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THE QUADRATIC SCORING RULE AS A BASIS FOR EXPERIMENT COMPARISON
PILAR GARCIA - CARRASCO

UNIVERSIDAD COMPLUTENSE DE MADRID

In this paper, the role of strictly proper quadratic utility measures in Bayesian inference

and experiment

comparison is tnvestigated. This utility function, which is not local, pro-

vides a good basts for the resolution of many real situations which are not purely inferen—
tial. By recognizing the decision problem underlying statistical inference, we obtain the

eriteria for experiment comparison based on the quadratic scoring rule. Properties and rela—
ttons with other criteria are studied, particularly with those based on sufficiency and on
the maximation of the informational emergy gain. Finally some particular cases are commented

and new areas of research suggested.
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1. INTRODUCTION.

In the scientific literature many comparison
of experiments criteria have been proposed
and studied. As basic works in this topic we
shall mention those performed by Bohnenblust,
Shapley and Sherman (unpublished), Blackwell
/4/, /5/, /6/, Lindley /15/, Lehmann /14/,
Raiffa and Shlaifer /16/, De Groot /12/,/13/,
Fedorov /9/, etc...

The comparison among different criteria is

a topic of fundamental interest in which
works of Blackwell /4/, /5/ arnd Lindley /15/,
stand out.

Garcia-Carrasco /10/ performs a unified re-
vision of the former criteria, and a study
of their main properties. All of them were
considered as cenvenient procedures in dif-
ferent situations and mainly defended because

of their good behaviour.

From a Bayesian point of view the only cor-
rect way of obtaining the optimal experiment

is maximizing the expected utility.

Bernardo /2/ consideres the inference problem

as a particular case of decisiun problem in
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which the different posterior distributionsof
the parameter of interest constitute the de-
cision space; he justifies the necesity of
working with proper utility functions and

he shows that, if these functions are local,
then the only adequate criterion for compa-
rison of experiment is that proposed by
Lindley, based on the maximization of Shanon
information.

The constraint to proper utilities for the
treatment of inference problems is unques-
tionable. It is different from the property
of local utility, which only seems convenient
in pure inference problems, in which the de-
cisor 1is only interested in the knowledge of
the true value of the parameter. Therefore,
there is an open a field of investigation
which is going to be the objective of this
paper: to explore the consequences of working

with a proper but non local utility function.

The problem is wide and in this paper we have
only developed some primary ideas. We start
with the most simple case of non-local proper
utility, the quadratic utility. Concretely,
considering the convenience of the invariance

under one -~ to - one utility function trans-
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formations of the utility function, we define

following Bernardo /1/

2
u(p(.),0) =A§2 p(&)  _ f _p(8) de—1}
m(e) g T(®

where 6 € Q@ (parameter space), p(.) € D (de-
cision set of posterior densities on Q),

A > 0 is an arbitrary constant and 7(.) is a
reference density which sets up the origin of

the utilities scale since u(n(.),8) = 0.

Applying to this utility function the general
criterion of maximization of the expected
utility, we obtain in this paper a criterion
for comparing experiments which reproduces in
the discrete case the criterion of maximiza-
tion of the informational energy gain one,
proposed and studied by Garcia-Carrasco /11/,
and, in the continuous case, is tightly con-
nected with it; in fact, it is possible to
transfer the results obtained there to the

problem we are interested in.

2, QUADRATIC INFORMATION SUPPLIED BY AN
EXPERIMENT

Let © be a parameter space, let p(8), 8 € @
be the prior density and let
X = {X; p(x/8), 8 € 2} be an experiment.

