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Abstract Computational continuum mechanics have been used for a long time to deal with the

mechanics of materials. During the last decades researches have been using many of the theoretical
models and numerical approaches of classical materials to deal with biological tissue which, in many
senses, are a much more sophisticated material. We aim to review the last achievements of continuum
models and numerical approaches on adaptation processes in biological tissues. In this review, we are

looking, in particular, at growth in terms of changes of density and/or volume as, e.g., in collagen
remodeling, wound healing, arterial thickening, etc. Furthermore, we point out some of the most
relevant limitations of the current state-of-the-art in terms of these well established computational

continuum models. In connection with these limitations, we will finish by discussing the trend lines
of future work in the field of modeling biological adaptation, focusing on the computational approaches

and mechanics that could overcome the current drawbacks. We would also like to attract the
attention of all those researchers in classical materials (metal, alloys, composites, etc), to point
out how similar the continuum and computational models between our fields are. We hope we can
motivate them for getting their expertize in this challenging field of research.
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1 Motivation

Nowadays, the mathematical and computational study of biomechanics and biology have gained a
huge significance in the research community. There have been an important increase in the number
of scientific forums devote to them. While some years or decades ago bioengineering works were
doomed to be presented in general continuum mechanics and computational journals.
The study of plasticity, damage, viscoelasticity, etc., have been key points of development in
continuum mechanics for decades. Up today many important progresses have been achieved and the
amount of knowledge about these topics is exponentially growing. No mention that many continuum
and computational researchers have been focusing their efforts, or at least slightly getting into, in
biomechanics topics during the last decade. It is relevant to point out that those theories and
numerical methods used for the study of these classical materials have been used with good success
when dealing with the study of biological tissue. However, biological tissues are, at some extend,
much more complicated materials than those usually studied in the field of continuum mechanics,
such as steel, rubbers, etc., basically due to its “living” nature. They exhibit a very optimized and
advanced auto-regulatory mechanisms under mechanical and chemical stimuli that, in many cases,
classical materials do not.
Bioengineers have the goal of bringing together some research fields of biology and mathematics.
The basic idea is to study and understand what biologists or engineers found in its experimental
studies. They have to create mathematical models that qualitatively and quantitatively describe
the phenomena saw in those experiments and at the end apply to different practical goals, such as,
e.g., create artificial tissues to substitute natural ones, develop clinical equipment or computational
models that recreate the behavior of different tissues. The big deal of mathematical and computational models, compared with experimentation, is that once the model is correctly characterized,
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a fast and cheap reproducibility of different cases of study can be achieved as, e.g., different load
cases, chemical environments, cellular disorders, etc.

The mathematical modeling of natural processes is a nice path to a better knowledge of what
is happening in them. In particular, the modeling of biomechanics and mechanobiology is a enterprising area of research (??). Moreover, the inclusion of mechanical models in computational
frameworks such as, e.g. the finite element method (FEM) allows researchers to study real patient
specific geometries. Note that one of the main goals of computational and theoretical studies of
biomechanics and mechonobiology-related problems is the application of these studies to improve
current diagnostic tools and drugs, building synthetic organs (see an interesting New York Times
article by ?), etc. Brought together, they are very useful tools to study many different topics within
the biological and computational mechanics community.

Among many of the topics to study in biomechanics, researchers have been focusing more
strongly on the modeling of different kinds of tissue as the heart (?), bones (??), vessels (????),
tendoms (???), eye (??), etc. Many efforts have been also invested to model the electrical behavior
of the heart (???) and arteries (?). There are also a high amount of works about the evolution
of biological tissue over time, as in remodeling and growth (see e.g. the review in ? and ?). In
this regard, the continuum treatment of growth (?) has been, and still is, a cornerstone in the
mechanical treatment of volumetric changes in the tissue.

In the following three subsections, we briefly introduce the general mechanical approach for
the constitutive modeling of biological tissues. Furthermore, we introduce the concepts of growth
and remodeling from a mechanical point of view, not only looking at how the tissue behaves but
also looking at how the microstructure builds-up the macroscopic behavior. We also review some
computational works that deal with these approaches. We will look at the specific equations and
numerical methods in the following sections.
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1.1 Mechanical behavior

A large number of constitutive laws have been proposed over the years for modeling the mechanical
behavior of soft biological tissues. In general, these kind of tissues are made up of an extra-cellular
matrix, composed of an isotropic ground substance with a high water content in which a network
of anisotropic structures appear. The combined contribution of these constituents determines the
mechanical response of the tissue, which turns out to be highly non-lineal and anisotropic. Many
of numerical approaches used in the past for these phenomena, in the context of hyperelasticity,
plasticity, viscoelasticity, etc., for metals or rubbers, are and have been applicable to the modeling
of biological tissue (see e.g. the monographs of ????).

1.2 Growth

Growth has gained increasing attention in the theoretical and computational mechanics community
as well (see e.g. the reviews in ????). In particular, the works of ? and ? were pioneered in the
underlying kinematic description of volumetric growth. Mechanical treatment of growth has been
dealt in different ways. Usually, growing and swelling of biological tissues are considered as open
systems. Their different configurational settings and their numerical treatments in a finite element
method (FEM) framework are discussed in ?. Typically, two fundamentally different forms of growth
can be distinguished: volumetric growth and density growth, where a change of mass occurs in both
of them. The first one allows for changes in volume while keeping the density constant whereas the
second one maintains a constant volume while the density is allowed to change, see e.g. the works
of ? in isotropic growth, ?? for anisotropic growth and ? in the context of the micro-sphere model.
It is also worth noting the early work of ?, which demonstrates that the growth of blood vessels
induces a change in the natural configuration of the tissue, associated with the notion of a stress
free configuration.
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An alternative approach towards growth is the one presented by ?? based on mixture theory,
where several constituents of a tissue are allowed to growth in an independent way. In this context
other works have been presented (???) and extended to reactive mixtures (?). Although they
usually stay in the theoretical description of the problem, solving the given analytical equations, ?
and co-authors have step forward to implement it in a finite element framework. In a similar way,
biphasic and triphasic theories (??) have been used to described different adaptation phenomena,
e.g., in the brain (?) and cartilage (??) . Besides the constitutive equations and the coupling effects,
there are not new numerical strategies required to solved these types of mixtures. Other interesting
approaches are reported by ?? in the context of volumetric material growth.

1.3 Remodeling

Remodeling has been also studied from a computational and theoretical point of view. It is well
known that biological tissue remodels itself when exposed to a given stimulus, e.g. mechanical loads
such as an increase in blood pressure, and changes in the chemical environment that controls the
signaling processes. Biological remodeling can occurs in any kind of biological tissue. In particular,
the study of collagen as the most important tissue to be remodeled, in all its types (preferentially
Type I and III), has been given considerable attention in the last few years (???). The reorientation
of this kind of structures can be assumed to be the consequence of the reorientation of the fibrils or
filaments that compose them. Several remodeling models have been proposed in the recent years.
In ?, a complete consistent linearization of the equations in an implicit finite element framework
was performed. Some of them analyze the reorientation of unidimensional fibers driven by different
stimuli as in ? or ?.
Another important biological structure able to growth and remodel itself is the cell cytoskeleton
one of the smallest and most important entities in biological matter, see e.g. ? for an overall
understanding of cell behavior. Cytoskekleton is composed of microtubules, microfilaments and
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a network of actin filaments among many other elements. In terms of mechanical models there
have been an increase in the number of works, see e.g. ???. Cells move and reorient their inner
structure depending on the stiffness and strain of the substrate (??). These experimental results
are characterized by a gradual reorientation of the principal direction of the cell followed by a
progressive remodeling of the micro-structural element leading to more pointed shape (see e.g., the
experimental work of ? and references therein).
In this review, we are going to go over the so called growth and remodeling of some biological

tissues both from a theoretical and numerical point of view, mainly trough a continuum point of
view, and within the finite element method. Growth is usually related to changes of mass (volume,
density or both). We will discuss in following sections growth and remodeling of biological structures as we will provide examples of some of these approaches. We will finish discussing the most
important achievements and limitations of the current approaches and we ill discuss about future
lines of research.

