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Abstract 

The aim of this thesis is the application and validation of a Double Hardening 

Soil Model(DHSM). In this model, two hardening mechanism are comprised 

named volumetric hardening from a unified Critical state model for Clays and 

sands (CASM) by Yu (1998) and shear hardening from Hardening soil model 

(HSM). The basic equations and corresponding parameters are discussed. Some 

improvements and modifications of DHSM are introduced and the constitutive 

model is implemented in to Plaxis finite element code.  

In addition, a serial of tests on low plasticity clay performed by Gens (1982) 

have been carried out. Among them, drained tests including different 

consolidation rate and isotropic-anisotropic condition on the low plasticity clay 

are identified and applied by DHSM program. Variety of complex geomaterial 

behaviors are examined and studied based on both laboratory and numerical 

simulation results. 

Through the results, the model corresponds well with the drained test through 

real parameters especially during overconsolidated condition. The strain rate 

can be significantly decreased during hardening process which is more closed 

to the real behavior. Meanwhile, the enhanced model E-DHSM proved to be 

powerful in the “dry side” state which agrees well with the deviatoric stress . 

Finally, considering various consolidation condition, the framework of DHSM 

agrees well in a wide range of soil tests and geomaterial behavior. It proved to 
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be powerful for implementation and application in soil behavior. 
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Chapter 1 

Introduction  

 

 

 

 

 

1.1 Constitutive model  

Soil is one of the most-used geomaterial during construction, infrastructure and 

underground engineering. Meanwhile they are also complicated and diverse 

as soil or clay are always multi-phase, highly nonlinear and isotropic. The 

behavior of them are usually based on the load history and stress path. For this 

reason, constitutive model is used to study and represent such kinds of 

behavior. Additionally, the constitutive can be compiled in to numerical 

method which is possible to simulate and predict the behavior under different 

nature and stress condition.  

To achieve this goal, it has been years for geotechnical researchers developing 

effective constitutive model. Some of them have been widely used in 

engineering simulation and design. Roscoe et(1958) introduced the first and 

well-known soil model: the Cam clay model. The model based on the strain-

hardening concept from metal which successfully reproduces the behavior of 

normally consolidated and overconsolidated clay. After that,Roscoe & Burland 

involved the Modified Cam-clay model (MCCM) which modified the yield 

surface. Furthermore, variety of constitutive model based on the critical state 

concept has been carried out. One of them is a unified Critical state model for 

Clays and sands(CASM) by Yu (1998) which used the state parameter for wide 

range of the soil regardless of the stress history. What’s more, it also introduced 

the dilantancy theory through common properties as friction angel and dilation 

angel. 

Till now, all the model mentioned is based on the volumetric hardening 

mechanism which remains great influence. As Gens&Nova,1993;Rouainia 
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&Wood,2000;Baudet &Stallebrass,2004 model the behavior of clay with the 

same mechanism. 

The first concept of double hardening mechanism was from Prevost & 

Hoeg(1975). Later Lade,1997;Vermeer,1978, Pender, 1978;Ohmaki, 1979; 

Molenkamp, 1981; Schanz, 1998; have adopted and envoled the model. Among 

them a well-known double hardening model is Hardening soil model(HSM) 

developed by Schanz et al.(1999).A shear hardening mechanism has been 

introduced in order to modified the shear behavior of the soil. Meanwhile a 

power law formulation for stiffness has been used as stress-strain response 

during standard drained triaxial test. 

Double hardening model has proved to be powerful in analysis and simulation 

of geotechnical problems. Based on the theory and practice, the model using in 

this thesis is named Double Hardening Soil Model(DHSM) by Nubia, Gens 

et(2011). Two hardening mechanism is considered through combining the 

CASM model and HSM model, incorporating variety of new features. The  

volumetric hardening developed from CASM and the shear mechanism is 

driven from HSM. In addition, the enhance formulation especially for the dry 

side incorporate the hardening/softening law of CASM to the hardening model. 

The behavior proved to be more realistic and practical. 

1.2 Aim of the research  

The main aim of this research is the application and validation of the DHSM. A 

drained test has been selected to execute the simulation. Different condition: 

Normally consolidated, overconsolidated, isotropic, anisotropic have been 

carried out in order to validate the double hardening model. General mechanic 

behavior of the low plasticity clay has been studied the numerical and 

experience result. 

The basic CASM and HSM have also been carried out by contrast to show the 

incorporation of the model. Some drawbacks of the constitutive model 

have been concluded. 

1.3 Layout of the thesis 

The paper is organized by 7 chapters and 2 main contents are discussed. From 

chapter 2 to chapter 4, the development of the DHSM is discussed basing on 

CASM an HSM model. Chapter 5 and chapter 6 include the laboratory analysis 

and numerical application of DHSM about the drained behavior of low 
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plasticity clay. 

Chapter 2 introduces the basic equations of CASM and the mechanism of 

volumetric yield surface. 

Chapter 3 introduces the basic equations of HSM and the mechanism of shear 

hardening yield surface. 

Chapter 4 explains the basic formulation of the double hardening soil model 

in detail and evolves the double hardening mechanism. 

Chapter 5 discusses the triaxial drained test of the low plasticity clay and 

some important feature. 

Chapter 6 involves the simulation of triaxial test by DHSM. The drained 

behaviors are discussed. 

Chapter 7 contains a discussion and conclusion of the total results. 

  



4 

 

Chapter 2 

Constitutive model for saturated soils CASM: A unified 

model for clay and sand 

 

 

 

 

 

2.1 Introduction  

As the earliest elastic-plastic critical state model, Cam-clay was developed by 

Schofied (1963) and Schofied and Wroth(1965) which successfully introduced 

the working hardening into soil mechanism.Modified Cam clay was developed 

by Roscoe and Burland(1968) with slight extension of Cam clay model by 

adopting a revised work equation to derive the yield function and plastic 

potential. 

A brief review of some of the most important modifications in Cam clay and 

modified Cam clay model have been found by Gens and Potts (1988) basing on 

large numbers of prediction and observation of soil behavior. Despite some 

successes, following limitations have been identified by Yu (1995,1998): 

(1) The yield surfaces adopted in critical states models highly overestimate 

failure stresses on the “dry side”. Hvorslev surface has been involved in 

this region to overcome the drawbck. But new problem maybe, there will 

be two different yield for hardening and softening which made things 

complicated. 

(2) Most critical state models fail to predict an important feature of undrained 

test on lose sand or normally consolidated clay, that is a peak in the 

deviatoric stress before reaching critical state. The feature is commonly 

observed and well identified. 

(3) For granular materials the model was less successful. The problem mainly 

because the critical state models fail to predict the softening behavior which 
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causes numerically difficulties in prediction. 

In order to deal with these limitations, the model proposed by Yu(1998) is 

formulated in such way that the Cam clay models can be recovered through 

certain value of material parameters. The parameters included are represented 

with clear physical meaning and easily measurable strategy. With the help of 

state parameter, a single yield function and plastic potentials are used for both 

clay and soil. Plenty of soil behavior can be predicted through CASM especially 

for saturated condition.  

2.2 Model description  

The model refers for Clay and sand model in order to describe a unified model 

for both clay and sand. It based on the critical state theory and formulated in 

terms of the state parameter which firstly introduced by Been & Jefferies(1985). 

The theory introduced that the state parameter could be confidently used to 

describe much of the behavior of wide range of soil regardless their stress-strain 

history. And it has also been demonstrated by Been for many common 

properties such as friction angle and dilation angle. 

Yu (1998) pointed out that the material parameters required by the model 

should be easily measured or possibly ,related to conventional constants. In this 

philosophy, the model was introduced by Yu(1998) , which the standard Cam-

clay model could be recovered (or approximated) simply by choosing certain 

values of material constants. And also a single yield function and plastic 

potential are used for both clay and sand. In this model ,the state parameter(ξ) 

is defined as a function of specific volume (𝑣 = 1 + 𝑒, 𝑒 is the void ratio and 

mean effective stress(p’) and the critical state constants (𝜆, 𝛤), 

                                𝜉 = 𝑣 + 𝜆𝐼𝑛𝑝′ − 𝛤                        (2-1) 

From the figure we could see the reference state parameter (𝜉𝑅) which denoted 

vertical distance between Reference Consolidation Line(RCL) and Critical 

consolidation Line(CSL) and the critical state constants. It is noted that ξ  is 

zero at the critical state, positive on the wet(loose) side and negative on the 

dry(dense) side. 
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Figure 2- 1 State parameter, reference state parameter and critical state constants ( Yu, 1998) 

2.2.1 Elastic moduli 

As the standard Cam-clay model there are two elastic moduli for CASM chosen 

as independent elastic constant. 

  𝐾 =
𝑣𝑝

𝜘
 (2-2) 

   

  
𝐺 =

3(1 − 2𝜇)

2(1 + 𝜇)
𝐾 (2-3) 

We should notice that Gens and Potts (1988) pointed out that a constant 𝐺 may 

not agree well with the experimental observation which implies negative of 

Posson’s ratio at low stresses. 

2.2.2 Stress-state relation and yield function  

It is very important to choose plastic potential and yield function for 

constitutive model since the strain rates depend essentially on their derivatives 

respected to stress. 

The general stress-state is adopted to describe the behavior of soil as: 

 (
𝜂

𝑀
)𝑛 = 1 −

𝜉

𝜉𝑅
 (2-4) 
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The yield function for CASM takes the form as: 

 𝑓 = (
𝑞

𝑀𝑝′
)𝑛 +

𝐼𝑛
𝑝′

𝑝0

𝐼𝑛𝑟
= 0 (2-5) 

 𝑓 = (
𝑞

𝑀𝑝
)𝑛 +

𝜉

𝜉𝑅
− 1 = 0 (2-6) 

or in terms of second stress invariant of deviatoric stress tensor J 

 𝑓 = (
√3𝐽

𝑀𝜃𝑝′
)𝑛 +

𝐼𝑛
𝑝′

𝑝0

𝐼𝑛𝑟
= 0 (2-7) 

 𝑓 = (
√3𝐽

𝑀𝜃𝑝′
)𝑛 +

𝜉

𝜉𝑅
− 1 = 0 (2-8) 

Where, p’ s the mean effective stress, 𝑝0is the preconsolidation pressure, J is 

the second stress invariant of deviatoric stress tensor and 𝑀𝜃 is the slope of 

the critical state line in the p’-J space, 𝜉 and 𝜉𝑅 as before, represent the state 

parameter and reference state parameter. 

