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Abstract
We present a new definition of distortion and quality measures for high-order hexahedral (quadrilateral) elements. This definition
leads to two direct applications. First, it can be used to check the validity and quality of a high-order hexahedral (quadrilateral)
mesh. Second, it allows the generation of high-order curved meshes composed of valid and high-quality hexahedral (quadrilateral)
elements. We describe a method to simultaneously smooth and untangle high-order hexahedral (quadrilateral) meshes by minimizing the proposed mesh distortion. Finally, we analyze the behavior of the proposed distortion measure and we present several
results to illustrate the benefits of the mesh generation framework.
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1. Introduction
Although several valid approaches have been developed to generate curved high-order tetrahedral meshes [1–5],
these techniques have not been extended to high-order hexahedral meshes. This drawback is partially due to the fact
that a fully unstructured hexahedral mesh generator is still an unreachable goal. See [6–11] for a review and a classification of the main hexahedral mesh generation methods. In this work, we focus on developing a methodology that
allows the generation of curved high-order hexahedral meshes. Specifically, we will adopt the a posteriori approach
to generate high-order hexahedral meshes. Note that in industrial applications, the process for obtaining an initial
tri-linear hexahedral mesh is often the most time-consuming task of the whole analysis. Nevertheless, hexahedral elements are preferred in a wide range of applications. For instance, in computational fluid dynamics, hexahedra perform
better than stretched tetrahedra capturing the anisotropy of the flow field over such viscous regions. In computational
solid mechanics, hexahedral elements reproduce better than tetrahedra the anisotropic properties of composite materials. Moreover, the spectral element method explodes the characteristics of hexahedral elements to improve the
efficiency of the code.
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In contrast with the generation of high-order triangle/tetrahedral meshes, fewer approaches to generate high-order
quadrilateral/hexahedral meshes have been developed [5,12–14]. Reference [13] formulates a local optimization
approach that uses the surface geodesics to compute the location of the nodes of high-order quadrilaterals of any
polynomial degree. Stepping to both quadrilaterals and hexahedra, reference [5] solves an optimization problem for
the node locations according to an objective function. Alternatively and strictly oriented for shell-like structures, in
[14] it is proposed a method to generate high-order hexahedral meshes taking advantage of the fact that having a valid
surface mesh, the hexahedral shell mesh generated through a sweeping does present a minimal distortion.
We highlight that the main challenge of a posteriori mesh deformation methods is to repair the invalid elements
that may arise from displacing the boundary nodes of the initial straight-sided mesh. In some cases, these elements
may be excessively distorted, having an adverse effect on the accuracy of the finite element solutions, or may even
be invalid in which case the mapping between the master element and the curved deformed element is not invertible.
A first requirement to repair invalid elements is an algorithm to detect them and to quantify the level of distortion.
Specifically for quadratic quadrilaterals, reference [15] provides sufficient conditions for the invertibility of 8-node
quadrilaterals, whereas [16] analyses their distortion in terms of the parameters of that define the mapping from the
reference quadrilateral to the physical one. Alternatively, [17] presents a method to verify the non-singularity of the
element representation, and [18] provides non-degeneracy conditions for bi-quadratic (9-nodes) quadrilaterals with
one curved edge are determined.
Herein, we focus both on quantifying the validity of quadrilateral/hexahedral meshes, and on the a posteriori curving of the high-order mesh. In particular, we extend the definition of quality measure for high-order triangle/tetrahedral
elements presented in [19] to high-order quadrilateral/hexahedral elements of any polynomial degree. We present a
regularized [20–22] point-wise distortion measure of the high-order mesh, which is used to determine the validity
of the mesh elements. Moreover, similarly to the work presented in [23] for tetrahedra, we also use the point-wise
regularized distortion measure to formulate a global optimization procedure (smoothing and untangling) that allows
curving the high-order mesh in order to obtain a valid final configuration that matches the boundary geometry.
2. Validation of high-order hexahedral meshes: distortion measure
2.1. Distortion measures for linear simplices
In this work, we define the quality of a high-order quadrilateral or hexahedral element by means of a generalization
of the Jacobian-based quality measures for linear simplexes presented in [24]. To define a Jacobian-based measure
for linear tetrahedra, three elements are required: the master, the ideal, and the physical. The master element (E M )
is the element from which the iso-parametric mapping is defined, the ideal tetrahedron (E I ) represents the target
configuration, and the physical (E P ) is the element to be measured. First, the mappings between the ideal and the
physical elements through the master element are obtained. Specifically, the mapping between the ideal and physical
element is determined by the composition
φ−1
I

φP

φE : E I −→ E M −→ E P .
In this work, we use a regularized version [20] of the shape distortion measure [24]:
ηδ (DφE ) =

kDφE k2F
,
n|σδ |2/n

σδ (σ) =


√
1
σ + σ2 + 4δ2 .
2

(1)

where n is the space dimension, k · kF is the Frobenius norm, and σ = det(DφE ). The value of δ parameter depends on
the problem and can be selected using [20,21,23].
2.2. Distortion and quality measures for high-order hexahedra
To define a distortion measure for high-order elements, we interpret the regularized distortion measure of a linear
tetrahedra, see Equation (1), as a point-wise measure of the distortion of a deformation map between the ideal element
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and the physical one. We define the distortion at a point y ∈ E I for a high-order element with nodes x 1 , . . . , x n p ∈ R3 ,
as:

