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A B S T R A C T

This thesis describes quantum measurements of an ensemble of cold
rubidium-87 atoms.

We extend the covariance matrix formalism to spin-1 systems, includ-
ing effects of decoherence, losses due to probing and atom number fluc-
tuations. We show that the model can reproduce experimental results
of both the mean and variance of a Faraday rotation measurement of
the free induction decay signal of a coherent spin state precessing in an
inhomogeneous magnetic field.

We derive linearization procedures for Faraday measurements with
high rotation angles and develop a fast differential photodetector that
allows high dynamic range detection. We also study how to experimen-
tally calibrate the reference quantum noise level under inhomogeneous
light-atom interaction.

We show that two non-commuting collective spin observables describ-
ing the atomic ensemble can be simultaneously known with sensitivity
beyond classical limits, producing a planar quantum squeezed state. We
theoretically study this state’s metrological advantages and we find op-
timal conditions for its realization.

Finally, using quantum non-demolition (QND) measurements of an
atomic coherent state precessing under an orthogonal magnetic field,
we track the radial and the angular component of the collective spin of
the atomic ensemble below Poisson statistics and below the projection
noise level by 7.0 dB and 2.9 dB respectively.

The final topic of this thesis is the investigation of measurement back-
action as a genuine quantum signature through the violation of Leggett-
Garg inequalities. The use of QND measurements, which does not per-
turb the measured quantity, provide a way to certify such violations as
due to true quantum effects rather than other possible classical distur-
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bance caused by the measurement. The use of Gaussian states described
by covariance matrix calculations indicates these techniques can be ap-
plied to truly macroscopic systems.
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R E S U M E N

Esta tesis describe medidas cuánticas en una nube de átomos fríos de
rubidio-87.

Extendemos el formalismo de matriz de covariancia a sistemas de
espin-1, incluyendo decoherencias, pérdidas debidas a la luz de prueba
y fluctuaciones del número de átomos. Mostramos que el modelo puede
reproducir los resultados experimentales de medias y variancias de me-
didas de rotación de Faraday de una señal de decaimiento libre de induc-
ción de un estado coherente de spin rotando en un campo magnético.

Derivamos procedimientos de linearizacion para medidas de Faraday
con ángulos de rotación grandes y desarrollamos un fotodetector rápido
que permite la detección en rango dinámico alto. En esta tesis estu-
diamos también el problema de interacción luz-átomos en el caso de
acoplamiento inhomogéneo y calibramos experimentalmente el nivel de
ruido cuántico.

Demostramos que dos observables colectivas de espín que describen
la nube atómica que no conmutan se pueden conocer simultáneamente
con precisión más allá de los límites clásicos, produciendo un estado
cuántico planar comprimido. Estudiamos teóricamente sus ventajas metrológ-
icas y encontramos condiciones óptimas para su realización.

Así mismo, utilizando medidas cuánticas no desctructivas (QND) en
un estado atómico coherente rotando en un campo magnético ortogonal,
monitorizamos las componentes radial y angular del spin colectivo de la
nube de átomos 7.0 dB por debajo de la estadística Poissoniana y 2.9 dB
por debajo del nivél del ruido de proyección.

El último resultado de esta tesis es la investigación del contra-efecto
de la medida como un auténtico efecto cuántico a través de la violación
de las desigualdades de Leggett-Garg. El uso de las medidas QND, que
no perturban la observable medida, permite considerar las violaciones
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como en verdadero efecto cuántico en lugar de otros posibles efectos
clásicos causados por la medida. Por otro lado el uso de estados Gaus-
sianos usado en los cálculos de matriz de covariancia puede ser aplicado
también a sistemas verdaderamente macroscópicos.
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“I beg you, reject antiquity, tradition, faith, and authority! Let us
begin anew by doubting everything we assume has been proven!"

Giordano Bruno

1
I N T R O D U C T I O N

For thousands of years humans have investigated Nature to understand
the world around them and to engineer technologies to improve our
quality of life [1]. Among the oldest and most important technologies
developed by mankind is the ability to make measurements. The first
humans elaborated sophisticated methods to measure time and seasons,
and the position of the sun and stars. Generation by generation hu-
mankind replaced old technologies with better ones and refined their
description of Nature, falsifying obsolete theories by experiment and
subsequently developing new ones. Nowadays, we can measure masses
with the resolution of a single proton [2], gravitational wave strains with
the sensitivity of one part in 1021 [3] and magnetic fields with sub-femto
Tesla sensitivity [4], allowing us to detect heart or brain activity [5].
At such high sensitivities quantum effects are no longer negligible and
quantum physics imposes fundamental limits on measurement accuracy.

At the end of the 1970s, in the context of the search for gravitational
waves, Braginsky, Caves and others [6, 7] noted that measurement sen-
sitivity is very closely related to the uncertainty principle, and more
precisely to measurement back-action, by which, measurement of one ob-
servable necessarily disturbs other, non-commuting, observables. Dur-
ing continuous measurements, back-action leads to sensitivities bounded
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2 introduction

by the standard quantum limit (SQL) (δN)2 ∼ 1/N, with N the number
of independent particles used in the measurement. Brangisky also no-
ticed [8] that a system observable can be measured with a sensitivity
surpassing the SQL with quantum non-demolition (QND) measurements.
In a QND measurement a single observable is measured and the effects
of back-action never enter into the measurement record. QND measure-
ments, initially implemented in optical systems [9], have more recently
been implemented in material systems [10] using cold atoms [11], hot
vapours cells [12], nuclear spins [13] and mechanical oscillators [14].

Over the last decades, atomic ensembles, where many atoms con-
tribute coherently to a given effect, while being described by a few de-
grees of freedom, allowed the production of spin squeezed states [15, 12],
where the atomic fluctuations of one collective observable are below the
SQL. Atomic ensembles have been demonstrated as useful resources for
quantum information processing and quantum communications such
as entanglement [16, 17], teleportation [18] and quantum memory [19].
They have also been used for quantum metrology using squeezed states
[20], giving precision surpassing the SQL by evading measurement back-
action [21, 22] and using non-linear interactions [23]. However, the major-
ity of these systems, including most interferometers, and atomic ensem-
bles polarized along the direction of the magnetic field, can be described
as simple harmonic oscillators. Current strategies to avoid measurement
back-action work for a single component, with the consequence that at
most one quadrature of the harmonic oscillator can be measured be-
yond the standard quantum limit [24, 25]. Recently, proposals to contin-
uously measure simultaneously both components of an harmonic oscil-
lator have been studied, allowing continuous measurements, or tracking
of the system in phase space. It has been noted in different contexts by
Yanbei Chen [26, 27], Mankei Tsang & Carlton Caves [28] and Eugene
Polzik & Klemens Hammerer [29] that for systems that are not simple
harmonic oscillators, it becomes possible to simultaneously and contin-
uously measure multiple evolving observables beyond classical limits,
even when those observables do not commute.

The goal of this thesis is to study the effects of quantum measure-
ments on atomic ensembles. We explore, in an atomic spin ensemble, a



introduction 3

protocol to track the trajectory of a quantum system undergoing coher-
ent evolution in principle with precision (δN)2 ∼ N2/3, below classical
limits (∼ N) in both components of the spin oscillator. Realizing this in
practice, requires firstly theoretical modelling of the atomic system and
the atom-light interaction in order to design an experiment with high
dynamic range detection and precise quantum noise calibration.

To model our atomic system we adopt the covariance matrix formal-
ism [30, 31, 32], where a quantum state is economically described in
terms of mean and variance. Originally developed for spin-1/2 systems,
we extend it to spin-1 systems, and include a description of the dominant
effects: decoherence due to probing, magnetic field inhomogeneities, and
fluctuations in the number of atoms. We also describe the development
of a fast differential photodetector required for high dynamic range de-
tection [33]. We study the effect of atomic inhomogeneities in order to
rigorously calibrate the reference quantum noise level of the Faraday
rotation measurements.

The possibility of measuring two non-commuting observables of the
collective angular momentum of an atomic ensemble is realized exper-
imentally with a cold atomic ensemble of 87Rb atoms interacting with
probing light and coherently precessing under the effect of an orthogo-
nal magnetic field, to obtain a record of both the radial and angular com-
ponents beyond their classical limits, implying a measurement modality
unavailable for harmonic oscillator systems. Measuring two components
of the angular momentum of an atomic ensemble below the SQL pro-
duces a planar quantum squeezed (PQS) state [34, 35] which can be used to
improve the precision of atomic interferometers [36, 22] at an arbitrary
unknown phase angle, and to detect entanglement over a macroscopic
number of atoms [34, 35, 37].

Atomic ensembles are also a promising tool to observe quantum ef-
fects at the macroscopic level [38] which is a debated problem since the
beginning of quantum mechanics [39, 40]. Because the Planck constant
is small, observing quantum effects becomes increasingly difficult with
system size but in principle remains possible. The boundary between
classical physics and quantum mechanics is blurry. Placing the bound-
ary of the quantum to classical transition [41] is important to design



4 introduction

high-temperature superconductors [42], quantum computers [43] and
macroscopic entangled states [44]. Quantum effects have been observed
in some macroscopic object, including heavy molecules [45], supercon-
ducting qubits [46, 47] and atomic ensembles [38]. Similarly to Bell in-
equality [48], recently Leggett & Garg proposed an inequality to test
quantum behaviour of macroscopic systems undergoing coherent evolu-
tion [49].

In this thesis measurement back-action is studied as a signature of
genuine quantum behavior in atomic ensembles. We show that QND
measurements, where, by definition, measurement back-action is domi-
nated by quantum effects, are a useful resource to study measurement
back-action as a genuine quantum effect through the violation of Leggett-
Garg inequalities [50].

thesis outline

The material of this thesis is organized as follows:
Chapter 2 reviews some physical concepts essential to this thesis. We

introduce the standard quantum limit, QND measurements and the con-
ditions for a truly QND measurement in atomic systems, as published
in Ref. [10]. We review the generation of squeezed states in atomic en-
sembles and we describe the problem of phase estimation for unknown
phases. Finally we discuss current proposals to avoid measurement back-
action.

Chapter 3 extends the covariance matrix formalism, already used in
our group to model some features of the experiment, to spin-1 systems,
including losses, decoherences due to magnetic field inhomogeneities
and technical noise due to atom number fluctuations. Some part of
which are published in [51].

In Chapter 4 we briefly describe the experimental setup focusing on
the major improvements necessary for the experiments described in this
thesis: a high efficiency optical pumping strategy in the presence of an
orthogonal magnetic field, the control of the magnetic field, and a fast
differential photodetector used for high dynamic range detection, pub-
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lished in [33]. We also describe the required linearization procedures for
large rotation signals of the probing light.

In Chapter 5 the covariance matrix formalism developed is used to
reproduce real experimental data in conditions where the tensorial light
shift of the light-atom interaction is non-negligible. The numerical simu-
lations show good agreement with the dynamics of the measured mean
values and variances. The results are published in [51] and allow us to
understand the capabilities of the experiment and technical features to
be improved in the design of an experiment.

This theoretical machinery is used in chapter Chapter 6 to show the
feasibility of the production of a planar squeezed state in the atomic en-
semble, which is naturally back action evading for two of the three vari-
ables of the collective angular momentum. Entanglement detection and
metrological advantages in phase measurements are studied. Part of this
chapter appears in Ref. [52].

In order to claim back-action evasion or squeezing it is necessary to
confidently know the SQL. In the ideal case of uniform coupling be-
tween the probing light and the atoms, the SQL follows directly from
the angular momentum uncertainty relation. However inhomogeneous
coupling leads to different scaling coefficients for means and variances.
In Chapter 7 we describe the problem mathematically and report an
experimental procedure to calibrate the reference quantum noise level.

Chapter 8 contains the main result of this thesis: It shows that si-
multaneous measurements of two components of the collective angular
momentum below their classical limits are possible and practical. Ex-
perimental results indicate that measurement back-action can be made
negligible in high-sensitivity atom interferometry, allowing continuous
tracking of the full dynamics of non-commuting spin observables be-
yond classical limits.

Besides the entanglement detection and quantum metrology, another
perspective of this work is described in Chapter 9. If from one perspec-
tive measurement back-action is to be avoided, from another it repre-
sents a direct signature of a quantum mechanical behaviour and there-
fore becomes an interesting feature when observed in macroscopic ob-
jects. In this chapter, published in [50], we show that the effects of back-



6 introduction

action are rigorously observable over a large class of macroscopic objects
through the violation of Leggett-Garg inequalities.

Chapter 10 summarizes the main achievements of this thesis and pro-
vides future perspectives. Finally in the Appendix we report the proofs
of some equations that are not included in the main text.



“Ladies and gentlemen, we have detected
gravitational waves. We did it!”

David Reitze, 11 February 2016

2
G E N E R A L R E M A R K S

This chapter reviews the most important topics studied in this thesis.
Through a historical perspective we discuss the problem of measurement
back-action for a harmonic oscillator and introduce the SQL for continu-
ous measurements [7]. QND measurements [8], proposed in interferom-
eters in the context of gravitational wave detection [24], give the possibil-
ity to measure one observable of an harmonic oscillator with a sensitiv-
ity surpassing the SQL, allowing the production of squeezed states. We
discuss how QND measurements have been implemented in atomic sys-
tems and how spin squeezing criteria are directly related to the phase sen-
sitivity of atomic interferometers [15]. We provide a practical scenario for
phase estimation experiments when the phase angle is unknown before-
hand, that improves the phase sensitivity by minimizing measurement
back-action [35], showing a fundamental difference between harmonic
oscillator and spin systems. Finally we study back-action as a genuine
quantum effect that could be directly observed with macroscopic objects
through the violation of Leggett-Garg inequalities [49].

7
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2.1 an historical perspective

The history of quantum mechanics, and somehow the early roots of this
thesis, begins in the first years of the last century, when a couple of
revolutionary ideas forced physicists to change their interpretation of
nature. In 1901 Max Planck postulated that the energy of a mode of
an electromagnetic resonator comes in discrete quanta, each of them
with an energy proportional to the oscillation frequency of the mode ω
[53]. Some years later Einstein explained the photoelectric effect hypoth-
esizing that the flux of electromagnetic radiation with frequency ω also
consisted of discrete quanta, that they could interact with matter [54].
These ideas, which could not be derived from Maxwell’s equations, led
physicists to the conclusion that electromagnetic radiation had both par-
ticle and wave like properties, as proposed by de Broglie [55]. Several
experiments (Davisson-Germer [56], Compton [57]) proved the particle-
wave nature of electromagnetic radiation and elementary particles, oth-
ers (Stern-Gerlach [58]) highlighted the importance of the description of
the state of the system and its evolution during a measurement. Werner
Heisenberg and Niels Bohr, in the mid-1920s, formulated the Copen-
hagen interpretation of quantum mechanics [59]. According to their in-
terpretation a physical system is described in terms of a probability wave
function |ψ〉. The system doesn’t have definite physical properties until
it is measured and quantum physics can only predict the probabilities of
the outcomes of the measurement. At the same time the measurement
process produces a collapse of the system’s wave function reducing the
possible states of the measured system to a single value. Subsequent
contributions of Dirac [60], Hilbert [61], von Neumann [62], Weyl [63]
and Bohm [64, 65] in the following decades gave a rigorous mathemat-
ical structure to the description of the system during the measurement
process. In quantum physics the system is interpreted in terms of proba-
bilities and the result of a measurement is therefore described by a prob-
ability distribution where an observable Ô is associated with a mean
value

〈Ô〉 ≡ 〈ψ|Ô|ψ〉, (2.1)
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and an uncertainty

var(Ô) = 〈Ô2〉− 〈Ô〉2. (2.2)

In this thesis we indicate standard deviations as ∆Ô ≡ (var(Ô))1/2. Ev-
ery pair of observables Â and B̂ obeys the mathematical inequality

var(Â)var(B̂) >
1

4
|〈[Â, B̂]〉|2, (2.3)

also known as the Robertson uncertainty relation [66] and true for any
state. As a consequence two commuting observables, i.e. [Â, B̂] = 0, are
not limited by the Robertson relation. On the other hand, if Â and B̂

do not commute, they cannot be simultaneously known precisely. For
position X̂ and momentum P̂, for example, [X̂, P̂] = i h, and from the
Robertson relation eq. (2.3) follows the Heisenberg uncertainty principle

var(X̂)var(P̂) >
 h2

4
. (2.4)

After the lack of interest of 1960s, some advancement in the theory of
measurement was made with the development of quantum electronics
and non-linear optics together with technological advances. The produc-
tion of the first non classical states of light [67, 68] further motivated
research into a precise mathematical description of the process of mea-
surement [7, 69, 70, 71].

In 1974 the observation of a pulsar in a binary system [72] suggested
the existence of gravitational waves in accordance with general relativity
and boosted theoretical and technical efforts to build a sensitive interfer-
ometer to detect gravitational waves [73]. In the context of the first stud-
ies of gravitational-wave detection, Braginsky [24] noticed how, accord-
ing to the uncertainty principle, continuous position measurements of an
oscillator system continuously disturbs its momentum, and through its
evolution this back-action returns to disturb the position, as represented
in Fig. 2.1. We now derive the SQL for an harmonic oscillator using the
argument of Caves, et al. [7].
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Figure 2.1: Dynamical evolution in the phase space of an harmonic oscillator
when X is measured. A first measurement of X gives a back-action
on P of ∆Ppert, which returns to X again in the subsequent evolution
of ∆X(t), giving rise to the SQL.

During the free evolution position X̂ and momentum P̂ of the har-
monic oscillator are described by1:

X(t+ τ) = X(t) cos(ωτ) +
P(t)

mω
sin(ωτ), (2.5)

P(t+ τ) = P(t) cos(ωτ) −mωX(t) sin(ωτ). (2.6)

A position measurement estimates X with an uncertainty ∆X1, set by
the precision of the experimental device. If the harmonic oscillator is in
an initial coherent state, as a consequence of the Heisenberg uncertainty
relation the momentum P is perturbed by

∆Ppert =
 h

2∆X1
. (2.7)

As time passes the oscillator rotates according to eqs. (2.5) and (2.6) and
the error in P rotates into X as in Fig. 2.1. If one tries to estimate the result

1 From now on we omit the ˆon the operators when not ambiguous
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of a second measurement of X after a time t the error in the prediction
will be, using eqs. (2.5) and (2.7)

(∆X(t))2 = (∆X1 cos(ωt))2 +
(

 h

2mω∆X1
sin(ωt)

)2
. (2.8)

Continuous measurements of X ideally aim to measure X(t) with mini-
mum uncertainty at every time. This corresponds to having both terms
of eq. (2.8) equal at every time and implies a minimum uncertainty (SQL)
for continuous measurements of X

∆XSQL =

√
 h

2mω
. (2.9)

Using the same procedure we can calculate the optimal accuracy for
momentum measurements

∆PSQL =

√
 hmω

2
(2.10)

and note that the minimum uncertainty of the initial coherent state is
preserved

∆XSQL∆PSQL =
 h

2
. (2.11)

2.2 qnd measurements

The problem discussed before can also be described more formally. In
the Heisenberg picture, during a measurement process, the evolution of
an observable O(t) is given by

dO(t)

dt
= −

i
 h
[O(t),H(t)] (2.12)

where H(t) = Hfree + Hint describes the joint effect of free evolution
Hfree and measurement interaction Hint. To avoid measurement back-
action one should have

[O(t),H(t ′)] = 0. (2.13)
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for all times t and t ′ during the interaction. Since the 1930s scientists
started to write about the existence of a Hamiltonian H to evade mea-
surement back-action. A footnote in the paper of Landau and Peierls [74]
contains the statement2

. . . if there existed an interaction Hamiltonian depending
on the velocity only, one would be able to measure the veloc-
ity of a free particle with arbitrary high precision. [. . . ] such
an Hamiltonian does not exist, and therefore such measure-
ment is not possible.

The interpretation that back-action cannot be evaded, was wrong: in
1974, in the context of gravitational wave search, Braginsky and Vorontsov
[24] noticed that back-action evading measurements were indeed possi-
ble. Sensitivity beyond SQL can be achieved if the information is gath-
ered indirectly by coupling the observable of a system to be measured
into a meter, in such a way that the meter gives information only about
a single observable. Quoting Braginski [8]:

Apparently, to overcome the standard quantum limit, the
meter must extract information only on the single specified
observable. The meter, designed in accordance with this prin-
ciple, does not disturb the value to be measured, and the oth-
ers (non-commuting with it) are disturbed precisely to the
extent that provides satisfaction of the uncertainty principle.
This type of measurement is called the QND measurement.
. . . If a quantum object is in the state with a certain defined
value of the measured observable, then the same value will
be obtained as the result of [QND] measurement. After the
measurement, the object will remain in the same state. The
measurement may be repeated many times, each time giving
the same result.

2 We report the Braginsky translation of Ref. [8]. The original Landau and Peierls paper
[74] is in German.
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If PS and PM (XS and XM) describe the momentum (position) of the
system S and the meter M respectively, the interaction Hamiltonian pro-
posed by Braginsky has then the form:

Hint = kPSPM. (2.14)

The interaction couples the system to the meter imprinting information
about PS onto XM without disturbing PS. More generally a QND observ-
able O(t) is one that is not perturbed by the measurement

[O(t),Hint(t
′)] = 0. (2.15)

If O is constant of motion then

[O(t),Hfree(t
′)] = 0. (2.16)

If both eqs. (2.15) and (2.16) are fulfilled, O is a quantum non-demolition
(QND) observable [75] and H(t) is a QND interaction. We note that the
condition given by eq. (2.16) is easily fulfilled for point-like measure-
ments where the measurement process happens on a time scale small
compared to the free evolution time scale. Using eqs. (2.15) and (2.16)
we find that for a QND observable

[O(t),O(t ′)] = 0 (2.17)

for every t and t ′ of the measurement time. Some observables satisfy eq.
(2.17) only at discrete times and are called stroboscopic QND observables
[76]. For the harmonic oscillator, the commutation relations for position
and momentum are

[X(t),X(t+ τ)] = i
 h

mω
sin(ωτ), (2.18)

[P(t),P(t+ τ)] = i hmω cos(ωτ), (2.19)

implying that X is a QND stroboscopic observable for τ = kπ/ω, where
k is an integer number [25].
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measurement process Following the original approach of von Neu-
mann regarding the quantum measurements, we give an insight of the
measurement process during a QND measurement [62] and we show
how the uncertainty of the system observable is reduced during the mea-
surement. Before the interaction, the system S and the meter M are in a
separable state |ψS〉 ⊗ |ψM〉 which becomes entangled after the interac-
tion:

|ψS〉 ⊗ |ψM〉 → |ψS,M〉. (2.20)

At the moment of the detection a projective measurement on M allows
us to extract information about S. Adapted to our our harmonic oscil-
lator system, the measurement process consists of a meter device M
coupled to the system S by the interaction Hamiltonian Hint = kPSPM.
The meter and the system are in an initial coherent state var(XM) =

var(PM) = 1 and var(XS) = var(PS) = 1 and are related by the uncer-
tainty principle3

var(XS)var(PS) = 1 (2.21)

and similarly for XM and PM. The Heisenberg picture provides a very
intuitive frame to study the evolution of the observables. From eq. (2.12)
we derive linearized input-output relations of the operators before and
after the measurement, that occur in a unitary time:

O ′ = O− i[O,H]. (2.22)

We assume that the free evolution is negligible during the measurement
process. For H = Hint = kPSPM the input-output relations for the opera-
tors are

X ′S = XS + kPM, (2.23)

P ′S = PS, (2.24)

X ′M = XM + kPS, (2.25)

P ′M = PM. (2.26)

3 From now on we assume  h = 1
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Equivalently this can be expressed in terms of the evolution matrix T
acting on a state vector V = (XS,PS,XM,PM)

V ′ = T · V where T =


1 0 0 k

0 1 0 0

0 k 1 0

0 0 0 1

 . (2.27)

The same representation is used for a richer dynamics in Chapter 3. The
interaction transfers information about the system onto the meter and
the atomic state after the first measurement is conditioned by the out-
come given by the meter. In this thesis we quantify the precision of this
estimation using the conditional variance var(PS|XM) which is quanti-
fied by the uncertainty of a linear prediction of P ′S given X ′M:

var(P ′S|X
′
M) = var(P ′S − λX

′
M)

= var(P ′S) + λ
2var(X ′M) − 2λcov(P ′S,X ′M),

(2.28)

minimized by choice of λ. Using eq (2.25) and assuming initial coherent
states var(PS) = var(PM) = 1, we find λ = k/(1+ k2), which implies a
noise reduction in the estimation of P ′S

var(P ′S|X
′
M) =

1

1+ k2
var(PS), (2.29)

which shows an important feature of the measurement: quantum fluc-
tuations are reduced by a factor 1/(1 + k2) with respect to the initial
coherent state var(PS). Analogously we can determine the uncertainty
in the prediction of X ′S:

var(X ′S|X
′
M) = var(X ′S − λ̃X

′
M), (2.30)

which is minimized by λ̃ = 0 since cov(X ′S,X ′M) = 0. This implies

var(X ′S|X
′
M) = var(X ′S)

= var(XS)(1+ k2),
(2.31)
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where we used eq. (2.23) and the initial choice var(PM) = var(XS). Eq.
(2.31) implies an increase of quantum noise by a factor 1+ k2 with re-
spect to the initial variance. We note now that the QND interaction dis-
turbed the initial coherent state in a way that transformed it into a dif-
ferent coherent state:

var(X ′S|X
′
M)var(P ′S|X

′
M) = var(XS)var(PS) = 1. (2.32)

We note that var(X ′S|X
′
M) and var(P ′S|X

′
M) preserve the equality in the un-

certainty relation eq. (2.21). Since this describes a minimum-uncertainty
state, we conclude that the procedure has generated a pure state, and
the uncertainties represent not only our limited knowledge, but also the
intrinsic uncertainty of the true state.

qnd criteria The measurement process described above gives an
insight into the key features a measurement should fulfil to be truly
QND. Such features can be formalised into two criteria [77, 78] that can
be tested on real systems [9, 10].

The first criterion expresses the main feature of the QND measure-
ment and is directly given by eq. (2.29). It describes the quantum state
preparation properties and reflects the ability to obtain the same result by
repeated measurements. It is mathematically expressed by

var(P ′S|X
′
M) < 1. (2.33)

where var(PS) = 1 is the noise of the coherent state. The second criterion
follows by eqs.(2.29) and (2.32). It describes the information-damage trade-
off that defines the SQL and accounts for the measurement effectiveness

var(P ′S)var(XM) < 1. (2.34)

This latter criteria is also expressed as

TS + TM > 1, (2.35)

where the transfer coefficients are defined as TS ≡ 1/(1+ var(P ′S)) and
TM ≡ 1/(1+ var(XM)). These criteria were initially formalized [77, 78]
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and tested [9] in optical systems and recently have been extended [79]
and demonstrated for material systems [10], as we will describe in detail
in the next section.

qnd criticisms QND measurements have recently been criticized
by Monroe [80], arguing that the term QND doesn’t add anything to the
quantum notion of measurement. Monroe argued that, if a system is in
a particular eigenstate of a measuring device, then no measurement of
that system would disturb it. In this sense every projective measurement
seems to be a QND measurement.

This argument is misleading. As also noticed by Goldman [81] and
previously pointed out by Grangier et al. [82], there is no prior, or state
preparation procedure before a QND measurement. The system may be
in any of its eigenstates, i.e. there is no need for a collapse of the wave-
function before the QND measurement and there is no collapse after the
QND measurement on the system state. A projective measurement [83]
with projectors Πi of a state |ψ〉 acts as 〈ψ|Πi|ψ〉 = 1 ⇒ 〈ψ|Πj|ψ〉 = δij
and can therefore give one and only one outcome and the only indeter-
minacy in the outcome is due to the state having a non-zero projection
under multiple Πi. On the other hand, as we demonstrated in eq. (2.32),
the QND measurement takes minimum-uncertainty states to minimum
uncertainty states, and thus, in theory, does not introduce entropy. If
the initial state was a coherent state, the output state is a squeezed, still
minimum-uncertainty, state.

2.3 implementation in atomic ensembles

On material systems QND measurements have been implemented with
cold atoms [11, 16, 84, 85, 86, 87, 88], hot vapours cells [12, 21, 22, 36], nu-
clear spins [13] and mechanical oscillators [14, 89, 90, 91]. In this thesis
the QND interaction is realized on an ensemble of cold 87Rb atoms in-
teracting with pulses of probing light. In Chapter 4 we describe the most
important features of the experiment and the implementations done dur-
ing the time of this thesis. Briefly, the light pulses and the atomic ensem-
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ble are described using the continuous variable approach [92]. We use
collective angular momentum operators

F =

NA∑
i=1

f (i), (2.36)

where f is the single atom total angular momentum. The collective oper-
ators have the same commutation relations as the single atom operators

[Fy, Fz] = iFx (2.37)

which implies the Robertson uncertainty relation

var(Fy)var(Fz) >
1

4
|〈Fx〉|2. (2.38)

The optical transition we will mainly refer to is the D2 line [93]. The
atoms are optically pumped into the F = 1 hyperfine ground state and
occupy the magnetic sub levels mF = ±1 and 0 and therefore are de-
scribed by spin-1 operators.