 𝑀𝜃 = 𝑀 (
2𝛼4

1+𝛼4+(1−𝛼4)𝑠𝑖𝑛3𝜃
)

1/4

 (2-9) 

where M is the slope of the CSL under triaxial compression (휃 = −30º ). And 

parameter 𝛼 usually calculated as, 

 𝛼 =
3−𝑠𝑖𝑛∅𝑐𝑠

3+𝑠𝑖𝑛∅𝑐𝑠
 (2-10) 

Where ∅𝑐𝑠denotes the friction angel of the critical state. 

It should be noticed that the standard Cam-clay could be recovered in such a 

way by simply choosing n=1 and r=2.7183. 

2.2.3 Stress -dilatancy relation and plastic potential 

The plastic potential for CASM follows the Rowe’s stress-dilatancy relation, 

which successfully describes the deformation of sands and other granular 

material. And also similar to the flow rule of the original Cam-clay model and 

experiment data of clays. With the following form, 
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𝑑𝜀𝑣

𝑝

𝑑𝜀𝑞
𝑝 =

9(𝑀−𝜂)

9+3𝑀−2𝑀𝜂
 (2-11) 

Follow the usual procedure, the relation could be integrated to give the plastic 

potential,  

𝑔 = 3𝑀𝜃𝐼𝑛
𝑝′

𝐶
+ (3 + 2𝑀𝜃)𝐼𝑛 (

2√3𝐽

𝑝′
+ 3) − (3 − 𝑀𝜃)𝐼𝑛 (3 −

√3𝐽

𝑝′
)(2-12) 

Where C is a size parameter controlling the size of the plastic potential and it 

can be easily determined by solving the equation. Note the plastic potential in 

CASM is non-asssociated, which means the plastic potential is not identical to 

the yield surface. 

Although Rowe’s stress-dilatancy relation is accurate for the high stress ratio, 

it is not particularly realistic for the stress with low stress ratio(such as isotropic 

consolidation and 1D consolidation). To overcome this limitation, a plastic 

potential in a similar form is used which gives a zero plastic volumetric strain 

increment at critical state. Yu(2006) proposed a stress-dilatancy as, 

 
𝑑𝜀𝑣

𝑝

𝑑𝜀𝑞
𝑝 =

𝑀𝑛−𝜂𝑛

𝑚𝜂𝑛−1
 (2-13) 

Where 𝑑휀𝑣
𝑝 is the plastic volumetric strain increment and 𝑑휀𝑞

𝑝  is the plastic 

deviatoric strain increment, 휂 denotes for the stress ratio and m may be treated 

as material constant independent from n and r. 

One approach to choosing M is to using the equation accurately model one 

dimensional consolidation (Ohmaki, 1982; Alonso et al., 1990),which means m 

is selected to ensure the flow rule predicts zero lateral strain for stress states 

corresponding to Jaky’s K0 condition, 

 𝐾0 = 1 − 𝑠𝑖𝑛𝜙𝑐𝑠 =
6−2𝑀

6+𝑀
 (2-14) 

Therefore at the K0 conditions, the stress ratio takes the following value, 

 휂𝐾0
=

3(1−𝐾0)

1+2𝐾0
=

3𝑀

6−𝑀
 (2-15) 

Noting that the lateral strain is zero, and relative value of the elastic shear strain 

to plastic shear strain can be ignored, we have 
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𝑑𝜀𝑝

𝑝

𝑑𝜀𝑞
𝑝 =

3

2

𝜆−𝜅

𝜆
=

3

2
𝛬 (2-16) 

By putting the stress ratio defined into flow rule then equating to the lateral 

condition, we can get the expression of m, 

 𝑚 =
2

3
×

[𝑀(6−𝑀)]𝑛−(3𝑀)𝑛

𝛬(6−𝑀)(3𝑀)𝑛−1
 (2-17) 

Following the usual procedure, the general stress-dilatancy relation equation, 

can be integrated to give the following plastic potential, 

 𝑔(𝑝, 𝐽) = 𝑚𝑙𝑛 [1 + (𝑚 − 1) (
𝜂

𝑀𝜃
)

𝑛
] + 𝑛(𝑚 − 1)𝑙𝑛

𝑝

𝑐
 (2-18) 

where c is the size parameter of plastic potential surface determined by 

solving the above equation with current stress value. 

 

2.2.4 Hardening parameter  

In CASM using the similar hardening rule as Cam-clay model, as the change 

of yield surface related to the incremental plastic volumetric strain. 

 𝜆∗ =
𝜆

1 + 𝑒
 (2-19) 

 𝜅∗ =
𝜅

1 + 𝑒
 (2-20) 

Where 𝜆∗and 𝜅∗is the modified compression and swelling index determined 

soil behavior during unloading and reloading. 

Expressed in the state parameter form is 

 휁,𝜀𝑣
𝑝 = −𝑣 (2-21) 

𝑣 is the void ratio. 

2.2.5 Elastic behavior  
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The elastic behavior of CASM model defined with tangent modulus(K) and 

shear modulus(G) as Cam-clay model, 

 𝐾 =
𝑝′

𝜅∗
 (2-22) 

 G =
3(1 − 2𝜈)𝐾

2(1 + 𝜈)
 (2-23) 

2.3 Undrained analysis using the undrained shear strength(Su) 

Undrained analysis is appropriate for clay or silt with low permeability and 

high rate of loading. It is very important to accurately reproduce the actual 

undrained shear strength available. In CASM model the Su is introduced as an 

input parameter in order to reproduce the behavior during undrained 

conditions, known as CASM-Su. The yield surface can be expressed as a 

function of the equivalent critical state(Pu’) and consolidation pressures(Pe’) at 

constant volume(Yu,1998). The expressions of the yield function are 

respectively, 

 (
휂

𝑀𝜃
)

𝑛

= −
1

Λ𝑙𝑛𝑟
𝑙𝑛

𝑝′

𝑝𝑒
′
 (2-24) 

 (
휂

𝑀𝜃
)

𝑛

= 1 −
1

Λ𝑙𝑛𝑟
𝑙𝑛

𝑝′

𝑝𝑢
′
 (2-25) 

From the equation we can obtain the relation as, 

 
𝑝′

𝑝𝑒
′

= (
𝑝′

𝑝0
′ )

Λ

 (2-26) 

Meanwhile the undrained strength Su can be expressed as a function of Lode 

angle of friction as, 

 𝑆𝑢 = 𝐽𝑓𝑐𝑜𝑠휃 (2-27) 

The soil element is at critical state when reaches undrained strength. In 

consider of this, the yield function gives, 
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 (
√3𝐽𝑐𝑠

𝑀𝜃𝑝𝑐𝑠
′

)

𝑛

= −
1

𝑙𝑛𝑟
𝑙𝑛

𝑝𝑐𝑠
′

𝑝0,𝑐𝑠
′ → 𝑝𝑐𝑠

′ =
𝑝0,𝑐𝑠

′

𝑟
 (2-28) 

Combining the equations give the expression of Su during critical state, 

 𝑆𝑢 =
𝑀𝜃𝑐𝑜𝑠휃

√3

𝑝𝑒
′

𝑟Λ
 (2-29) 

Noted that the spacing ratio r is an independent parameter and it could be 

calculated through the equation in order to obtain the yield surface fot 

undrained condition as, 

 𝑟 = (
𝑀𝜃𝑐𝑜𝑠휃

√3

𝑝𝑒
′

𝑆𝑢
)

1
Λ

 (2-30) 

This equation give the spacing ratio for the undrained condition depend on the 

undrained strength. For other critical model uses the constant spacing model 

between 1.5-3.0 in order to control the shape of the yield surface od CASM 

model. 

2.4 Numerical implementation 

When introduce the model in finite element analysis, the formulation should 

be integrated in to following equations(Gens&Potts,1998), 

 𝑑𝜎′ = 𝐷𝑑휀𝑒 = 𝐷(𝑑휀 − 𝑑휀𝑝) (2-31) 

 𝑑𝜎′ = 𝐷 (𝑑휀 − 𝑑𝜆
𝜕𝑔

𝜕𝜎′
) = 𝐷𝑒𝑝𝑑휀 (2-32) 

Where 𝑑𝜎′ is the incremental effective stress,  휀𝑒 is the incremental of total 

strain, 휀𝑒, 휀𝑝 denote the incremental of elastic ,plastic strain respectively and 

D is the elastic stress-strain matrix, g is the plastic potential, 𝑑𝜆 is the plastic 

multiplier and 𝐷𝑒𝑝is the elasto-plastic matrix. 

For critical state model the hardening parameter is a linear function of the 

increment of plastic strain, 𝑑휀𝑝, therefore 

 𝑑𝜒 = 𝑑𝜒(𝑑휀𝑝, 𝜒) = 𝑑𝜆
𝜕𝜒

𝜕휀𝑝

𝜕𝑔

𝜕𝜎′
 (2-33) 
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During the critical state the yield surface should satisfy 

 𝑓(𝜎′, 𝜒) = 0 (2-34) 

and df=0, 

 𝑑𝑓 = (
𝜕𝑓

𝜕𝜎′
)

𝑇

𝑑𝜎′ +
𝜕𝑓

𝜕𝜒
𝑑𝜒 = 0 (2-35) 

With, 

 
𝜕𝑓

𝜕𝜎′
=

𝜕𝑓

𝜕𝑝′

𝜕𝑝′

𝜕𝜎
+

𝜕𝑓

𝜕𝐽

𝜕𝐽

𝜕𝜎
+

𝜕𝑓

𝜕𝑀𝜃

𝜕𝑀𝜃

𝜕휃

𝜕휃

𝜕𝜎
 (2-36) 

Though that we ca get the value of the plastic multiplier 𝑑𝜆, 

 𝑑𝜆 =
𝑛𝑇𝐷𝑑휀

𝐻 + 𝑛𝑇𝐷𝑚
 (2-37) 

Where, 

 𝑛 =
𝜕𝑓

𝜕𝜎′
; 𝑚 =

𝜕𝑔

𝜕𝜎′
 (2-38) 

 𝐻 = −
𝜕𝑓

𝜕𝜒

𝜕𝜒

𝜕휀𝑝
𝛿𝑇𝑚; 𝛿𝑇 = {1,1,1,0,0,0} (2-39) 

And H is the hardening modulus.  

