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5. RESULTS AND DISCUSSION 

 

 The next section analyzes the results provided by COMSOL Multiphysics for the 

different models that have been implemented.  

 

 

5.1. GROUNDWATER FLOW MODEL 

 

5.1.1. TWO-DIMENSIONAL MODEL 

 

 In order to implement this model, a two-dimensional geometry has been created. 

This geometry represents the cross section of the model domain in the plane x-y, at the 

height of the center of the conduit (Figure 5.1). 

 

 
  
Figure 5.1. Location of the cross section represented by the two-dimensional groundwater flow model 

(Note: The scheme is not drawn to scale). 

 

 

 Since this is a two-dimensional model, it does not represent the groundwater 

flow in presence of a cylindrical conduit, but the flow that occurs if there were a 

continuous fracture in the z-direction. Nevertheless, it is useful to get an initial approach 

to the problem. 

  

 In the drawing process of the model domain in COMSOL Multiphysics the 

origin of the x-dimension (i.e., x=0) has been set in the boundary that corresponds to the 

Holbox fracture. Then, x=10 km is located in the boundary that corresponds to the coast 

(Figure 5.2a). The conduit is located between y=2497.5 m and y=2502.5 m. It is worth 

remembering that the conduit has been modeled apart from the matrix. However, both 

models are coupled by means of the boundary conditions (introduced into the main 

equation as a source, in the case of the conduit model). Then, in the matrix model, the 

conduit is represented as a “hollow” space. Thus, the two parts of the domain at both 

sides of the conduit are modeled as independent rectangles (Figure 5.2b) where the 

groundwater flow equation takes place.  
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Figure 5.2. Geometry of the model domain drawn in COMSOL Multiphysics (a)  

and detail of the conduit (b). 

 

 

The mesh has been created using triangular elements. The maximum size of 

these elements has been established in 250 m. Due to the processes that take place near 

its boundaries, the mesh is finer around the conduit than in the boundaries that 

correspond to the watersheds. 

 

The directions and magnitude of the groundwater flow are presented in Figure 

5.3. Since in this case the variable density is not taken into account, the groundwater 

flow is determined by the hydraulic head differences. For this reason the distribution of 

heads in the model domain has also been included in the plot.  

 



5. Results and Discussion 

 36 

 
Figure 5.3. Hydraulic head and flow arrows (Units: head, x and y in m). 

 

 

Figure 5.3 shows the existence of flow from the central part of the domain 

towards the conduit, as well as towards the Holbox fracture and coast boundaries. The 

conduit acts as a drain of the water contained in the matrix. Nevertheless, in the site it 

has been observed that there is no flow towards the Holbox fracture boundary (Bauer, 

2008). The cross section of the head distribution in y=500 m (Figure 5.4) displays a 

peak in the center of the domain so that water is flowing to both ends. This effect is due 

to the constant head boundary conditions, the high recharge in the area and the low 

value of the hydraulic conductivity in the matrix. 

 

 
Figure 5.4. Head at the cross section in y=500m. (Units: head and x in m) 
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The results corresponding to the conduit are presented in Figures 5.5 and 5.6. 

 

 
Figure 5.5. Hydraulic head in the conduit. (Units: head and x in m). 

 

 
Figure 5.6. Water velocity in the conduit. (Units: velocity in m/s and x in m).

 

The head in the conduit decreases linearly from 2 m in the Holbox fracture 

boundary to 0 m in the coast boundary, as seen in Figure 5.5. That means that the 

conduit is able to discharge all the water that arrives from the matrix. In Figure 5.6 it 

can be observed how the velocity of the water increases with x. Indeed, as x increases 

the amount of water inside the conduit is higher due to the seepage from the matrix. 

Thus, due to the assumption of constant conduit section, the velocity must increase. 

 

Considering these results, hydraulic conductivity has been increased until 0.3 

m/s in order to approach the model to the existing conceptual model. This is the 

minimum value of the K that does not cause flow towards the Holbox fracture 

boundary. This high value is because of the fact that the hydraulic conductivity 

considered here represents an effective value. In fact, in the Yucatan Peninsula the 
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horizontal distance between conduits is around 200 m (Bauer, 2008), while the model 

assumes that this distance is 5 km. Thus, in the model the effective hydraulic 

conductivity must account for the matrix as well as some caves. The results that are 

obtained after these considerations appear in Figure 5.7. 

 

 
Figure 5.7. Hydraulic head and flow arrows for K=0.3 m/s. (Units: head, x and y in m). 

 

 

 Figure 5.7 reflects that with the new value of the hydraulic conductivity there is 

no flow towards the Holbox fracture boundary and the flow towards the conduit is 

almost negligible. The plot of the cross section in y=5000 m, shown in Figure 5.8, 

shows that the head in the matrix decreases approximately linearly. Since the 

groundwater flow has the direction of the decreasing heads, the water advances towards 

the coast boundary.  

 

 
Figure 5.8. Head at the cross section in y=500m for K=0.3m/s. (Units: head and x in m). 



5. Results and Discussion 

 39 

The results obtained for the conduit with the new value of the hydraulic 

conductivity appear in Figures 5.9 and 5.10: 

 

 
Figure 5.9. Hydraulic head in the conduit for K=0.3 m/s. (Units: head and x in m). 

 

 
 Figure 5.10. Water velocity in the conduit for K=0.3 m/s. (Units: velocity in m/s and x in m). 

 

 

From Figures 5.5 and 5.9, the head distribution in the conduit is the same 

independently of the value of the hydraulic conductivity. The velocity has a similar 

shape in both cases (Figures 5.6 and 5.10). However, for the initial hydraulic 

conductivity value, its range of variation is a little larger than for the value that finally 

has been set. It is because of the fact that with a higher K value the matrix has a higher 

capacity of draining water towards the downstream boundary, instead of infiltrating it 

into the conduit. 
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5.1.2. THREE-DIMENSIONAL MODEL 

 

 In this case the complete domain has been considered. The conduit has been 

modeled as a cylinder whose center is at a depth of 10 m. As mentioned before, the z-

dimension in this model corresponds to the observed depth of freshwater in the site, 

which is 20 m (Figure 5.11).  