Analogously a pulse of light interacting with the atoms is described
by the Stokes operators

Si ≡
1

2
a†σia, (2.39)

for i ∈ {x,y, z}, where a ≡ (a+,a−)T and a+,a− are the annihilation
operators for the left and right circular polarization and σi the Pauli
matrices. When it is possible to neglect Raman transitions caused by the
probe, the light atom interaction Hamiltonian is described by4

Hint = gFzSz, (2.40)

which describes a perfect QND interaction for the measurement of Fz
in the sense of eq. (2.15). g is a coupling constant that depends on the
atomic absorption cross section, the beam geometry, the detuning from

4 We also neglect the scalar term ∝ S0
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resonance and the hyperfine structure of the atom [94]. In Chapter 3

we give an accurate description of the atom-light interaction including
the tensor polarizability, which causes Raman transitions, and common
sources of noise and decoherences caused by the probing and external
magnetic fields. We also explicitly characterize all the spin operators
describing the SU(3) group necessary to describe the spin-1 system.

faraday rotation measurements The QND Hamiltonian of eq.
(2.40) implemented in our system enables Faraday rotation measure-
ments [95]. To show the effect of the measurement on the atomic sys-
tem we use an approach similar to the one followed in the previous
section. Linearly polarized probing light S = Sx experiences a polariza-
tion rotation into the Sy component by the interaction Hamiltonian Hint

. Both the light and the atoms are x-polarized and in a coherent state, i.e.
var(Sy) = NL/4, var(Fz) = NA/2. Hint acts for unit time and produce the
state evolution

S ′y = Sy + SxgFz, (2.41)

F ′y = Fy + FygSz, (2.42)

F ′z = Fz, (2.43)

which has a structure analogous to eqs. (2.23)-(2.26). The probing light
experiences a polarization rotation by an angle ϕ proportional to Fz,
ϕ ≡ Sy/Sx = gFz. Classically such polarization rotation is a form of
circular birefringence, where σ+ and σ− experience different refractive
indices due to population imbalances of the different magnetic sublevels.
The interaction transfers information from Fz to Sy. From eq. (2.41) we
can calculate the variance of the outcomes of the measurement:

var(S ′y) = var(Sy) + g2var(SxFz)

= var(Sy) + g2〈Sx〉2var(Fz) +O
(
var(Sx)(〈Fz〉2 + var(Fz))

)
≈ var(Sy)

(
1+ k2

)
,

(2.44)
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Figure 2.2: Contours show the simple model described in equations (2.46) and
(2.47) using a disturbance parameter δFz = 0.2. Solid curves show
contours of increasing on-resonant optical depth d0, and dashed
curves show increasing η. The orange region is the the working
regime of our experiment. The QND criteria are given by eqs. (2.33)
and (2.35). Figure adapted from Ref. [10]

where we used the fact that Fz and Sy are uncorrelated before the mea-
surement and that the the optical probe is in a coherent state at the input
(〈Sx〉2 � var(Sx) ≈ NL/4). We define

k2 ≡ g
2〈Sx〉2var(Fz)

var(Sy)

= g2NL
NA

2
,

(2.45)

the signal to noise ratio referred to the input noise. Following the same
approach used in Section 2.2 one can verify that the Fz will also show
quantum fluctuations reduced by a factor 1/(1+ k2).

true qnd measurements in material systems In the previous
section we described how to qualify a QND measurement in terms of the
quantum state preparation (QSP) and the information damage trade-off (IDT)
criteria given by eqs. (2.33) and (2.35) respectively. Formalized [77, 78]
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and tested for optical systems [9] the criteria have also been extended in
theory [79] to be tested on material systems with our experimental setup
[10].

Differently to optical systems, in material systems, PS in general can-
not be directly measured with quantum limited sensitivity [96, 97]. To
overcome this limitation the conditional variance of two repeated mea-
surements is commonly used. A simple model derived for spin-1/2 sys-
tems, takes into into account atomic decoherences η due to the measure-
ment [98, 32]. In this description the conditional variance is described as:

var(P ′S|X
′
M) =

1

(1+ k2)(1− η)
+

2η

1− η
, (2.46)

where d0 is the optical depth of the atomic ensemble. As demonstrated
in [79], the IDT criteria for atomic systems is given by

TS + TM =
1

1+ var(P ′S)
+

1

1+ var(XM)

where var(P ′S) =
δFz

k2(1− η)
, var(XM) =

1

d0η
,

(2.47)

where δFz defines a disturbance of the variances of the atoms in units of
the atomic noise [79]. Figure 2.2 shows the QSP and IDT figures of merit
as a function of optical depth d0 and damage η due to probe scattering.

It is important to remark here that the model of eqs. (2.46) and (2.47)
has been derived for pseudo spin-1/2 systems, i.e. for experimental sit-
uations where the atoms are prepared in mF = ±1 and coherence be-
tween the mF = 0 are negligible [99, 100, 85]. The model gives an insight
of the role of most relevant parameters, like the optical depth and the
losses, but it doesn’t accurately describe our spin system. For larger spin
systems or in presence of both magnetic and optical fields, scenarios pri-
marily considered in this thesis, the dynamics naturally involves more
than two levels, and requires a more expanded description. We discuss
this problem in Chapter 3 and we study the expected enhancement in
sensitivity for a specific experiment in Chapter 6.
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2.4 spin squeezing

QND measurements were introduced in the context of the search for
gravitational waves as a means to improve the sensitivity of interfer-
ometers. A central problem in interferometry is the estimation of some
parameter of the system of interest through the measurement of a phase
ϕ [101]. At the beginning of 1990s the development of atomic interfer-
ometers [102, 103, 104, 105, 106, 107] motivated the derivation of non
classical criteria that quantified the enhanced sensitivity [15, 108] and
the entanglement detection [109, 110] in atomic systems. Wineland and
co-authors demonstrated that there is a close relation between the phase
sensitivity ∆ϕ and the spin uncertainty ∆F [15, 111]. For a spin state
polarized along y the phase sensitivity is given by

∆ϕ =
∆Fz

|∂Fz〈Fz〉/∂ϕ|
=

∆Fz

| cosϕ〈Fy〉|
. (2.48)

On the other hand for a coherent state ofNA spin-1/2 particles the phase
sensitivity is limited by the SQL:

∆ϕCSS =
1√
NA

. (2.49)

A spin squeezed state [68, 112, 113], which has reduced uncertainty on
one quantum variable, improves the phase sensitivity by a factor ξ [111],
where

ξ2 =
∆ϕ2

∆ϕ2CSS
=
N∆F2z
|〈Fy〉|2

. (2.50)

Spin squeezing has been realized with cold atoms [85, 114, 115] with opti-
cal cavities [86, 88, 116, 117], BECs [118, 119, 120, 121], spinor BECs [122],
nuclear spins [123], single ions [124] and hot vapours cells [12, 22, 36].
Spin squeezing has been created using different mechanisms: through
the atom-photon interaction via the transfer of squeezing from light
to atoms [19, 111, 114, 115, 125] or using electromagnetically induced
transparency [126, 127, 128, 129, 130]. Spin squeezing has also been gen-
erated by engineering interactions between light and atoms by tuning
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the relative strength of linear and non-linear effects in the light-atom
interaction Hamiltonian [125]. In the linear regime, as described in this
thesis, Faraday rotation of the probing light allows us to perform QND
measurements on the atomic systems with squeezing conditioned on
the measurement result [11, 12, 13, 16, 19, 36, 84, 85]. In the non-linear
regime the interaction is described by a one-axis H ∝ S2x or two-axis
H ∝ (Sx − Sy)

2 twisting Hamiltonian [108] that can also be used to gen-
erate spin squeezing [131, 132]. One and two-axis twisting Hamiltonians
have been also used to generate spin squeezing in BEC [133] using atom-
atom collisions [118, 119, 120, 134].

squeezing for inhomogeneous light-atom coupling The
squeezing parameter ξ defined in eq. (2.50) involves only the mean and
the variance of macroscopic spin operators and it is very practical to
measure in experimental situations. In our experiment the spin operator
is measured indirectly through detection of the Faraday rotation of the
Stokes component Sx into Sy by an angle ϕ ≡ gFz, with mean value and
variance

〈ϕ〉 = g〈Fz〉, (2.51)

var(ϕ) = g2var(Fz), (2.52)

from which we infer both 〈Fz〉 and var(Fz). For the case of homogeneous
coupling a single calibration of g allows us to calculate both mean values
and variances of the atomic spins, since they are both dependent on the
same coupling constant g. However, the case where light and atoms are
coupled inhomogeneously has a non trivial effect in the scaling of mean
and variances as we now show. If gi is the coupling constant of the single
i-th atom then the rotation angle is

ϕ ≡
NA∑
i=1

giF
(i)
z , (2.53)
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and the mean and the variance become

〈ϕ〉 = 〈
NA∑
i=1

giF
(i)
z 〉 ≡ NA〈Fz〉µ1 = NAµ1, (2.54)

var(ϕ) = var

(
NA∑
i=1

giF
(i)
z

)
≡ NAvar(Fz)µ2 =

1

2
NAµ2, (2.55)

where we have defined µ1 ≡
∑NA
i=1〈gi〉 and µ2 ≡ 〈

∑NA
i=1 g

2
i 〉. Unlike the

homogeneous case, here µ21 6= µ2.
Inhomogeneous coupling is a common problem in atom experiments

and is often taken into account using an effective atom number ÑA =

NA(µ1,µ2) [88, 135, 86]. The approach followed in this thesis is discussed
in detail in Chapter 7 and consists of experimentally measuring µ1 and
µ2 to directly compare mean values and variances. The calibration of µ1
involves only mean values: 〈NA〉 can be measured via absorption imag-
ing and 〈ϕ〉 with Faraday measurements. On the other hand the cali-
bration of µ2 requires quantum noise limited measurements that can be
performed with low atom number fluctuations [96, 97] and stroboscopic
back-action evasion [22, 21].

2.5 phase estimation for unknown phases and atom fluc-
tuations

All the approaches to phase estimation described in the previous section
take advantage of the squeezed state, implying that the phase should be
known in advance in order to perform a good measurement. In practice
this may be implemented with repeated adaptive measurements [136] to
improve the phase estimation to a high precision sensitivity, even in the
presence of large phase noise [137].

A different problem is represented by situations where the phase is
unknown beforehand [101] and fluctuations in the number of particles
are relevant. In this case ϕ can be large and the use of a squeezed state
may no longer give a practical advantage. Measurements of unknown
phase angles are common in many different atom sensors, like atom in-
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Figure 2.3: Path interferometer in a Mach-Zender geometry. The relative phase
of the two beams is described as a phase ϕ in one arm. In our experi-
ment the path interferometer is replaced by polarization interferom-
eter, where the difference in phase ϕ is given by different rotation
experienced by σ+ and σ− light.

terferometers [138] or optical magnetometers [139] where the measure-
ment signal is given by a large number of atoms subject to Poissonian
fluctuations. Our experiment can be used, for example, as an optical
magnetometer [140]. A coherent spin state precesses under an external
magnetic field. Multiple measurements of Fz provide a record of differ-
ent rotation angles ϕ(t) that give information about the field.

For large rotation angles of the atomic state, for example, the signal
measured in our experiment would have the contribution of the two
initial components, Fz,0 and Fy,0:

Fz(ϕ) = Fz,0 cosϕ+ Fy,0 sinϕ. (2.56)

The final sensitivity (2.48) is determined by the total noise in-the-plane:

(δF(ϕ))2 = δFz,0 cos2ϕ+ Fy,0 sin2ϕ (2.57)

A noise reduction enhancement over a wide range of rotation angles im-
plies the simultaneous reduction of both δFz,0 and δFy,0 and represents
a practical advantage in cases where successive phase measurements are
not possible [136]. Recently He et al. defined this state as planar quantum
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squeezed (PQS) and they proposed to use it for quantum enhanced mea-
surement and entangled detection [34, 35]. Atom number fluctuations in
the radial component Fy, common to atomic ensemble experiments, can
be reduced to below the Poissonian limit ∼

√
N [96, 97] and at the same

time the quantum component Fz can be squeezed.
However it is not possible to produce a PQS state with all systems.

Conjugate variable systems, for example, are limited by the Heisenberg
uncertainty principle which forbids their simultaneous knowledge. On
the other hand for angular momentum variables, the Robertson uncer-
tainty relation

∆Fy∆Fz >
1

2
|〈Fx〉|, (2.58)

permits in principle simultaneous and precise measurements of Fy and
Fz for states with 〈Fx〉 = 0. The Robertson uncertainty relation gives a
lower bound which ican be saturated before. Recent calculations [34, 141]
indeed limit the sum of the two angular momentum components to

var(Fz) + var(Fy) > CJ ∼ N2/3, (2.59)

which represents a ∼ N1/3 advancement over the SQL (∼ N) for large
N. PQS have been proposed for a two-well BEC ground state where the
number of atoms is limited to N ∼ 104. In Chapter 6 we describe a way
to produce a PQS with an atomic ensemble N ∼ 106 using QND mea-
surements and characterize the entanglement properties of this state.

An experimental challenge in its realization is given by Poissonian
fluctuations in atom number, leading to large fluctuations in the length
of the input Fy (or Fz) component. State preparation and detection below
this level has been recently produced using strong interaction among
atoms [96, 97, 142, 143] or, as in this thesis, by precise QND measure-
ments [16, 85, 117, 123, 86, 144, 145].

2.6 tracking quantum systems

In the previous section we discussed an example quantities of an atomic
ensemble, that enables continuous measurements of two, time varying
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quantities, the macroscopic spin components Fy and Fz. Continuous
monitoring [146] or tracking of quantum systems is an active topic of
research that aims to understand instruments in which the signal is not
a single number but a time-varying waveform. The phase and amplitude
of a waveform signal is central in spin based measurement techniques
[139]. An important example is magnetic resonance imaging [147] where
spins of biological tissues and muscles precess at the Larmor frequency
under the effect of a strong magnetic field. There the phase measure-
ment responds to a magnetic perturbation at the Larmor frequency. The
radial component gives the spin relaxation which is the quantity of in-
terest (the “contrast mechanism”) and provides information about the
biological tissue.

Tracking quantum systems is also important in gravitational wave de-
tectors [148], which are nowadays quantum noise limited over a large
portion of their sensitivity range or in atomic sensors including magne-
tometers [4], atomic clocks [117], and detectors for axion domain walls
[149] that are also quantum noise limited and give a time varying wave-
form.

Recently foundamental limits of tracking the wave form of a quantum
system have been studied [150]. Also, the dynamics of a quantum system
when two non-commuting observables are measured continuously have
been studied in theory [151, 152, 153] and recently the dynamics of a
superconducting qubit have been tracked in practice [154].

2.7 subspaces evading quantum mechanics

Measuring an unknown phase with high sensitivity for every phase an-
gle is limited in harmonic oscillator systems by the fact that when one
observable X is be measured accurately, its conjugate P is affected by
measurement back-action, making impossible any tracking in the phase
space. Although some early proposals already appeared several decades
ago [155, 153, 156], only recently has been introduced the idea that in
systems with richer dynamics, position and momentum can be inferred
with no back-action, evading the uncertainty principle itself. This idea
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has been proposed in different contexts such as with paired harmonic
oscillators [28, 29] and for interferometers [26, 27].

paired harmonic oscillators It was independently observed
by Tsang & Caves [28] and Polzik & Hammerer [29] that an entangled
state of a positive-mass and negative-mass oscillator contains a subsys-
tem that dynamically behaves as an oscillator but without any limit im-
posed by the uncertainty principle, allowing continuous measurements
beyond the SQL. Tsang & Caves introduced the concept of quantum-
mechanics-free subsytem (QMFS), defined as a collection of Heisenberg-
picture dynamical observables {Ok} obeying

[Oi(t),Oj(t ′)] = 0 for all i, j and times t, t ′. (2.60)

The vanishing of the commutators, resembling the definition of QND ob-
servable eq. (2.17), implies simultaneous knowability, and thus an accu-
rate classical description without uncertainty-principle-imposed limits
[28].

Central to Tsang & Caves and Polzik & Hammerer is the argument
that the motion of a particle is referred to an arbitrary reference system,
treated as a quantum object. Under certain conditions it is possible to
measure the relative position and momentum of the particle with re-
spect to the origin without being affected by measurement back-action,
as we now show. The position and the momentum of an harmonic os-
cillator described by the conjugate variables {X,P} and mass m evolve
as described by eqs. (2.5) and (2.6). The position measurement X(t) is
referred to a paired dynamical system {X ′,P ′} that is also an harmonic
oscillator, with the same frequency ω, and mass m ′. Their relative posi-
tion is then

X(t) −X ′(t) = (X0 −X
′
0) cos(ωt) +

(
P0
mω

−
P ′0
m ′ω

)
sin(ωt), (2.61)

where X0 ≡ X(0) and P0 ≡ P(0) (similarly for X ′0 and P ′0). The observable
X(t) −X ′(t) is paired with P(t) + P ′(t)

P(t) + P ′(t) = (P0+ P
′
0) cos(ωt) −

(
mωX0 +m

′ωX ′0
)

sin(ωt). (2.62)
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If m ′ = −m then

X(t) −X ′(t) = (X0 −X
′
0) cos(ωt) + 1

mω(P0 + P
′
0) sin(ωt), (2.63)

P(t) + P ′(t) = (P0 + P
′
0) sin(ωt) −mω(X0 −X

′
0) cos(ωt), (2.64)

and the system of paired observables {X−X ′,P+ P ′} is immune to mea-
surement back-action

[X(t) −X ′(t),P(t) + P ′(t)] = 0, (2.65)

allowing continuous measurements of X−X ′ beyond the SQL.
Such a paired harmonic oscillator could be realized using collective

spin operators of two atomic ensembles polarized in opposite directions
with respect to an external magnetic field. The negative mass is replaced
by negative Larmor frequency in one of the two ensembles with respect
to the other. A practical realization of paired harmonic spin oscillators
requires the realization of EPR states that so far have been realised in Ce-
sium vapours [19, 20]. Such capabilities show the possibility of continu-
ous measurement of the position of a spin harmonic oscillator, although
never their actual values but only fluctuations.

zero area sagnac interferometer Another recent proposal to
avoid back-action when tracking multiple non commuting variables is
the zero area Sagnac interferometer [26, 27], represented in Fig. 2.4. Orig-
inally invented in 1913 for rotation sensing, in the Sagnac interferometer
both beams travel on the same path although they experience the posi-
tion of the mirrors at different times. As a result, the final signal carries
information about the relative velocity of the two mirrors, allowing con-
tinuous QND measurement of speed of the mirrors. In the zero area
configuration, i.e. where the light circumscribes a zero area, the Sagnac
interferometer can be used for gravitational wave detection [157]. As
represented in Fig. 2.4 two beams propagate clockwise (+) and anticlock-
wise (-) on the same optical path and experience the position of two
mirrors XN and XE at times t and t+ τ and acquire the phases

δφ+ ∼ XN(t) +XE(t+ τ), (2.66)

δφ− ∼ XE(t) +XN(t+ τ). (2.67)
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Figure 2.4: In the zero area configuration the light circumscribes zero area. A
photodetector reveals the interference signal between the clockwise
and anti-clockwise paths.

The photodiode reveals an amplitude signal

δφ+ − δφ− ∼ (XN(t) −XN(t+ τ)) − (XE(t) −XE(t+ τ)) , (2.68)

expanding in powers of τ, the velocity v of the mirrors is measured

δφ+ − δφ− ∼ (vN(t) − vE(t)) τ

∝ PN(t) − PE(t).
(2.69)

Since a signal proportional to the relative momentum of the mirrors is
measured, the system evades back-action for the pairs of paired variables
{XN + XE,PN − PE}. Such configuration has demonstrated lower quan-
tum noise compared to an equivalent Michelson interferometer [26] and
recently has been implementated in a real gravitational wave detector
[27].
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2.8 avoiding back-action in atom interferometers

In this thesis we also study the problem of the back-action evasion from
the perspective of an atom interferometer. In Section 2.5 we noted that
the Robertson uncertainty relation eq. (8.1) imposes no limitation on the
simultaneous knowledge of Fz and Fy if |〈Fx〉| = 0. Setting |〈Fx〉| = 0 in
an atom interferometer is a practically desired scenario that corresponds
to working with the maximal visibility of the measured signal. Because
〈Fx〉 is a constant of the motion, this satisfies

〈[Oi(t),Oj(t ′)]〉 = 0, (2.70)

for Oi = Fy and Oj = Fz, approximating a QMFS defined in eq. (2.60).
When the Robertson relation is evaded, other uncertainty relations

[34, 35, 141] limit the uncertainty to var(Fy) + var(Fz) ∼ N
2/3
A , far below

the standard quantum limit ∼ NA [34]. Considering that NA is typically
∼ 106 in cold atom systems and ∼ 1012 in atomic vapors, the N1/3A can
give a practical sensitivity advantage by orders of magnitude. Another
practical advantage is that the method presented here allows us to mea-
sure the actual values of an harmonic spin oscillator. In Chapter 8 we
describe the implementation of this idea in our atomic interferometer.

2.9 back-action as a quantum signature

So far we have described ways to avoid measurement back-action, with
the goal of allowing continuous measurement of a quantum system. On
the other hand, measurement back-action, a direct consequence of the
Heisenberg principle, can be thought of as a direct signature of a quan-
tum system. A fascinating and intriguing question is that of whether it
can be directly observed in everyday scale objects.

Quantum theory describes the microscopic world, characterized by
multiplicity of trajectories, complementarity of various kinds of knowl-
edge, and physical effects of measurement, like back-action. These fea-
tures are all absent in classical theories, which describe macroscopic phe-
nomena. As represented in Fig. 2.5, some of these features should not
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Figure 2.5: Schematic representation of the micro-quantum/macro-classical di-
chotomy. Most of the phenomena are thought to be on the dashed
line, which tends to exclude the macro-quantum quadrant. On the
other hand quantum back-action seems to be a quantum feature ob-
servable in macroscopic objects

be an exclusive characteristic of the microscopic world and a rigorous
demonstration of the quantum effects of measurement in a macroscopic
object would thereby show that the macro/micro and influenced/inde-
pendent divides are not equivalent and that it is possible to observe
quantum effects with macroscopic objects.

The conceptual backbone of this question was provided by Anthony
Leggett and Anupam Garg in 1985. Making analogies to Bell inequali-
ties [48], Leggett and Garg (LG) [49] proposed a test for the quantum
behavior of macroscopic systems undergoing coherent evolution. The
resulting Leggett-Garg inequalities (LGIs) aim to distinguish a hypothe-
sized philosophical position of macrorealism (MR) from quantum physics,
and ultimately to test this position with experiments.

The simplest LGI [49, 158] considers two-time correlation functions
Cij = 〈Q(ti)Q(tj)〉, for an observable Q measured at times ti, and giv-
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ing discrete values Q(t) = ±1 [49]. The MR position holds that arbitrar-
ily low-disturbance measurements should be possible, contradicting the
Heisenberg uncertainty principle. Under the MR assumption then

K3 ≡ C21 +C32 +C31 + 1 > 0, (2.71)

which defines a Leggett-Garg inequality (LGI).
While the LGI constrains macrorealist theories, it does not constrain

quantum mechanics, and indeed some quantum state/quantum mea-
surement combinations violate a LGI. Consider a two- state system with
states labeled |a〉 and |b〉 undergoing Rabi oscillations that take the sys-
tem cyclically from |a〉 to |b〉 and back to |a〉. We define a dichotomic
variable Q = |a〉〈a| − |b〉〈b|, and consider the correlation between two
measurements separated by a Rabi rotation angle of φ. Without loss of
generality we can assume the first measurement outcome is Q(t1) = +1,
i.e., the measurement projects the system into state |a〉. The second mea-
surement will give Q(t2) = +1 with probability cos2φ and Q(t2) = −1

with probability sin2φ. The correlation is thus C1,2 = cos2φ− sin2φ =

cos 2φ. Considering now three measurements spaced by an angle φ =

π/3 (so that the angle between the first and third is 2π/3), we find

K3 = C1,2 +C2,3 +C1,3 = −
1

2
−
1

2
−
1

2
= −

3

2
(2.72)

in violation of the LGI. In contrast to Bell inequalities, which have been
tested many times with ever-greater sophistication, LGI has arguably
never been tested on a macroscopic system. To date, only two experi-
ments have tested LGIs on macroscopic systems [46, 47]. However the
measurements performed in those experiments guarantee a disturbance
and opens the so called clumsiness loophole [159], i.e. the a macro-realist
can interpret the LGI violation as caused by imperfect (from the MR
perspective) measurements.

In Chapter 9 we show by using the covariance matrix formalism of
Chapter 3 that QND measurements enable LGI violation on macroscopic
objects while tightening the clumsiness loophole, forcing the macroreal-
ist to introduce the back-action to explain the violation.





“I don’t like it, and I’m sorry I ever had anything to do with it.”

Erwin Schrödinger, about quantum mechanics

3
F O R M A L I S M

The very first goal when I started to work on this thesis was to de-
velop a reliable formalism1 to describe our atomic system during the
interaction with probing light and possibily with an external magnetic
field. The continuous-variable (CV) approach [92] that we adopted ef-
ficiently describes experiments involving many quanta. The great ma-
jority of CV atomic ensemble experiments are performed with gaussian
states, although non-gaussian atomic states [160] are required for some
tasks [161]. Gaussian states can be described very economically in terms
of mean values and variances, whereas general states require a descrip-
tion exponential in the size of the system. The gaussian approximation
can be justified via the Holstein-Primakoff approximation, including ex-
tensions to larger-spin systems [162, 163].

Here we follow the approach of Kraus et al. [30], Madsen and Mølmer
[31], Hammerer et al. [32] and Mølmer and Madsen [164] and use covari-
ance matrix techniques to describe the collective atom and light variables
and their interaction. A wide variety of effects, including spatial and
temporal inhomogeneities, loss, decoherence, atomic transport and pro-
jective measurements have been incorporated into this framework [94].
An important omission until now has been the description of larger-

1 This chapter is partially published in New J. Phys. 15, 103007 (2013).

35
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spin systems. Most atomic ensemble experiments are performed with
alkali atoms and thus have ground-state spin of at least 1, which implies
tensorial light shifts [31] and generalized Faraday rotation effects [165].
An extension of the covariance matrix techniques to include these ef-
fects will allow statistical description of many large-spin applications, in-
cluding quantum state characterization [11] and preparation [166], quan-
tum chaos [167], optical magnetometry [85, 168, 169] and quantum non-
demolition measurement [100, 170].

While several earlier works have applied the spin-1/2 framework to
spin-1 or larger systems through the identification of a two-state “pseudo
spin-1/2” sub-system, there are scenarios in which the dynamics natu-
rally involves more than two levels, and requires a more expanded de-
scription. A clear example is a spin-1 or larger atom in the presence
of both magnetic and optical fields. The magnetic field couples Zeeman
states differing by ∆m = ±1, whereas the optical fields couple also states
with ∆m = ±2 through tensorial light shifts. This system has been much
studied using density-matrix approaches [11], which describe fully the
average single-atom properties but not the noise properties, which arise
from correlations among the atoms. Consideration of the quantum noise
in these systems motivates the current work, in which we extend the
covariance matrix approach to spin-1 atoms. To the suite of techniques
available for spin-1/2 ensembles [31, 94], we add the ability to treat both
vectorial and tensorial light shifts, technical noise due to uncertainty in
the atom number, and dephasing due to magnetic field inhomogeneities.
With these extension the formalism becomes a useful tool to consider
real life effects and therefore to make realistic predictions about the fea-
sibility of the experiment.

3.1 quantum polarization description

We work with collective operators describing macroscopic numbers of
particles, for which a continuous-variable description is appropriate. Po-
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larized light in continuous variables can be described with Stokes oper-
ators:

Ŝx ≡
1

2
â†σxâ Ŝy ≡

1

2
â†σyâ Ŝz ≡

1

2
â†σzâ Ŝ0 ≡

1

2
â†1â, (3.1)

where â ≡ (â+, â−)T and â+, â− are the annihilation operators for the
left and right circular polarization, σx, σy, σz the Pauli matrices and 1
is the identity matrix. The Ŝx, Ŝy, Ŝz and Ŝ0 Stokes operators represent
respectively linearly polarized light horizontally or vertically, linearly
polarized light on the ±45o direction, right-hand or left-hand circularly
polarized light and the pulse energy respectively They have the same
commutation relations as angular momentum operators, [Ŝx, Ŝy] = iŜz
and cyclic permutations and they all commute with Ŝ0.

3.2 description of spin-1 ensembles

A single spin-1 atom is described by a density matrix with 8 degrees
of freedom, which we express in terms of 8 single-particle operators λ̂i.
These generalize the Pauli matrices, in the sense that they are traceless,
Hermitian, and obey the orthonormality relation Tr (λiλj) = 2δij. The
first three operators are the components of the spin vector f̂, obeying
[f̂x, f̂y] = if̂z. For illustration, we give the spin-1 matrix representation:

f̂x
F=1−→ 1√

2

 0 1 0

1 0 1

0 1 0

 ,

f̂y
F=1−→ 1√

2

 0 -i 0

i 0 -i

0 i 0

 ,

f̂z
F=1−→

 1 0 0

0 0 0

0 0 -1

 .
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The others are rank-2 tensor operators, for which we use the symbol ĵ,
with components (again with the spin-1 representation for illustration):

̂x ≡f̂2x − f̂2y
F=1−→

 0 0 1

0 0 0

1 0 0

 ,

̂y ≡f̂xf̂y + f̂yf̂x
F=1−→

 0 0 -i

0 0 0

i 0 0

 ,

̂k ≡f̂xf̂z + f̂zf̂x
F=1−→ 1√

2

 0 1 0

1 0 -1

0 -1 0

 ,

̂l ≡f̂yf̂z + f̂zf̂y
F=1−→ 1√

2

 0 -i 0

i 0 i

0 -i 0

 ,

̂m ≡
1√
3
(2f̂2z − f̂

2
x − f̂

2
y)
F=1−→ 1√

3

 1 0 0

0 -2 0

0 0 1

 .

With quantization axis along z, ̂m describes the population imbalance
between mF = 0 and other states, while ̂x,y describe mF = ±1 coher-
ences. ̂k,l represent mF = ±1 coherences in other quantization axes.

We note that the above operator definitions are spin-independent, and
that the results in this manuscript follow from these operator defini-
tions, not from the spin-1-specific matrix representations. As we shall
see below, the most important coherent interactions: Larmor precession,
Faraday rotation, and tensorial light shifts, can be fully described using
the above operators, even for larger spin. The formalism developed here
is thus applicable to some scenarios involving spin-3/2 and higher. Not
all processes can be explained using just f̂ and ĵ operators, however. For
example, with spin-2 atoms modulated optical pumping in the presence
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Figure 3.1: Contribution dW/dλ̄i of the f and j operators to the Wigner distri-
bution Wρ(θ,φ) representing the state ρ = 1

3 I + 1
2

∑
i λ̂iλ̄i, as de-

scribed in [172]. Radius indicates magnitude, warm (cold) colors in-
dicate positive (negative) contributions. Axis markers indicate unity.

of a B-field has been used to produce hexadecapole moment due to co-
herence between Zeeman states with ∆mF = 4 [171].

3.3 spin visualization

From the orthogonality relation Tr [λiλj] = 2δij, an arbitrary single-atom
density matrix ρ can be expressed as

ρ =
1

3
I +

1

2

∑
i

λ̂iλ̄j, (3.2)

where λ̄i ≡ Tr [ρλ̂i]. This suggests a visualization in terms of the spin
Wigner distribution W(ρ), which is efficiently calculated as in Dowling,
et al. [172]. In Fig. 3.1 we show the differential contribution to the Wigner
distribution dW/dλ̄i. This shows, for example, that any of ̂x, ̂y, ̂k, and
̂l can be obtained by rotation of ̂x, whereas ̂m cannot.



40 formalism

Table 3.1: Commutation relationships for single-atom operators.

