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Abstract 
 

In the last three years 40% of global energy consumption in the European Union 
has been consumed by public buildings, a very high percentage. This is one of the 
reasons why better energy management is required in public buildings, in addition 
to reducing electricity bills or even improving their comfort.  

OZE Energies is a French enterprise specialised in generate economies by energy 
economisation. They have provided us a database collected from a public building 
in order to make a prediction energy model of the building. 

Building identification is one of the tools used to predict energy consumption in 
public buildings. Currently there are developed building models which are 
employed to predict heating, internal temperature or structure optimisation, among 
others. These models have been taken as a reference for the building modelling 
used in this thesis. 

However, before modelling the building it is useful to analyse its real data – 
extracted from sensors – to know the main behaviour and characteristics of all 
different forms of energy consumption. Therefore the first objective of this thesis is 
to obtain an overview of the behaviour of the building data to model using some 
techniques in Functional Data Analysis in Matlab. 

The second objective is to make and simulate a prediction model focused on the 
internal temperature of a specific area in the building. Dynamic Hidden Markov 
Model is used to achieve this goal, as well as Kalman and Expectation 
Maximization Algorithms, which are used in order to estimate the model 
parameters. 
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Resum 
 

En els darrers tres anys els edificis públics han consumit un 40% del consum total 
d’energia a la Unió Europea, un percentatge molt elevat. Aquesta és una de les 
raons per les quals és necessària una millor gestió de l’energia en els edificis públics, 
així com per obtenir una reducció de les factures de l’electricitat i, fins i tot 
millorar-ne la seva comoditat. 

OZE Energies és una empresa francesa especialitzada en generar estalvis a través 
de l’economització d’energia, la qual ens ha proporcionat una base de dades d’un 
edifici públic per tal que en dissenyem un model de predicció d’energia per l’edifici 
corresponent. 

La identificació d’edificis és una de les eines utilitzades per preveure el consum 
energètic als edificis públics. Avui dia ja hi ha modelitzacions d’edificis pel que fa a 
la predicció del consum de calefacció, de la temperatura interior o de l’optimització 
de la seva estructura, entre d’altres. En aquesta tesis, s’han pres aquests models 
com a referència per la modelització de l’edifici escollit. 

Ara bé, abans de modelitzar l’edifici és útil analitzar les dades reals pel que fa als 
diferents tipus de consum energètic– extretes de sensors- per saber-ne el seu 
comportament principal i les seves característiques. Així doncs, el primer objectiu 
d’aquesta tesis és obtenir una visió general del comportament de les dades de 
l’edifici a modelitzar, fent servir algunes tècniques en Functional Data Analysis en 
Matlab. 

El segon objectiu és crear i simular un model de predicció enfocat en el consum 
energètic de la temperatura interior d’una àrea específica de l’edifici. S’ha fet servir 
el Hidden Markov Model dinàmic, així com també els Algoritmes de Kalman i el 
d’Expectation Maximization per estimar els paràmetres del model. 
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Resumen 
 

En los últimos tres años los edificios han consumido un 40% del consumo total de 
energía en la Unión Europea, un porcentaje muy elevado. Ésta es una de las 
razones por las cuales es necesaria una mayor gestión de la energía en los edificios 
públicos, así como para obtener una reducción en las facturas de la electricidad e 
incluso para mejorar la comodidad en ellos. 

OZE Energies es una empresa francesa especializada en generar ahorros a través de 
la economización de energía, la cual nos ha proporcionado una base de datos de un 
edificio público a fin de que diseñemos un modelo de predicción de energía para el 
edificio correspondiente. 

La identificación de edificios es una de las herramientas utilizadas para prever su 
consumo energético. Hoy en día ya hay modelos de edificios en relación a la 
predicción del consumo de calefacción, de la temperatura interior o de la 
optimización de su estructura, entre otros. Estos modelos se han tomado como 
referencia para la modelización del edificio escogido en esta tesis. 

Ahora bien, antes de modelizar es útil analizar los datos reales de todos los 
diferentes tipos de consumo energético – extraídos de sensores - para saber su 
comportamiento principal y características. Así pues, el primer objetivo de esta 
tesis es obtener una visión general de los datos del edificio a modelizar, usando 
algunas técnicas en Functional Data Analysis con Matlab. 

El segundo objetivo es crear y simular un modelo de predicción enfocado en el 
consumo energético de la temperatura interior de un área específica del edificio. Se 
han usado el Hidden Markoc Model dinámico, así como los Algoritmos de Kalman 
y el de Expectation Maximization para estimar los parámetros del modelo. 
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Chapter 1 

Introduction 
 

1.1. Context of the Thesis 
  

We live in a world where our lifestyle is totally conditioned by the necessity of 
using energy for almost everything. But it is obvious that energy is not an 
unlimited resource, in the sense that it is limited by the primary fuels on which it 
depends, the available infrastructure to create and administrate it, and the amount 
of money that we are able to pay for it. In 2013 the countries of OECD Europe 
consumed 32,7% of the total energy in the world1. 

The focus of this thesis is the reduction of energy consumption in buildings: in the 
last three years buildings consumed 40% of global energy in the European Union, 
and also generated 36% of greenhouse gases in Europe2.  

OZE Energies is an enterprise founded in 2005, formed by professional heating 
engineers’ experts in isolation, heating and renewable energies, among others. They 
develop new adjustment procedure for existing energy equipment, which generate 
economies by energy economisation. They have given us a database collected from 
a building in Rive Gauche in Paris, in order to make an energy model of the 
building to detect anomalies automatically. This substantial project will be carried 
out in different steps, and we are going to undertake the first part of it which is to 
analyse the database and make a first simple prediction model. 

To make a model to reduce the energy consumption in buildings, it is first desirable 
to analyse the data of the building to know how it behaves. It will be at low 
frequency if the general behaviour of the data is considered more important rather 
than a detailed analysis, and FDA is the best way to achieve this. 

FDA is a set of techniques used to model data from dynamic systems, considering 
the data as a set of functions represented through a basis function. It is used when 
the data measurements are repeated in a curve form, and one of its advantages is 
that it can characterize the data variability in a better way than without threating 
the data in this way. Treating the sample of curves as a functional shape, as FDA 

                                         
1 See IEA (2015): Key World Energy Statistics 2014, by International Energy Agency publication 
2 See Energy Efficiency: Buildings (2012-2015), by European Comission. Retrieved 
http://ec.europa.eu/energy/en/topics/energy-efficiency/buildings 
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does, is very common in many scientific applications, such as physical sciences, 
biomedicine and econometrics.  

Secondly, a prediction model of the building’s energy consumption must be created. 
Currently there are some ready-made prediction models for buildings (see [1] and 
[2]), characterised by their inputs, outputs and states. Some of them are focused on 
temperature prediction, i.e. thermic behaviour, which considers data like the 
external temperature, the heating and cooling, etc. In order to estimate their 
parameters from a set of observations in a broad way, we need many points of 
input data. In doing this we should have sufficient input data to be able to 
accurately estimate the respective gain and to detect anomalies in the building. 

 

1.2. Objectives 
 

The first objective of this thesis is to obtain an overview of the data, i.e. to know 
the main behaviour and characteristics of all forms of energy consumption. We will 
do that through some FDA, techniques and representations using Matlab. 

The second objective is to make a prediction model for the building focused on the 
prediction of the internal temperature. To make this model, the new data 
information acquired before through the completed analyses will be used. 

   

1.3. Memory Structure 
  

This thesis can be divided into two main parts: 

The first part of this memory contains the analysis at low frequency of the 
database, using FDA as a starting point. It consists of converting data into a 
functional form, building different basis functions to be able to smooth out our 
data through regression analysis. Then we will apply some analysis to quantify the 
association between our functional data (FD), like cross-correlation, and others to 
see their variability, like PCA. Finally we will computed and analyse them 
carefully with Matlab in order to extract some conclusions about its behaviour 
which will make the FD for making predictions. The most important data analyses 
will also be included in the OZE Energies website, using PhP programming 
language in order to have more visual representations of the data behaviour on the 
website. 

The second part contains a prediction model of the interior temperature of a floor 
of the building. A Hidden Markov Model is used to fit the model, and Kalman 
Filtering and Kalman Smoothing plus Expectation Maximitation (EM) algorithms 
are used to estimate the model parameters. 
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2.1. Why to Work with Functional Data 
 

As we have so many data to analyse, we thought it was better to represent all days 
as curves in only one graphic rather than represent all data during all the time. By 
employing this method it is easier to understand the data’s behaviour because we 
can see the variation in the different days more clearly. 

Functional Data Analysis is a branch of statistics which is used to analyse 
information on different curves, surfaces, functions, etc. The whole idea of FDA is 
to treat as an aggrupation of functions, in the sense that we have a set of functions 
in the same graph but we will treat them as a whole. 

FDA will allow us to display the data so as to highlight various characteristics, and 
also to represent the data in a way that helps us in our further analysis. In this 
way, however, we see that the curves and surfaces formed from the data exhibit 
amplitude variation and phase variation. 

Some practical advantages of using FD are explained in Chapter 1 of [3] in [4]: 

o We see the data trajectories as a whole, we treat all curves as a single 
entity: it is not necessary to look at only one variable to analyse it 
anymore (if we were to do this we would probably lose information).  

o Some procedures like smoothing and interpolation can represent functions 
with a collection of observations. 

o It generates models which can be explained by continuous smoothing, 
reducing data noise effectively using roughness penalties. 

o It is useful for looking the data variation. 

o We can take advantage of the FDA toolbox created by McGill University, 
where some versions of common analysis methods in statistics can be found. 

o FDA is able to circumvent some problems which other traditional 
statistical methods cannot, regarding to time series data or to repeated 
measures or experiments. 

o Representation of non-parametric functions in continuous time: a basis 
expansion is used (like Fourier basis or Spline basis). 
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In practise we have said that we dispose of discrete observations, so the first step 
will be to build the functional form of the data. Being more specific, in mathematic 
terms we have the following3 
 

 
   Functional variable → 7 = {7(9) ∶ 9 < �  } Sample information → '1(9), '2(9),… , 'D(9)   } ∈ �2(� ) (2.1) 

 

Sampling functions will belong to the set of square integrable functions �2. �  is the 
period function and �  is the number of functions to represent in the same graphic. 
Problem to solve: discrete observations in4 

 

 'G(9) = ('G1, 'G2,… , 'G�)   J = 1, … , �  
where M is the number of data samples and (2.2) 

9G0, 9G1, … , 9G� ∈ �  
 

Solution: represent them in a basis function as 

 

 {O1, O2,… , OP} (2.3) 

  

where � will be the number of the basis used in the basis function. 
 

The main steps to compute FDA can be summarized as follows: 

1. Organize the data that we have to see if they can fit in a functional form, 
and convert them into a functional form 

2. Make a preliminary statistical analysis, such as computing the mean, 
covariances or correlations. 

3. See if the functions should be aligned, separating amplitude-vertical 
variation from horizontal-phase variation. 

4. Make some Principal Component Analysis to know their variability the 
data have. 

The theory that comes next is it basically extracted from [3] and [5], among others 
specified along the explanations. 

 
 

                                         
3 Notation: vectors - bold small letters; matrix – bold capilar letter; variables - italic 
4 We are going to use J as an index to count the number of days represented in the graphic. 
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2.2 Basis Systems for Building Functions 
 

In FDA the first aim is to represent the data with a series of basis functions. To 
build functions we must follow these steps: 

1. Define a basis function: functional building blocks OQ, R = 1, … ,� 
2. Set up a matrix to design a function as a linear combination of these basis 

functions, which we called a basis function expansion. 

The functions that we want to model maybe they are not totally periodic, so we 
will have to take it into account. We also need a set of coefficients of the 
expansion, which will be the parameters S1,… , SQ. 
 

 

 

x(9) = ∑SQOQ(9) = S1O1(9) + S2O2(9) + ⋯+ SPOP(9) =P
Q=1

X′Z(9) (2.4) 

 

As we can see in (2.4), X′ is a vector of � coefficients, values which will depend on 
which basis we are using. Also the vector Z(9) must have the same length of X′5. 
 

 'G(t) = ∑SGQOQ(9)P
Q=1

= X′Z(9)   J = 1,… , � (2.5) 

 

Now we could reformulate the notation as \(9) = ]Z(9) 
 

 {\(9) = ('1(t), '2(t),… , 'D(t))′1�DZ(9) = (O1(t), O2(t),… , OP(t))1�P
′  (2.6) 

 

There are many type of basis to use, such as the Constant Basis, the Polynomial 
Basis, the Fourier Basis, the Spline Basis, etc. Each one becomes more or less 
useful depending on the data, and in our case we are going to make two analyses 
with two different basis functions: 

1. Fourier Basis: this type of basis is used for functions which we could 
consider periodic or almost periodic. 

2. Spline Basis: it is used for functions which are not periodic. 

As we are not sure if we can affirm the periodicity of our data, in Chapter 3 we 
have tried both cases to see which is better to use in our analysis. After choosing 
the basis type, then we have to select their parameters to fit data in the best 

possible way. 

