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Abstract—This work investigates, analytically and experimentally, the effects induced by the use of a ﬁrst-order sigma-delta
feedback loop as a control method of dielectric charging for
capacitive MEMS. This technique allows one to set a desired level
of net charge in the dielectric of a MEMS device by continuously
alternating the polarity of the actuation voltage. This control
system displays a number of interesting effects, inherited from
sigma-delta modulation, and not usually found in conventional
MEMS applications, with the charge locking phenomenon being
the most relevant. The convergence time and the effectiveness of
the control method are also investigated and discussed.

I. I NTRODUCTION
Dielectric charging is a major reliability issue in electrostatic microelectromechanical systems (MEMS) [1], [2]. For
instance, this problem hinders the large scale use of these
devices as variable capacitors, switches or oscillators in applications such as components for RF. In the case of varactors and
voltage-actuated switches, thin dielectric layers are commonly
used to prevent short-circuiting between moveable and ﬁxed
parts. However, the application of relatively high voltages
across such small scale structures results in high electric ﬁelds,
which may produce such phenomena as dielectric polarization
or charge injection and trapping. Such dielectric charging
caused by device actuation produces undesired changes in
key parameters of the device, such as: pull-in voltage drift,
capacitance–voltage C(V ) characteristic shifts or, in severe
cases, permanent stiction of mechanical parts.
In recent years, smart actuation techniques and strategies
to mitigate or control the effects of dielectric charging in
MEMS capacitors have been proposed [3]–[8]. Closed-loop
strategies are inspired by sigma-delta (ΣΔ) modulation: they
trace a certain characteristic of the MEMS that is related
to the dielectric charge and dynamically apply correcting
feedback stimuli. Studies [7], [8] experimentally implement
ﬁrst and second-order ΣΔ modulation on MEMS, while [9]
realises an ASIC ﬁrst-order ΣΔ control. These studies focus
on experimental validation or on IC implementation of control.
However, an analytical or extended numerical analysis of
these systems is an open issue. They are impeded by the
lack of simple but reliable models of dielectric charging and
mechanical structures. In addition, one has to analyse the
entire system ”capacitive MEMS – dielectric – feedback loop”,
which is a non-trivial task. As a matter of fact, no rigorous
proof of the robustness of the ΣΔ loop for MEMS has been
presented so far. Discussions on undesirable effects that may

appear in the dynamics of MEMS due to the feedback loop
are very limited.
This work addresses the robustness of the ﬁrst-order ΣΔ
loop and its effects (the convergence time, charge locking and
general stability) on MEMS. From our analysis, we predict
how the ΣΔ effects can be measured and provide experimental
validation. The experimental validation is a rather remarkable
result since these effects appear in a realistic physical system that involves components belonging to different physical
domains. The appearance of channel tones, which is another
well-known ΣΔ related phenomenon is not investigated in this
work. These tones may be considered a secondary issue since
they only affect the capability of the method to retrieve the
information on dielectric charging, but not the capability of
the method to ﬁx a desirable level of charge.

II. S TATEMENT OF THE PROBLEM
The aim of this study is not to introduce a new charge
control and actuation technique for MEMS. Rather we investigate it, providing an analysis of its dynamics, as stated
in the Introduction, and validating our results experimentally.
Therefore, we focus on the ﬁrst-order ΣΔ control of dielectric
charge from [7], [10].
Let us ﬁrst provide a brief overview of the system, shown in
Fig. 1. A MEMS capacitor is the one used in the experimental
part of this work. It is a movable plate-electrode suspended
in air above a ﬁxed plate-electrode that has a dielectric
layer deposited on top. More details about this device are
given in Sec. V. The net charge stored in the dielectric, Qd ,
changes the effective voltage ”seen” by the device by the
amount Vshift = Qd /Cd , where Cd is the capacitance of the
dielectric layer. This implies that Qd causes a horizontal shift
of the capacitance-voltage characteristic C(V ) of the device.
In the control system, Vshift (then, Qd ) is calculated from
a quasi-differential capacitance ΔC measurement, obtained
at sampling times nTs . On the other hand, one of the two
bipolar voltage waveforms BIT0 and BIT1, described in Fig. 1,
is applied to the device during each sampling period. The
application of either BIT0 or BIT1 produces opposite (but not
necessarily symmetrical) C(V ) shifts. Thus, causing opposite
effects on the charge dynamics. The control method compares
ΔC with a preselected threshold ΔCth (thus with a threshold
Qth ) and decides which waveform must be applied in the next
sampling period to achieve Qd = Qth .
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Fig. 1: (a) Block diagram of the system and the description of
the voltage waveforms, BIT0 and BIT1, used to actuate the MEMS.
The electrostatic actuation alters the net charge trapped in the MEMS
dielectric, causing a horizontal shift of the C(V ) characteristic of the
device. Other factors, such as the distribution of charge, contribute
to vertical shift of the C(V ). (b) Effect of actuation voltages on the
dielectric charge. The charging process consists of multiple positive
and negative components deﬁned by eq. (1). They can be seen as
”capacitors” with different charge and discharge dynamics. When one
applies BIT0, the positive components charge more than the negative
ones (depending on the δ value). For the BIT1 waveform the effect
is opposite. The total charge is obtained by summing all components
up.