[ , ] f̂x f̂y f̂z ̂x ̂y ̂k ̂l ̂m

f̂x 0 f̂z −f̂y −̂l ̂k −̂y
√
3̂m + ̂x −

√
3̂l

f̂y −f̂z 0 f̂x −̂k −̂l −
√
3̂m + ̂x ̂y

√
3̂k

f̂z f̂y −f̂x 0 2̂y −2̂x ̂l −̂k 0

̂x ̂l ̂k −2̂y 0 2f̂z −f̂y f̂x 0

̂y −̂k ̂l 2̂x −2f̂z 0 f̂x −f̂y 0

̂k ̂y
√
3̂m − ̂x −̂l f̂y −f̂x 0 f̂z −

√
3f̂y

̂l −
√
3̂m − ̂x −̂y ̂k f̂x f̂y −f̂z 0

√
3f̂x

̂m
√
3̂l −

√
3̂k 0 0 0

√
3f̂y −

√
3f̂x 0

3.4 commutation relationships

The operators f̂, ĵ, and Ŝ have commutators given by

[λ̂a, λ̂b] = ic
λ̂aλ̂b
λ̂k

λ̂k, (3.3)

where the λ̂ are f̂ or ĵ components and a sum is over k is implied. The
structure constants cλ̂aλ̂b

λ̂k
are completely antisymmetric in the three in-

dexes, and

c
f̂xf̂y

f̂z
= 1, c

̂x̂y

f̂z
= 2, c

f̂x̂l
̂m

= c
f̂ŷm
̂k

=
√
3, (3.4)

c
f̂x̂y
̂k

= cf̂x̂l̂x
= c

f̂ŷk
̂x

= cf̂ẑk̂l
= 1. (3.5)

To this we can add

c
ŜxŜy

Ŝz
= 1 (3.6)

All structure constants not given above are zero. The commutators are
given explicitly in Table 3.1.
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3.5 collective spin operators

To describe the ensemble we define collective operators. If λ̂(i) describes
atomic operators acting the i’th of NA atoms, then Λ̂ ≡

∑NA
i λ̂(i). Ex-

plicitly for the vector (f̂) and tensor (ĵ) collective spin operators:

F̂ ≡
NA∑
i=1

f̂(i), Ĵ ≡
NA∑
i=1

ĵ(i). (3.7)

We note that these inherit their commutation relations from the micro-
scopic operators: [Λ̂a, Λ̂b] = icλ̂aλ̂b

λ̂k
Λ̂k. Finally, we define a phase-space

vector to describe the state of the whole system

V̂ = B⊕ F̂⊕ Ĵ⊕
Npulses⊕
i=1

Ŝ(i), (3.8)

where ⊕ indicates the direct sum and B is the magnetic field vector at
the location of the ensemble. It should be noted that B is here a classical
field, whereas the other components of V̂ are operators. The inclusion of
B in V̂ allows for classical uncertainty about the field to be incorporated
in a natural way into the calculations [31], as we describe below.

3.6 covariance matrix

We work within the gaussian approximation, i.e., we assume that V̂ is
fully characterized by its average 〈 V̂ 〉 and by its covariance matrix ΓV:

ΓV ≡
1

2
〈V̂ ∧ V̂ + (V̂ ∧ V̂)T 〉− 〈V̂〉∧ 〈V̂〉, (3.9)

where ∧ indicates the outer product. It will be convenient to define δV̂ ≡
V̂− 〈 V̂ 〉, the fluctuations of V̂ about the mean, from which ΓV = 1

2〈δV̂∧

δV̂ + (δV̂ ∧ δV̂)T 〉.
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3.7 dynamics

We describe the most important dynamical effects for light-matter in-
terfaces, namely the light-matter interaction that occurs when a pulse of
probe light passes the ensemble, and the rotation due to a magnetic field.
Both of these interactions produce coherent rotations, loss of coherence,
and addition of noise.

light-atom interactions The light-atom interaction is described
by an effective Hamiltonian which describes the dispersive effects of the
electric dipole interaction in second order [173, 98, 174]. In simulations
and in practice, it is very convenient to employ a train of optical pulses
for probing the ensemble. Even for continuous probing it is useful to
treat the probe as a train of continuous pulses, as this allows a course-
grained description of the polarization evolution [31, 164]. In F = 1

atomic ensembles, during the time the m’th pulse is passing through
the ensemble, the effective Hamiltonian is

H
(m)
eff = G1

Ŝ
(m)
z

τ
F̂z +G2

(
Ŝ
(m)
x

τ
Ĵx +

Ŝ
(m)
y

τ
Ĵy +

1√
3

Ŝ
(m)
0

τ
Ĵm

)
, (3.10)

where G1 and G2 are coupling constants that depend on the geometry
of the atomic ensemble and probe beam, the atomic structure, and the
detuning from resonance [98]. Explicitly G1 and G2 are:

G1 =
σ0
A

Γ

16
(−4δ0(∆) − 5δ1(∆) + 5δ2(∆)) , (3.11)

G2 =
σ0
A

Γ

16
(4δ0(∆) − 5δ1(∆) + δ2(∆)) , (3.12)

where δi(∆) ≡ 1/(∆−∆i), ∆i is the detuning from resonance with the
F = 1 → F ′ = i transition on the 87Rb D2 line, and ∆ is measured
from the F = 1 → F ′ = 0 transition. We define σ0 ≡ λ2/π, assuming
degenerate excited states interacting with linearly polarized light. In Fig.
3.2 are represented eqs. (3.11) and (3.12) as function of the detuning
∆, showing the important scalings G1 ∝ 1/∆ and G2 ∝ 1/∆2 for ∆ <

0 making the QND term of the Hamiltonian dominating when far off
resonance.
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Figure 3.2: Coupling constants for the vector G1 (blue solid line) and the tensor
G2 light shift for detunings ∆ from the transition F = 1 → F ′ = 0

and for the interaction area A = 4× 10−9. The region of negative ∆
the plot shows different scalings G1 ∝ 1/∆ and G2 ∝ 1/∆2.

operator evolution In situations where the approximation of ho-
mogeneous interaction breaks down, it is possible to model the system
as in ref [94] by breaking it into smaller subsystems each of which is
effectively homogeneous. In most of situations of interest, like for ex-
ample in Chapter 5, the inhomogeneous coupling is due to the spatial
distribution of atoms within a Gaussian probe beam, and is estimated
to be a small effect for the examples discussed in this manuscript. We
label the Stokes operators as Ŝ(m)(t), m = 1 . . .Npulses where tm indi-
cates the time of arrival at the ensemble. Thus Ŝ(m)(t < tm) describes
the polarization of the m’th pulse before entering the ensemble, while
Ŝ(m)(t > tm + τ), where τ is the pulse duration, describes the polariza-
tion of the same pulse after exiting the ensemble. At time tm + τ, the
m’th pulse has left the ensemble (we assume the transit time is much
less than τ) and the change in the system is described by

Λ̂(tm + τ) = Λ̂(tm) − iτ[Λ̂(tm),H(m)
eff ] (3.13)
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and

Ŝ(m)(tm + τ) = Ŝ(m)(tm) − iτ[Ŝ(m)(tm),H(m)
eff ]. (3.14)

All other polarizations Ŝ(n),n 6= m are unchanged. These first-order dif-
ference equations will be accurate for sufficiently low-energy pulses, i.e.,
for small G1,2 〈 Ŝ 〉. For any given physical situation these conditions can
be satisfied by subdividing long or high-energy pulses into sub-pulses
with smaller τ, at the cost of additional computation time. Similarly, if
the full ensemble produces large rotations of Ŝ, the Λ̂ can be subdivided
as in [94]. In the simulations described below we subdivide Ŝ until the
results converge.

The evolution is compactly expressed in terms of a tensor H(m) con-

taining the coupling constants G1,2 and the structure factors cV̂iV̂j
V̂k

:

V̂i(tm + τ) = V̂i(tm) + V̂j(tm)H
i(m)
jk V̂k(tm), (3.15)

where

H
i(m)
jk ≡ G1δŜ

(m)
z

V̂j
cV̂if̂z

V̂k
+G2

(
δŜ

(m)
x

V̂j
c

V̂îx
V̂k

+ δ
Ŝ
(m)
y

V̂j
c

V̂îy
V̂k

+
1√
3
δ
Ŝ
(m)
0

V̂j
c

V̂îm
V̂k

)
,

(3.16)

where δV̂j
V̂i

is 1 for V̂i = V̂j and 0 for V̂i 6= V̂j, and we assume summation
over repeated indices.

linearization The difference equations eq. (3.15) are bilinear in
the components of V̂. Although nonlinearity can in some cases lead to
non-gaussian phase-space distributions [167, 175], in practice gaussian
or near-gaussian distributions are far more common, and indeed pro-
ducing measurably non-gaussian distributions is non-trivial [160]. This
motivates a linearization of the above equations. Symbolically we write

V̂(tm + τ) = V̂(tm) + V̂(tm) · H(m) · V̂(tm) (3.17)
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and separate V̂ into the average V̄ and the fluctuations δV̂:

V̂(tm + τ) =V̄(tm + τ) + δV̂(tm + τ)

=V̄(tm) + V̄(tm) · H(m) · V̄(tm) + δV̂(tm)

+ V̄(tm) · H(m) · δV̂(tm) + δV̂(tm) · H(m) · V̄(tm)

+ δV̂(tm) · H(m) · δV̂(tm). (3.18)

When the last term can be neglected, the dynamics reduce to

V̄(tm + τ) = V̄(tm) + V̄(tm) · H(m) · V̄(tm)

= V̄(tm) + U(m) · V̄(tm) (3.19)

where U(m) ≡ V̄(tm) · H(m), which describes a nonlinear evolution of
the average V̄, and

δV̂(tm + τ) =δV̂(tm) + V̄(tm) · H(m) · δV̂(tm)

+ δV̂(tm) · H(m) · V̄(tm)

=T(m) · δV̂(tm) (3.20)

which describes a linear evolution of the fluctuations δV̂ in terms of the
matrix

T
(m)
ik ≡ δki + V̄jH

i(m)+H
i(m)
kj

jk V̄j. (3.21)

The covariance matrix Γ evolves as

Γ(tm + τ) = T(m) · Γ(tm) · [T(m)]T . (3.22)

3.8 optically-induced decoherence

The above coherent rotations are necessarily accompanied by sponta-
neous scattering of photons, which produces decoherence of the atomic
state [94, 98]. An accurate treatment is possible [176], but requires a de-
tailed accounting of the scattering channels. Here we describe a simple
noise model, based on that of Madsen and Mølmer [31], which agrees
reasonably well with more sophisticated models [177].
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We treat the decoherence as removal of a fraction 1 − X of the NA

atoms, followed by the re-addition of a fraction p of the removed atoms,
with random polarizations. A common source of “loss” of atoms from
the system is optical pumping into dark states [98, 177]. In this thesis we
take p = 1, i.e., no loss, which gives an upper bound on the introduced
decoherence. As demonstrated in Appendix A.1, this alters the phase
space distribution as

Λ̄→ XΛ̄ (3.23)

ΓΛ → X2ΓΛ +X(1−X)NAΓλ + p(1−X)
2

3
NA18×8, (3.24)

where Λ̄ ≡ 〈Λ̂〉, ΓΛ ≡ 1
2〈Λ̂∧ Λ̂+(Λ̂∧ Λ̂)T 〉− 〈Λ̂〉∧ 〈Λ̂〉 is the atomic part

of the covariance matrix ΓV, Γλ ≡ 1
2〈λ̂∧ λ̂+ (λ̂∧ λ̂)T 〉− 〈λ̂〉∧ 〈λ̂〉 is the

single-atom covariance matrix, and the expectations are taken with re-
spect to the average single-atom state ρ. As also derived in Appendix A.1,
Γλ can be found from V̄ as:

Γλ =
2

3
18×8 − λ̄∧ λ̄+

∑
k

λ̄kM(k), (3.25)

M
(k)
ij ≡

1

4
Tr[λ̂k{λ̂i, λ̂j}],

where λ̄ ≡ 〈 λ 〉ρ is the single-atom average and { · , · } indicates the anti-
commutator.

The transformation of the atomic covariance matrix due to optically
induced decoherence is then

ΓΛ(tm + τ) = D
(m)
Λ · ΓΛ(tm + τ) · [D(m)

Λ ]T +N
(m)
Λ , (3.26)

where ΓΛ(tm + τ) is given by eq. (3.22) and

D
(m)
Λ ≡ X18×8 and (3.27)

N
(m)
Λ ≡ X(1−X)NAΓλ + p(1−X)

2

3
NA18×8. (3.28)

The fraction of atoms 1 − X that experience incoherent scattering of
probe photons during a single pulse of duration τ is given by X =
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exp(−ηγnL), where ηγ is the probability for an atom to scatter a pho-
ton and nL is the number of photons in the pulse. A similar decoherence
applies to the optical polarization Ŝ(m) [94], where the fraction of pho-
tons scattered is 1− ε and ε = exp(−ηγNA), leading to decoherence and
noise terms

D
(m)
S ≡ ε13×3 and (3.29)

N
(m)
S ≡ ε(1− ε)nLΓS, (3.30)

where ΓS = (1/4)13×3 is the single photon covariance matrix. Because
scattered photons are lost from the pulse, there is no photonic analogue
of the last term of eq. (3.28). In the scenarios described below the deco-
herence of the optical pulses is negligible, because the number of pho-
tons is much larger than the number of atoms, and we set ε = 1.

The full covariance matrix Γ then evolves as

Γ(tm + τ) = D(m) · T(m) · Γ(tm) · [T(m)]T · [D(m)]T + N(m) (3.31)

where D(m) ≡ 13×3 ⊕D
(m)
Λ ⊕D

(m)
S and N(m) ≡ O3×3 ⊕N

(m)
Λ ⊕N

(m)
S .

3.9 atom-field interaction

In contrast to the atom-light interaction, the interaction of the atoms with
the magnetic field is purely linear, so that precession by large angles
can be described in a single step. At the same time, inhomogeneities
in the magnetic field introduce dephasing, which requires a different
description than given above for scattering-induced decoherence.2

To describe these effects, we first split the field into homogeneous
and inhomogeneous parts as B(x) = B0 + B̃(x), with the assumption
that |B0| � |B̃(x)| for x within the atomic cloud. Specifically, if ρat(x) is
the atomic density, we take B0 =

∫
d3x ρat(x)B(x), the average over the

atoms.

2 Here we assume that the magnetic fields are static, but time-varying fields can also be
modeled, as described in Ref. [178].
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Local rotation under B(x) can be described by the unitary operator

U(x, t) = exp[iγt|B(x)|f̂B(x)], (3.32)

where f̂B(x) is the component of F̂ parallel to the local field and γ =

µBgF/ h is the gyromagnetic ratio, where gF is the Landé factor and µB
is the Bohr magneton. We note that f̂n+2B (x) = f̂nB (x) for n > 1, (true for
any F = 1 spin component), so that a Taylor expansion of U gives

U(x, t) = 1+ f̂B(x) sin(γ|B(x)|t) + f̂2B(x)[cos(γ|B(x)|t) − 1]. (3.33)

We can now see a qualitative difference between B‖(x), the component of
B̃(x) parallel to B0, and B⊥(x) the perpendicular components. As demon-
strated in Appendix A.3, the effect of B‖(x) is to change |B| and thus the
precession frequency, causing a deviation from the behaviour under B0
that accumulates with time. In contrast, B⊥(x) principally changes the
direction of f̂B, a non-accumulating effect. For this reason we focus on
the effects of B‖(x). We consider the evolution of operators λ̂(x) that de-
scribe a single atom at a position x. Using the Heisenberg equations of
motion and the commutation relations of eq. (3.3), we find dynamical
equations

d

dt
λ̂(x) = −µBgF|B(x)|A(x) · λ̂(x), (3.34)

where

A ≡



· −bz by · · · · ·

bz · −bx · · · · ·

−by bx · · · · · ·

· · · · −2bz by bx ·

· · · 2bz · −bx by ·

· · · −by bx · −bz
√
3by

· · · −bx −by bz · −
√
3bx

· · · · · −
√
3by

√
3bx ·


(3.35)
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is a block-diagonal matrix and b ≡ B/|B|. Here and in subsequent matri-
ces the dots represent zeros. The equation is solved by

λ̂(x, t) =
∑
i

e−ω(x)aitPi · λ̂(x, 0), (3.36)

where ω(x) = µBgF|B(x)|, ai, vi are the eigenvalues and eigenvectors of
A with corresponding projectors Pi ≡ vi∧vi. The eigenvectors are imag-
inary integers {a} = i{−2,−1,−1, 0, 0, 1, 1, 2}, indicating the half-period
behavior of some ĵ variables. The macroscopic operators evolve as

Λ̂(t) =

∫
d3x ρat(x)

∑
i

e−ω(x)aitPi · λ̂(x, 0)

=
∑
i

e−ω0ait
∫
d3x ρat(x)e−ω̃(x)aitPi · λ̂(x, 0), (3.37)

where ω(x) = ω0 + ω̃(x).
We now assume that λ̂(x, 0) is uniform 3, so that the x-dependent terms
can be collected as ri(t) ≡

∫
d3x ρat(x)e−ω̃(x)ait. This gives

Λ̂(t) =
∑
i

e−ω0aitri(t)Pi · Λ̂(0)

= DB(t) ·TB(t) · Λ̂(0), (3.38)

where TB(t) =
∑
i e

−ω0aitPi describes the coherent evolution and DB(t) =∑
i ri(t)Pi describes the dephasing.
In many situations it is reasonable to assume a Lorentzian distribu-

tion for ω̃. For example, in the highly-elongated trap described below,
we observe an atomic density ρ(z) well approximated by a Lorenzian
ρ(z) = w/π(z2+w2) where w ∼ 4.8 mm is the full-width half-maximum
(FWHM) extent of the ensemble.
The decay term is then ri(t) = e−wγ|ai∂B‖/∂z|t or ri(t) = e−t/Ti with
1/Ti = wγ|ai∂B‖/∂z|, and

DB(t) =
∑
i

e−t/TiPi. (3.39)

3 This assumption is clearly violated in some cases, for example in spin-echo experiments.
However, it works remarkably well in many other situations.
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To preserve the uncertainty principle in the presence of the decay im-
plied by eq. (3.39), we must introduce a noise contribution N(t) to the
covariance matrix [94]. The transformation due to evolution under an
inhomogeneous field is thus

ΓΛ(t) = DB(t) ·TB(t) · ΓΛ(0) ·TTB (t) ·DTB(t) +N(t), (3.40)

where the added noise obeys

NB(t) >
∣∣iΣ ′ − iDB(t) ·Σ ·DTB(t)

∣∣ , (3.41)

where | · | indicates the matrix absolute value and iΣij ≡
〈
[Λ̂i, Λ̂j]

〉
and

Σ ′ are the commutation matrices before and after the transformation
[179]. In the absence of an indication that the dephasing should be extra
noisy, we take the equality sign in eq. (3.41). We note that dephasing
due to arbitrary field inhomogeneity can be included in the model by
spatially-partitioning the ensemble into sub-ensembles with different lo-
cal fields [94].

In addition to the dephasing of the atomic terms described above, the
covariance matrix Γ undergoes a coherent evolution due to the magnetic
field as described by eq. (3.22) in terms of the matrix

TB(t) =

 13×3 · ·

γF(t) γ|B(x)|A ·

· · 13×3

 , (3.42)

where the matrix A is described above in eq. (3.35) and

FB(t) ≡



· Fz(t) −Fy(t)

−Fz(t) · Fx(t)

Fy(t) −Fx(t) ·

Jl(t) Jk(t) −2Jy(t)

−Jk(t) Jl(t) 2Jx(t)

Jy(t)
√
3Jm(t) − Jx(t) −Jl(t)

−
√
3Jm(t) − Jx(t) −Jy(t) Jk(t)√
3Jl(t) −

√
3Jk(t) ·


. (3.43)
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Since the terms in FB(t) explicitly depend on the average atomic vec-
tor Λ̄(t) at time t, we update the covariance matrix in small time steps
τ � ω0 and keep track of the Γ(t) and V̄(t) at each step. The covari-
ance matrix under the effect of just the magnetic field finally evolves
according to

Γ(t+ τ) = DB · TB · Γ(t) · [TB]
T · [DB]

T + NB (3.44)

where DB ≡ 13×3 ⊕DB ⊕ 13×3 and NB ≡ O3×3 ⊕NB ⊕O3×3 where
zeros stand for the fact we are considering just the effect of the magnetic
field on the atomic ensemble.

To combine the coherent rotations with decoherence, we follow [94]
and apply alternately Eqs. (3.19) & (3.22), Eqs. (3.23) & (3.31) and Eqs.
(3.38) & (3.44) after subdividing the time interval into sufficiently small
steps τ. Note that τ is typically much smaller during the optical pulses
than in the time between them, but in both cases we continue to subdi-
vide the time evolution until the results converge.

3.10 measurement

After passing through the ensemble, the optical pulses are typically mea-
sured by balanced polarimetry. This allows one component Ŝ(m)

det of Ŝ(m)

to be detected. In the process, the pulse is absorbed by the detector and
any possible information about the other components of Ŝ(m) is lost. We
can describe the projective measurement by a unit vector p(m), defined
such that p(m) · V̂ = Ŝ

(m)
det .

The result of the measurement is random and gaussian-distributed,
with a variance var(Ŝdet) = p(m) · ΓV · p(m). The correlation of Ŝ(m)

det with
other variables are given by the vector ΓV · p(m). Finally, we can calculate
the post-measurement uncertainty in V̂, in light of the measurement
result and the known correlations, to find the posterior uncertainty

Γ ′V = ΓV −
(ΓV · p(m))∧ (ΓV · p(m))

p(m) · ΓV · p(m)

= ΓV − ΓV[Πp(m)ΓVΠp(m) ](MP)ΓTV (3.45)
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where the superscript (MP) indicates the Moore-Penrose pseudo-inverse
and Πp(m) = p(m) ∧ p(m) is a projector.

It should be noted that there is nothing stochastic in the simulation
method: only the average values, variances and covariances are com-
puted. This again relies on the assumption that the fluctuations remain
within a linear regime.

3.11 initial state and technical noise contributions

A variety of initial states can be used with this approach, subject to a
few limitations: The average value V̄ must be physical, i.e., within the
range of V̂ for NA atoms and NL photons. The Robertson-Schrödinger
uncertainty principle

δA2δB2 >
1

4
|〈 [A,B] 〉|2 (3.46)

places lower limits on the uncertainty implied by ΓV. Given any two
scalar operators â ≡ a · V̂, b̂ ≡ b · V̂

δa2 δb2 = (a · ΓV · a)(b · ΓV · b) >
1

4

∣∣∣aibjcV̂iV̂j
V̂k

v̄k
∣∣∣2 . (3.47)

In many situations it is appropriate to assume an initial state of the
form R ≡ ρ⊗NA for the atoms. For example, if optical pumping is used to
initialize the state it is often reasonable to assume the atoms are indepen-
dently pumped into a state ρ. This gives Λ̄ = NATr[λ̂ρ] and ΓΛ = NAΓλ.
If ρ is a pure state, then R describes a coherent spin state (CSS).

We note an important subtlety about using CSSs for practical model-
ing: if ρ is a pure state, it is fully-polarized along some spin direction λρ,
with no uncertainty in that direction. This manifests as a zero eigenvalue
of Γλ, and, if we naïvely apply the above, also in ΓΛ. This is unrealistic,
however. In practice, NA is usually determined by a physical process
with significant uncertainty, e.g. trap loading. Indeed, δN2A is often larger
than the quantum variances NAΓλ ∼ NA. This contributes a significant
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“atomic technical noise” to ΓΛ. As shown in A.2, for a state of the form
R = ρ⊗NA , where NA has average N̄A and variance δN2A,

ΓΛ = N̄AΓλ + δN2A(λ̄∧ λ̄). (3.48)

In most situations of interest the input light state is a coherent state.
For example, in the experiments described below, we use an Ŝx-polarized
input, i.e. S̄ = (NL/2, 0, 0), which has a covariance matrix given by
ΓS = diag(NL/4,NL/4,NL/4). The input average magnetic field compo-
nents B̄ and covariance matrix ΓB will depend on the modelled experi-
ment.

In the experiments described below the atoms and light are indepen-
dently initialized, and we assume that the atom, light and magnetic field
variables are initially uncorrelated. Thus the initial covariance matrix of
eq. (3.9) can be written:

ΓV = ΓB ⊕ ΓΛ ⊕ ΓS. (3.49)

3.12 conclusions

We have presented a method for describing the quantum dynamics of
spin-1 atomic ensembles, extending the method introduced for quantum
light interfaces [32, 30, 164], developed for spin-1/2 atomic ensembles by
Madsen and Mølmer [31] and generalized by Koschorreck et al. [94] and
Tóth and Mitchell [180].

Our approach, which explicitly includes the so-called “spin alignment”
degrees of freedom, fits naturally with the light-matter interaction, which
couples both spin alignment and spin orientation to the optical Stokes
parameters. For spin-1 our description is complete within the gaussian
approximation, while for larger spins it is still useful when octopole
and higher spin moments can be neglected. We also include the impor-
tant technical noise associated with magnetic fields and noise due to un-
certain atom number, as typically arises due to stochastic trap-loading
processes. Finally, we give explicit formulae for the noise introduced by
spontaneous scattering during the optical probing process and due to de-
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phasing in an inhomogeneous magnetic field. In chapter 5 we practically
test the formalism in real situations involving all the modeled effects.



“All this is a dream. Still examine it by a few experiments.
Nothing is too wonderful to be true, if it be consistent with
the laws of Nature.”

Michael Faraday, Laboratory journal

4
E X P E R I M E N TA L S E T U P

In this chapter are presented the details of the experimental setup used
for the experiments described in the thesis. Our cold atom experiment
was the first in Spain and has been running since 2005. Many people
have worked on it and many different experiments have been success-
fully done with basically the same “core”.

The vacuum system comes from Innsbruck and was started by prof.
Jürgen Eschner. It then moved to the UPC campus in Barcelona, and
after two years moved to the current position at ICFO. The experiment
was then upgraded in the following years by Marcin Kubasik, Herbert
Crepaz, Sebastian de Echaniz, Marco Koschorreck, Mario Napolitano,
Brice Dubost, Robert Sewell, Naimeh Behbood and Ferran Martin Ciu-
rana. When I joined the group most of the apparatus was in place, how-
ever during my PhD many things were replaced and improved: the
dipole laser and its optical system, the cooler laser with its lock sys-
tem, the repumper laser and the optics, most of the electronics to control
acousto-optic modulators (AOMs) and the main photodetector. The ex-
periment has also been upgraded and new tools are now available in the
lab: a fast programmable FPGA device for quantum feedback used for
atomic coherent control [181], an ultrafast detector for polarimetry mea-
surements [33], two more optical pumping beams, a modulation spec-

55
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troscopy lock and real-time vector field control with sub-nT sensitivity
[140]. During my PhD I was involved in the developement of these new
tools, together with people that overlapped with me in the lab during
these years, Ferran Martin Ciurana and Naeimeh Behbood.

Currently the experiment can trap more than two million 87Rb atoms
in a weakly focused single beam optical dipole trap, and probe them
with sub-µs duration pulses of off–resonant light propagating along the
trap axis and focused to a spot almost matching the radial width of the
atomic cloud at the trap center. This geometry produces a strong atom–
light coupling and the optical readout can achieve projection-noise lim-
ited sensitivity [99]. Strategies to cancel the tensor light shift experienced
by the atoms due to the optical probe have been developed [100]. This en-
abled us to demonstrate verified QND measurements [10], achieve spin
squeezing and demonstrate entanglement–enhanced measurement sen-
sitivity of the collective atomic spin [85]. The experiment has also been
employed to study a non-linear metrology scheme and demonstrate sen-
sitivity that scales faster than the δφ ∝ 1/N “Heisenberg limit” [23, 182].
Exotic spin states with non-Gaussian distributions have been produced
[160] and the production of a macroscopic singlet state [180] with en-
tanglement over more than half million particles has been demonstrated
[17].

Our experiment requires good control of several tasks: trapping and
cooling the atoms, preparing the atomic state via optical pumping and
probing and detecting the atoms. In addition, it requires good control of
magnetic fields, in order to increase the atomic coherence time, and the
imaging, to count precisely the number of atoms. Most of the details of
the experimental setup are well described in other PhD theses [183, 184,
185, 186]. In the following sections we report the main features of the
setup necessary to understand the experiments reported in this thesis,
and the upgrades that are not described elsewhere.
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Figure 4.1: Schematic of the experimental setup. The four crossed beams of the
upper 2D MOT cool and trap the atoms at higher background pres-
sure. A push beam loads the atoms into the lower chamber. There
the atoms are trapped in a 3D MOT which feeds a single-beam,
weakly-focused optical dipole trap. The probe beams are overlapped
with the dipole beam and the polarization rotation is revealed by a
differential photodetector. To keep the representation simple only
some of the optics are shown. The H- and V-polarized probe beams
come from two different fibre couplers and are later overlapped.

4.1 trapping

The core of the experiment is a single beam far off resonant dipole trap
(FORT) [187] that for an efficient loading requires a precooling stage of
the atoms caught in an Magneto Optical Trap (MOT) [188] and then
further cooled in an optical molasses [189].

To provide long trap lifetimes and high loading speeds we use a two
stage MOT, where two regions of the vacuum chamber experience differ-
ent vacuum pressures as represented in Fig. 4.11. A detailed description

1 Representation adapted from an image realized by M.W. Mitchell
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Figure 4.2: a) Functional diagram of laser sources used in the experiment. On
the left hand side are indicated laser sources and their use, on the
right hand side their output beam to the experiment. b) Light fields
used in the experiment. Different colors represent different lasers
and different arrows indicate transitions relative to the 87Rb hyper-
fine structure used for different tasks. The F = 2 laser (orange) serves
for cooling, imaging and optical repumping. The F = 1 laser (blue)
is used for the repumping and the optical pumping. A third laser
(green) is completely dedicated to the probing and is locked ∼ 700

MHz to the red from resonance.

of the vacuum chamber is contained in Refs. [190, 191]. Two diode lasers
are used for the cooling process: the cooler operates on the transition
F = 2→ F ′ = 3 and provides the trapping force, the repumper recycles the
atoms that fall down by spontaneous emission into the dark state F = 1
and is therefore tuned on the transition F = 1 → F ′ = 2. A schematic of
the light fields is also represented in Fig. 4.2. In the upper region of the
vacuum chamber, which works at a higher background pressure of about
10−8 mbar, a two dimensional MOT collects atoms from the background
that are released from a reservoir. A push beam moves the atoms into
the lower chamber, with a background pressure lower than 10−11 mbar,
which reduces collisions with molecules that move through the vacuum
chamber and make up the residual pressure. There the atoms are loaded
and confined in all the directions by a three dimensional MOT.
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Finally the atoms are loaded into the optical dipole trap: the AC
stark shift provided by the dipole interaction of the atoms with the 1064
nm light of the optical trap creates an attractive potential for the atoms.
With 6 W optical power the depth of the well is equivalent to ∼ 200 µK.
For an efficient loading from the MOT to the dipole trap, a stage of sub
Doppler cooling it is necessary. For this stage we increase the detuning
of the cooler from 2Γ to 15Γ (where Γ ≈ 2π× 6MHz), we attenuate the re-
pumper light to accumulate the atoms into the lower energy state F = 1
and we progressively decrease the the current on the quadrupole coils.
This strategy makes a phase of optical molasses of atoms cooled to ∼ 16

µK and enables the ∼ 7% of the atoms to be loaded into the dipole trap.
All the details are described in Ref. [184].