                                         
5 We pretend to use a sample of �  functions. 



Chapter 2. Functional Data Analysis 
 

19 
 

Fourier Basis 
 

This basis is for periodic data, for example to express seasonal trends in a long 
time series. The functions are pairs of sines and cosines, and time increase as in 
(2.8). Fourier basis has a very fast computation and also good flexibility. 
Mathematically, the Fourier basis can be expressed by 

 

 

⎩{{
{⎨
{{{
⎧ O1(t) = 1O2(t) = sin(f9)O3(t) = cos(f9)O4(t) = sin(2f9)O5(t) = cos(2f9)… , and so on

 (2.7) 

 

The period �  is equal to the interval length on which we are working, and it is 
related to the constant f by � = 2πk . 
Besides that, in our case 9l are equally spaced on � , because the database have 
been extracted from sensors, which take samples at most every 10 minutes. If it 
would be fulfilled, we could say that the basis is orthogonal, i.e. Z′Z is diagonal. 
To create this basis, we have to determine two parameters: the number of basis � = 2m + 1, where m is the pairs of sines and cosines, and the period � . 
In Figure 2.1 we can see how a Fourier basis looks. The way we have computed it 
in Matlab will be better explained in Chapter 3 section 3.2. 
 
 

 
 

Figure 2.1: Fourier basis with � = 7 and � = 48ℎ computed with Matlab 
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B-Spline Basis 
 

This is a type of functional basis used in non-periodic data, an approximated 
piecewise polynomial used in piecewise smooth interpolation, and where these 
pieces meet each other is called a knot. B-Spline’s have compact support: they have 
a 0 value everywhere except over a finite interval. 

The observation interval is divided into subintervals, which have the boundaries at 
breakpoints. In each interval there is a polynomial with a fixed degree. 

In general, a function  Z ∶ [n, o] →  ℝ  will be a spline of degree �2 with �1, �2,… , �Q  as knots if the following is true: 
o �0 = n < �1 < �2 < ⋯ < �Q < o = �P2+1 O is a (�2 or lower) degree 

polynomial in each interval [�l, �l+1] with u = 0, … , R  
o O has (�2 − 1) derivatives in its interval [n, o]. 

B-Spline is defined by the range of validity, the knots or breakpoints, and the order 
of the basis. We can also express it as (with �2 = 0): 
 

 
 
 ⎩{{

⎨{
{⎧ OQ,0(9) = { 1       if   �Q  ≤ 9 < �Q+10                     otherwise

OQ,P2(t) = 9 − �Q�Q+P2−�Q OQ,P2−1(t) + �Q+1+P2 − 9�Q+1+P2 − �Q+1 OQ+1,P2−1(t)  (2.8) 

 

�1 − 1 represents the number of interior knots. It must be that � = �1 + �2.  
To make it easy to give some values to the different variables there are some 
relationships which we have to keep in mind. Taking into account the notation in 

(2.9) the two relationships in (2.10) have to be accomplished 
 

 Number of basis function = � Order of basis = �2 + 1 (so degree of basis = �2)Number of interior knots = �1 − 1Total number of knots = �1 + 1
 

(2.9) 

 

 

⎩{{
⎨{
{⎧Num. of basis funct.=  Order of basis +  Number of interior knots� = (�2 + 1) + (�1 − 1)Num. of basis func.=  Total num. of knots +  Order of basis − 2� = (�1 + 1) + (�2 + 1) − 2

 (2.10) 

 

Although there are a lot of different Spline basis, it has been chosen a Cubic B-
Spline basis, i.e. spline’s of third order. A cubic spline is a set of smooth cubic 
pieces attached together in a specific array of values, called knot vector. 
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If the knots are equally spaced (uniform knots) we can express the basis functions 

as in (2.11). Some advantage of it is that all the bases will have an identical shape. 
 

 

φQ,3(t) =

⎩{{
{{{
⎨{
{{{
{⎧ φ3(t) = 16 93      if   �Q  ≤ t < �Q+1 

φ2(t) = 16 (−393 + 392 + 39 + 1)     if   �Q+1  ≤ t < �Q+2
φ1(t) = 16 (393 − 692 + 4)       if   �Q+2  ≤ t < �Q+3

φ0(t) = 16 (−93 + 392 − 39 + 1)      if   �Q+3  ≤ t < �Q+40                     otherwise

 (2.11) 

 

In Figure 2.2 we can see how we construct a cubic spline graphically. You can get 
any uniform basis function shifting this function to one side or the other. In Figure 
2.3 we can also see a B-Spline basis computed in Matlab. 
 

 

 

 
 

Figure 2.2: Representation of a Cubic Spline 

 

 
 

Figure 2.3: B-Spline basis with order 4 and K = 10 computed in Matlab 
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2.3 Smoothing Functional Data 
 

There are two ways to treat the signal: we could suppose that it does not have any 
error (then we only will need to interpolate), or we can suppose that some 
observational errors need to be removed, i.e. smoothing is needed [6]. 

Smoothing is usually the first thing to be applied in FD, because it converts 
discrete data samples into a smooth function, sometimes minimizing the deviations 
because of the observational errors.  

If the data is very noisy, penalty techniques for FDA work better than the other 
traditional techniques. We are going to study the smoothing using the B-Spline 
functions [7]. 

 

Regression Analysis 
 

The data fitting is a simple smoothing minimizing the SQ coefficients through the 
minimization of the Sum of Squared Errors ([3] Chapter 3) 
 

 ���(%) = ∑[�l − '(9l)]2D
l=1

 (2.12) 

where6 
 

 

⎩{⎨
{⎧ error model: �l = '(9l) + �l

x(9l) = ∑SQOQ(9l)P
Q=1

=  O′(9l)X = X′O′(9l) (2.13) 

 
If we assume that �l’s are the statistically independent errors with a Gaussian 
Probability Density Function (PDF) with null mean and constant covariance 
 

 { � = ZX + ����(X) = (� − ZX)′(� − ZX) = ‖� − ZX‖� (2.14) 

 

It can be defined as a regression analysis model, so if we take the derivative of 
(2.14-2) with respect to X  equalling to zero, we find the solution 
 

 2Z′ZX − 2Z′� = 0 → X ̂ = (Z′Z)−1Z′� (2.15) 
 

If we substitute (2.15) in (2.14-1) we have 

                                         
6 �l are the residuals or errors, u = 1,… , �  
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 �̂ = ZX ̂+ �                        
= Z(Z′Z)−1Z′� + �       
= �� + �                    

 

where � is called smoothing matrix. 
(2.16) 

 

Roughness Penalties 
 

Roughness penalties are used to avoid over-fitting in the data by imposing a 
penalty on the roughness on the function. To quantify the roughness it is used the 
integrated squared second derivative of the curves7  (see [3] Chapter 4). 

 

 ���2(') = ∫ (�2'(9))2 �9 = ‖�2'‖2 

where �2'(9) = �2'(9)�9  

(2.17) 

 

Then we use the fitting criterion of Penalised Least Squares Estimation, 
incorporating (2.17). ���(%) will change according to �l 
 

 �������(%/�) = ���(%) + � ���2(') (2.18) 

 

The smoothing parameter � is used to control how much roughness we apply to 
our functions. To know the best value of � we use the Generalized Cross-
Validation measure (GCV). We are going to redefine the (2.18) equation using 
(2.13). Firstly we are going to express ���2(') in a matrix form8 
 

 ���2(') = ∫[�2'(9)]2 �9         
        = ∫[�2X′O(9))]2 �9 

                = ∫X′�2O(9)�2O(9)′X �9 
                    = X′ [∫�2O(9)�2O(9)′�9] X 

= X′�X        

(2.19) 

 

                                         
7 (�2'(9))2

 measures the squared curvature in ' 
8 � = ∫�2O(9)�2O(9)′�9 is the penalty matrix 
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We would take the (2.14-2) equation, so the ������(X) will be 
 

 ������(X) = (� − ZX)′(� − ZX) + �X′�X (2.20) 

 

Finally, take the derivative of (2.20) the estimated coefficients are [5] 

 

 X ̂ = (Z′Z +  ��)−1Z′� (2.21) 

 

If we substitute in (2.14-1) we can get the new data 
 

 �̂ = ZX ̂+ �                             
=  Z(Z′Z +  ��)−1Z′� + � 
= �(�)� + �                     

(2.22) 

 

where the smoothing-matrix is 
 

 �(�) = Z(Z′Z +  ��)−1Z′ 
→ %̂ = �(�)� (2.23) 

 

�(�) satisfies the following properties: square, symmetric and nth order. 
Finally, knowing which form the matrix �(�)  has in both cases, we can apply the �	
 (�) criterion. In cross-validation, in general the steps that we have to follow 
are: fit the model to the training sample and assess the fit choosing the value of � 
that minimizes the �	
 (�).  
 

 �	
 (�) = ( �� − ��(�))( ���� − ��(�)) 
 

 where ��(�) = 9�nS�{�(�)} 
(2.24) 

 

� is the number of observations, � is the number of function basis, and ��� 
defined in (2.14-2). 

(2.24) has two different terms: the right one is the unbiased estimate of error 
variance and the discount can be seen in the denominator (� − ��(�)), the 
associated degrees of freedom for error), and the left one discounts the estimate 
multiplying by its value. Then we have to look for the minimizing value of �. 
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2.4. Time Series Analysis Techniques at 

Low Frequency 

 

2.4.1. Statistics for Functional Data 
 

The most common and classical statistics can be applied also to FD. Let 'G be a set 
of functions, with J = 1, … , � . The mean function of x(9) is9 
 

 '(̅9) = 1� ∑'G(9)D
G=1

 (2.25) 

 

Knowing that, we can calculate the variance function estimation (2.25), which is 
focused on the intrinsic variability such as inherent behaviour. This can be done 
after removing some variations, which do not belong to the function variability. 
 

 var̂�(9) = 1� − 1 ∑('G(9) − '(̅9))2D
G=1

 (2.26) 

 

On one hand, there are two common ways to calculate the association between two 
FD 'G(¡) and 'G(9) in different times: the correlation and covariance. The 
covariance is more useful when we are working with the same measurement scales, 
while the correlation is useful when the sampling is the same for both functions.  

In the case of the covariance function estimation at times t and s we have 

 

 cov̂�(9, ¡) = 1� − 1∑('G(9) − '(̅9))('G(¡) − '(̅¡))D
G=1

 (2.27) 

 

Regarding the correlation estimation between 'G(¡) and 'G(9) in different times, 
before we needed to define the covariance and their standard deviation functions10 
 

 corr̂�(9, ¡) = cov̂�(9, ¡)√var̂�(9) · var̂�(¡) (2.28) 

 

On the other hand, if we would like to compare two different observed functions 'G(9) and �G(¡), we will use the cross-correlation or cross-covariance 
estimations to know how they depend on one another. 

Functions of (2.27) and (2.28) can be extrapolated in order to calculate them 

                                         
9 � is the number of samples of each function (defined in (2.5) 
10 √var̂�(9) is the standard deviation function 
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⎩{{{
⎨{
{{⎧cov̂�,¥(9, ¡) = 1� − 1∑('G(9) − '(̅9))(�G(¡) − �(̅¡))D

G=1
corr̂�(9, ¡) = cov̂�,¥(9, ¡)

√var̂�(9) · var̂¥(¡)
 (2.29) 

 
 

2.4.2. Data Registration 
 

A registration problem could be summarised as the search for a set of strictly 
monotonic, smooth functions, called time warping functions §(¨), whose 
features are aligned to reduce the FD phase variation. Then it is applied as follows 
 

 '∗(9) = '[ℎ(9)] = (' ∘ ℎ)(9) (2.30) 

Sometimes it can be important to separate phase variation, that is to say 
variation in the location of curve features along the horizontal axis, from 
amplitude variation, in the vertical axis or size of the curves. 

The rigid metric of the physical time is not always relevant to the internal 
behaviour of the “real system”. For instance, the External Temperature has a 
meteorological timescale which we could use to link non-linear time to physical 
time, because the weather is driven by ocean currents, or perhaps there are some 
clouds in some days. This change in the timescale will be achieved through ℎ(9). 
 

To address this problem we dispose of two techniques: Landmark registration 
and continuous registration ([3] Chapter 5). Normally Landmark registration is 
applied and depending on the results, continuous registration will subsequently be 
employed. In Chapter 3 we have used both methods in order to see which one is 
the most effective and yields the greatest accuracy.  
 