2 Continuum model: Balance equations and constitutive model

During the following sections we resume the balance equation described by ? in the context of
open systems. The equation sorted out hereafter are for the material parametrization and material
reference, while describing the spatial motion in the context of a Lagrangian description. We refer
to ?? and references therein for a complete description of balance equations in the context of
hyperelastic formulation of open systems.

2.1 Kinematics

Following ? and ?, any quantity expressed in terms of the spatial coordinate x as {•} (x, t) will
be referred to as spatial parametrization of {•}, while the material parametrization {•} (X, t) is
formulated in terms of the material coordinate X. We will also distinguish between the spatial and
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Fig. 1: Kinematic of the motion.

material reference of a scalar– or tensor–valued quantity denoted as {•}t , related to the spatial
domain Ωt , or {•}0 , related to the material domain Ω0 . For the tensor–valued quantities, it is also
possible to distinguish between the spatial, the material and the two–point description. Quantities
in the spatial description are elements of the tangent or cotangent space to Ωt , quantities in the
material description are tangent or cotangent space to Ω0 and tensorial quantities in the two–point
description are elements of the tangent or cotangent spaces to Ωt and Ω0 . We will restrict here to
the spatial motion problem, which has the physical idea of following the particles of the body from
a fixed material position X.
The spatial motion problem is characterized through the spatial motion map

x = ϕ ( X, t ) :

Ω0 → Ωt

(1)

mapping the material placement X of a particle in Ω0 , to the spatial placement x of the same
particle in the spatial configuration Ωt , see figure ??. The related spatial deformation gradient F
and its Jacobian J

F = ∇X ϕ (X, t) :

T Ω0 → T Ωt ,

J = det F > 0,

(2)

representing the linear tangent map from the tangent space T Ω0 to the time–dependent tangent
space T Ωt . The right spatial motion Cauch– Green strain tensor C is defined as
C = Ft · F.

(3)
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The material time derivative Dt of an arbitrary quantity {•} at fixed material placement X is
defined as
Dt {•} = ∂t {•}|X .

(4)

In this way we define the spatial velocity v is introduced as the material time derivative of the
spatial motion map ϕ, as
v = Dt ϕ (X, t)

(5)

Based on this description, we can express the material and spatial gradient as

Dt F = ∇X v

l = ∇x v

(6)

And, e.g. the material time derivative of the spatial motion Jacobian J is defined as Dt J = J div v
with div v = F−t : Dt F denoting the spatial divergence of the spatial velocity v.
Remark 1 (Kinematics of growth) Within the previous framework, the key kinematic of finite
growth can be expressed as the multiplicative decomposition of the deformation gradient F into an elastic
part Fe and a growth part Fg ?,
F = Fe · Fg .

(7)

The underlying concept is adopted from the multiplicative decomposition in finite elastoplasticity ?. We
denote the Jacobians of the elastic tensor and of the growth tensor as Je = det(Fe ) and Jg = det(Fg ),
respectively, such that J = Je Jg . The elastic right Cauchy Green tensor Ce can be introduced as
-1
Ce = Fte · Fe = F-t
g · C · Fg

(8)

The pull back of the spatial velocity gradient l to the intermediate configuration
F-1
e · l · Fe = Le + Lg

(9)

with the decomposition of the elastic contribution Le and a growth contribution Lg defined as
-1
Le = F-1
e · Ḟe = Ḟe · Fe

and

Lg = Ḟg · F-1
g ,

(10)
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Fig. 2: Kinematic of growth. Composition of a elastic deformation gradient Fe and a growth tensor
Fg
.

Figure ?? illustrates the kinematics of finite growth, the deformation tensors C and Ce , and the mappings
F = Fe · Fg between tangent spaces.

Remark 2 Growth rate

To define the evolution of the growth multiplier ϑ is usually defined, in the context of cardiovascular
tissue, as the time derivative of the growth multiplier as the product of a growth-rate function and a
mechanical-dependent function as

ϑ̇ = κ(ϑ)φ(Ξ )

(11)

where Ξ represents the growth stimulus. Here, κ(ϑ) is a limiting function that ensures that the tissue
does not grow unboundedly ?,


γ
1 ϑmax − ϑ
κ(ϑ) =
τ ϑmax − 1

(12)

with ∂ϑ κ(ϑ) = −γκ(ϑ)/[ϑmax − ϑ]. ϑmax represents a growth threshold, and τ and γ control the rate and
the non-linearity of the growth process ?. The function φ(Ξ ) represents the growth criterion, where the
criterion variable is given by Ξ.
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Similarly, in the context of tumor growth, a normal assumption is to express the growth rate in terms
of the Gompertz equation as
ϑ̇ = −aϑlog (ϑ/ϑmax )

(13)

2.2 Balance of mass

In mechanics of closed systems, the amount of mass inside a body Ω0 does not change. However,
within the thermodynamics of open systems and in the treatment of biological tissue in particular, the mass of a body can no longer be kept constant. Therefore, the balance of mass plays a
fundamental role in the modeling of biological tissue.
We express the local balance of mass as

Dt ρ0 = Div M + M0

(14)

stating that the appropriate rate of change of the density ρ0 is equal to the sum of the divergence
of the related mass flux M and the mass source M0 (see ?? and for further details). Note that
the mass fluxes M are actually the sum of a so-called convective contribution M̄ and the influx of
mass R of the open system,

M = M̄ + R

with

M̄ = 0

for the spatial setting

(15)

The same notion apply for the extra mass sources M0 and we can expressed

M0 = M̄0 + R0

with

M̄0 = 0

for the spatial setting

(16)

So the mass balance equation finally reads

Dt ρ0 = Div R + R0 .

(17)
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2.3 Balance of momentum

The mass specific version of the balance of momentum is based on the mass specific kinetic energy
density, K =

1
2

v · v, defining the quantity to be balanced as its partial derivative with respect to

the spatial velocity v.
p = ∂v K = v

(18)

The rate of change of the mass specific spatial motion momentum density p is balanced with
the reduced momentum fluxes P̄t and the reduced momentum sources b̄0 as

ρ0 Dt p = Div P̄t + b̄0

(19)

where P̄t are the reduced momentum fluxes, which are related to the total momentum fluxes
Pt through P̄t = Pt − p ⊗ R. They can be expressed by the closed and open system spatial stress

vector contributions tclosed
and t̄open
on the Neumann boundary,
0
0

P̄t · N = tclosed
+ t̄open
0
0

(20)

Moreover, the reduced spatial momentum sources b̄0 are given as the sum of the closed system
,
volume force bclosed
and the open system contributions b̄open
0
0

open

b̄0 = bclosed
+ b̄0
0

.

(21)

It is worth to mention that bclosed
contributes to the external, the internal and the kinetic contri0
open

butions while b̄0

only does to the external sources. In the context of biological tissue is usual to

consider the quasi-static state, so the previous equation is reduced to

0 = Div Pt + b̄0

(22)
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2.4 Balance of kinetic energy

To investigate the mass specific version of the balance of kinetic energy, we need to evaluate the
material time derivative of the mass specific kinetic energy density K = 1 / 2 v · g · v as

ρ0 Dt K = Dt K0 − K Dt ρ0

(23)

and identifying the mass specific external and internal mechanical power p̄ext
and p̄int
0
0 , and keeping
int

in mind that the internal force term b̄0

= 0 and the convective mass vanishes identically for the

spatial motion case, as
ext

p̄ext
:= pext
− K Dt ρ0 = Div ( v · P̄t ) + v · b̄0
0
0
p̄int
0

:=

(24)

t

pint
0

= P̄ : Dt F

With the above definitions at hand, the mass specific balance of kinetic energy can be expressed in
the following form.
int
ρ0 Dt K = p̄ext
0 − p̄0 .

(25)

2.5 Balance of energy

In contrast with closed systems, where the external power is only due to a purely mechanical
contribution pext
and a thermal contribution qext
0
0 , in open systems an additional external open
system contribution have to be added in the definition of the non–mechanical external power qext
0 .
The mass specific energy density E balances with the external mechanical power p̄ext
and the
0
non–mechanical power q̄ext
as
0

ext
ρ0 Dt E = p̄ext
0 + q̄0

(26)

The corresponding balance equation reads
ext
ρ0 Dt I = p̄int
0 + q̄0

(27)
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where
q̄ext
:= qext
0
0 − I Dt ρ0 + = −Div Q̄ + Q̄0 .