 

 
Figure 5.11. Domain represented by the three-dimensional groundwater flow model  

(Note: The scheme is not drawn to scale). 

 

 

 Similarly to the two-dimensional model, x=0 corresponds to the Holbox fracture 

boundary and x=10 km corresponds to the coast boundary (Figure 5.12).  

 

 
Figure 5.12. Geometry of the model domain drawn in COMSOL Multiphysics. 
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It is interesting to show that, due to the difference between the dimensions x (10 

km), y (5 km) and z (20 m), the program has approached the circular cross section of the 

conduit to a square (Figure 5.13). 

 

 
 

Figure 5.13. Detail of the geometry of the conduit drawn in COMSOL Multiphysics. 

 

 

The presence in this case of the z-dimension forces the mesh to be coarser than 

before. Moreover, the important difference between the z-dimension and the length and 

width causes the elements to have one dimension much smaller than the others. Adding 

the restriction of the memory capacity, the maximum element size is 1000 m. 

Nevertheless, it is worth mentioning that the mesh around the conduit has the smallest 

size, as in the two-dimensional model.  

 

The results that have been obtained for the three-dimensional model are very 

similar to the ones obtained in the two-dimensional model. With the first estimation of 

the hydraulic conductivity the head in the central zone is higher than in the Holbox 

fracture boundary (Figure 5.14), similar to the 2-D results.  

 

 

 
Figure 5.14. Hydraulic head. (Units: head, x and y in m). 
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 As it can be seen in Figure 5.15, there is flow towards the Holbox fracture 

boundary.   

 

 
Figure 5.15. Hydraulic head and flow arrows. (Units: head, x and y in m). 

  

 

Following the same considerations as in the two-dimensional model, the 

hydraulic conductivity has been increased until 0.3 m/s. The hydraulic head distribution 

and the flow arrows that are obtained with the new K value appear in Figures 5.16 and 

5.17. 

 

 

 
Figure 5.16. Hydraulic head for K=0.3 m/s. (Units: head, x and y in m). 
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Figure 5.17. Hydraulic head and flow arrows for K=0.3 m/s. (Units: head, x and y in m). 

 

 

Figure 5.17 shows that with K=0.3 m/s there is no flow towards the Holbox 

fracture boundary and the draining action of the conduit is reduced to the z-direction. 

Thus, it can be concluded that this value of the hydraulic conductivity allows the model 

to represent the features observed in reality. 

 

As far as the conduit is concerned, the hydraulic head decreases linearly from 2 

m to 0 m, as observed in the two-dimensional model. Furthermore, the range of 

variation of the velocity is larger with the initial value of the hydraulic conductivity 

(Figure 5.18) than with K=0.3 m/s (Figure 5.19), however, the difference is very small. 

 

 
Figure 5.18. Velocity in the conduit for K=0.001m/s (Units: velocity in m/s and x in m). 
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Figure 5.19. Velocity in the conduit for K=0.3 m/s (Units: velocity in m/s and x in m). 
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5.2. VARIABLE DENSITY 

 

5.2.1. TWO-DIMENSIONAL MODEL 

 

5.2.1.1. MODEL WITHOUT CONDUIT 

 

The variable density together with the presence of caves is a problem that entails 

a great difficulty. For this reason, as a first approach, we modeled the variable density 

problem without considering any conduit. Apart from this, in the density driven flow the 

dominant dimensions are x and z. Thus, the cross section represented by this model is a 

rectangle located in the plane x-z (Figures 5.20 and 5.21). 

 

 
Figure 5.20. Location of the cross section represented by the two-dimensional density driven flow model 

without the conduit (Note: The scheme is not drawn to scale). 

 

 
Figure 5.21. Geometry of the model domain drawn in COMSOL Multiphysics. 
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In this model the lower boundary is not an actual boundary. Here, in absence of 

more data, the lower boundary is considered as an impermeable boundary that initially 

has been assumed to be at a depth of 100 m. However, in the reality it does not exist or, 

at least, it has not been reached with the boreholes perfored in the area (Neuman & 

Rahbek, 2006). The presence in the model of the impermeable boundary could distort 

the results. Indeed, the presence of an impermeable boundary forces the constant 

concentration lines to be perpendicular to this boundary but this can be solved by a 

refined mesh (Balicki & Christensen, 2007). Thus, the mesh has been created as fine as 

possible with result of a maximum size element of 1/8 of the y-dimension. As it can be 

appreciated in Figure 5.22, the mesh is finer close to the point in the coast boundary that 

determines the beginning of the interface, since it is in this area where the most 

important processes occur. 

 

 
Figure 5.22. Mesh. Zoom in the coast boundary area. 

 

Accordingly to what has been concluded from the results of the groundwater 

flow model, the hydraulic conductivity should be increased up to a value of 0.3 m/s. 

This value can be converted to permeability terms by means of Eq. (4.47):   

 

g

K
k

·

·

ρ

µ
=  (5.1) 

 

While initially we started with a value of k equal to 3.06·10
-8
 m

2
 (see Section 

4.3), it has been necessary to decrease the permeability until a value of 1·10
-11
 m

2
 to get 

convergence. This is due to the fact that the density driven flow problems become very 

unstable with high values of the hydraulic conductivity (Bauer, 2008). The initial values 

of the dispersion tensor coefficients have been set to Dxx0=1·10
-2
 m

2
/s, Dyy0=1·10

-3
 m

2
/s 

and Dxy0=1·10
-4
 m

2
/s. The reason for needing these high values to reach convergence is 

that with a higher dispersion the changes in density occur in a larger zone instead of 

being very sharp, leading to computational benefits in terms of stability and 

convergence. 
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The results obtained considering a depth of 100m can be observed in Figure 

5.23. It is worth considering that in all subsequent figures the y-axis is distorted for 

plotting reasons. 