The expected utility of X when the prior
density is p(98) may generally be defined,
following of principle maximization of the
expected utility as:

= p(x) sup u(d ,8) p(@8/x)d 8dx -
. dén Jg

- sup u(d ,0) p(8) de
dép Q

In our case, since D is the set of densities

on Q and u a proper utility function,

fp(x) /U(p(-/x),e ) p(8 /x) de dx -
X Q
- /u(p(.),e)p(e)de

Q

and, in particular, for the invariant quadra-

tic utility,

u(x; p(8)) =

2
/p(x)fA(z plera _ f p(®/x) de -1
N 0 T(e) 1(8)

Q

p(8/x) dodx - Az RL8)
Q T(8)

2
- /—p_(_e_.)_de —1) p(6) de =
7{ @)

o]

2 2
A(//p(x)wdedx-f&de)
X a T{8) ﬂ1r((-))

AG (X ;5 p(8)) (23

where, for posterior simplification, G is

defined as the expression in brackets.

Properties

If w = g(8) is a differentiable one - to -
one transformation, W = g(Q), and g(.) and
7 (.) are the densities on W implied by
p(.) and 7m(.) respectively, it is verified
as expected since u was defined to be in-

variant, that

G * (X; q(w)) // q(w/x) dwdx -
) .
- f “(") p(x) —A dedx -
W T(0)

ﬂ(w

2
[}
—f—pi—Lde = G_{X; ple))
T(e) i

Q

In particular, considering any reference
m(8), such that m(8)>0 ¥ 0 € Q, and de-
noting g = Fo the correspondent distribu-
tion function, we have the biyection

w = g(8) for which n(8) implies a distri-
bution 77 (w) : U(0, 1), and it is verified
that:
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. B X =
6, (X5 (o)) =6 )X alw)
2
ffp(x)q(w/x) dxdw -
X W
- oy 2
. a(w) " dw = GAN (x; qi{w)) (2.4)

where GAN (X; g(w)) is the informational
energy gain mentioned in the introduction
and defined exactly as appearing in the last

expression.

3. COMPARISON OF EXPERIMENTS CRITERION,
DEFINITION AND PROPERTIES.

Let us consider an inference problem on
8 €  with a prior distribution p(8), and
let us suppose that given the concrete con-
ditions of the problem, we are interested
in a quadratic (proper, non-local and inva-
riant) utility function with reference den-
sity m(8).

We have seen that in these conditions the
utility of an experiment X is u(X; p(8)) =
AGﬂ(X; p(6)). Therefore, if we have at our
disposal two experiments with similar cost,
X =1{X; p(x/8), 6 € Q) anda ¥ = {§; ply/e),
8 € @} we will prefer X to Y (X g Y) if and
only if

u(X; p(8)) 3 uly; ple)) &= 6 (X5 plo))>

>6, (Y; p(6)) <= GAN (X; g(w)) > GAN (Y; g(w))

using the notation given in (2.4). Moreover,

X is defined %o be equivalent to Y(X7y) if
T

and only if X>Y and Y>X.

Owing to this close relation with the maximi-
zation of informational energy gain criterion
all the properties and relationships with
other criteria studied by Garcia-Carrasco
/11/ may be stated here. Their proof simply
consists of using the similar property
already proved by the GAN, and stating it in
terms of quadratic utilities making the

transformation q = Fn'

Moreover, taking notice that the expressions
(2.1), (2.2) and (2.3) are no more than a
particular case of the expected value of the
sample information (EVSI) which was defined
by Raiffa and Schlafer /16/(4,5), all the
properties and relationships studied for
that expected sample information by Garcia-
Carrasco /10/, can also be stated for the

[
criterion here considered, (X>Y).

We now formulate the main results obtained
from both points of view. We assume unless
specifically otherwise stated that a prior
density p(8), and a reference distribution

m{6) have been chosen beforehand.

Properties

T
1.-The relationship > is a complete preorder.

2.-For all experiment X, G, {X; p(8))=20, with
equality if and only if p(x/6) is indepen-

dent of 6 a.e. (almost everywhere) .

3.—X§N, where X is any experiment and

N={Y ; B; 0} is the null experiment.
4.-For all compound experiment (Xl, X2), and
being Xl the correspondent marginal ixpe—
riment, it is verified that (Xl’x2) > X1
verifying { if and only if p(x,/%,, 8) is
independent of 6 a.e.