Let us consider the multi-exponential model for the dielectric charge dynamics experimentally validated in[12], [13].
p
p,i
and
This model considers
iq
 n,i a set of positive q =
n
negative q = i q charge components:
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where Qpmax and Qnmax are respectively the maximum value
of the positive and of the negative charge components for
the voltage applied V , τCi and τDi are charging and discharging time constants and ζi are coefﬁcients expressing the
contribution
 of each exponential to each charge component
(then,
i ζi = 1 for each component). The time varying
expression
the total
charge is Qd (t) = q p (t) +
 ofp,i
dielectric
n
n,i
q (t) = i q (t) + i q (t), which is the sum of multiple
independent charge components.
C. Closed-loop control algorithm of dielectric charging
The control method is based on measurements of the quasidifferential capacitance ΔC, which under some conditions can
be easily related to the net dielectric charge Qd . For instance,
for a device working below pull-in, with a parabolic bottom
of the C(V ) and symmetrical voltages in BIT0 and BIT1
waveforms (V + = −V − = V , see Fig. 1), it is
ΔC(t) = −4αV Qd (t)/Cd

A. Electromechanical model
The MEMS is actuated by applying a voltage V across
its electrodes. This causes a displacement y of the moveable
electrode and, as a consequence, a change in the device capacitance C(y). In a 1D approach, the kinetics of the moveable
electrode can be described by a typical mass-spring-damping
differential equation mÿ(t) + bẏ(t) + ky(t) = Fel (V, y), where
m is the mass of the movable electrode, b is the damping
factor, k is the spring coefﬁcient of the mechanical restoring
force and Fel (V, y) is the electrostatic force. However, the
electromechanical part of the system can be described with the
desired complexity, depending on the accuracy required, i.e.
using partial differential equations or ﬁnite-element methods.
Therefore, the total capacitance C of the device will be a
function of the form F = C(Y), where Y expresses the
position of the moveable electrode.
All the simulations in this work have been performed
using both 1D models and beam models (partial differential
equations), taking into account the presence of both uniform
and various non-uniform charge distributions [11]. The latter
modiﬁes the electrostatic force Fel that acts on the MEMS,

(2)

where the coefﬁcient α is obtained from ﬁttings of the C(V ).
From the current value of ΔC, the control method is aimed
at ﬁxing the dielectric charge at a selected (desired) level Qth
by using this decision mechanism:


BIT((n + 1)Ts ) =

BIT0 ΔC(nTs ) > ΔCth (Qd (nTs ) < Qth )
(3)
BIT1 ΔC(nTs ) < ΔCth (Qd (nTs ) > Qth )

where Ts is the sampling time, Qd (nTs ) is the total dielectric charge estimated from the quasi-differential capacitance
ΔC(nTs ) measured at t = nTs , and BIT((n + 1)Ts ) is the
voltage waveform, BIT0 or BIT1, to apply to the MEMS in
the next sampling period [nTs , (n + 1)Ts ).
The dynamics of the total charge can be expressed in a
compact form, where for simplicity we consider f (nTs ) = fn ,
as follows:
Qn+1 = Θ(Qn , bn ),

bn+1 = 12 (1 + sgn(ΔCth − ΔCn )) (4)

where Qn+1  R is the net charge in the next sampling period
as a function of its current value Qn and of the decision bit
provided by (3): bn  B = {1, 0}. Thus, we will use the subscript n to denote the discrete-time evolution of the dynamical
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Fig. 2: Simulation results showing the evolution of the positive and
negative charge components and of the total charge when the control
method with Qth =0 is applied. The initial net charge is negative.