(28)

Again, we can relate the reduced energy fluxes Q̄ defined through Q̄ = Q − I R to the classical
heat flux q0closed and the energy flux caused by additional effects of the open system q̄0open .

Q̄ · N = q0closed + q̄0open

(29)

In the same way, the reduced non–mechanical energy sources Q̄0 are given as the sum of the
classical heat source of a closed system Qclosed
and the additional open system contribution to the
0
energy Q̄open
.
0
Q̄0 = Qclosed
+ Q̄open
0
0

(30)

2.6 Balance of entropy and dissipation inequality

Also known as the second law of thermodynamics, the balance of entropy establish the internal
production of a specific entropy required to either vanish for reversible processes or to be strictly
positive for irreversible processes.
The mass specific version establish that the rate of change of the entropy S have to be in
ext

equilibrium with the external entropy income h̄0

int

and the internal entropy increase h̄0

ext

ρ0 Dt S = h̄0

int

+ h̄0

(31)

such that
ext

h̄0

int
h̄0

:= hext
0 − S Dt ρ0 = −Div H̄ + H̄0
:=

hint
0

(32)

≥0

where the reduced entropy fluxes H̄ = H − S R can be related to the entropy flux of closed systems,
hclosed
, and the additional effects of the open system, h̄open
, as
0
0

H̄ · N = hclosed
+ h̄open
0
0

(33)
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In the same way, the reduced entropy sources H̄0 = H0 − S R0 + ∇X S · R can be related to
closed and open, H0closed and H̄0open respectively, as

H̄0 = H0closed + H̄0open

(34)

Reformulating the above second law form, we obtain the dissipation inequality that state restrictions on the constitutive functions. The dissipation rate can be expresses as the internal entropy
int

production weighted by the absolute temperature as d̄0 := θ h̄0

≥ 0. The dissipation rate in the

spatial motion version of the Clausius– Duhem inequality, given a isothermal process, can be given
as
d̄0 = p̄int
0 − ρ0 Dt [I − θS ] − s0 θ ≥ 0

(35)

And finally, using the Legendre transform, the Helmholtz free energy Ψ = I − θ S can be obtained,
ending up with the free energy-function of the Clausius– Duhem inequality.
t

d̄0 = P̄ : Dt F − v · b̄int
0 − ρ0 Dt Ψ − s0 θ ≥ 0

(36)

Note that, considering the usual quasi-static nature of biological tissues we can consider v· b̄int
0 = 0.

2.7 Constitutive model

The thermodynamic treatment of any type of biological tissues is a complex task. In the context of
hyperelasticity, which is the general framework in the modeling of biological tissues, the definition
of a given material relies on the definition of a strain energy density function (SEDF) Ψ . In this
section we review the usual definition of a thermodynamically consistent approach to characterize
the material response (??). It is common in the context of constitutive modeling of biological tissue
to formulate the problem in terms of material version of the Clasius-Planck inequality for isothermal processes, which is a reasonable assumption for biological tissue with a relatively constant
temperature, as
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D̄0 =

1
S : Ċ − ρ0 Dt Ψ − S0 θ ≥ 0
2

(37)

where S0 is the material form of internal dissipation and entrophy respectively. S represents the
second Piola-Kirchoff stress tensor and C is the right Cauchy-Green tensor.
Usually in the modeling of biological soft tissue the SEDF is split as Ψ = Ψvol + Ψich = Ψvol +
Ψiso + Ψani . The first term, Ψvol , characterizes the volumetric part of the energy and can be used to

impose quasi-incompressibility of soft tissues due to its high water content. The remaining term,
Ψich , characterizes the deviatoric or isochoric part of the SEDF. The isochoric part can be further

decomposed into an isotropic part, Ψiso and a anisotropic term Ψani .
From its material derivative
Ψ̇ = [∂C Ψvol + ∂C Ψiso + ∂C Ψani ] : Ċ + ∂ρ Ψ ρ̇,

(38)

we can obtain the expression for the Piola-Kirchhoff stress tensor (?) from Eq. ?? as
S = 2∂C Ψvol + 2∂C Ψiso + 2∂C Ψani = Svol + Siso + Sani ,

(39)

or, more specifically, for the quasi-incompressibility assumption and in a invariant-based approach
S = 2 ∂∂J Ψvol(J ) ∂JC + 2 ∂I¯1 Ψ iso∂C̄ I¯1 + ∂I¯4 Ψiso ∂C̄ I¯4 : ∂C C̄.





Here, it is common to introduce the deviatoric projection tensor P = I −

1
3

(40)

C−1 ⊗ C, such that

∂C C̄ = J −2/3 Pt , where I = δik δjl ei ⊗ ej ⊗ ek ⊗ el represents the fourth order identity tensor.

Accordingly, the purely deviatoric part of the second Piola-Kirchoff stress tensor, Sich , can be
expressed as
Sich = J −2/3 P : S̄ich = J −2/3 DEV(S̄ich ),

(41)

where S̄ich = 2∂C̄ Ψich , and DEV( • ) = [ I − 13 C−1 ⊗ C ] : ( • ) = P : ( • ) is the deviatoric operator in
the material description.
Also, the tensor of tangent moduli that relates stress and strain increments, is essential for a
consistent finite element implementation. It is given by
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C = 2dC S = Cvol + Cich ,

(42)

Where the volumetric and isochoric contributions read
Cvol = 2dC Svol = 2 J p̃ C−1 ⊗ C−1 − 2 J p IC−1 ,

(43)

Cich = 2dC Sich = P : C : Pt − 32 tr(J−2/3 Siso )P̃

(44)
2
3 [S

−

−1

⊗C

+C

−1

⊗ S] ,

Here, p denotes the hydrostatic pressure and p̃ = p + J ∂J p, with the fourth order tensors
P̃ = IC−1 −

1
3

C−1 ⊗ C−1 and IC−1 =

−1
1
⊗C−1
2 [C

+ C−1 ⊗C−1 ], where the non-standard fourth

order tensor products can be expressed as {•⊗◦}ijkl = {•}ik {◦}jl and {•⊗◦}ijkl = {•}il {◦}jk .

Remark 3 (Constitutive equations of growth) To take into account the kinematics of growth into
the hyperelastic description introduced here. We write the Helmholtz strain energy function Ψ , which was
initially parameterized in terms of the elastic deformation tensor Ce , in terms of the total deformation
tensor C and the growth tensor Fg , such that

Ψ̇ = ∂C Ψ : Ċ + ∂Fg Ψ : Ḟg

(45)

The tangent moduli is given as follows.

C = 2dC S = Ce + Cg

= 2∂C S

Fg

+ 2∂C S

= 2∂C S

Fg



+ 2 ∂Fg S : ∂ϑ Fg ⊗ ∂C ϑ

(46)

F
F

The first term of equation (??) represents the previously described classical elastic part, 2dCe Se , pulled
back to the undeformed reference configuration,

Ce = 2dC S

Fg

1
−1
−t
−t
= [F−
g ⊗Fg ] : 2dCe Se : [Fg ⊗Fg ] .

(47)
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The second term of equation (??) is due to the grow part of the formulation.
Cg = 2dC S

F



= 2 ∂Fg S : ∂ϑ Fg ⊗ ∂C ϑ

(48)

F

where
1
−1
∂Fg S = − [ F−
g ⊗S + S⊗Fg ]

(49)
−1
1
− [ F−
g ⊗Fg ]

:

1
2

C:

[ F−t
g ⊗Ce

+ Ce ⊗F−t
g ],

The terms ∂ϑ Fg and ∂F ϑ are specific of the chosen growth tensor Fg .

3 Finite element formulation

In the following, we shall illustrate the derivation of a finite element formulation for open systems
restricting ourselves to the isothermal case. The finite element method is by far the most widely
method used to deal, numerically, with the simulation of the continuum biological models described
in the previous section. The reader is addressed to ?, where a more complete version of the following
section can be found. The density ρ0 and the deformation ϕ state the primary unknowns of the
resulting two–field formulation which will be solved in a monolithic sense.

