,x0 ∈A
being the covariance matrix or kernel of fA = [f (x)]x∈A associated with the N samples contained in A. Note that the properties of both the kernel and the input space
influence how the regret grows.

3.1.2

Computation of the maximum information gain

We want to directly obtain:
γN =

max

1

A∈D:|A|=N 2

log|I + σ −2 KN |

where σ is the sampling noise variance from the Gaussian Process prior described
by N ∼ (0, σ 2 ).
Even though finding the information gain maximizer among A ∈ D : |A| ≤ N is
NP-hard [KLQ95], it can be approximated by an efficient greedy algorithm, as proposed by Srinivas [SKKS12]
However, we want to train the GP offline and directly compute the confidence bounds
for a fixed amount of available sampling points, so for each specific case we can simply
compute:
γN = 21 log|I + σ −2 KN |
Hence, γN ’s value is determined by the covariance matrix KN , which is in turn
defined by the sample points and the type of kernel chosen, and by the variance
σ 2 . For a noisy sample yn = {y1 , · · · , yN }T at points xn = {x1 , · · · , xN }, so that
yn = f (xn ) + n with n ∼ N (0, σ 2 ) i.i.d. Gaussian noise, the posterior over f is a
GP distribution with mean µN (x), covariance kN (x, x0 ) and variance σ 2 (x).
Having defined a fixed number of sample points N ∈ D, we can compute the maximum information gain attainable. The problem can be tackled as a non-convex
optimization, where γN is the function to maximize for which a discrete subset xn
is chosen from a continuous bounded interval.
An iterative approach was implemented using the interior point method [Ren01],
but the quality of the result depends greatly on the initial conditions, that is, on the
set of sample points selected. Its choice is not trivial, and even under restrictions
we can’t guarantee that the absolute minimum is reached.
Hence, a more theoretical approach has been decided in order to find a closed form
for the maximum information gain, for which we need to work directly with the
determinant of the covariance matrix KN :

3.2. COMPUTATION OF THE CONFIDENCE BOUNDS

γN =

max

1

A∈D:|A|=N 2
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log|I + σ −2 KN |

As this is a too generic approach, we particularize the computation of the confidence
bounds for the linear and Gaussian kernels.

3.2

Computation of the confidence bounds

For a fixed δ ∈ (0, 1) and |n | ≤ σ, the following confidence parameter is defined:
n
βn = 2||f ||2k + 300γn ln3
(3.8)
δ
The main problem now is how to accurately compute the true function’s norm in
its associated RKHS, ||f ||k .
In general, since f is unknown, we cannot address this question directly, but aim to
obtain an upper bound for the norm. For the time being, let us consider ||f ||k < B.
n
n
≤ 2B 2 + 300γn ln3
(3.9)
βn = 2||f ||2k + 300γn ln3
δ
δ
Note that we are only considering functions with low complexity in RKHS, that is,
smooth or with a small norm. This implies that, working within an ideal setting,
the norm’s contribution to the confidence parameter β could be significantly smaller
than the rest of expression, which is in turn tied with the parameters γn , δ and the
number and distribution of the selected samples N .
As the focus of our study is the derivation of exact bounds, we assume the true
function is known and attempt to compute its RKHS norm under the assumption
of a good kernel choice. Let us discuss once again the Linear and Gaussian kernels.

3.2.1

Confidence bounds for the Linear Kernel

3.2.1.1

Maximum Information Gain for the Linear Kernel

Starting with the generic known maximum information gain expression, we now
particularize it for the Linear Kernel k(x, y) = x> y:
γNLK =

max
A∈D:|A|=N

1
log|I + σ −2 (xx> )|
2

(3.10)

We can disregard the constant and the logarithm, as it is a monotonic increasing
function that won’t affect the optimization result. Hence, we work with:
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max |I + σ −2 (xx> )| =
A∈D:|A|=N


max
A∈D:|A|=N

1
0

 ..
.

