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Abstract. We study the dissipative dynamics of a three level atom in a cascade

configuration driven by two independent lasers and coupled to a semi-infinite

waveguide. The coupling to the waveguide is chiral, in the sense that each transition

interacts only with the waveguide modes propagating in a given direction, and this

direction is opposite for the two transitions. The waveguide is terminated by a mirror

which coherently feeds the photon stream emitted by one transition back to the atom.

Specifically, we study the dynamics of the atom and show that, at variance with the

V-scheme, it does not evolve towards a pure dark state in the stationary regime.
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1. Introduction

Chirality is a property of asymmetry important in several branches of science, which

comes from the Greek word kheir, meaning “hand”. An object which is chiral is

distinguishable from its mirror image. The concept of chirality has inspired major

advances in different areas of science [1, 2], and can be observed in many systems, from

our own hands to molecules. Two examples are: (i) DNA chirality played a critical

role during the early steps of evolution [3], and (ii) most isomers of chiral drugs exhibit

marked differences in biological activities such as, in toxicology [4].

Optical systems also experience chiral properties for instance in polarization (left

handed and right handed circularly polarized light), but also quantum optical systems

become chiral, in the sense that light-matter coupling depends on the propagation

direction of light and the polarization of the emitter transition. Thus, emission and

absorption of photons becomes direction-dependent under appropriate conditions, which

can be described in the framework of chiral quantum optics [5].

Chirality in quantum optics has been widely studied by different authors [6, 7].

In particular, Ref.[7] investigates the dynamics of a chain of two-level atoms coupled

through a chiral interaction, showing that the stationary state of the system is a

multipartite state of dimers where every two consecutive atoms are entangled in a pure

dark state and decoupled from the rest. In a following article, Peter Zoller and co-

workers at Innsbruck have derived the conditions for which a single chiral atom in a



Chiral Quantum Optics with three-level atoms 2

V-type three configuration evolves, as a stationary state of the system, towards a pure

dark state. In this regime, the overall emission vanishes.

In this work, we study the dynamics of a cascade three-level atom, driven by two

different classical fields, and its interaction with a chiral waveguide terminated by a

mirror. We will assume the Markovian regime for which the time delay of the between

the photons emitted by the atoms and those reflected by the mirror is negligible, in

order to derive an atomic master equation.

The article is organized as follows. In section 2 we describe the physical system and

introduce the corresponding definitions which will be necessary for our understanding

of the physics. In section 3, we derive the mathematical model of the system and

describe the assumed approximations. We also discuss in this section the conditions

for the creation of a dark state. In section 4, we present and discuss the results of

the numerical simulations of the dynamics of the three-level atom cascade system with

chiral interaction. Section 5 is devoted to the conclusions.

2. Physical system

Our system consists of a three-level atom in cascade configuration driven by two different

classical fields near resonance, and coupled to a semi-infinite waveguide terminated by

a mirror located at a distance d from the atom, as shown in Fig. 1.

Figure 1. Physical system under investigation. A three-level atom is interacting with

two classical fields with Rabi frequencies Ωa and Ωb coupled to the lower and upper

transitions, respectively. Chirality comes from the fact that the lower and upper atomic

transitions are also coupled, respectively, to the towards and backwards modes of a

semi infinite waveguide terminated with a mirror.

We will denote our atomic ground state by |g〉, and the excited states by |e1〉 and

|e2〉, with transition operators defined as σ−1 = |g〉 〈e1| and σ−2 = |e1〉 〈e2|. Additionally,

the σ1 transition is exclusively coupled to the guided modes propagating towards the

mirror whereas the σ2 transition is coupled to the modes propagating outwards.
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3. Derivation of the master equation

We will now proceed to derive a mathematical model of our system. We can assume

that the dispersion relation of the waveguide is approximately linear around the laser

frequencies ωa and ωb over a relevant bandwidth θ � ωa, ωb (i.e., ωa, ωb ≈ c|k| with ω

the mode frequency, k the wave number along the propagation axis, and c the speed of

light in the waveguide). The Hamiltonian for the waveguide is thus given by

HB =

∫ ωa+θ

ωa−θ
dωb†ωbω +

∫ ωb+θ

ωb−θ
dωb†ωbω, (1)

where bω annihilates a photon with frequency ω, and [bω, b
†
ω′ ] = δ(ω − ω′).