 

2.4.2.1. Landmark Registration 
 

Landmark registration is the easiest method which could be implemented. To be 
more specific, each time point associated with a feature of all curves, like 
maximums, minimums or zero crossing, will be aligned into a common value for all 
the curves through estimating the aforementioned warping function. 

Then, if the functions have a peak with a phase variation between them, we will be 
able to align them. This could be done by estimating a time-warping function, 
which can transform our time samples to clock time for each day in order to 
compare functions which should not be compared at the same sample 9. 
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With time warping functions we can distort the time of each function, so that 
the features timing are identical between curves with respect to ℎ(9). 
 

In general terms, the procedure to create it is as follows: firstly we will calculate all 
the maxima and the minima of the different functions. Then we will average them 
to obtain the averaged time value when they have the peaks. Finally we will use 
these values as landmark features or knots in a B-Spline basis in ℎ(9). In this case, 
the properties of the time-warping function, supposing a timescale [0, � ], are [8] 
 
 ℎG(0) = 0   (beginning of the timescale)      ℎG(� ) = �   (end of the timescale)                  ℎG(9«) = 9G« , � = 1,… , ¬                             (2.31) 

 

 where 
o ℎG is the warping function of the J�ℎ curve 

- It must be strictly monotonic: ℎ(91) < ℎ(92), for 0 < 91 < 92 < �   
- Smooth 
- Differentiable 

o ¬  is the total number of features, for example ¬ = 1 if we use one feature 
o 9« is the reference function timing for landmark number � 
o 9G« ’s indicate the corresponding timing for the J�ℎ curve 

 

Mathematically, the goal is to estimate ℎG(9) for each 'G(9) curve, having almost 
the same argument values for a given landmark, and requiring for each one the 
identification of the argument values 9G« ’s, where  '∗(9) are the registered curves.  
 
 

2.4.2.2.  Continuous Registration 

 

Continuous registration uses the entirety of each curve to align them instead of 
using specific features. It defines a measure of similarity between curves. 

If we want our data to make sense, we have to apply the same warping function to 
all data. So we are going to estimate ℎ(9) for one FD, and then we will apply it to 
the other data. Doing this should minimize a measurement of the data fitting with 
a target fixed function '0(9), which will probably be the mean function. 
If a sample’s registered FD '[ℎ(9)] and a target function '0(9) are equals, except in 
the amplitude variation, their values will be proportional in the timescale. This 
means that if we plot '[ℎ(9)] against the '0(9) we will obtain a function with 
almost 45º with respect to the axes, so both will have proportional values. 
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In [5] it is written in a mathematical form. Let us consider a target function '0(9) 
and a registered function (2.32-1). If we evaluate them, we could obtain pairs of 
values in the form ('0(9) , '[ℎ(9)]) and put them in a matrix ¯. 
 
Then we could analyse the cross-product matrix ¯¯∗ by principal components, 
computing its analogue function 
 

 

�(ℎ) =
⎝⎜
⎜⎜⎛ ∫('0(9))2 �9 ∫'0(9)'{ℎ(9)} �9

∫'0(9)'{ℎ(9)}�9 ∫'{ℎ(9)}2�9 ⎠⎟
⎟⎟⎞ (2.32) 

 
We also have to take into account that if we apply PCA (explained later in section 
Chapter 2.4.3) to the following matrix �(ℎ) in (2.33) we will see that the smallest 
eigenvalue will tend to be zero. Then we have to estimate ℎ(9) and minimize the 
smallest eigenvalue, so that is what Matlab code will do (Chapter 3 section 3.3.2).  
 

Now we can apply the following fitting criterion to evaluate how much two 
functions are registered, where �2 is the argument size of the second eigenvalue. 
 

 mJ�_�J·��¸n¹º�(ℎ) = �2[» (ℎ)] (2.33) 

 
The second eigenvalue �2 has been chosen because it allows multivariate functions. 
Now we must define the parameters 0f the time warping function §(¨). The 
following constrains must be taken into account: 

o to be a strictly increasing function, ensuring monotonicity and smoothness. 
o ℎG(0) = 0 (beginning of the timescale), ℎG(� ) = �  (end of the timescale). 

 

In Appendix A the generic solution of a monotone function11 has been 
demonstrated  

 ℎ(9) = 	0 + 	1 ∫ �¼(½)�
0

�º (2.34) 

 
where ¾(9) is the logarithm of '(9) expressed in a B-Spline basis functions (used as 
a weight function). In [3] we can see that it can easily be deduced. 
 

o If ℎ(0) = 0 
 	0 + 	1 ∫ �¼(½)�

0
�º = 0 

→ 	0 = 0 (2.35) 

                                         
11 	0 and 	1 will be fixed by the previously mentioned constraints 
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o If ℎ(� ) = �  
 

 	1 ∫ �¼(¿)�
0

�º = �  
→ 	1 = �

∫ �¼(¿)�
0 �º  

(2.36) 

 

Finally, if we replace 	0 and 	1 we obtain (2.38-1).Finally we apply some 
smoothness and then will minimise the smallest eigenvalue (2.38-2), as we have 
said before. See Appendix A to more function details. 
 

 

 ℎ(9) = � ∫ �¼(½)�
0 �º

∫ �¼(¿)�
0 �º 

mJ��J·��¸n¹º��(ℎ) = mJ��J·��¸n¹º�(ℎ) + �∫¾(9)2 �9 
(2.37) 

 
 

2.4.3. Principal Components Analysis 

 
Principal Component Analysis (PCA) is very useful in order to see how 
observations vary from one replication to another, i.e. which are the primary modes 
of variation of the FD. It is also an indicator of how much a function explains the 
curves, so we will be able to know exactly the percentages of variation of each FD. 

In multivariate statistics we can find the eigenvalues, which are indicators of the 
Principal Components functions (PC functions) (see [9] and section 2.4.2). Plotting 
them we would be able to see how many PC functions we require to have enough 
data to work with, i.e. we can reduce the dimensions of a FD set. Basically, the 
differences between PCA in FD and in multivariate are the following [10]: 

Multivariate Data:  

o Variables: ¯ = [%À,… , %Á],  where %Â = [%ÀÂ,… , %ÃÂ]′, Ä = Å, … ,Æ  
o Data are vectors ∈  ℝÁ  
o Eigen structure: the vector ÇÈ ∈ ℝ 
 

 É ÇÈ = ÊÈÇÈ     for 1 ≤ R < min (�, M) (2.38) 

where N are the number of curves  
p is the number samples of each curve 
V is the covariance matrix of ¯. 
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Functional Data: 
 

o Variables: Ë(%) = [ËÀ(%),… , ËÌ (%)] (see section 2.2) 
o Data are curves ∈ Í�[%À, %Á] 
o Eigen structure12: the function ÇÎ(%) ∈ Í�[%À, %Á] 
 

 ∫ ��Ï

�1
Ñl(9)�' = �lÑl(')     for 1 ≤ u < �  (2.39) 

 

Both Eigen structure have been demonstrate in Appendix 4, concretely the way to 
pass from multivariate PCA analysis to functional PCA analysis. Focusing in FD, 
in general terms we would like to know for which weight function Ç(¨) the probe 
value ÒÓ has a maximum variation using Functional Probes (Chapter 6 of [3]). 
 

Functional Probes 

Probes are linear combination of function values, which are variably and weighted 
by the weight function Ç. In multivariate data, we compute a different probe value ÒÓ(%Â) for each function %Â.  
 

 

ÒÓÀ(%Â) = ∑ÇÎÀ%ÂÎ
Á

Î=À
= ÇÀ′ %Â     ÔÕÖ  Ä = Å,… , × (2.40) 

where  

ÇÀ′ = (ÇÀÀ,… , ÇÁÀ) is the weight vector, 
%Â is the ÄØÙ curve of the FD, Æ is the number of samples of each %Â and Ú is its index. 
 

Basically PCA consists of searching for a probe ÇÎ that will represent the most 

significant variation in the FD; to be more precise, through PCA we are going to 
estimate probes in an empirical way. 

But we have to take into account that, to define the data variation, we should 
remove the FD mean functions because it is a common feature which we already 
know how to estimate them. So we will pay attention to13 (%Â − %̅̅̅̅). We would also 
like to remove other sources which could easily be known, so finally it would 
correspond to maximise the following new probe score variance 

 

                                         
12 �  is the operator bounded between %1 and %� 
13 ' ̅is the mean of ' 
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⎩{{
{{⎨
{{{
{⎧ found eigenvalue: Þ =  mn'Ó  ∑ÒÓ2(%G)�

l=1
with ∑ξl12 = 1�

l=1
ÒÓ(%G) = ¸n� (∑Ç(%G − %̅̅̅̅)2�

l=1
)  J = 1, … ,�  

     (2.41) 

So we will find the optimum eigenfunction Ç (or eigenvector, depending on the 
point of view) and then we will replace it in the probe score in order to find the 
maximum eigenvalue Þ. To construct a sequence of non-increasing eigenvalues ÞÀ, Þ�, , … , ÞÈ, the eigenfunctions should comply with the following conditions: 
 

o Condition of orthogonality: 
 

 ∑ÇÎÈÇÎâÎ
= Ç′ÈÇâ = ã 
 

where ä = Å, … , å − Å, l is each computed step 
(2.42) 

o Size restriction on eigenfunctions defined in (2.41-1) 
 

As the number of observed functions values n is usually greater than the number of 
observations N14, we will suppose that we can have × − Å pairs of positive 
eigenvalues ÞÎ/eigenfunctions ÇÎ. Finally we can estimate %Â(¨)’s through the 
principal number of eigenfunctions l, where Å < å < × − Å. These basis functions 
will satisfy the restriction written in 2.41-1. 

To create the best orthogonal basis of size å (å eigenfunctions) we should use the 
criterion of minimizing the error sum of squares ææçÁèé [11]. 
There is also a direct relationship between  ææçÁèé and eigenvalues ÞÎ (see [11] 
Chapter 7); this is the reason why it is common to plot the eigenvalues to see which 
are of relevant importance, and then choose the number of eigenfunctions. 

In order to compute the pairs of eigenvalues/eigenvectors, we will adapt the matrix 
eigenequation (see Appendix B). For multivariate data15 we have  
 ∫êÕëì(í, ¨)ÇÎ(¨)  î¨ = ÞÎÇÎ(í) (2.43) 

The calculations to resolve (2.38) and (2.45) are not the same, but as we are going 
to compute it with the fda package that Matlab offers us, we will take advantage of 
it (see Appendix C). 

                                         
14 It implies a maximum number of eigenvalues equal to � − 1 
15 j is the step where an eigenfunction is computed 
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Chapter 3 

Database Analysis with 

FDA in Matlab 
 

To make FDA in Matlab we have used the software created by J.O. Ramsay, a 
FDA toolbox implemented in R, S-PLUS and Matlab. It is available through 
McGill University’s website16. In Annex C we see the details of Matlab 
computation used in this analysis, such as the functions used in each section and 
how we deal with the data. 

 
 

3.1. Database Structure 
 

Firstly we have to know exactly which data from the sensors has been given to us. 
The real data of which have were extracted from different sensors of a building in 
Rive Gauche area (France), all them related to the energy consumption.  

The data used in the analysis with FD was from 28/08/2014 to 16/10/2014. 

There are two types of data: 

1. Internal data (sampled each 10 minutes): 

o General Service Electricity (kWh): sum of non-private global electricity 
consumption, observed. It is not only linked with the common equipment to 
produce hot and cold - the air conditioning and the heating - but also to 
other type of consumptions, such as computers or elevators.  

o Air Handling Unit – AHU (kWh) - part of the General Service 
Electricity: ventilation consumption of different floors, observed. 

o Refrigeration Unit (kWh) - part of the General Service Electricity: 
cooling unit, electricity consumption of air conditioning, observed. 

o Air Handling Unit at CO2 recovery (PPM): air quality in terms of 
CO2 concentration of the entire building, observed. 

o Controlled Mechanical Ventilation – CMV at recovery temperature 
(ºC): temperature of the ventilation of the entire building, observed. In 
theory it is constant and equal to the desired temperature – for example 24º 
in summer and 21º in winter. 

                                         
16 http://www.psych.mcgill.ca/misc/fda/downloads/FDAfuns 
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o Internal Temperature (ºC): room temperature (three ambient room 
temperature of two different floors), observed. It is very controlled because 
from day to day it does not fluctuate so much. 

o Energy consumption of private subscribers (kWh): there are one or 
two private subscribers occupants in each floor of the building. Some 
examples are Sodexo RIE, SNC Lavalin and Marie Brizard, observed. It 
contains for example the electrical consumption of private computers or the 
heating in the fan coil unit (convection fans). 