 

 
Figure 5.23. Concentration and constant concentration lines for depth 100m. Zoom in the coast boundary 

area. (Units: concentration in kg/m
3
, x and y in m)  

 

As exposed before, actually, the lower boundary does not exist. For this reason it 

has been considered different depths of this boundary, in order to see the sensibility of 

the model to this parameter as well as to find which one gives the closest results to the 

observed features.  The different depths that have been considered, apart from the initial 

guess of 100 m, are: 200m, 300m and 400m. The results obtained after these 

considerations are shown in Figures 5.24, 5.25 and 5.26.  

 

 
Figure 5.24. Concentration and constant concentration lines for depth 200m. Zoom in the coast boundary 

area. (Units: concentration in kg/m
3
, x and y in m)  
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Figure 5.25. Concentration and constant concentration lines for depth 300m. Zoom in the coast boundary 

area. (Units: concentration in kg/m
3
, x and y in m) 

  

 
Figure 5.26. Concentration and constant concentration lines for depth 400m. Zoom in the coast boundary 

area. (Units: concentration in kg/m
3
, x and y in m) 

 

The obtained results show that the constant concentration lines have a higher 

slope when the depth of the boundary is smaller while for the higher depths these lines 

tend to be more horizontal. Moreover, it can be observed that, for all the depths, the 

results at high depth are not as smooth as close to y=0. That coincides with the size of 

the mesh, which increases as the elements move away from the initial point of the 

interface.    

 

Apart from the concentration results, it is possible to get the results in pressure 

terms. This allows converting the pressure results into head registers using the definition 

of hydraulic head (Eq. 5.2): 
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g

p
zh

·ρ
+=  (5.2) 

 

where z is the level regarding the mean sea level, p is the pressure, ρ is the local water 

density and g is the gravity. Looking at the head distributions, it has been observed that 

the value in the central part of the domain is higher than in the Holbox fracture and 

coast boundaries. If the salinity is not taken into account, this fact would mean flow 

towards both boundaries. However, in the density driven flow problem the water flow 

does not just depend on head gradients but also on the density, as expressed by the 

generalized Darcy equation (see Eq. 4.25). 

 

Thus, the flow arrows have been analyzed and, as it can be observed in Figures 

5.27, 5.28, 5.29 and 5.30, there is flow towards Holbox fracture and coast boundaries in 

all the cases. 

 

 
Figure 5.27. Head and flow arrows for depth 100 m (Units: head, x and y in m). 

 

 
Figure 5.28. Head and flow arrows for depth 200 m (Units: head, x and y in m). 
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Figure 5.29. Head and flow arrows for depth 300 m (Units: head, x and y in m). 

 

 
Figure 5.30. Head and flow arrows for depth 400 m (Units: head, x and y in m). 

 

 

The effect of having flow towards the Holbox fracture cannot be avoided by 

increasing the permeability, since the variable density model does not converge for high 

permeability values. Then, in order to compensate the permeability value and approach 

the results to the actual characteristics of the field site, it has been decided to decrease 

the recharge. Analyzing the solution gotten with constant values of the dispersion 

coefficients, it is observed that for the model of depth of 100 m the recharge has to be 

decreased to 8.64·10
-3
 mm/day (1·10

-10
 m/s) to have flow in only one direction. This 

value corresponds to 0.25% of the average annual precipitation 1200 mm/year which is 

unrealistic, since the initial guess was 2 mm/day (60% of the mean annual 

precipitation). However, it has to be remembered that this model does not consider any 

conduit. Furthermore, the permeability that has been considered is three magnitude 

orders smaller than the estimated one.  
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As for the models with the other values of depth, the head in the central part is 

considerably smaller than for 100 m depth case and it decreases as depth increases. 

Considering a recharge of 8.64·10
-3
 mm/day, there is a significant fall on the head. 

Nevertheless, after this recharge value, the variations are almost negligible. Thus, we 

decided to increase the head in the Holbox fracture boundary, since it is the only 

boundary condition which can be changed. Analyzing the results obtained with constant 

values of the dispersion coefficients, the head that is necessary to impose in order to 

achieve flow only towards the coast is 2.8 m for the depth of 200 m, 4 m for the depth 

of 300 m and 5.2 m for the depth of 400 m.  

 

Then, all the models have been run using the parametric solver and considering a 

recharge of 8.64·10
-3
 mm/day and the corresponding head in the Holbox fracture 

boundary, in accordance with what has been explained above. The only model that has 

converged with these conditions has been the one with a depth of 200 m (Figure 5.31). 

 

 

 
Figure 5.31. Constant concentration lines for depth 200 m considering a recharge of 8.64·10

-3
 m/s and a 

head boundary condition in the Holbox fracture of 2.8 m. Zoom in the coast boundary area.  

(Units: concentration in kg/m
3
, x and y in m) 

 

 

In the model of depth 100m it has been necessary to set the head in the Holbox 

fracture up to 2.3 m to reach convergence (Figure 5.32). The models of depths 300 m 

and 400 m have not converged for any head value imposed. 
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Figure 5.32. Constant concentration lines for depth 100 m considering a recharge of 8.64·10

-3
 m/s and a 

head boundary condition in the Holbox fracture of 2.3 m. Zoom in the coast boundary area.  

(Units: concentration in kg/m
3
, x and y in m) 

 

 

Observing the pressure results, it can be checked that with the new parameters 

there is no flow towards the Holbox fracture from the central part of the domain 

(Figures 5.33 and 5.34). 

 

 

 
Figure 5.33. Head and flow arrows for depth 100 m considering a recharge of 8.64·10

-3
 m/s and a head 

boundary condition in the Holbox fracture of 2.3 m. (Units: head, x and y in m). 
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Figure 5.34. Head and flow arrows for depth 200 m considering a recharge of 8.64·10

-3
 m/s and a head 

boundary condition in the Holbox fracture of 2.8 m. (Units: head, x and y in m). 
 