0
0

0 ···
1 ···
.. . .
.
.
0 ···
0 ···

 = 2

kx1 k
x1 x2
0
2
 x 2 x1
kx
0
2k


..
..  + σ −2  ..
 .
.
.


xN −1 x1 xN −1 x2
1 0
0 1
xT x1
xT x2

0
0
..
.

···
···
..
.

x1 xN −1
x2 xN −1
..
.

···
···

kxN −1 k2
xT xN −1

x1 xT
x2 xT
..
.








xN −1 xT 
kxT k2

To help us gain intuition, we first consider to have only 2 samples so that x = [x1 , x2 ].
The matrix of which we want to obtain the determinant now looks like:





2
1 + σ −2 kx1 k2
σ −2 x1 x2
x1 x2
1 0
−2 kx1 k
=
+σ
0 1
σ −2 x2 x1
1 + σ −2 kx2 k2
x2 x1 kx2 k2


= 1 + σ −2 kx1 k2 )(1 + σ −2 kx2 k2 ) − σ −4 (x1 x2 )(x2 x1 ) = 1 + σ −2 (kx1 k2 + kx2 k2 )


It can be easily seen that this last expression is maximized when x1 and x2 have
the biggest module, that is, when the sampling is done as far as possible from the
origin of coordinates. This also implies that x1 = x2 , which means we sample the
same point twice.
Our aim is now gaining an intuitive understanding as to why sampling the same
point repeatedly is the optimum approach, always in terms of maximizing the information gain. By using a Linear Kernel, our prior knowledge about the true function
is that it behaves linearly. This strong bias influences our estimation the most so we
already have information on how the function behaves. Under this circumstances
we are much more interested in obtaining the gradient of the true function, which
is greatly affected by noise. A small  variation in yn = f (xn ) + n can dramatically
affect our estimation’s accuracy, and hence we concentrate sampling in the same
point as an attempt to reduce noise as much as possible.
The next natural step would be increasing the number of samples. Let us increase the input vector by one in order to analyze the 3-dimensional case, i.e. now
x = [x1 , x2 , x3 ]. We are again interested in distributing the sampling points so the
information gain is maximized and, in particular, in finding a generalization for ndimensions. Following the results from the 2 sample points case, we want to know if
there are any limitations as when to cluster sampling points steadily increases γN .
Computing the determinant:




kx1 k2 x1 x2 x1 x3
1 0 0
0 1 0 + σ −2  x2 x1 kx2 k2 x2 x3  = 1 + σ −2 (kx1 k2 + kx2 k2 + kx3 k2 )
0 0 1
x3 x1 x3 x2 kx3 k2
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Now that we have acquired some intuition, we attempt to generalize the result for
an arbitrary number of samples. Determinant developments for n × n matrices with
n > 3 are of exponentially increasing computational cost and becomes intractable in
inference problems where the number of samples is high. However, given the special
properties of the covariance matrix, we can simplify the problem in order to obtain
a general result.
We first focus on analyzing the variance-covariance matrix of the samples, KN ,
which is squared, symmetric, and positive semi-definite. It can be seen that the
elements of KN compute the inner product of projections of all pairs of samples
into a feature space, i.e. the kernel function is as a scalar product so a function
φ(x) exists such that k(x, x0 ) = φ(x)> φ(x). The matrix formed by the cross scalar
products of the samples receives the name of Gram matrix, with a determinant of
closed from ||x1 ∧...∧xn ||, where the ∧ operator is the exterior product.
However, we do not want only to compute a certain determinant, but to also select
the most informative subset of N samples from a continuous interval D = [0, a]. We
present a closed form for the maximum information gain for the Linear Kernel and
derive the most informative distribution of sample points.
Theorem 3. Given a Linear Kernel k(x, y) = xy> and a bounded continuous
sampling interval D = [0, a], by selecting an arbitrary number of sample points N
such that ∀{x, y} ∈ D the information gain γN is maximized as:

1
γNLK = log 1 + σ −2 N kak2
2

(3.11)

that is, when sampling from points with the maximum magnitude kak2 .
Proof. This result can be proved by using a particular case of the matrix determinant
lemma [Har97]. Given an invertible n × n square matrix A and two column vectors
u, v of length n, we can write:
det(A + uv> ) = det(A)(1 + v> (A−1 u))

(3.12)

In our case, A is the identity matrix of range n, In and v = u = x is the vector
containing the n sample points, thus:
det(I + xx> ) = det(I)(1 + x> (I−1 x)) = 1 + x> x
as det(I) =

Q

(3.13)

(diag(I)) = 1 and I−1 = I.