3.1 Strong form of the coupled boundary value problem

The reference density ρ0 and the deformation map ϕ primary variable of the problem and are
governed by the balance of mass (??) and the mass specific balance of linear momentum (??). The
residual forms rρ = 0 and rϕ = 0 for the material domain Ω0 can be given as
rρ =

Dt ρ0 − Div R − R0 = 0

rϕ = ρ0 Dt p − Div P̄t − b̄0

in

Ω0

in

Ω0

(50)

=0

The boundary ∂Ω0 of the material domain is split into disjoint parts ∂Ω0ρ and ∂Ω0r for the density
and the for the deformation problem, ∂Ω0ϕ and ∂Ω0t .
∂Ω0ρ ∪ ∂Ω0r = ∂Ω0
ϕ

t

∂Ω0 ∪ ∂Ω0 = ∂Ω0

∂Ω0ρ ∩ ∂Ω0r = ∅
ϕ

t

∂Ω0 ∩ ∂Ω0 = ∅

(51)
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Dirichlet boundary conditions are prescribed on ∂Ω0ρ and ∂Ω0ϕ , while Neumann boundary conditions
are on ∂Ω0r and ∂Ω0t .

ρ0 = ρ̄0

on

∂Ω0ρ

R (ρ0 , ϕ) · N = rclosed + r̄open

on

∂Ω0r

ϕ = ϕ̄

on

∂Ω0ϕ

P̄t (ρ0 , ϕ) · N = tclosed + t̄

open

on

∂Ω0r

(52)

3.2 Weak form of the coupled boundary value problem

The reformulation of the strong form into the weak form, the balance of mass (??)1 and the
corresponding Neumann boundary conditions (??)2 are tested by the scalar–valued test function
δρ. For the residual of the balance of linear momentum (??)2 and the related Neumann boundary

conditions (??)4 , the vector–valued test function δϕ are used to obtain

ˆ
Rρ =

ˆ
δρ

Ω0

Ω0

ˆ
ϕ

R =

ˆ
∇X δρ R
· dV −

Dt ρ0 dV +
ˆ

[rclosed + r̄open ] dA −

∂Ω0r

∇X δϕ P̄
: dV −
Ω0

δρ R0 = 0 ∀ δρ in H10 (Ω0 )dV
Ω0

ˆ
t

δϕ · ρ0 Dt p dV +
Ω0

ˆ
δρ

ˆ
closed

δϕ · [t

open

+ t̄

] dA −

∂Ω0t

δϕ· b̄0 = 0 ∀ δϕ in H10 (Ω0 )dV
Ω0

(53)

3.3 Temporal discretization of the coupled boundary value problem

For the temporal discretization of the previous equations, the usual time interval of interest T =
Snstep −1
n=0

[tn , tn+1 ] is considered. The time subinterval [tn , tn+1 ] where ∆t := tn+1 − tn > 0 is the

actual time increment. Given the primary unknowns, ρ0 n and ϕn , and the derivable quantities at
tn , a classical implicit Euler backward time integration scheme is used to establish the equations

in terms of the unknowns ρ0 n+1 and ϕn+1 . Given the following approximation of the first order
material time derivatives

Dt ρ 0 =

1
∆t

[ ρ0 n+1 − ρ0 n ]

Dt p =

1
∆t

[ pn+1 − pn ],

(54)
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the residuals read
Rρn+1 ( δρ; ρ0 n+1 , ϕn+1 ) = 0

∀

δρ in H10 (Ω0 )

Rϕ
n+1 ( δϕ; ρ0 n+1 , ϕn+1 ) = 0

∀

δϕ in H10 (Ω0 )

(55)

we obtain the semi–discrete virtual work expressions of the balance of mass and linear momentum as
ˆ
Rρn+1 =

δρ
Ω0

ˆ
−

ρ0n+1 − ρ0n
+
∆t

δρ

ˆ

δϕ·ρ0

ˆΩ0

−

ˆ

[rnclosed
+1

∂Ω0r

Rϕ
n+1 =

∇X δρ · Rn+1 dV

+ r̄nopen
+1 ]dA

pn+1 − pn
+
∆t

(56)

ˆ
open

∂Ω0t

Ω0

∇X δϕ: P̄tn+1 dV

·[tclosed
n+1 + t̄n+1 ] dA

δϕ

δρ R0n+1
dV =0∀δρ inH10 (Ω0 )

−

δϕ·b̄0n+1dV =0∀δϕinH10 (Ω0 )

−
Ω0

3.4 Spatial discretization of the coupled boundary value problem

In terms of the spatial discretization with the finite element method the underlying domain Ω0
is discretized into nel elements Ω0e , whereby the underlying geometry is interpolated by the shape
i
in terms of the nodal point positions X i of the i = 1..nel with nel the element nodes.
functions NX

Ω0 =

n
el
[

Ω0e

X h |Ω0e =

e=1

nel
X

i
NX
Xi

(57)

I =1

The full set of nnp global node points B can be gathered to the complete set of nel Be as B =

Snel

e=1 B

e

with B = {I | I = 1, nnp } and Be = {i | i = 1, nel } citepKuhl2003b.
The unknowns variables ρ0 and ϕ can be interpolated on the element with the same shape
functions Nρi and Nϕj following an isoparametric approach. And they are also used to interpolate
the test functions δρ and δϕ as

δρh |Ω0e =
δϕh |Ω0e =

nel
X
i=1
nel
X
j =1

Nρi δρi
Nϕj δϕj

∈ H10 (Ω0 )
∈ H10 (Ω0 )

ρh
0 |Ω0e =
ϕh |Ω0e =

nel
X
k=1
nel
X
l=1

Nρk

ρk = 0 ∈ H1 (Ω0 )

Nϕl

ϕl = 0 ∈ H1 (Ω0 )

(58)
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In the same fashion the gradients of the test functions ∇X δρh and ∇X δϕh and the gradients of
∇X ρh and ∇X ϕh takes the following format.
∇X δρh |Ω0e =

nel
X

δρi

∇X Nρi

∇X ρh
0 |Ω0e =

i=1

h

∇X δϕ |

Ω0e

=

nel
X

nel
X

ρk

∇X Nρk

ϕl ⊗

∇X Nϕl

k=1

δϕj ⊗

∇X Nϕj

h

∇X ϕ |

Ω0e

=

j =1

nel
X

(59)

l=1

Based on the previous discretization of the primary unknowns, the discrete balance of mass and
momentum are defined as
RρI

(ρ0 hn+1 , ϕhn+1 ) = 0

∀ I

in

B
(60)

h
h
Rϕ
J (ρ0 n+1 , ϕn+1 ) = 0

∀ J

in

B

whereby the discrete scalar–valued residuum of the balance of mass RρI and the discrete vector–
valued residuum of the balance of momentum Rϕ
J expand to the following expressions.

RρI =

nel

ˆ

e=1

ρ0n+1 − ρ0n
+∇X Nρi ·
∆t

Nρi

A

Ω0e

ˆ
−
∂Ω0er

Rϕ
J=

nel

A

e=1

ˆ
closed
Nρi [rn
+1

+ r̄nopen
+1 ]

ˆ
Nϕj

ρ0

Ω0e

dA−
Ω0e

∂Ω0te

Nρi R0n+1 dV =0
∀I

in

B
(61)

pn+1 − pn
+∇X Nϕj ·
∆t

ˆ
−

Rn+1 dV

P̄n+1 dV

ˆ
Nϕj [tclosed
n+1

+ t̄open
n+1 ]

dA−
Ω0e

Nϕj b̄0n+1 dV =∀
0J

in

B

As described in ? the operator A denotes the assembly of all element contributions at the element
nodes i, j = 1, nel to the overall residuals at the global node points I, J = 1, nnp .