2. External data (sampled each 1 hour): 

o External Temperature (ºC): meteorological temperature of the big area 
“Paris Montsouris”, observed. 

Related to the sampling, two cases about how the sensors extracted the data: 

o One sample per hour: in one day we have 24 samples (0: 00, 1: 00, … , 23: 00). This is the case of the External Temperature. 
o One sample per 10 minutes: in one day we have 144 samples (0: 00, 0: 10, … , 23: 50). This is the case of all the other data. 

It seems important to divide each type of data in two groups: working days and 
weekend days. It is important to be able to see them separately because the data 
behaviour of the Rive Gauche building probably will not be the same from Monday 
to Friday, the building is full of people during peak hours (therefore we can 
suppose that more energy is spent) as it is at the weekend.  

As there are 51 days to analyse, we have two different vectors: 

o Vectors with 1 sample per hour: 51x24 = 1224 samples 

o Vectors with 1 sample per 10 minutes: 51x144 = 7344 samples for each 
vector 

Of these 51 days there are 37 working days and 14 days weekend days. To be able 
to use the FDA toolbox offers us, each vector has to be transform as: 

1 sample per hour: 

 {37 days belonging to working days: dim���ðG�  =  [24 x 37]14 days belonging to weekend days: dim���ðG�  =  [24 x 14] (3.1) 

1 sample per 10 minutes: 

 {37 days belonging to working days: dim���ðG�  =  [144 x 37]14 days belonging to weekend days: dim���ðG�  =  [144 x 14] (3.2) 

 

As we can see, we are going to create matrixes where the days are put as columns. 
To be more precise we offer an example: in the case of 1 sample per hour, which 
will correspond to the Exterior Temperature data, the vector with 1224 samples 
has been converted to a matrix with 24 rows, each row containing samples of time, 
and 37 or 14 columns where we would need the data values of each day. 
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3.2. Smoothed Data Representation 

  

The data has been represented in a FD form in Matlab, applying smoothness with 
the two types of basis functions already explained in section 2.2: Fourier basis and 
B-Spline basis. It has been used the sections 3.1-3.5 of [3] and Chapter 3 of [12]. 

A different number of bases K have been tested to see which is better, because we 
do not have any algorithm to determine it automatically. In B-Spline basis we have 
chosen it taking into account how many knots we want to use. 

  
 

Fourier Basis 
 
We have proved by hand some different numbers of basis functions, and finally we 
have concluded that � = 7 is adequate to smooth the three FD that we have 
represented. In mathematic terms, this means that we have set up the following 
functional basis (3.3). See Appendix C.1 to more computational details. 
 

 Z = {O1(t),… , O7(t)}                                    
            = {1,  sin f9 , cos f9 , sin 2f9 , cos 2f9 , sin 3f9 ,  cos 3f9} 

where f = 2π�                                               
(3.3) 

 

The Figure 2.1 in Chapter 2 shows a Fourier basis computed in Matlab with � = 7 
and � = 48ℎ. Why the use of  � = 48ℎ? We realized that they are not the best 
functional basis to work with. What happens is that if a curve finishes at value of 
23, it will be imposed that the following day begins at a value 23 too, which may 
not be the case because we are plotting only working days, from Monday to 
Friday. This is probably so because the data are not totally periodic, and although 
we tried another period (� = 48ℎ instead of � = 24ℎ) it was not fixed.  
For these aforementioned reasons we are going to use the B-Spline basis instead of 
Fourier’s, but we plotted some dFD to see what they look like. Among the figures, 
those of the non-smooth FD are found in the left-hand column, while the smoothed 
are on the right. Their behaviour will be explained in the B-Spline smoothing. 

In Figure 3.1 we can see the External and Internal Temperature, respectively. 
Compared with the General Service Electricity plotted in Figure 3.2, which is 
the sum of non-private electricity consumption, we see that this one is the FD 
which needs to be smoothed more.  

We can see the problem of imposing continuity at the beginning and the end of the 
plots, and therefore the date are of little use. 
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Figure 3.1: External Temperature (ºC) non-smooth (upper left panel) and smooth 
(upper right panel); Internal Temperature of an area (ºC), non-smooth (lower left 

panel) and smooth (lower right panel). In both cases using Fourier basis 

 

 
 

  
 

Figure 3.2: General Service Electricity (kWh), non-smooth (left panel) and smooth 
(right panel) using Fourier basis 
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B-Spline Basis 
 

In section 2.2 we explain the different types of Spline basis, and finally we will use 
a Cubic B-Splines basis, i.e. a B-Spline basis of 4th order with cubic polynomial 
segments. These polynomials of �2 = 3 degree offer a good compromise between 
flexibility and simplicity in computations. We have also used an equally spaced set 
of knots, so we have set-up a Uniform Cubic B-Spline basis. 

Finally, we think that with less than 10 knots to smooth we will have sufficient 
amount of them, then we have tried to use � = 10: (see (2.10-1)). 
  

 � = �1+ �2 → �1 = � − �2 = 7 
number of interior knots (by default): �1 − 1 = 6    

(3.4) 

 

In Appendix C section C.2 we can see an example of how knots are organised. 

We are going to use the B-Spline basis function of Figure 2.3 to all the FD, but 
before it, to be more accurate we are going to apply data smoothing with 
roughness penalties. Specifically we will employ the PENSEE (section 2.3.2) in 
order to find the smoothing parameter �.. 
In Matlab we have found � by plotting the GCV criterion as a function of ¹ó·10(�) and looking for the minimum of the function. As an example, it has been 
shown in Figure 3.3 the criterion applied to the External Temperature, where the 
value that minimizes the GCV is � = 10−4. 
 
 

 
 

Figure 3.3: Criterion of Generalized Cross-Validation Measure �	
 (�) for the 
External Temperature, with ��� = 10−4 

 

Now we show all the FD’s with and without smoothing. Some of them have some 
fluctuations at the end of the days, which do not correspond to the supposed next 
day for each, but that is common because as we are plotting only working days, 
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they are probably those in which we see a sharp decrease in behaviour, such as 
Fridays (there will be a gap between Friday’s curves and Monday’s curves in their 
continuity). The dashed blue line in the smooth plots indicates the curve mean. 

On one hand, in Figure 3.4, we can see that the External Temperature changse 
a lot; there is at least two hours of difference. This is so because the data is 
recorded from August to October. It has a minimum at 6h and a maximum at 17h. 

On the other hand, we see that the Internal Temperature in Figure 3.5 does not 
change so much, going from 20º to 24º at midnight. It does not have natural curves 
but rather controlled ones: their values are quite constant with variations of 2º. 

We show some notes about the relationship between these two temperatures: 

o When External Temperature goes from 12º to 21º (around midnight) → 
Internal Temperature goes from almost 21º to 24º. 

o When External Temperature goes from 15º to 25º → Internal Temperature 
goes from 22º to 25º. 

 
 

  
 

Figure 3.4: External Temperature (ºC), non-smooth (left panel) and smooth (right 
panel) using B-Splines basis 

 

  
 

Figure 3.5: Internal Temperature (ºC) of a specific area, non-smooth (left panel) 
and smooth (right panel) using B-Splines basis 
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We see in Figure 3.6 that the General Service Electricity has a minimum at 
almost 3h and a maximum at around 18h. For now we will analyse it by eye. 
  

On one hand, the peak of consumption in the morning could be explained by the 
cooling: a maximum power is needed to cool the building, which means that 
probably the External Temperature of the building will probably be high. In the 
other side, the peak in the afternoon could be explained by the heating. Then we 
can conclude that there is a direct relationship between both. 
 

On the one hand, when the External Temperature has a minimum, the Electrical 
Consumption has the first maximum: if the External Temperature is cool it needs 
to consume more, i.e. heating the building to control the Internal Temperature 
(negative correlation). When the External Temperature has the maximum, it needs 
more energy to cool (positive correlation). 
 
 

  
 

Figure 3.6: General Service Electricity (kWh), non-smooth (left panel) and smooth 
(right panel) using B-Splines basis 

 

Regarding to the ventilation, we have the following data: 

o Air Handling Unit at CO2 recovery, which measures the air quality in 
terms of CO2 concentration, Figure 3.7. 

o Air Handling Unit (AHU) regarding to the ventilators consumption in a 
specific area, Figure 3.8. 

o The Controlled Mechanical Ventilation at recovery temperature, which is 
the temperature of the ventilation (toilet risers), Figure 3.9. 

 

For the first one, in Figure 3.7 we see the CO2 level in the AHU measured in 
PPM, which varies, for example, with the number of people in the covered area. 
That is so because humans emit a high level of CO2, which has to become very 
controlled through the ventilation in order to keep a quality environment. At night 
it is supposed to be turned off, but we can see that there are some irregularities in 
a few days which should be checked. 
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Figure 3.7: Air Handling Unit at CO2 recovery (PPM), non-smooth (left panel) 
and smooth (right panel) using B-Splines basis 

 

We can see the electricity consumption of ventilators (AHU) in Figure 3.8. The 
consumption is turned off from around 20h until 5h, but then in some days it is 
turned on in this period of time, which is a little strange because at night there 
should not be anyone in the building.  

Another thing to highlight is that there are two days where the consumption is 
almost zero all day. We have checked and they do not correspond to a weekend 
day (it corresponds to 9/10/2014 and 10/10/2014). 

 

 

  
 

Figure 3.8: Air Handling Unit (kWh), non-smooth (left panel) and smooth (right 
panel) using B-Splines basis 

 

We see in Figure 3.9 the temperature of the ventilation. It is quite constant, 
going from 21º to 23º, more or less, and it has a maximum between 16h and 17h. 
We also have the FD of the cooling unit of a specific area (Figure 3.10), that is to 
say the electricity consumption of the air conditioning. 
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Figure 3.9: Controlled Mechanical Ventilation (ºC) at recovery temperature, non-
smooth (left panel) and smooth (right panel) using B-Splines basis 

 

The last plots belong to the energy consumption of private subscribers. Only three 
of them have been shown because the others have almost the same shape. They are 
measured in units of kW per 10 min (kilo Watt per 10 minutes ≡ kW · 10 min). 
Thit means that if we want to know the total consumption in 1 hour, which is the 
most useful, we should multiply by 6, because 10 minutes · 6 = 60 minutes =1 hour. 
 
 

  
 

Figure 3.10: Refrigeration Unit (kWh), non-smooth (left panel) and smooth (right 
panel) using B-Splines basis 

 
 

In Figure 3.11 we see the energy consumption of a Sodexo RIE subscriber, 
which has not the same shape as the others. It has a maximum at 12h and we 
would think that it is not normal, but in fact Sodexo RIE is a restaurant, so it is a 
special case, which will probably not tell us any important information. The other 
two electricity consumptions shown in Figure 3.12 and Figure 3.13 have the same 
shape between them. They have two maximums at almost 10h and 17h. 
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Figure 3.11: Electricity Consumption of Sodexo RIE Subscriber (kWh), non-smooth 
(left panel) and smooth (right panel) using B-Splines basis 

 

 

   
 

Figure 3.12: Electricity Consumption of SNC Lavalin Subscriber (kWh), non-
smooth (left panel) and smooth (right panel) using B-Splines basis 

 
 
 

  
 

Figure 3.13: Electricity Consumption of Marie Brizard Subscriber (kWh), non-
smooth (left panel) and smooth (right panel) using B-Splines basis 
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Smoothing the FD, the first main conclusions are the following: 
o Both External and Internal Temperatures do not need extensive smoothing, 

not like the GS Electricity, the AHU or the Refrigeration Unit. 
o The External Temperature has a lot of vertical variability unlike the Internal 

Temperature, which is very controlled. 
o The GS Electricity has a strong correlation with the External Temperature. 
o The CO2 level in the AHU is supposed to be turned off, but sometimes there 

are some irregularities. 
 
Regarding to their main characteristics, we can conclude: 

o The data have lot of dispersion. This means that the peaks of our FD are not 
aligned; there is always a fluctuation which we could call a problem of curve 
registration (see section 2.4.2). If the FD’s are not aligned their mean will not 
make sense if we compute covariance or correlation, for example. 

o There is some amplitude variation (vertical dispersion), which makes the 
data even more difficult to interpret. This fact cannot be fixed, but we can do 
PCA (section 2.4.3) in order to quantify this variability. 

 

At this point, we have also represented with PhP programming the B-Spline 
smoothing data in the website of OZE Energies (see Appendix D). From 
here we are going to use the B-Spline basis plotted in Figure 2.3 in smoothing. 

Although we saw that there is a curve registration problem, now we are going to 
apply some analysis like cross-correlation, because first we want to know if this 
would be useful in order to understand the data. The representations in 3D (three-
dimensional space) sometimes are quite difficult to interpret, so we prefer to know 
first if they are going to worth it. 
 
