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Abstract

This paper deals with a characterization of nonlinear systems of the form @(t) = f(x4(t),u(t/7))
when the parameter v — oo. In particular, we are interested in the uniform convergence of the sequence
of functions z (yt). Necessary conditions and sufficient ones are derived for this uniform convergence to
happen.
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1 Introduction

Hysteresis is a nonlinear behavior encountered in a wide variety of processes including biology, optics, electron-
ics, ferroelectricity, magnetism, mechanics, structures, among other areas. The detailed modeling of hysteresis
systems using the laws of Physics is an arduous task, and the obtained models are often too complex to be used
in applications. For this reason, alternative models of these complex systems have been proposed [15, 1, 8, 6, 9].
These models do not come, in general, from the detailed analysis of the physical behavior of the systems with
hysteresis. Instead, they combine some physical understanding of the system along with some kind of black-box

modeling.

This way of describing hysteresis systems led to the proliferation of hysteresis models in the last two decades. A
search in the Web of Knowledge database gives more than 2000 publications. The question that arises naturally
is: do these research works describe really hysteresis phenomena? In other words, does the researcher who
proposes a new hysteresis model have a mathematical rule to decide whether the model they propose is indeed
a hysteresis one?

Surprisingly enough, such a rule exists only for a limited number of hysteresis processes: those that possess
the so-called rate-independence property. This property states that, under a time-scale change, the relation-
ship output versus input is unchanged. Hysteresis systems that are rate-independent are listed in the survey
paper [10]. However, in the last two decades, researchers have acknowledged the importance of rate-dependent

processes in applications [4, 3, 2]. For this reason, a recent effort [5] proposed a mathematical framework that

proposes a rule to decide whether or not a system may be hysteretic. The rule proposed in [5] shows that,
for an input/output system with input w(¢/y) and output x.(t), the convergence of the sequence of functions
t — x, (yt) as v — oo is a necessary condition for the hysteresis. The previous formulation is used to study the
hysteresis behavior of the generalized Duhem model [11] and the LuGre friction model [12].

In the present paper, we consider the differential equation & = f(x,u). Our objective is to derive necessary
conditions and also sufficient ones for the uniform convergence of the sequence of functions ¢ — z., (yt).

This paper is organized as follows. Section 2 presents the system of study and the assumptions under which
the study is performed. Sections 3 and 4 present; respectively, necessary conditions and sufficient ones for the
uniform convergence of the sequence of functions x., (yt) as v — oo. Conclusions are given in Section 5.
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2 Problem Statement

The class of systems under study is

a(t) = fla(t),u), t >0, (1)
z(0) = o, (2)

where initial condition zy and state x(¢) take value in R™, and input u € L* (R4, R™) for some strictly pos-
itive integers n and m. The mapping f : R™ x R™ — R™ is a well-defined continuous function. Because of
the continuity of the right-hand side of (1), the system (1)-(2) has a maximal solution which is defined on an
interval of the form [0,w), w > 0 [14, p.67-70]. In this paper, we assume that the system (1)-(2) has a unique
Carathéodory solution for all (u,zg) € L™ (R, R™) x R™.

Consider the time scale change s, (t) = t/v,Vy > 0,Vt > 0. When the input u o s, is used instead of u, system
(1)-(2) becomes

iy(t) = flzy(t),uosy(t)), t>0, (3)
z,(0) = a0, (4)
which can be written for all v > 0 as

t

oy (t) =0 —|—’y/f(07 () ,u(T))dT, vt € [0, w,), (5)
0

where 0., = x, 0 51/, and [0,w,) is the maximal interval for the existence of solutions o..

We seek necessary conditions and also sufficient conditions for the uniform convergence of the sequence of
functions o,.

3 Necessary Conditions

Our aim in this section is to derive necessary conditions for the uniform covergence of the sequence of functions
2%

Lemma 3.1. Assume that the mazimal solution of system (1)-(2) is defined on Ry for all (u,x0) € L™ (R4, R™)x
R™. Suppose that there exists a function h: Ry x Ry — R4 such that

|z ()] < h(lwol, ully ), VE > 0, (6)

for each initial state xo € R™ and each input u € L™ (R4, R™). Assume that there exists a function g, €
LOO (R+7Rm) M CO (R+,Rm) Such that llmﬂ)/*)m HO',-Y — qu”OO — 0' Then, we ha/Ue f(l.o,u(o)) _ 0’ qu(o) = 0,
and f(qu (t),u(t)) =0, vt > 0.