3.5 Linearization of the coupled boundary value problem

To solve the above nonlinear coupled system of equations (??), a monolithic incremental iterative
Newton Raphson technique is usually used. The consistent linearization of those equations at time
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tn+1 and the iterative residual, dRρI and dRϕ
J , are presented.
ρk
ρ .
RρI kn+1
+1 = RI n+1 + dRI = 0

∀

I

in

B
(62)

ϕk
ϕ .
k+1
Rϕ
J n+1 = RJ n+1 + dRJ = 0

dRρI =

nnp
X

nnp
X

KIK
dρK +
ρρ

nnp
X

J

KIL
ρϕ · dϕL

in

B

∀

I

in

B

L=1

K =1

dRϕ
J =

∀

nnp
X

KJK
ϕρ dρK +

(63)
KJL
ϕϕ · dϕL

∀

J

in

B

L=1

K =1

IL
JK
JL
The above global tangent matrices, KIK
ρρ , Kρϕ , Kϕρ and Kϕϕ , can be expressed as

nel ˆ

KIK
ρρ = A

e=1 Ω
0

Ni

1
∆t

ˆ

KIL
ρϕ =

nel ˆ

A

e=1 Ω
0

j

N i ∂ρ0 R0 N k dV +D

(64)

Ω0

A−

N i ∂F R0 ·∇X N l dV

(65)

A

∇X N j · ∂ρ0 P̄t N k dV

(66)

1

l

ˆ

nel
e=1

N ρ0

∇X N i · R0 ∇X N k dV

Ω0

KJK
ϕρ =
KJL
ϕϕ =

ˆ

N k dV −

nel ˆ

Ω0

e=1 Ω
0

∆t

ˆ

IN dV +
Ωt

∇X N j · ∂F P̄ ·∇X N l dV

(67)

And finally, to close up the set-up of the non-linear finite element procedure, the updating for
the global unknowns increments ρI and ϕJ are

∆ ρI = ∆ ρI + d ρI

∀

I

in

B
(68)

∆ ϕJ = ∆ ϕJ + d ϕJ

∀

J

in

B

can be expressed in terms of the solution of the linearized system of equations (??).

Remark 4 (Different times scales in biological tissues) The biological and the mechanical phenomena in biological tissue have usually different time scales. The balance of linear momentum can
be decoupled, considering the mechanical part, which usually is presented in a larger time scale, as
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quasi–static. The quasi–static process is recovered by neglecting the dynamic contributions presented in
Nϕj ρ0 [pn+1 − pn ]/∆t of equation (??)2 and the N j ρ0 /∆t I N l term of equation (??)4 .

Remark 5 (Different material scales in biological tissues) Also, in biological tissue the magnitudes of different properties, as mechanical or biological properties differ from several orders of magnitude. It is usually common to present a normalized, e.g. a relative density [ρ0 /ρ∗0 ] in terms of the initial
density ρ∗0 , and introduce it as the primary unknown in order to avoid ill-conditioned matrices.

3.6 Numerical implementation of volumetric growth

The numerical implementationof the volumetric growth is within the kinematic part of the formulation rather than in the coupling of the finite element formulation. The evolution of growth is
integrated in time using an implicit Euler backward scheme,
ϑ̇ = [ϑn+1 − ϑn ]/∆t ,

(69)

where ∆t denotes the current time increment. This allows us to introduce the discrete local residual
R = ϑn+1 − ϑn − κ(ϑ)φ(Ξ )∆t .

(70)

To solve this non-linear equation, the residual is expanded up to the first order term which allows us
to solve the problem, again, within a Newton iterative scheme according to the following equation,
R(ϑ)n + ∂ϑ R(ϑ)n

.

ϑn

[ϑn+1 − ϑn ] = 0 .

(71)

The tangent of the residual
K = dϑ R = 1 − [κ∂ϑ φ + ϑ∂ϑ κ] ∆t

(72)

allows us to incrementally update the growth multiplier ϑn+1 ← ϑn − R/K, Table ?? summarizes
the local algorithmic treatment of the numerical procedure, which is embedded in the finite element
framework on the constitutive level.
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Table 1: Algorithm for implicit Euler scheme of strain-driven volumetric growth
Input: Ft+1 , ϑt
1. Evaluate kinematics Ct+1 , Ft+1
= Ft+1 · Ftg and stresses St+1
, St+1
e
e
2. Check for growth
IF (λ > λcrit )
THEN Determine new growth multiplier
WHILE R > tol DO
Calculate residual R = ϑn+1 − ϑn − κ(ϑ)φ(Ξ)∆t
Calculate tangent K = 1 − [κ∂ϑ φ + ϑ∂ϑ κ] ∆t
Update growth

ϑn+1 ← ϑn − R/K−1

END
3. Compute Cauchy stresses σ t+1
Compute tangent moduli ct+1
Output: σ t+1 , ct+1 , ϑn+1

Remark 6 (Stress-driven anisotropic growth) The evolution of the growth multiplier ϑ can be expressed in terms of a stress-based stimulus ??,
ϑ̇ = κ(ϑ)φ(Me ) ,
where
φ(Me ) = tr(Me ) − Mcrit .
Here, Me = Ce · Se is the elastic Mandel stress and Mcrit denotes the physiological pressure above which
growth occurs. This quantity id usually used due to thermodynamic aspetcs as it represents the conjugate
variable of the pull-back of l. The derivative of the growth criterion with respect to the growth multiplier
ϑ required for the consistent linearization reads
∂ϑ φ = −∂ϑ Ce : Se + Ce : ∂ϑ Se
t
−1
with ∂ϑ Ce = −F−t
g ·∂ϑ Fg ·Ce −Ce ·∂ϑ Fg ·Fg and ∂ϑ Se =

1
2

Ce : ∂ϑ Ce . Finally, to complete the tangent

moduli in (??), we provide the derivative of the growth multiplier with respect to the Cauchy-Green strain
tensor, ∂C ϑ = ∂Ce ϑ : ∂C Ce = κ∆t[

1
2

Ce : Ce + Se ]/K .
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Remark 7 (Strain-driven anisotropic growth) Alternatively, we can define the evolution of the
growth multiplier ϑ in terms of a strain-based stimulus ?,

ϑ̇ = κ(ϑ)φ(Fe ) ,

using a strain-driven growth criterion

φ(Fe ) = λe − λcrit = Fe : [n ⊗ n] − λcrit .
Here λcrit denotes a physiological stretch above which growth occurs. λe = Fe : [n ⊗ n] is the strecth in
the direction of the line element n. The remaining term for the tangent moduli then simply reads
∂ϑ φ = −λ/λ2g .
Remark 8 (Phenomenological growth) In the simplest case, when ϑ do not depend on mechanical
variables and is directly imposed as
ϑ̇ = κ(ϑ)φ ,
so that there are not dependencies on the mechanical variables.

4 Biological examples: Density growth

In this section we are going to show some examples of literature where the theory and numerical
formulation described previously is used, for, e.g study the collagen turnover in hypertension disease
or wound healing.

4.1 Remodeling during hypertension

One of the biological processes at which remodeling take place is the collagen turnover during
hypertension. Although collagen synthesis and removal has been treated in literature driven by
mechanical quantities, there are not many models considering the actual substance that make
collagen to remodel. Here we summarize a computational model by ? studying some of these
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aspects. The model consider the synthesis and degradation of TGF-β , MMP and TIMP, which are
the most relevant substances in collagen remodeling, based on the description of ?. The material
density is allowed to evolve in time according to the mass balance for open system thermodynamics
(see Eq. ??), and adopt a source term, R, similar to that described by ??, as


ρ̇ = R

with

R=

ρ
ρ∗

−m

λ − λ∗ ,

(73)

where the exponent m typically varies between two and three, λ∗ is the stretch of the homeostatic
equilibrium state and λ = [r · C · r]1/2 is the stretch of a fiber with orientation r. ρ is the current
density of the substance at hand, ρ∗ is the initial density and ρ̇ the material time derivative of ρ.
Depending on the stretch of the line element, which it is understood to be the main driving
force for these processes, the substances density will increase or decrease. The stretch increases
change the growth factors density, TGF-β , TIMP or MMPs, as
"
#−mTGF−β
RTGF−β = ρ̇TGF−β = γTGF−β 

"
RTIMP = ρ̇TIMP = γTIMP

ρTGF−β
ρ∗TGF−β

ρTIMP
ρ∗TIMP

λe − λ∗  .

(74)

−mTIMP #

λe − λ∗ .