Combining the equations(2-32), the constitutive model should be, 

 𝑑𝜎′ = 𝐷𝑒𝑝𝑑휀 (2-40) 

 𝑑𝜒 = 𝑅𝑒𝑝𝑑휀 (2-41) 

𝜒 is the hardening variables(in the case of P0’) 

 𝐷𝑒𝑝 = 𝐷 −
𝐷𝑚𝑛𝑇𝐷

𝐻 + 𝑛𝑇𝐷𝑚
 (2-42) 

 𝑅𝑒𝑝 = 𝐵
𝑛𝑇𝐷

𝐻 + 𝑛𝑇𝐷𝑚
, 𝐵 =

𝜕𝜒

𝜕휀𝑝
𝛿𝑇𝑚 (2-43) 
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2.4.1 Stress point algorithms 

There are several numerical methods that can be used to implement elasto-

plastic models in finite element codes. Two most used method known as 

explicit forward Euler method and implicit backward Euler method. The 

strategy is integrating constitutive equations along incremental strain. 

For this objective, the explicit algorithms use the gradient of yield surface and 

plastic potential as an initial condition. The precise of the constitutive model 

strongly influences the accuracy of the method. An advantage of these method 

schemes is they are not iterative which benefit for the high-linear models. 

In contrast the implicit methods do not require the intersection with the yield 

surface when stress state changes from elastic to plastic stage. The stresses 

satisfy the yield surface and provide enough condition to evaluate the 

consistent tangent matrix(Simo&Taylor,1985). To this point, implicit 

algorithms are generally accurate but hard to generate since it needs second 

derivatives of plastic potential. Moreover, they need some special procedure 

to overcome unconvergence (Abbo,1997). 

Dealing with the strain increments, the calculation procedure should be in the 

following steps: 

-elastic stress integration: at this stage assume the spots are totally elastic, 

which means that you can upgrade although stress-strain relationship. After 

the increase can check if the yield surface is exceeded. Otherwise, it returns no 

plastic performance and output happens. Otherwise, continue with the 

following steps 

-intersection with the performance surface: if the test voltage outside the yield 

surface which means that the state of stress makes the performance of plastic. 

You can find the point of intersection with two separate parts. The inner part 

can be upgraded to the elastic deformation, and the other part of the strain 

should be integrated into the updating of plastic stress. 

-Elasto-plastic stress iteration: elasto-plastic integrate equation and find the 

location yield surface through the final voltage state. If necessary, sub-

increasing deformation increases. 

-Performance Correction derived from the surface: if the state of final voltage 

is outside the yield surface current, the stress state is projected back to the yield 

surface using a method of drift correction (Potts and Gens, 1985). Exit. 
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2.5 Conclusion 

In this chapter, the CASM model proposed by Yu (1988) is introduced. The 

CASM involved the state parameters and volumetric hardening mechanism 

based on the basic Cam-clay model which proved to be wide applied for sand 

and clay in saturation condition. 

The basic equation and stress algorithm are also included in this chapter. 

Detailed description of the model parameters are also discussed. Therefore the 

model can be used for the calculation and predication. 

For undrained behavior, the undrained shear strength is introduced as an input 

parameter with modified model CASM-Su. In this case the ratio parameter is 

computed as a function of undrained shear strength which reproduced the 

undrained behavior. 

In addition the model is also to be implemented in finite element code in Plaxis. 

A refined Euler method (Sloan,1987) is selected as substep and error control. 

Finally, CASM agrees well for the unsaturated soil and used as one of the basic 

of double hardening soil model in the following chapter. 
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Chapter3 

Constitutive model for hardening soil model 

 

 

 

 

 

3.1 Introduction   

In CASM model there is only one plastic hardening mechanism-volumetric 

plastic mechanism. Through lots of observations of triaxial tests on the sands, 

it indicated that there exists a shear yield surface accounts for the shear 

hardening(Stroud,1979). The yield surface predict the strain increment along 

deviatoric stress to an accepted level. 

Constitutive based on both shear hardening and volumetric hardening was 

firstly proposed by Lade (1977) based prior research. Vermeer (1978) suggested 

shear surface to get shear strain. Tatsuaka & Ishihara involved a non-associated 

flow rule based on Rowe’s stress-dilatancy relation. A well-known double 

hardening model is the Hardening soil model (HSM) that developed by Schanz 

(1988). The model involved two hardening mechanism respective to model 

strain corresponding to the deviatoric stress and isotropic compression stress. 

Mohr-Coulomb criterion has been used as the failure line and a stress-

dependent stiffness is used from Duncan-Chang model(Duncan&Chang,1970). 

The model proved to be effective in numerical analysis of geotechnical 

problems with yield surface movement but softening is not allowed.  
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3.2 Model description 

3.2.1Stress-strain relation 

The basic idea for HS-model is hyperbolic relationship between deviatoric 

stress 𝑞 and vertical strain 휀1. when deviatoric stress increasing ,soil appears 

to be decreasing stiffness and developing plastic strain. The relation between 

deviatoric stress and axial strain can be well described by Kondner&Zelasko 

(1993) as:  

 휀1 =
1

2𝐸50

𝑞

(1 −
𝑞
𝑞𝑎

)
 (3-1) 

 𝑞𝑎 =
𝑞𝑓

𝑅𝑓
=

2𝑠𝑖𝑛𝜙′

𝑅𝑓(1 − 𝑠𝑖𝑛𝜙′)
(𝜎′

3 + 𝑐′𝑐𝑜𝑡𝜙′) (3-2) 

3.2.2 stiffness for primary loading 

The stress-strain behavior for the primary loading is highly nonlinear with 

following expression: 

 𝐸50 = 𝐸50
𝑟𝑒𝑓

(
𝜎3

′ + 𝑐′𝑐𝑜𝑡𝜙′

𝑝𝑟𝑒𝑓 + 𝑐′𝑐𝑜𝑡𝜙′
)𝑚 (3-3) 

Where 𝐸50  is the confining stress dependent stiffness modulus with the 

tangent modulus for the primary load, 𝐸50
𝑟𝑒𝑓

 represent the reference stiffness 

modulus corresponding to the reference stress 𝑝𝑟𝑒𝑓 and it is determined for 

the secant modulus from the stress-strain-curve as a mobilization of 50% of the 

maximum shear strength. Parameter 𝑚 give the stress dependence. For soft 

clay the value equal to 1.0. 
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Figure 3- 1 Hyperbolic stress-strain relation in primary loading for a standard drained triaxial test 

(Brinkgreve, 2002) 

3.2.3Shear yield function 

As discussed before, there are 2 yield function for the HSM. One of them is 

called shear yield function which described the shear behavior with the the 

following expression: 

 𝑓𝑠 =
1

𝐸50

𝑞

(1 −
𝑞

𝑞𝑎
)

−
2𝑞

𝐸𝑢𝑟
− 𝛾𝑝 (3-4) 

 𝐸𝑢𝑟 = 𝐸𝑢𝑟
𝑟𝑒𝑓

(
𝜎3

′ + 𝑐′𝑐𝑜𝑡𝜙′

𝑝𝑟𝑒𝑓 + 𝑐′𝑐𝑜𝑡𝜙′
)𝑚 (3-5) 

𝐸𝑢𝑟 is the Young’s modulus for elastic unloading and reloading. 

𝐸𝑢𝑟
𝑟𝑒𝑓

 is the secant reference Young’s modulus for unloading and reloading 

corresponding to the reference pressure 𝑝𝑟𝑒𝑓 . 

 𝛾𝑝 = 휀1
𝑝 − 휀2

𝑝 − 휀3
𝑝 = 2휀1

𝑝 − 휀𝑣
𝑝 ≈ 2휀1

𝑝 (3-6) 

𝛾𝑝is the plastic shear strain, also set as the hardening parameter. For a given 

constant value of 𝛾𝑝 the yield surface equal to zero can be represented as a 

yield locus in the p’-q plane. The shape of the yield surface corresponds with 

the value of m and envelopes with the 𝛾𝑝. 
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Figure 3- 2 Successive shear yield loci for various constant values of the hardening parameter 

γ p 

3.2.4Hardening law 

An explicit plastic potential is used in the Hardening-Soil model which defined 

the relation between plastic shear strain and volumetric strain. It is a linear 

relation based on the dilantancy angel. 

 휀�̇�
𝑝 = 𝑠𝑖𝑛𝜓𝑚�̇�𝑝 (3-7) 

 mobilized angel of dilatancy: sin𝜓𝑚 =
𝑠𝑖𝑛𝜙𝑚 − 𝑠𝑖𝑛𝜙𝑐𝑠

1 − 𝑠𝑖𝑛𝜙𝑚𝑠𝑖𝑛𝜙𝑐𝑠
 (3-8) 

 mobilized friction angel: sin𝜙𝑚 =
𝜎1

′ − 𝜎3
′

𝜎1
′ + 𝜎3

′ + 2𝑐′𝑐𝑜𝑡𝜙′
 (3-9) 

 

the friction angel of critical state:  

sin𝜙𝑐𝑠 =
𝑠𝑖𝑛𝜙 − 𝑠𝑖𝑛𝜓

1 − 𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝜓
 

(3-10) 

The dilatancy angle is thus positive as soon as m φ exceeds the critical state 

angle 𝜙𝑐𝑠  .Considering dense materials contraction is excluded by taking  

𝜓 = 0  for a mobilized friction angle 𝜙𝑚<𝜙𝑐𝑠 .Plastic shear strain related with 

the hardening parameter. 

3.2.5 the cap yield surface 

The shear yield surfaces do not explain the volumetric strain in the isotropic 
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condition. In order to solve this problem, another yield surface called cap yield 

surface is introduced in order to formulate the isotropic behavior. With the help 

of cap surface, the elastic region is closed in the p-axial direction. Similarly as 

the shear yield surface, 𝐸𝑜𝑑𝑒
𝑟𝑒𝑓

 is used to control the plastic strain originate from 

the yield cap. 