Proof. From the fact that ||ul| = |lu o sy||,Vy > 0 and Inequality (6) it comes that
2]l < B (2ol s [Jull) = a. ¥y >0,
Thus, we get from the continuity of o, that
o, (t)] < @, ¥t >0, ¥y > 0. (7)

Inequality (7) along with the continuity of function f and the boundedness of the input w imply that there
exists a constant r > 0 independent of ~, such that |f (o (7),u(7))| <7, V7 >0, Vv > 0. This means that we
can apply the Dominated Lebesgue Theorem in Equation (5) and get

t

lim [ f(oy(7),u(r))dr :/O f(qu (1) ;u(r)) dr, ¥t >0, (®)

Y—00 0



where the continuity of f and the fact that lim, , |0y — qulloc = 0 are used. By Equation (7) we have
oy = zoll, /¥ — 0 as v — oo. Thus, we obtain from (5) and (8) that

/Of<qu<r>,u<f>>dr=o, Vi >0,

which gives f (qu (t),u(t) ) = 0 for almost all £ > 0. From the continuity of functions f, ¢,, and u it comes that

f(qu(t),u(t)) =0, forallt=>0. (9)
Since 04(0) = xg, Vy > 0 it comes that
u (0) = o. (10)
Finally, taking ¢ = 0 in (9) and using (10) provides the necessary condition
which completes the proof. O

Remark 1. Once chosen an input u, the term w(0) is given so that any initial condition z( for which we
have limy_,o0 ||0y — ¢ulloc = 0 should satisfy (11).

4 Sufficient Conditions

In this section, we derive sufficient conditions to ensure that the sequence of functions o, converges uniformly
as y — oo.

Definition 4.1. [7] A continuous function § : Ry — R is said to belong to class K if it is strictly increasing,
satisfies B (0) =0, and lim;_, o B (t) = 0.

Lemma 4.1. [11] Consider a function z : [0,w) C Ry — Ry, where w may be infinite. Assume the following

(i) The function z is absolutely continuous on each compact subset of [0,w).

(ii) There exist z1, 2o > such that 21,2 (0) < 22 and 2 (t) < 0 for almost all t € [0,w) that satisfy z1 < z (t) < z2.
Then, z(t) < max (2 (0),21), Vt € [0,w).
Corollary 4.1. Consider a function z : [0,w) C Ry — Ry, where w may be infinite. Assume the following

(i) The function z is absolutely continuous on each compact subset of [0,w).

(ii) There exist a class Ko function §: Ry — Ry and z1, 29,23 > 0 such that max (,371 (23),21,2 (O)) < 23,
and 2 (t) < =B (= (t)) + z3 for almost all t € [0,w) that satisfy =z < z(t) < za.

Then, z (t) < max (z 0), 21,87t (23)) , Vt € [0,w).

Proof. We have # (t) < 0 for almost all ¢ € [0,w) that satisfy max (87" (23),21) < 2(t) < 22, and hence the
result follows directly from Lemma 4.1. O

Lemma 4.2. Assume that there exists q, € WH> (R, R™) such that

Flau(®),u(t)) = 0,920, (12)
qu(o) = Xo. (13)

Define yy : R — R™ as
Yy () = 0y (1) = qu (t) = 2y (78) = qu (£) , Yy > 0, (14)

for allt € [0,w,). Suppose that we can find a continuously differentiable function V : R™ — Ry that satisfies
the following:

(i) V is positive definite, that is V(0) =0 and V(a) > 0,V0 # a € R™.

(ii) V is proper, that is V (a) = oo as |a| — 0.
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(ili) There exist § > 0 and € Koo salisfying:

S Ot u) < =B(lv 1)),
a=yy (1) (15)
for allt € [0,w,) and Vy > 0 that satisfy |y, (£)| < 4.
Then,

o wy = +00,Vy > 0. Furthermore, there exist E,v* > 0 such that ||z || < E,Vy > ~*, for any solution x.
of the system (3)-(4).

o lim, .o [0y — qull, = 0.
Proof. Since V is positive definite and proper, there exists f1, 82 € Ko such that (see [7, p. 145])
Bi(la]) <V (a) < B2 (laf),Va e R™ (16)
From (5), we get for almost all ¢ € [0,w,), ¥y > 0 that
gy (8) = v Fyy () + qult), u(t)) — qu(t), (17)
yy(0) = 0. (18)

For any v > 0, define V, : Ry — Ry as V,(t) = V(y,(t)),Vt € [0,w,). Note that the function V, is absolutely
continuous on each compact subset of [0,w,) as a composition of a continuously differentiable function V" and
an absolutely continuous function y,. Then, we get for almost all ¢ € [0,w,) and all v > 0 that

_ V(o)
 da

’ y’y (t) = d‘il (a)

A0

el I I CICRTACRIC)R G (19)

a=yy(t)
Let Q= (0,51 (6) ). By (16) we have for any v > 0, and for almost all ¢ € [0,w,) that

V, (1) € 9 =y, (0] < 6. (20)
We conclude from (15), (19), and (20) that

dV («) ’
da a=y,(t)

Vo, (t) < —vB(lyy D)) + ldull o ’ , for almost all ¢ € [0,wy),Vy > 0 that satisfy V, (t) € Q.