Loaded into the dipole trap, the atoms form a cigar shaped cloud,
realised with a single focused beam. In such configuration the atoms
have very high effective optical depth on the longitudinal axis (OD ∼

50). Once the atoms are loaded in the optical dipole trap, they can be
optically accessed from two orthogonal directions. The access along z
(or along the trap axis, see Fig. 4.1 for reference) is used for the optical
probe beam and the optical pumping into the 〈Fz〉-polarized state. The y
direction, from the side with respect to the trap, is used for the imaging
and for another optical pumping beam that enables the pumping into
the 〈Fy〉-polarized state, as described in Section 4.4.

4.2 probing

The probe beam is used to measure the Fz component of the collective
angular momentum of the atomic ensemble. As mentioned in the in-
troduction, a linearly polarized light pulse, passing through the atomic
ensemble, experiences paramagnetic Faraday rotation by an angle ϕ, as
represented in Fig. 4.3. We send optical pulses of ∼ µs duration using
an AOM as a switch with an rf amplitude controlled by a voltage con-
trolled attenuator (VCA) connected to an external pulse generator. The
probing pulses are performed in the F = 1 manifold of the 5S1/2. We
detune the probe beam from resonance, normally 0.5− 2 GHz to the red
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Figure 4.3: Schematic of Faraday rotation probing. Up to 2× 106 atoms are con-
fined in a weakly-focused single beam optical dipole trap (ODT).On
axis, ∼µs pulses with H and V polarization experience Faraday
rotation by an angle ϕ̂ ∝ Fz. A polarimeter consisting of wave-
plates, a polarising beamsplitter, high-quantum-efficiency photodi-
odes, and charge-sensitive amplifiers measures the output Stokes
component S ′y. A reference detector before the atoms measures in-
put Stokes component S0 = |Sx|. The rotation angle is computed as
ϕ = arcsin(S ′y/Sx).

of the F = 1→ F ′ = 0 transition. The choice of detuning influences both
the strength of the optical rotation, needed for QND measurement, and
the strength of effects due to the tensorial contribution to the optical
susceptibility, see Section 3.7 .

polarization Three different beam paths propagate along the trap:
the optical pumping beam and the two probe beams, i.e. the horizonally
(H) and the vertically (V) polarized light. The probe beams are almost
matching the radial width of the cloud. Since the entire measurement
process is based on polarization rotation measurements, good control of
the polarization state of the probing light is necessary. Also is important
to have a good estimation of the number of photons sent through the
atomic cloud. The three beams share the same design of the optical ele-
ments of their path. Polarization Maintaining (PM) fibers are used with
a Polarizing Beam-splitter (PBS) (with 105 : 1 extinction ratio) in front of
each input coupler. Another PBS at the output of each fiber leaves the
light in a well defined polarization state. A combination of a half wave
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plate (HWP) and a PBS permits to send a portion of light to a reference
detector to estimate the optical power that propagates to the atoms. The
output of the reference photodetector is recorded by an oscilloscope. In
order to compensate for changes in polarization due to different optical
elements on the light path we have a PBS, HWP and quarter wave plate
(QWP) to set precisely the polarization right after the light has passed
the atomic cloud and the glass cell.

4.3 detection

The most important device used in the experiment to gather information
about the atomic ensemble is the polarimeter, which measures the light
polarization after interacting with the atoms.

The polarimeter consists of a HWP, a PBS (Wollaston), and a differen-
tial photodetector. In this configuration we are sensitive to rotation of
the Stokes component of the probe light from Sx into Sy. During the
probing, an input Sx-polarized optical pulse interacting with the atoms
experiences a rotation by an angle ϕ = gFz because of the interaction
Hamiltonian Hint = gSzFz. The rotation causes an imbalance in the dif-
ferential photodetector S ′y. In our experiment we measure Sx at the input
by picking off a fraction of the optical pulse and sending it to a reference
detector, and S ′y using the differential photodetector [33]. Both signals
are recorded on a digital oscilloscope. The transformation produced by
the measurement on Sy is

S ′y = Sy cosϕ+ Sx sinϕ. (4.1)

In the small-angle regime ϕ� 1 we obtain a linear relationship and we
can calculate ϕ̂, the estimator for ϕ

ϕ̂ =
S ′y
Sx

. (4.2)

This is the typical situation for 〈Fy〉-polarized states. However the experi-
ments of this thesis also involve Faraday measurements of large rotation
angles, typically 〈Fz〉-polarized states. In this case eq. (4.2) is no longer
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valid and we have to develop a non-linear compensation method, as we
now describe.

non-linear compensation of faraday measurements In ex-
perimental situations, with the atoms polarized in the 〈Fz〉 state, the ro-
tation angle ϕ is large (ϕ ≈ 100 mrad). From the record of Sx and S ′y,
using eq. (4.1) we have

ϕ̂ = arcsin
S ′y
Sx

= arcsin
(

sinϕ+
Sy

Sx

√
1− sin2ϕ

)
≈ ϕ+

Sy

Sx
+
1

2

(
Sy

Sx

)2
tanϕ+O

(
Sy

Sx

)3
.

(4.3)

We note that due to shot noise Sy/Sx is normally distributed with zero
mean and variance 1/(2Sx) ∼ 5× 10−7 for pulses with 2× 106 photons.
The term containing tanϕ thus describes a distortion of the signal at the
∼ 10−6 level. The same approach can be also applied in experimental sit-
uations where the rotation angle is larger [192], truncating the expansion
of eq. (4.3) to reach the desired precision.

data processing The output signal S ′y and the incoming signal
from the reference detector S0 = |Sx| are saved with a real time oscillo-
scope (LeCroy WaveRunner X64). The recorded pulse is then processed
and integrated using Mathematica. Fig. 4.4 shows typical recorded sig-
nals of the reference detector and of the differential photodetector. The
calculated signal Sx is

Sx = Gref

∫+τ
−τ
V(t)× h(t)dt, (4.4)

where V(t) is the detector voltage recorded on the scope, Gref is the gain
of the detector (we use two different detectors to measure S0 = |Sx| for
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Figure 4.4: Typical recorded signals in Volts for the reference pulses Sx(t) (left
figures) and the signal S ′y(t) on the fast differential photodetector
(right figures) . Top and bottom figures represent the signal for hor-
izontally and vertically polarized light pulse respectively. Orange
curves are regions defined by h(t) as in eq.(4.6) (left) or as in eq.
(4.8) (right).

both the H and V-polarized light). Analogously the output signal S ′y is
calculated as

S ′y =
Gpdd√
THTV

∫+τ
−τ
V(t)× h(t)dt, (4.5)

where Gpdd is the gain of the differential photodetector and
√
THTV is

the transmission factor that takes into account polarization dependent
losses in the path of the probe beam after it passes through the atoms.
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To suppress low frequency fluctuations like drifts of the baseline, h(t) is
a window used to filter low-frequency noise, defined as

h(t) ≡


−1 if −τ 6 t < −τ/2

1 if −τ/2 6 t < τ/2

−1 if τ/2 6 t < −τ

(4.6)

where τ is the pulse width and t = 0 is the center of the pulse. How-
ever different detectors have slightly different definition of the integra-
tion window (see Fig. 4.4). We further correct for low-frequency drifts of
the polarimeter signal, which is not perfectly balanced, by subtracting a
baseline measurement from these data:

ϕ0 =
1

N

N∑
i=1

ϕ̂
(i)
0 , (4.7)

where the ϕ̂(i)
0 are measured with an identical experimental sequence

but are measured without atoms in the trap.
Two photodetectors have been used in this thesis. The first, the shaper

photodetector was designed in the group of Eugene Polzik in Copenhagen
and it consists of a differential, integrating photodetector with a pulse
shaper [193, 194]. The second detector, fast Cremat photodetector, devel-
oped during this thesis, shares a similar design but has no pulse shaper,
which makes it faster and with lower noise [33].

the shaper photodetector This detector was already in place
when I joined the group and was initially developed by P. Windpassinger
and J. Müller and described in detail Refs. [193, 194].

Briefly, the photodetector has two photodiodes (Hamamatsu S8338)
connected in series and it is able to sense their difference photocurrent.
The differential signal is AC coupled by a capacitor (C) and a resistor (R)
to an integrator (Cremat, CR-110) that converts the signal into a step like
signal. The choice of R and C determines τ = RC which is the typical
decay time of the signal. The integrated signal is then sent into a shaper
(Cremat, CR-200), where an active differentiator circuit followed by a
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low pass filter (called also Gaussian shaping amplifier) converts the step
like signal into an almost Gaussian shape pulse. Such feature makes this
differential detector very practical for everyday use, even if slower than
the photodetector recently developed.

the fast cremat photodetector During the thesis it was neces-
sary to develop another detector for a faster, shot-noise-limited detection.
Technical requirements of the experiment described in Chapter 6 and
preliminary data indicated that the shaper detector didn’t have enough
dynamic range and was not fast enough for the expected pulse duration
required for the experiment This required us to develop a new fast, low
noise photodetector. The detector, mainly developed by Ferran Martin
Ciurana in collaboration with the electronic workshop at ICFO, has a
similar setup of the shaper detector with the main difference that the
pulse shaper is removed. All the technical details are described in [33].
Since the pulse shaper is removed, another h(t) function is used in eq.
(4.5)

h(t) ≡

{
−1/t1 if −τ/2− t1 6 t < −τ/2

+1/t1 if τ/2 6 t < τ/2+ t1
(4.8)

where t1 is a sample time, see Fig. 4.4 or Ref. [33]. The removal of the
pulse shaper and the choice improved the time response of the detector
by a factor 6.

4.3.1 Detector Noise

A desired feature of the detector is the sensitivity to the shot noise of the
probing light for a wide dynamic range. For the experiments performed
in this thesis quantum enhanced measurements are predicted for a total
number of photons NL in the range 108 < NL < 10

9.
We characterize the noise properties of the detector in the balanced

configuration, i.e. 〈ϕ〉 ' 0, which is the ideal operating regime of the
photodetector. When light and detector noise are taken into considera-
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Figure 4.5: Variance of the output signal measured by the differencial photode-
tector as function of the total number of photons in the balanced
configuration. Solid line represents a fit with the model given by eq.
(4.9). Dotted, Dot-Dashed and dashed lines represents the curves
bEN, bSNNL, bTNN

2
L. a) Shaper photodetector; bEN = 1.24(5)× 106,

bSN = 1.15(3), bTN = 2.2(1)× 10−9. b) Fast Cremat phootodetector;
bEN = 429(5)× 103, bSN = 1.06(1), bTN = 2.21(1.3)× 10−10.

tion, the measured variance of the signal S ′y has a quadratic dependence
with the number of photons sent:

4var(S ′y) = bEN + bSNNL + bTNN
2
L, (4.9)

where bEN is the detector electronic noise contribution, bSNNL describes
the optical shot noise and bTNN

2
L is the optical technical noise contri-

bution, which increases with polarimeter imbalance, i.e. the mean sig-
nal measured by the polarimeter. The measurement is made with V po-
larized light without atoms in the trap, introducing an artificial imbal-
ance φ using the HWP before the polarimeter input. Our probing light
doesn’t have enough power to measure bTN and determine the turning
point from the shot noise limited regime to the the technical noise lim-
ited regime for single pulses. For this, we construct composite pulses
by joining together n independent pulses containing a large number of
photons. A composite pulse is the sum of N independent measurements
S
(i)
y

Sy,comp =

n∑
i=1

S
(i)
y . (4.10)
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Its variance var(Sy,comp) is calculated as:

var(Sy,comp) =
1

N− 1

N∑
i=1

(
S
(i)
y −

1

N

N∑
i=1

S
(i)
y

)2
. (4.11)

noise of the shaper detector We study the noise of the shaper
differential detector, used in this thesis mainly for measurements in a
balanced configuration, i.e. 〈ϕ〉 ' 0.

In Fig. 4.5 a) the variance as a function of the number of photons
sent is plotted. Experimental data indicates shot noise limited region of
4× 105 < NL < 5× 108 in the balanced configuration. The contribution
of technical noise is still small for up to ∼ 109 photons.

fast cremat noise The development of the fast Cremat detector
improved the noise properties of the detector through a lower noise elec-
tronics. Fig. 4.5 b) shows the shot noise region for 4×105 < NL < 4×109,
approximately one order of magnitude better than the pulse shaper pho-
todetector. A complete characterization of the noise properties of the
detector is contained in [33].

4.4 preparing the atoms

In order to optically pump the atoms in a well defined atomic state we
need to send to the atomic cloud light resonant with a well defined
transition. The method, developed by Kastler [195] was used since 1950s
and adapted in many different kind of experiments. The process is based
on scattering photons until the atoms fall into a dark state, not connected
to an excited state via an optical transition. The direction of propagation,
the polarization, the intensity and the frequency of the light must all be
well controlled in the experiment.

The transition that is mainly used in this thesis is the F = 1 → F ′ =

1 of the D2 line. σ+ light is sent along trap axis in order to optically
pump the ensemble in the 〈Fz〉 state, i.e. Φ ≡ |1, 1〉 which has 〈Fz〉 = NA.
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Figure 4.6: a) Optical pumping for an 〈Fz〉-polarized state with a constant par-
allel magnetic field oriented along z. An optical pulse of σ+ light
propagating on the trap direction is sent to the atoms with variable
length. b) Optical pumping efficiency of the 〈Fy〉-polarized state
with a transversal field oriented in the x direction. Both the data
sets have been fitted with an exponential growing ∼ a(1 − e−t/τ).
±σ error bars are smaller than the points for most of the data.

Similarly we can send circularly polarized light from the side, namely the
transversal direction with respect the trap, to optically pump the atoms
into the 〈Fy〉-polarized state state, i.e. Ξ ≡ 1

2

(
|1, 1〉− i√

2
|1, 0〉− |1,−1〉

)
.

This optical pumping beam shares the same path as the imaging beam
(see Fig 4.1). During the optical pumping into a dark state some atoms
decay into some other energy level. Therefore a second laser is needed
to recycle the lost atoms back into the optical pumping sequence. For
this purpose we use F = 2 → F ′ = 2 light and we call it optical repumper.
It shares the output with the MOT beams and access the atoms from all
six directions.

Several ways to produce high fidelity polarized states have been im-
proved and developed during this thesis: the optical pumping on axis,
used to produce 〈Fz〉-polarized states, has been extended to high effi-
ciency backward optical pumping, anti-propagating on the trap axis. The ef-
ficiency of optical pumping from the side, used to produce 〈Fy〉-polarized
states has been improved.

Of particular importance for the experiments of the thesis is the ability
to optically pump the atoms under different configurations of the mag-
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netic field. When the field is parallel to the optical pumping direction,
the major experimental requirement is to set them parallel. Under the
effect of the magnetic field the macroscopic atomic polarization remains
fixed and it is possible to continuously optically pump (and optically
repump) the atoms. On the other hand, when the magnetic field is or-
thogonal to the optical pumping direction, it is necessary to use a stro-
boscopic optical pumping method, in order to synchronously pump the
atoms while they are precessing under the magnetic field.

An important constraint encountered during the work of this thesis
was that, when using the fast Cremat detector, the optical pumping on
axis (used to produce 〈Fz〉-polarized states) caused the detector to satu-
rate. This required us to improve to high efficiency the optical pumping
into 〈Fy〉-polarized state, which uses the output of the imaging beam,
that is from the side of the trap.

An achievement of this thesis is an efficient stroboscopic optical pump-
ing scheme under orthogonal magnetic fields. In order to have more
optical repumper power during the stroboscopic optical pumping we
replaced an external cavity diode laser (Toptica DL 100) used for the
cooler, imaging and optical repumper, with an amplified ECDL (Toptica
TA 100). In the following paragraphs we describe the two optical pump-
ing schemes most relevant for the experiments reported in this thesis:
optical pumping with a parallel field and optical pumping with an or-
thogonal field.

optical pumping with a parallel field Both the 〈Fz〉- and
〈Fy〉-polarized states have been optically pumped with high efficiency
(> 99%) with a weak parallel magnetic field (along the z and the y axes
respectively) to keep the atomic polarization constant during the pump-
ing and the probing. We use the 〈Fz〉-polarized state, which has been
demonstrated as the reference state for a fully polarized state [184, 99].
Fig. 4.6 a) shows the saturation curve for the reference state 〈Fz〉.

optical pumping with an orthogonal field A small mag-
netic field is applied along the x-axis, with Bx = 5.29 mG and coher-
ently rotates the atomic spins in the y–z plane. We use a stroboscopic
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Figure 4.7: Coils and wires used for magnetic field control. In orange, three
pairs of coils control the magnetic field in the three different direc-
tions. In green (blue) two pairs of horizontally (vertically) oriented
wires to set field gradients ∂Bx∂z and ∂By

∂z . The direction of the arrows
indicates the direction of the current used to create the gradient. Cur-
rent imbalance in the z coils permits us to adjust field gradient along
the trap axis ∂Bz∂z .
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pumping strategy, chopping the optical pumping light into a series of
τpump = 1.5 µs duration pulses applied synchronously with the precess-
ing atoms for total of 200 µs, to prepare the atoms in an Fy-polarized
state with high efficiency (∼ 98%), resulting in a input polarized atomic
ensemble with 〈Fy〉 ' NA (see Fig. 4.6 b). The pulse duration τpump � TL
is chosen to optimize the optical pumping efficiency. The atoms are effi-
ciently pumped for optical pulses length short compared to the atomic
precession. If the pulse duration is long compared to the Larmor pe-
riod the pulses start to depolarize the atoms, resulting in a less efficient
optical pumping along the y axis.

4.5 magnetic field control

While with hot vapour cells it is possible to shield the experiment with
heavy magnetic screening [196], the more complicated geometry of cold
atoms experiments requires different techniques for the cancellation of
stray magnetic fields. Active compensation techniques are currently used
in cold atoms experiments and offer the possibility to adjust the mag-
netic field for the experiment requirements. A crucial aspect of the ex-
periments described in the thesis is control the magnetic field along the
full length of the atomic cloud of ∼ 1 cm. We now first briefly give an
idea of how the hardware to control the magnetic field works (all the
details are described in Ref. [183]). We then report a method that we
developed for vector field measurements [140] and particularly impor-
tant for this thesis to accurately set the magnetic field and measure field
fluctuations.

setup Two independent blocks control the magnetic fields in the three
spatial directions and the field gradients on the trap axis. These are de-
scribed in detail in Ref. [183] and represented in Fig. 4.7. The first block
consists of three pairs of coils in Helmholtz configuration driven by three
separate units, sharing the same power supply. The current, in the range
from 0 to 5 mA, can flow in each pair of coils and enables to set a maxi-
mum magnetic field of 25mG in each field component. The second block
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Figure 4.8: In blue (red) free induction decay signal of an Fy(Fz)-polarized state
with a field oriented along x. In solid line fit with eq. (4.14). The
relevant parameters we obtain from the fit are T2 = 3.80± 0.06ms
(T2 = 4.35 ± 0.14 ms), F0 = −1.048 ± 0.007 mrad (F0 = −0.27 ±
0.09 mrad) and A = 47.4± 1 mrad (A = 55.6± 0.6 mrad)

consists of 2 sets of 4 wires, placed in the horizontal and vertical direc-
tion, both of them transverse to the trap. A current of up to 1500 mA
flows through the wires in opposite directions, to control field gradients
∂Bx
∂z and ∂Bx

∂z . We can also control the current imbalance between the z
coils to adjust ∂Bz∂z .

field setting To set the magnetic field we use the procedure de-
scribed in Ref. [140] which demonstrated the capability of our experi-
ment of a fast, real time, three-axes optical magnetometer with sub-nT
sensitivity in a single shot of 1ms. Under a general field B = (Bx,By,Bz),
an 〈Fy〉-polarized state precesses at the Larmor frequency ω = γ|B| giv-
ing a measurable free induction decay (FID) signal ϕ(t):

ϕFy(t) ∝ (ByBz(1− cos(γ|B|t)e−t/T2) +Bx|B| sin(γBt)e−t/T2)Fy(0).

(4.12)



4.5 magnetic field control 73

Similarly an 〈Fz〉-polarized state gives a signal:

ϕFz(t) ∝ (B2z + |B2x +B
2
y|) cos(γ|B|t)e−t/T2)Fz(0). (4.13)

We determine the magnetic field B and the decay time T2 using the
following procedure. We measure two FID signals with 〈Fy〉- and the
〈Fz〉-polarized states respectively and then we perform a joint fit on the
measurements {ϕFy(t)} and {ϕFz(t)}. A typical FID signal with B = Bx
is shown in Fig. 4.8.

In the special case of field oriented along the x axis, eqs (4.12) and
(4.13) give a measurable signal of the general form

ϕ(t) ∝ A cos(γ|B|t+φ0)e−t/T2 + F0, (4.14)

where the offset F0 and the phase φ0 take into account the effect of im-
perfect optical pumping and residuals magnetic field in other directions.
Eq. (4.14) is very practical to measure field gradients. In the ideal situ-
ation where the decoherences due to probing are negligible, the trans-
verse relaxation time T2 = 1/(wγ|B ′‖|) is only due to the field-parallel
gradient component B ′‖ ≡ ∂z|B|, as described in Section 3.9. To opti-
mize T2 we vary the current on the three couples of compensation coils
oriented in the three spatial directions, the 4 couples of wires and the
imbalance between the z coils. Typical measured decoherence times, as
shown in Fig. 4.8 are ≈ 4 ms.

field fluctuations All the experiments described in this thesis in-
volve coherent atomic control with an external magnetic field. Therefore
it is necessary to characterize the field stability for a single sequence
(∼ 1− 2 ms) and for the entire experiment duration ∼ 1− 2 hours, where
a single sequence is repeated many times to collect statistics. Fig. 4.9
a) shows typical magnetic field fluctuations observed in the laboratory,
mainly due to the magnetic noise generated by switching on and off of
instruments from other laboratories in the building. Such technical noise,
requires to run important experiments when most of people were away,
in order to prevent strong field changes during the measurement. Of
particular interest for our experiment is the magnetic field induced by



74 experimental setup

Figure 4.9: Magnetic field fluctuations. a) Long time scale fluctuations. Differ-
ent colors correspond to different data sets spaced by ∼ 30 minutes.
b) Short time scale fluctuations, measured at different times on the
50 Hz cycle. Data refers to mean values of the blue line plotted in
Fig. a). Error bars correspond to ±σ standard error.

the AC component of the 50Hz cycle, to which each experimental cycle
is locked. Fig. 4.9 b) shows magnetic field fluctuations during the 50 Hz
cycle. Since the experiments described in this thesis involve FID or stro-
boscopic measurements it is important to lock the experiment to regions
with minimum field changes in order to prevent frequency chirps of the
atomic precession.

4.6 imaging

In addition to the polarization measurement it is very important to have
an independent measurement of the atom number. In the lab we can
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rely on two different well known and well developed techniques: fluo-
rescence and absorption imaging2.

4.6.1 Fluorescence imaging

The fluorescence imaging technique relies on the measurement of the
spontaneous photon emission from excited atoms. For an accurate atoms
number counting it is necessary to know with good accuracy different
parameters: the absorption cross section σ(∆) for the probing transition,
the solid angle detected, the light intensity at the position of the atoms.
The precise knowledge of all these parameters and their instability due
to external fluctuations make the fluorescence imaging impractical and
less sensitive for our experiment. However we rely on this technique
for daily MOT optimization operations, where the knowledge of the
absolute number for atoms is less important.

4.6.2 Absorption imaging

Absorption imaging is a widely used technique in cold atom physics
[197]. It consists in spatially resolving the atomic cloud by illuminating
it with a laser beam and imaging the resulting shadow, caused by their
absorption, onto a CCD camera.

For our experiment the absorption imaging provides an independent
measurement of the number of atoms and enables us to convert the angle
ϕ of the Faraday measurement in units of spins ϕ ≡ gFz, where g is the
coupling constant of the interaction Hamiltonian of eq. (2.40). All the
details of the imaging are described in Ref. [184]. During the work of this
thesis it was necessary to move the position of the dipole trap to optimize
the optical pumping into the 〈Fy〉-polarized state. This required a re-
calibration of the magnification of the imaging optical system needed to
ensure a n accurate estimation of the number of atoms.

2 For both of them we use a CCD camera Basler scA1400-17fm with pixel size of dpixel =

6.45 µm



76 experimental setup

Figure 4.10: Top: Shadow image Iatoms. Bottom: calculated transmission Treal.
The area inside the solid line is used to calculate the density profile
shown in Fig. 4.11. Area inside the dashed line but outside the solid
line is used to estimate the background level Nfl of eq. (4.21).

general features To image the atoms we firstly send an ∼ 100 µs
pulse tuned to F = 1→ F ′ = 2 (repumper light) and then we shadow the
atoms from the side using circularly polarized light, resonant with the
cycling transition F = 2 → F ′ = 3. It is important to send imaging light
on resonance in order to maximize the absorption and minimize the
gradient-index lensing effect made by the atomic ensemble that could
cause systematic errors. The intensity I(out) revealed in the x − z plane of
the the CCD camera depends on the initial intensity I(in) of the imaging
light as given by the Beer-Lambert law:

I(out)(x, z) = I(in)(x, z)e−d0(x,z), (4.15)

where the optical density d0 depends on the absorption cross section of
the atoms, the atomic density n and the thickness of the cloud:

d0(x, z) = σ(∆, I)
∫L
0

n(x,y, z)dy =
Nσ(∆, I)
Aeff

, (4.16)

N is the number of atoms in a column density measured by a pixel of
size dpixel = 6.45 µm and effective area Aeff

Aeff =

(
dpixel

m

)2
, (4.17)
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where m is the magnification of the optical system. The scattering cross
section has a Lorentzian shape:

σ(∆) =
σ0

1+
(
I
Is

)
+ 4

(
∆
Γ

)2 , (4.18)

where σ0 is the on-resonant scattering cross-section in the low intensity
limit. Typically we consider on-resonant absorption with circularly po-
larized light σ+ for which σ0 is:

σ0 =
3λ2

2π
= 2.905× 10−13m2. (4.19)

We also have the possibility of imaging with linearly polarized light. In
this case σ = 1.56× 10−13m2, calculated with a master-equation simula-
tion of the atom-light interaction, including optical pumping effects, as
described in Ref [184].

imaging algorithm For quality absorption images different pic-
tures are taken with the CCD camera: a shadow image of the atoms Iatoms

(represented in Fig. 4.10), a reference image Ilight taken under the same
conditions of the shadow image but without the atoms, a dark image
Idark with neither the imaging beam nor the atoms to also provide in-
formation about dark currents of the CCD camera and eventually some
stray light that is not coming from the probe. From these three images
we can calculate the transmission:

Tmeas = e
−d0,meas =

1

Nfl

Iatoms − Idark

Ilight − Idark
, (4.20)

where

Nfl =
〈Iatoms〉no at

〈Ilight〉no at
, (4.21)

is a normalization factor that takes into account of the intensity fluctu-
ations of the imaging light between the shadow image and the refer-
ence image and is calculated in a region without the atoms (see Fig.4.10).
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Figure 4.11: Atomic distribution in the transversal direction fitted with a Gaus-
sian density profile given in eq. (4.23).

There are several problems related to the absorption imaging. For our ex-
periment the most important one is related to the maximum observable
optical depth. Off-resonant light and light that is indirectly scattered into
the CCD camera carries no information about the atoms and this has the
effect of reducing the apparent optical depth. This effect can be slightly
corrected using a model described in Ref. [184]. The real transmission
caused by the absorption of the atoms is:

Treal =
Tmeas − e

−d0,max

1− e−d0,max
, (4.22)

where d0,max is the maximum measurable optical depth, measured as de-
scribed in Ref. [184]. For the experiments of this thesis d0,max = 3.3. Fig.
4.10 shows the typical calculated transmission Treal. The statistical error
in the absorption imaging is < 5%, including imaging noise and shot-
to-shot trap loading variation. We finally calculate the number of atoms
integrating over Treal and fitting the density profile with a Gaussian as
shown in Fig. 4.11

d(x) = e
−
x−x0
2w2 . (4.23)

magnification calibration We measure the magnification of the
optical system m to calculate the effective area Aeff defined in eq. (4.17).
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Figure 4.12: Time of flight measurements of the expanding cloud. a) Vertical lin-
ear density distribution and fits with eqs. (4.23) for different times.
Different offsets have been subtracted to different time for a better
visualization. Fit outcomes x0 = −466.7(3), v0 = 1.0(2), g ′ = 6.8(1).
b) Center of mass x0(t) obtained from fits of the right image falling
under gravity. Solid line fit with eq. (4.24). The error bar ±1σ is
smaller than the point.