The expression of the yield cap is, 

 𝑓𝑐 =
�̃�2

𝑀2
+ (𝑝 + 𝑎)2 − 𝑝𝑐 + 𝑎2 (3-11) 

Relating pre-consolidation stress to the plastic volumetric strain of the cap 

 𝑝𝑝 = 𝑝𝑟𝑒𝑓(
1 − 𝑚

𝛽
휀𝑣

𝑝𝑐)
1

1−𝑚 (3-12) 

The cap-parameterβ  is not used as a direct input parameter. Instead the 

(tangent) oedometer modulus ( 𝐸𝑜𝑒𝑑 ) is used as an input parameter which is 

linked to β . 

The yield cap is combined with an associated flow rule to define plastic 

straining due to shift of the yield cap. In addition, HS-model requires a 

dilatancy cut-off function to ensure that after extensive shearing, dilating 

materials arrive in a critical state where dilatancy has come to an end (see 

Brinkgreve, 2002). In order to specify this behavior, the initial void ratio and 

the maximum void ratio of the material must be entered as general parameters. 

As soon as the volume change results in a state of maximum void, the 

mobilized dilatancy angle, m ψ is automatically set back to zero. 
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Figure 3- 3 yield surface for hardening soil model 

3.3 parameters for the hardening-soil model 

Parameter Definition 

𝐸50 the secant modulus for primary loading 

𝑞𝑎 the asymptotic value of the shear strength 

𝑐′/ 𝜙′ Cohesion and friction angel from Mohr-coulomb  

𝑅𝑓 the relation between the 

ultimate deviatoric stress𝑞𝑎and the asymptotic stress, 𝑞𝑓 . 

𝐸50
𝑟𝑒𝑓

 
reference stiffness modulus corresponding to a reference confining 

pressure 𝑝𝑟𝑒𝑓 

𝑝𝑟𝑒𝑓 reference confining pressure 

m amount of stress dependency is given by 

the power  

𝐸𝑜𝑑𝑒
𝑟𝑒𝑓

 
Tangent stiffness for the primary oedometer loading 

𝜐 Poisson’s ratio for unloading-reloading. 

 

3.4 Conclusion  

Successfully comprised the two hardening mechanism, HS-model is proved to 

be powerful in numerical modelling for loose sand both in oedometer and 
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triaxial test. Main characteristic of hardening soil behavior can be described and 

moreover, all parameters using in this model have clear geotechnical 

significance. The model is well-prepared in the geotechnical practice use and 

numerical analysis. 

However, there are some limitation for the HSM: 

1. HSM model predicts a critical state condition for dilating material when 

arriving critical state- artificial procedure of dilatancy cut-off . actually the 

cap yield surface have no significant definition in geotechnical description 

of soil behaviour. 

2. Strength of over consolidated soil is under-predicted because soil behavior 

is controlled by shear yield surface that will evolve before reaching Mohr-

Coulomb failure line. This is an important shortcoming in soft clays 

subjected to preloading process to improving shear strength and reducing 

compressibility, because the increase of strength is not good reproduced. 

3. HSM model doesn’t account for the softening typical of stiff soils because 

the there is no softening procedure in the simulation. 

4. The undrained shear strength predicted by HS model may not 

corresponded closed with effective shear strength as the behavior in 

undrained test appear to be greater in the shear strength. 

5. Under undrained conditions, HSM predicts infinite strength if dilatancy is 

greater than zero. 

Furthermore, some modification should be improved in order to set better 

simulation of the volumetric hardening and the overconsolidated condition. 
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Chapter4 

Constitutive model for double hardening soil mode 

DHSM 

 

 

 

 

 

4.1Introduction 

The Double Hardening soil model (DHSM) used in this thesis is based on the 

Hardening Soil model (HSM) included the stress dependent stiffness and 

isotopic hardening on both volumetric and shear hardening. The volumetric 

hardening surface of CASM is coupled instead the cap hardening surface. As 

the result of this, two type hardening is considered together and the yield 

surface can be active simultaneously but basically independent. 

As discussed before the limitation of HSM model: 

1. HSM model predicts a critical state condition for dilating material when 

arriving critical state- artificial procedure of dilatancy cut-off . actually the 

cap yield surface have no significant definition in geotechnical description 

of soil behaviour. 

2. Strength of over consolidated soil is under-predicted because soil behavior 

is controlled by shear yield surface that will evolve before reaching Mohr-

Coulomb failure line. This is an important shortcoming in soft clays 

subjected to preloading process to improving shear strength and reducing 

compressibility, because the increase of strength is not good reproduced. 

3. HSM model doesn’t account for the softening typical of stiff soils because 

the there is no softening procedure in the simulation. 

4. The undrained shear strength predicted by HS model may not 

corresponded closed with effective shear strength as the behavior in 

undrained test appear to be greater in the shear strength. 
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5. Under undrained conditions, HSM predicts infinite strength if dilatancy is 

greater than zero. 

By contrast, CASM works well for a good prediction of undrained shear 

strength of the soil under undrained condition but with some drawback: 

It cannot predict the softening behavior for the stress paths on the dry side of 

the critical state----because the Mohr-Coulomb failure line, the volumetric yield 

face cannot be reached on the dry side. 

In this chapter, a new Double hardening mechanism controlled by both 

volumetric and shear plastic strain is described. The model based on the 

strategy of both HSM and CASM but can over the drawbacks of the two 

statergy. The new model works well for both drained test and undrained test 

under normally consolidation and over consolidation. 

Meanwhile the equations and numerical implementation have also been 

introduced. Some important feature is discussed in this chapter in contrast with 

the former model. 

Modification: 

For overconsolidated case (Figure 6-8b), the initial shear performance surface 

evolves with the voltage path and engages the initial yield point in volumetric 

surface (3), when activated, then allowed one softening behavior up to the 

critical condition in (n). The final position of the shear yield surface must 

correspond to the critical state line. This allows soils to overconsolidated 

reproduce the observed significant plastic strain loading deviatoric through 

shear yield surface and brittle behavior to a critical condition by the volumetric 

flow surface. 

Firstly it will evolve as the shear yield surface with the stress path until 

reaching the volumetric yield surface at point 3. As softening behavior starts, 

the final position of the shield yield surface should correspond with the critical 

state line. 

To improve the model DHSM should base on the vary with accumulated plastic 

deviatoric strain at the dry side, so there are two options: 
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4.2 Model discription  

4.2.1 yield functions 

The Double Hardening Soil Model(DHSM) proposed in this chapter is based 

on the HSM model and CASM model corresponding to the volumetric 

hardening and shear hardening. The two hardening mechanism are basically 

independent but can be active simultaneously. 

The DHSM coupled two yield surface: an elliptical non-associated yield 

surface from CASM and another non-associated yield surface from HSM. The 

overlapped region, as the shadow, comprised as the elastic region. 

 

Figure 4- 1 Yield function for shear yield surface and CASM yield surface 

 

For the non-associated shear yield surface 

 

  

𝑓𝑠 =
1

𝐸50

𝐽

(1 −
𝐽
𝐽𝑎

)
−

2𝐽

𝐸𝑢𝑟
− 𝛾𝑝 

(4-1) 

With, 

 𝐽𝑎 =
𝐽𝑓

𝑅𝑓
=

(𝑝′ + 𝑐′𝑐𝑜𝑡𝜙′)𝑔(휃)

𝑅𝑓
 (4-2) 

 
𝑔(휃) =

𝑠𝑖𝑛𝜙′

𝑐𝑜𝑠휃 +
𝑠𝑖𝑛휃𝑠𝑖𝑛𝜙′

√3

 
(4-3) 
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Where 𝐽 is the square root of the second invariant of stress tensor and 휃is the 

Lode’s angle. 𝑔(휃) defined the ratio of triaxial compression and extension 

strengths following Mohr-Coulomb criterion.  𝛾𝑝 defined as the hardening 

parameter for the shear yield surface. 

Stiffness modulus are function of mean effective stress 𝑝′ instead of triaxial 

tests 𝜎3
′  by contrast of HSM, 

 𝐸𝑢𝑟 = 𝐸𝑢𝑟
𝑟𝑒𝑓

(
𝑝′ + 𝑐′𝑐𝑜𝑡𝜙′

𝑝𝑟𝑒𝑓 + 𝑐′𝑐𝑜𝑡𝜙′
)𝑚 (4-4) 

 𝐸50 = 𝐸50
𝑟𝑒𝑓

(
𝑝′ + 𝑐′𝑐𝑜𝑡𝜙′

𝑝𝑟𝑒𝑓 + 𝑐′𝑐𝑜𝑡𝜙′
)𝑚 (4-5) 

The yield surface is controlled by the hardening parameter 𝛾𝑝, for a certain 

value. Meanwhile the shape of the surface related with the value of 𝑚 . We 

should notice that it will be straight line when m=1. 

The figure shows different shear yield surface based on the different plastic 

shear strain with the same parameter of m 

 

Figure 4- 2 Successive shear yield loci for various constant values of the hardening parameter 

γ p 

The second yield surface is introduced to account for the plastic volumetric 

strain. CASM yield surface as discussed before in Chapter 2, defined as the 

following equation. 

 𝑓𝑐 = (
√3𝐽

𝑀𝜃𝑝′
)

𝑛

+
1

𝐼𝑛𝑟
𝐼𝑛

𝑝′

𝑝0
′ = 0 (4-6) 
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Where 𝑛 is the shape parameter and 𝑟 control the location of CSL with the 

yield surface(see in Chapter 2). 𝑝0
′  defined as the hardening parameter ad 

also control the position of the volumetric yield surface. 

Undrained shear strength (Su) of the soil can be introduced as an input model 

parameter for the volumetric yield surface such as was described in Chapter 2 

(section 2.3). In this case, the model is labelled DHSM-Su and constitutes a 

powerful framework to treat with undrained conditions. 

4.2.2Flow rules 

Both yield surfaces involve non-associated flow rules. Firstly a well-known 

Stress-dilatancy theory by Rowe(1962) is suggested for the shear yield surface. 