The Hamiltonian for the driven atom reads as

Ha = ω12 |e1〉 〈e1|+ ω23 |e2〉 〈e2| −
Ωa

2

(
eiωatσ−1 + H.c.

)
− Ωb

2

(
eiωbteiφ

′
σ−2 + H.c.

)
. (2)

From the second quantization formalism, we can express the electric fields as

Êa = iεωa(b̂ae
−iωat − b̂†aeiωat); Êb = iεωb

(b̂be
−iωbt − b̂†be

iωbt); (3)

where we have assumed parallel linear polarization for both fields. Assuming the

rotating wave approximation (RWA), the atom-waveguide interaction is given by

Hint = −i
∫ ωa+θ

ωa−θ
dωga(ω)(baσ

+
1 −b†aσ−1 )−i

∫ ωb+θ

ωb−θ
dωgb(ω)(bbe

−i(π− 2ωd
c )σ+

2 −b
†
be
i(π− 2ωd

c )σ−2 ),

(4)

where ga(ω) and gb(ω) are the atom-waveguide coupling and the phase factor is the

feedback photon phase which accounts for the propagation over a distance 2d and for

the π shift due to the mirror reflection. The only physically relevant phase here is the

phase difference π − 2ωd/c − φ′ between the feedback and the driving phases, so we

can gauge φ′ away by redefining the state |e2〉 → eiφ
′ |e2〉. We will also assume that

the coupling is approximately independent of the frequency over a relevant bandwidth

[ωa − θ, ωa + θ] and [ωb − θ, ωb + θ], and we can replace ga(ω)→
√

γ21
2π

, gb(ω)→
√

γ32
2π

.

In order to derive the master equation for the atom, we move to an interaction

picture with respect to the waveguide Hamiltonian HB and to a frame rotating with

both laser frequencies for the atomic transitions. In this picture, the total Hamiltonian

now reads as HI
tot = HI

a +HI
int, where

HI
a = −δa |e1〉 〈e1| − (δa + δb) |e2〉 〈e2| −

Ωa

2

(
σ+

1 + σ−1
)
− Ωb

2

(
σ+

2 + σ−2
)
, (5)

and

HI
int = i

√
γ21

2π

∫ ωa+θ

ωa−θ
dω(b†ae

−i(ωa−ω)tσ−1 − baei(ωa−ω)tσ+
1 )+

+ i

√
γ32

2π

∫ ωb+θ

ωb−θ
dω(b†be

−i(ωb−ω)(t−τ)ei∆φσ−2 − bbei(ωb−ω)(t−τ)e−i∆φσ+
2 ),

(6)
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with τ = 2d/c the time delay of the quantum feedback and ∆φ = π − ωbτ − φ′ the

phase difference. From now on, we will drop the superscript I and always refer to the

Hamiltonians in this picture.

In the Heisenberg picture, the waveguide operators satisfy the Heisenberg equation

of motion

d

dt
bω(t) =

√
γ21

2π
e−i(ωa−ω)tσ−1 (t) +

√
γ32

2π
e−i(ωb−ω)(t−τ)ei∆φσ−2 (t), (7)

where σ−i (t) = U †(t)σ−i U(t). On the other hand, the Heisenberg equation for an operator

a(t) acting on the atomic subspace is

d

dt
a = −i[a,H] = −i[a,Ha]− i[a,Hint] = −i[a,Ha] +

√
γ21

2π

∫ ωa+θ

ωa−θ
dω(

a(b†ae
−i(ωa−ω)tσ−1 − baei(ωa−ω)tσ+

1 )− (b†ae
−i(ωa−ω)tσ−1 − baei(ωa−ω)tσ+

1 )a
)

