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Abstract. This paper is the first one of a series of two, in which we characterize
a class of primary orbits of self maps of the 4-star with the branching point
fixed. This class of orbits plays, for such maps, the same role as the directed
primary orbits of self maps of the 3-star with the branching point fixed. Some
of the primary orbits (namely, those having at most one coloured arrow) are
characterized at once for the general case of n-star maps.

1 Introduction

The notion of a primary orbit has revealed to be very useful in the study of
several characteristics of the dynamics of discrete one dimensional systems.
This notion for interval maps is related to the notion of a minimal orbit
(see, for instance, [12], [7], [8], [3], [9], [10], [11]). However it is more general
since its definition depends only on the behaviour of a map from a given
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class on such an orbit. Hence it is possible to characterize these orbits by
looking only at their shapes.

Primary orbits were introduced in [1] to study continuous self maps of
the space consisting of three intervals joined by a common endpoint —the
Y or the 3-star—, with this point fixed. This class of maps will be called Y
in this paper. Simultaneously, Baldwin, in [5], considered the same notion
for maps on the interval or the real line, which he called —-minimal cycles.
For interval maps, the primary (or minimal) orbits are shown by several
authors to coincide with the simple ones (see [5] and [2]; see also [12], [7],
18], [3], [9], [10], [11]). For a definition of simple orbit see, for instance, [2].
These orbits were called pendulum in [1].

In this series of two papers we start the generalization of the charac-
terization of primary orbits of maps from ) to self maps of the n-star (n
intervals joined by a common endpoint) with the branching point fixed.
In [1], the primary orbits were classified into two categories: directed and
undirected. We are convinced that directed orbits are the “genuine” pri-
mary orbits in the Y, whereas the undirected ones are “inherited” in some
way from maps of the interval. However, on trying to do that generaliza-
tion, one quickly sees that, for n > 4, directed primary orbits no longer
have the good properties they had in the Y. These properties are based
in the Directed Rule [1, Lemma 10.4], which the primary directed orbits of
maps from ) satisfy. A crucial consequence of the Directed Rule is that
the primary orbits of maps from ) cannot have more than two coloured
arrows ([1, Directed Theorem (d)]). For n > 4 it is easy to find examples
of directed primary orbits which do not satisfy those properties and, hence,
the Directed Rule (see Example 4.13).

We generalize both the Directed Rule and the General Rule (Lemma
6.1) of [1] into a new condition we call Generalized Directed Rule. The
orbits satisfying this condition are called strongly directed. For such orbits,
in the case of the 4-star, it is possible to show that they have at most three
coloured arrows (Theorem 4.10). Therefore these orbits play the same role
as the directed primary orbits of maps from ). This is the class of primary
orbits for maps from &), we are going to study.

We feel that strongly directed orbits are the “genuine” primary orbits in
the n-star. In particular we think that primary orbits which do not satisfy
the Generalized Directed Rule (directed as well as undirected ones) arise,
in some way, from stars with less branches. The understanding in depth of
this point and the extension of the characterization of the primary orbits to
orbits of the 4-star not satisfying the Generalized Directed Rule is an open
problem.



The characterization of the primary orbits for n > 4 is essentially dif-
ferent than that for the case n = 3. However, as it will be apparent in
Sections 4-6 and in [4], the ideas and techniques used in the characteriza-
tion of the strongly directed primary orbits for the case n = 4, should allow
us to find these orbits in the general case (which would be an essential con-
tribution to the understanding of the primary orbits for the n-stars). In
this spirit, this series of two papers should not be regarded as the sequel
of the study of the primary orbits for the 3-star, neither as a natural (and
perhaps boring) step to the study of the 5-star, but rather as an attempt to
understand in an easy case the ideas that allow to undertake the task in the
general case. These papers are an essential step towards the characterization
of the primary orbits of the n-stars.

To develop our study we classify the primary strongly directed orbits of
the 4-star into several families, following the characterization of the directed
primary orbits of maps from ). The first classes of primary orbits we
find are twist orbits (Definition 3.1), having no coloured arrows, and single
orbits (Definition 3.3), with only one coloured arrow. For these two simple
types of orbits, we give a characterization which is independent on n. In
Theorems 3.2 and 3.6 we show that they are the only primary orbits without
coloured arrows or with just one coloured arrow, respectively.

For orbits with two or three coloured arrows the situation is a bit more
complicated. To classify them we must look at another feature of its shape,
namely if they have or do not have crossing arrows. Theorem 5.8 charac-
terizes the primary orbits having crossing arrows and some coloured arrow
as box orbits (Definition 5.2).

Finally, the study of the primary strongly directed orbits without cross-
ing arrows having more than one coloured arrow, requiring more specific
techniques, is left for [4], the second paper of this series.

This paper is organized as follows. Section 2 gives the necessary defi-
nitions and general results to study strongly directed orbits. In Section 3
we study twist and single orbits. Section 4 is devoted to state and prove
the basic properties of the strongly directed orbits, as well as to explain
some differences between these orbits and directed orbits not satisfying the
Generalized Directed Rule. In Section 5 we study box orbits. Finally, in
Section 6 we summarize the main results of this paper.



2 Definitions, notation and preliminary re-
sults

The symbols N, Z and Q will denote, as usual, the sets of natural numbers
(without zero), integers and rational numbers respectively. We often must
deal with the ring of integers mod k£ which we will denote by Z;. Then
we use the symbols @ and & (or @, and Sy, if necessary) to denote the
addition and subtraction in Zj.

For n € N, the n-star is the subspace of the plane consisting of all
complex numbers z such that 2™ is in the unit interval [0,1]. We shall
denote the n-star by X,,. We shall also use the notation X,, to denote the
class of all continuous maps from X,, to itself with 0 as a fixed point. In
particular we have Y = X3 and Y = X3. We note that the 1-star and the
2-star are homeomorphic to a closed interval of the real line. Thus, in what
follows, when talking about X,, or X,, we shall always assume that n > 2.
With the symbol = we shall denote congruence modulo n.

As usual, if f € X, we shall write f* to denote fofo---of (k times) when
k € N, and f° =id. A point z € X,, such that f¥(z) = x for some k € N
will be called a periodic point of f. Then the set Orb,(z) = { fi(z) : i e N }
is a periodic orbit of f. The period of x is Card(Orb/(z)) (usually we also call
it the period of the orbit). Then x has period m if and only if f™(z) = x
but fi(z) # z for j = 1,2,...m — 1. To simplify our study we will not
consider {0} as a periodic orbit of maps from X,,.

Although we study maps from X,,, we need to consider simultaneously
the family 7 of continuous functions of the interval I = [0, 1] C R into itself.
Of course, for maps from Z we use the same notation and terminology given
above. If we do not need to be precise, X will represent I as well as X,,,
and X will represent Z as well as A,.

Most of the basic definitions and results from [1] can be easily generalized
to more complicated trees. In particular, [1, Sections 1, 2, 3 and 8] are
immediately extended, mutatis mutandis, to the context of n-stars. Since
this series of two papers is a continuation of [1], we shall freely use these
results and definitions in the more general context of the n-stars without
rewriting them. We only slightly modify (and recall) the notation from [1]
as follows.

Following [1], E will always denote the set {0} (we only consider n > 2).
The closures of components of X \ E are called branches. For x € X\ E we
denote by br(z) the branch where z is, and we put z ~ y if br(z) = br(y).

Let P be a subset of X. The span of P is the smallest closed connected
subset of X containing P. It will be denoted by (P). When P = {z, ...},
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we simply write (xq,...xzx) for ({zq,...z}).

An interval is a connected subset of a branch. Then the intervals in X,,
are homeomorphic to intervals of the real line. Usually the word interval
will mean closed interval, that is, a set of the form (x,y) where = and y are
the endpoints of the interval and satisfy xt =0 or y =0 or z ~ y.