Noted that there is no explicit expression for the plastic strain, 

 𝑑휀𝑣
𝑝

= 𝑔(𝜓𝑚)𝑑𝛾𝑝 (4-7) 

With, 

 
𝑔(𝜓𝑚) =

𝑠𝑖𝑛𝜓𝑚

𝑐𝑜𝑠휃 +
𝑠𝑖𝑛휃𝑠𝑖𝑛𝜓𝑚

√3

 
(4-8) 

 sin𝜓𝑚 =
𝑠𝑖𝑛𝜙𝑚 − 𝑠𝑖𝑛𝜙𝑐𝑠

1 − 𝑠𝑖𝑛𝜙𝑚𝑠𝑖𝑛𝜙𝑐𝑠
 (4-9) 

The mobilized friction angle 𝜙𝑚 is defined as, 

 

𝑠𝑖𝑛𝜙𝑚

=
√3𝐽 {sin (휃 +

2
3 𝜋) − sin (휃 −

2
3 𝜋)}

3(𝑝′ − 𝑐′𝑐𝑜𝑡𝜙′) + √3𝐽 {sin (휃 +
2
3 𝜋) + sin (휃 −

2
3 𝜋)}

 
(4-10) 

 

the friction angel of critical state: sin𝜙𝑐𝑠

=
𝑠𝑖𝑛𝜙 − 𝑠𝑖𝑛𝜓

1 − 𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝜓
 

(4-11) 

for the volumetric surface the plastic potential is defined as,  
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𝑔𝑐 = 3𝑀𝜃𝐼𝑛
𝑝′

휁
+ (3 + 2𝑀𝜃)𝐼𝑛 (

2√3𝐽

𝑝′
+ 3) − (3

− 𝑀𝜃)𝐼𝑛 (3 −
√3𝐽

𝑝′
) 

(4-12) 

휁 is a size parameter controlling the size of the plastic potential which passes 

through the current stress state. It can be determinate easily for any given 

stress state (p’,J) by solving the above equation. 

4.2.3Hardening  parameters  

For shear surface, plastic deviatoric strain 𝛾𝑝 = 휀𝑑
𝑝 

 𝑑휀𝑑
𝑝 = 2√𝑑𝐽2

𝜀 (4-13) 

 

𝑑휀𝑑
𝑝 = {

2

3
[(𝑑휀𝑥

𝑝 − 𝑑휀𝑦
𝑝)2 + (𝑑휀𝑥

𝑝 − 𝑑휀𝑧
𝑝)2 + (𝑑휀𝑦

𝑝 − 𝑑휀𝑧
𝑝)2]

+ [𝑑𝛾𝑥𝑦
2 + 𝑑𝛾𝑥𝑧

2 + 𝑑𝛾𝑦𝑧
2 ]} 

(4-14) 

For volumetric surface, the relation between preconsolidation pressure and 

plastic volumetric strains 휀𝑣
𝑝 as, 

 𝑑𝑃0
′ =

𝑃0
′

𝜆∗ − 𝜅∗
𝑑휀𝑣

𝑝 (4-15) 

Where 

 𝜆∗ =
𝜆

1+𝑒
  is modified compression index, 

 𝜅∗ =
𝜅

1+𝑒
 is modified swelling index. 

4.2.4Elastic behavior 

The elastic behavior is based on CASM model with tangent modulus(K) and 

shear modulus(G) being defined by the expressions with constant Poisson’s 

ratio 𝜐. 
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 𝛫 =
𝑝′

𝜅∗
 (4-16) 

 𝐺 =
3(1 − 2𝜐)𝐾

2(1 + 𝜐)
 (4-17) 

4.3Enhanced formulation to describe the behavior on the dry side 

of critical state 

As discussed before, the limitations of HS model can be overcome by DHSM 

in the following ways. The prediction of critical state can be involved by the 

volumetric yield surface(CASM) and the undrained behavior can be predicted 

using the CASM-Su, which is the same strategy as CASM-Su, which can be 

comprised to DHSM-Su. However, it has drawback as cannot predict the 

softening behavior for stress paths on the dry side of the critical state, which is 

typical feature of heavily overconsolidated soils. During which the shear yield 

surface approaches to Mohr-Coulomb failure line and represented the limit 

state. The volumetric yield surface could never be reached. This means only 

shear hardening behavior is allowed. 

The modification aims at using the hyperbolic shear surface which evolves  

with the plastic deviatoric strain until reaching the volumetric surface. Till 

then the double hardening mechanism is activated to reach the critical state 

condition 

The two picture illustrate the different condition:the panel (a) shows lightly 

consolidated soil and panel (b) shows highly consolidated soil. 

For lightly overconsolidated soil, the critical yield surface is firstly controlled 

by the shear yield surface and until reaching the volumetric surface. We can 

see from (a) at point 2. Afterwards double hardening mechanism is activated 

and both yield surface evolves until critical state. 
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.  

Figure 4- 3 Evolution of the shear and volumetric yield surfaces for a stress path at constant p’ 

predicted by E-DHSM. (a) lightly overconsolidated soil; (b) Overconsolidated soil 

 

In contrast for the overconsolidated soil, for most time, it is controlled by 

shear yield surface. And we should notice when reaching point 3, a softening 

behavior is allowed until reach the critical state condition at point n, which 

correspond with the critical state line.The final position of shear yield surface 

should correspond with the critical state line. In the overconsolidated soil, this 

feature allows the plastic straining for deviatoric loading until reaching the 

critical condition by means the volumetric yield surface. 

The basic formulation of DHSM is based on constant effective strength 

parameters : friction angle and cohesion. To improve the formulation, these 

parameters will change with the accumulated plastic deviatoric strain until 

reaching “target” values-stress state engages the volumetric yield surface at 

dry side of critical state. There are two options provided to choose  

Where, 
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Option A: more rigorous but more parameters are needed. 

Option B: less parameters are needed and simple. 

4.3.1 Option A: Variation of effective strength parameters(c′, ϕ′) 

Option A is based on the the hardening/softening Mohr-Coulomb model 

described in Potts & Zdravkovic (1999) assuming strength parameters c′and 

ϕ′ vary with accumulated plastic deviatoric strain. 

 

Figure 4- 4 Option A for evolution of strength parameters 

There are three zones:  

Zone1,c′and ϕ′are assumed to increase linearly with the plastic deviatoric 

strain until reaching a peak value.  

Zone 2 ,c′and ϕ′ a strain softening behavior is represented as c′and ϕ′ 

reduce from peak value to critical state value; 

Zone3, after reaching critical state the strength parameters c′and ϕ′ stay 

constant critical state value or residual state value. 

Hardening/softening modulus of the shear yield surface is computed from the 

differential of the friction angel, cohesion and hardening parameter with 

plastic deviatoric strain as, 

        (4-18) 



31 

 

The strategy here allows the shear softening behavior independently from the 

volumetric yield surface, which overcomes the drawback of HSM failing to 

model the softening behavior. In addition, the final position of the critical 

state makes it possible for the two yield surface interacted together. As 

discussed before, in some case in the dry side for overconsolidated soil, shear 

yield surfaces are usually easier reached. Through this option, the yield will 

develop to the softening behavior to ensure the stress states engage the 

volumetric yield sureface. 

 

 

Figure 4- 5 Example of the model response in the triaxial test for option A 
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Option B. Variation of effective strength parameters(c′, ϕ′) 

By contrast, only 2 parameters required in option B. A simple linear relation 

between the strength parameters with plastic deviatoric is introduced as 

follows. In this way, the strength parameters are allowed to develop until the 

stress state engages the volumetric yield surface on the “dry side”.When 

reaching the critical state, the softening behavior can be controlled by the 

volumetric surface. 

 ϕ′ = 𝐴𝜙휀𝑑
𝑝 + 𝜙𝑐𝑠

′  (4-19) 

 c′ = 𝐴𝑐휀𝑑
𝑝 + 𝑐𝑟𝑒𝑠

′  (4-20) 

 

Figure 4- 6 Option B for evolution of strength parameters 

As option A, the hardening parameter is also calculated by three components 

as the friction angle, cohesion and hardening parameter with the plastic 

deviatoric strain. 

          (4-21) 

A limitation of option B is not all values for parameters 𝐴𝜙, 𝐴𝑐are enough to 

reach the volumetric yield surface to ensure the softening behavior because 

the limitation of the stress state is not known priority. The parameter should 

be required to engage the volumetric surface. 
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Figure 4- 7 Example of the model response in a triaxial test for option B 

4.4 Numerical implementation 

Whether the two mechanisms interact or not can be determined by the stress 

state with four approaches respectively: 

(1) none of the yield surfaces are active (elastic unloading or reloading),  

(2) the volumetric yield surface is active,  

(3) both the volumetric and shear surfaces are active, 

(4) the shear yield surface is active. 

Generally, the two yield surface can be calculated separately and vector sum 

together of the two component during double hardening. Different state can 

be showed in the following figure respected to 4 regions. 
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Figure 4- 8 four possibilities of activities of two yield surfaces 

 

Figure 4- 9 The condition with both yield surfaces activated 

In the first case both the yield surfaces are activated and plastic strain 

increment is calculated as sum of two components. This represent the region 3 

which the two mechanism yield simultaneously. 
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Figure 4- 10 The condition with volumetric yield surface activated 

This case shows only volumetric yield surface is active and only plastic 

compression strain which represents the region 2. During which, the 

volumetric yield surface evolved until the shear yield surface activated. The 

plastic strain calculated as volumetric plastic strain first. 

 

Figure 4- 11 The condition with shear yield surface activated 

This case shows only shear yield surface is active and only plastic shear strain 

which represents the region4. During which, the shear yield surface evolved 

until the volumetric yield surface activated. The plastic strain calculated as 

shear plastic strain first. 

The case for region shows the elastic behavior which is similar as the elastic 
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behavior of CASM. 

4.4.1Formulation of elasto-plastic constitutive matrix when two yield 

surfaces are simultaneously activated. 

The constitutive equations of the elasto-plastic material when two yield 

surface activated can be described as follows, 

For stress-strain relation: 

 dε = dεⅇ + dε1
p

+ dε2
p
 (4-22) 

 dσ′ = D(dε − dε1
𝑝 − dε2

p
) (4-23) 

(4-24) 

Where dε, dεⅇ, dε
p

 respectively represent the total, elastic and plastic strain 

tensors, the  dε1
p
, dε2

p
 represent the plastic strain corresponding volumetric 

surface and shear surface. 

𝑚1, 𝑚2 are the flow vetors associated with each of the yield surfaces, 

d𝜆1, 𝑑𝜆2 are the plastic multipliers associated with each of the two yield 

surfaces and d𝜒1, d𝜒1represent the increment of hardening parameters 

associated with each of the two yield surfaces. 