 

 In Figures 5.33 and 5.34, the direction of the flow arrows in the interface area is 

not horizontal. It can be appreciated better in the streamlines plots (Figures 5.35 and 

5.36). Indeed, the saltwater enters into the domain across the coast boundary and 

displaces the freshwater due to the density differences. The dispersion causes the 

dilution of the saltwater and, consequently, a decrease of the density. At some length, 

the dissolution level that has been reached causes the ascension of the salt water. Then 

this water is shoved towards the coast boundary by the freshwater flow. 

 

 

 
Figure 5.35. Streamlines for depth 100 m considering a recharge of 8.64·10

-3
 m/s and a head boundary 

condition in the Holbox fracture of 2.3 m. Zoom in the coast boundary area. (Units: x and y in m). 
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Figure 5.36. Streamlines for depth 200 m considering a recharge of 8.64·10

-3
 m/s and a head boundary 

condition in the Holbox fracture of 2.8 m. Zoom in the coast boundary area. (Units: x and y in m). 

 

Taking up again the concentration results, the two achieved solutions show a 

constant concentration lines with much less slope than with the initial guesses of the 

recharge and the head in the Holbox fracture. This fact can be explained by means of 

the Ghyben-Herzberg relation:  

 

f
fs

f

s hh
ρρ

ρ

−
=  (5.3)  

 

where hs is the depth of the freshwater-saltwater interface, ρf is the freshwater density, ρs 

is the saltwater density and hf is elevation of the water table (that is, the hydraulic head).  

 

 
Figure 5.37. Ghyben-Herzberg model of the saltwater-freshwater interface in a coastal unconfined or 

phreatic aquifer (Bear, 1979). 
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With our density contrast, we have: 

 

ffs hhh 40
10001025

1000
=

−
=  (5.4) 

 

 The meaning of Eq. (5.4) is that at the point where the hydraulic head is 1 m, the 

depth of the freshwater-saltwater interface has to be 40 m. 

 

Since with the new values of the recharge and the head boundary condition the 

head has decreased, the depth of the interface is shallower. Apart from this, the 

evaluation of the freshwater-saltwater interface with the Ghyben-Herzberg relation 

enables to know which model represents better the processes. The position of this 

interface is a point of discussion. If a porous medium is considered, the interface is a 

narrow strip because advection dominates over dispersion. But in a rock, like in this 

treated case, the contrary occurs: dispersion dominates over advection and the interface 

is a wide zone which becomes wider as permeability decreases (Sánchez-Vila, 2008). In 

order to compare the two available solutions, a value of the concentration of 50% (17.5 

kg/m
3
) has been considered as reference of the position of the interface (Figures 5.38 

and 5.39). According to this assumption the model that offers the best approach to the 

Ghyben-Herzberg relation is the model with a depth of 200 m. Indeed, in this model the 

head of 1 m corresponds to a depth of the interface of 50 m, approximately, while in the 

model of depth 100 m the depth of the interface corresponding to head 1 m is around 60 

m. Nevertheless, since this difference is small, both cases will be considered in the 

analysis of the effect of the conduit. 

 

 

 
Figure 5.38. Concentration and constant concentration line 50% for depth 100 m considering a recharge 

of 8.64·10
-3
 m/s and a head boundary condition in the Holbox fracture of 2.3 m. Zoom in the coast 

boundary area. (Units: concentration in kg/m
3
, x and y in m) 
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Figure 5.39. Concentration and constant concentration line 50% for depth 200 m considering a recharge 

of 8.64·10
-3
 m/s and a head boundary condition in the Holbox fracture of 2.8 m. Zoom in the coast 

boundary area. (Units: concentration in kg/m
3
, x and y in m) 
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5.2.1.2. MODEL WITH CONDUIT 

 

In this model, again, the cross section represented is a rectangle located in the 

plane x-z (Figure 5.40). Due to the two-dimensional feature of the model, the conduit 

represents a continuous fracture that spreads out infinitely in the plane x-y. It would 

represent the case of a quite developed karstic geology, with a lot of caves in the 

horizontal plane.  

 

 
Figure 5.40. Location of the cross section represented by the two-dimensional density driven flow model 

with conduit (Note: The scheme is not drawn to scale). 

 

 

 
Figure 5.41. Geometry of the model domain drawn in COMSOL Multiphysics. 
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In this case it is not necessary to change the recharge and the Holbox fracture 

boundary condition, as it was done for the model without conduit. Actually, the high 

hydraulic conductivity that the caves confer to the system is already taken into account 

with the presence of the conduit. Therefore, it is not necessary to change those 

parameters to obtain results close to the reality. Regarding the initial constant value of 

the dispersion coefficients, it is the same as in the model without conduit, i.e. Dxx0=1·10
-

2
 m

2
/s, Dyy0=1·10

-3
 m

2
/s and Dxy0=1·10

-4
 m

2
/s. 

 

The contact between the conduit and the rock represents a boundary for the 

model, where the conditions are not clearly defined. For this reason two models that 

consider this boundary in different ways have been developed.  

 

• Option 1 

 

In this model, the cross section consists of two independent rectangles. Then, the 

conduit is an empty space between both rectangles. In this case, the sides of the 

rectangles next to the conduit are boundaries of the domain. Thus, the conditions in 

these boundaries have to be imposed for the pressure problem as well as for the 

concentration problem. The conflict arises in the latter. It could be assumed that there is 

an advective flux of salinity from the rock to the conduit. However, from the conduit to 

the matrix the same condition can not be implemented, since the concentration problem 

in the conduit is not studied in this project. That means that it would be necessary to 

input the condition that there is advective mass flow just when the water flow goes to 

the conduit and null mass flux otherwise. It has not been possible to input this condition 

into COMSOL Multiphysics. Therefore, the model has been solved allowing the flow 

across the conduit boundaries in the two directions.  