5.-Let X(n) be the experiment resulting from
a sampling on X with size n, then

i
x(nel) T gy

6.-Let Xl’ X2 and X3 be three experiments on
2 , and let X3 be igdependent of both, Xl
and X2; then if Xl > X2 for all prior dis-
~ s
10 X3) > (X, X3)  for
all prior distribution.

tributions, then (X

7.-Let Xl’ X2, X3 and X4 be four experiments
S il
on , such that X, > X, and X, 2 X, for
all prior distributions; moreover, assume
3 and tha% X2
i 4r Then (Xl’ X3) >
> (X2, X4) for all prior distributions.

that Xl is independent of X
is independent of X

8.-Let be X = {X; A; p(x/8), 6 € 9} and let
(Ei)ieN be a partition of \ form elemerits
of the o-algebra A. Let us consider the
new experiment Y ={;g; Qg + € € 2} ,being
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8 the o-algebra generated by (Ei)ieN 16.-Let X and Y be two experiments on

and Qe such that Qe (Ei) = p(x/0)dx. Q = {el,...,eN} . Then if X is prefer-

Ej red to Y according to the sufficiency

m
Then X > Y with equivalence if, and

i
criterion (X > Y), then X > Y for any
only if, p(8/x) = p(B/Ei)a.e.Vie N and

prior distribution p(8) and for any

vxe Ei' reference distribution m(9).
9.~ For all statistic T = T(X(n)) based on Observation. The definitions of null expe-
the sample of size n, X(n) g T verifying riment, compound experiment and marginal
with equality if, and only if, T is suf- experiment, as well as those of the suffi-
ficient statistic. ciency, Lehmann's and Blackwell's criteria
can be founded in the references cited in
10.-Let S and T be two sufficient statistics the introduction.
of X(n) and Y(m) respectively; then
xm T ¢ ie ang only if, s T,

4, SOME OBSERVATIONS AND PARTICULAR CASES,

11.-Let be X = {X =R, B, p(x/8), & € Q}

and t = t(x) a R >~ R strictly monotone 4.1, DIFFERENCES WITH THE LOGARITHMIC
™ .
and differentiable function. Then X ~ T. UTILITY.
12.-Let XpreaarX be experiments on (R, B) Bernardo /2/ proved that the unique utility
and Yy =T Yl(Xll--~,Xn),---,yn]= function which is proper, local, regular and
= ym(xl’ L.,x) a R? > R™ transformation invariant under one - to - one transformations
such that the application for inference problems is the logarithmic one

which implies a criterion for comparison of

(Xn-m+l""’xn) M (yl""’ym) is one -to- experiments based on the maximization of
i i s fi i . . .

one and with continuou irst partial Shannon's information as proposed by Lindley

derivatives ¥ Xx X . Then, the com-

0 n-m /15/.
pound experiments X = (Xl,...,Xn) and
Y = (X ee s X Y [ 4 :
( 1; *n-m’ "1’ ! m) are such There are two fundamental differences between

h X ~ Y.
that ¥ this case and there are stated here:

13.-Let X and Y be two experiments on . s .
P on &, a) The guadratic utility is not the unique
such that X is preferred to Y according . R ;
Lh proper, non local and invariant with res-
to Lehmann's criterion (X ~y Y). Then,
- pect to one - to - one transformations,

for any prior distribution p(6) and but it is perhaps the simplest among them
for any reference distribution (Bernardo /1/).
m(8), X g Y.