Applying this result to the maximum information gain expression and particularizing
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for the Linear Kernel, we finally obtain:
1
log|I + σ −2 (x> x)|
γNLK = max
A∈D:|A|=N 2
N
X

1
−2
kxn k2
= max
log 1 + σ
A∈D:|A|=N 2
n=1

1
= log 1 + σ −2 N kak2
2
which is the result we wanted to prove.

(3.14)
(3.15)
(3.16)

We conclude the information gain γN is maximum for the Linear Kernel, when repeatedly sampling the point with the biggest magnitude.

Figure 3.1: LK Most informative distribution N = 5 points, σn = 0.1, γN = 0.01

Figure 3.2: LK Uniform distribution N = 5 points, σn = 0.1, γN = 0.004
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Figure 3.3: LK Random distribution N = 5 points, σn = 0.1, γN = 0.002
3.2.1.2

RKHS norm for the Linear Kernel

For a true function with a strong linear treat, which can in turn be best inferred
with a Linear Kernel, the RKHS norm is simply the slope:
kf k2k = kwk2

(3.17)

hence, this simple parameter measures the ”smoothness” or complexity of the true
function. For our setting, we are assuming this measure to be low, even tough this
assumption has no impact on the computation methodology.
We can now calculate the confidence bounds for the Linear Kernel for any arbitrary
sample size N and a selected δ ∈ (0, 1):


N +1
2
3
(3.18)
βN = 2||w|| + 300γN ln
δ

with γN = 21 log 1 + σ −2 N kak2 and where a ∈ D is the sample point of greatest
magnitude possible.
3.2.1.3

Minimum variance for the Linear Kernel

We can now rewrite the confidence bounds expression for the Linear Kernel for
∀x ∈ D as:

2

3

P r{|µN (x) − f (x)| ≤ (2||w|| + 300γN ln




N + 1 1/2
)N +1 σN (x)} ≥ 1 − δ
δ

(3.19)

2
Now the only parameter left to determine is the variance of the sample points σN
,
which can be computed directly. We are interested in our confidence interval to
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be as tight as possible, i.e. to achieve the highest model accuracy. By examining
equation 3.19 we can observe that once the constant βN has been determined, the
tightness of the interval is directly proportional to the variance of the sample points.
Hence, we want to minimize it.
Theorem 4. Given a Linear Kernel k(x, y) = x> y and a compact continuous
sampling interval D = [0, a], by selecting an arbitrary number of sample points N
such that ∀{x, y} ∈ D the sample variance σN (x) is minimized when:
kxk2 = kak2 , ∀ x ∈ D

(3.20)

that is, when the N sample points are points of maximum magnitude kak2 .
Proof. The variance of the sample points squared can be written as a function of
kernel evaluations:
−1
2
σN
(x) = K(x, x) − K(xN , x)> K(xN , xN ) + σ 2 I
K(xN , x)
(3.21)
where xN is the vector containing the N sampled points, K(·, ·) is the kernel function
and σ 2 is the noise of the Gaussian prior. Note that we evaluate the covariance for
each x, so for each evaluation K(xN , x) is a N × 1 vector. It is then natural to
compact the notation as:
– K(xN , x) = kN (x)
A N ×1 vector containing the covariance of the samples with the queried point.
– K(x, x) = Kx
A scalar resulting of evaluating the kernel at the queried point.
– K(xN , xN ) = KN
The N × N covariance matrix of the samples.
Thus, we can rewrite the variance expression as:
−1
2
σN
(x) = Kx − kN (x)> KN + σ 2 I
kN (x)