 
 

3.3. Applied Techniques 

 

3.3.1. Statistics for Functional Data 

3.3.1.1. Auto-Correlation 
 
Some techniques of signal processing in time series have been computed in Matlab 
to quantify the association between functions. In the External Temperature we 
work with � = 24 samples per curve, and in the other FD with � = 144. We have 
used the B-Spline basis smoothing for the reasons already explained. 

In this analysis it has been used the Chapter 6 of [11] and section 3.8 of [12]. 
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It is not easy to interpret the contours and surfaces displays of correlations, so 
some useful things should be explained before in order to understand it better: 

o Regarding the diagonal line which goes from lower left to upper right, it 
contains the correlations between almost identical time values. For 
instance, in auto-correlation we would expect a higher correlation in the 
diagonal, and lower in the other parts. 

o We can make these analyses with FD without the same number of samples. 
o The red part in the plots means positive correlation, while the blue part 

means negative correlation. 
o See Appendix C.4 to see more computational details. 

First of all we have plotted the auto-correlation of the External 
Temperature in Figure 3.14, in order to see if the FDA Matlab toolbox functions 
make sense in our FD. The first thing we notice in Figure 3.14 is that it is 
symmetric, as it should be. We see a stronger correlation is in the diagonal, which 
makes sense because if we know the temperature of an hour, we can predict the 
temperature of the same hour or at least in approximate terms. 

 

    

 
 

Figure 3.14: Auto-correlation of the External Temperature; contour display (left 
upper panel) and surface display in 2D (right upper panel) and 3D (lower panel) 
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There are three strange effects which should be highlighted: 

o There is a bit of correlation in the upper left and the lower right, from 17h 
to midnight. This can be related with the fact that from 6h to 9h we have a 
little bit less of a correlation compared to the other hours. 

o The midday temperature is the only one which keeps always with the same 
correlation: it seems to be correlated with all the temperature of the same 
day, which is not the case in the morning or the afternoon. 

It is likely that some of the strange appreciations are due to the fact that, during 
the observation period, the duration of the day light is not constant. It would 
explain why some temperatures are more correlated. 
 
 

3.3.1.2. Cross-Correlation 
 
External Temperature - General Service Electricity 

Looking at Figure 3.15, we can formally check what we deduced by eye before the 
relationship between the External Temperature and the General Service Electricity. 

 
 

       Ext. Temp. – Ext. Temp.          Ext. Temp. – GS Electr. 

     

     GS Electr. – Ext. Temp.       GS Electr.- GS Electr. 

     
 

Figure 3.15: Auto-correlations and cross-correlations between External 
Temperature and General Service Electricity - contour displays 
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Now we have plotted in Figure 3.16 the surface in 3D of the cross-correlation 
between both FD, the one which corresponds to the left upper panel in Figure 3.15. 

On one side the External Temperature has a minimum when the GS Electricity has 
a maximum, i.e. a negative correlation caused by the necessity to consume more 
energy to keep the temperature if it is cold outside. 

On the other side, when it is hot outside the air conditioning must be used more to 
cool the building temperature and therefore consume a greater amount of 
electricity. It should be remembered that the GS Electricity is comprised of, among 
other things, the ventilation and air conditioning consumption. Seeing the 
numerical values, the positive correlations (0,875) seems to be more important than 
the negative (0,6). 

 
 

  

 
 

Figure 3.16: Cross-correlation of the External Temperature and the General Service 
Electricity; contour display (left upper panel) and surface display in 2D (right 

upper panel) and 3D (lower panel) 

 

Internal Temperature - General Service Electricity 

Before starting to plot it, we have to remember that the GS Electricity contains all 
the non-private electricity consumption, while the Internal Temperature takes only 
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the temperature of a part of the 3rd floor of the building (the internal temperatures 
of the different areas have the same shape). It means that there will be some kind 
of behaviour of the GS that could not be explained by the Internal Temperature. 
In Figure 3.17 this is shown, where we have not computed all the auto and cross-
correlations contours, because they would be similar at Figure 3.15.  

Although the shape is quite similar to the Figure 3.16, it has both correlated parts 
more equilibrated, because the shape of the Internal Temperature has less 
amplitude variation than the other one. From 0h to 12h we have the minimum, 
and from 12h to 23h the maximum. It is so. 

Also we see that the positive correlation is stronger (0,916) than the negative 0,3), 
and both are stronger in the first hours of the morning and the last hours on the 
evening. The analysis would be quite similar to the External Temperature, because 
the Internal Temperature depends on the External one. 

 
 

  

 
 

Figure 3.17: Cross-correlation of the Internal Temperature and the General Service 
Electricity; contour display (left upper panel) and surface display in 2D (right 

upper panel) and 3D (lower panel) 
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General Service Electricity - Air Handling Unit at CO2 recovery 

In Figure 3.18 we can see the contour of both auto-correlations and cross-
correlations. 

 
 

   GS Electr.- GS Electr.          GS Electr.- AHU CO2  

     

     AHU CO2 recov. - GS Electr.    AHU CO2 recov. - AHU CO2 recov. 

     
 

Figure 3.18: Auto-correlations and cross-correlations between General Service 
Electricity and Air Handling Unit at CO2 recovery - contour displays 

 
 

In Figure 3.19 we have shown its cross-correlation surface in 2D and 3D. This plot 
is more difficult to interpret than the others. We see a bit of correlation (0,3) in 
the upper left, but it is a very low value. Also there is some negative strong 
correlation from 4h to 12h and from 16 to 21h referring to the GS Electricity time 
scale. 

Although we can conclude that we cannot predict anything between 6h and 12h in 
the morning, we cannot conclude any valid analysis with respect to its relationship 
because it is very difficult to interpret it and we have seen that all the other 
following data will be as difficult as this one. We only can say that when the AHU 
CO2 recovery has a peak, the GS Electricity has a peak but with an opposite sign.  
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Figure 3.19: Cross-correlation of the General Service Electricity and Air Handling 
Unit; contour display (left upper panel) and surface display in 2D (right upper 

panel) and 3D (lower panel) 

  
 

Air Handling Unit - CO2 recovery 

Regarding to the ventilation, we are going to compute the cross-correlation 
between the Air Handling Unit with CO2 recovery (total CO2 level in the air) and 
the Air Handling Unit (electricity consumption of the ventilation of an area). 

Humans emit a high level of substances, and the most important related to the 
quantitative point of view is the CO2 level. Through the CO2 level the quantity of 
ventilation necessary in order to get an quality environment can be estimated, so 
the ventilation consumption of the in kWh depends on the CO2 level (PPM). In 
Figure 3.20 we see its contours in 2D. 

Finally we show in Figure 3.21 the surface in 3D of the cross-correlation of AHU 
with CO2 recovery and AHU. As we can see, there is not much correlation between 
them, with normalized values from 0,1 to 0,4. This could be so because AHU 
contains values for a specific area, while the AHU with CO2 recovery comprise all 
the building; so they compared do not refer to exactly the same area, so there will 
be other factors involved which we have not taken into account. 
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     AHU CO2 recov. - AHU CO2 recov.     AHU CO2 recov. – AHU 

     

        AHU CO2 - AHU CO2 recov.          AHU- AHU 

     
 

Figure 3.20: Auto-correlations and cross-correlations between Air Handling Unit 
with CO2 recovery and Air Handling Unit - contour displays 
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Figure 3.21: Cross-correlation of the Air Handling Unit with CO2 recovery and Air 
Handling Unit; contour display (left upper panel) and surface display in 2D (right 

upper panel) and 3D (lower panel) 

 

The main conclusions related to the cross-correlations are: 

o External Temperature - GS Electricity: we have checked mathematically 
that the positive correlation is the most important. 

o Internal Temperature – GS Electricity: there is also a stronger positive 
correlation (in the afternoon), even if the Internal Temperature belongs to 
a single floor while the GS Electricity belongs to all the building. 

o GS Electricity – AHU at CO2 recovery: although both cover the entire 
building, we only can say that we cannot predict anything in the morning 
because the plots are very difficult to interpret. 

o AHU – AHU at CO2 recovery: there is not much correlation between 
them, but it can be so because the CO2 recovery covers all the building 
while AHU covers only one area. 

o Due to the fact that there is lot of dispersion and the data covers different 
areas in the building, it is difficult to extract more valid conclusions. 

 

The following step that we should try to carry out will be to make some curve 
registration to the data in order to compute some typical day curves.  

We think that, although applying some data registration, analyses like auto-
correlation will not get us more information than we already have because we have 
seen that they are very difficult to analyse. So after applying it we will make some 
PCA analyses in order to see how much dispersion they have. 
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3.3.2. Data Registration 
 

We have seen in the last smooth FD representations that the curves are not 
aligned. Although the differences will not be dramatic, we should also correct it in 
order to get typical day curves for each FD and to make later some PCA analysis. 
 

First we will apply Landmark registration to the FD, and then continuous 
registration. It is easier to use Landmark registration than continuous registration, 
but for using it correctly we have to take into account two important things. 
Firstly the curves should have clearly identifiable landmarks, and secondly it 
requires manual inspection of the best landmark points to use. 

The Chapter 8 of [11] and section 3.7 of [12] have been used in this analysis. Also 
[13] in order to take a reference of some applied FDA examples. See Appendix C.5 
to see more computational details in Matlab. 

 

3.3.2.1. Landmark Registration 
 

The landmark timings must be in the interval with which we are working, i.e. from 
0h to 23h or 23:50h, and there will be a landmark sample at the beginning and 
another at the end. Depending on what the FD look like, we will use one or two 
landmark samples to create the warping function in each curve. This will be found 
manually using maxima, minima or zero crossing. 

We are going to use a B-Spline with a number of basis functions � = 10 to 
estimate the time warping function ℎ(9), using the found landmark features as 
interior knots of this basis. Taking into account the rules to follow in B-Spline 
basis, the following has to be accomplished (see (2.10-1) in Chapter 2). 

 

 Num. of basis function =  Order of basis +  Num. of interior knots� = (�2 + 1) + (�1 − 1)  (3.5) 

 

Therefore 
 � = �2 + �1 = 10 (3.6) 

 
Taking as an example the External Temperature, the B-Spline functional basis and 
its associated time warping function have been displayed in Figure 3.22.  

In this case, as these FD have two clear minimums and maximums, so there will be �1 = 2 interior knots, which implies an �2 = 10 − 2 = 8 of order basis. 
We need to estimate a ℎ(9) for each FD with its respective interior landmarks 
features. For more computational details see Appendix C.4. 
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Figure 3.22: B-Spline basis with K = 10 functions basis and �1 = 2 number of 
interior knots (left panel), time warping function associated (right panel); both 

used to register the External Temperature 

 
 

Now we can display the new registered FD. In every Figure the top panel 
reproduces the unregistered FD, while the bottom panel shows it with 
Landmark registration. In each plot the dashed blue line indicates curve’s mean. 

Firstly we have plotted the External and Internal temperatures in Figure 
3.23, where we do not see to the naked eye many differences between unregistered 
and registered temperatures. Two landmarks have been used for each one, a 
minimum and a maximum, which are much defined and clearly. 

 
 

        External Temperature (1)        Internal Temperature (2) 

   
 

Figure 3.23: (1) External Temperature (ºC): unregistered (upper) and registered 
with 2 landmark features at 5:24h and 14:47h (lower). (2) Internal Temperature 
(ºC): unregistered (upper) and registered with 2 landmark features at 6:21h and 

16:51h (lower) 
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Although in the registration of the GS Electricity (Figure 3.24-1) we see a very 
clear peaks to use as an interior knots, in the Air Handling Unit with CO2 
recovery (Figure 3.24-2) the peaks are a bit ambiguous, because it is not clear if it 
is better to take one landmark in the centre of the big peak, or two landmarks as a 
little peaks. In the end we decided to take two landmarks. 

 
 

   General Service Electricity (1)         Air Handling Unit at CO2 recovery (2) 

   
 

Figure 3.24: (1) General Service Electricity (kWh): unregistered (upper) and 
registered with 2 landmark features at 7:22h and 16:18h (lower). (2) Air Handling 

Unit with CO2 recovery (PPM): unregistered (upper) and registered with 2 
landmark features at 10:51h and 16:31h (lower) 

 

On the one hand, in the CMV (Figure 3.25-1) we find that it has quite identifiable 
peaks, and there is almost no difference using registration. On the other hand, in 
the AHU (Figure 3.25-2) we have fixed the registration problems, but it still has a 
lot of amplitude variation because registration only improves the phase variation. 

Related to the cooling unit in Figure 3.26-1 (electricity consumption of the air 
conditioning in a specific area), it is also very difficult to know how many 
landmark features we would need, because some of the day curves have one peak, 
while others have two, and this is why we have chosen only one landmark. 

