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Abstract
The modeling of magnetorheological dampers combines the use of the laws of physics along with
a phenomenological description. The phenomenological models that are used to describe these
devices present a symmetric hysteresis loop. However, the experimental hysteresis loops of MR
dampers are not symmetric. To take into account this asymmetry, we propose a modification of
the viscous + Dahl model, use the modified model to describe a large-scale magnetorheological
damper, and validate the modified model against experimental data.
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1. INTRODUCTION

Magnetorheological (MR) fluids consist of a non-magnetic
fluid carrier that contains magnetic particules. When a
magnetic field is applied, the magnetic particles form
chains that impede the flow of the fluid carrier. The MR
fluid becomes then semisolid with a viscoplastic behavior
that depends on the magnitude of the magnetic field.

MR dampers are devices that use MR fluids to generate a
friction force that can be adjusted by using different levels
of the magnetic field. These devices can be seen as systems
with two inputs and one output. The inputs are (1) the
current or voltage v that generates the magnetic field, and
(2) the displacement x or rotation angle of the device. The
output is the friction force F that opposes the movement
of the damper, see Figure 1.
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Figure 1. Input-output description of a MR damper

MR dampers have applications in several fields that in-
clude vehicle systems, Choi et al. (2013); Savaresi et al.
(2005), biomedical engineering, Xi et al. (2016), and civil
engineering, Raju et al. (2013).

Owing to the complex nonlinear behavior of MR dampers,
their modeling usually combines physical considerations
along with a phenomenological description. A review of the
models used for MR dampers may be found in Imadud-
din et al. (2013). The authors list the following mod-
els for having been used to represent the behavior of
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MR dampers: the Bingham model, the Herschel–Bulkley
model, the Bouc-Wen model, and the Dahl model. The
Preisach model is considered in Section 3.2 of Choi et al.
(2013) and the LuGre model is used by Yu et al. (2015).

All these models share a common property: their hystere-
sis loop -of the dry friction force in steady-state versus
displacement- is symmetric with respect to its center.
Indeed, the analytical expression of the hysteresis loop
of the Bouc-Wen model and that of its particular case
the Dahl model, are calculated by Ikhouane et al. (2005),
whilst the analytical expression of the hysteresis loop of
the LuGre model is provided by Naser et al. (2015).

However, as shown in Section 5 of the present paper, the
experimentally obtained hysteresis loop of the MR damper
is not symmetric. Thus there is a need to modify the
models that represent MR dampers in order to accomodate
this asymmetry.

In this paper we use the viscous + Dahl model to represent
a large-scale MR damper. Our choice of this model stems
from the following considerations:

(1) Like the Coulomb model, the Bingham and the
Herschel–Bulkley models are static, thus leading to
inconsistencies when the velocity changes, see Garćıa-
Baños et al. (2016).

(2) The Bouc-Wen model is dynamic. However, it is
shown by Ikhouane et al. (2007) that, when applied to
the modeling of MR dampers, the Bouc-Wen model
can be approximated by the Dahl model.

(3) The Preisach model is much more complex than the
Dahl model which hinders its use for control purposes.

Since the Dahl model generates a symmetric hysteresis
loop, we modify the original model in order to obtain an
asymmetric hysteresis loop. This modification is done in



such a way to preserve other properties of the original Dahl
model that are consistent with experimental observations.

The paper is structured as follows. Section 2 provides
the characteristics of the MR damper used for the ex-
periments. Section 3 presents the viscous + Dahl model
used by Aguirre-Carvajal et al. (2012) to model the MR
damper. Section 4 proposes a methodology for the identi-
fication of the unknown model parameters. This method-
ology is used in Section 5 to show that the hysteresis loop
of the MR damper is not symmetric. To accomodate this
asymmetry, a modification of the viscous + Dahl model
is proposed in Section 6. The parameters of this modified
model are identified using the methodology presented in
Section 4, and the model is validated against experimental
data in Section 7. Conclusions are presented in Section 8.

2. THE LARGE-SCALE MR DAMPER

The large-scale MR damper used in the experiments has
been manufactured by Lord Corporation. It is located
at the University of Colorado at Boulder Network for
Earthquake Engineering Simulation Fast Hybrid Test fa-
cility (see Figure 2). The damper has an available stroke
of 584 mm and can provide forces that range from 15
to 200 kN. The displacements are measured with MTS
244.51S/244.41S displacement transducers. The damper
force is measured with MTS 661.31E-01/661.23E-01 force
transducers. The other technical details relative to this
MR damper are provided in Section 2 of the paper by
Aguirre-Carvajal et al. (2012).