 

 
Figure 5.42. Concentration and flow arrows in the boundaries of the conduit. Zoom in the middle part of 

the conduit. (Units: concentration in kg/m
3
, x and y in m) 

 

 

Flow at the boundaries is relevant in this model. In the upper boundary water 

flows into the conduit while in the lower one water flows along the boundary (Figure 

5.42). Although this fact does not contradict the assumption of only flow towards the 
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conduit, the lower boundary has been implemented as an impermeable boundary. It has 

been done in this way just to prevent the possible flow from the conduit to the rock.  

 

As far as the mesh is concerned, due to memory limitations, in the upper 

rectangle there are just two rows of mesh elements, except in the zone near the coast 

boundary (Figure 5.43). That causes a low resolution of the results in this subdomain. In 

the other rectangle the mesh has eight rows of elements. Then, the maximum size 

element is 1/8 of the height of the lower rectangle.  

 

 
Figure 5.43. Mesh. Zoom in the coast boundary area. 

 

 

The results that have been obtained after these considerations are presented in 

Figures 5.44 and 5.45. 

 

 
Figure 5.44. Concentration for depth 100 m (Units: concentration in kg/m

3
, x and y in m) 
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Figure 5.45. Concentration for depth 200 m (Units: concentration in kg/m

3
, x and y in m) 

 

 

These figures show that the conduit causes salinity intrusion towards the Holbox 

fracture boundary. Salinity intrudes much further in the lower rectangle than in the 

upper one. In Figure 5.46 it is shown an expanded image of the concentration 

distribution in the upper rectangle for depth 100 m and 200 m. In these plots it is 

possible to see that there the salinity just penetrates until x=9950 m, approximately, 

while in the lower rectangle it penetrates more than 5000 m (Figures 5.44 and 5.45).  
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Figure 5.46. Concentration and constant concentration lines for depth 100 m (a) and 200 m (b). Zoom in 

the coast boundary (Units: concentration in kg/m
3
, x and y in m) 

 

These differences between both subdomains are due to the fact that the conduit 

discharges most of the water coming from the recharge, preventing it to arrive to the 

lower rectangle. Then, the head in this rectangle decreases along the depth of the 

interface, according to the Ghyben-Herzberg relation. In Figures 5.47 and 5.48 it can be 

seen that, compared to the model without the conduit (Figures 5.33 and 5.34), the head 

has decreased considerably in the central part of the domain. Moreover, it has a 

smoother distribution than before. 

 

 
Figure 5.47. Head and flow arrows for depth 100 m. (Units: head, x and y in m). 
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Figure 5.48. Head and flow arrows for depth 200 m. (Units: head, x and y in m). 

  

 

The last figures show that the flow arrows do not follow the same path as in the 

model without the conduit. In this case, in the lower subdomain flow is basically 

horizontal and in both directions: towards the Holbox facture boundary and towards the 

coast boundary. The flow towards the Holbox fracture is especially significant in the 

model of depth 200 m. This happens since now the differences of concentration, and 

consequently of density, in the vertical are very small (almost negligible for the depth of 

100 m), as shown in Figures 5.49 to 5.52.  

 

 
Figure 5.49. Concentration and constant concentration lines for depth 100 m  

(Units: concentration in kg/m
3
, x and y in m) 
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Figure 5.50. Concentration and constant concentration lines for depth 200 m  

(Units: concentration in kg/m
3
, x and y in m) 

 

 

In the streamlines plots (Figures 5.51 and 5.52), some instabilities can be 

appreciated at depth 80 m, approximately. These instabilities are, possibly, due to the 

size of mesh, which at this depth is not fine enough to represent the changes that occur. 

 

 

 
Figure 5.51. Streamlines for depth 100 m. (Units: x and y in m). 
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Figure 5.52. Streamlines for depth 200 m. (Units: x and y in m). 

 

 

Regarding the flow into the conduit, it has exactly the same behavior for depth 

100 m and 200 m. The head decreases linearly from 2 m in the Holbox fracture to 0 m 

in the coast boundary. On the contrary, the water velocity increases with x, reaching a 

maximum value of 0.0565 m/s in the coast boundary (Figure 5.53).  

 

 
Figure 5.53. Velocity in the conduit (Units: head and x in m, velocity in m/s). 

 

 

A possible error in the modeling is reflected in the fact that in the upper 

subdomain the salinity arrives almost until the Holbox fracture boundary with high 

concentrations (around 15 kg/m
3
) while in the lower subdomain the penetration is not as 

large (Figure 5.54). As this effect can be due to the boundary conditions applied in the 
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conduit, a second model which treats these boundaries in a different way has been 

developed. 

 

 
Figure 5.54. Concentration and constant concentration lines for depth 100 m. Zoom in the Holbox 

fracture boundary (Units: concentration in kg/m
3
, x and y in m) 

 

 

 

• Option 2 

 

In the model of option 1 the two subdomains that represent the rock matrix are 

independent and not connected. It could lead to some incongruities. For this reason, in 

option 2 the conduit is considered as a subdomain of the model, with the same equations 

than the matrix. In order to represent the idea of the conduit, this subdomain is as 

permeable and as porous as possible. At the same time the dispersion coefficients have 

to be small because, as explained before, as porosity increases advection dominates over 

dispersion. A priori, the dispersion coefficients values in the matrix are not known. 

Therefore, it has been tried to make the dispersivities as small as possible. The 

minimum values of the dispersivities that allow getting the convergence are αL=1 m and 

αT=10
-1
 m. The main advantage of this model is that now the conduit boundaries are 

interior boundaries and it is not necessary to impose any condition on them. This avoids 

implementing any condition in the conduit referred to the concentration problem.  

 

The presence of this new subdomain affects the mesh. The program increases the 

number of elements near the conduit, specially in the y-dimension, at expenses of 

increasing the size of the elements away from the conduit (Figure 5.55).  
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Figure 5.55. Mesh. Zoom in the coast boundary area. 

 

 

The results are very close to the ones obtained with the model of option 1. 