(3.22)

Note that, in a spatial context, the minimum variance associated to a kernel would
be equivalent to having the smallest correlation possible between all points within a
fixed distance apart. AS Kx is a constant, independent of xN , it can be disregarded
2
so that minimizing σN
(x) is equivalent to maximizing the top right expression in
3.22. Hence, for ∀x ∈ D:
−1
2
min{σN
(x)} = max{kN (x)> KN + σ 2 I
kN (x)}
xN

xN

(3.23)
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More specifically, for the Linear Kernel KN is the outer product of the training
pints, which enables us to rewrite the previous expression as:


2 −1
2
min{σN
(x)} = max{kN (x)> xN x>
kN (x)}
N +σ I
xN

(3.24)

xN

We can compute the required inverse by applying the Sherman-Morrison formula[SM50].
Let an A ∈ Rn×n invertible square matrix and u, v ∈ Rn be two column vectors,
then we can write:

uv> + A

and using that (σ 2 I)−1 =

1
I
σ2

−1

= A−1 −

A−1 uv> A−1
1 + v> A−1 u

(3.25)

we obtain:

−1



1
1
1
IxN x>
x x>
1
1
1
N σ2 I
>
σ2
σ2 N N
= 2I −
= 2 I−
xN xN + 2 I
1
σ
σ
σ
1 + x>
1 + σ12 x>
N σ 2 IxN
N xN

(3.26)

Substituting this result in the previous equation:

2
min{σN
(x)}
xN


= max
xN

k>
N


I−

1

1
x x>
σ2 N N
+ σ12 x>
N xN




kN


= max
xN

k>
N kN

−

1 >
k x x> k
σ2 N N N N
1 + σ12 x>
N xN

(3.27)
Taking into account that kN = xxN and for an arbitrary value of the prior’s noise
σ 2 , disregarding the constant σ12 , we obtain:

2
min σN
(x)
xN


= max k>
N kN −
xN

1 >
k x x> k
σ2 N N N N
1 + σ12 x>
N xN




= max |x|2
xN

The product we want to maximize behaves as follows:

1

1
x x>
σ2 N N
+ σ12 x>
N xN


(3.28)
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Figure 3.4: Variance of the sample points for the Linear Kernel
with x2 increasing quadratically and x>
N xN being maximized by selecting the most
informative subset of sample points, i.e. those with modulus a.
This conclusion aligns with the fact that, for the Linear Kernel, the most informative
points are those found the farthest apart from the origin of axis. As we discussed
in the information gain section and as a consequence of the linearity of the true
function, a continuous sampling in that area allows us to better infer and discard
the noise.
It is interesting to also note how the level of noise measured by σ 2 (x) influences the
overall variance. Taking extreme values:
σ 2 (x) → ∞ =⇒

lim

2
min{σN
(x)} ≈ ∞

σ 2 (x)→∞ xN

2
σ 2 (x) → 0 =⇒ 2lim min{σN
(x)} ≈ 0
σ (x)→0 xN

Such results can be easily interpreted: if there is no prior noise, i.e. σ 2 ≈ 0, the
variance equals zero and is indeed minimum, as the sample points contain exactly a
value of the true function f . On the other hand, if the noise is very high, it totally
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corrupts the information retrieved by sampling, making the estimation completely
uncertain. This reasoning may aid with the understanding of how noise affects the
sample variance but, as both limit scenarios are unlikely to occur in real settings,
we still need to analyze its general expression.
By means of simulation, we have exactly computed the confidence bounds for the
Linear covariance functions and three different sample points distributions: most
informative, uniform and random.