Finally the electricity consumption of the three subscribers has been 
plotted. The first one of the Sodexo RIE subscriber in Figure 3.26-2 has a very 
identifiable landmark but, related to the others, we have the same ambiguity that 
we had sometimes before. In this case we decided to take only one landmark 
feature. 
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          Controlled Mechanical Ventilation (1)      Air Handling Unit (2) 

   
 

Figure 3.25: (1) Controlled Mechanical Ventilation (ºC): unregistered (upper) and 
registered with 2 landmark features at 4:34h and 13:34h (lower). (2) Air Handling 
Unit (kWh): unregistered (upper) and registered with 2 landmark features at 6:57h 

and 16:24h (lower) 

 
 

 

   Cooling Unit (1)  

   
 

Figure 3.26: (1) Cooling Unit (kWh): unregistered (upper) and registered with 1 
landmark features at 16:43h (lower). (2) Electricity Consumption of Sodexo RIE 
Subsc. (kWh): unregistered (upper) and registered with 1 landmark features at 

11:11h (lower) 

 

Electricity Consumption of  
Sodexo RIE Subscriber (2) 
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Figure 3.27: (1) Electricity Consumption of SNC Lavalin Subs. (kWh): unregistered 
(upper) and registered with 1 landmark features at 13:42h (lower). (2) Electricity 
Consumption of Marie Brizard Subs. (kWh): unregistered (upper) and registered 

with 1 landmark features at 13:14h (lower) 

 

The main conclusions of applying Landmark registration are: 
 

o External and Internal Temperature, GS Electricity, VMC: we do not see 
many differences between the unregistered and the registered data, and it is 
easy to identify the landmarks (2 peaks for each one). 

o The location of features or landmarks is ambiguous for certain curves, for 
example the AHU with CO2 recovery, the cooling unit and some different 
subscribers have not very defined and clearly landmarks. 

o Although we have fixed a little bit the registration problems, we still have a 
lot of variation in terms of amplitude, for example in AHU (as it is normal, 
because with registration we only improve the phase variation). 

 
After applying Landmark Registration, we then apply a fully automatic method 
which was faster than Landmark; this is good as a first step, but we also need a 
method which works when there are no defined landmark features in the FD. This 
is why we have decided to apply the Continuous registration, which will improve 
the curves that have already been registered using Landmark Registration. 
 
 
 

Electricity Consumption of  
Marie Brizard (2) 

Electricity Consumption of  
SNC Lavalin (1) 
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3.3.2.2. Continuous Registration 
 

If we want to apply the Continuous Registration (Chapter 2 section 2.4.2.2), we 
have to apply the same warping function ℎ(9) to all FD if we want that their make 
sense; if not, we will not be able to properly compare them. Then we will set up a §(¨) for the External Temperature ℎ(9) to apply it to the other FD.  
This ℎ(9) should minimize a measure of the data fit with a target fixed function  '0(9), which will be the mean function of the External Temperature because it has 
to be a curve which serves as a reference to. In Figure 3.23-1 it is shown the 
External Temperature mean as the dashed blue line. In the Matlab toolbox we find 
a function created to improve the curves that have already been registered using 
Landmark Registration (see Appendix C.5). 

Now we are going to plot the new registered data in order to see how they look like 
and the effect that the applied ℎ(9)’s gives at them. If we compare these first 
representations in Figure 3.28 and Figure 3.29 the timescale of the registered 
Internal Temperature has been moved to the right, and so peaks have been shifted.  
  
 

 
 

Figure 3.28: Smoothed Internal Temperature (ºC): unregistered FD (left panel), 
Landmark Registration (upper right panel) and Continuous Registration (lower 

right panel) 
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Figure 3.29: Smoothed General Service Electricity (kWh): unregistered FD (left 
panel), Landmark Registration (upper right panel) and Continuous Registration 

(lower right panel) 

 
We have computed the rest of the data and we saw that the same thing happens in 
all the FD: all curves have moved to the right side, and we have realized it has no 
sense. It is not useful to impose the timescale of the warping function of the 
External Temperature for the following reasons: 

o The External Temperature is a non-controlled data; it means that, because 
of the weather changes, its time scale will not be the same as the time scale 
of the other data. But all the other data are not like External Temperature, 
they are controlled data. For instance, we can control the Internal 
Temperature, which is set with a fixed schedule automatically. Whereas it is 
perfectly clear that the time normalization is required in the External 
Temperature because in a period of almost three months the minima and 
the maxima move significantly. 

o If all the data were non-controlled it will be more useful to apply another 
different time reference to them as we have done. But by computing it we 
have seen that perhaps is not as useful as we thought at beginning, even 
though making some curve registration such as Landmark Registration, 
provides us with new FD with much less variability. 

Now we are going to apply them PCA because we would like to know how much 
variability the FD have, comparing it with and without Landmark registration. 
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3.3.3. Principal Component Analysis 

 

We have to be careful because if we apply the PCA after registration, we will not 
see the differences that are produced in shifted. This is why we are going to apply 
PCA to the unregistered FD because in doing so we will be able to better see the 
real variability, taking into account that we are applying this analysis to already 
smooth FD. Then we will apply PCA after Landmark registration, in order to 
compare the differences. 

In Matlab we have computed this analysis through some functions which describe 
the PC functions, PC scores and eigenvalues, described in Chapter 2 section 2.4.3. 
It has been used: [11] Chapter 7, [12] section 3.9 and for the regularization 
concept 14]. For more computational data details see Appendix C.6. 

 
 

3.3.3.1.  Before Registration 
 

To understand the PCA plots in a more practical way, once we have represented 
some of them we can see different points of view to interpret them. By adding some 
functions to a typical day, which we have previously called eigenfunctions or 
harmonics, we are able to represent their fluctuations or variability. 

Firstly we estimate a prototype function (a typical day) for each FD, and then we 
will then see how much the function explains the curves. Mathematically this idea 
can be translated into the following: 
 
 

 �G(9) = Ç0(9) + öG,1Ç1(9) + öG,2Ç2(9) + ⋯+ öG,lÇl(9)   
with   J = 1, … , �  

(3.7) 

Where: 

�G(9) is our new FD with the fluctuations Ç(9) is the mean of our FD, that is, a typical day. ÇG(9)’s are the eigenfunctions with their associated estimated coefficients öG,l. 
 

The prototype function Ç(9) is the same for each day, and so the functions are 
interpreted as lineal superpositions of a prototype function. 

In PCA each FD has a different number of harmonics, because depending on their 
variability they would need more or fewer harmonics to explain the FD. 

In each plot computed in Matlab of PCA plot we will find the following:  

o The main curve Ç(9), the mean curve, plotted as a continuous blue line. 
o The eigenfunctions ÇG(9) are shown as the mean perturbations. 
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o ‘+’ or ‘-‘ show the changes produced when a few of a PC functions is added 
or subtracted to the mean Ç(9), respectively. 

We have to keep in mind that the more eigenfunctions we would use, the more 
computational time we would have if we use them to represent FD in a future. 

The PCA of the External Temperature is shown in Figure 2.30. As we can see, 
only the 1st and 2nd eigenvalues are relevant. The first one is the main dominant 
model of variation, which is well above the linear trend fitted. This means that we 
would need only two or three harmonics to explain almost all of the fluctuations, 
which would avoid computer time and lessen the amount of data used. 

To be precise, the 1st Harmonic has 89% of variability and the 2nd Harmonic has 8% 
of variability. Then they explain a total of 98% of the variability. To be 
concrete, in the 1st Harmonic the variation is from 13,8º to 18,5º, almost 5º totally.  

Thanks to these plots we have seen that the variability can be explained in two 
groups in the 1st Harmonic: hot days (the highest function ‘+’) and cold days 
(the lowest function ‘-‘). In the middle of the day there is not any variability, 
because the three curves intersect between each other. That makes sense because, 
when we computed its correlation, we saw lot of correlation at midday. 

 

PCA 1st Harmonic (89% of variability)    PCA 2nd Harmonic (8% variability) 

     
       PCA 3rd Harmonic (1% of variability)     PCA eigenvalues  

     
 

Figure 3.30: PCA of Unregistered External Temperature: 3 Harmonics to represent 
the variability and 10 eigenvalues (lower right panel) 
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Now we are going to analyse the Internal Temperature. Looking in the 
eigenvalues plot in Figure 3.31, with only two or three functions we could know its 
variability, because only the first eigenvalues are significant. 

Here we can also appreciate the hot days and cold days, and it is a controlled data, 
in the sense that the functions in each harmonic have the same shape. 

If we look closely at the 1st Harmonic, the fluctuation varies from 21,5º to almost 
23,5º -in total 2º- and it shifts the curves.  

Regarding both External and Internal Temperature, in general we could explain 
these FD only with two eigenfunctions, and we would not have to use as much 
data as before to know how the functions are. Also the 1st Harmonic is really close 
to the mean, so the curves have been shifted. When we add the first component it 
is like adding something to the mean, especially in the Internal Temperature where 
the variability is the same all day. 

 
 

      PCA 1st Harmonic (93% of variability)    PCA 2nd Harmonic (5% variability) 

     
       PCA 3rd Harmonic (2% of variability)                   PCA eigenvalues 

     
 

Figure 3.31: PCA of Unregistered Internal Temperature: 3 Harmonics to represent 
the variability and 10 eigenvalues (lower right panel) 
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Now the PCA of General Service of Electricity has been plotted in Figure 3.33.  

Plotting the eigenvalues we guessed that we would need three eigenfunctions, and 
we see that its tendency is not as abrupt as the trend in both temperatures. 

When we add the 1st component the curves are almost parallel in the midday hours 
(1st Harmonic), unlike in the morning and the night. In the 2nd Harmonic, at 12h 
the curves are crossed; it means that we do not find any variability.  

Finally, in the 3rd Harmonics we see the same as before; it tries to correct peaks, 
one peak in each harmonic. In total, with three different eigenfunctions we would 
know a 94% of the variability. In spite of that, we have to keep in mind that the 
more functions we use, the more computational time we have. 

  
   

PCA 1st Harmonic (49% of variability)   PCA 2nd Harmonic (28% variability) 

     
     PCA 3rd Harmonic (17% of variability)                 PCA eigenvalues         

     
 

Figure 3.32: PCA of Unregistered General Service of Electricity: 3 Harmonics to 
represent the variability and 10 eigenvalues (lower panel) 

 

Now we show the FD related to the ventilation. Respect to the AHU with CO2 
recovery (Figure 3.33), we have decided that three eigenfunctions are needed too, 
seeing that the trend is close to the one in Internal and External Temperatures. In 
the 1st Harmonic the general behaviour is explained with an 84%. 
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PCA 1st Harmonic (84% of variability)       PCA 2nd Harmonic (8% variability) 

     
       PCA 3rd Harmonic (5% of variability)                 PCA eigenvalues 

     

 

Figure 3.33: PCA of Unregistered Air Handling Unit with CO2 recovery: the first 3 
Harmonics to represent the variability and 10 eigenvalues (lower right panel) 

 
 

Related to the AHU in Figure 3.34 we have seen that the dominant models of 
variation are distributed with the first three eigenvalues, which do not have a very 
linear trend, it is closer to a curvature. In the 2nd Harmonic the first part of the 
data is determined, and in total we are able to explain 98% of this variability. 

In the CMV we observed that it is the only case in which we could use only an 
eigenfunction because it already explains 98% of the variability, with an amplitude 
of variation of 2º (see Table 3.1). 

In the case of the Cooling Unit, we saw that using the three eigenfunctions we 
would know 96% of the variability, which is quite good. We also see a dominant 
model of variation, with more variability in the maximum than in the minimum. 

Plotting the eigenvalues we are able to see how many harmonics we need to explain 
the FD variability, which would avoid so much computer time and amount of data 
used. In Table 3.1 we see a summary of this analysis. Now we are going to do it 
but with registered FD, in order to compare both analyses plots later. 
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      PCA 1st Harmonic (59% of variability)  PCA 2nd Harmonic (26% variability) 

     
       PCA 3rd Harmonic (10% of variability)                PCA eigenvalues 

     
 

Figure 3.34: PCA of Unregistered Air Handling Unit: 3 Harmonics to represent the 
variability and 10 eigenvalues (lower panel) 

 
 

FD Variability (%) 
Without Registration 

With 1 
eigenfunction 

With 2 
eigenfunctions 

Controlled Mechanical Vent. 98% 99% 

Internal Temperature 93% 98% 

External Temperature 89% 97% 

AHU with CO2 recovery 84% 92% 

Cooling Unit 82% 92% 

Electr. Cons. Marie Brizard 80% 87% 

Air Handling unit 59% 85% 

GS Electricity 49% 77% 

Electr. Cons. Sodexo RIE 40% 62% 

Electr. Cons. SNC Lavalin 39% 59% 
 

Table 3.1: Variability percentage in increasing order of the unregistered FD 
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3.3.3.2. After Registration 
 

We would like to compare the last PCA’s, which have unregistered data, with the 
data after applying Landmark Registration, using two eigenfunctions.  