If z € (0,y) we write z < y. Analogously, we define >, < and > in the
obvious way. We say that x is smaller than y if x < y. When x < y we use
the standard notation [z,y], [x,y), (z,y] and (z,y) to denote the closed,
half-open and open intervals of endpoints x and y.

We mainly use Markov graphs whose vertices are intervals. Namely, if
f € X and A is a family of intervals of X, the A-graph of f is the oriented
graph with the intervals of A as vertices and having an arrow from I to
J if and only if I f-covers J. Remember that I f-covers J if and only if
f(I) D J [2, Lemma 1.2.1].

A path of length k in an A-graph of f is a sequence of k + 1 vertices
Iy, I, ... I such that I,_; f-covers I; for i = 1,...k. We use the obvious
representation of such a path: Iy — I — --- — I. A path of length 1 will
be called a step. A loop of length k in an A-graph of f is a path of length
k such that I, = I,. It will be convenient to consider the indices of the
intervals of a loop of length k in Zj;. The representations Iy — I1 — --- —
I,y — Iy and, more generally, I; — [;s — -+ - — ;o1 — I; are used.

We say that we concatenate the loopa =1y -1, — --- — I, 1 — I
to the loop = Jy — J; — --- = J,_1 — Jy if they have a common vertex
I; = J; and we form a new loop

a5:IO_>]1_>"'_>Ii_>Jj®ll_>"'_>Jj_>1i®k.1_>"'_>Ik—1_>10-

Usually it will be clear which common vertex we use. The repetition [ times
of a loop «, denoted by o, is the loop obtained by concatenating I copies
of the loop a. A loop is nonrepetitive if it is not a repetition of a shorter
loop. A loop is elementary if it is not the concatenation of two loops. A
shortcut of s > 0 arrows in a loop Iy = Iy — -+ — I;_1 — I is any step
of the form I, — I;, with j © 7 = s+ 1. Tt is clear that, in such a case, the
loop I; — I; — Ijg1 — - -+ — I; has length k — s.

Let P be a periodic orbit of f € A),. Like in the case n = 3, the
ordered pair A = (z, f(x)) is an arrow with beginning b(A) = = and end
e(A) = f(x). If br is a branch of X such that P Nbr # (), we put sm(br) =
min(P Nbr) to represent the smallest point of P on this branch (remember
that we do not consider { 0 } as a periodic orbit of f). The arrow beginning
at sm(br) will be denoted by smA(br), that is, b(smA(br)) = sm(br). We
shall call the arrows smA(br) the smallest arrows.
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Let B be the set of branches of X having nonempty intersection with
P. We follow [6] to define 0 : B — B such that, for each b € B, o(b) =
br(f(sm(b))). Since B is finite, o has at least a periodic point. If o has a
periodic point of period ¢, we say that P has type t. Note that a periodic
orbit can have several types.

Definition 2.1. The periodic orbit P C X,, will be called directed if it has
type n. Observe that if P is directed, then P has points in all branches, P
has no other type different from n and o is a cyclic permutation (and, in
particular, bijective). The orbit P is undirected if it is not directed. O

Definition 2.2. If P is directed and F is the set of arrows of P, we define
the colour ¢ : F — Z, as follows (see Figure 2.1). For each arrow A € F,
c¢(A) is such that

oW (br(e(4))) = o (br(b(A))).

green

Figure 2.1: The colours of several arrows of a directed orbit.

Note that if ¢(A) = 0, then e(A) € o(br(b(A))). Hence, for similarity
with the case n = 3, A will be called black. If ¢c(A) # 0, then A will be
called coloured. Observe that, by definition, all smallest arrows are black.
Remember that, in the case n = 3, an arrow A was called green if ¢(A) =1
and red when ¢(A) = 2. For n = 4 we keep this terminology and add the
term blue for arrows with ¢(A) = 3.

Analogously we define the colour of a step I — J in any A-graph of f.
Namely, if z € I and y € J, then the colour of I — J is the number ¢ € Z,
such that o°(br(y)) = o(br(z)).

Now we introduce a new notion which will play a key role in our study.



Definition 2.3. Let P be a directed orbit of a map f € A,,. Then S C P
is a string of P of length I(S) = Card(S) if it satisfies the following:

(i) there is a point z € S, called the beginning of S, such that S =
(7510 <k < US)};
(ii) if 0 < k < I(S), then the arrow (f* 1(2), f*(z)) is black, and
(iii) if an endpoint of a black arrow is in S, then the other endpoint is in

S too.
The point f/9)='(z) will be called the end of S and the string beginning at
U9 (2) will be called the nest string of S. O

Observe that, if P has only black arrows, then we can take any point
as the beginning of the unique existing string (the entire orbit). Otherwise,
the beginning of a string is the end of a coloured arrow, and the end of a
string is the beginning of a coloured arrow. In particular, if A and B are
coloured arrows such that e(A) = b(B) = =, then S = {z} is a string. Each
coloured arrow separates the string ending in the beginning of the arrow
from the next string. Note that these two strings can be the same. Then
it is clear that the set of strings of P forms a partition of P determined by
the coloured arrows, if there are some. We have then, except in the special
case of a periodic orbit with no coloured arrows, that the number of strings
and coloured arrows coincide.

We say that a string S spirals out if x < f"(z) whenever f*(z) € S for
k=0,1,...,n. Note that if P has only black arrows and the period of P is
larger than n, then the string P does not spiral out.

We shall often label the branches of X,, as brg, bry, ...br,—1. Then
we can simplify the notation in the following way: if br; N P # ), we put
sm; = sm(br;) and smA; = smA(br;). In that case we will also define the
indez of x € X,, \ E in such a way that ind(z) = 7 if and only if x € br;.

If P is directed then we can label the branches of X,, in such a way that
o(br;) = bryg; for each i € Z,. In this case, we shall say that the branches
of X,, are o-labeled. Then, ind(e(smA;)) = ind(b(smA;)) ® 1 for i € Z,
and, for every arrow A, it follows that

ind(e(A)) 4+ ¢(A) = ind(b(A)) + 1, (1)
from the definition of ¢(A).

Lemma 2.4. Let P be directed and assume that the branches of X,, are o-
labeled. If Ay, Ay, ... Ak—1 is a sequence of k arrows of P such that b(A;) ~



e(A;_1) forj=1,2,...k —1, then

o
—_

ind(e(Ax—1)) + Y c(A4;) =ind(b(Ay)) + &

<.
I
=)

Proof. Tt follows by adding up the congruences (1) for these & arrows. W

The sequences of arrows defined next will play a basic role in the de-
scription of the orbits we are going to study in this work.

Definition 2.5. The k > 1 arrows Aq, Ay, ... Ax_1 are said to be overlap-

ping if e(A;) > b(Ajg:) for all i € Zy. O
Lemma 2.6. If Ay, Ay, ... Ax_1 are overlapping arrows of a directed orbit,
then

k—1

=0
Proof. 1t follows immediately from Lemma 2.4. [ |

From now on we assume that P is a directed periodic orbit of period m
of a map f € X,,. Therefore, m > n. Since our aim is to characterize the
primary orbits, in view of First Theorem (Theorem 2.3) of [1], we can also
assume that f is FP-adjusted and we shall do it.

Clearly, the n smallest arrows are overlapping and give a loop of length
n in the EP-graph of f which will be called the branching loop. Namely, if
we assume that the branches of X,, are o-labeled, for i = 0,1,...n — 1 we
define I; = [0, sm;] to be the branching intervals. Then, the branching loop
isa=Iy—~1 —>--— 1,1 — I.

Let Ag, Ay,... Ax_1, be a sequence of arrows and let Cy, C1,...C;_1 be
the sequence of coloured arrows in the above one. Then C; = Aj for
1=20,1,...1 — 1. We will always assume that j; < ji if and only if i < k.