For this we use free falling clouds and we measure the gravitational ac-
celeration in the camera plane. As shown in Fig. 4.12 b), we take several
absorption images for different times of flight and from each of them we
calculate the center of mass x0 of the cloud, assuming a gaussian density
distribution given by eq. (4.23). We calculate x at different times and we
fit the points with a model of a uniformly accelerated object

x0(t) = x0(0) + v0t+
1

2
g ′t2, (4.24)

represented in Fig. 4.12 b). The dipole AOM does not turn off instanta-
neously but takes ∼ 10 µs to turn off completely. Also atoms in the trap
can be already moving when the dipole AOM turns off and stray mag-
netic fields could influence the free fall of the atoms. All these effects
can be neglected if we consider long time of flights > 700 µs and an
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Figure 4.13: Cloud width calculated from data shown in Fig. 4.12 as function of
the time of flight. Solid line: fit with a linear model ax+b. The error
bar ±1σ is smaller than the point. The fit gives a = 3.16(2)× 10−3
and b = 1.01(7)× 10−3.

initial velocity v0. Assuming a gravity g = 9.81 ms2, we can infer the
magnification m

m = g ′/g, (4.25)

the fit shown in Fig. 4.12 gives m = 0.69± 0.01.

trap temperature Fig. 4.12 gives also information about the tem-
perature of the trap. By looking at the evolution of the width of the
density distribution in the time of flight we can infer the temperature
of the atoms [183, 184, 197]. The density distribution can indeed be ap-
proximated by a Boltzmann distribution which has a Gaussian shape:

n(ρ, z) ∝ e−
U(ρ,z)
kB ,T , (4.26)

where U(ρ, z) is the trap potential. For an harmonic potential with fre-
quency ω, U(ρ) = 1

2mωρρ
2, the width wρ is wρ(0) =

√
kBT
mω2ρ

. When

interactions between particles can be neglected, which is usually the
case in thermal clouds, the velocity distribution is kept constant also
after releasing the cloud from the trap. The density distribution of the
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Figure 4.14: Left: experimental sequence used to measure the scattering rate η:
1) An 〈Fz〉-polarized state is rotated into z and measured, 2) an
〈Fz〉-polarized state is probed with varying number of photons, 3)
the state is rotated into z and measured to get 〈F ′y〉. Right: Experi-
mental data and with eq. (4.28). From the fit we get A = 0.781(8),
η = 3.03(1)× 10−10, b = 0.214(9), where A and b are in units of
the initial polarization 〈Fy〉. The errorbars with ±σ are smaller that
the points.

cloud after the time t can be calculated with the convolution n(ρ, t) =∫
n(ρ− vt, t = 0)nv(|v|)dv and has a width

wρ =

√
wρ(0)2 +

kBT

m
t2 =

√
kBT

mw2ρ
+
kBT

m
t2. (4.27)

As shown in Fig. 4.13 we measure T = 16.5(1) µK.

4.7 losses of atoms and depolarization

As we described in Chapter 3, due to scattering of the probing light the
atomic ensemble is progressively depolarized and some atoms are lost
from the trap. Here we study experimentally these two main sources
of losses and decoherences which enables us to estimate the scattering
rate discussed in Section 3.8 and use it in numerical simulations (see
Chapters 5 and 7), and to estimate the number of atoms remains in the
trap when the atomic ensemble is depolarized (see Chapter 8). In both
the experiments the probe light is 700 MHz detuned to the red from the
resonance F = 1→ F ′ = 0 of the D2 line.



82 experimental setup

Figure 4.15: Left: experimental sequence to measure the loss rate: 1) Measure-
ment of the number of atoms NA and probing with varying num-
ber of photons. 2) Measurement of the number of atoms N ′A. Right:
Experimental data and fit curve using the same model given by eq.
(4.28). From the fit we get A = 0.992(9), ηloss = 0.26(1)× 10−10,
b = 0.03(10) where A and b are in units of the initial number of
atoms 〈NA〉. The errorbars with ±σ are smaller that the points.

losses and decoherences due to probing As discussed in Sec-
tion (3.8) the probing light causes losses in polarization. We measure the
depolarization rate due to probing on the 〈Fy〉-polarized state, by prob-
ing it with a varying number of photons. Since an 〈Fy〉-polarized state
gives a zero average signal in the polarimeter, we need to perform sev-
eral sequences to measure the atomic polarization before and after the
probing photons. To do so we developed a rotation strategy by adiabat-
ically changing the magnetic field from the y to the z orientation. The
rotation is performed in 20 ms time and coherently transfers ≈ 98%
of the initial polarization into an 〈Fz〉-polarized state. We perform the
experiment in three sequences, as represented in 4.14: 1) We optically
pump into the 〈Fy〉-polarized state, we adiabatically rotate it into the
〈Fz〉-polarized state and we measure the 〈Fz〉 polarization. This measure-
ment permits to quantify the initial polarization 〈Fy〉 state before the ro-
tatoin. 2) We optically pump into the 〈Fy〉-polarized state and we probe it
with a varying number of photons. 3) We adiabatically rotate the remain-
ing state into an 〈Fz〉-polarized state, to measure the final polarization.
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The comparison between the measurement performed in sequence 3 and
1 permits to calculate the scattering rate η:

〈F ′y〉 = 〈Fy〉e−ηNL + b. (4.28)

As represented in Fig. 4.14 we get η = 3.03(1)× 10−10.

losses of atoms from the trap We measure the rate of losses
of atoms from the trap due to probing using a two sequences experi-
ment as illustrated in Fig. 4.15: 1) We optically pump the atoms into
the 〈Fz〉-polarized state and we measure the number of atoms with few
pulses, and then we perform a probe sequence with varying number of
photons, 2) we optically pump again into the 〈Fz〉-polarized state and
we measure the number of atoms. By the comparison of the first and
second measurement we estimate the losses rate ηloss = 0.026(1)× 10−9.
We note that the losses of atoms from the trap are ∼ 10−2 times smaller
the depolarization η.
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5
T H E O RY AT W O R K

In this chapter we test the covariance matrix formalism described in
Chapter 3 with experimental data1. We show that the mean values and
the noise dynamics can accurately be reproduced by our theoretical
model providing a key feature for the design of a new experiment. Some
other important aspect of the experiment, like the cancellation of the
tensorial effect when alternating the polarization of the probe beam is
illustrated. To this purpose we study tensorial light shifts, that induce
an additional non-linear rotation of the atomic spins [174, 11] during
paramagnetic Faraday rotation measurements of the free–induction de-
cay (FID) of input 〈Fz〉- and 〈Fy〉-polarized coherent spin states (CSS)
precessing in a magnetic field.

5.1 description of the experiment

We work with the typical experimental configuration described in Chap-
ter 4. Briefly, the atoms are initially polarized via optical pumping with
a 5 µs duration pulse of circularly polarized light tuned to the F = 1 →
F ′ = 1 transition of the D2 line. The optical pumping pulse propagates ei-
ther along the trap axis to produce an 〈Fz〉-polarized CSS (〈Fz(0)〉 = NA),

1 This chapter is partially published in New J. Phys. 15, 103007 (2013).
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Figure 5.1: Experimental data of (a) the average signal 〈ϕ〉 for an input 〈Fy〉
– and 〈Fz〉–polarized CSS (orange and green respectively), and (b)
the evolution of the variance var(ϕ) for the same input states. Error
bars represent ±1σ statistical errors. The lines connect experimental
points to aid visualization.

or perpendicular to the trap to produce an 〈Fy〉-polarized CSS (〈Fy(0)〉 =
NA). Simultaneously with the optical pumping pulse, light tuned to the
F = 2 → F ′ = 2 transition of the D2 line is applied to prevent atoms
collecting in the F = 2 hyperfine state. This ensures that we prepare
the initial CSS with good fidelity. We estimate an optical pumping ef-
ficiency of > 99% for both the 〈Fz〉–polarized and 〈Fy〉-polarized CSSs.
The remaining unpolarized atoms make a negligible contribution to the
observed var(ϕ).

The pulses are either (a) all H–polarized and sent through the atoms
at P1 = 10 µs intervals, or (b) pairs of alternately H– and V–polarized
pulses separated by 3 µs and sent through the atoms P2 = 20 µs intervals.
The entire experimental sequence is repeated up to 400 times to collect
statistics.

5.2 tensorial light shift contribution

Typical experimental data are shown in Fig. 5.1; we plot the evolution
of the average signal 〈ϕ〉 for an input 〈Fy〉– and 〈Fz〉–polarized CSS ,
and the evolution of the variance var(ϕ) for the same input states. The
observed signal initially oscillates at the Larmor precession frequency



5.2 tensorial light shift contribution 87

Figure 5.2: Theoretical curves illustrating the effect of technical noise terms and
tensorial light shifts on the mean 〈ϕ〉 and variance var(ϕ) of the ob-
served signal. (a) Tensorial light shifts rotate population out of Fz
and into the alignment variables Jx,y leading to a collapse and re-
vival of the mean 〈ϕ〉. The revival is accompanied by a π phase
shift in the oscillations, as is evident in the simulation with G2 = 0,
which removes the effect of tensorial light shifts. (b)–(d) The ob-
served variance var(ϕ) undergoes a more pronounced collapse and
revival driven by the tensorial light shifts, which couple technical
noise from the atomic variables Λ̂ and the magnetic field covari-
ance matrix ΓB into the observed variable. The contribution to the
observed signal in (b) is due to magnetic field noise. Technical noise
in the atomic variables due to uncertainty δN2A in the atom number
only adds significant noise only during the early stages of the evo-
lution. This is illustrated more clearly in the magnified plots (c) and
(d). The dot-dashed magenta line in plot (d) illustrates the quan-
tum noise contributions due to the light (shot–noise) and atoms
(projection–noise).
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ω0 = 2π× 9.2 kHz with an exponential decay, as described by Eqs. (4.12)
and (4.13). On top of this there is a collapse and revival of the oscillations
driven by tensorial light shifts, as described in Refs. [11, 174], which ro-
tate population out of Fz and into the alignment variables Jx,y at a rate
ωG2 = (G2Sx/2)(1/P1) = 2π× 0.43 kHz. The revival is accompanied by
a π phase shift in the oscillations (see Fig. 5.2 below for an illustration of
this effect). The observed variance var(ϕ) oscillates at a frequency 2ω0
and undergoes a similar but much more pronounced collapse and re-
vival driven by the tensorial light shifts. Note that the observed variance
in this experiment is dominated by technical noise; for our experimental
parameters, the quantum noise contributions from both the atomic and
light variables are � 1 mrad2. The dominant technical noise contribu-
tions are due to uncertainty in the atom number δN2A, and magnetic field
noise, described by the covariance matrix ΓB, coupled into the observed
variable via tensorial light shifts. We illustrate the effect of these terms
separately in Fig. 5.2, by running numerical simulations, as described
in detail in Section 5.4, using experimental parameters from the data
shown in Fig. 5.1 and setting variously the ΓB, δN2 and G2 terms equal
to zero.

5.3 cancellation of the tensorial light shift

The collapse and revival of the oscillations in Figs. 5.3 a) and (b) is due
to rotations driven by the tensorial light shift. As described in Section
3.7, the interaction hamiltonian is given by eq. (3.10):

H
(m)
eff ∝ G1

S
(m)
z

τ
Fz +G2

(
S
(m)
x

τ
Jx +

S
(m)
y

τ
Jy

)
. (5.1)

The effect of the tensorial light shifts can be reduced either by probing
further off resonance, or by probing the atoms alternately with H– and
V–polarized pulses (i.e., Sx = ±NL/2), as described in detail in Ref. [99].

We illustrate this in Fig. 5.3(c)–(d), where we compare these data to
FID measurements (and simulations) made with two alternate probing
strategies. In Fig. 5.3 a) and b) we set the detuning to ∆ = −700 MHz
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and probe with a sequence of 1 µs long H–polarized pulses of light
with on average NL = 7.2 × 106 photons per pulse at 10 µs intervals.
In Fig. 5.3(c) and (d) we set the detuning to ∆ = −1.5 GHz and repeat
the single–polarization probing sequence. In Fig. 5.3(e) and (f) we set the
detuning to ∆ = −700 MHz and probe with pairs of alternately H– and
V–polarized pulses separated by 3 µs are sent through the atoms 20 µs
intervals (for clarity we plot only the H–polarized pulses). This results
in the same total number of photons used per unit time as in the single
polarization probing strategy. With these data we observe similar behav-
ior in the mean 〈ϕ〉 and variance var(ϕ) at both detunings, indicating
the effective cancellation of tensorial light shifts in these experiments.

5.4 simulation of free–induction decay

In order to simulate the FID experiment, we need to estimate a number
of experimental parameters, including the input state vector V̄ and co-
variance matrix ΓV, the coupling constants of eq. (3.10), and the decoher-
ence terms in Eqs. (3.27)–(3.30) and eq. (3.39). The atom–light coupling
constant G1 ≡ 〈ϕ〉/NA is calibrated matching the observed rotation an-
gle ϕ with the measured number of atoms in an absorption image, as
also described in Ref. [198] and in Chapter 7. From this calibration we
calculate the effective atom–light interaction area A, the coupling con-
stant G2 of eq. (3.10) (see Ref. [184] for details) and the single–photon
scattering probability ηγ used to describe the optically induced decoher-
ence terms in Eqs. (3.27)–(3.30), calculated with the procedure described
in Sec. 4.7.

We estimate the average magnetic field 〈B〉 for a single experimental
data set by fitting the observed signal 〈ϕ(t)〉 with Eqs. (4.12) and (4.13),
as described detail in Sec. 4.5. Since Eqs. (4.12) and (4.13) neglect the
effect of tensorial light shifts, we fit only the first 250 µs of each mea-
sured signal to minimize the systematic error that this approximation
introduces. From the fits we also determine the coherence time T2 and
we estimate the number of atoms 〈Fi(0)〉 = NA/2. Assuming an input
state of the form R ≡ ρ⊗NA

f̂i
for the atoms, this specifies the initial atomic
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Figure 5.3: Comparison of experimental data (light blue circles) with numeri-
cal simulations (dark blue curves) of the mean 〈ϕ〉 (a), (c) and (e)
and variance var(ϕ) (b), (d) and (f) of the optical rotation of the
probing light. For (a) and (b) we set the detuning of the probe to
∆ = −700 MHz and probed the atoms with a sequence of 1 µs long
H–polarized pulses of light with on average NL = 7.19× 106 pho-
tons per pulse at 10 µs intervals. For (c) and (d) we set the detuning
of the probe to ∆ = −1.5 GHz and probed with the same measure-
ment sequence with on average NL = 1.35× 107 photons per pulse.
For (e) and (f) we set the detuning of the probe to ∆ = −700 MHz
and probed the atoms with a sequence pairs of 1 µs long pulses
with alternating H– and V–polarization, separated by 3 µs and sent
through the atoms 20 µs intervals with on average NL = 2.10× 106
photons per pulse. Error bars represent ±1σ statistical errors. See
text for details.
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state via Λ̄ = NATr[λ̂ρf̂i ]. The number of photons NL in each pulse is
independently measured via a reference detector, as shown in Fig. 4.3.
Together, these estimates specify the initial state of the vector V̄.

Statistics from the fits to Eqs. (4.12) and (4.13) across the data set al-
low us to estimate the covariance matrix ΓB. Similarly, we estimate the
uncertainty δN2A in the atom number from var(Fi) = var(NA/2) (which
includes contributions from variable trap loading and state preparation
efficiency as well as measurement uncertainty). This allows us to esti-
mate the initial covariance matrix Γ˜ using eq. (3.48). Since the measure-
ment is shot–noise limited, the input light covariance matrix is ΓS =

(NL/4,NL/4,NL/4). Together, via eq. (3.49), these specify the initial co-
variance matrix ΓV(0) = ΓB ⊕ ΓΛ ⊕ ΓS.

As an example, we give the experimental parameters in detail of the
first example shown in Fig. 5.1a) and b). For this experiment, we set the
detuning of the probe to ∆ = −700 MHz and probe with a sequence of
1 µs long H–polarized pulses of light with on average NL = 7.19× 106
photons per pulse at 10 µs intervals. The measured average magnetic
field was B = (11.92,−4.08,−3.23) mG, with a covariance matrix

ΓB =

 0.091 0.005 −0.023

0.005 0.116 0.010

−0.023 0.011 0.007

mG2. (5.2)

We estimate NA = 6.05× 105 and we infer the single shot atom uncer-
tainty ∆NA = ∆NAϕ/〈ϕ〉 = 1.6× 103, giving an initial atomic vector for
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the 〈Fy〉–polarized input Λ(t = 0) = (0, 1, 0,−0.5, 0, 0, 0,−0.29)×NA and
covariance matrix

ΓΛ(t = 0) =



0.5 0 0 0 0.5 0 0 0

0 4.98 0 −2.49 0 0 0 −1.43

0 0 0.5 0 0 0 0.5 0

0 −2.49 0 1.49 0 0 0 0.28

0.5 0 0 0 0.5 0 0 0

0 0 0 0 0 1 0 0

0 0 0.5 0 0 0 0.5 0

0 −1.43 0 0.28 0 0 0 1.16


×NA.

(5.3)

We further estimate a coherence time T = 450± 10 µs. The calibrated
coupling constants were G1 = 1.8 ± 0.2 × 10−7 radians per atom and
G2 = −9.3± 0.8× 10−9 radians per atom, and the atom–light scattering
parameter ηγ = 1.1× 10−9.

Together these parameters determine the initial state vector V̄(t = 0)

and covariance matrix ΓV(t = 0) as described in Section 3.11, the atom–
light coupling constants of eq. (3.10), the magnetic field components of
eq. (3.34), and the decoherence terms in Eqs. (3.27)–(3.30) and eq. (3.39).
With these input parameters, we then run numerical simulations of the
evolution of the state vector V̄ and covariance matrix ΓV following the
procedure described in Section 3.7, keeping track of V(tm) and ΓV(tm)

at each time step. As in the experiment, we alternate between a time in-
terval of 1 µs in which the light is present and an interval of 9 µs with no
light present. For the numerical calculations, we divide these intervals
into 50 and 100 sub-steps respectively, which is sufficient to ensure nu-
merical convergence of the results. The results of the simulations (dark
blue curves) are plotted along with the experimental data (light blue cir-
cles) in Fig. 5.3 a) and b) for both the mean 〈ϕ〉 and variance var(ϕ)
with an input 〈Fy〉–polarized atomic state.
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5.5 validity of the model

We observe excellent qualitative and quantitative agreement between the
simulations and the observed mean 〈ϕ〉 and variance var(ϕ) in the rota-
tion angle with no further free parameters adjusted in the calculations.
For the mean 〈ϕ〉, we reproduce the observed behaviour in our simula-
tions over the entire 1 ms of observation, as shown in Figs. 5.3(b) and (d).
For the variance var(ϕ) the quantitative agreement is initially good, but
breaks down at longer times. This can be explained by the effect of the
uncertainty in the magnetic field, described by the covariance matrix ΓB,
which eventually drives the atomic variables out of the gaussian approx-
imation.

This changes accumulates with time and becomes much more signif-
icant than the technical noise in the number of atoms so that while the
atomic noise is important early on, the dephasing effect of magnetic field
inhomogeneities becomes the dominant contribution for larger times.

We also observe non–zero minima in var(ϕ) at all phases in the experi-
mental data for t > 0.5 ms, which are not reproduced in our calculations.
Looking at the data globally, we also note that lower envelope rises more
in the data than in the simulation. This may due to the curvature of the
Bloch sphere: for small uncertainty in precession angle ∆θ = tγF∆B‖,
we will have ∆Fz ∝ ∆θ∂θFz. For flat parts of the curve Fz(θ) there will
be zero ∂θFz and thus zero ∆Fz but for larger ∆θ, we need to take into
account higher derivatives, i.e., the curvature ∂2θFz and higher. This im-
plies a first-order insensitivity of the measured component to rotations,
and thus (to first order) zero contribution to the measured ∆θ. When
the distribution describing the state “wraps around” the Bloch sphere,
the second-order effects, which are not taken into account in the Gaus-
sian approximation, become important and give a contribution to the
measured variance proportional to δB2. This contribution is necessarily
positive, and raises the lower envelope above the level predicted by the
simulations.

Finally we note that here we assume homogeneous light-atom interac-
tion and we use the same coupling constant G1 for both mean and vari-
ance calculations. On one hand a careful calibration of G1 is not crucial
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in the study presented here, where the noise is dominated by technical
noise sources. However a better understanding of the problem encour-
aged a deeper study on the effects of inhomogeneities that is finally
reported in Chapter 7 where we study the problem of inhomogeneities
in detail and show that two different calibrations are indeed necessary
to study the mean and variance at the SQL level.

5.6 conclusions

We have tested the model against experiment in a scenario involving
scattering and losses due to probing, technical fluctuations in the num-
ber of atoms, tensorial light-shift and magnetic field inhomogeneities.
We compute the evolution of the spin orientation average and variance
for atomic ensembles with uncertain atom number, undergoing a combi-
nation of free-induction decay and alignment-to-orientation conversion
in the presence of a noisy magnetic field. The simulation is compared to
experimental observations made with a cold 87Rb ensemble held in an
optical dipole trap, probed by shot-noise-limited Faraday rotation with
near-resonant light. We find good agreement within the gaussian regime.
In addition to validating the model, the experiments provide a heuristic
guide to the limits of the gaussian approximation in these systems.

Given that most atomic ensemble experiments are performed with
spin-1 or larger atoms, the technique described here will allow more ac-
curate modelling of established quantum optical protocols, e.g. quantum
memory [32], quantum non-demolition measurement [10, 99], dynami-
cal decoupling [100], spin squeezing [85] and vector magnetometry [140],
as well as proposed applications such as generation of macroscopic sin-
glet states [180, 199] and planar squeezed states [52].



“By convention sweet is sweet, bitter is bitter, hot is hot,
cold is cold, color is color; but in truth there are only atoms
and the void.”

Democritus

6
P L A N A R S Q U E E Z E D S TAT E S

In the previous chapters we developed a theoretical model to success-
fully simulate the interaction between the atomic ensemble and the prob-
ing light. The model is also capable to predict mean values and variances
of both the light and atoms when real decoherences effects and technical
noise are taken into account. A natural application of the model is to en-
gineer an experiment with realistic experimental parameters and study
its feasibility with the current set up1.

The object of interest is the possibility of a practical, measurement-
based strategy to produce a new kind of squeezed state in atomic spin
ensembles. As mentioned in the introduction, a spin F obeys the spin
uncertainty relations

∆Fy∆Fz >
1

2
|〈Fx〉|, (6.1)

and permutations. These are distinctly different from the Heisenberg
relation ∆X∆P > 1

2 that governs canonical variables X and P [200].
For canonical variables, the constant right hand side of the Heisen-

berg relation implies that reduction of the variance in one quadrature in-
evitably increases the variance of the other. On the other hand in atomic

1 This chapter is partially published in New J. Phys. 15, 103031 (2013).
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Figure 6.1: Illustration of spin variances for Poissonian fluctuations in the radial
direction: (yellow) an unsqueezed state with SQL variances ∆2Fi for
all components i ∈ {x,y, z}, (red) a state with squeezed azimuthal
component. For measurements of Fz, the red squeezed state is ad-
vantageous only for certain precession angles φ (for φ = π/2), but
disadvantageous for others, (for φ = 0). The blue PQS state with
both variances ∆2Fy and ∆2Fz reduced below the SQL is advanta-
geous at all angles.

systems, eq. (6.1) allows simultaneous knowledge of both Fy and Fz
when |〈Fx〉| = 0, while the measurement back-action disturbs the third
that is never measured. Such states, with two components measured
below their classical limits, have been defined planar quantum squeezed
(PQS) states [34, 35] and have the prospect of improving the precision
of atomic interferometers at arbitrary phase angles, as it allows both or-
thogonal variances to be below the shot-noise level [201, 202]. This is
a useful task when the number of particles is not fixed and poissonian
fluctuations limit the length of the vector in the Bloch sphere (see Fig.
6.1) [96, 97]. This is opposed to squeezing on a single direction, which
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is only beneficial to refine the estimate of a phase angle already known
with some precision or from the EPR entangled state studied in Ref. [38]
where the sum and difference of canonical variables of two different
spin systems were simultaneously squeezed. An analogous situation in-
volving the Stokes parameters of light, which themselves obey angular
momentum commutation relations, has also been studied [203, 204, 205].
However in atomic systems PQS states have not been realized. High-
bandwidth atomic magnetometry [36, 22], in which the precession angle
may not be predictable in advance, would be a natural application. At
the same time, there is interest in the entanglement properties of PQS
states, which can be detected by spin-squeezing inequalities [34, 35, 37].
He et al. proposed an implementation of PQS states using a two-well
Bose condensate with tunable and attractive interactions [34]. Here, we
propose an alternative strategy in which the PQS state is prepared by
QND measurement on the atomic ensemble.

6.1 quantum limits for spin variances

We now describe classical limits we use for the definition of a PQS state,
represented in Fig. 6.1. Different “classical limits” provide benchmarks
for the radial and azimuthal components of a spin precessing in the
Fy–Fz plane. In general, these benchmarks describe the minimal noise
of quantum states describing uncorrelated particles. For our system of
NA spin-1 atoms, the lowest noise uncorrelated state is the “coherent
spin state” defined as a pure product state in which each atom is fully
polarized in the same direction. If this direction is ŷ cosφ− ẑ sinφ (see
Fig. 6.1 for the definition of φ), then the azimuthal component Fφ =

−Fy sinφ+ Fz cosφ has variance

var(Fφ)SQL =
NA

2
. (6.2)

Any state that surpasses this limit implies entanglement among the
atoms, and/or entanglement of the internal components of the individ-
ual atoms [110, 206].
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For the radial component Fρ = Fy cosφ + Fz sinφ, the limit comes
from the fact that accumulation of independent atoms into the ensemble
is limited by the Poisson statistics, var(NA) = 〈NA〉, so that for F = 1,

var(Fρ)Poisson = 〈NA〉. (6.3)

This situation is typical in experiments that involve many atoms. Noise
below this level can be produced by a strong interaction among the
atoms during accumulation [142, 143, 96, 97] or as here by precise mea-
surements.

operational definition of pqs In this chapter we follow the ap-
proach by He et al. [34, 35], and can be summarized as follows. First,
from Eq (6.2), we take ∆2Fy = ∆2Fz = NA/2 as the SQL, or equiva-
lently if one wants to take into account of the decoherences of the state

∆2Fy,z = F||/2 where F|| ≡
√
F2y + F

2
z, so that F|| is the magnitude of the

in-plane spin components. Considering then the noise in the plane, we
define the planar variance ∆2F|| ≡ ∆2Fy + ∆2Fz, with SQL ∆2F|| = F||,
and the planar squeezing parameter

ξ2|| ≡
∆2F||

F||
. (6.4)

A planar squeezed state has ξ2
||
< 1, and also has individual component

variances below the SQL, i.e., ξ2y < 1, and ξ2z < 1 , where ξ2i ≡ 2∆2Fi/F||,
so that ξ2

||
= (ξ2y + ξ2z)/2. We can also define a metrological squeezing pa-

rameter similar to the Wineland criterion [15] (see also eq.(33) of Ref. [35])

ξ2||,M ≡
F∆2F||

F2
||

, (6.5)

where F = 〈NA〉 is the number of spins. A PQS state with ξ2
||,M < 1 gives

enhanced metrological sensitivity to arbitrary phase shifts. In order to
achieve this kind of state, it is convenient to have 〈Fx〉 = 0 so that the
uncertainties on the plane are only constrained by ∆Fy∆Fz > 0. How-
ever the arithmetic uncertainty relations limit var(Fy) + var(Fz) ∼ N

2/3
A
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Figure 6.2: Planar squeezing is achieved by measuring the Faraday rotation of
the Stokes components at four different moments during the Larmor
precession cycle. a) measurement cycle: (i) a PCSS is prepared and
rotates in the y–z plane due to the applied magnetic field By. The
first measurement (ii) squeezes the Fz component of the collective
spin. The second measurement (iii) squeezes the Fy component of
the collective spin, which is now aligned along the z–axis of the
laboratory frame. The two measurements are repeated at moments
(iv) and (v), further squeezing the Fz and Fy components of the
collective atomic spin. b) Top: Evolution of the average collective
spin Fz (left) and variance var(Fz) (right) in the laboratory frame
of reference during this measurement cycle. Bottom: Magnification
of the first Larmor precession cycle, indicating the measurements
(ii)–(v). The sharp jumps are due to the measurement pulses.

[34, 141]. Considering that NA can be large this represents a large im-
provement to the classical limit ∼ NA.

6.2 strategy

The naive strategy to generate planar squeezing is illustrated in Fig. 6.2,
and can be described as follows: An initial state is prepared and made
to precess in the y–z plane by a magnetic field oriented along x. The
atomic ensemble interacts with probing light and the interaction is de-
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Figure 6.3: Evolution of mean values (a) and variances (b) of collective atomic
angular momenta. a) Blue, green and red curves mean values of
collective atomic angular momenta 〈Fz〉, 〈Fy〉 and 〈Fx〉 respectively.
b) Normalized variance of collective atomic spin components. Blue,
green red curves 2∆2Fz/F||, 2∆2Fy/F|| and 2∆2Fx/F|| respectively.
Noise on the components in the (y, z)-plane are drop below the SQL
F||/2 indicated by the dashed line. The out-of-plane variance ∆2Fx
increases. The discontinuities in ∆2Fx correspond to probing events.
Maximal planar squeezing is achieved at approximately 350µs. In-
set: metrologically significant squeezing 2F∆2Fi/F2|| for each compo-
nent.

scribed by a QND interaction H = gFzSz. Through the SzFz term, the
light-atom interaction rotates the polarization from Sx toward Sy by an
angle proportional to Fz. A measurement of Sy then gives an indirect
measurement of Fz, reducing its uncertainty. If this measurement is suf-
ficiently precise it leaves Fz squeezed. A quarter cycle later, the state has
precessed so that also the Fy component can be measured, and possibly
squeezed.

To study the feasibility of this protocol we need to add the effect of the
tensor light shifts and the interaction with the probing light is described
by the interaction hamiltonian Heff given by eq. (3.10). which with the
effect of the magnetic field gives the total hamiltonian

Htot = −gFµBBxFx +Heff, (6.6)

where gF is the gyromagnetic factor and µB the Bohr magneton. As dis-
cussed in Chapters 3 and 5, the terms proportional to G2 of Heff couple
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the orientation (F) components to the alignment (J) components, and for
this application are simply an inconvenience. Experimentally this term
can be suppressed by alternating pulses of H with V polarized ligh[100].

While a given spin component can be squeezed by non-demolition
measurement of that component, it is perhaps not obvious that planar
squeezing, which requires simultaneous squeezing of non-commuting
observables, should be producible by measurement. There is, after all,
no projective measurement that indicates both Fy and Fz. Nevertheless,
if 〈Fx〉 ≈ 0, the uncertainty relation of eq. (6.1) does not impose a quan-
tum back-action on Fy when Fz is measured, nor vice-versa. This sug-
gests that sequentially measuring Fy and Fz should squeeze both spin
components and thus give planar squeezing.

6.3 numerical results

We simulate an experiment illustrated in Fig. 6.2. An average of 〈NA〉 =
1.25× 106 87Rb atoms are cooled in the F = 1 ground state and held in a
weakly focused single beam optical dipole trap with an effective optical
depth (OD) α0 ≈ 65 [198]. To produce a PQS, we apply a magnetic
field Bx to coherently rotate an initially 〈Fy〉-polarized coherent spin
state in the y, z plane, and stroboscopically probe the spins at four times
the Larmor frequency. We probe the atoms with µs pulses of linearly
polarised off-resonant light detuned by ∆ = −2π× 10 GHz on the D2
line, detected by a shot-noise limited polarimeter. The pulses are sent
through the atoms in pairs of alternating H– and V–polarization in order
to cancel the effect of tensorial light shifts [100]. Each pulse is τ=1 µs long
and contains 109 photons, and the two pulses in a pair are separated by
1 µs. Each stroboscopic measurement consists of a single pair of pulses
with a total duration of 3 µs.