However, with option 2, the interface does not intrude as much as before (Figures 5.56 

and 5.57). Probably, it is because here the conduit is analyzed as a porous media, and, 

despite the fact that the imposed porosity and permeability are very high, it represents a 

resistance to the flow of mass and water. In the model of depth 100 m, it is observed 

that, in spite of this, the salinity, with low concentration, spreads out a larger distance 

than in option 1. 

 

 
Figure 5.56. Concentration for depth 100 m (Units: concentration in kg/m

3
, x and y in m) 
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Figure 5.57. Concentration for depth 200 m (Units: concentration in kg/m

3
, x and y in m) 

 

Now, salinity in the upper subdomain does not reach the Holbox fracture 

boundary, contrary to option 1 (Figures 5.56 and 5.57). However, in the upper 

subdomain and near the coast, there is a larger area with high concentrations (Figure 

5.58). This effect is probably caused by the shape of the mesh elements which, in this 

zone, are very elongated. 

 

 
Figure 5.58. Concentration and constant concentration lines for depth 100 m. Zoom in the coast boundary 

(Units: concentration in kg/m
3
, x and y in m) 
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This model has been run uncoupled with the Saint Venant conduit equation. The 

results show that the salinity penetrates much less than when this equation is coupled 

with the matrix expressions (Figure 5.59).  

 

 
Figure 5.59. Concentration of the uncoupled model for depth 100 m  

(Units: concentration in kg/m
3
, x and y in m) 

 

The reason is that the coupling between the conduit and the rock matrix causes a 

higher flow into the conduit. In other words, the drainage capacity of the conduit is 

smaller when the conduit and the matrix expressions are uncoupled. Thus, the head does 

not decrease in the same measure and, according to Ghyben-Herzberg relation, the 

saltwater cannot penetrate as far.  

 

It has been noted that the salinity in the upper matrix zone is very similar to that 

obtained in the coupled model (Figure 5.60). It can be concluded that the imposition of 

the Saint Venant law in the conduit causes a higher salinity penetration in the conduit as 

well as in the lower subdomain, while it does not affect the upper matrix zone.  
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Figure 5.60. Concentration and constant concentration lines for the uncoupled model of depth 100 m. 

Zoom in the coast boundary (Units: concentration in kg/m
3
, x and y in m). 

 

 

With respect to the conduit, the results that have been obtained with the 

implementation of the Saint Venant expressions are very similar to those obtained with 

option 1 (Figure 5.61). 

 

 
Figure 5.61. Water velocity in the conduit for depth 100 m (a) and 200 m (b). 

(Units: velocity in m/s and x in m). 
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5.2.2. THREE-DIMENSIONAL MODEL 

 

5.2.2.1. MODEL WITHOUT CONDUIT 

 

This model represents the whole domain but excluding the conduit (Figures 5.62 

and 5.63). Its objective is to get the extension in three-dimensions of the results 

obtained in the two-dimensional model for variable density without conduit. This is a 

good start point for the final objective, that of a three-dimensional model with conduit.  

 

 
Figure 5.62. Domain represented by the three-dimensional variable density flow model without conduit 

(Note: The scheme is not drawn to scale). 

 

 
Figure 5.63. Geometry of the model domain drawn in COMSOL Multiphysics. 

 

Regarding the mesh, and due to memory limitations, there are just few elements 

in the z-dimension including the area next to the coast boundary. But, as explained 

before, the important processes occur in this place. For this reason, the model has been 

solved with the option Adaptive mesh. Thus, the program identifies the regions where a 

high resolution is necessary and the mesh is refined there (COMSOL, 2008). In spite of 
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that, the finest mesh that the model has been able to support, without getting out of 

memory, has less than 20 elements in the z-dimension near the coast boundary (Figure 

5.64). Moreover, in general all the elements are very big in the x and y dimensions 

compared to the z-dimension. 

 

 
Figure 5.64. Mesh in the model of depth 100 m. Zoom in the coast boundary area. 

 

According to the results of the two-dimensional model without conduit, we 

developed a model with depth 100 m and another one with depth 200 m. The same 

conditions as in the two-dimensional model have been imposed in order to have flow in 

only one direction. Therefore, the recharge has been set to 8.64·10
-3
 mm/day and it has 

been considered that the head in the Holbox fracture boundary is 2.3 m for the depth 

100 m and 2.8 m for depth 200 m. As mentioned in section 4, the models have been run 

using the parametric solver. Nevertheless, when all the dispersion coefficients were 

implemented with their corresponding analytical expression, the models do not 

converge. Then, all the dispersion coefficients have been set equal to constant values 

and it has been investigated which coefficient causes the problems. It is interesting to 

point out that the model does not converge for constant coefficients lower than 

Dxx=1·10
-1
 m

2
/s, Dyy=1·10

-2
 m

2
/s, Dzz=1·10

-3
 m

2
/s. However, the model converge for any 

constant value of the other coefficients Dxy, Dxz and Dyz (Figure 5.65). 

 

 
Figure 5.65. Concentration for constant values of the dispersion coefficients:  

Dxx=1·10
-1
 m

2
/s, Dyy=1·10

-2
 m

2
/s, Dzz=1·10

-3
 m

2
/s. (Units: concentration in kg/m

3
, x and y in m) 
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From this knowledge, it has been studied the behavior of the models depending 

on the diagonal coefficients, keeping the rest of the coefficients with a low constant 

value. The model converges if only one of the three diagonal coefficients is 

implemented with its analytical expression, one at a time (Figures 5.66a, 5.66b and 

5.66c). Moreover, in the model with depth of 100 m, it converges if two of the three 

coefficients are implemented with their expressions at the same time: Dxx and Dyy, Dxx 

and Dzz, Dyy and Dzz (Figures 5.67a, 5.67b and 5.67c, respectively). However, in the 

model with depth of 200 m, the convergence has not been reached when Dxx and Dzz 

were implemented with their expressions at the same time. In the two models, if the 

three coefficients are implemented with their expressions simultaneously, the 

convergence is not reached. 