Definition 2.7. Let I' = (Ag, Ay, ... Ay_1) and [ = (A}, A}, ... A}, ;) be
two sequences of arrows. Let Cy, Ci,...Cj—y and Cj, Cy,...C} _; be the
sequences of coloured arrows of the above sequences, respectively. We say
that I" and I are isochromatic if [ = ' and there exists a j € Z; such that
c(C;) = ¢(Cly;) for all i € Zy. Tf @ is a directed periodic orbit of period p,

I = ((z, f(2)), (f(z), F(2)),... (f7 }(2),2))

is the sequence of arrows of  and I and I'" are isochromatic, then we also
will say that [' and @ are isochromatic. O
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The following lemma and its corollary will be useful to obtain orbits
(different from P) from a sequence of overlapping arrows.

Lemma 2.8. Let P be a directed orbit of an EP-adjusted map f € X,,. Let
k#£ 0 and let T = (Ag, Ay, ... Ag_1) be a sequence of overlapping arrows,
with Ag being the smallest arrow on its branch. Then, for everyl > 1, f has
a directed orbit () # P of period k+In, such that I' and @) are isochromatic.

Proof. Since Ay is the smallest arrow on its branch, it is black. Hence & > 1.
Since k # 0 and b(A;p1) < e(A;) for each i € Zy, by Lemma 2.6 there is at
least a coloured arrow A, (with p # 0).

For i € Z; we define the intervals J,; as follows:

Jnti =[0,0(4;)] if i#p and
Inip = [sm(br(b(A4,))), b(Ap)].

Then J,, — J,o1 — -+ — Jy4p1 — Jp. Hence, since J,, is a basic interval,
by [1, Lemma 1.12], for each i € Zj, there exists a basic interval I, ; C J,4;
such that I, = I,y 1 — -+ = I 1 — I, (in fact J, = I,,). We call 3 this
loop. By construction, the i-th step in 8 (In4; = Inigen)) is of the same
colour as A; for all i € Z.

fa=1Iy—1, - ---— I, 1 — I is the branching loop, with I, = I,,,
we can consider the loop v = /3. If 7 is repetitive, since « is elementary,
then § = dae for some (possibly empty) loops § and e starting with I.
Then we can consider the loop a/T!'de which has the same steps as 7, but
ordered in a different way. Nevertheless, since all the steps in « are black,
this loop has the same coloured steps as v and these steps are arranged in
the same order. Repeating this process if necessary, since k Z 0, we get a
nonrepetitive loop v/ = o' for some r > [ and some nonempty loop ' of
length not a multiple of n (if v is nonrepetitive, then we take v = ~). All
the coloured steps of v are now in ', arranged in the same order.

Since 0 ¢ I,,, and 7' goes through I,,,, by [6, Lemma 2.2], we obtain
a periodic orbit () of period k + In isochromatic with T'.

Clearly P # @ because 7' goes at least twice through Iy but P has
a unique point in Iy. It is also clear that () is directed. Indeed, all the
smallest arrows of () must begin in the branching E P-basic intervals, and
all the steps of the F P-graph of f starting from these intervals are black. B

Corollary 2.9. Let Ay, Ay,...Ay—1 be a sequence of arrows such that Ay
is the smallest arrow on its branch, e(A;) > b(A;y1) fori =0,1,...q — 2
and Z?:_OI c(A;) Z0. Then f has directed orbits of all the periods congruent
with Y020 ¢(A;) and greater than or equal to ¢ +n. Moreover, these orbits
are isochromatic with the sequence Ay, Ay, ... Ag_1.
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Proof. We label the branches in such a way that ind(e(A,-;)) = 0 and they
are o-labeled. Let r = ind(b(Ap)). Then we have the g + r overlapping
arrows

Ao,Al, .. -Aq—la Son, N smAr_l,

where the last r arrows are omitted if r = 0. By Lemma 2.6, ¢ + r =
97 ¢(A;). Then, Lemma 2.8 (with & = ¢ + r) ends the proof of the
corollary. [ |

The first important consequence of Lemma 2.8 is the following property
of primary directed orbits.

Proposition 2.10. Fach string of a primary directed orbit of a map from
X, with period not a multiple of n spirals out.

Proof. Let P be a primary directed orbit of f € X, of period m # 0 and
let S be a string of P. Assume that there is some x € S with fi(z) € S
for j =0,1,...,n and such that x > f™(z). Then we label the points and
arrows of P as follows:

zo = sm(br(z)) and z; = b(4;) = f*(x¢) for each i € Z,, .

Since x # xy, there is an [ > 0 (in fact, [ > 1, because Ay is black) such
that @ = 2;. Moreover, since z;5; = f’(z) € S for j = 0,1,...,n, we have
that f7(z) o o for j =1,2,...n—1. That is, xje; # zp for j =0,1,...n—1
and, hence, [ +n < m.

Then, by eliminating the arrows A;, A;.1,... A;1,_1 from the sequence
of arrows of P, we get the sequence

Aoy ALy Ap g, Ay A

(where the arrows A;,,,...A,_1 are omitted if [ +n =m) of k =m —n
arrows. These arrows are overlapping because e(4;_1) = = > f"(z) =
Tion = b(Aign). Since Ay = smA(br(z)) (and it has not been eliminated),
Lemma 2.8 gives a periodic orbit of period £ + n = m different from P.
By the First Theorem (Theorem 2.3) of [1], this is a contradiction with the
primarity of P (remember that we are assuming that f is EP-adjusted). B

3 Twist and single orbits for maps from X,

We are ready to study the simplest families of primary directed orbits.
Namely, those having at most one coloured arrow. This study can be done
for every X, (n > 2) by generalizing the analogous results of [1].

10



First we consider that P is a directed periodic orbit of period m of
a map f € A,, with all the arrows black. Note that, then, m = 0 by
Lemma 2.6. The characterization of the primary orbits of this kind is a
routine generalization of the corresponding results for )V maps and, hence,
we will omit its proof. This generalization of [1, Definition 4.40, Proposition
5.7 and Directed Theorem (a)] is as follows.

Definition 3.1. We say that P is a twist orbit in the following cases

(1) If m =n-2% k > 0, we use induction. If & = 0 then P is twist. If
k > 1 and twist orbits of period n - 2¥~! are defined, then P is twist
if it is a 2-extension of a twist orbit of period n - 2¥~1.

(2) fm =mn-2-r risodd and r > 3, then P is twist if it is an R-
extension of a twist orbit of period n - 2¥, where R is a simple orbit of
period r.

O

Theorem 3.2. If P is a directed orbit having only black arrows, then P is
primary if and only if it is twist.

We study now the primary directed orbits having only one coloured
arrow. The generalization of the related results of [1] to any X, (n > 2)
can also be done in a simple way. We shall see that this kind of orbits are
those defined as follows.

Definition 3.3. Let P be a directed orbit of a map f € A,. P will be
called a single orbit of colour c if it has exactly one coloured arrow of colour
¢ and its unique string spirals out. O

If P is a single orbit of colour ¢ and period m of a map f € A,,, then
m = ¢ by Lemma 2.6, and m > n because P is directed and has a coloured
arrow. If A is this coloured arrow, we set z; = fi(e(A)) for i € Z,,. Then
we have that z; < x;,, for 0 <t <m —n—1.

Note that if the branches of X,, are labeled in such a way that z; € br;
for j € Z,,, then x; € br; is equivalent to ¢ = j. That is, ind(z;) = ¢ for each
i € Zp,. Then it also happens that x; = sm; for j € Z,,. We shall label the
E P-basic intervals by their largest endpoint, that is, I; = [0, 2;] if 0 < i < n
and I; = [x;_,, 2] if n <i<m—1.

By Proposition 2.10, a directed primary orbit with only one coloured
arrow must be single. To see that the converse is also true we start by
characterizing the EP-graph of a single orbit. The following results are
closely related with [6, Theorem 3.2].
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Figure 3.1: A single orbit P and the EP-graph of an EP-adjusted map.

Lemma 3.4. Let P be a single orbit of an EP-adjusted map f € X,,. Then
the EP-graph of f contains only the following steps (see Figure 3.1):

(i) I; = Ligy for each i € Zy,.
(11) I, — 1.
(iii) L1 — I; for alli=m.