Figure 2. MR damper 1 is used for the experiments

Recall that the damper produces only a friction force that
opposes the movement of the piston. Thus, to complete
the experimental setting, a hydraulic actuator is coupled
to the damper in order to impose a given displacement of
the piston.

The equation of the movement of the piston is given by
Newton’s second law

mẍ(t) = Fh(t)− F (t), (1)

where m is the mass of the piston, x its displacement, ẍ its
acceleration, t is time, F h = Fhi is the force applied by the
hydraulic actuator, F = −F i the friction force generated
by the damper, and i is the unit vector along the x–axis,
see Figure 3.

-

-� FhF

i

0 x

Piston of the MR damper

-

Figure 3. Piston of the MR damper

3. THE VISCOUS + DAHL MODEL

The aim of this section is to introduce the viscous + Dahl
model used by Aguirre-Carvajal et al. (2012) to describe
the MR damper of Section 2.

The friction force F is considered to be decomposed as the
sum of a dry friction force Fd and a viscous friction force
Fv, that is

F = Fd + Fv. (2)
The Coulomb model expresses the dry friction force as a
function of a constant relative velocity of the piston as
(Coulomb, 1821, pp. 41–42)

Fd = κw for ẋ > 0, (3)

where κw > 0 is the Coulomb friction level.

It is customary in the current literature to add to Equation
(3) the following two equations

Fd = −κw for ẋ < 0, (4)

−κw ≤ Fd ≤ κw for ẋ = 0, (5)

to complete the description of the dry friction force,
although Coulomb (1821) did not report Equations (4)–
(5).

Equation (3) is consistent with experimental observations
for constant velocities ẋ. However, when the velocity
changes, this may no longer be the case, see Garćıa-Baños
et al. (2016). For this reason, Dahl (1976) proposed a
model that relates the dry friction force Fd to the relative
velocity as

Fd(t) = κww(t), (6)

ẇ(t) = ρ
(
ẋ(t)− |ẋ(t)|w(t)

)
, (7)

−1 ≤ w(0) ≤ 1, (8)

where w is an internal state variable, and ρ > 0 is a
constant.

The relationship between the Dahl model and the Coulomb
model is studied in detail by Garćıa-Baños et al. (2016)
who show that the Dahl model is compatible with the
Coulomb model for constant velocities, and that the dry
friction given by the Dahl model is a continuous function
of time for varying velocities (this is not the case for the
Coulomb model).

The viscous friction force is assumed to be given by

Fv(t) = κxẋ(t) (9)

where κx > 0 is a constant.

The viscous + Dahl model relates the friction force F to
the displacement x as

F (t) = κxẋ(t) + κww(t), (10)

ẇ(t) = ρ
(
ẋ(t)− |ẋ(t)|w(t)

)
, (11)

−1 ≤ w(0) ≤ 1. (12)

The model (10)–(12) has been used by Aguirre-Carvajal
et al. (2012) to describe the MR damper of Section 2. The



coefficients κx and κw have been shown to depend on the
voltage input.

In the present paper we consider the voltage to be constant
in order to simplify the presentation of the modified model.
When the voltage varies, the coefficients κx and κw can be
modeled as in Aguirre-Carvajal et al. (2012).

With this in mind, the MR damper can be seen as a system
whose input is the displacement x and whose output is the
force F , see Figure 4.
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Figure 4. MR damper

4. PARAMETER IDENTIFICATION

In Equations (10)–(11) the parameters κx, κw and ρ are
usually unknown, so that they have to be identified from
input-output data. To this end, the following result is
useful.

Proposition 1. Let b > 0 be a strictly positive real number.
If ẋ(t) ≥ b,∀t ≥ 0 then limt→∞ w(t) = 1, and if ẋ(t) ≤
−b,∀t ≥ 0 then limt→∞ w(t) = −1.

Proof. Assume that ẋ(t) ≥ b > 0,∀t ≥ 0. Using the
Comparison Lemma (Khalil, 2000, p. 102) it comes from
Equation (7) and (Garćıa-Baños et al., 2016, Equation
(18)) that

w(t) ≥ 1−
(
1− w(0)

)
e−ρbt,∀t ≥ 0. (13)

On the other hand, it follows from Inequalities (8) and
(Ikhouane et al., 2005, Table 2) that w(t) ≤ 1,∀t ≥
0. This fact combined with Inequality (13) shows that
limt→∞ w(t) = 1 which ends the proof.