When two yield surfaces are activated, the stress state should satisfy both the 

yield surfaces as: 

 𝑓1(𝜎′, 𝜒1) = 0 (4-25) 

 𝑓2(𝜎′, 𝜒2) = 0 
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(4-26) 

Combining the equations: 

(4-27) 

Where, 

(4-28) 

Equations can also be written simply as, 

                    (4-29) 

Where, 

                   (4-30) 

d𝜆1, 𝑑𝜆2 can be given by 
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,                    (4-31) 

Through equations the constitutive equations can be given as, 

 d𝜎′ = 𝐷𝑒𝑝𝑑휀 (4-32) 

 d𝜒𝑗 = 𝑅𝑗
𝑒𝑝𝑑휀 (4-33) 

where, 

           (4-34) 

And, 

             (4-35) 

In this way, the stress-strain relation for the double hardening model can be 

introduced both for the volumetric component and shear component. The 

component can also be calculated separately in the case of only one yield 

surface activated. 
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4.4.2Stress point algorithm 

DHSM has been implemented into the FEM in PLAXIS. 

 𝑓𝑐(𝜎ℎ + 𝛼1Δ𝜎, 𝜒1
ℎ) = 0 (4-36) 

𝑓𝑠(𝜎ℎ + 𝛼2Δ𝜎, 𝜒2
ℎ) = 0 

In the equation h designates the last converged state. In this case, both yield 

surfaces are active since the beginning of the elasto-plastic integration. 

However, they can become inactive in case that the resulting plastic multiplier 

is negative. 

The size of each substeps in the substepping procedure is determined by 

estimating the error in the stress changes and comparing this with a user-

defined tolerance, STOL. The procedure begins assuming that only one 

substep is necessary

 

Figure 4- 12 Determination of the contact point with yield surface stating from (a) the last 

converged stat for elastic unloading, (b) the initial stress state of normally consolidated soil  

 

The relative error is calculated as: 

(4-37) 

The stress correction process assumes no change in the substep total strains. 

When two yield surfaces are activated, this implies that the elastic strain 

changes associated with stress correction must be balanced by an equal 

and opposite change in plastic strains, as,、 
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           (4-38) 

As there are changes to the plastic strains, there are also changes to the strain 

hardening/softening parameters of each yield surface, 

 

 

Figure 4- 13 Determination of the reduction of substep size to find intersection with the 

inactive yield surface 
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4.5 Model parameters and history variables 

4.5.1 Model parameters  

The basic model parameters using for the DHSM are listed in the table 4-1 

with several part: 

Table 4-2 shows the parameters for E-DHSM. 

Table 4-3 shows the parameters for initial state of the soil. 

Table 4-4 shows the description of history variables of DHSM. 

Table 4- 1Description of model parameters for the basic DHSM 

Group Id Symbol Description 

VOLUMETRIC YIELD SURFACE 

Elastic constant 1 υ Poisson’s ratio 

Compressibility 2 κ Slope of the isotropic swelling line (in v –ln p’ 

space) 

parameters 3 λ Slope of the isotropic compression line (in v – 

ln p’ space) 

Yield function 4 r Spacing ratio 

shape 5 n Shape parameter 

Strength 6 M Critical state stress ratio 

parameters 7 
φcs 

Angle of shear strength at critical state [º] 

Undrained 

analysis 

8 Su Undrained shear strength [F/L2] (Optional) 

SHEAR YIELD SURFACE 

Basic  

Formulation 

Of DHSM 

9 
φ' [º] 

Effective friction angle at failure. Default value 

φ’ =φ’cs 

10 c’[F/L2] Effective cohesion at failure. 

11 
ψ [º] 

Dilatancy angle at failure 

12 
𝐸50

𝑟𝑒𝑓
 

Reference secant stiffness in standard drained 

triaxial test 

13 m Power stress-level dependency of stiffness 

14 Rf Failure ratio 

15 𝑝𝑟𝑒𝑓 Reference stress for stiffness 
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16 
𝐸𝑢𝑟

𝑟𝑒𝑓
 

Unloading/reloading stiffness 

 

Table 4-2 Description of model parameters for E-DHSM (for the dry side) 

Option A 

(E-DHSM) 

17 aφ Exponential softening for friction angle (see 

Figure 6-9a) 

18 
휀𝑑𝜙𝑝𝑒𝑎𝑘

𝑝  
Plastic deviatoric strain at which peak friction 

angle is reached 

19 
휀𝑑𝜙𝑐𝑠

𝑝  
Plastic deviatoric strain at which critical state friction angle is 

reached 

20 ac Exponential softening for cohesion 

21 
휀𝑑𝑐𝑝𝑒𝑎𝑘

𝑝  
Plastic deviatoric strain at which peak cohesion 

is reached 

22 휀𝑑𝑐𝑟𝑒𝑠
𝑝  Plastic deviatoric strain at which residual 

cohesion is reached 

Option B 

(E-DHSM) 

23 𝐴𝜙 
Slope of φ’ evolution 

24 𝐴𝑐 Slope of c’ evolution 

 Table 4-3 Parameters of the initial state of the soil 

  𝑒0 Initial void ratio 

  OCR Overconsolidation ratio 

  K0 Coefficient of earth pressure at rest 

Table 4-4 Description of history variables of the DHSM 

  Po Preconsolidation pressure 

  γp Plastic deviatoric strain 

  fI Value of yield volumetric function 

  fII Value of yield shear function 

  c' Evolution of effective cohesion 

  φ' [º] 6 Evolution of effective shear strength angle 

Discuss of some of the parameters: 

 Effective friction angle at failure  

A) From standard laboratory test: consolidated undrained triaxial shear tests 

with pore water pressure measurements (CU), consolidated drained 

triaxial tests at slow strain rates (CD) or drained direct shear tests (DDS). 

B) From Self-boring pressuremeter test in Sand 

C) From Cone penetration tests in Sand, 

D) From Dilatometer tests in Sand 

 Effective cohesion at failure c’ 
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Standard laboratory tests: consolidated drained triaxial tests at slow strain 

rates (CD) or drained direct shear tests (DDS). By default c’ is taken as 0. 

 Power stress-level dependency of stiffness, m. 

Upscaled from strain-stress curve from triaxial tests. Usually m value is 

between m ≈ 0.5 − 1.0 and m = 1.0 for soft clays  

 Failure ratio,Rf, should be smaller than 1. By default is taken as 0.9 

 

 Reference confining pressure for stiffness, pref=100kPa 

 

4.5.2 Drained and undrained triaxial tests on sands 

DHSM is used in simulation of triaxial tests on sands and proved to be 

powerful. Following table shows the parameters using which be a reference in 

the later chapter. 
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4.6 Conclusion 

In this chapter, the double hardening soil model(DHSM) is discussed. The 

volumetric shear yield function is developed from CASM, followed the shear 

hardening function from HSM. Two hardening mechanisms are incorporated 

to predict the plastic shear strain and volumetric strain. Meanwhile, the two 

plastic mechanisms are basically independent but can be activated 

simultaneously.  

With DHSM, significant deviatoric strain can be improved for overconsolidated  

soil to overcome the drawback of CASM. In addition, the cap yield surface can 

be modified by the volumetric yield surface which proved to be more realistic 

and practical. 

Two options are proposed to modified the stiff soil. The enhance model (E-

DHSM) appears to be well improved in the evolution of shear yield surface 

until critical states. During which, the two yield surface engages together and 

double hardening mechanisms are activated. Option A based on the Mohr-

Coulomb model by Potts& Zdravkovic(1991), describing the nonlinear relation 

between strength parameter with plastic deviatoric strain. An obvious peak 

value is defined in order to correspond the “target” value at which the 

volumetric yield surface is engaged. Meanwhile the softening behavior is 

reached after the peak and the soil behavior can be controlled by both 

volumetric and shear hardening/softening law. In Option B, less parameter is 

needed to describe the behavior between strength parameter and plastic 

deviatoric strain. A simple linear relation is used until reaching the critical state. 

The drawback is to ensure the volumetric softening is activated when the 
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critical state is reached. 

Both the yield surfaces use the non-associated flow rules and the hardening 

parameters is defined. The coupled constitutive equations are defined and all 

the parameters are introduced. Some parameters for the triaxial tests are also 

illustrated for further simulation. 

By contrast of the basic model, DHSM overcome some of the limitations and 

disadvantages of CASM and HSM.DHSM allows the soil to reach the critical 

state which defined by volumetric yield surface during the shear hardening 

process. What’s more, in undrained condition, the undrained shear strength is 

allowed to increase in E-DHSM model especially for overconsolidated 

condition. Finally E-DHSM model proved to be more flexible and realistic in 

reaching critical state and strain evolving. Greater range of the soil type and 

consolidated condition can be used for simulation.  
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Chapter5 

Low plasticity clay soil test 

 

 

 

 

 

5.1 Introduction 

This chapter briefly introduced the laboratory triaxial test on lower plasticity 

clay by Gens (1982). The basic idea and testing procedure of the triaxial test are 

explained. Some important feature of the low plasticity clay including the stress 

histories, deposition conditions and overconsolidation ratios are discussed in 

the following content. 

The test results present detail and comprehensive study of the mechanical 

behavior of the material using wide range of the stress, drainage conditions. 

Some basic conclusion and significant parameters are developed through the 

tests. The behavior of the low plasticity clay is also introduced after detail 

conclusion of the results. 

5.2 Test description  

5.2.1Detail of the soil  

The soil used in the test was obtained from North Norfolk coast near 

Happisburgh. The material is a glacial till of low plasticity. In order to research 

about the variability of the material, numbers of the reconstituted samples are 

obtained to start the test. 

Following table shows the main mineralogy of the clay: 

Table 5- 1 
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Whole sample: 

Major components: quartz 

Minor components calcite 

feldspar 

clay minerals 

traces: mica, muscovite type 

possibly including some dolomite 

Clay fraction: 

Major components: calcite, illite 

Minor components smectite, kaolinite 

chlorite 

Traces: quartz 

feldspar possible 

5.2.2 Test series 

In order to study the behavior for the low plasticity clay, variety of test based 

on drained and undrained conditions on samples consolidated isotropically 

and anisotropically to different overconsolidation ratios as. 