b) The comparison of experiments based on

14.-Let X = {X; A; P, , 6 € Q} and the logarithmic utility does not depend
v = {4; g, 0y + 0 € 0} be two experi- on the reference distribution 7(8), what
ments on © , such that {Pe , 0 e 0} is implies important simplifications. This
a complete family of distributions. Let is not the case with quadratic utility,
X be preferred to Y according to the where the ordering among experiments
sufficiency criterion (X s Y). Then, for depends on the reference distribution.
any prior distribution p 26) and for m(e) .
any reference distribution m(6), X g Y.
4,2, THE PRIOR AS REFERENCE DISTRIBUTION,
15.-Let X and Y be two experiments on Stating the reference distribution w(6) is
q = {61""' eN} . Then if X is preferred equivalent to defining an origin on the scale
to Y according to Blackwells' criterion of the utilities; the election of w(8)= p(8),
(X > ¥), then X g Y for any prior distri- the prior distribution, seems reasonable and
bution p(8) and for any reference distri- usefull. Indeed, the condition u(p(.),8) =0

bution w(8).
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means that, if we perform an experiment X
and we obtain a result x which does not mo-
dify our knowledge about 6 i.e. such that
p(8/x) = p(8), then the utility of this
result is zero. To put it in other words,
the value of the information supplied by

irrelevant data is zero.

If w(6) = p(6), then the utility of an ex-

periment X when the prior distribution is

p(6) reduces to u(X; p(8)) = AGp(X; p(8)) =
= A (f f p( 8/x) p{x/ 8) d édx ~ 1)

X Q
And hence X ,E.» Y I

_/; LP( 8 /x)p(x/ n)d odx ?,f [p( 6 /y)ply/ 81d ody.
b

y-

Even in this case and even with the wusual
conjugate families, the obtention of
u(x; p(0)) is extremely complicated. Even

in the normal model, where mathematics are
simple, the expression obtained for
u({X; p(8))

as an example for intuitive considerations.

is too complicated, to be used

4,3, FINITE PARAMETER SPACES

It is particularly interesting to consider

Q finite, so that Q = {81,...,6N} In this
case the proper local and invariant quadra-

tic utility is

N
5 ) = -z o )
ulp(.), k) 2p(6k) .r pl J,)
J=1
and, given the experiment X={X = {x,, PX1;
p(xi/ek)' ek € Q},
m N
ul¥; p(0)) = = p(x.) (% p(o /x5 -
i=1 * k=1 ki
N
- I ple k) = GAN (X ; p(e))

which leads directly to the criterion of
maximization of the informational energy

gain.

4,4, CONTINUOUS PARAMETER SPACES WITH
NON-INVARIANT QUADRATIC UTILITY.

Considering for the continuous case the
proper but not invariant quadratic utility
function

u{p(.), o) = A(2p(0) - ~/~P( 9)2 de) + B(9) ,
Q

where A > 0 is a constant and B(8) an arbi-

trary function of ¢ , one has

u(X; p(8)) =

2
=A(f P(x)f p(e/x)zdedx—f pte) do,
X Q 2

= A . GAN (X ; p(8))

which again leads directly to the criterion
of maximization of the informational energy
gain. This points out an important limitation
of such criterion so far as invariance is

considered to be an important requirement.

5, .

In this paper, inference problems are stated
as a particular case of decision problems,
where the action space consists of probabi-
lity distributions on the parameter space

and explore the use of non-local utilities.

We admit, with the arguments stated by
Bernardo /1/, that the utility function must
be proper and invariant, and choose among
these the simplest which is non-local, i.e.
the quadratic utility function. When we apply
the general criterion for the maximization of
the expected utility we arrive to a criterion
for comparison of experiments which in the
finite case reproduces the informational
energy gain criterion and in the continuous

case is tightly connected with this.

A large number of problems remain open. We
are presently interested in the asintotic

behaviour of the quadratic information sup-
plied by an experiment; in the definition of
G (¥/X, p(8)) where ¢=y(@)

one - to one function of 6 in whose knowledge

is in general non-

we are interested; in the prior minimal qua-
dratic information distribution in the sense
stated by Bernardo /3/ (resulting in the fi-
nite case in those which minimize the infor-
mational energy); in the application of our
criterion to the discrimination among regres-
sion models, in the sense stated by Fedorov
/9/, Box and Hill /8/ and del Rio /17/; in
the sequential design of experiments based
on the quadratic information following to

De Groot /13/. All those problems become
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interesting, once justified from the deci-

sion-theoretical point of view that the

quadratic information is a sensible utility

measure.
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