 

 
 

 
 

 
Figure 5.66. Concentration for the model run with the analytical expression of Dxx (a), Dyy (b) and Dzz (c) 

and with the constant values of the other dispersion coefficients.  

(Units: concentration in kg/m
3
, x and y in m) 
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Figure 5.67. Concentration for model run with the analytical expression of Dxx and Dyy (a), Dxx and Dzz 

(b) and Dyy and Dzz (c) and with the constant values of the other dispersion coefficients.  

(Units: concentration in kg/m
3
, x and y in m) 

 

 These results show that the dominant coefficients are Dxx and Dzz. It can be 

deduced from the fact that the concentration distribution if Dxx and Dyy are implemented 

with their analytical expressions at the same time (Figure 5.67a) is almost the same as if 

only Dxx is implemented with its expression (Figure 5.66a). The same happens if the 

results of the model run with the expressions of Dzz and Dyy (Figure 5.67c) are compared 

to the results of the model where only Dzz is expressed analytically (Figure 5.66c). On 

the contrary, when Dxx and Dzz are implemented with their expressions simultaneously 

(Figure 5.67b) the result is an intermediate situation between the results of both 

coefficients expressed analytically independently. Therefore, the solution when Dxx and 

Dzz are implemented with their expressions at the same time could be a good approach 

(Figure 5.67b). Nevertheless, since the model with depth of 200 m does not converge in 
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this case, another solution is necessary. Then, the model with all the coefficients 

expressed analytically has been run with the parametric solver while the graph of the 

evolution of the convergence with the iterations was analyzed. The parameter α, which 

determines the parametric steps, has been set from 0 towards 1, with an increase of 1·10
-

2
. It can be observed that the model converge with a convergence of 1·10

-15
 until α=0.7, 

approximately (Figure 5.68). After this α value, the convergence decreases gradually 

until reaching a value of 1·10
3
. 

 

 
Figure 5.68. Convergence graph when the three dispersion coefficients of the diagonal are expressed 

analytically simultaneously. 

 

 

Consequently, the models have been run using the parametric solver and for α 

from 0 until 0.7 (Figures 5.69a and 5.69b). That means that the 70% of the dispersion 

coefficients is due to the analytical expression and the 30% corresponds to the constant 

values. Figures 5.69a and 5.69b reflect that the results are very close to the ones 

obtained if only Dxx and Dzz are expressed analytically, but without the instabilities 

observed in that case (Figure 5.67b). In the case of depth 200 m the wedge penetrates 

further than in the case of depth 100 m. That is because the coast boundary has double 

contact area in the former case, and therefore, more saltwater goes into the domain 

displacing the freshwater. These solutions are very similar to those obtained with 

constant values for the dispersion coefficients (Figure 5.70).  
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Figure 5.69. Concentration for depth 100 m (a) and 200 m (b) with all the dispersion coefficients 

expressed analytically. (Units: concentration in kg/m
3
, x and y in m) 

  

 

 
 

 
Figure 5.70. Concentration for depth 100 m (a) and 200 m (b) with constant values of the dispersion 

coefficients: Dxx=1·10
-1
 m

2
/s, Dyy=1·10

-2
 m

2
/s, Dzz=1·10

-3
 m

2
/s, Dxy=1·10

-4
 m

2
/s, Dxz=1·10

-5
 m

2
/s,  

Dyz=1·10
-6
 m

2
/s. (Units: concentration in kg/m

3
, x and y in m) 
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 Observing the interface zone closer (Figure 5.71), it can be concluded that, in 

general terms, it is similar to the two-dimensional solution. However, the three-

dimensional solution is not so well defined in the z-direction as in the two-dimensional 

approach and the interface is blurred. This is due to the coarse mesh size in the three-

dimensional model that gives a very low quality solution. 

 

 

 
Figure 5.71. Concentration for depth 200 m. Zoom in the coast boundary zone.  

(Units: concentration in kg/m
3
, x and y in m) 
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5.2.2.2. MODEL WITH CONDUIT 

 

In this case, the whole problem is studied: salinity problem in the three-

dimensional domain, and considering the conduit (Figures 5.72 and 5.73). It is expected 

that in this model the wedge will not go as far as in the two-dimensional model. That is 

because the two-dimensional model represented a horizontal fracture while in the three-

dimensional case the conduit is limited in the horizontal plane as well as in the z-

direction. 

 

 
Figure 5.72. Domain represented by the three-dimensional variable density flow model with conduit 

(Note: The scheme is not drawn to scale). 

 

 

 
Figure 5.73. Geometry of the model domain drawn in COMSOL Multiphysics. 
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After the difficulties that the program has had to solve the three-dimensional 

model without conduit, some simplifications have been considered. Firstly, the 

dispersion coefficients have been set constant and, consequently, the stationary solver 

has been used instead of the parametric solver. Furthermore, looking at the low 

resolution of the results of the three-dimensional model without conduit, in this case the 

model is solved just for 100 m depth. The objective is to have the mesh elements as 

small as possible in the z-dimension.   

 

 As with the two-dimensional model with conduit, the conduit has been 

represented in two different ways: as an empty cylinder and as a subdomain with the 

maximum porosity and permeability. 

 

• Option 1 

 

In the two-dimensional model the presence of the conduit allows water flowing 

in only one direction even considering the initial estimated values of the parameters. We 

considered the initial recharge and the boundary conditions as well as the constant 

dispersion equal to those as in the two-dimensional model with conduit. Nevertheless, 

the results show that there is flow from the central part of the domain towards the 

Holbox fracture boundary (Figure 5.74). It is because in the three-dimensional model 

the conduit is limited in the y direction while in the two-dimensional model it represents 

an infinite horizontal fracture. Therefore, the drainage capacity of the conduit in the 

three-dimensional model is lower. Apart from this, it is worth considering that the flow 

from the matrix to the conduit practically does not exist unlike to our groundwater flow 

conceptual model. 