We show in the same plot the eigenvalues trend with and without Landmark 
Registration; we already know that the eigenvalues have a trend a bit more abrupt 
with one dominant component in unregistered curves [14]. Finally we have 
compared the different variability percentages in Table 3.2. 

Starting with the External Temperature, we see in Figure 3.35 that with two 
eigenfunctions we get the same percentage of variability in both cases (97%); the 
eigenvalue distribution is almost identical in both cases. 

  
 

         PCA 1st Harmonic (90% of variability)  PCA 2nd Harmonic (7% variability) 

   
Eigenvalues of Landmark Reg. FD (blue) and unregistered FD (red) 

 
 

Figure 3.35: PCA of Registered External Temperature: 2 Harmonics to represent 
the variability and 10 eigenvalues of registered and unregistered FD (lower panel) 

 

The Figure 3.36 shows the Internal Temperature, where the first eigenvalue of 
unregistered data is a little larger without registration, but the difference is very 
small. 
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PCA 1st Harmonic (94% of variability)      PCA 2nd Harmonic (4% variability) 

   
Eigenvalues of Landmark Reg. FD (blue) and unregistered FD (red) 

 
 

Figure 3.36: PCA of Registered Internal Temperature: 2 Harmonics to represent 
the variability and 10 eigenvalues of registered and unregistered FD (lower panel) 

 
 

In the case of the GS Electricity in Figure 3.37, the eigenvalues have more 
difference between them than in the temperature cases. Theoretically, with 
Registration we would need less eifenfunctions than in the unregistered case, but 
GS Electricity is an exception (see Table 3.2), even with only a 1% of difference. 

 

 

 PCA 1st Harmonic (48% of variability)    PCA 2nd Harmonic (30% variability) 
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Eigenvalues of Landmark Reg. FD (blue) and unregistered FD (red) 

 
 

Figure 3.37: PCA of Registered General Service Electricity: the first 2 Harmonics 
and the 10 eigenvalues of registered and unregistered FD (lower panel) 

          
 

In AHU with CO2 recovery and AHU the eigenvalues are quite similar; with 1 
harmonic in registration we know 3% and 4% more of variability, respectively. 

  
 

PCA 1st Harmonic (87% of variability)     PCA 2nd Harmonic (6% variability) 

   
Eigenvalues of Landmark Reg. FD (blue) and unregistered FD (red) 

 
 

Figure 3.38: PCA of Registered Air Handling Unit with CO2 recovery: 2 Harmonics 
and 10 eigenvalues of registered and unregistered FD (lower panel) 
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    PCA 1st Harmonic (63% of variability)    PCA 2nd Harmonic (23% variability) 

   

Eigenvalues of Landmark Reg. FD (blue) and unregistered FD (red) 

 
 

Figure 3.39: PCA of Registered Air Handling Unit: 2 Harmonics to represent the 
variability and 10 eigenvalues of registered and unregistered FD (lower panel) 

          
 

The case of CMV is the only one in which the eigenvalues are exactly the same, 
using registration or not (for more details see Table 3.2). 

In the Cooling Unit we saw that, on one hand, the percentage obtained with one 
eigenvector is the same with registration as it is without - 82%. On the other hand, 
using two eigenfunctions the percentage increases by 1% in Registration. 

Finally, the PCA results of the consumption subscribers are in Table 3.2, where we 
show the comparison between using Landmark Registration or not in order to know 
the percentage of the variability using PCA analysis. This has been differentiated 
and one or two eigenfunctions have been used.  

The eigenvalues of the unregistered data usually theoretically have a shape with 
one dominant component [14], in the sense that they have a trend a bit more 
abrupt than in the Landmark Registration. It happens in most of the cases less in 
the GS Electricity, where without registration we know 1% more of the variability. 
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This could be so because the GS Electricity with and without Landmark 
registration are quite the same (see section 3.3.2.1). 

The main conclusions extracted from the PCA with and without registration are: 

o Applying Landmark Registration in many data only increased the 
knowledge of variability by a small amount than without registration. 
o In one hand, using one eigenfunction in general the registration shows 

only 1% more of the variability; only in a few cases the registration 
increases the percentage by a small amount (from 3% to 7%). 

o On the other hand, using two eigenvalues in registration hardly 
increases the percentage. 
This probably means that Landmark Registration has only removed 
the first mode of variation of the FD. We also have to take into 
account that the data has a lot of amplitude variation, probably more 
than phase variation, which means that using registration improves the 
variability somewhat, but obviously not all of it. 

o Regarding the eigenvalues distribution, in general we can say that when the 
eigenvalues are almost the same (as in the External Temperature, CMV or 
Marie Brizard Subscriber) the variability percentage is typically kept at the 
same value or increase a 1%. 

 

 

 With 1 eigenfunction With 2 eigenfunctions 

Variability  

(%) 

Without 
Registration 

Landmark 
Registration 

Without 
Registration 

Landmark 
Registration 

Controlled Mechanical Vent. 98% 98% 99% 99% 

Internal Temperature 93% 94% 98% 98% 

External Temperature 89% 90% 97% 97% 

AHU with CO2 recovery 84% 87% 92% 93% 

Cooling Unit 82% 82% 92% 91% 

Electr. Cons. Marie Brizard 80% 81% 87% 88% 

Air Handling Unit 59% 63% 85% 86% 

GS Electricity 49% 48% 77% 78% 

Electr. Cons. Sodexo RIE 40% 47% 62% 64% 

Electr. Cons. SNC Lavalin 39% 40% 59% 59% 
 

Table 3.2: Comparison of the percentage of variability between obtained using or 
not registration, and using one or two eigenvalues 
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3.4 Conclusions 

  

Once we have done the FDA, we can summarise the main conclusions that we have 
obtained as follows: 

o Smoothing FD: B-Splines functional basis is the one which works best. 
We see that the data have lot of dispersion, either amplitude variation 
or phase variation, which make the data very difficult to interpret. 

o Cross-Correlation: We have extracted some conclusions, but it is 
difficult to extract lots of valid interpretations. This is firstly because not 
all the data covers the same area in the building, and secondly because 
of the dispersion. 

o FD Registration: In Landmark registration, the location of features is 
ambiguous for certain curves; therefore the registration is useful only in 
some cases. In continuous registration we have seen that it is not as 
useful as we had thought because the External Temperature is not a 
controlled piece of data, so its warping function does not fit well to the 
other data, which are controlled. 

o PCA: in many data the variability percentage increases only slightly 
when we apply Landmark Registration before PCA. Only in some cases 
did it increase to 7%, which probably means that Landmark Registration 
has only removed the first mode of variation of the FD. The data has 
also a lot of amplitude variation, so the registration has improved only a 
little part of the variability, but not completely. 

  

After doing all these analyses with FD, we now know the general behaviour of the 
real data and their variability. We are going to use it in the prediction model that 
will design later, and we also hope that these analyses are helpful in future 
modelling work of the entire building. We are now going to make a design for the 
prediction model of this building. 
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Modelling of the Building 
 

At this point, after having analysed the data related to the building, we are going 
to design the building identification model for the internal temperature. 

Firstly we explain the equivalent model used for it (HMM) and the algorithms to 
estimate the parameters (Kalman algorithms), and how we apply them to our 
particular model, showing the results obtained in the Matlab computation. 

  
 

4.1. Presentation of the Problem 

After analysing the data of which we dispose we have realized that it will be 
difficult to create a very sophisticated model, because it is so aggregated, which is 
normal because of where they come from. The main proposition of this part is to 
create a simple prediction model focused on the internal temperature, for 
which we will need to check the heating consumption. 

We have noted the following data restrictions: 

o Model structure to identify the building: its order and its parameters have 
to be adapted, at least asymptotically, to the system behaviour. 

o Low abundance of the data extracted from sensors: some data are not 
very rich; for example some of them only show three levels of energy 
consumption, and we need plenty of input to estimate accurately the model 
parameters and to detect anomalies in a building. 

o Sometimes data are referring to a particular area, while at other times they 
are referring to the entire building. 

o The variability and uncertainties of the data regarding the imprecision 
of the acquisition or data processing, which should be modelled as noise. 

o Regarding to the Internal Temperature, which it is very controlled without 
much variation, we would need it to have enough variations in order to 
correctly estimate the parameters. In practise, this must be checked by 
turning the heating on the morning and off at night. 

 

Characteristics of the prediction system 

The system can be modelled with one input and one output. On one hand, the 
input would be the set level of internal temperature, which is not observed, 
i.e. the desired temperature on a floor of the building. This will be a constant value 
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during the day and another during the night. On the other hand, the output 
would be the curve of the observed temperature.  

The estimation is linked to a not identifiable statistic gain; therefore the energy 
consumption would be known by a multiplicative constant to get the watts. 

There are two approaches depending on if the model is static (steady state) or 
dynamic (transient state). We have chosen transient state model, where the 
building can be identified through a state-space model, in order to take into 
account the dynamic behaviour and the different requests in each time. 

The prediction model also can be designed with open loop, where we do not take 
into account the return of the output, or closed loop, the chosen one, where we 
take into account that the output depends on the input: it is clear that using open 
loop the system will be unstable. 

There are already some anterior works with developed building models related to 
building structure optimisation or the heating identification, and using the thermal 
characteristics of the buildings ([21] and [22]). We have taken them as a reference, 
even if in our case we are going to create a simpler model. 
  

  

4.2. State-Space Representation: Hidden 

Markov Model 

 

A state-space representation is a way to represent a physical system as a 
mathematical model, formed by inputs, outputs and state variables that are 
related by differential equations of first order (M = 1). 
The specific case where the state %� cannot be directly observed is called a Hidden 
Markov Model (HMM). It consists of the observation ��, generated by other 
process with states hidden from the observed, and the unobserved state %�. 
The main aim is to estimate %� by estimating the parameters given the observed 
data, i.e. the space of linear combination of ÷1:ù ≡ {�1, … , �ù}. There are three 
different cases regarding to the samples17 [15] 

o Forecast or Prediction: if ¡ < 9, i.e. we have observed data only from the 
past. Its aim is to determine M(%�|÷1:�−1). 

o Filtering: if ¡ = 9, i.e. we have all the current observed data until 9 (it 
depends on the present and past). Its aim is to determine M(%�|÷1:�). 

                                         
17 9 value is the current time. 
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o Smoothing: if ¡ > 9, i.e. we have all the observed data (it depends on the 
present, past and future). Its aim is to determine M(%�|÷1:¿ ). 

If we want to know the values of %�, we should know before the next past state  %�−1, so the probability of knowing %� will be M(%�|%�−1). To work with this model, 
we are going to make the following assumptions in all the next statements: 

1. The sequence %� is a Markovian process, which means that the property 
in (4.1-1) is fulfil, depending on the past observations18 (4.1-2) 
 

 {M(%�|%0,… ,%�−1) = M(%�|%�−1)M(%�|%�−1, ÷1:�−1) = M(%�|%�−1) (4.1) 

 

2. The sequence �� is also a Markovian process with respect to the history of %�; this means that %� gives us an observation �� with probability M(��, %�). 
 

 M(��|%0,… , %�) = M(��|%�) (4.2) 

 

In Figure 4.1 we can see a visual representation of the diagram in a HMM: 

 

 
 

Figure 4.1: Representation of a Hidden Markov Model diagram with its 
probabilities 

 

The state-space equations in a HMM, related to a linear time-invariant dynamical 
model, can be expressed as19 [16] 
 

 {%�+1 = �%� + ü� �� = ý′%� + þ�  (4.3) 

where 

%� is the state of the system of dimension two 
                                         
18 M(%�|%�−1) is called transition probability, and M(��|%�) is called the emission probability. 
19 An observation �� of dimension one has been chosen because it will be our real case when we will 
adapt the HMM and the state-space model to data model. 
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�� is the observed or measured vector of dimension one, which forms part of the 
sequence measurements ÷1:¿ ≡ {�1, … , �¿ } 
ü� and þ� are the IDD Gaussian noises20 characterized by 
 

 { ü�~�(0,��)þ�~�(0,��2 ) (4.4) 

 �� has dimension [2'2], while ��2  has dimension one. 
ý′ is the vector of the last measurement 
� is the transition matrix 
 

In (4.3) we make the following assumptions [17]: 

1. The initial state %0 can be modelled as a Gaussian with mean Þ0 and null 
covariance21 ]0 
 

 
 

%0~�(Þ0,]0) (%1|0, �1|0) = (Þ0,]0) 
M�(%|÷0; 	) = �(%0)   for 9 = 1,… , �  (4.5) 

 

2. %0,  ü� and þ� are independent between them, which means that %� and �� 
will be linear combinations of Gaussians. Then, regarding the following 
vectors 
 

 {(¯1:¿ , ÷1:¿ ) ≡ (%1,… , %¿ , �1,… , �¿  )M(��|%�) M(%�|%�−1)  (4.6) 

 

(4.6-1) will also be a Gaussian distribution and (4.6-2) will be linear. Then we will 
be able to apply Kalman filtering and smoothing to estimate what we want. 