Suppose that we impose a velocity ẋ larger than b > 0,
then from (10) we get in steady-state by Proposition 1
that

F = κxẋ+ κw. (14)

Since F and ẋ are available from experiments, a linear
regression on (14) provides κx and κw.

To avoid computing ẋ, Equation (14) can also be written
as ∫ t

t0
F (τ) dτ

t− t0
= κx

x(t)− x(t0)

t− t0
+ κw, t > t0, (15)

which provides κx and κw using a linear regression.

To identify the parameter ρ we use a displacement signal x
that is wave periodic: this means that there exist constants
0 < T+ < T such that x satisfies Properties (i)-(iv).

(i) x is continuous on R+.
(ii) x is T -periodic.
(iii) x is continuously differentiable on (0, T+) and on

(T+, T ).
(iv) x is strictly increasing on (0, T+) and is strictly

decreasing on (T+, T ).

An example of such a signal is provided in Figure 6.
Consider that a wave-periodic displacement is imposed by

the hydraulic actuator. Then, the state w that appears in
Equation (11) has a transient and a steady-state w̄. This
steady-state has an increasing part w̄↑ that corresponds to
an increasing displacement, and a decreasing part w̄↓ that
corresponds to a decreasing displacement (see Ikhouane et
al. (2005) for a proof).

The equations for w̄↑ and w̄↓ are detailed in Garćıa-Baños
et al. (2016) as

a =
2

1 + e−ρ(Xmax−Xmin)
, (16)

w̄↑(x) = 1− ae−ρ(x−Xmin), ∀x ∈ [Xmin, Xmax], (17)

w̄↓(x) = −1 + aeρ(x−Xmax), ∀x ∈ [Xmin, Xmax], (18)

where Xmin < Xmax correspond to the smallest and largest
values of the displacement x. Equations (16)–(18) describe
the hysteresis loop w̄ versus x, see Figure 5.
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Figure 5. Black: w̄↑ versus x. Grey: w̄↓ versus x.

The point
(
Xmax+Xmin
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)

is a center of symmetry for
the hysteresis loop w̄ versus x.

The area enclosed within the hysteresis loop can be calcu-
lated as follows∫ Xmax

Xmin

w̄↑(x)−w̄↓(x)dx = 2(Xmax−Xmin)
(
1−f(ν)

)
(19)

where ν = ρ(Xmax − Xmin), f : R+ → R+ is defined by
f(z) = 2

z tanh
(
z
2

)
,∀z > 0, f(0) = 1, and tanh sets for

the hyperbolic tangent. It can be checked that f is right-
continuous at 0. We also have

f ′(z) =
2

z2

[z
2

(
1− tanh2

(z
2

))
− tanh

(z
2

)]
,∀z > 0.

Define the function g : R+ → R by

g(z) =
z

2

(
1− tanh2

(z
2

))
− tanh

(z
2

)
,∀z ≥ 0.

Then, ∀z > 0 we have

g′(z) = −z
2

tanh
(z

2

)(
1− tanh2

(z
2

))
. (20)

Since z > 0 we have tanh
(
z
2

)
> 0. Also 1− tanh2

(
z
2

)
> 0

as the absolute value of the hyperbolic tangent is always
strictly less than 1. Thus g′(z) < 0,∀z > 0 so that g is
strictly decreasing. In particular we have g(z) < g(0) =
0,∀z > 0. Thus f ′(z) < 0,∀z > 0 which means that f is
strictly decreasing.

Define the function h : R+ → R+ by

h(ν) = 1− 2

ν
tanh

(ν
2

)
,∀ν > 0



and
h(0) = 0.

Then, h is right-continuous at 0, and is strictly increasing
so that it is invertible.

With this in mind, ρ is identified as follows. If we know the
area of the hysteresis loop from experimental data, that is

if we know the quantity
∫Xmax

Xmin
w̄↑(x) − w̄↓(x)dx we can

compute h(ν) since by Equation (19)∫Xmax

Xmin
w̄↑(x)− w̄↓(x)dx

2(Xmax −Xmin)
= h(ν).

Once h(ν) has been computed we can find ν as h is
invertible. Then ρ is calculated as

ρ =
ν

Xmax −Xmin
.

5. EXPERIMENTAL OBSERVATIONS

We fix the voltage input to 0.5 V. Using the hydraulic
actuator, we impose the wave-periodic displacement of
Figure 6. The corresponding output force is provided in
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Figure 6. Displacement of the damper versus time

Figure 7. We observe that the force reaches rapidly a
steady-state periodic response. We use the fourth period
of the force response to calculate the unkown parameters
κx, κw and ρ. This period corresponds to the time interval
[15, 20] s.
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Figure 7. Force versus time

Since the displacement x is available from direct measure-
ments, we can calculate ẋ using an Euler approximation.