The coupling constant between the light and the atoms is G1 = 1.2×
10−8, calculated for this probe detuning using the experimental param-
eters described in Ref. [85]. The atomic ensemble is initially polarized in
the y-direction by optical pumping, i.e., into a state |Fy〉⊗NA , where ≡
1
2

(
|1, 1〉− i√

2
|1, 0〉− |1,−1〉

)
and where NA is subject to Poissonian fluc-
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Figure 6.4: a) Planar squeezing parameter ξ2
||
≡ ∆2F||/F|| (blue curve) and

metrological squeezing parameter ξ2
||,M ≡ F∆2F||/F

2
||

(red curve)

during probing sequence. ξ2
||

is reduced in steps due to strobo-
scopic probing and drops below SQL (dashed line). Maximal pla-
nar squeezing is achieved at approximately 350µs and is reduced
at longer times due to loss of atomic polarization by optical scatter-
ing. Maximal metrological sensitivity is achieved at approximately
300µs. Inset shows the spin magnitude F||. b) ξ2

||
during probing for

different initial states and different measurement strategies. Dashed
lines show stroboscopic probing on a single component (Fz,−Fz, or
two probing events per Larmor period), and solid lines show stro-
boscopic measurement on two components (Fz, Fy,−Fz,−Fy or four
events). Green, blue, red, and orange curves correspond to different
variances in atom number ∆2NA = x2〈NA〉, x = 1/2, 1, 3/2 and 2,
respectively. For the larger initial noise levels (blue, red and orange
curves) planar squeezing (ξ2

||
< 1) can be achieved by probing both

±Fy and ±Fz (solid curves) but not by probing only ±Fz (dashed
curves).
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tuations. This last condition is not imposed by quantum physics, which
would allow NA to be sharp, but rather represents the practical fact that
trap loading is a stochastic process. We refer to this kind of state as a Pois-
sonian coherent spin state (PCSS). The y-polarized PCSS has average val-
ues 〈Fy〉 = 〈NA〉, 〈Fx〉 = 〈Fz〉 = 0 and variances ∆2Fx = ∆2Fz = 〈NA〉/2
(due to quantum fluctuations) and ∆2Fy = 〈NA〉 (due to ∆NA). The ex-
ternal magnetic field along y, Bx = 14.3 mG, By = Bz = 0, produces
Larmor precession in the (y, z)-plane, with a period of TL = 100 µs, con-
siderably longer than the ∼ 3µs time required for the probing.

Results of numerical simulations for a typical condition are shown
in Figs. 6.3 and 6.4. The ensemble of atoms is initially polarized in y-
direction, and precesses in the (y, z)-plane due to the B-Field at the
Larmor frequency. As shown in Fig. 6.3 a), the mean value of the out-
of-plane component remains near zero, i.e., 〈Fx〉 � 〈NA〉, so that the
relevant uncertainty relation is ∆Fy∆Fz > |〈Fx〉|/2 imposes little back-
action and the uncertainties in the (y, z) plane can be simultaneously
reduced. The observed deviation from 〈Fx〉 = 0 is due to residual effects
of the tensorial coupling term G2(SxJx+SyJy+

1√
3
S0Jm) in the effective

Hamiltonian.
Fig. 6.3 b) shows the variances of the spin components during the

probing procedure. Because the initial state is a F = 1 PCSS, the indi-
vidual (y, z) variances are initially unequal, but quickly take on similar
values through measurement. They oscillate as a consequence of the Lar-
mor precession, and are sequentially reduced due to the stroboscopic
probing, which can be seen in the step-like jumps in the various curves.
At the same time, the variance in the orthogonal direction ∆2Fx increases
well above the SQL, as expected for a PQS state.

Fig. 6.4 a) shows the planar squeezing parameter ξ2
||

, which drops be-
low unity indicating the production of planar squeezing by QND mea-
surement.

two–spin–component measurement–induced squeezing The
optimal measurement strategy to achieve PQS depends in general on
the amount of initial quantum and technical noise in the angular mo-
mentum components ∆Fi(t = 0), with i = (y, z). If the initial noise in
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Figure 6.5: Spin squeezing and entanglement of PQS versus the effective op-
tical depth α0. a) Entanglement detection in planar squeezing us-
ing the separability criterion ∆2F||/〈NA〉 > CF of He et al. [34], for
which C1 = 7/16 (gray dashed line). Inset shows ∆2F||/〈NA〉 versus
time for α0 = 5 (light-green), 10 (purple), 25 (orange), 50 (red), 100

(blue) and 150 (green). Main graph shows minimal values achieved
∆2F‖,min versus α0 (blue symbols). Blue line is a guide to the eye.
The criterion detects entanglement for α0 > 100. Dashed red line:
Simple estimate of planar squeezing parameter ξ2

||,min, for optimal
spontaneous emission probability η0 = 1/

√
2α0, see Section 6.4. b)

ξ2d defined eq. (6.8) detects entanglement for ξ2d < 1. The boundary
is indicated by the gray dashed line.

one component is sufficiently low (variance below 〈NA〉), then it may
be enough to squeeze the remaining component by probing in a single
direction. However, in most realistic scenarios it is preferable to probe
the two in-plane components, so the noise of each can be reduced. Fig.
6.4 b) shows the development of planar squeezing for one-component
and two-component measurement strategies for different initial noise
conditions.

6.4 achievable squeezing versus optical depth

In the absence of scattering noise and decoherence, a QND measurement
reduces the variance of the measured parameter by a factor 1/(1 + κ),
where κ is the signal-to-noise ratio of the measurement, proportional
to the number of photons used in the measurement. At the same time,
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spontaneous scattering events add noise (variance) and reduce F||, by
amounts approximately linear in the number of photons used. An often-
used estimate of the trade-off between these effects [31, 98] finds a min-
imum squeezing parameter ξ2 = 1/(1+ α0η) + 2η, where η is the prob-
ability for any given atom to suffer a spontaneous emission event. This
expression has a minimum ξ2min = 2

√
(2/α0) for the optimal η, which

is η0 = 1/
√
2α0. For a typical system with optical density α0 ≈ 25 this

optimal value gives a lower bound on the amount of squeezing given by
roughly ξ2min ≈ 0.5 (3dB of noise reduction) [32].

The predicted planar squeezing by this simple model is shown in Fig.
6.5 a) (red dashed line), for an optical depth ranging from 0 < α 6 150.
Also shown in Fig. 6.5 a) are full simulation results (inset), from which
we can extract a more accurate estimate of the achievable planar squeez-
ing, shown as blue symbols in the main graph. The difference at large α0
(and thus large squeezing) may be attributable to finite precession angle
between the H- and V-polarized parts of the probing. In the next sec-
tion, we characterize the entanglement content of the generated planar
squeezed states.

6.5 entanglement criteria

A number of spin-squeezing inequalities can in principle detect entan-
glement in planar squeezed states. He et al. [34] give a simple inequality,
obeyed by all separable states:

∆2F||

〈NA〉
> CF, (6.7)

where C1 = 7/16. As shown in Fig. 6.5 a), our procedure for producing
planar squeezing can violate this inequality for optical depths α0 ∼ 35.

A generalized spin squeezing parameter from Vitagliano et al. [37]

ξ2d ≡
(〈NA〉− 1)[(∆̃Fy)2 + (∆̃Fz)

2]

〈F̃2x〉− 〈NA〉(〈NA〉− 1)F2
(6.8)
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where 〈F̃2i 〉 ≡ 〈F2i 〉 − 〈
∑
n(f

(n)
i )2〉 and (∆̃Fi)

2 = (∆Fi)
2 − 〈

∑
n(f

(n)
i )2〉

are modified second order moments and variances, also detects entan-
glement (ξ2d < 1) in planar squeezed states, as shown in Fig. 6.5 b).

Regarding the difficulty of detecting entanglement in PQS states, we
note a significant difference relative to one-component spin squeezing.
With just one component, the border between squeezed and un-squeezed
states coincides with the border between separable and entangled states.
That is, a CSS is a pure product state and also has SQL noise. In contrast,
by the planar squeezing criterion of He et al. [35] (given as eq. (6.4) ) a
CSS (with a definite NA), is already a planar squeezed state with ξ|| < 1.
In this sense, planar squeezing is easier to achieve than entanglement.

6.6 applications : optical magnetometry

We now describe a possible application of PQS in optical magnetome-
try, for determination of arbitrary angles with precision below the SQL.
States that are squeezed in only one component can give a metrologi-
cal advantage over a limited range of angles. Protocols to employ these
states either require prior knowledge of the phase (enough to place them
within the range of improved sensitivity), or adaptive procedures to de-
termine the phase during the measurement. In contrast, planar squeezed
states can give improved sensitivity for any precession angle [34, 35].
Here we show that QND-generated PQS states are effective for this pur-
pose.

We have in mind a measurement scheme in which we initially prepare
a PCSS in the y–z plane and measure for a few Larmor precession cycles,
preparing a PQS state as described above. The PQS state is then allowed
to freely evolve for as long as the coherence time of the state allows, be-
fore we again measure to determine the phase shift accumulated during
this free evolution. The conditionally squeezed PQS state allows us to
predict the outcome of the second measurement with a sensitivity better
than the SQL for arbitrary cumulative phase shifts.

We consider a state, initially oriented in the Fy direction, and allowed
to precess in response to a field B along the x-direction. The precession
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angle versus time t will be φ = ωLt, where ωL is the Larmor frequency,
which in turn is proportional to Bx. After precession, the measured com-
ponent Fz is

F ′z = Fy sinφ+ Fz cosφ, (6.9)

where ′ indicate the operators after the precession. We can calculate the
uncertainty in φ as ∆2φ = ∆2F ′z/|d〈F ′z〉/dφ|2 or, given that 〈Fz〉 = 0,

∆2φ =
∆2F(φ)

|F|2 cos2φ
(6.10)

where

∆2F(φ) ≡ ∆2Fy sin2φ+∆2Fz cos2φ+ cov(Fy, Fz) sin 2φ, (6.11)

and cov(A,B) ≡ 1
2〈AB+ BA〉− 〈A〉〈B〉 is the covariance. We note that

PQS states reduce the planar variance for arbitrary angles on a finite in-
terval, with the exception of the specific singular values which make the
denominator in eq. (6.10) equal to zero. However this doesn’t represent
a problem if the measurement of both the component is experimentally
arranged in order to have a quantum enhanced measurement in every
quadrant by considering the measurement performed in one or the other
component. The phase sensitivity is depicted in Fig. 6.6 a), for realistic
PQS states with different levels of technical noise, generated via QND
measurements.

Fig. 6.6 b) shows a comparison of the phase variances, relative to the
PCSS. The results show that while a single-component squeezed state is
more precise than the PCSS (and also the PQS) over a range of angles,
the PQS gives a near-uniform advantage relative to the CSS and can be
used for phase reconstruction below the SQL without prior knowledge
of φ.

6.7 conclusions

We have studied numerically the possibility to generate the recently-
proposed planar quantum squeezing, in which the variances of two orthog-
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onal spin components are simultaneously squeezed, via quantum non-
demolition measurement of cold atomic ensembles. We find that signifi-
cant amount of planar squeezing can be generated in approximately 350
µs under realistic conditions and that this squeezing implies entangle-
ment detectable with spin-squeezing inequalities. Considering the use
of planar squeezed states in an optical magnetometry context, we find
that planar squeezing can give a metrological advantage for estimation
of arbitrary phase angles, whereas single-component spin squeezing is
only advantageous for specific angle ranges. This is promising for high-
bandwidth atomic magnetometry, in which a changing precession fre-
quency may make it difficult or impossible to anticipate the precession
phase. Moreover the entanglement criteria offer a playground to detect
entanglement for a macroscopic number of atoms.
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Figure 6.6: Phase-estimation variance ∆2φ as a function of precession phase
φ for planar squeezed states generated as described above. a) SQL
∆2φ = 1/(2〈NA〉) is indicated by the grey horizontal line, while
curves show phase estimation uncertainty for various states. Green,
blue, and orange solid curves show planar squeezed states gener-
ated as in Fig. 6.4 b) from coherent spin states with pre–squeezing
number uncertainties ∆2NA = x2〈NA〉, x = 1/2, 1 and 2, respec-
tively. For such realistic PQS states, it is possible to reconstruct an
arbitrary parameter with precision below the SQL within a signif-
icant interval of φ. The black dashed curve shows the PCSS state.
The red curve shows a single-component squeezed state (SSS) pro-
duced by probing only the Fz component of the atomic spin (blue
dashed curve of Fig. 6.4 b)). This state has a ∼ 60% reduction of the
variance of the Fz component of the atomic spin, and a ∼ 20% re-
duction of the collective spin coherence. It gives improved precision
in a smaller region around the phase φ = 0. The asymmetry of the
PQS and SSS curves is a result of the non-zero cov(Fy, Fz) due to
imperfect cancellation of tensorial light shifts during the measure-
ment. b) Comparison of phase estimation variance ∆2φ for a planar
squeezed state (blue), a single component squeezed state (red), and
the PCSS (dashed). All curves are normalized to the PCSS value.





“If error is corrected whenever it is recognized as such, the
path of error is the path of truth”

Hans Reichenbach

7
I N H O M O G E N E O U S AT O M - L I G H T

I N T E R A C T I O N

So far all the theory describing the atom-light interaction was in the ap-
proximation of homogeneous coupling. In the homogeneous case each
atom experiences the same coupling constant g and the measured rota-
tion angle ϕ = gFz permits a precise calibration of both mean value 〈Fz〉
and variance var(Fz). However, in realistic situations this is not always
the case and a position dependent coupling constant g(x) implies a non-
linear relation between means and variances of the inferred atomic quan-
tities. This scenario is common in atom experiments [88, 135, 86] and
is particularly important for spin squeezing detection where such cou-
pling determines the amount of metrological advantage. In this chapter
we formalize the problem theoretically, showing that a inhomogeneous
coupling between atoms and light leads to non-trivial relations between
means and variances. Finally we describe a practical method to calculate
the SQL level that relies on two separate experimental calibrations.

7.1 the effect of inhomogeneities

We describe the interaction between the atomic ensemble and a pulse
of probing light for inhomogeneous coupling. We assume that the input

111



112 inhomogeneous atom-light interaction

light is an x-polarized pulse in a well-defined mode with intensity dis-
tribution I(x, t) = Sxu(x)v(t), with temporal normalization

∫
dt v(t) = 1

and spatial normalization u(0) = 1, where x = 0 describes the center
(and highest-intensity point) of the beam. The units for the intensity are
chosen so that the usual relation var(Sy) = 1

2 |〈Sx〉| =
1
4NL holds (for

x-polarized light). We also define an intensity-weighted collective spin
variable

F ≡
∑
i

f(xi)u(xi). (7.1)

If the input atomic state is CSS or TSS, then all atoms have identical spin
properties, and are uncorrelated. In this scenario, we find the mean of F

〈F〉 =
∑
i

〈f(xi)〉u(xi)

= 〈f〉
∑
i

u(xi)

= NA〈f〉
∑
i u(xi)
NA

≈ NA〈f〉
1

NA

∫
d3x ρ(x)u(x)

≡ NA〈f〉I1, (7.2)

and the variance of Fz is

var(Fz) = var

[∑
i

Fz(xi)u(xi)

]
= var(Fz)

∑
i

u2(xi)

= NAvar(fz)
∑
i u
2(xi)

NA

≈ NAvar(fz)
1

NA

∫
d3x ρ(x)u2(x)

≡ NAvar(fz)I2, (7.3)
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and similar for other spin components.
This simple calculation shows an important consequence of the in-

homogeneous coupling on the relationship of variance to mean. Since
angular momentum variables obey the Robertson relation of eq. (8.1),
NA atoms polarized in the x direction have the SQL

var(Fz)SQL =
〈Fx〉
2

. (7.4)

In the inhomogeneous case from eq. (7.3) we have

var(Fz) =
NA

2
I2 and 〈Fx〉 = NAI1, (7.5)

where we used eqs. (7.2) and (7.3) and that var(fz) = 1
2 and 〈fx〉 = 1. On

the other hand only in the homogeneous case we have I1 = I2. In all the
other cases I1 and I2 should be known independently.

7.2 sql for inhomogeneously-coupled atoms

In this section we consider the effect of inhomogeneities in the statistics
of the Stokes component Sy measured in our experiment and then we
calculate the statistics of Faraday rotation measurements on an ensemble
of NA atoms, described by individual spin operators fi independent and
fully polarized in the Fy–Fz plane. We take NA to be Poisson-distributed
which is common in atomic ensemble experiments. Production of sub-
Poissonian fluctuaitons requires strong strong interaction among the
atoms during accumulation [96, 97]. If every i-th atoms at the location xi
experience the coupling strength g(xi), the Faraday rotation is described
by the input-output relation for the Stokes component Sy

S ′y = Sy + Sx

NA∑
i=1

g(xi)f
(i)
z , (7.6)

the input Sy is has zero mean and variance |〈Sx〉|/2.
We consider first the case in which the spin is orthogonal to the mea-

sured Fz direction, i.e. the state is 〈Fy〉-polarized. Here the uncertainty in
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g(xi) and in NA make a negligible contribution, and the rotation angle
ϕ = S ′y/S

(in)
x has the statistics

〈ϕ〉 =〈fz〉
NA∑
i=1

〈g(xi)〉xi

≡〈NA〉〈fz〉µ1 (7.7)

var(ϕ) =var(ϕ0) + var(fz)

〈
NA∑
i=1

g2(xi)

〉
NA,xi

≡var(ϕ0) + 〈NA〉var(fz)µ2, (7.8)

whereϕ0 is the polarization angle of the input light, subject to shot-noise
fluctuations and assumed independent of Fz, and the angle brackets in-
dicate an average over the number and positions of the atoms.

Next we consider the case in which the spin is along the measured Fz
direction. In this case, the uncertainty in fz is zero, and the variation in
g and in NA determines the measured variation

〈ϕ〉 = 〈NA〉〈fz〉µ1 (7.9)

var(ϕ) = var(ϕ0) + 〈fz〉2var

(
NA∑
i=1

g(xi)

)
≡ var(ϕ0) + 〈NA〉〈fz〉2v2. (7.10)

We note that v2 includes the variation of both the atom number and the
coupling strength, and as such is lower-bounded by the Poisson statistics
of NA: v2 > 〈g2(x)〉 = µ2. For known 〈fz〉 and var(fz), measurements
of 〈ϕ〉 and var(ϕ) versus NA give the calibration factors µ1 and µ2. To
preserve the SQL var(Fz) = 1

2 |〈Fy〉| and similar, we infer mean values as

〈Fα〉 =
1

µ1
〈ϕα〉, (7.11)

and covariances, including cov(A,A) = var(A), as

cov(Fα, Fβ) =
1

µ2
cov(ϕα,ϕβ), (7.12)
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Figure 7.1: Faraday rotation calibration using dispersive spin measurements by
absorption imaging. Solid line, the fit curve Φ̂ = a0+µ1NA +a2N

2
A,

with we obtain µ1 = (0.707±0.004) · 10−7 and a0 = (3.9±0.3) · 10−3.
Error bars indicate ±1σ statistical errors.

where Fα,β and ϕα,β are corresponding spin and angle variables. We
note that because the contribution of var(ϕ0) is not subtracted, this over-
estimates the spin variances. We finally can write the SQL for inhomoge-
neously coupled atoms:

var(Fz) =
1

2
NA (7.13)

1

µ2
cov(ϕz,ϕz) =

1

2

1

µ1
|〈ϕNA〉|, (7.14)

where ϕNA indicates a rotation measurement where all the atoms are
polarized in the 〈Fz〉-state.

7.3 measurement of calibration factor µ1

We calibrate the measured rotation angle ϕ with a dispersive atom num-
ber measurements using absorption imaging, as shown in Fig. 7.1. For
the absorption imaging, atoms are transferred into the F = 2 hyperfine
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Figure 7.2: Calibration of quantum noise limited Faraday rotation probing of
atomic spins. We plot the measured variance var(ϕ̂) as a function of
the number of atoms NA in an input Fy polarized state, i.e. 〈Fy〉 =
NA. Solid line: a fit using the polynomial var(ϕ̂) = a0 + a1NA +

a2N
2
A (solid line). The linear term a1 = αµ2NA/2 corresponds to the

atomic quantum noise from atoms in the input Fy-polarized state.
We estimate a0 = (1.17± 0.07) · 10−9, a1 = (6.5± 0.8) · 10−15, and
a2 = (2.8 ± 12) · 10−22, consistent with negligible technical noise
in the atomic state preparation. Dashed line: var(ϕ̂) = a0 + a1NA.
Error bars indicate ±1σ statistical errors.

ground state by a 100 µs pulse of laser light tuned to the 5S1/2(F =

1) → 5P3/2(F ′ = 2) transition. The dipole trap is switched off to
avoid spatially dependent light shifts. An image is taken with a 100 µs
pulse of circularly polarized light resonant to the 5S1/2(F = 2) →
5P3/2(F ′ = 3) transition. We calculate the resonant interaction cross-
section and take into account the finite observable optical depth. The
statistical error in the absorption imaging is < 3%, including imaging
noise and shot-to-shot trap loading variation.
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7.4 measurement of calibration factor µ2

To measure µ2 we prepare a Fy-polarized state by optical pumping,
and then probe stroboscopically every 10 µs with Np = 36 pulses of
NL = 3 .15 × 107 photons each in the presence. During the probing
a B-field of ≈ 71 .5 mG along y produces a Larmor precession of the
atoms of an angle π during the 10 µs pulse repetition period. In this
way, the measured variable is always ±Fz, evading back-action effects.
This is a challenging experiment. The same experimental scheme has
been used recently to demonstrate measurement backaction evasion in
an harmonic oscillator [21] or in hot vapour cells [22]. A difficult task in
this kind of experiment is achieving projection noise sensitivity with a
single measurement, while technical noise is added due to shot to shot
fluctuations and magnetic field drifts.

If ϕn is the measured Faraday rotation angle for pulse n, and ϕ(n)
0 is

the corresponding input angle, we can define the pulse-train-averaged
rotation signal as

ϕ̂ ≡ 1

Np

Np∑
n=1

(−1)n−1ϕ̂n, (7.15)

with variance

var(ϕ̂) ≡ var(ϕ̂0) + µ2

Np∑
n=1

var(Fz,n), (7.16)

where ϕ̂0 = 1
Np

∑Np
n=1 ϕ̂

(n)
0 , with zero mean and variance var(ϕ̂0) =

(NpNL)
−1, and Fz,n is the value of Fz at the time of the nth probe pulse.

During the measurement, off-resonant scattering of probe photons
produces both a reduction in the number of probed atoms and intro-
duces noise into F. We note that this is a single-atom process that pre-
serves the independence of the atomic spins. We compute the resulting
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evolution of the state using the covariance matrix methods described in
Section 7.4.1, giving

var

 g

Np

Np∑
n=1

Fz,n

 = µ2
1

2
αNA, (7.17)

where 1/2 = var(fz) is the variance of the initial state, α = 0.86 describes
the net noise reduction due to scattering. Including the readout noise
var(ϕ̂0) and a generic technical noise a2N2A in the preparation of the
coherent spin state, we have the observable variance

var(ϕ̂) = var(ϕ̂0) + µ2
1

2
αNA + a2N

2
A, (7.18)

in which the NA scaling distinguishes the atomic quantum noise from
other contributions. Experimental result shown in Fig. 7.2 give µ2 =

(1.5± 0.2)× 10−14.

7.4.1 Calculation of the noise contribution α

As reported described in Chapter 3, the full system is described by a state
vector V = {Fz,S

(1)
y ,S(2)y , . . . ,S(N)

y } and covariance matrix Γ = 〈V ∧ V +

(V ∧ V)T 〉/2− 〈V〉∧ 〈V〉, where Sny is the measured photon imbalance
after the n-th pulse [51] . The QND interaction leads to a transformation
of the covariance matrix

Γ (n+1) = M(n)Γ (n)[M(n)]T , (7.19)

where M is equal to the identity matrix apart from the elements M1,1 =

−1 due to the precession by an angle π about the magnetic field, and
Mn+1,1 = gSx, where Sx = NL/2 and NL is the number of photons per
pulse and g is the coupling constant for uniform coupling.

Off-resonant scattering of photons introduces decoherence, noise and
loss in the atomic state. During the spin-noise measurement, a fraction
ξ = 1 − exp(−ηNL) = 0.01 of atoms scatter a photon during a single
probe pulse, where η = 3 × 10−10 is the scattering rate per photon
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measured in an independent experiment (see Fig. 4.14), while a frac-
tion χ = 1− ξ remain in the coherent spin state. The scattered atoms are
either lost from the F = 1 manifold, or return to F = 1 with probability
p = 0.7 and random polarization. This has the effect of losing atomic
polarization at each measurement. We calculate the effective measured
polarization in terms of the initial atom number. We assume that the frac-
tion p of scattered atoms the return to F = 1 have a random polarization
and that the scattering rate η is independent of the atomic state.

After each pulse, the atomic part of the covariance matrix transforms
according to

Γ
(n+1)
at = χΓ

(n)
at +

2

3
p(1− χ)N

(n)
A I, (7.20)

where I is the identity matrix. This follows from eq. (A.6) of Appendix
A.1 assuming ΓΛ = NAΓλ. We note that we have

N
(n+1)
A = 1− (1− χ)(1− p)N

(n)
A = (χ+ p− χp)N

(n)
A (7.21)

which, assuming that N(0)
A = NA, gives

N
(n)
A = (χ+ p− χp)nNA. (7.22)

Including these terms, we get a linear transformation of the covariance
matrix after the n-th pulse

Γ (n+1) = DM(n)Γ (n)[M(n)]TDT + N(n), (7.23)

where D is a zero matrix apart from the element D1,1 =
√
χ, and N(n) is

the identity matrix apart from the element N(n)
1,1 = 2

3p(1− χ)(χ+ p−

χp)nNA.
We sum N individual polarimeter signals S ′(n)y to find the net Stokes

operator S ′y ≡
∑N
n=1(−1)

n−1S
′(n)
y . This has a variance

var(S ′y) =
N∑
n=1

var(S ′(n)y ) + 2

N∑
n 6=m

cov(S ′(n)y ,S ′(m)
y )(−1)n−m

= PΓ (N)P
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with the projector P = diag(0, 1,−1, 1,−1, . . . ,−1). When evaluated ana-
lytically using χ = 0.99, this gives

var(S
′
y) = var(Sy,0) +βg

2 1

2
NAN

2
L, (7.24)

where β ≈ 0.1081. Noting that var(ϕ) = var(S ′y)/S2x, where Sx ≡
∑N
n=1 S

(n)
x

is the total input Stokes operator, dividing Eq. (7.24) by S2x = N2L/4, and
comparing against Eq. (7.18), we find that α = 8β ≈ 0.86.

discarding pulses If we discard the first few pulses, we get an
identical result except that the projector is P = diag(0, . . . , 0, 1,−1, . . . , 1,−1),
with 0s in the position of the discarded pulses.

7.5 estimator for composite pulses

In Appendix B we discuss the situation of dual polarization probing,
where H- and V-polarized probes have different coupling constants, gH
and gV . In some experiments (not contained in this thesis) it may be
convenient to construct a composite pulse from the H- and V- polarized
pulses.

7.6 conclusions

We described the problem of light-atom coupling in the presence of in-
homogeneites showing that they have a non-trivial effect in calculating
contributions of the atomic spins to the means and the variances of Fara-
day measurements. For our particular system we calculated the mea-
surement statistics and derived a practical way to calculate the relevant
factors µ1 and µ2 that allows us to preserve the SQL for atomic spins.
We experimentally measured µ1 directly using dispersive atom number
measurements and Faraday measurement and we performed a quantum
limited experiment to estimate µ2. The calibration of µ2 required practi-
cal advances to perform stroboscopic measurements using a scheme has
recently been used to demonstrate back-action evasion [21, 22].



“Led by a new paradigm, scientists adopt new instruments and look
in new places. Even more important, during revolutions, scientists
see new and different things when looking with familiar instruments
in places they have looked before.”

Thomas Kuhn

8
T R A C K I N G T W O N O N - C O M M U T I N G

O B S E RVA B L E S

In the context of gravitational-wave searches, it was noted [25, 75] that
the uncertainty principle constrains not only our knowledge of quan-
tum systems, but also of seemingly non-commuting quantum observ-
ables such as time and distance. Because our instruments to measure
these are necessarily quantum systems, they are subject to measurement
back-action. In harmonic oscillators and optical modes, continuous mea-
surement of one quadrature X disturbs the other quadrature P, which
through the dynamics of oscillation returns as disturbance to the mea-
sured variable. The effects of back-action can be evaded, however, if X
is measured stroboscopically, at the same phase each cycle [25]. The dis-
turbance to P then never enters the measurement record, but also no in-
formation is gained about P. Varieties of this single-variable back-action
evading or QND measurement have been implemented with photonic
[82], mechanical [89] and atomic systems [10, 21, 22].

Recently, the possibility of evading measurement back-action for both
variables of an oscillator has been suggested [28]. This task, which might
at first seem impossible, is attractive because it would allow back-action
unlimited detection of both amplitude- and phase-perturbing effects,
and requires no a priori knowledge of the oscillator phase. Existing pro-
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posals involve matched systems: when an ordinary oscillator is matched
to a negative-mass counterpart, a subsystem becomes immune to the un-
certainty principle but remains sensitive to external forces [28, 29, 156].
In this way, the zero-area Sagnac interferometer is predicted to evade
back-action in sensing gravitational waves [26, 27] .

In this chapter we show that back-action evasion can be achieved when
tracking non-commuting observables in atomic sensors. Using quasi-
continuous QND measurements, we track the two oscillating observ-
ables of a single macroscopic spin oscillator. Several earlier experiments
have demonstrated sub-projection-noise Faraday rotation measurements
of a small component orthogonal to the mean spin [16, 85, 86, 87] as nec-
essary for spin squeezing, and a few have made sub-projection-noise
Faraday rotation measurements of the large component parallel to the
mean spin [96, 97, 207].