Thus, we deduce from the continuity of d‘g((la)

independent of 7 such that

, the boundedness of ¢,, and (20) there exists some b > 0

Vy (t) < =B (lyy (t)]) + b, for almost all ¢ € [0,w,),Vy > 0 that satisfy V/, (t) € Q.
Hence, (16) implies

V,(t) < —vyBo ﬁ;l(V7 (t)) + b, for almost all ¢ € [0,w,),Vy > 0 that satisfy V, (t) € Q.

Thus, Corollary 4.1 and the fact that V., (0) = 0,V > 0, imply that V,, (t) < 0571 (%) , V> 3,V € [0, w,)
o b . .
where 79 = ERGE Therefore, (16) implies that

1 (b
ly, (t)] < BroBaop™? (’7) , VY > 70, VE € [0, w,). (21)
Thus, w, = +00,Vy > 71 for some v; > 0, and lim, o ||y ||, = 0, which is equivalent to lim, . [0, — qull . =

0. On the other hand, (21) and the fact that oy = y, + ¢, imply that there exists some E,v* > 0 such that
oyl < E,¥y >~*, and hence ||z, || < E,Vy > ~*. O



Lemma 4.3. Consider the nonlinear system [13]

t=f(zr,u) = Az +®(z)+ R(u), (22)
z(0) = m, (23)
y = Dauz, (24)

where g € R™, A is an m x m Hurwitz matriz®, D is an m x m matriz, input u € L (R, ,R"), state x, output
y take values in R™, function R € C° (R™,R™), and a locally Lipshitz function ® € C° (R™ R™). Assume the
following:

(i) The ezists q, € W (R4, R™) such that q, (0) = 2o and

Ag, () + @ (qu (t) ) + R(u(t)) =0,Vt > 0.
(ii) There exist ¢c; >0, co2 >0, £ > 0 and r > 2 such that

o [@(a+ qu(t) — (qu (t))]| < lal® + ¢ |a”, for almost all t > 0,Ya € R™ that satisfy || < €.

(iii) One has c¢; < ﬁ, where Amax 15 the largest eigenvalue for the m x m positive-definite symmetric matrix

P that satisfies®
PA+ATP = —T1,4m. (25)

Let z, y, be respectively the state and the output of (22)-(24) when we use the input u o s, instead of u.

Then,

o All solutions of (22)-(24) are bounded. Furthermore, there exist E,v* > 0 such that ||z4| < E,¥y > ~*,
for any solution x., of the system (3)-(4).

o lim, o [|[Fy — Dqul, =0, where F, : Ry — R™ is defined as F, (t) =y, (yt),Vt > 0,y > 0.

Proof. Since ® is locally Lipschitz, the right-hand side of (22) is locally Lipschitz relative to  and hence the
system (22) has a unique solution. The function ¢, satisfies (12)-(13) in Lemma 4.2 because of (i).

Consider the continuously differentiable quadratic Lyapunov function candidate V' : R™ — R such that V («) =
a’Pa, Ya € R™. Since P is symmetric, we have Yo € R™ that

Amin |04|2 S % (a) - aTPa S /\max |Oé|2,

where Apin is the smallest eigenvalue of the matrix P. Thus V is positive definite and proper. Since P is
symmetric we have

‘dv (D] _ 5P| < 22 |a] , Vo € R (26)
do

We have by (25) that

d‘il(oz) +Aa=2Pa-Aa =o' (PA+ATP)a=— la]®, Yo € R™. (27)

a
From Condition (i) we get for all v > 0 that
dV(a) _dV (@)
do o, St g = Ay Ay ® (g au) + R ()

T (28)

AT J Ay + @+ )~ @ (a) .

T da

~

=Y~

where y, is defined in (14).