quantities in our problem. The script i will be used to denote
a quantity related to individual charge components. Note that
the dependence of the system dynamics on the equation of the
mechanical component is hidden in bn . Equations (4) represent
a piecewise contraction map that is asymptotically periodic,
i.e. its steady state solutions are stable cycles [14].
III. G LOBAL BEHAVIOUR OF THE ΣΔ CONTROLLED
MEMS
A. Convergence time of the multiple-charge components
The charge dynamics are modelled as a sum of independent
components, each evolving with its own time constants. If we
look separately at the positive and negative components of Qd ,
they evolve and reach a steady state rather slowly, as shown
in the simulation results of Fig. 2. This is determined by the
largest characteristic time scale of q p and q n , which can be
in the range of hours or even days. However, the total charge
Qd = q n + q p evolves with noticeably faster time scales. This
is a very useful property, since it allows one to ﬁx the desired
level of dielectric charge faster. In the experiment described in
Sec. V, the total charge settles to the desired level faster than
the characteristic time of individual charge components.
B. Devil’s staircase and charge locking
Similarly to ΣΔ modulators, the amount of charge in the
dielectric can be inferred from the averaged output bitstream
b, that tells us what is the average decision bit applied by the
control loop. After the system has reached a steady state, the
averaged bitstream corresponds to a stable cycle of dielectric
charge. When the desired level of charge is changed (by
adjusting ΔCth ), a change in the averaged bitstream should be
observed. Ideally, the plot b(ΔCth ) should be a straight line.
As shown in Fig. 3(a), this is the case when a small sampling
time Ts is used. However, when Ts becomes comparable with
the fastest time constant of the charge dynamics, plateaus
appear in the plot b(ΔCth ).
Such a plot is a Devil’s staircase, an effect previously
seen and explained in the context of conventional ΣΔ modulators [15], where plateaus are associated with integrator
leakage. In our case, Ts can be associated with the leakage of
the dielectric charge reservoir, understood as an integrator in
the ΣΔ loop [7]. This generates the appearance of increasing
plateaus with increasing Ts . Clearly, this is an undesirable
effect that should be avoided by proper selection of the
sampling time Ts . The case of non-uniform distributions of

Fig. 3: (a) Simulation results of the averaged bitstream (b) provided

by the control loop as a function of ΔCth for both uniform and nonuniform charge distributions. Each point corresponds to a steady-state
case. (b) Domains of existence of cycles observed in the system.

charge was also investigated. The results, reported in Fig. 3(a),
demonstrate that the Devil’s staircase effect also persists in this
case.
The Devil’s staircase is a manifestation of a more general
phenomenon termed here as charge locking. By varying two
parameters, for instance, Ts and ΔCth , the results of Fig. 3(b)
are obtained. This graph shows the average amount of charge
ﬁxed by the control algorithm in the MEMS dielectric. Each
colored tongue corresponds to a case where this charge is
ﬁxed, or locked, to the same value.
These plateaus disappear if a second-order feedback loop
is employed [8]. However, the implementation of the secondorder loop for MEMS may be difﬁcult. One should consider
all trade-offs between a simpler but less reliable ﬁrst-order ΣΔ
loop and a higher-complexity and more reliable second-order
loop.
IV. A NALYTICAL PROPERTIES OF THE CONTROL METHOD
Followed on from our discussion of some typical effects of
ΣΔ loops, let us now focus on the global convergence and
the robustness of the charge control algorithm.
A. Analysis of the discrete time model
The charge difference ΔQ0 , extracted or added to the
dielectric by the feedback loop after applying BIT0 is:

1−δ δ
qnp,i αC,i
αD,i +
ΔQ0 = Qd (n + 1) − Qd (n) =
+



i
1−δ
δ
ζip,i Qpmax (1 − αC,i
)αD,i
+

i

+





1−δ δ
qnn,i βD,i
βC,i

(5)

i
δ
ζin Qnmax (1 − βC,i
) − qnp − qnn

i

where αC,D,i = exp[− τ pTs ] and βC,D,i = exp[− τ nTs ].
C,D,i
C,D,i
ΔQ0 can be seen as sum of positive and negative charge differp
ences due to the application of a BIT0: ΔQ0 = ΔQ0 + ΔQn0 .
A similar expression for ΔQ1 can be found when a BIT1 is
applied.
Now, let us consider that Ts is far below the fastest time
constant of the charge dynamics. This assumption allows us to
linearise and discretise expressions (1). According to this, let
us examine separately the positive and negative components
of (5) for the case of BIT0:


p,i (1−δ)Ts
ΔQp,i
1−
0 = Qmax τ p
Ci

q p,i
Qp,i
max



1+

p
δτCi
p
(1−δ)τDi
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p
p
n,i
n
n
where Qp,i
max = Qmax ζi and Qmax = Qmax ζi .
Similar expressions can be easily derived for BIT1 (ΔQp,i
1
and ΔQn,i
1 ). Then, the system evolution can be described with
the following 2D map G : R2 → R2 :
p,i
p,i
qn+1
= qnp,i + ΔQp,i
0 (1 − bn ) + ΔQ1 bn
n,i
n,i
n,i
qn+1 = qn + ΔQ0 (1 − bn ) + ΔQn,i
1 bn