Figure 3.5: Most informative distribution of sample points for the LK with N = 6,
σn = 0.3, γN = 0.093, δ = 0.15

Figure 3.6: Uniform distribution of sample points for the LK with N = 6 points,
σn = 0.3, γN = 0.039, δ = 0.15
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Figure 3.7: Random distribution of sample points for the LK with N = 6 points,
σn = 0.3, γN = 0.017, δ = 0.15
We can clearly observe how the most informative distribution yields the best results,
both in estimation quality and tightness of bounds.
As stated in our theoretical results, a sample point distribution exists such that not
only maximizes maximum information, but also guarantees a minimum variance of
the sample points. This result may seem counter intuitive, as the bounds become
looser when the information increases. However, we must note γN precisely defines
the information bound and requires a distribution that also minimizes the variance
of the bound, a value that. Analogously, this implies the attainment of the tightest
confidence bounds for the Linear Kernel, thus maximizing the information on the
accuracy of the model’s quality provided by Gaussian inference technique. In other
words, sample points can be allocated such that they maximize model accuracy
knowledge while obtaining optimal mean estimates at the same time.

3.2.2

Confidence bounds for the Gaussian Kernel

3.2.2.1

Maximum Information Gain for the Gaussian Kernel

We now particularize the maximum information gain for the Gaussian Kernel:

γNGK =

max 1 log
A∈D:|A|=N 2

−2 −

I+σ e

|x−x0 |2
2`2

As we did with the linear case, we first analyze the covariance matrix alone. For the
Gaussian kernel, its covariance matrix KN it is of the form:
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k(x1 , x2 ) · · · k(x1 , xN −1 )
k(x1 , xN )

1
· · · k(x2 , xN −1 )
k(x2 , xN ) 




..
..
..
...
KN = σ −2 

.
.
.


k(xN −1 , x1 ) k(x1 , x2 ) · · ·
1
k(xN −1 , xN )
k(xT , x1 ) k(x1 , x2 ) · · · k(xN , xN −1 )
1
1
k(x2 , x1 )
..
.

(3.29)

2

−

|xi −xj |

where k(xi , xj ) = e

2`2

.

We perform an analogous analysis to gain an intuition of the determinant behavior
in relation with the sample points distribution. For n = 2, the determinant of KN
has the following form:

det(KN ) = σ −2



1
k(x1 , x2 )
1
= σ −2  |x2 −x1 |2
k(x2 , x1 )
1
−
e 2`2



det(KN ) = σ

−2



−

1−e

|x1 −x2 |2
`2

e

−

|x1 −x2 |2
2`2




(3.30)

1



(3.31)

−|x1 −x2 |2

which can be easily maximized by minimizing e `2 , i.e. when the distance between x1 and x2 is maximal. For a sampling interval of D ∈ [0, a] this would imply
the maximum information gain is attained when the sample points are distributed
among the interval extremes by alternatively sampling at 0 and a.
Following the same procedure, for n = 3:

det(KN ) = σ −2


1
k(x1 , x2 ) k(x1 , x3 )
k(x2 , x1 )
1
k(x2 , x3 )
k(x3 , x1 ) k(x3 , x2 )
1

(3.32)

we can now express the determinant compactly as a function of distances:
det(KN ) = σ −2 (1 + 2e(d1,2 +d2,3 +d1,3 ) − e2d1,2 − e2d2,3 − e2d1,2 )

(3.33)

where di,j = |xi −xj |2 /`−2 . Setting d1,3 = d1,2 +d2,3 without losing generality, we can
treat the expression as a 3-D maximization problem, which leads to the following
solution:
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Figure 3.8: Determinant of the Gaussian kernel for N=3 points
which doesn’t present any global maxima. Hence, the maximum is determined by
restricting the candidate sampling values to a chosen sampling interval [0, a] and
placing pairs of points as far away from one another as possible, i.e. iteratively
selecting the extremes: 0 and a. This result coincides with that obtained for n = 2.
Now, the full matrix of which we want to compute the maximum determinant is:



k(x1 , x2 ) · · · k(x1 , xN −1 )
k(x1 , xN )

1 + σ −2 · · · k(x2 , xN −1 )
k(x2 , xN ) 




..
..
..
...


.
.
.