+

√
γ32

2π∫ ωb+θ

ωb−θ
dω
(
a(b†be

−i(ωb−ω)(t−τ)ei∆φσ−2 − bbei(ωb−ω)(t−τ)e−i∆φσ+
2 )−

(b†be
−i(ωb−ω)(t−τ)ei∆φσ−2 − bbei(ωb−ω)(t−τ)e−i∆φσ+

2 )a
)
. (8)

We now must integrate Eq.(7), insert the result in Eq.(8), rearrange terms,

and finally perform a Born-Markov treatment, where the integration over ω of the

phase factors generates Dirac delta functions of t′. This approximation is valid for

σ−i (t′) ≈ σ−i (t) for t′ ∈ [t − 1/θ, t + 1/θ]. Finally, since we are interested in the

Markovian limit where τ is set to 0, we require the delay to be much shorter than

the typical evolution time of the system, which we will assume from now on. We then

obtain the quantum Langevin equation for the atomic operators

d

dt
a = −i[a,Ha] +

√
γ21[a, ξ†21(t)σ−1 (t)−H.c.] +

√
γ32[a, ξ†32(t)ei∆φσ−2 (t)−H.c.] +

γ21

2

{σ+
1 (t)[a, σ−1 (t)]− [a, σ+

1 (t)]σ−1 (t)}+
γ32

2
{σ+

2 (t)[a, σ−2 (t)]− [a, σ+
2 (t)]σ−2 (t)}+

√
γ32γ21

2

{e−i∆φσ+
2 (t)[a, σ−1 (t)]− [a, σ+

1 (t)]ei∆φσ−2 (t) + ei∆φσ+
1 (t)[a, σ−2 (t)]− [a, σ+

2 (t)]e−i∆φσ−1 (t)}.
(9)

If we now write the expectation value for an initial state ψ0 where the waveguide is

in the vacuum state, the terms with ξ will vanish, since ξ(t) ∝ bω, which is a destruction

operator. Thus,

d 〈a〉
dt

= −i 〈[a,Ha]〉+
γ21

2

〈
σ+

1 (t)[a, σ−1 (t)]− [a, σ+
1 (t)]σ−1 (t)

〉
+
γ32

2
〈σ+

2 (t)[a, σ−2 (t)]−

[a, σ+
2 (t)]σ−2 (t)〉+

√
γ32γ21

2
〈e−i∆φσ+

2 (t)[a, σ−1 (t)]− [a, σ+
1 (t)]ei∆φσ−2 (t) + ei∆φσ+

1 (t)

[a, σ−2 (t)]− [a, σ+
2 (t)]e−i∆φσ−1 (t)〉. (10)
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Noting ρ(t) = |ψ(t)〉 〈ψ(t)|, we have 〈ψ(0)| a |ψ(0)〉 = Tr[a(0) |ψ(t)〉 〈ψ(t)|] =

Tra{Trω[a(0)ρ]}. Making use of the cyclic property of the trace (Tr(AB) = Tr(BA)),

we know Trω |ψ(t)〉 〈ψ(t)| = ρ(t), and thus 〈ψ(0)| a |ψ(0)〉 = Tra(ρ(t)a(0)) =

ρ(t)Tra(a(0)) = ρ(t). Per definition of ρ, we can rewrite each term of Eq. (10) as,

e.g., 〈Oa〉 = Tra(Oaρ). Again, using the cyclic property of the trace, this is equal to

Tra(aρO), so by rewriting all the terms such that the operator a appears at the left, we

obtain:

dρ

dt
= −i[Ha, ρ] + γ21D[σ−1 ]ρ+ γ32D[σ−2 ]ρ+

√
γ32γ21

(
ei∆φσ−2 ρσ

+
1 + e−i∆φσ−1 ρσ

+
2

)
=

= −i[Ha, ρ] +D[
√
γ21e

−i∆φσ−1 +
√
γ32σ

−
2 ]ρ. (11)