 

 
Figure 5.74. Head and flow arrows. (Units: head, x and y in m). 

 

 

The value of some parameters has been changed in order to avoid flow towards 

the Holbox fracture boundary. Indeed, the recharge has been set to 8.64·10
-3
 mm/day 

(1·10
-10
 m/s) and the head in the Holbox fracture to 7.2 m. The latter is a very high value 

compared to the 2 m measured initially or the 2.3 m of the three-dimensional model 
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without conduit. However, remembering the three-dimensional groundwater flow 

model, it was necessary to increase the hydraulic conductivity up to 0.3 m/s (i.e. 

permeability equal to 3.06·10
-8
 m

2
). But, in the density driven flow models, to get 

convergence, it is not possible to increase the permeability over 1·10
-11
 m

2
. Therefore, it 

makes sense to increase the head in the Holbox fracture boundary to a high value. 

Figure 5.75 displays the head distribution and the flow arrows after these modifications. 

It can be observed that the conduit affects the horizontal flow near the coast boundary, 

contrary to groundwater flow model. 

 

 
Figure 5.75. Head and flow arrows with recharge of 8.64·10

-3
 mm/day (1·10

-10
 m/s) and head in the 

Holbox fracture of 7.2 m. (Units: head, x and y in m). 
 

 Looking at the salinity results, it is observed that the wedge does not penetrate 

further than in the model without conduit (Figure 5.76).  

 

 
Figure 5.76. Concentration. (Units: concentration in kg/m

3
, x and y in m) 
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The reason of this behavior could be the coarse mesh that is used. Due to 

memory limitations the mesh elements have a large size. In order to improve the size of 

the mesh, we only considered the half of the domain closer to the coast boundary. The 

conditions in the boundary at x=5000 m are a constant head of 5.5 m and a 

concentration of 0 kg/m
3
. According to the results of the two-dimensional model the 

salinity goes further than x=5000 m. However, as mentioned before, it is expected that 

in the three-dimensional model the salinity does not penetrate so much, because what it 

is modeled here is a conduit and not an infinite fracture. 

  

 The results after this reduction of the model domain are shown in Figure 5.77. 

There, it can be observed that the concentration distribution is almost the same as 

considering the whole length. Around the conduit the concentration follows the same 

distribution as in the rest of the rock matrix. It can be better observed in the plot of the 

slices of constant concentration (Figure 5.78).  

 

 
Figure 5.77. Concentration in the reduced model domain. (Units: concentration in kg/m

3
, x and y in m) 

 

 
Figure 5.78. Slices with constant concentration in the reduced model domain.  

(Units: concentration in kg/m
3
, x and y in m) 



5. Results and Discussion 

 81 

 Regarding the conduit, there is an increase of the velocity as well as its range of 

variation with regard to the two-dimensional model. There, the velocity varies between 

0.053 m/s and 0.058 m/s, approximately. In contrast, in the three-dimensional model the 

minimum value of the velocity is 0.09 m/s, while the maximum is around 0.22 m/s 

(Figures 5.80 and 5.82). Moreover, near the coast boundary we observe a sharp decrease 

of the head and a significant increase of the water velocity (Figures 5.79 and 5.81). 

 

 

 
Figure 5.79. Hydraulic head in the conduit for the whole model domain. (Units: head and x in m) 

 

 
Figure 5.80. Velocity in the conduit for the whole model domain. (Units: velocity in m/s, x in m). 
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Figure 5.81. Hydraulic head in the conduit for the reduced model domain. (Units: head and x in m) 

 

 
Figure 5.82. Velocity in the conduit for the reduced model domain. (Units: velocity in m/s, x in m) 

 

  

 

• Option 2 

 

The model could not run with the entire domain of length 10000 m. The program 

got “Out of memory during the LU factorization” (message given by COMSOL 

Multiphysics). That problem occurs even increasing considerably the mesh size. For this 

reason the model has been reduced to a length of 5000 m.  

 

As in the models exposed before, we changed the initial value of some 

parameters, to force flow only towards the coast. In this case, the recharge has been set 

to 8.64·10
-3
 mm/day (1·10

-10
 m/s) and the constant head in the boundary at x=5000 m is 

4 m. The head distribution and the flow arrows after these modifications are shown in 

Figure (5.83). 
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Figure 5.83. Head and flow arrows with recharge of 8.64·10

-3
 mm/day (1·10

-10
 m/s) and head in the 

boundary at x=5000 m of 4 m. (Units: head, x and y in m) 
 

 

With respect to the concentration, the results that have been obtained are quite 

similar to the ones obtained with option 1 (Figure 5.84).  

 

 
Figure 5.84. Concentration in the reduced model domain. (Units: concentration in kg/m

3
, x and y in m) 

 

 

Trying to improve the mesh, the y-dimension has also been reduced. This 

reduction can be justified by the high density of caves in the Yucatan Peninsula. Indeed, 

the distance between the caves is 200 m in average (Bauer, 2008). Nevertheless, the 

minimum value that allows convergence is 300 m. In spite of these changes, the results 

are very close to the obtained before (Figure 5.85).  
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Figure 5.85. Concentration in the model domain with length of 5000 m and width of 300 m. 

(Units: concentration in kg/m
3
, x and y in m) 

 

 As for the conduit, when the half of the initial model domain is taken into 

account, the results are very similar to the ones obtained with option 1 (Figures 5.86 and 

5.87). 

 

 
Figure 5.86. Hydraulic head in the conduit for the half of the model domain. (Units: head and x in m). 
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Figure 5.87. Velocity in the conduit for the half of the model domain. (Units: velocity in m/s, x in m) 

 

 

 However, for the model domain with length of 5000 m and width of 300 m, the 

maximum value of the velocity decreases. Moreover, some instabilities can be observed 

in the velocity distribution (Figure 5.88). 

 

 
Figure 5.88. Velocity in the conduit for the model domain with length of 5000 m and width of 300 m. 

(Units: head and x in m) 