−2
k(xN −1 , x1 ) k(x1 , x2 ) · · ·
1+σ
k(xN −1 , xN )
k(xT , x1 ) k(x1 , x2 ) · · · k(xN , xN −1 )
1 + σ −2
1 + σ −2
k(x2 , x1 )
..
.

We observe it is a positive definite, symmetric, Toeplitz matrix, whose entries only
depend on the euclidean distance between the points. This series of special properties may be used to derive a closed solution for the determinant maximization
problem, such as the one obtained in the linear case.
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3.2.2.2

RKHS Norm for the Gaussian Kernel

We have seen that a Gaussian Kernel has a RKHS norm of the form:
Z
σ2 ω2
1
2
||f ||k = n |F (ω)|2 exp 2 dω
2π

(3.34)

where F (ω) is the Fourier transform of the true function f (x), x ∈ Rn .
Note that, as the Gaussian transform spectra is bounded in frequency, i.e. has a
limited bandwidth B < ∞, the norm can be calculated as a Fast Fourier Transform
(FFT) within a given set of discrete points.
3.2.2.3

Minimum variance for the Gaussian Kernel

Given the general information confidence bounds expression:
1/2

P r{∀N, ∀x ∈ D, |µN (x) − f (x)| ≤ βN +1 σN (x)} ≥ 1 − δ

(3.35)

we now want to tighten the bound by minimizing the sample point variance for a
Gaussian kernel.
Note that, in a spatial context, the minimum variance associated to a kernel would
be equivalent to having the smallest correlation possible between all points within
a fixed distance apart. However, the Gaussian covariance matrix measures the correlation precisely taking into account only the distance between each pair of points,
while disregarding its magnitude.
Examining again the general expression of the sample points variance:
−1
2
σN
(x) = K(x, x) − K(xN , x)> K(xN , xN ) + σ 2 I
K(xN , x)

(3.36)

we note that for the Gaussian kernel, K(x, x) = 1, ∀x ∈ D so that, using the more
2
compact notation for the rest of kernel evaluations, we can rewrite σN
(x) as:
−1
2
σN
(x) = 1 − kN (x)> KN + σ 2 I
kN (x)

(3.37)

2
as we did in the Linear Kernel analysis, in order to maximize σN
(x) we maximize
the second term of the expression.

Let A is a n × n positive, symmetric matrix with known A−1 and let D be a n × n
positive, diagonal matrix of the same rank as A. For our particular case, if we
consider low noise, i.e. D = σ 2 I to be small and A = KN , by making use of
Woodbury Matrix identity [Woo49] we can obtain that:
(A + D)−1 ∼ A−1 − A−1 DA−1

(3.38)
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which applied to our maximization problem gives:


−1
2 −1 −1
max k>
kN
N KN − σ KN KN

(3.39)

However, by evaluating kN at the sample points locations we can derive the solution
for this special scenario.




−1
−1
max I − IDK−1
=
max
I(1
−
DK
=
min
IDK
=
min
DK−1
N
N
N
N
(3.40)
in particular:


min σ 2 IK−1
= min K−1
N
N

(3.41)

It is now worth noting that the problem of determining the sample point distribution for the tightest confidence bounds has been reduced to the computation of
the inverse of the covariance matrix, also known as the concentration or precision
matrix. Indeed, K−1
N has as its elements the partial correlations of all sample points
pairs, which can be understood as the correlation two random variables have with
each other while disregarding the impact the rest of variables may have on them.
Particularly, when such variables are Gaussian, the partial correlation is zero only
if they are independent. Hence, in order to obtain the minimum variance possible,
or equivalently, to minimize the inverse of the covariance matrix, we would need to
select points with the highest distance possible between them. Such a distribution
of the sample points coincides with the one required for maximum information gain,
the same connection found in the Linear Kernel analysis.
Given the fact that this approach requires the computation of an inverse covariance
function, alternative methods are suggested to continue this work and attempt to
derive a closed-form solution:
• Volume maximization of the parallelepiped spanned by the column vectors
that form the covariance matrix
• Use of the Matrix determinant lemma for determinant computation, by finding
the kernel’s function in its feature space
• Use of symmetric Toeplitz and Euclidean distance matrices properties