(75)

and
RMMP = γMMP RTIMP ,

(76)

This implies that the substance will be upregulated, for blood pressures above a characteristic
threshold level, if λe > λ∗ , down regulated for blood pressures below if λe < λ∗ and otherwise
remain constant. γ and m are parameters that govern the evolution of the process.
As described in the previous section, the non-linear differential equations of collagen deposition
and absorption ( Eqs. ?? and ??) was solved by a standard Euler backward scheme,
ρ̇0 = [ ρj0+1 − ρj0 ]/∆t

for given initial conditions ρ0 |t0 =0 = ρ∗0 .

(77)
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The mass transport problem of the substances described above was computed (??) as described
previously. The flux term, as usually in biological tissue, was given as

J = −Def f ∇ρ0 + ρ0 Dt u

(78)

representing the diffusive contribution, driven by density gradients, and the convective contribution,
controlled by pressure gradients with u being the displacement vector, usually described in biological
tissue by means of the Darcy’s law.
Finally, the collagen turnover was described

R̂col = γdep R̂TGF−β + γabs R̂MMP

(79)

R̂TGF−β and R̂MMP are actual amount of TGF-β and MMP at every integration point after the

mass transport phenomena. γdep , γabs ∈ R+ denote the sensitivities of collagen deposition and
absorption in response to changes in TGF-β and MMP, respectively. These set of equations can
be solved numerically by applying a local Newton-Raphson iteration. Table ?? summarizes the
algorithm to compute the update of the local collagen content.
Based on these procedure ? presented the results of mass production, transport and later collagen remodeling in hypertensive cases. In Fig. ?? and ?? we show some results of the TGF-β and
MMP production in a carotid artery model.

4.2 Wound healing

Wound healing have been also widely studied computationally. Some of the latest works included
finite element frameworks, constituents turnover, collagen synthesis and wound contraction. The
idea behind many of these models follow the description presented above.
For example, ? introduce the problem in terms of a chemical signal, inflammation, fibroblasts
and a isotropic hyperelastic mechanical model. They described a coupled formulation, as described
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Table 2: Algorithm to compute the local collagen content using an implicit Euler backward scheme
within a finite element framework.
Input: Fj+1 , internal variables at time j
1. Evaluate kinematics
Cj+1 and constitutive equations Ψ j+1 , Sj+1
2. Check stretch
IF (λj+1
6= λ∗ ) THEN GO TO III
e
ELSE GO TO IV
3. Local Newton iteration. WHILE RρTGF−β > tol or RρTIMP > tol
Calculate local TGF-β and TIMP residuals

.
j
RTGF−β = − ρj+1
TGF−β + ρTGF−β + RTGF−β ∆t = 0
RTIMP

= − ρj+1
TIMP

+ ρjTIMP

+ RTIMP

.
∆t = 0

Calculate local TGF-β and TIMP tangents

KTGF−β = 1 +
KTIMP

mTGF−β

"

ρ∗TGF−β

ρkTGF−β

mTIMP
= 1+ k
ρTIMP

ρkTGF−β

"

ρkTIMP
ρ∗TIMP

#−mTGF−β
Ψe (I¯4 ) ∆t
#−mTIMP
Ψe (I¯4 ) ∆t

Update TGF-β and TIMP concentrations
j+1
ρj+1
TGF−β ← ρTGF−β − RρTGF−β / KρTGF−β

ρj+1
TIMP

← ρj+1
TIMP

− RρTIMP

/ KρTIMP

4. Update MMP concentration and collagen content
j+1
ρj+1
MMP = γMMP ρTIMP

ρj+1
col

j+1
= γdep ρj+1
TGF−β + γabs ρMMP

5. Calculate stresses St+1
t+1
t+1
t+1
t+1
Output: St+1 , ρt+1
TGF−β , ρTIMP ρMMP and ρcol , C
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Fig. 3: Evolution of the mass production of TGF-β due to SMC activity in different longitudinal
cuts.

in the previous section, of the cross-talk between chemical, biological, and mechanical signals. They
looked at how different wound shapes modify the effect of healing and how biological substances
and mechanical properties changes over time (see Fig. ??). They considered a chemical model, characterized by the inflammation process governed by a isotropic diffusion flux term and a degradation
assumption for the source term. And a so-called biological approach governed by the fibroblasts,
where the flux reflect the isotropic diffusion due to the own fibroblast gradient concentration and
the inflammation concentration and the source term also taking into account the inflammation
process. The mechanical balance law couple the effect of both the chemical and biological mass
balance laws. These set of equations posses a three-coupled balance equations that were implicitly
solved in the temporal and spatial domain as described in the previous section.
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Fig. 4: Evolution of the mass production of MMP-1 due to SMC activity in different longitudinal
cuts.

In a very similar fashion, ? described the regulation of the healing process by the cells through a
mechano-sensing mechanism of the contraction that the cells exert. They adjust the contraction level
to determine the tissue behavior that regulate all main activities in wound healing, e.g. proliferation,
differentiation and matrix production. So there is not only a turnover of substances but also a
feedback loop that makes the wound healing to change as the self wound evolves. They computed,
e.g., the amount of myofibroblast and collagen in the tissue, as shown in Fig. ??

5 Biological examples: Volumetric growth

The computational mechanical growth model described in section ?? have been used to simulate
different process in biological tissue as, e.g., the thickening in hypertension in arteries (??), the
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Fig. 5: Wound healing evolution over time of inflammatory signal, fibroblast density, GreenLagrange strain and collagen content (from ??, with permission).

heart (?),the brain (??) and skin (??) among others. Herein, we will show some examples of artery
thickening and brain folding.

5.1 Brain folding

Several studies have used the multiplicative decomposition of the deformation gradient (see Section
??), and its numerical implementation in a finite element framework. This approach has been used

for the study of brain development and folding, one of the most intriguing question in developmental
biology. Brain folding is believed to be controlled by the mechanical microenvironment, where the
microstrucuture change due to the mechanical loading. Besides, brain folding is directly related to
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Fig. 6: Top and bottom, myofibroblasts and collagen distributions over time, respectively. The black
line denotes the edge between the initial wound and the surrounding skin. Reprinted from ?.

several diseases. Here we show some results from ? and ? of how they predicted the shape of the
brain folding by a bifurcation and a growth description (see Fig. ??(a) and ??(b)). ? expressed
the growth of the cortical layer phenomenologically as θ̇ = Gc while the subcortical tissue growth
was strain induced as θ̇ = Gc [Je − J0 ]. They motived that the axon elongation was the one that
lead to volume expansion. ? also looked at brain folding with similar assumption but considering a
stress-based approach. They looked at effects of cortical growth rate caused by tangential growth
of the cortical layer and the growth of the subcortical growth due to stresses arising.

5.2 Arterial thickening during hypertension

To account for experimental observations of SMC growth (?), ? defined the growth tensor as
Fg = I + [ ϑ − 1 ] nr ⊗ nr

where ϑ is the scalar-valued growth multiplier that defines the level of growth and nr characterizes
the radial direction ?. The mechanical stimulus that triggers growth is the stretch λe = Fe : [nz ⊗nz ],
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(a) Growth patters and stresses due to different com- (b) Brain patter formation from phenomenological
binations of different relative growth rates (?).

and strain-based models (?).

Fig. 7: Folding patter formation of the brain simulated with the finite element method. On the
left results from ? (with permission) from stress-based approaches and right results from ? (with
permission) from strain motivated model and bifurcation theory.

and the growth criterion is expressed as φ(Fe ) = λSMC − λcrit . This particular format of the growth
tensor characterizes smooth muscle cell thickening in the radial direction nr .

? described the spatio-temporal evolution of growth in a human carotid artery model. Figures ??

shows the evolution of the growth multiplier and the maximum principal stresses in the adventitia
and the medial layer in a slice of the common carotid artery at four different time steps. The
results were in agreement with the smooth variations in stretch between the normotensive and the
hypertensive states. While stresses in the adventitia increase the stresses in the media decrease.
The increase was due to the expansion of the media layer while compression is due to the constrain
of the adventitia to the expansion.
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(a) Stress

in

nor- (b) Stress in hyper-

motensive state.

tensive state.