Proof. Let i € Z,, be such that 0 < i < m — 1. Since f is EFP-adjusted,
if I, = [z,z;] with © € EP, then f(I;) = [f(z), f(x;)]. Ifi # n — 1, then
f(I;) = Iiy;1. Since f(0) =0 < 29 < x, = f(zp_1), we have f(I, 1) =
IyUl,.

On the other hand, since I, 1 = [Tm_1_n,Tm_1] and f(Tp_n_1) =
Tmen % To = f(Tm_1), we have f([,_1) = Io UJ[0,2,_,] (Wwe use also
that f is FP-adjusted). Taking into account that 0 < z; < z,, , if and
only if i = m, the lemma is proved. [ |

The steps in (i) of the above lemma form the loop Iy —» I} — -+ —
I,,_1 — Iy which will be called the fundamental loop.

Corollary 3.5. Let P be a single orbit of an EP-adjusted map [ € AX,.
Then every elementary loop in the EP-graph of f different from the funda-
mental one has length a multiple of n.

Proof. The shortcut given in (ii) of Lemma 3.4 produces the branching loop,
of length n. The shortcuts of i arrows given in (iii) of Lemma 3.4 produce
elementary loops of lengths m — ¢ = 0. Since, in view of Lemma 3.4, there
are no more elementary loops different from the fundamental one in the
EP-graph of f, the corollary holds. [ |
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Finally we are ready to prove the result we were looking for.

Theorem 3.6. Let P be a directed orbit having only one coloured arrow A.
Then P is primary if and only if it is single of colour c¢(A).

Proof. As it has already been said, if P is primary then it must be single
by Proposition 2.10. Therefore we only have to prove the converse. Let P
be a single orbit (of colour ¢(A), of course) of period m and let f € X,
be EP-adjusted. In the FP-graph of f there is no thin loop. Indeed, by
Lemma 3.4 all the loops go through I, | or through I,, ; which f-cover
more than one basic interval. By Corollary 3.5 the only loop of length m is
the fundamental one, which is nonrepetitive and is associated to P. Hence,
by the First Theorem (Theorem 2.3) of [1], P is primary. u

The next lemma shows that, with a single orbit, coexist many other
orbits. This result, which will be useful later, is related with the “forcing
relation” (see [2]) and the characterization of the sets of periods of maps
from X, (see [6]).

Lemma 3.7. Assume that P is a single orbit of colour ¢ and period m of
an EP-adjusted map f € X,. Then [ has:

(a) single orbits of colour ¢ and periods m + In for all l > 1;

(b) periodic orbits of periods km + In with k arrows of colour ¢, for all

k,l>1;

(c) twist orbits of all periods k = 0.
All these orbits have spans strictly contained in (P). Moreover, f has no
other periodic orbits different from P.

Proof. The proofs of (a), (b) and (c) are straightforward generalizations of
[1, Lemmas 10.7 and 10.14]. The fact that the spans of those orbits are
strictly contained in (P) follows easily from their constructions.

By Corollary 3.5, in the F'P-graph of f we only can find nonrepetitive
loops of lengths km+In, with £ > 0 and [ > 1, different from the fundamen-
tal one. Hence, the last statement of the lemma follows from [1, Proposition
1.11] and the primarity of P. [

4 Strongly directed orbits of maps of &,

In this section we shall define and study a new class of periodic orbits, more
restrictive than the directed ones, that plays the same role as the directed
orbits of maps from ) in the classification of all primary orbits of maps
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from AX,,. We shall explain this point in detail later. The definition of this
new class will be done by means of the following property.

Generalized Directed Rule. Let P be a periodic orbit of a map f € &,.

For each sequence Ay, Ay, ... Ar_1 of overlapping arrows of P, it happens
that k > n.

Definition 4.1. A directed periodic orbit P will be called strongly directed
if it satisfies the Generalized Directed Rule. O

Obviously, a directed orbit with only black arrows is strongly directed.
Clearly, also single orbits are strongly directed.

Remark 4.2. In [1] (see Lemmas 6.1 and 6.4) it is shown that, for n < 3,
all the primary directed orbits satisfy the following properties:

(i) There is no arrow A such that b(A) < e(A).
(ii) If n = 3 then there are no arrows A and B such that e(4) > b(B) and
e(B) > b(A).

Clearly, the Generalized Directed Rule reduces to the above properties for
n < 3. Therefore, all primary directed orbits for n < 3 are also strongly
directed. However, despite the fact that each primary directed orbit satisfies
(i) for all n > 2 (see the proof of [1, Lemma 6.1]), for n > 4 we can easily
find primary directed orbits which are not strongly directed. To see it let
us consider the following example.

Figure 4.1: A primary directed orbit which is not strongly directed.

Assume that P is the directed periodic orbit of an F P-adjusted map f €
X, of period 7 described as follows (see Figure 4.1). The points and arrows of
P are labeled in the natural way, that is, f(x;) = x;51 and b(A;) = x; for all
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¢ € Z7. Furthermore, for j € Zy4, x; is the smallest point on its branch. Since
the arrows A; have to be black for j € Z,, we have that o < z4. Finally,
we set 3 < x5 and x4 < xg. Clearly this orbit is not strongly directed,
because the arrows Az (black) and A, (red) are overlapping. However, it is
very easy to see that P is primary. Indeed, in the E'P-graph of f there is
only one loop of length 7, which is elementary and is associated to P. By [1,
Proposition 1.10(b)] there is no periodic orbit different from P associated
to this loop. All other elementary loops in that graph have even length (2
or 4). Hence, we cannot get any periodic orbit of period 7 different from P,
and P is primary by First Theorem (Theorem 2.3) of [1]. O

For strongly directed orbits we have the following couple of results about
overlapping arrows, which we shall need later.

Lemma 4.3. Let P be a strongly directed orbit and let Ag, Ay, ... Ap_1 be
overlapping arrows. If there are s consecutive arrows, A;, Ajp1, ... Aig(s—1),
in the above sequence such that s = E;;é c(Aigj) and s — Card({0 < j <
s — 1 : c(Aigj) = 1}) < n, then Aigs, Aigs11),--- Aic1 are overlapping
arrows.

Proof. We only have to prove that e(A;o1) > b(A;qs). Since e(A;s1) > b(A;)
and e(Ajg(s—1)) > b(Aias), it is enough to show that b(A4;) > e(Aigs—1))-

First, we prove that b(A;) ~ e(Aig(s—1)). Indeed, if we assume that the
branches of X,, are o-labeled, then we have that

s—1

ind(e(Aip-1)) + Y c(Ai;) = ind(b(4))) + s,

j=0

by Lemma 2.4. Since s = E;;é c(Aig;) we get b(A;) ~ e(Aip(s—1))-

In the case s = 1 the Generalized Directed Rule prohibits that b(A4;) <
e(A;), and then the lemma is proved for this case.

Furthermore, the previous case allows us to eliminate the arrows A;g;
with 0 < j < s—1 such that ¢(A;s;) = 1 from the sequence Ay, A;,... Ap_;.
Thus, it only remains to consider the case 1 < s < n. Then, since e(A;qg;) >
b(Ais(j+1)) for j =0,1,...5 — 2, again by the Generalized Directed Rule it
cannot happen that e(A;gs—1)) > b(A4;). [

Lemma 4.4. Let P be a strongly directed orbit and let Ag, Ay, ... Ap_1 be
overlapping arrows, with Ay being the smallest arrow on its branch. Let j €
{1,...k—1} be such that Ao, Ay, ... A;j_y are black arrows. Then j > c(A;)
and Ag, ... Aj_c, Aji1, ... Ax_1 are overlapping arrows.
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Proof. Assume that the branches of X,, are o-labeled in such a way that
ind(e(A;)) = 0. Since Ay, Ay, ... Ay are overlapping and Ay, Ay,... A;
are black arrows, by Lemma 2.4, we have that ind(b(Ay)) = ¢ — (j + 1),
where ¢ = ¢(4;). If j < ¢, then 0 < ¢—(j+1) < n and, hence, ind(b(Ay)) =
¢ — (j+1). Since e(A;) > smy, the ¢ arrows

Ao, Al; C Ajfl, Aj, SmA(), c smAc,j,Q

(where the last ¢ — j — 1 arrows are omitted if ¢ < j + 2) are overlapping,

in contradiction with the Generalized Directed Rule. Therefore, 7 > c.
The last statement follows then from Lemma 4.3 with i = j — ¢+ 1 and

s =c. |

The auxiliary results of [1, Section 10] about directed orbits of } maps
which depend on the Directed Rule can easily be extended to X,, for strongly
directed orbits. In particular, we shall use the following versions of [1,
Lemmas 10.8 and 10.10].