On samples consolidated isotropically at various OCRs 

- Undrained triaxial compression tests (series IC) 

- Undrained triaxial extension tests (series ]) 

- Drained triaxial c compression tests (series ID) 

- Undrained plane strain tests (OCR=1 only) (series IPs) 

On samples consolidated anisotropically (Ko) at various OCRs 

- Undrained triaxial compression tests (series c) 

- Undrained triaxial extension tests (series AE) 

- Drained triaxial compression tests (series AD) 

- Undrained plane strain compression tests (series Al's) 
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On samples normally consolidated with Ko (series K1-K7) 

- Undrained triaxial compression tests 

- Undrained triaxial extension tests 

- Drained triaxial compression tests 

In this paper the drainage behavior is detailed studied consolidated 

isotropically and anisotropically to different overconsolidation ratios 

5.2.3 Consolidation feature 

For isotropic consolidation tests the samples are under all-round consolidation 

pressure in small step increased. Consolidation pressure equals to 233.3 kPa. 

For anisotropic consolidation tests the samples are reconsolidated to a mean 

stress of 233.3 kpa with a ratio of K=0.5. 

For the overconsolidated samples are also consolidates to the mean stress of 

233.3 kPa and swelling to certain overconsolidation ratio.Following table shows 

the different stress path for overconsolidated samples. 

Table 5- 2 Test series for isotropic consolidation test 

P’(max) (kPa) K(consol) K(final) OCR 

233.3 1 1 1 

233.3 1 1 1.25 

233.3 1 1 1.5 

233.3 1 1 2 

233.3 1 1 4 

233.3 1 1 10 

 

Table 5- 3 Test series for anisotropic consolidation test 

P’(max) (kPa) K(consol) K(final) OCR 

233.3 0.5 0.5 1 

233.3 0.5 0.584 1.5 

233.3 0.5 0.667 2 

233.3 0.5 1 4 

233.3 0.5 1.335 7 
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5.3 Drainage behavior 

Based on the sample introduced before, the drainage test are performed and 

some drained behavior can be concluded. The drained tests are performed on 

isotropically consolidated samples and anisotropically consolidated samples at 

various OCRs. 

5.3.1 Drained triaxial tests on isotropically consolidated samples 

The stress paths for these tests are as followed: 

 

Figure 5- 1 Stress path for isotropically consolidated samples 

Through the results of different OCRs, the average value of the angle 𝜙 

between deviatoric stress and mean stress appears to be 29.75°.It is fear to 

conclude the friction angle to be 30° which equals to the undrained behavior. 

The stress-strain relation and axial strain-columetrix strain results are shown in 

the following figure. 
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Figure 5- 2 Deviatoric stress- axial strain curve for isotropically consolidated soil 

Volumetric strain- axial strain curve for isotropically consolidated soil 

Through the result large difference happens in the OCR=10 sample. As 

expected it should have an obvious peak active volumetric strain. But from the 

test there is only a little shear dilatancy behavior. 

5.3.2 Drained triaxial tests on anisotropically consolidated samples 

As the isotropic test series. The anisotropically consolidated series also 

included normally consolidated and overconsolidated samples. The stress 

paths for these tests are as followed: 
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Figure 5- 3 Stress path for anisotropically consolidated samples 

The same value of 𝜙=30° can be observed from the test results and same as the 

undrained behavior. 

The stress-strain relation and axial strain-columetrix strain results are shown in 

the following figure. 
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Figure 5- 4 Deviatoric stress- axial strain curve for anisotropically consolidated soil 

Volumetric strain- axial strain curve for anisotropically consolidated soil 

The stress-strain result appeared to be similar as undrained result: the stress 

increased steeply until the critical point. The normally consolidated stress path 

appeared to provide boundary for the other stress path. 

5.4 Conclusion  

In this chapter, a series of laboratory triaxial tests on lower plasticity clay is 

described. The main feature of this clay is given. The deviatoric stress-strain 

and volumetric strain-axial strain results are shown for different consolidation 
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condition. Some important feature are discovered through the results. 

The friction angle 𝜙 =30 ° for different condition in spite of isotropic 

consolidation and anisotropic consolidation. The friction angle for OCR=10 is 

significant higher than other test and the volumetric strain has no obvious shear 

dilantancy behaviour. 

The anisotropic consolidation samples appeared to be more like undrained test 

with steep increment and obvious critical stress point. 
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Chapter6 

DHSM model application in drained test 

 

 

 

 

 

6.1 Introduction 

The drained tests are introduced in the last chapter with some unexpected 

drained behavior for low plasticity clay. In this chapter, the DHSM is used to 

simulated the drained triaxial tests on low plasticity clay through Plaxis. 

Parameters are used from the laboratory tests and some model parameters.Two 

approaches of tests are modeled as  

Isotropic consolidation sample with OCR=1,OCR>1 

Anisotropic consolidation sample with OCR=1,OCR>1 

The deviatoric stress-strain and volumetric strain-axial strain results are 

presented to validate the model. Meanwhile, the drained behavior is studied 

through double hardening mechanism. In addition, the form model CASM is 

also simulated in the same conditions by contrast. Finally, some conclusions 

can be concluded from the laboratory and numerical results. The double 

hardening soil model(DHSM) proved to be realistic and wide applicable for 

various conditions. 

6.2 Drained triaxial tests on isotropically consolidated samples  

6.1.1 samples and parameters  

The samples in this section had been cut from isotropically consolidated blocks 

and consolidated to an isotropic effect stress of 233.3kPa. They were specimen 
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of the normal consolidated. One of the samples was tested normally 

consolidated and follows with higher OCR equal to 10.The stress paths for 

these tests are straight line as follows, 

 

Figure 6- 1 Stress path for isotropically consolidated samples 

Two tests are selected: Normally consolidated and overconsolidated with 

OCR=10, the stress path are as follows. 

 

Figure 6- 2 Stress path for DHSM application 

Initial condition for the triaxial test for clay soil 
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𝜎𝑟0
′ (kPa) 

1 233.3 1 233.3 1 

2 233.3 1 23.33 10 

DHSM model is set for both tests and the parameters are taken from the test 

results in order to validation. The parameters using are as followed table and 

the stress path and initial condition in the table. 

Table 6- 1 Model parameters 

1.- Poisson's ratio ------------------- (    poiss) 0.3 

2.- Unloading/reloading stiff  -------- ( E_ur_ref) 12500 

3.- Slope of the normal comp line------ (E_oed_ref) 2000 

4.- Reference Secant stiffnes --------- ( E_50_ref) 5000 

5.- Power stress depend stiff --------- (      eme) 0.8 

6.- Reference stress for stiff -------- (    p_ref) 100 

 7.- Friction angle at CS (degrees) -----(      phi) 20 

8.- Cohesion -------------------------- (      coh) 30 

9.- Peak friction angle --------------- (    phi_p) 10 

10.- Failure ratio --------------------- (       Rf) 0.9 

 INITIAL STATE   

11.- Preconsolidation pressure---------- (       Po) 233.3 

12.- Lateral earth pressure coefficient- (     K0nc) 0.5 

13.- Overconsolidation ratio  ---------- (      OCR) 1 

14.- Pre-overburden pressure  ---------- (      POP) 0 

ADVANCED PARAMETERS 0 

15.- Undrained shear strenght ---------- (   Su_ref) - 

16.- Increase of Su with depth---------- (   Su_inc) -  

17.- Reference level          ---------- (    y_ref) -  

18.- Spacing ratio --------------------- (        r) 2 

29.- Shape parameter of the yiel function-- (      n) 1.5 

 

6.1.2 results and discussion  

DHSM is used for simulation through Plaxis and the results are plotted in the 

same figure together with the laboratory results. Results of CASM is also 

plotted in the same figure for contrast. Two main result: the deviatoric stress 

versus axial strain and volumetric strain versus axial strain are showed in 

figure . 
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Figure 6- 3 Deviatoric stress-axial strain curve (OCR=1)휀𝑎(%) 휀𝑣(%) 

 

Figure 6- 4 Axial strain-volumetric strain(OCR=1) 

Figure 6-3,6-4 shows the prediction of DHSM for the drained triaxial tests for 

normal consolidation .  

Figure 6-3 shows the deviatoric stress versus the axial strain. A typical 

hyperbolic relation has been observed  

Figure 6-4 shows the axial strain versus the axial strain corresponding the 

stress-strain relation. 
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The CASM results have also been plotted by contrast in both figure. 

From Figure 6-3, for normally consolidated the two models (DHSM and CASM) 

have little but parallel deviation. In this case, volumetric hardening played 

great role in the hardening mechanism but shear hardening, though relatively 

small, improved the deviatoric strength and the final strength. 

From Figure 6-4, more obvious deviation was displayed because the two 

hardening mechanism restricted the volumetric strain. As we can see, the 

DHSM was more closed to the real behaviour of drained soil.  

 

 

Figure 6- 5 Deviatoric stress-axial strain curve (OCR=10) 

 

Figure 6- 6 Axial strain-volumetric strain(OCR=1) 
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Figure 6-5,6-6 shows the prediction of DHSM for the drained triaxial tests for 

over consolidation(OCR=10) .  

Figure 6-5 shows the deviatoric stress versus the axial strain. A typical 

hyperbolic relation has been observed  

Figure 6-6 shows the axial strain versus the axial strain corresponding the 

stress-strain relation. 

The CASM results have also been plotted by contrast in both figure. 

From Figure 6-5 a significant difference is showed between two constitutive 

model. In the CASM, a peak value was reached when the axial strain enveloped 

while there was no such behavior in the real case. The reason here is because 

under only volumetric hardening mechanism, highly overconsolidated sample, 

also known as “dry side” will firstly reach the critical state and then softening. 

This procedure returned to be peak value in the deviatoric-strain relation. 

DHSM, which evolved shear hardening and enhanced model E-DHSM, 

provided the increment of strength parameters developed with shear strain. 

This modification made it possible for the shear hardening mechanism 

activated until reaching volumetric yield surface. After which, the two yield 

surface evolved simultaneously until reaching critical state. 

Figure 6-6 also demonstrated this process as no significant shear-dilantancy 

behavior for drained test. This corresponding the discover from the laboratory 

pretty well. The double hardening mechanism provided both numerical results 

and  reasonable explanation. 