(d) Time t=5days

(e) Time t=15days

(f) Time t=40days

(g) Time t=100days

(h) Time t=5days

(i) Time t=15days

(j) Time t=40days

(k) Time t=100days

(l) Time t=5days

(m) Time t=15days

(n) Time t=40days

(o) Time t=100days

Fig. 8: Spatio-temporal evolution of growth in a representative slice of the common carotid artery.
Growth multiplier (top) maximum principal stresses in the adventitia (middle) and maximum
principal stresses in the media (bottom) at 5, 15, 40, and 100 days of hypertension (with permission).
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6 Biological examples: Cell remodeling

Biological remodeling can occur in any kind of biological tissue and many of these changes can lead
to further adaptation processes, as the formation of atherome plaque (?). In terms of cellular models
capturing these features not much have been done. ?? studied the orientation of the preferential
direction of the cell, where the reorientation is assumed to be controlled by the matrix behavior
and the forces that arise from the active regulation of the cell in a dipole-like manner. In terms of
the internal components of the cell, some simulations have been also performed within molecular
and Brownian dynamics of filaments and network actin filaments??.
Recently, ? developed a model that brought together some approaches reported in the literature
for remodeling of single fibers (??) or more complex structures (?). They took into account the reorientation of the mean direction of a given fibered structure and the reorientation of the individual
fibrils or filaments were recovered by means of a micro-sphere based approach. The microspherebased approach constitutes an homogenization technique that has been used previously for brittle
materials (?), damage and fracture (???), polymers (?) and biological tissue (???), among many
other applications. The homogenization or continuous averaging h(•)i of a given variable (•) is
carried out by integrating over the unit sphere surface. In order to perform a numerical implementation, the integral is computed by summing up the integrand over m discrete orientation vectors
with the corresponding weight factors wi as
1
4π

h(•)i =

ˆ
U2

(•)dA ≈

m
X

wi (•)i ,

(80)

i=1

where dA is the differential area element of the unit sphere that may be written in terms of the
spherical angles α ∈ [0, π ) and φ ∈ [0, 2π ) as dA = sin(α)dφdα. See ? for a study of the numerical
performance of the integration scheme.
The SEDF contribution of the microstructure to the macroscopic effect may be homogenized
as

Ψani =

1
4π

ˆ
ρψ (λ̄)dA ≈
U2

m
X
i=1

ρ i w i ψ (λ i ),

(81)

Adaptation in biological tissues

35

At the microscale the elements can be described, e.g., by the well-established Worm-Like Chain
model (?). Statistical distributions can also provide more flexibility in modeling the dispersion of
the fibrils (??).
The realigment of the microsphere was described extending the model of ?? for single line
elements and ? in the context of the micro-sphere. The realignment depends on the maximum
principal direction of a driving stimulus Ξ , such that ri 7−→ Ξ 3 , with I = 1, 2, 3 the eigenvectors
associated to the minimum, medium and maximum eigenvalues of Ξ . This leads to ω i := ri × Ξ 3
where ω i and ri are the angular velocity and the unit vector of each integration direction. The
realignment of a given general second order tensor, Q ∈ SO(3) was defined by the eigenvectors of
the driving stimulus Ξ . The rotation tensor, R = Ξ ·Q−1 ∈ SO(3) was used to define a geometrically
exact update in terms of the exponential mapping as R = exp(−ε·ω ) with ε denotes the third-order
permutation symbol. In short, it is possible to define a rotation vector ω , through which the initial
base rotate to the final position(see ? for details).
From this approach, the rate of Q is given by
Q̇ = n̂ω · Q.

(82)

where nω = ω/ω , ω = kωk and n̂ω = −ε · nω are the norm of the angular velocity, its unit direction
and the so called hat map of ω , respectively. And for ri evolution rate reads
r˙i = [I − ri ⊗ ri ] · Ξ 3

(83)

For the numerical approach, and similarly to previous sections, a time interval T and a number
of subintervals, n, T =

Sn−1
0

[tn , tn+1 ] was considered where the time increment is given by ∆t =

tn+1 − tn . The evolution of the base and the ri at time n will evolve in the exponential mapping

context as
Qn+1 = exp(−ε · ω∆t) · Qn and

(84)

n
rn+1
= exp(n̂ω
i ∆t) · ri
i

(85)
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Table 3: Algorithm to compute remodeling of cell-like structures.
Input: Fj+1 , internal variables at time j
I Evaluate kinematics Cj+1 and constitutive equations Ψ j+1 , Sj+1 and Mj+1
II Compute stimulus tensor Ξ

III Update orientation variables.
Evaluate exponential mapping for the evolution of Qj+1 and rj+1
i
Qj+1 = exp(n̂ω ∆t) · Qj

(86)

rj+1 = exp(n̂ω ∆t) · rj

(87)

IV Calculate stresses τ j+1 and tangent operator related to the Jaumann rate as
τ j+1 ≈ 2bj+1 · (C1 − C2 I1j+1 ) +
∇j+1

c

Pm

i=1

ρi τ̄ j+1
wi ≈
i

Pm

i=1 [ρi ψ

0 (λ̄

−1 j+1
i )λ̄i t̄i

⊗ t̄j+1
]wi
i

= [cj+1 + 1/2[δτ j+1 + τ j+1 δ + δτ j+1 + τ j+1 δ]]/J with

cj+1 ≈

Pm

i=1

00

nρi wi [ψi

∇j+1

Output: τ j+1 , c

j+1

0

− ψi j+1 λ

−1

]λ

−2 j+1
t̄i

⊗ t̄j+1
⊗ t̄j+1
⊗ t̄j+1
i
i
i

, Qj+1 , rj+1

This approach follows an explicit updating scheme, with dependencies on the current position,
different from the implicit scheme in ? where the updated quantities were obtained by means of a
Newton iteration scheme. However, this explicit approach is a reasonable approach for the gradual
realignment of biological tissues. We have outlined the main steps of the algorithmic scheme in
Table ??.
Remark 9 In order to compute the exponential map, it will be rewritten (see e.g. ?) by the Rodrigues
formula, given R(ω ), as
exp(n̂ω t) = [sin(kωkt)] n̂ω + [1 − cos(kωkt)] nω ⊗ nω + cos(kωkt)I,

(88)

Following the above approach but from a implicit algorithm point of view, ? studied how the
vectors defining the anisotropy of the material reorient due to different load states (see Fig. ??). ?
described the evolution of the micro-structural orientation and the changes in the stress distribution
in a rectangular plate due to changes in the fibered structures (see Fig ??), which evolve based on
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Fig. 9: Evolution of the fibers direction when applying torsion to a square rod in the reference and
deformed configuration at different time steps (reprinted from ? with permission).

mechanical variables, as strain or stress magnitudes. It showed a decrease of stresses due to the
stiffening of the material and the fixed applied force and the progressively alignment of the cell
in the direction of the load. Following this approach they also described energetic evolution and
include it in a finite element model presenting a biological example of the model discussed above.
These concepts can be extrapolated to study the cell reorientation discussed in the introductory
section.

7 Discussion

7.1 Current achievements in biological continuum models

During this review on the continuum approach of growth and remodeling we have been through
different biological examples where adaptive phenomena take part. We first review the basic equations of continuum mechanics within the scope of biological tissue. Based only on continuum mechanics and computational models as the ones described in this review, researchers have been able
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(a) Stress field in X direction at time step 10.

(b) Stress field in X direction at time step 100.

(c) Stress field in X direction at time step 10.

(d) Stress field in X direction at time step 100.

Fig. 10: Evolution of stress for different boundary value problems, Dirichlet (a-b) and Neumann
(c-d) for remodeling driven by strain (from ? with permission).

to model growth and remodeling in arteries (???), in the heart (?), bones (???), plants (?), sea
shells (?). Researchers have been also investigating the evolution of tumors (??), wounds (??), and
cells theoretically and computationally based in some of the approaches described in this review.
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There is not doubt that these continuum approaches have provided important results and have
been able to give a clue about many aspects of the adaptation processes in biological tissue. The
main advantages of all these continuum approaches is that the behavior of these macroscopically
continuum-based models goes down to the definition of a SEDF that can completely define the
mechanical behavior of the tissue.
Later, we also reviewed the finite element formulation given the continuum approach described
herein. The finite element method have been widely, and basically the only one, used for the
computational side of the problem. The numerical part of the problem has been focused, more
than in the development of continuous Galerkin methods, on the coupling of different kind of
phenomena and in the constitutive level of the problem. FEM have the advantages of relatively low
time computing and a very well establish method to solve partial derivatives equations. Therefore
the use of the finite element method has been established as the most straight forward numerical
method to deal with the continuum approaches in biological tissues. Kuhl and co-workers, in series
of theoretical and numerical problems stated some well defined description of the growth and
remodeling in the context of open systems (??). The complexity of coupling different phenomena
lies down on the correct description of the theoretical problem and and consistent linearization of
the non-linear terms of the problem. Examples of consistent implicit formulation are e.g., the ones
presented in ??.