(8)

where qnp , qnn  R, n  N and the applied bit bn  B = {0, 1}.
Taking into account that both voltage polarities (V + and
−
V ) are applied during a certain time in BIT0 and BIT1,
depending on the value of δ, the average time in which the
positive voltage (V + ) is applied can be described as bef f =
b(1 − δ) + (1 − b)δ. And therefore, the average time for the
negative voltage (V − ) is 1 − bef f .
Now, it is possible to ﬁnd the stable equilibrium point of
each charge contribution of the system (8) as a function of δ
and b:
(1−bef f )
q p,i = Qp,i
max τ p /τ p bef f +(1−bef f )
Ci
Di
(9)
bef f
q n,i = Qn,i
max τ n /τ n (1−b
)+b
Ci

Di

ef f

ef f

Moreover, since the system is dissipative (contracting), all
the trajectories are forced to converge to the stable equilibrium
point (9).
Assuming now that the target charge surface has been
reached, i.e. Qd = Qth , in the ﬁnal equilibrium point we
will have that:

Qth = Qd = i q p,i + q n,i
(10)
and this equation implicitly determines the asymptotic value
of the averaged b.
Finally, the equation of a ﬁrst order sigma-delta modulation
can be obtained taking into account all the charge contributions
presented in (8).


Qd (n + 1) = Qd (n) + (1 − bn )
ΔQi0 + bn
ΔQi1 (11)
i

i

B. Effectiveness of the control method for a two-exponential
charging model
Let us now use the analytical models derived in the previous
section for the speciﬁc case of two exponentials in each
charge component. The performance of the ΣΔ charge control
algorithm is demonstrated in Fig. 4, where we plot ΔQ as a
function of the initial charge state for each component, qnp
and qnn . The diagonal line represents the condition where the
total charge is as desired. In our example, this condition is
qnp + qnn = 0, that is, the dielectric stays electrically neutral.
Therefore, for all points lying on the upper-left half plane (UL)
the total charge is positive and for those in the lower-right half
plane (DR) the total charge is negative.
For the ΣΔ algorithm to converge, ΔQ must be positive in
the lower half-plane and negative in the upper half-plane. In
this case of ideal operation, the ΣΔ loop will compensate any

Fig. 4: Dynamics of the control algorithm in the (qnn , qnp ) plane. If

the total charge Qd = qnn + qnp is in the upper half-plane D0 ∪ U L,
the control method changes the charge, moving it to the desired level
set by the line Qd = Qth . If the total charge Qd = qnn + qnp is in
the lower half-plane D1 ∪ DR, the control method again changes
it towards the desired level. Once the line Qd = Qth is reached, a
sliding mode control takes place unless the point ΔQ0 = |ΔQ1 | is
reached. The value of ΔQ is also shown in the plane for convenience.

excess of positive or negative charge in the dielectric. This is
indeed so for the two largest portions of the plane, where the
right conditions on ΔQ are fulﬁlled.
Figure 4 depicts the state of the system as a point moving
along a trajectory in the plane. In the two largest sections of
the plane, above and below the diagonal line that represents the
desired level of charge, we proceed towards the diagonal line
with every step of application of the algorithm. The system
dynamics are dominated by the presence of the two stable
points and the trajectories converge towards them, as desired.
However, in principle it is possible to observe the reverse
behaviour of the ΣΔ algorithm. For example, the domains
denoted as R1 and R2 in Fig. 4 correspond to the opposite
behaviour where ΔQ < 0 for BIT0 and ΔQ > 0 for BIT1. In
order to avoid the undesired behaviour of the algorithm, we
must design the system accordingly, selecting small enough
values of Ts and δ.
Finally, we note that as soon as a trajectory reaches the
diagonal line, it undergoes a speciﬁc type of sliding mode
control [16].
V. E XPERIMENTAL RESULTS
There are no means to directly measure the dielectric charge
in a MEMS device while it is being used. Thus, it is extremely
difﬁcult to have an understanding of the dielectric charge
dynamics without interfering into the operation of the device.
However, our analysis predicts a number of ΣΔ effects when
applying dielectric charge control. Then, if we can observe
them experimentally, we can prove that our understanding of
the charge behaviour is correct.
In this section, we demonstrate experimentally the charge
locking phenomenon. To this effect, the ΣΔ charge control has
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”charge locking” effect disappears, and thus there is a ’one to
one’ relationship between ΔCth and the bitstream average, for
the fastest sampling rate Ts =180 ms.

Fig. 5: Averaged bitstream versus target differential capacitance

VI. C ONCLUSIONS
The dynamics of a sigma-delta dielectric charge control has
been discussed through simulations, analysis and experiments.
The discrete time maps associated to the control method have
been obtained assuming multiexponential dielectric charging
models. The appearance of charge locking phenomena for low
sampling frequencies has been analyzed. Experiments obtained
with a parallel plate MEMS capacitor have conﬁrmed the
existence of plateaus and how they disappear as the sampling
frequency is conveniently increased.

obtained experimentally for Ts =1.7 s (circles), 820 ms (squares) and
180 ms (triangles).
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