At this point, an in order to be specific, we will focus on the particular case for

which both driving fields yield the same Rabi frequency, i.e., Ωa = Ωb(≡ Ω). In this

case, it is convenient to perform the following basis transformation:

|S〉 =
1√
2

(
|g〉 − e−i∆φ |e2〉

)
|T 〉 =

1√
2

(
|g〉+ e−i∆φ |e2〉

)
,

(12)

with the corresponding operators σ−S = |e1〉 〈S| and σ−T = |e1〉 〈T |. The master equation

can be expressed as:

dρ

dt
= −i[Heff, ρ] +

1

2
D[
√
γ21(σ+

T + σ+
S ) +

√
γ32(σ−T − σ

−
S )]ρ, (13)

where the effective Hamiltonian now reads as

Heff = −δa |e1〉 〈e1| −
δa + δb

2
(|T 〉 〈T |+ |S〉 〈S|) +

δa + δb
2

(
σ+
T σ
−
S +H.c.

)
−

− Ω

2
√

2

( (
1 + ei∆φ

)
σ+
T +

(
1− ei∆φ

)
σ+
S +H.c.

)
.

(14)

Figure 2. Schematic representations of the couplings in the basis |e1〉 , |S〉 , |T 〉 for

Ωa = ΩB ≡ Ω.
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In Fig. 2, we illustrate the couplings of the cascade scheme in the basis |e1〉 , |S〉 , |T 〉
where we can see that not only the Rabi frequency Ω but also the phase difference

will determine the coherent coupling between the state |e1〉 and states |S〉 and |T 〉. In

addition, these two states are only decoupled when the two-photon resonance conditions

is fulfilled, i.e., for δa = −δb. Finally, states |T 〉 and |S〉 decay to state |e1〉 at a rate

given by γ32/2 and γ21, respectively.

For instance, when ∆φ = 0 and δa = −δb there are Rabi oscillations between states

|T 〉 and |e1〉, and the state |S〉 would be, for γ21 = 0 completely decoupled. In this case,

the population initially in |S〉 will remain there for the whole dynamics. However, in the

presence of even small decay rate γ21 6= 0 there is no dark state in the system. This will

result in a dynamics completely different from that obtained for a V-scheme [9] where

there is a stationary (non-decaying) dark state even in the presence of dissipation in the

two transitions.

4. Numerical results

The physics of our system can be better understood by performing numerical simulations

of the dynamics and looking for the steady-state solution as a function of different control

parameters. We thus vectorize the master equations described by Eqs.(11) and (13),

and solve them for different parameter values.

Figure 3. Steady-state population of the ground state (left), first excited state (center)

and second excited state (right) as a function of ∆φ and the probe field detuning.

Parameter setting γ21 = γ32 = γ, Ωa = Ωb = γ and δb = 0.

We proceed to analyse the steady state solution of Eq.(11) in the {|g〉 , |e1〉 , |e2〉}
basis. Figure 3 shows the steady-state population of the three states for γ21 = γ32 = γ,

Ωa = Ωb = γ and δb = 0. One can observe that for δa 6= 0 almost all the population

remains in the ground state |g〉. When the two-photon resonance condition is fulfilled

the system is excited and that the steady-state population slightly depends on ∆φ.
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Figure 4. Populations of the state |e1〉, |S〉 and |T 〉 ((a), (b) and (c) respectively),

as a function of ∆φ and the probe field detuning δa, in units of γ21 = γ32 ≡ γ, when

Ωa = Ωb ≡ γ and δb = 0.