Lemma 4.5. Let P be a strongly directed orbit of f € X,,. Let Ag, Ay, ...,
Ag_1 be overlapping arrows, all black but Ay which is coloured. Then f has
a single orbit of period k and colour c(Ay), with span contained in (P).

Lemma 4.6. Let P be a strongly directed orbit of period m of an EP-
adjusted map f € X,. If P has a coloured arrow of colour c, then f has a
periodic orbit of period smaller than or equal to m which is single of colour
c.

We have also the following important result which, generalizing [1, Corol-
lary 10.11], characterizes the primary strongly directed orbits whose periods
satisfy certain congruence.

Proposition 4.7. Let P be strongly directed and primary of period m. Then
the following statements hold.
(a) If m =0, then all arrows of P are black and, hence, P is twist.

(b) If A is a coloured arrow of P and m = c(A), then P is single of colour
c(A).

Proof. Let f € X, be an E'P-adjusted map. Then we have:

(a) If there is a coloured arrow, by Lemmas 4.6, 3.7(c) and [1, Lemma
1.18], f has an orbit of period m with all arrows black. Hence it is dif-
ferent from P. But by the First Theorem (Theorem 2.3) of [1], this is a
contradiction with the primarity of P.
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(b) By Lemmas 4.6, 3.7(a) and [1, Lemma 1.18], f has a single orbit of
period m. Then P must be single, again by the First Theorem (Theorem
2.3) of [1]. [ |

From the above proposition we get immediately the following general-
ization of [1, Directed Theorem (b)].

Corollary 4.8. If n > 2 and P is primary and strongly directed, then P
cannot have arrows of all colours.

At present we know how the primary strongly directed orbits look like if
they have no coloured arrows (twist) or if they have just one coloured arrow
(single). In the rest of this section we are going to show that, in the case
n = 4, such orbits cannot have more than three coloured arrows. This will
help us in the rest of our study.

We start by proving a lemma, whose proof we owe to the kindness of J.
Moncasi and his colleagues.

Lemma 4.9. (Moncasi) If n > 2 and ag,ay,...an—1 € Z, \ {0}, then there
exist i,j € Zy, i < j, such that Y 7 _. ar = 0.

Proof. Set s; = ZLO ay for j € Z,,. If s; = 0 for some j € Z,, then, since
ap # 0, we have j > 0 and we are done.

If s; # 0 for all j € Z,,, since Z, \ {0} has only n — 1 elements, then we
can find 4,5 € Z,, \ {0} with ¢ < j such that s,_; = s;; that is, s; — 5,1 =
a; + -+ +a; = 0. Furthermore, ¢ # j since a; # 0 for all i € Z,,. [ |

The following theorem plays a crucial role in the characterization of the
primary strongly directed orbits of maps of X;.

Theorem 4.10. If n = 4 and P s strongly directed and primary, then it
cannot have more than three coloured arrows.

Proof. Let us label the arrows Ag, Aq,..., A,,_1 of Pin such a way that Ag
is the smallest arrow on its branch, and b(A4;) = e(A; 1) fori =1,2,... ,m—
1. Let Cy, C1,...C;_1 be the sequence of coloured arrows in the above one.
Recall that, if C; = A;, for i € Z;, we assume that j; < j; if and only if
i < k. Then, foreachi =0,1,...l—1, we denote by n(i) the number of black
arrows of the sequence Ay, Ay, ..., Ay before C;. That is, n(i) = j; — i.

We assume that [ > n and we shall get a contradiction. Note first
that m # 0 by Proposition 4.7(a). Also, by Lemma 4.9, there are indices
p, q € Z, with p < ¢, such that Z?:p c(C;) = 0. Let p be the smallest index
for which this property holds.
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If p =0, then we can apply Lemma 4.4 the necessary number of times
(g + 1) to eliminate the arrows Cy, CY,...Cy, together with Y7 ¢(C;) —
(¢ + 1) black arrows. In this way we obtain m — Y.!_ ¢(C;) overlapping
arrows, beginning with Ay. Thus, since m — !, ¢(C;) = m, we can apply
Lemma 2.8 to get a periodic orbit of period m different from P. This is a
contradiction with the primarity of P by the First Theorem (Theorem 2.3)
of [1].

Now suppose that p > 0. We can assume that, in the sequence of arrows
Ag, Ay, ..., Ap_q, there is no smallest arrow between Cy and . Indeed,
if there were one, relabeling the arrows from this one on, we could take
a smaller p. Relabeling, if necessary, we can also assume that there is no
smallest arrow between Ay and Cj other than Ay. Under these assumptions,
we have n(l)+2<m—(n—1) — (I - 2).

We note that if m = ¢(Cy) + ¢(Cy), by using Corollary 2.9 with ¢ =
n(1) + 2, we get a periodic orbit of period m (because n(1) + 2 + n < m)
with only two coloured arrows. Hence, this orbit is different from P which
contradicts the primarity of P.

Since p > 0, it is clear that ¢(Cy) @ ¢(C1) € Zy \ {0,¢(Cy), c(Ch)}. Also
m # ¢(Cy) and m # ¢(C4) by Proposition 4.7(b). Therefore, since m # 0, if
c(Cy) # ¢(C1) we get that m = ¢(Cy) + ¢(Cy), which gives a contradiction.

So we are left with the case ¢(Cy) = ¢(C}) = ¢. Clearly, ¢ # 2 (that is,
c € {1,3}). If P has no coloured arrow of colour 2, then again we have that
m = ¢(Cy) + ¢(Ch). Indeed, since p > 0, Cy, Cy, Cy and C3 cannot have
all the same colour. Thus {¢(Cy), ¢(C1), ¢(Cy), ¢(Cs)} = {1, 3} and then, by
Proposition 4.7, m = 2 = 2¢ = ¢(Cy) + ¢(C4). This gives a contradiction,
as above.

Thus, in the rest of the proof we may assume that P has some red
arrow. If ¢(Cy) # ¢ then, by Corollary 4.8, we have that ¢(Cy) = 2 and,
hence, p = 0, a contradiction. So, ¢(Cs) = c.

From all said above we see that ¢(Cy) = ¢(Cy) = ¢(Cs) = ¢ € {1,3} and
¢(C3) # c. Furthermore, we can also assume that there is no smallest arrow
between C; and C5. Otherwise, relabeling the arrows from this one on, we
are in the case ¢(Cy) # ¢(C}), which gives a contradiction. Consequently,
n2)+3<m—(n—-1)—(l—3).

By Proposition 4.7 we have that m # 0, m # ¢ and m # 2. Since
c € {1,3}, 3¢ £0, 3¢ #Z c and 3¢ # 2. Therefore, 3¢ = m. Then we can use
Corollary 2.9 with ¢ = n(2) 43 to get a periodic orbit of period m with only
three coloured arrows and, hence, different from P. This is a contradiction
with the primarity of P. [ |
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Let C be the set of all coloured arrows of a directed orbit. The above
theorem states that, for the case we are interested in, Card(C) < 3. Hence,
Theorem 4.10 is analogous to [1, Directed Theorem (d)]. The following def-
inition gives another useful restriction about the set C which is also fulfilled
by strongly directed primary orbits in the case n = 4, as the next corollary
shows.