The measurement scheme implemented here evades all but a negligi-
ble back-action contribution, to obtain a record of both angle and ampli-
tude of the spin as they evolve due to precession and decoherence, re-
spectively. Such continuous angle-amplitude measurements are central
to, e.g., magnetic resonance imaging [147]. We show sensitivity beyond
the respective classical limits for both amplitude and phase, demonstrat-
ing a new sensing modality unavailable to mechanical and optical oscil-
lators and compatible with the most advanced atomic sensing strategies.

As mentioned in previous chapters, atomic interferometers employ
atomic ensembles that behave as a large spin F governed by an angular
momentum algebra. As F precesses about any given axis, two spin com-
ponents oscillate harmonically while the third is constant. Precessing
about the x axis, the oscillating components obey the Robertson uncer-
tainty relation eq. (2.3) [66]:

∆Fy∆Fz >
1

2
|〈[Fy, Fz]〉| =

1

2
|〈Fx〉|. (8.1)

For the best signal, polarization in the Fy–Fz plane should be maximal,
in which case |〈Fx〉| vanishes. Because 〈Fx〉 is a constant of the motion,
this condition holds for all time and eq. (8.1) sets no limit on the area in
the Fy–Fz phase space.
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Figure 8.1: Bloch-sphere representation of the atomic state evolution. Ellipsoids
show uncertainty volumes (not to scale) as the state evolves anti-
clockwise from an initial, Fy-polarized state with isotropic uncer-
tainty. An x-oriented magnetic field B drives a coherent spin pre-
cession in the Fy–Fz plane. Quasi-continuous measurement of Fz
produces a reduction in Fz and Fy variances, with a corresponding
increase in var(Fx).

8.1 measurement dynamics

At the first order the Robertson relation imposes no limitation in the
simultaneous knowledge of Fy and Fz and a non-destructive measure-
ment of Fz, Fy can be engineered to avoid back-action effects. When the
Robertson relation is thus evaded other uncertainty relation limits that
var(Fy) and var(Fz) are simultaneously zero. An arithmetic uncertainty
relations [141] limit the uncertainty to var(Fy) + var(Fz) ∼ N

2/3
A . This

can be far below the ∼ NA standard quantum limit [34]: NA is typically
∼ 106 in cold atom systems and ∼ 1012 in atomic vapors, so this N1/3A
advantage extends the quantum limits by orders of magnitude.

We now describe the state evolution during measurement and calcu-
late the main features of this fundamental limitation, illustrated in Fig.
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8.1. Considering a spin F precessing about the Fx axis, a non-destructive
measurement of Fz can be made by coupling the spin to an optical “me-
ter” variable Sz via the QND interaction Hint = gFzSz, where g is the
coupling constant. The transformation produced is

S ′x = Sx cosgFz − Sy singFz (8.2)

S ′y = Sy cosgFz + Sx singFz
≈ Sy + gSxFz (8.3)

S ′z = Sz (8.4)

F ′x = Fx cosgSz − Fy singSz (8.5)

F ′y = Fy cosgSz + Fx singSz (8.6)

F ′z = Fz (8.7)

where primes indicate the output variables, and in the approximation
we assume that the rotation angle gFz � 1. The resulting Fy variance is

var(F ′y) = var(Fy) + g2|〈Sx〉|
[
1

2
var(Fx) −

1

4
var(Fy)

]
+O(g4). (8.8)

As discussed in Chapter 2 and formalised in Chapter 3, the QND inter-
action imprints a signal proportional to Fz on the meter, which when
measured reduces var(Fz) [31, 51]. Including both the prior and poste-
rior information we have

var(F ′z) =
1

var−1(Fz) + var−1RO(Fz)

= var(Fz) − 2g2|〈Sx〉|var2(Fz) +O(g4). (8.9)

Critically, the square variance appears in this expression. This will make
the measurement-induced variance reduction by an amount ∆meas ∼

g2NLvar2(Fz) faster than the introduction of noise in eq. (8.8). The inter-
action withNL photons imprints a signal proportional to Fz on the meter,
which when measured reduces var(Fz) by an amount ∆m ∼ g2NLvar2(Fz).
This same interaction rotates F about Fz by a random angle ϕ ≡ gSz, in-
creasing var(Fy) by an amount ∆d ∼ g2NLvar(Fx), and also increasing
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var(Fx). Precessing and under continuous measurement, Fz and Fy alter-
nate roles as the measured and disturbed variable, and each experiences
both effects. For ÑL = 1/(g2NA), the measurement benefit ∆m ∼ NA is
of order the initial uncertainty, while the back-action ∆d ∼ 1 is negligible.
Probing with this ÑL induces a negligible loss of coherence, so that the
sensitivity to both angular and radial perturbations improves.

8.2 experimental realization

During the previous chapters we discussed that the continuous track-
ing in our atomic interferometer requires in principle control of mea-
surement dynamics [11] and incoherent effects [99] as well as low-noise
non-destructive detection with high-dynamic-range [33, 194].

The experimental setup has already been described in Chapter 4. For
this experiment we use an ensemble of NA = 1.88× 106 cold 87Rb atoms
held in the optical dipole trap. Transverse optical pumping is used to
produce Fy polarisation with ∼ 98% efficiency using the technique of
the stroboscopic pumping, described in detail in Section 4.4. During the
pumping a small magnetic field is applied along the x-axis, with Bx =

5.29 mG, to coherently rotate the atomic spins in the y–z plane. Due to
the B-field in the x direction, the atoms precess coherently in the Fy–Fz
plane with Larmor period TL ≈ 38 µs.

The “meter” variable is the polarisation of τ =0.6 µs, off-resonance
optical pulses which experience Faraday rotation by an angle ϕ = gFz
on the Poincare sphere as they propagate through the atomic cloud. This
ensures that the time taken to complete a single-pulse measurement is
small compared to the Larmor precession period, i.e. τ� TL.

The pulses are detuned 700 MHz to the red of the 87Rb D2 line and are
V-polarized, with on average NL = 2.74× 106 photons, and sent through
the atomic cloud at 3 µs intervals. Between the probe pulses, we send
H-polarized compensation pulses with on average N(H)

L = 1.49 × 106
photons through the atomic cloud. As described in detail in Chapter 3,
the compensation pulses serve to cancel effects due to the tensor light
shift, but do not otherwise contribute to the measurement [10, 51, 100].
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Figure 8.2: Observed Faraday rotation angle ϕ̂ ∝ Fz versus time. Each circle
shows the rotation angle from one V-polarized pulse. A magnetic
field of 37.6 mG produces the observed oscillation, while dephas-
ing due to residual magnetic gradients and off-resonant scattering
of probe photons cause the decay of coherence. Blue circles show a
single, representative trace, overlaid on 450 repetitions of the exper-
iment shown as orange dots. The time zero corresponds to the first
probe pulse; the end of optical pumping is 58 µs earlier.

8.3 measurement of Fz and Fy

A representative sequence of measured Faraday rotation angles ϕ̂(tk) for
QND measurements spread over 1 ms is shown in Fig. 8.2, and is well
described by a free induction decay model that we use to simultaneously
estimate Fz and Fy at a time te

ϕ̂(t) = g [Fz(te) cosωLtr − Fy(te) sinωLtr] e
−tr/T2 + ϕ̂0, (8.10)

where tr ≡ t− te. A typical fit on experimental points is shown in Fig.
(8.3). The coupling constant g is found by an independent calibration
described in Chapter 7, while the Larmor frequency ωL, the coherence
time T2, and the offset ϕ̂0 are found by fitting to the measured ϕ̂(tk)
over the full range of t.

With these parameters fixed, we then use eq. (8.10) to obtain a pre-
dictive estimate F1 = (F

(1)
y , F(1)z ) at time te and to obtain a confirming

estimate F2 = (F
(2)
y , F(2)z ). Two different sets of points are used to esti-
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Figure 8.3: Fits to estimate (Fy, Fz) for te = 400 µs and a measurement time
∆t = 270 µs. Blue (red) shows fits based on prior (posterior) data.
Shaded regions show fit residuals ×10

mate F1 and F1. We consider a measurement time ∆t, as in Fig. 8.3 given
by a fit of eq. (8.10) on the set of points

{ϕ(tk)} with te −∆t 6 tk < te, (8.11)

to estimate F1 and

{ϕ(tk)} with te < tk 6 te +∆t, (8.12)

to estimate F2. Because the classical parameters g, ωL, T2 and ϕ̂0, are
fixed beforehand, these are two linear, least-squares estimates of the vec-
tor F obtained from disjoint data sets. Estimating F for several values
of te gives a predictive trajectory and a confirming one. For multicom-
ponent measurements the estimation fidelity is quantified by the vector
conditional covariance.

vector conditional covariance Assuming Gaussian statistics,
the estimation fidelity of the measurement F2 given F1 is given by the
vector conditional covariance matrix ΓF2|F1 which quantifies the error in
the best linear prediction of F2 based on F1 [17] (see Appendix C for
the derivation):

ΓF2|F1 = ΓF2 − ΓF2F1Γ
−1
F1 ΓF1F2 , (8.13)
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where Γv indicates the covariance matrix for vector v, and Γuv indicates
the cross-covariance matrix for vectors u and v. From eq. (8.13) we note
an interesting feature that is useful for a concrete visualization of the
conditional covariance: A = ΓF2F1Γ

−1
F1 is identified as the matrix that min-

imizes the distance 〈(F2 −AF1)D(F2 −AF1〉, where D is a real symmet-
ric matrix. This suggests that we can visualize the difference between
the best linear prediction of F using F1 and the confirming estimate F2
using the vector

Fk = {Fy,Fz}k = F2 − ΓF2F1Γ
−1
F1 F1, (8.14)

where F(i)
k = {F

(i)
y , F(i)z }k.

polar coordinates Since Fy and Fz interchange their roles during
the precession we define a polar coordinate system

(Fy, Fz) = ρ(− sinψ, cosψ) (8.15)

in order to identify the radial and azimuthal variances,

var(Fρ) ≡ ρ̂T ΓF2|F1 ρ̂, and var(Fψ) ≡ ψ̂T ΓF2|F1ψ̂ (8.16)

respectively, where ρ̂ ≡ (− sinψ, cosψ)T and ψ̂ ≡ (− cosψ,− sinψ)T are
radial and azimuthal unit vectors.

8.4 optimal measurement length

Eq. (8.10) only approximates the atomic dynamics for some appropriate
interval of time. This represents the main limitation on the accuracy of
our measurement. A particular restriction to the model is given by mag-
netic field variations during the 50 Hz mains power cycle, as shown in
Fig. (4.9), that add a frequency chirp resulting in an effective precession
frequency ωL(t) ' ωL,0+ωct. Another limitation of the model is that it
doesn’t describe amplitude fluctuations of the precessing signals due to
small oscillations of atoms in the trap. Our main interest is to show the
proof of principle of back-action evasion in continuous measurements
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Figure 8.4: Estimation fidelity as function of ∆t. An optimum is found at ∆t =
270 µs. Error bars show ±1σ standard error.

so that we prefer to have a simple model and find the measurement
duration that optimizes the total variance Tr(ΓF2|F1).

Empirically, we find the minimum of Tr(ΓF2|F1), by minimizing for
measurements with different length ∆t, as shown in Fig. 8.4. This re-
flects a trade-off of photon shot noise versus scattering-induced decoher-
ence and magnetic-field technical noise. Longer measurements reduce
the photon shot noise, while increasing the atomic decoherences and
making the model eq. (8.10) less accurate. We find optimal measurement
length ∆t = 270 µs.

8.5 fit details

We describe now two important features of the fit routine represented in
Fig. (8.3).

Firstly we check that fixing the classical parameters beforehand doesn’t
add any artifacts to reduce the noise of the measured atomic variables.
We compare F2 and F1 obtained by a fit with fixed parameters against a
fit with all parameters free to vary.
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Figure 8.5: Comparison of the estimated Fz and Fy from a fit using eq. (8.10);
first, with the classical parameters g, ωL, T2 and ϕ̂0, fixed (labeled
F
(fix)
y,z ) for measurements 1 and 2; and second, free to vary as inde-

pendent parameters (labeled F(ind)
y,z ). In blue (green) Fz (Fy) of the

first measurement, in red (orange) Fz (Fy) of the second measure-
ment. A linear fit γx+ δ to points of plots a-d gives γa = 0.9981(8),
γb = 1.0026(8), γc = 0.9923(4), γd = 1.0007(5) and δa = 0.003(1),
δb = 0.0001(9), δc = 0.0004(3), δd = −0.0023(3), where the sub-
scripts refer to the values shown in plots a-d. A grey line y = x is
plotted on both the figures.
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Secondly we weight the fits in order to optimize the prediction at
time te. Here we describe the weight function used and the procedure
followed to optimize them.

fit gain Since the classical parameters g, ωL, T2 and ϕ̂0 are fixed be-
forehand, the predictive and confirming fits are least-squares estimates
obtained from disjoint data sets, optimized by minimizing the total vari-
ance Tr(ΓF2|F1). We check that these fits give the correct gain by compar-
ing F1,2 with the results of two independent fits using all free parameters
in eq. (8.10). Results, shown in Fig. 8.5, indicate that the gains of the two
fit procedures are equivalent at the 10−3 level.

fit weights We follow a two-step fit procedure in our data analysis:
we first fit eq. 8.10 to the entire data set {ϕ̂(tk)} to estimate the classical
parameters g, ωL, T2 and ϕ̂0 near the measurement time te; then sec-
ond, with the classical parameters fixed, we obtain a predictive estimate
F1 using measurements {ϕ(tk)} in the interval te −∆t 6 tk < te; and a
confirming estimate F2 using {ϕ(tk)} in the interval te < tk 6 te +∆t as
defined in eqs (8.11) and (8.12).

For the first fit to estimate the classical parameters, our data are weighted
using an empirical function based on two observations:

• the polarimeter signal shows increased technical noise in the op-
tical variable at larger imbalance, i.e. when measuring a large in-
stantaneous spin-projection along the z-axis;

• points closer in time to te should be given greater weight (mini-
mizing errors introduced by small changes in ωL and T2 during
the measurement).

This motivates using the weight function

W(ϕ(tk)) ≡
g(|tk − te|)

h(ϕ(tk))
, (8.17)

where g(|tk − te|) ≡ 1+A exp
(
−w

∣∣∣tk−teT2

∣∣∣) and h(ϕk) = 1+ rϕk. We
numerically optimize W(ϕ̂(tk)) varying the parameters A, w and r and
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Figure 8.6: From top to bottom, numerical minimization of the parameters A,w
and r during the step 2 described in the text.
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minimizing the resulting Tr(ΓF2|F1) from the predictive and confirming
fits.

The minimization uses several steps: 1) we optimize each weight func-
tion g(t) and h(ϕ) independently, using the hypothesis that in the first
approximation the two functions g(t) and h(ϕ) act in two independent
domains, the temporal and the response domain respectively. 2) We com-
bine the two functions with the optimal parameters found in step 1 and
then in a second routine use the full weight function W(ϕ) of eq. (8.17)
and optimize A, w and r independently. The step 2 is repeated several
times. Fig. 8.6 shows the optimization analysis during this second step,
finding optimal values for A = 15, w = 11, r = 6.

For the predictive and confirming fits, which are linear in Fy and Fz,
all the points are weighted equally.

8.6 results

Fig. 8.7 shows the resulting mean predictive trajectory 〈F1〉, which spi-
rals slowly toward the origin due to magnetic-gradient-induced dephas-
ing, and the discrepancy between the trajectories, F2− F1, which rapidly
decreases due to the measurement effect, reaching a steady state after
about 250 µs of probing.

As shown in Fig. 8.8, var(Fψ) drops below the SQL of 〈Fρ〉/2 after
≈ 150 µs of probing, and remains below it to the limit of the experi-
ment. No read out noise has been subtracted. Considering the steady-
state region te > 270 µs, var(Fψ) is on average 2.9 dB below the SQL,
and var(Fρ) is on average 7.0 dB below the Poissonian variance NA, to
give a precision surpassing classical limits in both dynamical variables.
For any given value of te, var(Fρ) and var(Fψ) have standard errors of
≈ 0.3 dB, implying high statistical significance even without combining
results for different te.

The results show how measurement back-action can be made negligi-
ble in high-sensitivity atom interferometry, allowing continuous tracking
of the full dynamics of non-commuting spin observables beyond classi-
cal limits. The class of variables that can be tracked without back-action
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Figure 8.7: Measured trajectories in the Fy–Fz phase space at different estima-
tion times te. For each of the 450 traces shown in Fig. 8.2, the func-
tion of eq. (8.10) is fit to the data to find predictive and confirming
estimates F1, F2, respectively, for (Fy, Fz) at time te. Fits for F1 and
F2 use disjoint sets of data covering the ranges te −∆t 6 tk < te and
te < tk 6 te +∆t , respectively. A single fit is a tightly-wound spiral
shown as a thin blue line and the thick arrow shows the trajectory
from t = 0 to t = te = 30 µs. For clarity, we show results for te val-
ues spaced by 40 µs, slightly more than one Larmor oscillation. Each
point shows 〈F1〉+ 100F, where F defined as in eq. (8.14), and 〈F1〉
is the mean over the 450 repetitions, and F ≡ F2 − Γ2,1Γ

−1
1 F1 is the

error of the best linear prediction (see SI). The factor 100 provides
magnification for visualization purposes. Orange ellipses, with ra-
dial and azimuthal radii of 2σ, where σ = 100

√
CL, show the rele-

vant classical limits: Poisson (radial, CL = NA) and SQL (azimuthal,
CL = 〈Fρ〉/2).
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Figure 8.8: Evolution of tracking precision for different te. Blue circles and
green squares show radial and azimuthal components of ΓF2|F1 . Er-
ror bars show ±1σ standard error. Dashed blue and solid green
curves show Poisson and SQL variances. These decrease during
probing due to loss of coherence and loss of atoms. No readout
noise has been subtracted.

effects includes frequency [208] acceleration, rotation, and gravity [138]
magnetic fields [139] and physics beyond the standard model [149, 209].

Our method is very close to practical application in the highest per-
formance atomic sensors: Tracking of atomic spin precession by non-
destructive optical measurement is already used in the highest-sensitivity
magnetic field measurements [4, 210], and in some optical lattice clocks
[211]. Moreover, multi-pass [212] and cavity build-up [117] methods are
compatible with these techniques [213] and greatly reduce scattering-
induced decoherence, the limiting factor in our experiment. Together,
these advances enable tracking far beyond the standard quantum limit
with atomic sensors.





“In so far as a scientific statement speaks about real-
ity, it must be falsifiable; and in so far as it is not
falsifiable, it does not speak about reality.”

Karl Popper

9
Q U A N T U M S I G N AT U R E S I N

M A C R O S C O P I C S Y S T E M S

In this thesis we studied how measurement back-action, a direct con-
sequence of the uncertainty principle can be avoided in practical mea-
surement schemes leading to high sensitivity continuous measurements.
However back-action can provide some other useful information about
the system1. Quantum mechanics describes nature at microscopic level.
On the other hand recent developments of quantum technology aim to
push quantum limits to larger scale objects [214]. A natural question
arises whether our classical “realistic” intuition is in conflict with quan-
tum effects if they are observed in macroscopic objects.

Similar to Bell inequalities [48], Leggett-Garg inequalities (LGIs [49]
aim to test quantum behavior of macroscopic systems. LGIs aim to dis-
tinguish a hypothesized philosophical position of macrorealism (MR), i.e.,
that arbitrarily low-disturbance measurements should be possible, con-
tradicting the Heisenberg uncertainty principle.

To date almost all the experiments showing LGI violation were per-
formed with microscopic systems, including single photons[215, 216,
217, 218, 219], defects in diamonds [220, 221], nuclear spins [222, 223, 224,
225], and cold atoms [226]. To date, two experiments have tested LGIs on

1 This chapter is partially published in Phys. Rev. Lett. 115, 200403 (2015).

137
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macroscopic systems outside the single-excitation regime: Palacios-Laloy
et al. [46], and Groen et al. [47]. These used superconducting qubits and
showed a significant violation of an LG-like inequality for weak mea-
surements [227, 228].

Because continuous weak measurements record a system oscillating
between two conjugate variables, they perturb both variables during the
multi-cycle measurement. This guarantees a disturbance and opens the
“clumsiness loophole” [159]: a macro-realist can interpret the LGI viola-
tion as caused by imperfect (from the MR perspective) measurements.
As argued by Wilde and Mizel (WM) [159], the clumsiness loophole can-
not be closed, but one can force the macrorealist to retreat to unlikely
scenarios in which the clumsiness is imperceptible except in the LGI test.
A possible solution of this problem is provided by QND measurements,
which by definition have measurement back-action dominated by quan-
tum effects while preserving the system and its coherent evolution.

In this chapter we show that, in contrast to previous approaches, QND
measurements can test a macroscopic system against a true LGI. Using
the collective quantum variable formalism [31, 51], we predict a viola-
tion for realistic experimental parameters [51, 198], with the possibility
to a straightforward extension of the analysis to different macroscopic
systems, up to everyday-life scales [229].

This disproves a well-known conjecture [230] that LGI violation in a
macroscopic system requires high computational complexity and thus
that suitable systems are unlikely to exist in nature (see also [231, 232]).
It also extends previous studies of QND-measurement-based LG tests
[233, 234] that showed an impossibility of obtaining a visible violation
with simple found no LGI violation with three-measurement protocols,
and explicitly shows a fundamental difference between temporal (LG)
and spatial (Bell) non-classicality in the macroscopic limit [235].

9.1 leggett-garg inequalities

The intuitive macro-realist picture presented by LG consists of the fol-
lowing two assumptions:
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Figure 9.1: Schematic representation of the Leggett-Garg test. An observable
Q is measured at different times ti (represented along the hori-
zontal axis), giving results Qi. Macrorealism assumes non-invasive
measurements, with the consequence that correlations, e.g., C13 =

〈Q1Q3〉, are equal, independently of which sequence was per-
formed to obtain them. S1 and S3, which differ by the presence
or absence of Q2, give the same C13 in macrorealism but not in
quantum mechanics. LGIs can detect macrorealism violations using
experimentally observed correlations.

• Macrorealism (MR) a macroscopic object, which can be in two or
more macroscopically distinct states, is at any given time in a defi-
nite one of those states.

• Non-invasive measurability (NIM): it is possible in principle to deter-
mine which of these states the system is in without any effect on
the state or on the subsequent system dynamics.

Like Bell, Leggett and Garg derived an inequality constraining the statis-
tics of any system described by these assumptions.

The simplest LGI [49, 158] considers two-time correlation functions
Cij = 〈Q(ti)Q(tj)〉, for an observable Q measured at times ti, and giv-
ing discrete values Q(t) = ±1 [49] or else limited to the range Q(t) ∈
[−1, 1] [227] (cf. Fig. 9.1). Under MR, the correlations obey

K3 ≡ C21 +C32 +C31 + 1 > 0, (9.1)

while a quantum system can show K3 = −1/2 in the case of a two-level
system [49], and can reach the algebraic bound K3 = −2 for an infinite
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number of levels [236, 237]. Equation (9.1) can be generalized to a class
of inequalities involving n measurements in time [238], namely

Kn ≡
∑

16j<i6n

〈QiQj〉+
⌊n
2

⌋
> 0, (9.2)

where bnc, denotes the integer part of n. Such inequalities correspond
to facets of the Leggett-Garg polytope, and therefore provide optimal
discrimination of non-classical correlations [239, 240].

9.2 qnd measurement

We use QND measurement, which does not perturb the measured quan-
tity, provides a way to certify such violations as due to true quantum
effects rather than to “clumsiness,” i.e. classical disturbance caused by
the measurement.

Detailed and accurate models of QND measurements, including realis-
tic models for measurement-induced disturbance, have been developed
for atomic ensembles probed by near-resonant light [51, 162]. We use the
covariance matrix formalism described in Chapter 3 to describe collec-
tive variables of light and atoms. The same formalism can be applied to
other macroscopic systems [31].

We briefly recall the main features. The atomic system we consider
consists of NA spin-1 atoms, described by the collective spin vector
F with components Fα ≡

∑
l f

(l)
α , where f(l) is the total angular mo-

mentum of the l-th atom. We assume to work with a pseudo spin-1/2

system so that F = 0 The probe light, or “meter” consists of pulses
of NL photons described by the Stokes vector S(i) for the i-th pulse.
The system plus meter are described by the vector of observables V =

(F, S(1), . . . , S(n)), where n is the total number of light pulses.
The initial state is fully x-polarized, i.e. with 〈Fx〉 = NA and 〈S(i)y 〉 =

NL/2. The angular momentum components Fy, Fz and the Stokes com-
ponents Sy,Sz have zero mean and, due to the large numbers, NA ∼ 106

and NL ∼ 108, are Gaussian distributed to good approximation. Gaus-
sian states, that are in many respects highly classical (for example, be-
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cause such states have a positive-valued Wigner function, they support
a classical description in terms of local variables).

We can thus describe the full state using the average 〈V〉 and the co-
variance matrix eq. (3.9) [31, 51, 94, 161]

Γij ≡
1

2
〈ViVj + VjVi〉− 〈Vi〉〈Vj〉. (9.3)

Free dynamics under a magnetic field along the x-direction produces the
evolution (see eq.(3.32))

〈F〉 7→ 〈Fθ〉 = Rx(θ)〈F〉,
ΓF 7→ ΓFθ = Rx(θ)ΓFRx(θ)

T ,
(9.4)

where θ ≡ κB∆t is the rotation angle of the atoms in the time ∆t given
the coupling constant κ ≡ −µBgF between the atoms and a magnetic field
with amplitude B, if µB is the Bohr magneton and gF the Landé factor;
ΓF refers to just the atomic part of the covariance matrix, and Rx(θ) is the
matrix describing rotation about the Fx axis. A measurement consists
of passing a pulse of light, short relative to the Larmor precession time,
through the atoms. Faraday rotation, produced by a “QND” interaction
Hamiltonian Hint ∝ SzFz, imprints the instantaneous value of Fz on the
light, described by the relations (in the small angle approximation)

S ′y = Sy + gFzSx, (9.5)

F ′y = Fy + gFxSz, (9.6)

where g is a coupling constant. Fz and Sz, which commute with Hint, are
unchanged. The required Hamiltonian has been achieved by dynamical
decoupling [10, 100] and by two-color probing [241].

The linear operator relations of Eqs. (9.5) and (9.6) transform the mean
and covariance matrix as

〈V〉 7→MQ〈V〉,
Γ 7→MQΓM

T
Q,

(9.7)

where the matrix MQ has the form [79]

MQ =

(
A Bat

Bl L

)
. (9.8)
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The matrix elements Bat and Bl represent the back-action of the interac-
tion on the atoms (F) and light (S) respectively. In a realistic situation,
i.e. for finite optical depth (OD), we must take into account loss and
decoherence due to off-resonant scattering of the QND probe light. As
discussed in Section 3.8, if a fraction 1− χ of the NA atoms scatters a
photon, this alters the variances of the quantum components y and z as
(see eq. (3.24)):

ΓF 7→ χ2ΓF +NA(1− χ)(
χ

2
+
2

3
)1. (9.9)

Note that for constant g, χ → 1 (i.e., no scattering noise) as OD → ∞.
Repeated application of these transformation rules gives 〈F〉 and ΓF de-
scribing the now-correlated system after all pulses have traversed the
ensemble. Through eq. (9.5), the meter variables S(i)y can be taken to
represent the correlated measurement outcomes on the system observ-
able Fz(ti) at times ti.

9.3 application to lg inequalities

The n outcomes of the measurement y ≡ (y1, . . . ,yn) = (S
(1)
y , . . . ,S(n)y )

are distributed according to the Gaussian probability density function

Pr(y) = G(n)
ΓY

(y) =
exp

[
−(y −µ)T Γ−1Y (y −µ)

]√
(2π)n det ΓY

, (9.10)

with mean µ = 0, where ΓY is the covariance matrix describing y 2.

2 It is worth recalling that, in this approximation, the outcomes have a continuous and
unbounded spectrum y ∈ R, although the total angular momentum is discrete and
bounded.



9.4 results 143

As in the original LG article, we generate a dichotomic variableQ(ti) ≡
sgn(yi) 3. We then calculate the correlator Cij of two pulses i and j. To
this purpose we evaluate it from the 2× 2 covariance matrix

ΓYij =

(
A B

B C

)
(9.11)

obtained as the submatrix of ΓY describing the measured pulses S(i)y ,S(j)y .
In particular, as demonstrated in Appendix D.1

Cij = (1− 2α/π) sgn(B) (9.12)

where α = arctan(
√
AC/B2 − 1).

9.4 results

Predicted LGI outcomes are shown in Fig. 9.2 where we evaluate se-
quences with n = 3, 5, 7 and 9 measurements. To directly compare these
cases we consider a reduced LG parameter K ′n ≡ Kn/

⌊
n
2

⌋
, noting that

K ′3 = K3. We evaluate K ′3−9, taking into account decoherence and losses
as in eq.(9.9). For simplicity, we consider the case of equally delayed mea-
surements, i.e. a rotation angle θ between each of the n measurements.
Realistic parameters are used: g = 10−7, NA = 106, NL = 5× 108, and
χ = exp[−ηNL], where η = 0.5× 10−9 [51]. No violation is seen with a
n = 3 protocol, a violation is seen with n = 5, but only with very low
η, below current experimental values (not shown). For n = 7 and n = 9,
the LGI violation is achievable with realistic parameters [see Fig. 9.2]. In
the bottom of Fig. 9.2 the case of n = 9 is analysed with and without
losses. In Fig. 9.2 b) we compare the n = 9 case with and without loss
and noise introduced due to off-resonant scattering. Note that for most
θ, the effect of unwanted scattering is to reduce the observed violation.
In contrast, for θ ≈ π scattering increases the violation, or can create

3 The literature contains different notions of coarse-graining [230, 231, 232, 237]. We note
that our procedure of splitting the range of y into two regions is precisely that of the
original LG proposal [49].
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an apparent violation that is absent for an ideal measurement (i.e. with
η = 0).

The above tests involve a large number of correlation terms (e.g., 21
for computing K7). We can considerably simplify the protocol and re-
duce the number of measurement sequences by considering just a triple
{Qa,Qb,Qc}, extracted out of the n-measurement scheme, and the cor-
responding correlators, namely

K3 = Cab +Cbc +Cac + 1 > 0. (9.13)

We compute the best achievable K3 optimizing over all possible triples
and all possible sequences. The results are plotted in Fig. 9.3, where it
can be seen that a violation of eq. (9.13) is obtainable, especially around
the points θ = π

2 and θ = π
3 . The optimal sequences of 7 measurement

for θ = π
2 are also depicted in Fig. 9.3. For an ideal QND measurement

we should get C35 = C57 = −1, with C37 < 1 due to the various dis-
carded measurements made between Q3 and Q7 that decorrelate the
two measurements and give rise to the LGI violation. Compared to the
seven-point measurement of Fig. 9.2, this protocol show less violation,
but requires fewer measurement sequences and involves calculation of
a simpler correlation function, potentially making it more robust in the
presence of experimental uncertainties.