Figure 8 provides the velocity ẋ that corresponds to an
increasing displacement in the fourth period.
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Figure 8. Velocity versus time

Observe that at the points t = 15 s and t = 17.5 s
the velocity is not defined since the displacement is not
differentiable at these points. We can see from Figure 8
that ẋ(t) > 0.01 m/s for all t ∈ (15, 17.5) s so that, by
Proposition 1, Equation (15) holds for all t ∈ [t0, 17.5)
where 15 < t0 < 17.5.

We take t0 = 15.2041 s, t1 = 15.6924 s and t2 = 17.1572
s, see Figure 8. A linear regression on (15) using the
time interval t ∈ [t1, t2] provides kx1 = 1.6299 · 105 kg/s
and kw1 = 5.2620 · 104 N where the index 1 is used
to indicate that these values correspond to an increasing
displacement.

Figure 9 provides two plots: the regression line β =
kx1α + kw1 where α ∈ [0.0804, 0.1067] m/s, and the

set of experimental points

(
x(t)−x(t0)

t−t0 ,

∫ t

t0
F (τ) dτ

t−t0

)
where

t ∈ [t1, t2], F (τ) is the measured force at instant τ ∈ [t1, t]
and x(t) the measured displacement at instant t.
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Figure 9. Grey: Regression line β = kx1α+ kw1.

Black: Experimental points

(
x(t)−x(t0)

t−t0 ,

∫ t

t0
F (τ) dτ

t−t0

)
where t ∈ [t1, t2].



We observe that the points

(
x(t)−x(t0)

t−t0 ,

∫ t

t0
F (τ) dτ

t−t0

)
lie

almost exactly on the regression line β = kx1α + kw1.
This experimental fact provides a justification a posteriori
that, in Proposition 1, if we consider the initial time as the
instant 15 s, then the time interval [t0, 17.5) corresponds
to a steady-state in which w is equal to 1.

Similarly, when the displacement is a decreasing function
of time, that is in the time interval [17.5, 20] s, we compute
the parameters kx2 = 1.3352 · 105 kg/s and kw2 =
6.2986 · 104 N. We also observe that the experimental

points

(
x(t)−x(t0)

t−t0 ,

∫ t

t0
F (τ) dτ

t−t0

)
lie almost exactly on the

regression line β = kx2α+ kw2, see Figure 10.
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Figure 10. Grey: Regression line β = kx2α+ kw2.
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(
x(t)−x(t0)

t−t0 ,

∫ t

t0
F (τ) dτ

t−t0

)
where t ∈ [t1, t2].

Note that kx1 = 1.6299·105 6= 1.3352·105 = kx2 and kw1 =
5.2620 · 104 6= 6.2986 · 104 = kw2. This observation shows
that the model (10)–(12) does not represent accurately the
real behavior of the MR damper since the model considers
that kx1 = kx2 = κx and kw1 = kw2 = κw.

6. THE MODIFIED MODEL

The aim of this section is to propose a modification of
the model (10)–(12) that incorporates coefficients κx and
κw that change when the velocity changes sign. One may
think to change (10)–(12) into

F (t) = κx1ẋ(t) + κw1w(t), when ẋ(t) > 0, (21)

F (t) = κx2ẋ(t) + κw2w(t), when ẋ(t) ≤ 0, (22)

ẇ(t) = ρ
(
ẋ(t)− |ẋ(t)|w(t)

)
, (23)

−1 ≤ w(0) ≤ 1. (24)

The model (21)–(24) assumes that the dry friction force
Fd is given by

Fd(t) = κw1w(t), when ẋ(t) > 0, (25)

Fd(t) = κw2w(t), when ẋ(t) ≤ 0. (26)

Consider the time instant 17.5 s at which the velocity
changes sign. Then

lim
t↑17.5

Fd(t) = κw1 lim
t↑17.5

w(t)

and

lim
t↓17.5

Fd(t) = κw2 lim
t↓17.5

w(t).

The function w is continuous as a solution of the differen-
tial equation (23) so that

lim
t↑17.5

w(t) = lim
t↓17.5

w(t) = w(17.5).

Since the instant 17.5 s corresponds to a steady-state of w,
it is given by Equation (17) as w(17.5) ' w̄↑(Xmax) ' 1
so that

lim
t↑17.5

Fd(t) = κw1w(17.5) 6= κw2w(17.5) = lim
t↓17.5

Fd(t),

meaning that the dry friction force Fd is discontinuous at
the instant 17.5 s.