Definition 4.11. A directed orbit P is said to be colour compatible if each
nonempty set B of coloured arrows satisfies

Zc(C);éO.

ceB

In particular, when n = 4, this means that P cannot have two red arrows,
neither can have green and blue arrows simultaneously. Moreover, if P has
three coloured arrows, then these arrows must all have the same colour,
green or blue. O

Corollary 4.12. If n = 4 and P 1is a strongly directed primary orbit, then
P is colour compatible.

Proof. Assume that there is a nonempty subset B of the set C of all coloured
arrows of P such that ) . ,c(C) = 0. Clearly, Card(B) > 1. Moreover,
B # C by Proposition 4.7(a) and Lemma 2.6. Since Card(C) < 3 by Theo-
rem 4.10, we have that Card(B) = 2 and Card(C) = 3. That is, P has three
coloured arrows, Cp, C and Cy, with ¢(Cy) + ¢(Cy) = 0. Hence, again by
Lemma 2.6, m = ¢(C3), in contradiction with Proposition 4.7(b). u

At the beginning of this section we claimed that strongly directed orbits
of maps from A, play the same role, in the characterization of primary or-
bits, as directed orbits of maps from ). This fact is enforced by Remark 4.2,
all the results from Lemma 4.5 on and, mainly, by Theorem 4.10. It will also
be enforced by the fact that there exist primary directed periodic orbits of
maps from X, with an arbitrary number of coloured arrows, as the following
example shows. Thus, the study of the directed primary orbits which are
not strongly directed is the new feature of the characterization of primary
orbits in n-stars with n > 4.

Example 4.13. For any p € N, let P be the directed periodic orbit of an
EP-adjusted map f € X, of period m = 2p + 5 described as follows (see
Figure 4.2). The points and arrows of P are labeled in the natural way, that
is, f(x;) = wign and b(A;) = z; for all i € Z,,. Furthermore, for j € Z,, z;
is the smallest point on its branch. Since the arrows A; have to be black
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Figure 4.2: A primary directed orbit with p + 1 coloured arrows.

for 7 € Z4, we have that zq < 4. Finally, we set 23 < x5 < --- < x,,,_o and
Ty < Tg <+ < Typ—1.

Clearly this orbit has p red arrows, namely, all the A, with r = 2k + 4
for k=0,1,...p—1. Tt is also clear that P is not strongly directed, because
the arrows A, ; (black) and A, (red), for any r as above, are overlapping.
However, it is very easy to see that P is primary. Indeed, let us label the
basic intervals by their largest endpoints. Then, in the EFP-graph of f we
have the following steps and only these:

(i) I; — Iig for each i € Z,,.

(111) I4 — Il and I4 — Ig.

(IV) Iy — 12k+3 for k = 0,1,...p.
The steps in (i) give the fundamental loop, of length m. All the other short-
cuts only give elementary loops of even length (2,4,...m—3). Therefore, in
the EP-graph of f, there is only one loop of length m, which is elementary
and is associated to P. By [1, Propositions 1.10(b) and 1.11] we cannot get
any periodic orbit of period m different from P. Hence P is primary by
First Theorem (Theorem 2.3) of [1].

Note that the example given in Remark 4.2 was a particular case of this
one (namely, the case p = 1). O

This example, or maybe some particular instances of it, can be used to
check that there exist other properties of the strongly directed orbits which
heavily rely on the Generalized Directed Rule (see, e. g., Lemma 4.6 and
Proposition 4.7(b)).
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From now on we only consider the case n = 4. That is, we restrict our
study to orbits of maps of X;. However we will continue using n instead of
4 to unify the notation with the previous sections.

5 Box orbits for maps from X,

We shall separate the primary strongly directed orbits with more than one
coloured arrow into two classes, according to the fact that they have or do
not have crossing arrows in the sense of the following definition.

Definition 5.1. Two arrows A and B such that b(A) < b(B) are said to
be crossing if e(A) > e(B). O

Note that an extension of an orbit always has crossing arrows (see [1,
Definition 3.1]).

In this section we shall see that the primary strongly directed orbits with
more than one coloured arrow and with crossing arrows, are precisely those
defined as follows.

Definition 5.2. Let v € {2,3}. We say that a periodic orbit P of a map
f € X, of period m is v-box green (resp. blue) if m is a multiple of v and P
is an R-extension of a single green (resp. blue) orbit of period m/v, where
R is an orbit of period v of an interval map. O

Remark 5.3. A v-box orbit has v coloured arrows. O
We shall start our study by showing that v-box orbits are primary.

Lemma 5.4. For each v € N, a v-extension of a single orbit is strongly
directed.

Proof. Let P be a v-extension of a single orbit. Clearly, P is directed. So, we
only have to see that P satisfies the Generalized Directed Rule. We use the
notation of [1, Definition 3.1] and its comments. Let ¢ : P — {0,1,...5s—1}
be such that x € P, for allz € P. Then to every arrow A = (z, f(x)) of P
corresponds the arrow A = (Yor(a) f(y@(m))). Let Ag, Ay, ... Ap_1 be overlap-
ping arrows. Then Ag, A, ... A;_; are also overlapping because 7 (z) < 7(y)
if z < y. Since P is single, k > n. [ |

Corollary 5.5. A v-box orbit is strongly directed.

Since we are only interested in primary orbits, Lemma 5.4 together with
Theorem 4.10 and Corollary 4.12 justify that, in Definition 5.2, we have not
considered neither the red case nor the case v > 3.
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Proposition 5.6. v-box orbits are primary.

Proof. Since R is an orbit of period 2 or 3 in the interval, it is simple (see
[1, Remark 4.18 and Definition 4.1]). Hence, by [1, Proposition 5.4], it is
primary. By [1, Lemma 3.12 and Remark 3.7], it is enough to prove that if
Q@ is a single orbit of period [ of an EQ-adjusted map h € X, then h has
no periodic orbits of period vI.

Suppose that h has an orbit of period vi. By [1, Proposition 1.11], we
can find in the FEQ-graph of h a loop « of length vl associated to that
orbit. Since () is single, by Corollary 3.5 and its proof we see that all
the elementary loops in the E@Q-graph, except the fundamental one, have
lengths multiple of n and the coloured step appears only in the fundamental
loop. Hence, vl = vl and vl > vl, where v is the number of times that o
goes through the coloured arrow. Since [ = ¢ € {1,3}, then v = v and
v > wv. Since n > v, we have v = v. From the equality vl = vl it follows
that a is a v times repetition of the fundamental loop of the EQ-graph of
h. Hence @ is associated to a. By [1, Proposition 1.10] (with n = 0), «
does not give a periodic orbit of period vl, which is a contradiction. [ |

Our next goal is to prove that the primary orbits of the class we are
studying, are v-box. To do this we can assume that, if P is a strongly
directed primary orbit of a map f € A}, with at least two coloured arrows
and with crossing arrows, then, by First Theorem (Theorem 2.3) of [1], f
is EP-adjusted. We shall start with the following technical lemma.

Lemma 5.7. Let P be a strongly directed primary orbit of period m, with
v > 0 coloured arrows and with crossing arrows. Then m = v - s with
v € {2,3}, s Z0 and s > n, and there exists a partition of P into subsets
Py, Py, ..., P, 1 of v elements each such that:

(i) (PYNE=0, fori=0,1,...,s— 1.
(ii) P is in the same branch as P; if and only if i = j.
(iii) max P; < min Py, fori=0,1,...s —n — 1.

) There exists ¢ : {0,1,...,s — 1} — {0,1,...,s — 1} such that, if
x € Py, then f(x) € Pyu).