2that is each eigenvalue of A has a strictly negative real part.
3the existence of the matrix P in (25) is guaranteed because A is Hurwitz [7, p.136].
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We get from (28), (27), (26) and Condition (ii) that

dV («)
da

Fyy () 4 qu (8),u (t)) < (=1 + 261 Amas) [y (B)” + 2¢2 Amaxc |9y ()",
a=y, (1) (29)

Vv > 0 for almost all ¢t € [0,w,) that satisfy |y, ()] < &,

where [0, w,) is the maximal interval of existence of ¢., and y,. This leads to

dVv (Oé) 1- 2Cl )\max 2
4. F 0+ 00 (1) u(t)) < — 20w, 2
a=yy ()
1—2¢ A (30)
Vv > 0, for almost all ¢ € [0,w,) that satisfy |y, (t)| < min < iy #, f) )
C2 Amax

Thus, (15) in is satisfied with 8 (v) = %v% Yo > 0 and 6 = min ( "12/%, §). Hence all

conditions of Lemma 4.2 are satisfied so that the solution of (22) is bounded. Morover, there exist E,~* > 0
such that ||z, || < E,¥y > ~*. Futhermore, we have lim, o |0y — qu||, = 0. Thus, we deduce from (24) that
limy o | Fy — Dyl = 0. O

Example. Consider the system

where state x takes values in R and input u € W1 (R, R) is defined as u(t) = 0.1 sin (¢),Vt > 0. The system
(31)-(32) has the form (22)-(24), with x =y, m =n =1, A = -1, ®(a) = o?, R(a) = —a, Va € R, and
D = 1. Observe that P in (25) equals 1/2 which mean that Apin = Amax = 1/2. We have u (0) = 0 and u is
bounded with

u(+) € [Umin, Umax] = [—0.1,0.1]. (33)

Define the function x : [—%,%} — [—%,3%@} as x(v) = —v + 03,V € {—%, %} . The function y
is strictly decreasing, bijective and its inverse function is continuous. Hence, there exists a function ¢, €
C° (R4, R) N L™ (R4, R) such that ¢,(-) € [—%, %}, ¢.(0) = 0 and

X(0u (1)) = —qu (t) + g5 (t) = u (1), VL > 0. (34)
It can be checked using (33) that ||g.||, < 0.11 (see Figure (1b)). Thus g, () # % This fact and (34) implies

that the function ¢, = @/ (1 — 3¢2) is bounded so that g, € W* (R4, R). Hence Condition (i) of Lemma 4.3
is satisfied.

On the other hand, we have for all & € R that
a(®(a+gq,)—P(q,)) = 3qfo¢2—|—3qua3—|—a4. (35)

Since [|¢ul| o, < 0.11, one has HSqum < 0.0363 = ¢1. Hence it follows from (35) that for any £ > 0 we have

aft(a+a, (1) - 8o, 1)) < 10” + Bl + )0’ ”

Va € R™ that satisfy |a| < &, for almost all ¢ > 0.
Thus, Condition (ii) in Lemma 4.3 is satisfied with ¢; = 3|, ||, + & Moreover, we have ¢; < 1 = ﬁ which
implies that Condition (ii) in Lemma 4.3 is also satisfied. Therefore, the solution of (31)-(32) is bounded, that
there exist £/,v* > 0 such that ||z,||_ < E,Vy >~*, and that lim_,« |0y — qull, = imy oo [|[Fy — qull, =0
(observe that o (-) = F,(-) because x () = y (-)). This is illustrated in Figure la.



a,®

061 -0.05 c()t) 0.05 0.1
u

(a) Fy (t) versus ¢ for system (31). (b) gu(t) versus u(t) for system (31).

Figure 1: Simulations.

5 Conclusion

In [5] a rule for deciding whether a process may or may not be a hysteresis is proposed for causal operators such
that a constant input leads to a constant output. That rule involves checking whether the so-called consistency
and strong consistency properties hold. In this paper we derived necessary conditions and sufficient ones for
the uniform convergence of the shifted solutions o, : t — x (7t) of the system & = f(z,u o s,). This uniform
convergence is related to consistency. Does this mean that the concept of consistency can be extended to study
operators for which the property that a constant input leads to a constant output, that property does not hold?

This paper explores this issue for systems of the form & = f(z,u), however, no clear cut answer may be
drawn for the obtained results.

Indeed, the necessary conditions alone cannot guarantee whether the uniform convergence of o, when v — oo
happens or not. The sufficient conditions do imply that convergence but do not guarantee that the hysteresis
loop of the operator is not trivial. In the example, we have seen that g, is a function of u so that the hysteresis
loop is a curve and we cannot acertain from this whether system (31) is a hysteresis or not. This is a future
research line.
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