However, experimental evidence shows that the dry fric-
tion force is a continuous function of time (Armstrong-
Helouvry, 1991, p. 40). This means that the model (21)–
(24) is not adequate for the description of the MR damper.

As an alternative to the model (21)–(24) we propose the
following model:

F (t) = Fv(t) + Fd(t), (27)

ẇ(t) = ρ
(
ẋ(t)− |ẋ(t)|w(t)

)
, (28)

−1 ≤ w(0) ≤ 1, (29)

where the dry friction force Fd is given by

Fd(t) = κw1w(t), when w(t) ≥ 0, (30)

Fd(t) = κw2w(t), when w(t) ≤ 0, (31)

and the viscous friction force Fv is given by

Fv(t) = κx1ẋ(t), when ẋ(t) ≥ 0, (32)

Fv(t) = κx2ẋ(t), when ẋ(t) ≤ 0. (33)

It can be checked that, for the model (27)–(33), the dry
friction force is a continuous function of time. This model
is also consistent with Coulomb Equation (3) since for a
constant velocity ẋ > 0 we get limt→∞ Fd(t) = κw1 by
Proposition 1.

The main departure of our model from Equations (3)–
(5) and (10)–(12) is that the model (27)–(33) allows
the friction constants κx2 and κw2 to be different from
their counterparts κx1 and κw1. This fact results in an
asymmetric hysteresis loop Fd in steady-state versus x.

7. MODEL VALIDATION

The aim of this section is to validate the model (27)–
(33) against experimental data. To this end we proceed
as follows.

Note that κx1 and κx2 have been determined in Section 5.
Moreover, the input displacement x has been designed in
such a way that |ẋ(t)| > 0.01 m/s at all instants t where
the velocity is defined. This fact makes it possible to decide
whether ẋ(t) is positive or negative even in the presence
of noise (see Figure 8). Thus, the viscous friction force Fv
can be effectively calculated from Equations (32)–(33).

Now that Fv is available, the dry friction force Fd can be
calculated from Equation (27) as Fd = F − Fv.
Observe that Equations (30)–(31) are equivalent to



w(t) =
Fd(t)

κw1
, when Fd(t) ≥ 0, (34)

w(t) =
Fd(t)

κw2
, when Fd(t) ≤ 0, (35)

since κw1 > 0 and κw2 > 0. Given that κw1 and κw2 have
been determined in Section 5, Equations (34)–(35) provide
w(t) for t ∈ [15, 20] s. Thus the hysteresis loop w̄ versus
x can be obtained as the set

{(
x(t), w(t)

)
, t ∈ [15, 20]

}
since we are considering the steady-state response (fourth
period).

Now that the experimental hysteresis loop has been deter-
mined, the parameter ρ can be computed as in Section 4.
We find ρ = 768.73 m−1.

The experimental hysteresis loop
{(
x(t), w(t)

)
, t ∈ [15, 20]

}
is provided in Figure 11 along with the theoretical one
obtained from Equations (16)–(18) with the values ρ =
768.73 m−1, Xmin = −0.1197 m and Xmax = 0.1209 m.
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Figure 11. Black: Experimental w obtained from Equations
(34)–(35) versus displacement x.
Grey: w̄↑(x) versus x (Equation (17)) and w̄↓(x)
versus x (Equation (18)).

We observe that the theoretical hysteresis loop obtained
from Equations (16)–(18) is a very good approximation of
the experimental hysteresis loop obtained from Equations
(34)–(35).

8. CONCLUSIONS

The motivation of the present work is the observation that,
for a real MR damper, the friction coefficients κx1 and
κw1 that correspond to an increasing displacement are not
equal to their counterparts κx2 and κw2 that correspond
to a decreasing displacement.

Indeed, the experiments carried out on the MR damper
of Section 2 show that κx2 is 18.1% smaller than κx1, and
that κw2 is 19.7% larger than κw1. The magnitude of these
differences justify the use of an alternative model that
would incorporate the variation of the friction coefficients
with the sense of variation of the displacement.

We have shown that a modification of the viscous +
Dahl model that entails different friction coefficients for
different signs of the velocity, is not compatible with
other properties of the dry friction. For this reason we
proposed a model that includes two different sets of friction

coefficients, and which, at the same time, is compatible
with other properties observed for the dry friction.

We have shown that the proposed model provides a
theoretical hysteresis loop that is very close to the one
provided by experiments.
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