(iv

Proof. Since P has crossing arrows it cannot be single by Definition 3.3.
Hence v > 2, by Theorem 3.6. Then we can label the points and arrows of
P in such a way that b(A;) = x;, e(A;) = f(x;) = 2441 for each i € Z,,, with
A1 coloured and b(Ag) > b(A)), e(Ax) < e(A;) for some k, | € Z,, with
k ¢ {0,m—1}. Thisis clear if A, and A; are black arrows. If Ay is coloured,
then A; is coloured too and we can set [ = m — 1 and clearly, k # m — 1.
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Also k # 0 because k = 0 gives e(A;) = b(Ag) > b(A;) in contradiction with
the Generalized Directed Rule.

Let us set sm = sm(br(x,,—1)), J; = [0, ;] for i = 0,1,...,m — 2 and
Jm_1 = [sm, Ty,_1]. Then since x,,_; is the beginning of a coloured arrow
and sm is the beginning of a black arrow we get that J; — J;g for each
t € Zy,. Also, we have J, | — J; — Ji.1. So we can consider the loop

Jo—=Ih—= === T —= = T = .

Since some of the .J; (in fact, at least n) are basic intervals, by [1, Lemma
1.12] we can find basic intervals I; C J; (i € Z,,) with I C .J;, such that
I; — I;p for each i € Z,,,. Then, in the EP-graph of f, there is the loop

az[0—>11—>---—>lm_1—>10

where each step I; — I is of the same colour as A;.

If o is nonrepetitive, by [6, Lemma 2.2], we get a periodic point y € I,
of period m with f*(y) € I; for each i € Z,,. Let us set Q@ = Orb;(y) and
J = [0,z;]. Note that fi(y) € I, € J; C J for each i € Z,, such that
z; < x;and fF(y) € I, C J; C J but x;, ¢ J. Therefore, Card(J N Q) >
Card(J N P) + 1 because i # j implies f(y) # f(y) for i,j € Zy,. Then
@ # P, in contradiction with the primarity of P.

Hence « is repetitive. Then there exists s such that m = r-s with r > 2
and « = " with g =TIy, - I — --- = I, 1 — I, nonrepetitive. Since
m % 0 by Proposition 4.7(a), we get that s # 0. By Theorem 4.10, P has
no more than three coloured arrows, that is, v < 3. Hence, I,_1 — I is the
only coloured step (of colour ¢(A4,,_1)) in § and r = v.

For each i =0,1,...s — 1, the points z;, ;5 (j = 0,1,...r — 1) are all in
the same branch as I; = I; ;. Setting P, = {45 :j =0,1,...r — 1} it is
clear that (i) and (iv) are satisfied with (i) =i @ 1 for each i € Z,.

Moreover, the coloured arrows of P are those that begin in P;_; and end
in P, that is, A;,_y for 7 = 1,...,r. From this it follows that P; is in the
same branch as P; if and only if i = j (see Lemma 2.4). Then (ii) holds.
We also have that the strings of P are the sets Sy = {z; 445 : @ € Z,} for
keZ,.

Let us consider the arrows F; such that b(F;) = min P, for i € Z,. Since
b(Figp1) = min Pg; < f(min P;) = e(F;) for each i € Z;, these arrows are
overlapping. Also they are all black except F,_;. Hence s > n.

Now we prove (iii). Assume that there is some j € {0,1,...5s —n —
1} such that maxP; > minP;;,. We have that maxP; = x4, and
min Pj,, = Zjjn4is, for some k,l € Z,. Moreover, since m # 0 we have
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that k£ # [ in view of Proposition 2.10. Then the (k &, [)s — n arrows
Ajintisy Ajintisors - - - Ajprsor are overlapping. Since Aj i, = Fjy, and
the arrows F; are also overlapping we have the m — n overlapping arrows

ok
Aj+n+l87 Aj—l—n—l—ls@la s Aj-l—ksela (Fj-i-na F1]'+n6917 teey F1]'+n91)

b

where the notation (Fjyn, Fjinat,-- - Fjino1)'©F means that the sequence
Fjin, Fjtnot, ... Fjino1 is repeated [ © k£ times. Since n of the arrows F;
are the smallest arrows and m # 0, we can use Lemma 2.8 to get a periodic
orbit of period m and different from P. This contradicts the primarity of
P by First Theorem (Theorem 2.3) of [1]. n

Now we are ready to prove the main theorem of this section.

Theorem 5.8. If P s a strongly directed orbit with v > 0 coloured arrows
and with crossing arrows, then P s primary if and only if v > 1 and P 1is
v-boz.

Proof. 1f P is v-box, then it is primary by Proposition 5.6. Hence we only
have to prove the converse.

From Lemma 5.7 it follows immediately that v > 1 and that P is a
v-extension of a single orbit ) of period s. By Corollary 4.12 @ is not
red. If v = 2 then we are done in view of [1, Remark 3.6]. So assume
that » = 3. With the notation of the above lemma, in view of [1, Lemmas
8.6, 8.3 and 8.1], we get that f is monotone on all P; except at most one.
Finally, setting R = P, and g = f*, we have that P is an R-extension of ()
(see [1, Definition 3.3]). Hence P is v-box because Card(R) = v. u

Now we are going to show that if P is strongly directed and primary,
it has 3 coloured arrows and the period of P is a multiple of 3, then P is
3-box. This result is analogous to [1, Directed Theorem (e)], and will help
us in the study of the primary strongly directed orbits with three coloured
arrows.

First we prove the following lemma, which is the core of that result. In

its proof, we represent by I 4y J the fact that I f-covers J in [ steps

all of them black but the last, whereas [ L 7 means that T f-covers .J
in [ black steps. That is, there exist intervals I; (¢ = 0,1,...1) such that
L=1,=J,1; > I,;; (i=0,1,...0 — 1), the first [ — 1 steps I; — [;1;
(¢ =0,1,...1 —2) are black and the last step I,_; — I; is also black when
I -4 J but it is coloured if I —$5 J
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Lemma 5.9. Assume that P is strongly directed and primary of period a
multiple of 3 with three coloured arrows. Then all three strings of P have
the same length.

Proof. The three coloured arrows are of the same colour, ¢ € {1,3}, by
Corollary 4.12 (see also Definition 4.11). Then, if we denote the period of P
by m, we get m = 3¢, by Lemma 2.6. Set r = m/3 (then, of course, r = ¢).

Let us suppose that the three strings of P do not have the same length.
Then we can label the points of P in such a way that x; = f%(x,) for each
it € Zp, %9, T, and x,1, are the beginnings of the three strings, p > r and
g < r. The lengths of the strings are, clearly, p, ¢, and m— (p+¢q). We label
the arrows in such a way that b(A4;) = x; for each i € Z,,. The coloured
arrows are then, A, ,, A,;,1 and A,, ;. We are going to consider several
cases and, in each of them, to construct a loop of length m in the EP-graph
of f which will give a periodic orbit @) of f different from P, contradicting
the primarity of P.

First we assume that p > r. Since r = ¢, we have x,_, ~ z, by
Lemma 2.4.

If v, , < xp, let us set L = [0,2,_,] and M = [z, ,,x,]. Then L f-
covers L and M in r steps all of them black but the last. Since ¢ < r, by
Lemma 2.4 we have f9(x,) = xprq 7% fU(Tp—r) = Tpirg—r. Then 0 € fI(M)
and, hence, 0 € f"(M). Thus M also f-covers L and M in r steps all of
them black but the last. We consider the loop

a=M-5L35L>3 M.