7.2 Drawbacks in biological continuum models

One of the main drawbacks of growth adaptation processes, and particularly growth phenomena
in large non homogeneous growth, is that they can not be computed in the context of a finite
element models. Let’s put as an example the growth of a tree from the very first seed, cellular
growth or tissue development. The need of different techniques that makes any arbitrary growth
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feasible in terms of numerical point of view is, from our point of view, the most promising direction
in the context of computational modeling of large growth processes in biological tissues.
In the constitutive level, numerical issues arise from complicated constitutive model adopted
and the not trivial linearization of the strain energy function, see e.g. ??. They use quite a lot of
phenomenological constitutive equation, describing the behavior at the micro-scale to reproduce
the macro-scale behavior. In order to be able to reproduce in a continuum macroscopically sense,
something that has its motivation in a very lower microscopical level, continuum models used to
put in play a good amount of parameters. In some cases they are fitted to reproduce a given
experimental result and other are just chosen to reproduce the phenomenon at hand with no
much physical meaning. Therefore, the advantage of simplicity described above, also turns into
a limitation. In this regard ? present a approach to describe the numerical computation of the
consistent tangent moduli in finite inelasticity based o a perturbation of the deformation gradient.
This provides a great advantage in the context of defining elastic tangent. Nevertheless, more
biological microscopically motivated models are needed in order to feed macroscopically models of
biological adaptation.

7.3 Other perspectives

Out of the continuum models described during this article there are other approaches followed in
literature that deal with the growth remodeling and adaptation of biological tissue. For example,
microstructural-based adaptation processes, agent-based and cell-centered models ? have been

used for the description of a range of processes ??? where the components of the frame of study,
e.g. cells, differentiate, proliferate and moves, giving as a result a new very different geometry than
the original one. See e.g. Fig. ?? where the authors used agent-based and cell centered models to
simulate the vasculogenesis process and the tissue growth around stent devices.
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Continuum models are a good option for describing macroscopically materials like the cardiovascular tissue and biochemical substances but cell-centered models can help to input experimental
observations into continuum models. Agent-based models are based on the simulation of the actions
and interactions of individual agents, gathered by individually and collectively effects. Agent-based
models are made of “agents”, with a particular heuristic and learning behavior. For example, an
approach within the agent-based model is the cellular pots model (?). It is based on the postulation
of a Hamiltonian function, based on the behavior of the agents, that is usually solved by Monte
Carlo simulations (?).
As stated before, from the point of view of density growth defined as the creation, transport
and interaction of biological substances over the tissue, the limitations lies down on the biological
description of the problem and how numerically consistent and coupled one can make the numerical
approach. And future lines of research will be focusing on interdisciplinary work within different
disciplines (mathematics, engineering, biology, chemistry, etc) in order to accomplish more multiphysics multiscale approaches where each discipline look at a specific physic-scale of the problem.
This is a path that all of us are seeing and looking after in the last years.
In terms of numerical point of view the treatment of large growth phenomena is more complicated. This is in the context of volumetric growth, in the sense that the morphology of the
given body change abruptly. We have seen, for example, the case of vascologenesis, which could be
seen as the growth from a more micro-scale point of view. There is, however, a gap between these
two approaches that should be matched. One viable and convenient option is the use of meshless
methods (??). Meshless methods lack of the mesh constraint by describing the behavior of the
body of interest by a given point cloud. The basic idea is to approximate a given scalar function
u(x, t) as u(x, t) =

Pn
i

φi (x)ui (t), where φi (x) are the shape function and the ui (t) are the nodal

values of the particle i at x. i = 1, ..., n is the set of nodes in the domain of interest. Although
the approach is similar to FEM, here we use shape functions instead of interpolations, with the
subsequent well know drawback in terms of imposing boundary conditions. A wide amount of shape
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Fig. 11: Examples of growth processes in biology. Top, Hypothetical mechanisms of de novo vascular
development ? (with permission). Bottom, ? showed the evolution of neointima due to the stresses
induced in a artery due to stent placement, coupling both cell-centered model and FE models
(reprinted from ?).
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function have been proposed over the years, beginning by smooth particles hydrodynamic (SPH),
natural element method, Moving least squares and recently local-max entropy interpolants (??).
Nevertheless, these Galerkin methods add a very promising path to integrate micro-scale models of
cellular and particle interaction into large macroscale growth phenomena. Meshless methods have
shown excellent capabilities to simulate extreme phenomena as many of the problems we face up
to in biological adaptation.

8 Conclusions

In this article we have reviewed the continuum approach of adaptation processes in biological tissues. We particularly reviewed the last continuum models and numerical approaches on the effect of
growth in terms of density and volume changes. We also looked at the effect of remodeling, meaning
a change of the biological fibered structures, as the cardiovascular tissue or cells. We also discussed
on the numerics of implementing adaptation constitutive laws within a finite element framework
providing some algorithm recipes. All these theoretical and numerical techniques have been able to
reproduce many of the biological adaptation processes that occurs in biological tissue. Researchers
have modeled the thickening of arteries, heart expansion, wound healing, cell remodeling, etc. One
of the more important drawback is related with the fact of dealing with such a complicated materials. Many assumptions and constitutive modeling have to be done in order to deal with them.
Besides this issue, complications also arise when dealing with very large growth processes where
classical numerical techniques, as the finite element methods, fail. Therefore, there are a necessity
of integration of interdisciplinary efforts to bring together the features of continuum models with
the more biological and micromechanical description of these processes. Also, integration of more
flexible numerical techniques, e.g. meshless approaches, could help to go further in the study and
simulation of many aspect of tissue adaptation (bone or brain development), cell reorganization
processes (actin-myosin filaments, microtubular growth, cell shape remodeling, etc) and many oth-
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ers. We believe that integration of all these efforts will overcome many of these limitations along
the future years.
P. Saez acknowledges support from the Spanish Ministry of Research and Innovation through
the grant BES-009-028593 through which part of the research was conducted. PS also acknowledge
Prof. Martinez and Prof. Pena for discussion and supervision. A special acknowledge also for Prof.
Kuhl for many discussions and help during the last years.

References

V. Alastrue, B. Calvo, E. Pena, and M. Doblare. Biomechanical modeling of refractive corneal
surgery. J Biomech Eng, 128(1):150–160, February 2006.
V. Alastrue, M. A. Martinez, M. Doblare, and A. Menzel. Anisotropic micro-sphere-based finite
elasticity applied to blood vessel modelling. J Mech Phys Solids, 57(1):178–203, January 2009.
D. Ambrosi, G. A. Ateshian, E. M. Arruda, S. C. Cowin, J. Dumais, A. Goriely, G. A. Holzapfel,
J. D. Humphrey, R. Kemkemer, E. Kuhl, J. E. Olberding, L. A. Taber, and K. Garikipati.
Perspectives on biological growth and remodeling. J Mech Phys Solids, 59(4):863–883, April
2011.
A.R.A. Anderson and M.A.J. Chaplain. Continuous and discrete mathematical models of tumorinduced angiogenesis. 60(5):857–899–, 1998.
M. Arroyo and M. Ortiz. Local maximum-entropy approximation schemes: a seamless bridge
between finite elements and meshfree methods. Int. J. Numer. Meth. Engng., 65(13):2167–2202,
2006.
G. A. Ateshian. On the theory of reactive mixtures for modeling biological growth. Biomech Model
Mechan, 6(6):423–445, November 2007.

Gerard A Ateshian, Steve Maas, and Jeffrey A Weiss. Multiphasic finite element framework for
modeling hydrated mixtures with multiple neutral and charged solutes. J Biomech Eng, 135(11):

Adaptation in biological tissues

45

1110011–11100111, June 2013.
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