3.3

Sample point distribution for optimal confidence bound

Given our analysis of the linear and Gaussian kernels, we have concluded that the
sample point distribution for the maximum information gain coincides with that
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required for a minimum variance of the points, i.e. the tightest confidence bound
possible.
Taking a look at the confidence interval again, for ∀N and ∀x ∈ D:
1/2

P r{|µN (x) − f (x)| ≤ βN +1 σN (x)} ≥ p

(3.42)
1/2

we can see that σN (x) shapes the bound for any x choice and βN +1 , being a constant, regulates the global uncertainty or, more visually, ”tightness” of the estimation model. In other words, it can be seen as a measure of how fitting our model is.
Hence, the first and more obvious step for the computation of good confidence
bounds is ensuring the quality of the available prior knowledge. Particularly, the
true function’s complexity in terms of its RKHS norm, which influences β’s value,
and the kernel choice and hyper-parameters tunning, which affects both β and σN (x).
The second step, which is usually less restricted in a system inference scenario, is
the choice of sample points. This decision influences greatly the information gain
γN , which in turn affects β and the sample covariance σN (x), both becoming the
decision criteria for sample point distribution: maximum information gain and minimum sample covariance.
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Chapter 4
Conclusion
We have addressed the more specific issue of defining a relationship between the
selection of the training points and the estimation error. In particular, we have
selected some of the contributions of Srinivas for information-related confidence
bounds [SKKS12], in particular Theorem 6, and proceeded to analyze it for different common kernels.
Starting off with the simplest case, we have analyzed the linear kernel and, by means
of well-known matrix algebra properties and identities, have been able to provide a
closed form for the mutual maximization problem. Thus, we have determined the
optimal distribution of the sampling points for this particular case: samples must
be of maximum magnitude, and always the same. This result assumes a good tuning of the hyper-parameters has been attained. In order to compute the mutual
information, the study of functions in the Reproducing Kernel Hilbert Spaces and
in particular, the expression of its norm was crucial, as it is a useful measure of
complexity under which we derive the smoothness of our estimation. For the Linear
kernel, the RKHS norm is simply the slope of the true function, which provides a
useful measure for kernel design.
Similarly, we performed an analogous analysis for the Gaussian kernel. Due to
the increased complexity of the covariance matrix, we have only analyzed and obtained closed-forms of the most informative sample point distributions for numbers
of points, but have provided with a strong intuition about its behavior, which has
also been reinforced with simulations. We also have been able to compute its RKHS
norm by using Fourier transform properties.
A natural question arose: would the sample points that maximize the mutual information gain correspond to those with minimum variance? If they are indeed the
same, it would imply that the most informative distribution of sample points is the
same that provides the tightest confidence intervals. We have been able to proof
this idea for the Linear Kernel, as well as a low noise approximation for the Gaus-
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sian kernel. Both results strengthen the well-known importance of an appropriate
kernel choice, but also highlight that of an optimal sample points distribution by
explicitly showing its influence on the quality of the confidence bounds in terms of
its information gain.
By means of simulation, we have noted that information-related confidence bounds
serve as a much more precise estimation certainty measure in comparison with classic covariance intervals. They take greatly into account the prior knowledge about
the true function introduced by the kernel choice and hyper-parameter tunning, the
mutual information of all pairs of sample points and the function’s smoothness encoded by its norm in RKHS. It is also worth noting how, if all those parameters
are set correctly, a lower number of sample points can provide good results, both in
terms of mean estimation as well as probabilistic confidence.
Future work would include the expansion of this results for more complex covariance functions or custom built kernels, such as additive combinations of the ones
presented in this work. In particular, given the strong results obtained for the Linear
Kernel, next steps should focus on the derivation of a similar connection between the
most informative sample subset and the one that guarantees the tightest confidence
bounds.
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