MφE (y) := ηδ DφE (y) .
(2)
We point out that MφE is a function of y, and that it also depends on x1 , . . . , xn p , since φE does. Note that the
point-wise distortion, Equation (2), can be defined using any distortion measure for linear tetrahedra that is expressed
explicitly in terms of of the Jacobian (Jacobian-based) or that can be casted to an expression in terms of the Jacobian.
Next, we define the inner product of functions on the ideal element, and its induced norm as,
Z
q
h f, giE I :=
f (y) g(y)dy,
k f kE I := h f, f iE I ,
EI

where E I is the ideal of element E P . Using these definitions, the distortion measure for a high-order element is
ηE :=

kMφE kE I
,
k1kE I

(3)

where ηE depends on the element nodes x1 , . . . , xn p , since MφE does. Note that k1kE I is the measure of the ideal
element. The quality measure for a high-order element is qE := 1/ηE .
3. Generation of hexahedral curved high-order meshes: mesh optimization
Given an initial physical mesh MP and an ideal mesh MI , we want to characterize MP in terms of MI . In
particular, we seek an optimal element-wise mapping φ∗h from MI to MP , such that for all E I in MI , it has an ideal
distortion measure. We consider that the curved boundary is prescribed by a surface mesh ∂MP determined by the
mapping gh from ∂MI to ∂MP , that we compute using the technique presented in [21,25]. Since we want to obtain a
conformal nodal high-order mesh, we seek for the mapping φ∗h in the space of vector functions
h
i3


U := {u ∈ C0 (MI ) | (u ◦ φI )|E M ∈ P p (I) 3 , ∀E M ∈ M M },
where P p (I) is the space of polynomials of degree p on the interval I. Note that since we are using hexahedral
elements, we assume that the master element, E M , is the Cartesian product of interval I in such a way that E M = I n ,
being n the dimension of the element. U is the standard space of shape functions for hexahedral elements, defined as
polynomials of degree p in the master element, and then mapped to each ideal element using the transformation φI .
Finally, it is worth to notice that φ∗h| I = φEe , where φEe is the elemental mapping.
Ee

In our formulation we seek φ∗h in U D such that
φ∗h = argmin kMφh − 1k2MI , where U D := {φh ∈ U | (Mφh − 1) ∈ L2 (MI ), and φh = gh on ∂MI }.
φh ∈U D

(4)

In Equation (4) we define the inner product and the corresponding induced norm
h f, giMI :=

nE
X

h f|E I , g|E I iEeI ,
e

e

k f kMI :=

p

h f, f iMI .

(5)

e=1

We can always reorder the mesh nodes xi , i = 1, . . . , nN in such a manner that i = 1, . . . , nF are the indexes
corresponding to the free (interior) nodes, and i = nF + 1, . . . , nN correspond to the fixed nodes (nodes on the CAD
surfaces). Note that the coordinates of the fixed nodes are determined by the function gh , and can be obtained using
the technique presented in [21,25]. We can formulate the mesh optimization problem as finding {x∗1 , . . . , x∗nF } ⊂ R3
such that:
1
{x∗1 , . . . , x∗nF } = argmin f (x1 , . . . , xnF ; xnF +1 , . . . , xnN ) = argmin kMφh − 1k2MI ,
(6)
x1 ,...,xnF ∈R3
x1 ,...,xnF ∈R3 2
where xi = gh (yi ) for i = nF + 1, . . . , nN . We solve the global minimization problem stated in Equation (6) by mean of
a non-linear Gauss-Seidel optimization, as proposed in [23].
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Fig. 1. Level sets for the high-order shape quality measure when the free node is: (a) a vertex node; (b) an edge node; and (c) a face node.

4. Numerical examples
4.1. Behavior of the quality measure for high-order quadrilateral elements
In this example, we analyze the behavior of the shape quality measure for a quadrilateral of polynomial degree two
with vertices at (−1, −1), (1, −1), (1, 1) and (−1, 1). We apply three tests to a quadrilateral of polynomial degree two.
In each test we consider a different free node (keeping the rest of nodes fixed in the original location) and compute
the quality of the high-order element in terms of the location of this node. In particular, we illustrate the contour plots
of the shape quality measure in terms of three different free nodes: a vertex, an edge, and a face node, see Figure 1.
Note that the areas outside of the contour plots define the unfeasible region for the given node and, in each case, the
quality measure detects the ideal position for the node (where quality equals to 1).
4.2. High-order mesh for a mechanical piece, p = 5
We present a hexahedral mesh of polynomial degree five for a mechanical piece. The initial linear mesh is generated
using a multi-sweeping method [26]. In this example, the inner nodes of the initial curved high-order mesh are
relocated to a random position, see Figure 2(a), and for this reason, all the elements are inverted and the minimum,
the maximum and the mean quality are equal to 0. After applying the proposed hexahedral high-order smoother,
we recover a mesh without any inverted element, see Figure 2(b), and the minimum quality is 0.72. The maximum
quality, the mean quality and the standard deviation of the smoothed mesh are 0.99, 0.98 and 0.03, respectively.
5. Conclusions
In this work, we have presented a framework to generate and validate high-order hexahedral meshes by adopting
an a posteriori approach. First, an initial linear hexahedral mesh is generated. This mesh defines the desired shape
and size for the elements of the high-order mesh. Then, the polynomial degree of the mesh is increased and the new
nodes are projected to the geometry boundary. This operation may induce low-quality and inverted elements and,
for this reason, an untangling and smoothing method has to be applied. To this end, we have extended the previous
work derived for triangular and tetrahedral high-order meshes into quadrilateral and hexahedral high-order meshes.
That is, using a distortion measure for linear simplices, a point-wise distortion measure is defined. The elemental
distortion measure is defined as the L2 -norm of the point-wise distortion over the corresponding ideal element. Using
this definition, a minimization problem is posed, and a high-quality mesh can be obtained by optimizing it.
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Fig. 2. High-order hexahedral mesh (p = 5) for the mechanical piece: (a) initial curved high-order mesh; (b) high-order mesh after applying the
smoothing.
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