9.5 classical versus quantum effects

Within a quantum interpretation, we can ask whether the violation of
LGIs witnesses a genuine quantum effect or it is due the the classical in-
vasivity of the measurement. There are two ingredients that contribute
to the violation: the scattering and the quantum back-action of the mea-
surement on Fy. The violation around θ = π can be easily explained
in terms of the classical invasivity of the measurement: measurements
at angles kπ, which should be perfectly correlated or anticorrelated, are
decorrelated due to scattering effects. On the other hand, the quantum
back-action is a genuinely quantum effect, required by the Heisenberg
uncertainty principle.
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Figure 9.2: Numerical evaluation of the reduced LGIs a a function of θ. a) K ′n

for (from top to bottom) n = 3, 5, 7, 9 in the presence of scattering.
b): numerical evaluation of K ′9, the two lower blue (upper green)
curves are results with (without, i.e. Bat = 0) back-action in eq. (9.8).
In solid (dashed) lines results with (without) scattering. All plots
are obtained using the same parameters, taken from experiment [51]
(see text).
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Figure 9.3: Three-point LGI violations within longer measurement sequences.
Upper and lower curves show K3 versus θ for optimized seven- and
nine-measurement sequences, respectively. Both plots are obtained
for NL = 5 × 108 including scattering and loss effects. Spirals il-
lustrate optimal sequences in the seven-measurement protocol with
delay θ = π

2 , for which K3 = C35+C37+C57+1. Hollow orange cir-
cles indicate measurements used to compute correlators in K3, filled
green circles indicate measurements performed but discarded.

Our formalism allows us to distinguish between these two contribu-
tions, and we do so by simulating a QND measurement where the effect
of the quantum back-action is “turned off”, i.e. Bat = 0 corresponding
to F ′y = Fy in the input/output relations of Eqs. (9.5) and (9.6). The re-
sults in this last case are shown in the green upper curves of the bottom
of Fig. 9.2 b). These show that the violation genuinely comes from the
quantum back-action effect in most of the cases. Scattering becomes im-
portant only at some specific phases, and is responsible for the violation
only for θ approaching π.

9.6 tightening the clumsiness loophole

Wilde and Mizel (WM) noticed [159] that the measurement process can
be interpreted by a macro-realist in terms of an imperfect measurement
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that introduces a disturbance and opens a clumsiness loophole. However
WM also argued that the clumsiness loophole cannot be closed, but one
can force the macro-realist to retreat to unlikely scenarios in which the
clumsiness is imperceptible except in the LGI test, and forcing the macro-
realist to a position strongly resembling quantum mechanics.

Our calculation method permits a clear discrimination between in-
cidental disturbances from, e.g., spontaneous scattering, and essential
disturbance due to quantum back-action. WM suggest performing, in
addition to the LGI test, auxiliary measurement sequences that prove
the individual measurements are non-disturbing [159], and describe ap-
propriate sequences for projective measurements on qubits. Projective
measurements are unrealistic in the macroscopic context, however. We
now show how even non-projective QND measurements can be proven
non-disturbing; see also [10, 79].

Consider two identical, non-destructive measurements in rapid suc-
cession, i.e, with no system evolution in between. If the statistics of the
first and second measurements agree, the first cannot have disturbed the
system. We illustrate with linear measurements of Fz with known gain g,
described as S ′y = n+ gFz and F ′z = Fz + d, where the random variables
n and d are the readout noise and the disturbance to Fz, respectively.
Considering two identical measurements in quick succession, it is eas-
ily shown that 〈S(2)y − S

(1)
y 〉 = 〈d〉 and var(S(2)y ) − var(S(1)y ) = g2var(d),

which provide ready quantifications of 〈d〉 and var(d). Both of these ap-
proach zero for QND measurements in the limit of high OD (the “ideal
case” of Fig. 9.2) 4. It is thus possible to demonstrate to a macrorealist
that the QND measurement does not disturb Fz.

Combined with the LGI violation, this puts the macrorealist in a tight
spot, requiring some kind of “colluding measurements” (in the words
of WM) to explain the LGI. To remain within the framework of realis-
tic explanation, the macrorealist must believe there is a condition of the
system after the QND measurement. This clearly involves a change in
the state, but not of Fz; some other, orthogonal variable must change.

4 The vanishing of d implies low damage, not high measurement resolution. The case of
finite optical depth will be treated in a separate publication.
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Moreover, this disturbance must give rise to an LGI violation, so it must
be a variable that in time rotates into Fz. Given that the magnetic rota-
tion is about the x axis, Fx does not rotate into Fz, and the only option
is that the measurement disturbs Fy. Being orthogonal to Fz, this dis-
turbance does not show up in the quickly repeated measurements of
the auxiliary sequences, but it becomes visible later as the state evolves,
leading to the LGI violation. Remarkably, this macrorealist explanation
reproduces precisely, if qualitatively, the quantum mechanical explana-
tion. The macrorealist must re-invent quantum back-action to describe
the alleged “clumsiness.”

9.7 macroscopicity of our atomic system

There are several definitions of macroscopicity of a system [242]. A defi-
nition was given by Leggett itself [243] and is based on the disconnectivity.
Leggett writes:

. . . consider a particular extensive physical quantity i charac-
terizing each of the states in question (e.g. total charge, total
magnetic moment, total momentum, . . . ) and choose a ‘ref-
erence’ value of this quantity which is ‘typical’ at the atomic
scale. (For example, in the case of magnetic moment the obvi-
ous reference value is the Bohr magneton.) Then express the
difference in the expectation value of this quantity in the two
states compared in units of the reference value, and call the
result Λi. The maximum value of Λi over the various rele-
vant extensive quantities i will be denoted simply as Λ and
be called, when a name is necessary, the ‘extensive difference’
of the two states in question (or of their superposition).

Concerning atomic ensemble systems, the extensive variable Jy is an
angular momentum, which has a reference value, i.e. typical microscopic
scale, of  h. When N atoms constitute the ensemble, the quantum fluctu-
ation of Jy is ∼

√
N h. If a QND measurement is capable of squeezing

this by a factor ξ, it generates coherences between on Jy values on the
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scale of ξ
√
N h. In current experiments with hot atomic ensembles, N

ranges up to ∼ 1012, while the demonstrated squeezing is by a factor
ξ ∼ 2. We thus expect roughly Λ ∼ 2× 106 in these systems. Presumably
larger systems involving more atoms would have still larger Λ values.
The Disconnectivity appears more difficult to calculate, but we note that
a recent article [244] reports entanglement of 94% of the atoms in an
atomic ensemble, using a state that is similar to a squeezed state in that
the variation of a collective variable is

√
N.

9.8 conclusions and discussion

We have shown that quantum non-demolition measurements allow true
Leggett-Garg inequalities to be tested in macroscopic systems.

Protocols involving simple state preparation and as few as five mea-
surements can violate a generalized LGI, and the degree of violation
grows with the number of measurements. Using covariance matrix sim-
ulations, we can distinguish violations due to quantum back-action from
violations due to incidental but unavoidable effects such as incoherent
scattering. We show how QND measurements can be used to tighten the
“clumsiness loophole” in a macroscopic system and force the macrore-
alist to a position closely resembling quantum mechanics. The LG test
strategy described here uses only Gaussian states and Gaussian mea-
surements, and can foreseeably be applied to very large objects such as
gravitational wave interferometer mirrors [229].





“Logic will take you from A to B.
Imagination will take you everywhere.”

Albert Einstein

10
C O N C L U S I O N S A N D P E R S P E C T I V E S

In this thesis we have studied the effect of quantum measurements on a
cold atomic ensemble.

We extended a well-established covariance matrix formalism to eco-
nomically describe both mean values and variances of spin-1 systems
and include real life effects such decoherence due to off-resonance op-
tical scattering, decoherence due to inhomogeneous magnetic field, and
technical noise introduced by imperfect atomic state preparation and
variations in atom number. The Covariance Matrix methods demonstrated
in this thesis for F = 1 systems can straightforwardly be extended to
larger F, which would allow treatments of other atoms besides 87Rb,
and other scenarios, e.g. hot atom instruments that invariably contain
both ground state hyperfine levels.

We used the Covariance Matrix tool to study the problem of measure-
ment back-action that is at the core of quantum mechanics and com-
monly limits continuous precise measurement of quantum systems. We
showed that for Faraday measurement of the collective atomic spin the
measurement back-action can be practically negligible and that continu-
ous tracking of the full dynamics of non-commuting spin observables is
indeed possible beyond classical limits. We studied the production of a
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planar quantum squeezed state for our experimental setup and we analysed
the possibility of detecting entanglement of a large number of atoms.

We improved the existing experiment by developing a fast high dy-
namic range differential photodetector, implementing an efficient strat-
egy optical pumping in the presence of an orthogonal field, and develop-
ing linearization procedures for signals with large Faraday angle. Finally
we studied the effect of inhomogeneities for projection-noise-limited de-
tection, allowing accurate calibration of the SQL for atomic variables
from Faraday measurements.

With such progress we experimentally demonstrated using an ensem-
ble of ∼ 2× 106 atoms undergoing coherent rotation of an external mag-
netic field that back-action can be made negligible in high-sensitivity
atom sensing, allowing continuous measurements of the full dynamics
of non-commuting spin observables with high precision.

The theoretical predictions also show that when two components of
the collective angular momentum of the atoms are measured simultane-
ously below classical limits, generates and detects entanglement among
a macroscopic number of atoms ∼ 106. Moreover the tracking modal-
ity available for continuous measurements can be used to observe how
entanglement is generated during the measurement.

The tracking technique developed here could in principle be applied
in a wide variety of instruments, including atomic clocks and optical-
cavities. It would be interesting to show how sensitivity beyond classical
limits on two spin components implies entanglement of a macroscopic
number of atoms. The detection of quantum effects such as entangle-
ment in an ensemble of ∼ 106 atoms naturally gives rise to the question
of whether other quantum effects can be observed in systems with larger
size and particle numbers.

We demonstrated that we can use QND measurements – which by def-
inition have measurement back-action dominated by quantum effects
while preserving the system and its coherent evolution – to address
the “clumsiness loophole” problem, and show a violation of Leggett-
Garg inequality as a genuine quantum effect. We study the feasibil-
ity for our experimental setup but the described strategy, using only
Gaussian states and Gaussian measurements, however, the gaussian-
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state results on Leggett-Garg inequalities in principle apply directly to
other macroscopic systems, including nano-mechanical oscillators and
the test masses in gravitational wave detectors. It would be interesting
to consider whether these massive systems can demonstrate violations
of macro-realism, allowing genuine quantum effects to be observed with
objects of everyday scale.
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A
N O I S E A N D D E C O H E R E N C E

a.1 prof of eqs 3 .24 and 3 .25

For brevity, we write the covariance as

C(A, B) ≡ 1

2
〈A ∧ B + (B ∧ A)〉− 〈A〉∧ 〈B〉, (A.1)

where the expectation is taken on the state of the ensemble. In this no-
tation, ΓΛ ≡ C(Λ̂, Λ̂) where as above Λ̂ =

∑
i λ̂

(i). We assume that all
atoms are statistically equivalent, so that 〈λ̂(i)∧ λ̂(j)〉 = 〈λ̂(1)∧ λ̂(2)〉 for
all i 6= j and 〈λ̂(i) ∧ λ̂(i)〉 = 〈λ̂(1) ∧ λ̂(1)〉 for all i. We then have

ΓΛ =
∑
i,j

C(λ̂(i), λ̂(j)) = NAC(λ̂
(1), λ̂(1)) +NA(NA − 1)C(λ̂(1), λ̂(2))

(A.2)

which we solve for C(λ̂(1), λ̂(2)) to get

C(λ̂(1), λ̂(2)) =
ΓΛ −NAC(λ̂

(1), λ̂(1))

NA(NA − 1)
. (A.3)

Because of the symmetry, removing atoms does not change C(λ̂(1), λ̂(1))

or C(λ̂(1), λ̂(2)). If a fraction 1 − X of the atoms is removed, the co-
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variance matrix Γ (XNA)
Λ of the remaining atoms can be calculated as in

Eq. (A.2), but summing i and j from 1 to XNA. We find

Γ
(XNA)
Λ = XNAC(λ̂

(1), λ̂(1)) +XNA(XNA − 1)C(λ̂(1), λ̂(2))

= Γ
(NA)
Λ

X(XNA − 1)

NA − 1
+ Γλ

(
X(1−X)N2A
NA − 1

)
,

where

Γλ ≡ C(λ̂(1), λ̂(1)) (A.4)

is the single-atom covariance matrix. Dropping terms of order 1/NA and
smaller,

Γ
(XNA)
Λ = Γ

(NA)
Λ X2 + ΓλX(1−X)NA. (A.5)

This accounts for the change in ΓΛ due to removing (1−X)NA atoms. We
must also account for the noise of returning a fraction p of these atoms
to the ensemble in a decohered state. We assume they are completely
random, and thus add the noise of a thermal state (i.e. variance f(f+1)/3
per atom).

Γ
(XNA)
Λ = Γ

(NA)
Λ X2 + ΓλX(1−X)NA + 2p(1−X)NA1/3. (A.6)

Here

Γλ =
2

3
18×8 − λ̄∧ λ̄+

∑
k

λ̄kM(k), (A.7)

M
(k)
ij ≡

1

4
Tr[λ̂k{λ̂i, λ̂j}] (A.8)

where { · , · } indicates the anti-commutator. This can be shown using
the expectation value Tr[ρλ̂i] = λ̄i and the orthonormality condition
Tr[λiλj] = 2δij from which Tr[{λi, λj}] = 4δij. We find the single-particle
state ρ = 1

31+
1
2

∑
i λ̄iλ̂i and the covariances

cov(λi, λj) ≡
1

2
〈 {λ̂i, λ̂j} 〉− 〈 λ̂i 〉 〈 λ̂j 〉

=
2

3
δi,j +

1

4

∑
k

λ̄kTr[λ̂k{λ̂i, λ̂j}] − λ̄iλ̄j. (A.9)



A.2 noise from uncertain atom number 159

a.2 noise from uncertain atom number

We consider the statistics of Λ̂ for ensembles with NA atoms in a per-
mutationally invariant product state R(NA) = ρ⊗NA , and taking a statisti-
cal average over NA. We indicate averages with subscripts, e.g. 〈 Λ̂ 〉R =

Tr[Λ̂R] indicates an expectation with respect to the state R, while 〈 Λ̂ 〉R,NA
=

〈 Tr[Λ̂R(NA)] 〉NA
indicates a statistical average of 〈 Λ̂ 〉R over the distri-

bution of NA . Due to the structure of R(NA), 〈 λ̂(k) 〉R(NA) = 〈 λ̂(1) 〉ρ ≡
〈 λ̂ 〉ρ is independent of both k and of NA, so that

〈 Λ̂iΛ̂j 〉R =

NA∑
k,l=1

〈 λ̂(k)i λ̂
(l)
j 〉ρ

=NA 〈 λ̂iλ̂j 〉ρ +NA(NA − 1) 〈 λ̂i 〉ρ 〈 λ̂j 〉ρ (A.10)

and thus

〈 Λ̂iΛ̂j 〉R,NA
= N̄A 〈 λ̂iλ̂j 〉ρ + (δN2A + N̄2A − N̄A) 〈 λ̂i 〉ρ 〈 λ̂j 〉ρ

(A.11)

where δN2A ≡ 〈 N2A 〉− 〈 NA 〉2 indicates the variance. At the same time

〈 Λ̂i 〉R,NA
= N̄A 〈 λ̂i 〉ρ (A.12)

so that

cov(Λ̂i, Λ̂j)R,NA ≡
1

2
〈 Λ̂iΛ̂j + Λ̂jΛ̂i 〉R,NA

− 〈 Λ̂i 〉R,NA
〈 Λ̂j 〉R,NA

(A.13)

=N̄Acov(λ̂i, λ̂j)ρ + δN2A 〈 λ̂i 〉ρ 〈 λ̂j 〉ρ . (A.14)

In terms of the single-atom covariance matrix Γλ of Eq. (A.4),

Γ = N̄AΓλ + δN2A(λ̄∧ λ̄). (A.15)
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a.3 inhomogeneous magnetic fields

The microscopic spin operators evolve as

fi(t) = R(zi, t)fi(0) (A.16)

where fi is the spin of the i’th atom with position zi and

R(z, t) = exp[γFt|B(z)|AB] (A.17)

where

AB ≡

 0 −B̂z B̂y

B̂z 0 −B̂x

−B̂y B̂x 0

 , (A.18)

is the generator of rotations about B and B̂ ≡ B/|B|. Expanding the field
as B(z) ≈ B0 + (B ′‖ + B ′⊥)z+O(z

2), where B ′‖ is parallel to B0 and B ′⊥
is perpendicular. We note that a change in the magnitude of B has an
accumulating effect on the spin precession, i.e., the change in f grows
with t. In contrast, a change in the direction of B has a fixed effect:
From the perspective of the measurement, a rotation of B is equivalent
to a rotation of both the initial state and the measured component Fz.
For small gradients ∂zB � B/latoms, where latoms is the length of the
cloud, we can ignore B ′⊥. This approximation, along with the fact that
An+2B = −AnB, allows us to write

R(z, t) ≈ I +AB0 sinω(z)t+A2B0 [1− cosω(z)t] (A.19)

where ω(z) = γF|B0 + zB ′‖|.
In our trap, we observe an atomic density ρ(z) well approximated by a

Lorenzian ρ(z) = w/π(z2+w2) wherew is the full-width half-maximum
(FWHM) extent of the ensemble. The collective spin F ≡

∑
i f
i then

evolves as

F(t) =
∫
dz ρ(z)R(z, t)f(0) (A.20)

=[I +A2B0 ]F(0) + e
−wγF|B ′‖|t(AB0 sinω0t−A2B0 cosω0t)F(0).
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In the first term I +A2B0 describes a projector onto the direction of B0.
This is the steady-state polarization. The second line describes a decay-
ing oscillation about B0 of the perpendicular components with a coher-
ence time T = 1/(wγF|B ′‖|).





B
E S T I M AT O R F O R C O M P O S I T E P U L S E S

We discuss now the situation of dual polarization probing, where H- and
V-polarized probes have different coupling constants, gH and gV . In the
dual polarization probing H- and V- polarized pulses are alternated to
dynamical decouple the spin alignment from the QND part of the inter-
action Hamiltonian eq. (3.10) and obtain an effective QND Hamiltonian,
as described in Section 5.3 [100]. In some experiments described in this
thesis V pulses are interspersed by H pulses, although the final measure-
ment on the spin ensemble is taken using only one polarization. In other
experiments (not contained in this thesis) it may be convenient to con-
struct a composite pulse from the H- and V- polarized pulses. We now
describe the procedure to adopt in this cases.

From the effective atom-light interaction, given by the Hamiltonian
Hint = gSzFz, we derive the input-output relation for the estimator ϕ̂ of
the rotation angle:

ϕ̂ = gFz + δϕ (B.1)

where the uncertainty for the rotation angle is

δϕ =
δϕ

g
=

1√
NL

. (B.2)
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The desired requirement of a composite pulse Φ̂ is to have a similar
input-output relation to eq. (B.1)

Φ̂ = g̃F̂z + δΦ (B.3)

where g̃ and Φ̂ are the effective coupling constant and the rotation angle
for the composite pulse. We now study the choice of Φ and g̃.

We consider H- and V-polarized pulses which have two different cou-
pling constant gH and gV respectively

ϕ̂H = gHFz + δϕH (B.4)

ϕ̂V = gVFz + δϕV (B.5)

or equivalently

ϕ̂H
gH

= Fz + δH (B.6)

ϕ̂V
gV

= Fz + δV (B.7)

We now construct a chi-squared parameter χ2. We define χ2 as the sum
of the squares of the H- and V-standard normal random variables

χ2 =
(F̂z −

ϕ̂H
gH

)2

δ2H
+

(F̂z −
ϕ̂V
gV

)2

δ2V
. (B.8)

The best estimator F̂z of Fz, minimizes χ2. This means that

δχ2

δFz
=
2(F̂z −

ϕ̂H
gH

)

δ2H
+
2(F̂z −

ϕ̂V
gV

)

δ2V
= 0 (B.9)

or

(δ−2V + δ−2H )F̂z =
ϕH
gH

δ−2H +
ϕV
gV
δ−2V (B.10)

or

F̂z =

ϕH
gH
δ−2H + ϕV

gV
δ−2V

δ−2H + δ−2V

=
ϕHgHN

(H)
L +ϕVgVN

(V)
L

g2HN
(H)
L + g2VN

(V)
L

.
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This is the estimator for Fz, but we want an estimator for ϕ. To have the
form of eq. (B.3) a sensible choice is

Φ̂ =
ϕHgHN

(H)
L +ϕVgVN

(V)
L

gHN
(H)
L + gVN

(V)
L

g̃ =
g2HN

(H)
L + g2VN

(V)
L

gHN
(H)
L + gVN

(V)
L

.

(B.11)

This makes Φ̂ a weighted average of ϕH and ϕV , and g̃ a weighted
average of gH and gV .





C
C O N D I T I O N A L C O VA R I A N C E F O R

V E C T O R M E A S U R E M E N T S

Given a vector measurement1 result F1, we want to make the best pre-
diction we can for a second vector measurement F2. The vectors have
dimension N. We define a linear function Fg ≡ AF1 + B which will be
our guess. We define the error in terms of a metric (a squared-distance
function) s2 ≡ (Fg − F2)TC(Fg − F2), where C is a positive real matrix
(that means the eigenvalues are positive, and the entries are real). This
means the matrix is real Hermitian, i.e., symmetric. We want to minimize
the mean squared distance〈

s2
〉
=
〈
(AF1 +B− F2)TC(AF1 +B− F2)

〉
. (C.1)

The constant contribution is minimized by B = 〈AF1 − F2〉, so the prob-
lem is just to find A that minimizes the contributions from fluctuations.
From now on, we assume that B = 〈F1〉 = 〈F2〉 = 0.

1 These notes where originally developed for Appl. Phys. Lett. 102, 173504 (2013)).

167



168 conditional covariance for vector measurements

By proper choice of basis, we can reduce this to N2 independent
minimizations. We first identify the eigenvectors of C, as v(i)

S , so that
C =

∑
i civ

(i)
S ∧ v(i)

S . This gives〈
s2
〉
=
∑
i

ci

〈
|v(i)
S · (AF1 − F2)|2

〉
. (C.2)

The proper basis for F1 is the eigenvectors v(j)
1 of the covariance matrix

ΓF1 . Note that projections onto the eigenvectors v(j)
1 · F1 are uncorrelated,

because ΓF1 is diagonal in this basis.
We write A in a mixed basis

A =
∑
ij

Aijv
(i)
S ∧ v(j)

1 (C.3)

we see that

〈
s2
〉
=
∑
i

ci

〈
(
∑
j

Aijv
(j)
1 · F1 − v(i)

S · F2)2
〉

=
∑
ij

ci

〈
(Aijv

(j)
1 · F1 − v(i)

S · F2)2
〉

. (C.4)

Eq. (C.4) describes N2 independent optimization problems for the ele-
ments Aij, each of which has the usual 1D solution

Aij =
cov(v(i)

S · F2, v(j)
1 · F1)

var(v(j)
1 · F1)

. (C.5)

If we substitute back into Eq. (C.3), we find

A =
∑
ij

cov(v(i)
S · F2, v(j)

1 · F1)

var(v(j)
1 · F1)

v(i)
S ∧ v(j)

1 . (C.6)

We use the fact that Γ−1F =
∑
j var(v(j)

1 · F1)
−1

v(j)
1 ∧ v(j)

1 , and we arrive
to a very simple formula analogous to the 1D expression:

A = ΓF2,F1Γ
−1
F1 . (C.7)
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It is remarkable that C does not appear in this expression. It seems that it
does not matter if you give more weight to one component or to another,
the best prediction strategy is the same. The conditional covariance for a
multicomponent vector F2 given the first measurement F1 is therefore:

ΓF1|F2 = ΓF2 − ΓF2,F1Γ
−1
F1 ΓF1,F2 . (C.8)

This expression also provides a graphical representation between the
best linear prediction of F using F1 and the confirming estimate F2 using
the vector Fk = {Fy,Fz}k = F2 − ΓF2F1Γ

−1
F1 F1, where F(i)

k = {F
(i)
y , F(i)z }k.





D
L E G G E T T- G A R G I N E Q U A L I T Y

d.1 calculation of Pr(+ , +)

The probabilities are computed integrating over the continuous distribu-
tions given by eq. (9.10). The probability that a positive measurement
follows another positive measurement is:

Pr(+ , +) =
1

(2π)
√

det ΓΦ

∫
x1 ,x2>0

dx exp
(
−(x − µ)T Γ−1Φ (x − µ)

)
,

(D.1)

and the other probabilities Pr(− , −) , Pr(+ , −) , Pr(− , +) are obtained
analogously. Then the correlations are computed as

〈sgn(φ1)sgn(φ2)〉 = Pr(+ , +) + Pr(− , −) − Pr(+ , −) − Pr(− , +) .

(D.2)

For the case in which the initial state has no polarization in the Jz di-
rection, i.e. µ = 0 the result is that the probabilities are function of the
parameter α := arctan

(
det ΓΦ
(ΓΦ)1 ,2

)
, e.g. we have

Pr(+ , +) =
α

2π
=

1

2π
arctan

(
det ΓΦ
(ΓΦ)1 ,2

)
= Pr(− , −) , (D.3)
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and the other probabilities are obtained from the normalization condi-
tion

Pr(− , +) = Pr(+ , −) =
1

2
(1 − Pr(+ , +)) . (D.4)

In the case µ 6= 0 instead we obtain

Pr(+,+) =
α

2π

(
1+ erf

(
ν1√
2

))(
1+ erf

(
ν2√
2

))
, (D.5)

for a certain vector ν = (ν1,ν2) that depends on µ.

d.2 analytical expression of Pr(+,+)

Now we compute the discretized probability given by the integral Eq. (D.1).
First we consider the case in which µ = 0, i.e. the initial atomic state has
no polarization in the Jz direction. In that case the probability is given
by

Pr(+,+) =
1

(2π)
√

det ΓΦ

∫
x1,x2>0

dx exp
(
−xT Γ−1Φ x

)
, (D.6)

where the matrix Γ−1Φ is positive and thus can be decomposed as

Γ−1Φ = RTR , (D.7)

for certain linear transformation R. In particular given a general covari-
ance matrix

Γ−1Φ =

(
A B

B C

)
, (D.8)

then the matrix R has the form

R =
1

t

(
A+ s B

B C+ s

)
, (D.9)

where we defined t := A+C+ 2s and s =
√

det(Γ−1Φ ).
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Then, we can make the change of variables

y = Rx → dx =
dy

detR
=

dy√
det Γ−1Φ

, (D.10)

and accordingly change also the region of integration, from the quadrant
(x1, x2) > (0, 0) to (y1,y2) > (0, 0), with new axis given by the vectors
y1 = (1, 0) and y2 = (0, 1) that form between them an angle α given by

sin(α)
cos(α)

=
detR

R1,1R1,2 + R2,1R2,2
=

√
AC−B2

B
. (D.11)

Thus we obtain

Pr(+,+) =
1

(2π)
√

det ΓΦ

∫
y1,y2>0

√
det ΓΦdy exp

(
−yTy

)
, (D.12)

where note that we have to integrate in the plane y1,y2 > 0 that is the
plane x1, x2 > 0 transformed with the homogeneous mapping Eq. (D.17)

x = R−1y > 0 ⇐⇒ y > 0 , (D.13)

whenever detR−1 6= 0. Thus in the end the region of integration has
been transformed into the region of space between the two vectors y1

and y2. Thus the proportion between the integral in the whole plane

Pr(+,+) =
1

(2π)

∫
−∞6y1,y26∞ dy exp

(
−yTy

)
= 1 , (D.14)

and the integral in the region y1,y2 > 0 is given by α
2π and the result is

Pr(+,+) =
1

2π
arctan

(√
AC−B2

B

)
=
1

2π
arctan

(√
det ΓΦ

(ΓΦ)1,2

)
(D.15)

Now let us consider different mean values µ 6= 0. For the general case
we have

Pr(+,+) =
1

(2π)
√

det ΓΦ

∫
x1,x2>0

dx exp
(
−(x − µ)T Γ−1Φ (x − µ)

)
. (D.16)
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Then the procedure to compute the integral is completely analogous to
the previous case. We have to make the change of variables

y = R(x − µ) → dx =
dy

detR
=

dy√
det Γ−1Φ

, (D.17)

and get

Pr(+,+) =
1

(2π)

∫
R−1y>−µ

dy exp
(
−yTy

)
, (D.18)

where note that now the region of integration changed to R−1y > −µ,
i.e. y > −Rµ whenever R is positive. The result is thus

Pr(+,+) =
1

(2π)

∫
y>−ν

dy exp
(
−yTy

)
=

=
α

2π

(
1+ erf

(
ν1√
2

))(
1+ erf

(
ν2√
2

))
,

(D.19)

where we called ν = (ν1,ν2) := Rµ and the error function erf(x) is defined
as

erf(x) =
2√
π

∫x
0

e−t
2

dt (D.20)
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Figure E.1: 87Rb D2 transition. Optical properties [93]
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Figure E.2: 87Rb D2 hyperfine transition as represented in Ref. [93]
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of two-level atoms with reduced quantum uncertainty, Phys. Rev.
Lett. 104, 073604 (2010).

[87] Z. Chen, J. G. Bohnet, S. R. Sankar, J. Dai, J. K. Thompson, Con-
ditional spin squeezing of a large ensemble via the vacuum rabi
splitting, Phys. Rev. Lett. 106, 133601 (2011).

[88] I. D. Leroux, M. H. Schleier-Smith, V. Vuletic, Implementation of
cavity squeezing of a collective atomic spin, Phys. Rev. Lett. 104,
073602 (2010).

[89] R. Ruskov, K. Schwab, A. N. Korotkov, Squeezing of a nanome-
chanical resonator by quantum nondemolition measurement and
feedback, Phys. Rev. B 71, 235407 (2005).

[90] J. B. Hertzberg, T. Rocheleau, T. Ndukum, M. Savva, A. A. Clerk,
K. C. Schwab, Back-action-evading measurements of nanomechan-
ical motion, Nat. Phys. 6, 213 (2010).

[91] M. R. Vanner, I. Pikovski, G. D. Cole, M. S. Kim, Č. Brukner,
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