Suppose now that z,_, > x,. Let us consider the intervals J = [0, z],
K =[0,2p44, L =0,2,] and M = [x,,z,_,]. Then we have that J f-covers
L and M in p — r steps all of them black. Since 0 € f1(M), M f-covers K
in ¢ steps all of them black but the last. Furthermore, since 0 € f"(M), M
f-covers L in r steps all of them black but the last. It is also clear that L
f-covers K in ¢ steps and that K f-covers J in m — (p + ¢) steps, being in
both cases all the steps black but the last (see Figure 5.1). We still have to
consider two possibilities:

Case (a). p+r < m. Then since ¢ < r and r = ¢ we get that z,,, ~ x,
by Lemma 2.4. If z,4, > x,, we have that K f-covers L in r — ¢ steps all
of them black. Then we consider the loop

ap=M -5 KIS L g et gy

If, on the contrary, z,4, < z,, then z,,, € L. Since frm=(ptr) (Tpir) = To
and fm=(P+1)(0) = 0, L f-covers .J in m — (p + r) steps, all of them black
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Figure 5.1: Some f-coverings when z,_, > x,.

but the last. Hence we can take the loop

m—(p+r) p—r

YV N i Gak N iy J 25

Case (b). p+r > m. That is, p > 2r. Since r = ¢, we have that
Tp_1 ~ ZTy_1 by Lemma 2.4. If 2,y > x,,_q, then J f-covers [0, z,,_1] in
r — 1 black steps and [0, z,, 1] — J is a coloured step. Hence we can build
the loop

ML L g r Py

If, on the contrary, z, ; < z, 1, we have that K f-covers [0,z, 1] in
m — (p + q) — 1 black steps when p+¢ < m — 1, and K D [0, 2,_4] if
p+q=m—1. Since [0, x,_1] f-covers [0,z,_.] D M in p—2r +1 steps also
black, K f-covers M in r — q black steps. Then we can consider the loop

VR Ny G N Y Ny e GV

It —101 — -+ — I,1 — Iy denotes any of the above five loops
(with Iy = M), then by using standard techniques (see, for instance, |2,
Lemma 1.2.7]) we get a point z € M such that f™(z) = z and fi(z) € [
for each i € Z,,. Let us set Q@ = Orby(z). Since 0 ¢ M then 0 ¢ Q.
Hence () has 1 or 3 coloured arrows and period r or m, respectively. We
claim that @ has period m. This is clear in Case (b) because p + ¢ > 2r,
that is, m — (p+q) < r < p+ g — r and, hence, @) cannot have only one
coloured arrow. The orbits given by loops a4, as and a3 cannot have period
r because, in such a case, z = f"(z) = f?(x) € M N L which reduces to a
single point of P, that is, of period m > r. So, the claim is proved. However,
the orbit @) is different from P. Indeed, if ) is given by loop «a;, then it has
all three strings of the same length, r, unlike P. In the rest of the cases, the
strings of @ have lengths p+ ¢ —r, r and m — (p + ¢) and, since ¢ < r < p
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and ¢ < p+ q —r < p, those lengths are not equal to the lengths of the
strings of P. We have then a contradiction with the primarity of P.

Let us now assume that p = r. By Lemma 2.4, g ~ z, ~ 2,4, because
r=cand ¢ <r. Let us set K = (vg,Tpir), L = (o, xp), M = (xp, Tpyy)
and J = [0,2,1,]. As above we will build appropriate loops to get orbits
or period m different from P, depending on the relative positions of xy, z,
and z,.,. To do this observe first that since f"(x¢) = z,, f"(Tpir) = o
and ¢ < r, we always have K — L and J % 0, zpir]. Furthermore,
since ¢ < p = r = ¢, again from Lemma 2.4, v, % v, % Tpiryq. Hence
0 € fYL), 0 € f9(M) and, since ¢ < r, 0 € f"(L) and 0 € f"(M). This
means that we also have L =5 .J, M = J, L =5 [0,2,] and M == [0, 2]
(see Figure 5.2).

]\4-_7;_> [O,ZL'()]
}q
K1 -5 J [0a$p+r]
[Oaxp]

Figure 5.2: Some f-coverings when p =r.

The six possible cases are:
(i) zo0 < ®p < Zpyp. Then L and M are contained in [0, z,.,] and we

have
S SNy g O S SNy g O /O Ny g O 5%

(i) Zp4r < 2, < 9. Then L and M are contained in [0, xy] and M C
[0, x,]. Hence
M =M = L= M.
(iii) &p4r < 29 < xp. Then L and K are contained in [0, z,] and we have
L—L— K — L.
(iv) , < 9 < Tpir. Then LU K C [0, z,4,] and, hence,
L5173 L-%5) 3 K- L
(v) xp < Tpyr < Tp. Then K UM C L C [0, x] and we have
M = M = K = M.
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(vi) z9p < @psr < z,. Now we must use the interval [0, x¢]. It happens
that [0, z0] U L = [0, 1,], [0, 2] == [0, ,] and [0, 2] C [0,7,..], hence we
have

[0, 0] = L =55 7 250, 2] == [0, o).

All these loops give an orbit @) of period m, as we can easily see by
repeating previous arguments. Namely, in all the loops there are two in-
tervals r steps apart whose intersection reduces to a point of P. It is also
immediate that Q # P in cases (i), (ii), (iii) and (v), since the strings of
Q@ are all of the same length, and this does not happen with the strings of
P by hypothesis. In case (iv) @Q # P because the strings of @) have the
same lengths as those of P, but in a different order: if we label the strings
of @ in such a way that the first is of length » = p, then the second has
length 2r — g > r > ¢. Lastly, to show that @@ # P in case (vi), let us label
the points y; € @ in such a way that yo € [0, 70, ¥; = f'(yo) for i € Zy,
and the beginnings of the three strings are yo, y, and y,4,. If Q = P, then
Yr+q = Tptq Since both are the beginning of the longest string (of length
2r —q = m — (p+q)). However, f" 9 (y,1q) < 2o < Tpir = 7 UTpiq)-
Hence, z,1, # Yr4q; a contradiction. Then, since () # P in all cases we
obtain a contradiction with the primarity of P as before. This ends the
proof of the lemma. [ |

Now we are ready to prove the result we are looking for.

Theorem 5.10. Let P be a periodic orbit of a map f € Xy. Then P is
a primary strongly directed orbit of period a multiple of three having three
coloured arrows if and only if P is 3-box.

Proof. If P is 3-box, then it has three coloured arrows by Remark 5.3,
its period is a multiple of three by Definition 5.2, is strongly directed by
Corollary 5.5 and it is primary by Proposition 5.6.

Now we prove the converse. The three coloured arrows are of the same
colour, ¢ € {1,3} by Corollary 4.12. Then, if we denote the period of P by
m, we have m = 3¢ by Lemma 2.6. Also, by Lemma 5.9 the three strings
have the same length, » = m/3. Then r = ¢ and, by Lemma 2.4, the
three strings begin in the same branch. Then, P has some crossing arrows.
Indeed, assume we have labeled the points of P in such a way that x; is the
beginning of a string, x; = f*(x,) for i € Z,, and zy < min{x,, x5, }. Since
fT(xo) = xp > g = f"(22,), we can find a ¢ < r such that z; < x9,,; but
Tyy1 > Toppee1. Hence P is 3-box by Theorem 5.8. |
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6 Conclusions

In this section we summarize the main results of the paper. The next
theorem summarizes Theorems 3.2 and 3.6 about primary directed orbits
of maps from X, having at most one coloured arrow. The second one puts
together Theorem 4.10 and Corollary 4.12, giving important restrictions for
strongly directed orbits of maps from X; to be primary. The last result
we quote is Theorem 5.8, which characterizes those primary orbits having
Crossing arrows.

Theorem A. Let P be a directed orbit of a map f € X, withv < 1 coloured
arrows.

(a) If P has only black arrows, then P is primary if and only if it is twist.

(b) If P has a coloured arrow A, then P is primary if and only if it is
single of colour c(A).

Theorem B. Let P be a strongly directed orbit of a map f € Xy. If P is
primary, then it has no more than three coloured arrows and it is colour
compatible.

Theorem C. If P is a strongly directed orbit of a map f € Xy with v > 0
coloured arrows and with crossing arrows, then P is primary if and only if
v>1 and P is v-boz.

As it has been said in the introduction, to finish the characterization of
the strongly directed primary orbits of maps from X;, we are left with the
case of those having v > 1 coloured arrows and without crossing arrows.
This will be the goal of [4].
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