 

6.3 Drained triaxial tests on anisotropically consolidated samples 

6.2.1 samples and parameters  

The samples are anisotropically consolidated with K=0.5 which means the 

lateral stress is half of axial stress. Different ratios of the consolidation test were 

performed. Similarly, two tests are selected for comparison: normally 

consolidated and over consolidated(OCR=7)  

The stress paths are shown in the Figure . It is also known that the test will 

terminate at value of ϕ = 30° 
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Figure 6- 7 Stress path for anisotropically consolidated samples 

Initial condition for the triaxial test for clay soil 

test P’(max) (kPa) K 𝜎𝑎0
′ =

𝜎𝑟0
′ (kPa) 

OCR 

1 233.3 0.5 175 1 

2 233.3 0.5 25 7 

DHSM model is set for both tests and the parameters are taken from the test 

results in order to validation. The parameters using are as followed table and 

the stress path and initial condition in the table. 

1.- Poisson's ratio ------------------- (    poiss) 0.3 

2.- Unloading/reloading stiff  -------- ( E_ur_ref) 12500 

3.- Slope of the normal comp line------ (E_oed_ref) 2000 

4.- Reference Secant stiffnes --------- ( E_50_ref) 5000 

5.- Power stress depend stiff --------- (      eme) 2 

6.- Reference stress for stiff -------- (    p_ref) 100 

 7.- Friction angle at CS (degrees) -----(      phi) 20 

8.- Cohesion -------------------------- (      coh) 30 

9.- Peak friction angle --------------- (    phi_p) 10 

10.- Failure ratio --------------------- (       Rf) 0.9 

 INITIAL STATE   

11.- Preconsolidation pressure---------- (       Po) 233.3 

12.- Lateral earth pressure coefficient- (     K0nc) 0.5 

13.- Overconsolidation ratio  ---------- (      OCR) 1 
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14.- Pre-overburden pressure  ---------- (      POP) 0 

ADVANCED PARAMETERS 0 

15.- Undrained shear strenght ---------- (   Su_ref) - 

16.- Increase of Su with depth---------- (   Su_inc) - 

17.- Reference level          ---------- (    y_ref) - 

18.- Spacing ratio --------------------- (        r) 2 

29.- Shape parameter of the yiel function-- (      n) 1.5 

6.2.2 results and discussion  

DHSM is used for simulation through Plaxis and the results are plotted in the 

same figure together with the laboratory results. Results of CASM is also 

plotted in the same figure for contrast. Two main result: the deviatoric stress 

versus axial strain and volumetric strain versus axial strain are showed in 

figure . 

 

Figure 6- 8 Deviatoric stress-axial strain curve (OCR=1) 
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Figure 6- 9 Volumetric strain-axial strain curve (OCR=1) 

Figure 6-8,6-9 show the prediction of DHSM for the drained triaxial tests for 

over consolidation(OCR=10) .  

Figure 6-8 shows the deviatoric stress versus the axial strain. A typical 

hyperbolic relation has been observed  

Figure 6-9 shows the axial strain versus the axial strain corresponding the 

stress-strain relation. 

The CASM results have also been plotted by contrast in both figure. 

From Figure 6-8  the behavior of drained soil is well simulated by DHSM with 

steep increment of the deviatoric stress until reaching critical state. The CASM 

result appeared to be horizontal since the volumetric yield surface has already 

reached the critical state. Therefore the deviatoric stress hardly changed 

anymore. 

Figure 6-9 introduced the corresponding volumetric strain results with 

different direction of the development of the strain. As showed in the figure, 

DHSM obviously produced more realistic result with the decrease of the 

volumetric strain. The behavior proved to be similar as the undrained test. 
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Figure 6- 10 Deviatoric stress-axial strain curve (OCR=4) 

 

Figure 6- 11 Volumetric strain-axial strain curve (OCR=4) 

Figure 6-11,6-12 shows the prediction of DHSM for the drained triaxial tests for 

normal consolidation .  

Figure 6-11 shows the deviatoric stress versus the axial strain. A typical 

hyperbolic relation has been observed  

Figure 6.12 shows the axial strain versus the axial strain corresponding the 

stress-strain relation. 
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From Figure 6-11, a peak of the deviatoric stress was performed by CASM 

model. However, for the overcosilidated sample, the stress path in the dry side 

will reaching the critical state without shear hardening. E-DHSM provide the 

modification to overcome this drawback like showed in the figure. A strain 

dependent stiffness relation was introduced to make shear hardening activated 

before reaching critical state. After that two yield surface evolved together wit 

the plastic strain. 

Figure 6.12 demonstrated this behavior from the view of strain development. 

As the shear hardening activated, the axial strain developed and two 

component of strain evolved together. Therefore, the shear hardening replaced 

the softening behavior of volumetric surface, meanwhile decreased the 

volumetric strain. 

6.4 Conclusion  

In this chapter, double hardening soil model was used for the triaxial drained 

test. Four groups of results have been established and compared with the 

laboratory In addition the CASM model has also been used by contrast. 

The four group of the tests including: 

Isotropic consolidation: OCR=1,OCR=10 

Anisotropic consolidation: OCR=1,OCR=7 

The initial stress condition and parameters were introduced in order to use the 

DHSM in Plaxis. Several conclusions can be drawn from the results. 

1. For high overconsolidated soil, the stress path usually evolved in the “dry 

side”. The volumetric yield surface is not reached and the behavior is totally 

controlled by the shear hardening surface. With the help of enhanced 

double hardening model(E-DHSM) which introduced strain based strength 

parameters, volumetric yield surface can be reached through shear 

hardening. The laboratory results identify this behavior and the stress-

strain relation proved to be accurate. 

2. For anisotropic consolidated samples, the drained behaviors are more 

similar to the undrained sample with steady increase of deviatoric stress 

until critical state. DHSM corresponded well to this feature as the result 

figure. 

3. The stiffness of anisotropic and isotropic are comparable with both stress 

paths terminated at a value of 𝜙′ = 30°. For OCR=10 sample, the critical 
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stress was higher as the same result of laboratory tests. 

The double hardening soil model proved to be powerful in the prediction and 

application of the soil behavior. Especially, the stiff behavior is improved 

through E-DHSM makes the two hardening mechanism more flexible and 

widely used. The model can be applied and implemented for various 

conditions and multi types of soil in geotechnical projects. 
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Chapter 7  

 

 

 

 

 

Conclusion  

7.1 Remarks and discussions 

The main work in this thesis is formulation, implementation and application of 

double hardening soil model (DHSM). The behavior of low plasticity clay is 

studied through both laboratory and numerical simulation. 

The constitutive model is based on two widely used model CASM and HSM. 

The volumetric surface is used to modify the cap yield surface in HSM in order 

to form a new double hardening model. In this way the limitations of both can 

be overcome by DHSM. 

More detailed discussion, the shear yield surface provides a shear-hardening 

relation especially in the “dry side” of volumetric yield surface. It means thar 

the strength can be improved during deviatoric flow before reaching critical 

state which contributes the volumetric hardening to be more accurates. On the 

other hand, for shear yield surface. there is a cap yield surface used as a cut off 

during shear hardening. By contrast, using volumetric hardening can be more 

realistic with geotechnical definition. What’s more. The volumetric yield 

surface appears to be better in describing the volumetric strain. In this strategy, 

the model based on the two hardening mechanism is incorporated and 

comprised.  

The basic formulation of DHSM is introduced based on appropriate and 

meaningful parameters. Some of the modification is evolved for the model 

which suitable for variety of stress history and consolidated condition. 

The program is cooperated in Fortran in order to compile the finite element 

analysis in Plaxis. The subroutines are compiled and the user defined model is 

completed for implementation and application. 

The other parts of the work focuses on the behavior of the low plasticity clay. 
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Which have been carried by Gens (1982). The tests were taken for various series 

of the samples after different condition including isotropical or anisotropical 

consolidation to different consolidated ratios varied from 1 to 10. Plenty of the 

results have been carried out which introduced detail behavior of the low 

plasticity clay. 

The paper selects some of the triaxial tests on various condition and numerical 

simulation is performed through the DHSM. Therefore, important comparison 

has been improved and some significant feature of the clay has been concluded 

and validated. 

Among those results, important discoveries can be concluded as: 

1. For high overconsolidated soil, the stress path usually evolved in the “dry 

side”. The volumetric yield surface is not reached and the behavior is totally 

controlled by the shear hardening surface. With the help of enhanced 

double hardening model(E-DHSM) which introduced strain based strength 

parameters, volumetric yield surface can be reached through shear 

hardening. The laboratory results identify this behavior and the stress-

strain relation proved to be accurate. 

2. For anisotropic consolidated samples, the drained behaviors are more 

similar to the undrained sample with steady increase of deviatoric stress 

until critical state. DHSM corresponded well to this feature as the result 

figure. 

3. The stiffness of anisotropic and isotropic are comparable with both stress 

paths terminated at a value of 𝜙′ = 30°. For OCR=10 sample, the critical 

stress was higher as the same result of laboratory tests. 

The model proved to be powerful in the triaxial test simulation. The double 

hardening mechanism can well explain the behavior of the laboratory tests. 

Meanwhile the simulation results agreed well with the laboratory results. It is 

positive to conclude the new soil model can be used for wide range of 

conditions and soil type. 

7.2 Perspectives for future work 

Till now, the constitutive equations can be successfully compiled to soil model. 

DHSM proved to be appropriate in triaxial test implementation and application 

and can be used in various conditions. 

For future work can be focus on 3 perspectives: 

1. Only drained tests are applied in the DHSM in this thesis. Various of other 
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tests such as the undrained, extension tests should also be carried out in the 

numerical model for validation and implementation. After that, the overall 

behavior can be studied with quantity and quality laboratory and numerical 

simulation. 

2. Better study of the soil behavior should be added to the constitutive model. 

From CASM model, researches prefer to using the effective parameters to 

describe the behavior of wide range of sand and clay. State parameter as a 

representative is one of the parameters that can be used both for sand and 

clay. However, the family of constitutive model are needed for wider range 

of the soil. Most of them are based on different condition or type of the soil 

which is more accurate in the model application. 

3. In this paper, only saturated condition is considered. As we all known, 

geotechnical works are usually in more complex condition such as the 

unsaturation or temperature developed. More tests or study should be 

carried out for various condition and some influence should be considered 

through modified equations. In this way, constitutive model can be more 

powerful and appropriate in application.  
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