By numerically finding the stationary solution of Eq.(13), we can study the steady-

state population in the {|e1〉 , |S〉 , |T 〉} basis. In this case, we observe that the state

|e1〉 remains almost unpopulated, except for δa → 0, and most of the population is

distributed between |S〉 and |T 〉.
We now look at the parameter range for Ωa = Ωb ≡ Ω and ∆φ, represented in

Fig. 5, where we solved the master equation for the cascade configuration and for the

V-level configuration, studied in Ref. [9]. For the V scheme, when the laser intensity

is increased from zero, one can observe a curve where the purity has value 1, which is

the signature of the dark state. On the other hand, in the cascade configuration, the

purity, calculated from P = Tr(ρ2) does not lead to zero for any fixed phase difference,

since its value drops as Ω is increased. This is a consequence of the fact that state |S〉
decays to state |e1〉 via spontaneous emission, see Fig. 2, and there is no dark state in

the system.

In the second row of Fig. 5, we observe a significant difference between both

configurations, where the occupancy of |S〉 is 1 along the dark state curve for the

V scheme, while for the cascade configuration it does not converge to 1 for any value.

Finally, the expected value of the Hamiltonian for the V configuration has the same sign

as the phase difference ∆φ, whereas for the cascade configuration we do not observe any

similar result.



Chiral Quantum Optics with three-level atoms 8

Figure 5. Properties of the steady state solution as a function of Ωa = Ωb ≡ Ω and

the phase difference ∆φ, for (left column) the cascade scheme under investigation and

(right column) the V-scheme studied in [9]. In the first row, the purity of the steady

state is shown. In the second row, we plot the excitation probability (occupancy of

|S〉). In the third row, we plot the expectation value of the effective Hamiltonian (14)

in units of γ.
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Figure 6. Absorption (in arbitrary units) of a probe field acting on the |g〉 − |e1〉
transition, for δb = 0 and ∆φ = 0, as a function of the probe field detuning δa. Ωb is

given in units of γ32 = γ21 and Ωa is set to be very small.

Figure 7. Susceptibility (in arbitrary units) of a probe field acting on the |g〉 − |e1〉
transition, for δb = 0 and ∆φ = 0, as a function of the probe field detuning δa. Ωb is

given in units of γ32 = γ21 and Ωa is set to be very small.

When the coupling strengths are different, an interesting case of study is that

for which Ωa � Ωb. In Fig. 4 we study this case for δb = 0, for which one can

calculate the absorption of the probe field for different values of Ωb, since it is related

with the imaginary part of ρg−e1 . As it could be expected, two absorption lines

appear, which become resolved as the Rabi frequency Ωb becomes larger, and there

is a dip in the absorption where transparency takes place. This phenomena is known as

electromagnetically induced transparency (EIT).

Besides the manipulation of absorption or transmission, EIT also allows control over

the refractive index (which is related to the susceptibility) of a laser-driven medium. Fig.

5 shows the dependence of susceptibility, which can be calculated with the real part of
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the coherence ρg−e1 , on the probe laser as a function of its detuning δa/γ. In a medium

driven to EIT, there is a large normal dispersion, which could give rise to slow light, for

the probe field within the transparency window.

5. Conclusions and Outlook

In this master thesis we have presented a model for studying a cascade three-level atom

in a chiral waveguide, where the atomic transitions are coupled to the waveguide modes

propagating in opposite directions. We have followed the lines of a recent article [9] that

perform the same study for a V-scheme, and compare our results with those obtained

in [9].

We have preformed numerical simulations of the master equation and plotted the

steady-state solution as a function of different control parameters. We have observed

that the steady-state population slightly depends on the phase difference ∆φ that

accounts, basically, for the phase acquired through the time needed for reflection in

the mirror, the reflection phase, and the phase difference between the lasers. At

variance with the V-scheme, we have shown that the cascade scheme does not reach

a pure stationary dark state during its temporal evolution. Accordingly, its dynamical

behaviour is completely different from that of the V-scheme.

Other effects, such as electromagnetically induced transparency, have been studied,

showing that the EIT does not differ significantly from that occurring for a non-chiral

cascade scheme.
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