In general terms, there are two processes to distinguish: 

1. Estimation process: given the model and the observations, find the 
hidden states %�. Here Kalman filtering and smoothing will be used.  

2. Identification process: given all the observations �� ∀9, find (4.6-2). 
The notation used is summarized in Table 4.122. 

                                         
20 A sequence of random variables IID means that all random variables have the same distribution of 
probability and also are independent between them. 
21 (4.5-3) is called Gaussian initial density state function 
22 The operator � means estimation 
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Mathematical notation Definition 

%̂�|ù = �{%�|÷1:ù} The conditional expectations of the 
states 

 ��1,�2|ù 
= �{(%�1 − %̂�1|ù)(%�2 − %̂�2|ù)′∣÷1:ù} 

The mean-squared error, the error 
covariances in Gaussian process 

If 91 = 92 = 9  
→   ��1,�2|ù ≡ ��|ù 

æ�|¿ = �{%�%�′|÷1:¿ } Equivalent to the correlation 

æ�,�−1|¿ = �{%�%�−1′ |÷1:¿ } Equivalent to the cross-correlation 

÷1:� ≡ {�1,… , ��} 
¯�:1 ≡ {%�, %�−1,… , %1} 

and similar 

÷1:� is the set of observations 
¯�:1 is the set of states 

%�|�1:�−1~�(%�|�−1, ��|�−1) 
%�|�1:�~�(%�|�, ��|�) 

��|�1:�−1~�(��|�−1, ¬�) 

A state %� / observation �� knowing an 
observations set will be Gaussians PDF 
with the mean and covariances 
specifies in the notation. 

	 = {�, ��,��2 , Þ0,]0} The parameters to estimate 
 

Table 4.1: Explanation of the mathematical notation used in the next statements 

 

 

4.3. Algorithms to Estimate the Model 

Parameters 
 

4.3.1. Kalman Algorithms 

 

Kalman Filtering 

Kalman Filtering is an algorithm which estimates the current state {%�|÷1:�} ∀9  
using past/forecasting (¡ < 9) plus current/filtering (¡ = 9) observations. It is an 
approach to estimate variables in prediction problems, and also to perform the 
conditional PDF for linear systems with white Gaussian noises (WGN). 

The aim is to calculate the posterior density M(%�|÷1:�) and the optimal estimate 
state in terms of MSE (%̂�|�, ��|�), i.e. M(%�|÷1:�)~�(%̂�|�, ��|�). 
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The advantage of the Kalman filter is that it gives us the expressions of %� from %�−1|�−1, once a new �� is obtained, without re-computing all the entire  {�1,… , ��}. A Kalman filtering diagram is plotted in Figure 4.2.  
 

 
 

Figure 4.2: Basic Kalman Filtering diagram with states 

 

Following the two main steps, prediction and measurements update, have been 
explained using the HMM and consulting [16]. Regarding to the prediction: 

1. Conditional expectations of the states 
 

 %̂�|�−1 = �{%�|÷1:�−1}                         = �{�%�−1|�−1 + ü�∣÷1:�−1} = �%̂�−1|�−1 
(4.7) 

2. Error covariances 
 

 ��|�−1 = �{(%� − %̂�|�−1)(%� − %̂�|�−1)′∣÷1:�−1}                           = �{(�(%�−1 − %̂�−1|�−1) + ü�) (�(%�−1 − %̂�−1|�−1) + ü�)′∣÷1:�−1} =  ���−1|�−1�′ + ��                                          (4.8) 

 

Then the PDF can be expressed as 
 

 M(%�|÷1:�−1)~�(%̂�|�−1 , ��|�−1)                  
                    = �(�%̂�−1|�−1 ,���−1|�−1�′ + ��) (4.9) 

 

Regarding the measurements update, (4.10-1) defines the conditional 
expectations of the states, (4.10-2) defines the error covariances, and in (4.10-3) is 
the Kalman Gain matrix. 
 

 

⎩{⎨
{⎧%̂�|� = %̂�|�−1 +��(�� − ý′%̂�|�−1)��|� = (� −��ý′)��|�−1�� = ��|�−1ý(ý′��|�−1ý + ��2 )−1

  (4.10) 
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Probability Density Functions of Kalman Filtering 

The following PDF’s are computed with the parameter set to estimate 	  
 

 	 = {�,��,��2 , Þ0,]0} ≡ {��, �, �, ��,��2 , Þ0,]0} (4.11) 
 

Let M�(·) be a generic Gaussian PDF. The state relationship (4.12-1) and the 
relationship between state-observations (4.12-2) would be23 
 

 

⎩{{
{{⎨
{{{
{⎧ M�(%�|¯�−1:0; 	) = M�(%�|%�−1; 	)                            ~�(%� − �%�−1,��)                            = ��(%� − �%�−1; 	) 

M�(��|%�, ÷1:�−1; 	) = M�(��|%�; 	)                              ~�(�� − ý′ì� ,��2 )                              = ��(�� − ý′%�; 	)

 

                                      

(4.12) 

 

Maximum Likelihood (ML) 
As we are working with Gaussian models, it is useful to use the ML algorithm 
[16], which is defined by 
 
 	�̂� = n�·mn'� {ln (M�(�1:�; 	)} 

      = n�·mJ�� {− ln(�� (	))} (4.13) 

 

where M�(÷1:�; 	) is called the likelihood (or PDF) of the observations. Using the 
innovation in (4.14-1), �� (	) is computed as 
 

 <� = �� − ý%�|�−1 → ��~�(0,	(	))              
                              = �(0, ý′��|�−1ý + ��2 ) (4.14) 

− ln(�� (	)) = �2 ln(2�) + 12∑ln|	(	)|¿
�=1

+ 12∑(<�′(	)	−1(	)<�(	))¿
�=1

  
 

where ��|�−1  is defined in (4.14).  
Finally we would compute the derivative and equal it to zero in order to get the 
parameter estimations. 
 

 

                                         
23 ��(·) and ��(·) are defined in (4.4): Gaussian PDF’s with noises ü� and þ�, respectively,  
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Kalman Smoothing 

In the Kalman smoother the future measurements ÷�+1:¿  are given, so in total we 
have ÷1:¿ . It can be helpful to improve the estimates that we already have with 
the Kalman filter. We will estimate the states sequence {%�|÷1:¿}. 
It is used two different algorithms [19]: 

1. Forward pass: the Kalmar filter, which computes (%̂�+1|�, ��+1|�) regarding 
the prediction, and (%̂�+1|�+1, ��+1|�+1) regarding the filtering, for  ÷1:¿−1. 

2. Backward pass: it computes %�|¿  for  ÷¿−1:1  (going backward from �¿  to �1) given the distribution in (4.15). Its three steps are defined below 
 

 %�+1|¿~�(%̂�+1|¿ , ��+1|¿ ) (4.15) 
 

Step 1: Computing the join distribution of %�|� and %�+1|� 
 

 (%�|�, %�+1|�)~�(( %̂�|�%̂�+1|�) ( ��|� ��|��′
���|� ��+1|�)) (4.16) 

 

Step 2: Computing the conditional distribution of %�|� and  %�+1|� 
 

 (%�|�, %�+1|�) ~ �(�{%�|%�+1, ÷1:�}, var{%�|%�+1, ÷1:�})                         
    = �(%̂�|� + ��|��′��+1|�−1 (%�+1|� − %̂�+1|�),��|� − ��|��′��+1|�−1 ���|�) 

= �(%̂�|� + ��(%̂�+1 − %̂�+1|�),  ��|�(� − �′��+1|�−1 ���|�))        
 

where �� = ��|��′��+1|�−1  

(4.17) 

 
Step 3: Compute  %�|¿  using total expectations and variances [16]24 
 

 %̂�|¿ = �{%�|÷1:¿ }                                        
= �{�{%�|%�+1, ÷1:¿ }|÷1:¿ }              
= �{%�|� + ��(%�+1 − %�+1|�∣÷1:¿}       

(4.18) 

 

    ��|¿ = �{(%� − %̂�|¿ )(%� − %̂�|¿ )′∣÷1:¿}                               = �{¸n�{%�|%�+1, ÷1:�}}+ ¸n�{�{%�|%�+1, ÷1:�}}   = ��|� + ��(��+1|¿ − ��+1|�)��′                        
(4.19) 

 
In summary, the Kalman filtering and smoothing can be written as in Table 4.2. 

                                         
24 It is used the fact that %� ∀9 is independent from the noises. 
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Kalman Filtering 

(%̂�|�, ��|�) 
Kalman Smoothing 

(%̂�|¿ , ��|¿ ) 
 

%̂�|�−1 = �%̂�−1|�−1 
��|�−1 = ���−1|�−1�′ + �� 

�� = ��|�−1ý(ý′��|�−1ý + ��2 )−1 
%̂�|� = %̂�|�−1 +��(�� − ý′%̂�|�−1)  

��|� = (� −��ý′)��|�−1 

 
After computing Kalman filtering (%̂�+1|�+1, ��+1|�+1)  

(%̂�+1|�, ��+1|�), 
�� = ��|��′��+1|�−1  

%̂�|¿ = %̂�|� + ��(%̂�+1|¿ − %̂�+1|�) 
��|¿ = ��|� + ��(��+1|¿ − ��+1|�)��′ 

 

Table 4.2:  Summary of the Kalman filtering and smoothing equations 

 
 

4.3.2 Expectation-Maximization Algorithm 

 

The EM algorithm is an automatic an iterative method for maximizing the 
conditional expectation of the complete observation likelihood function 
with respect two unknowns: states parameters and model parameters 	. 
The states are dependent and unavailable, i.e. we do not have the complete data. 
Then the main idea of EM is that we could consider ¯0:¿  and ÷1:¿  as a complete 
data if we could observe them at the same time. We could compute the join PDF 
of the hidden states and observations, taking the initial conditions in (4.5) [16] 
 
 M�� (¯0:¿ , ÷1:¿  ; 	) = �(%0)∏ M�(%�|%�−1; 	)M�(��|%�; 	)¿

�=1
 

        = �(%0)∏ ��(%� − �%�−1; 	)��(�� − ý′%�; 	)¿
�=1

 

(4.20) 

 
The PDF written in (4.20) can be also written as the join log-likelihood 25 [20] 
 

 ��� (	) = M(%1)∏ M�(%�|%�−1; 	)∏ M�(��|%�, ý; 	)¿
�=1

¿
�=2

 (4.21) 

 
 

                                         
25 In our particular case, �¥ = 1 → |��| = ��2   and ��−1 = (��2 )−1. 
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⎩{{
{{⎨
{{{
{⎧ M(%1) = 1

(2�)�'2
1√|]1| exp(− 1

2 (%1 − Þ1)′]1−1(%1 − Þ1))
M	(%9|%9−1; 	) = 1

(2�)�'2
1√|�¸| exp(− 1

2 (%9+1 − �%9)′�−̧1(%9+1 − �%9)))
M	(�9∣%9, ý; 	) = 1

(2�)��2
1√|�þ| exp(− 1

2 (�9 − ý′%9)′�þ−1(�9 − ý′%9))
 (4.22) 

 

From here, the EM algorithm takes an iterative approach by two steps [19]: 

 

o Expectation (E-step):  

It maximizes the likelihood computing the conditional expectation of the hidden 
states given the observations and parameters. The Kalman filtering and smoothing 
explained before are used to compute !(	∣	(Q)) given all the measurements ÷1:¿ . 
The expected value of the complete log-likelihood function is given as follows: 
 

 !(	∣	(Q) ≡ ��� {ln(M�(÷1:¿ ,¯1:¿ ; 	)})     
= ��� {ln(��� (	))}      (4.23) 

 

As we have Gaussians PDF, if we compute the expectation of ��� (	) looking the 
probabilities in (4.21), we have26 [17]: 

 

 !(	∣	(Q)) ≡ ��� {ln(��� (	)|÷1:¿ , 	(Q))}                                         
= −2� ln(��2 ) − 2��2 ∑(��2 − 2ý′%̂�|¿ �� + ý′æ�|¿ ý)¿

�=1
    

           +2∑9�{��−1(æ�|¿ − �æ�−1,�|¿ − æ�,�−1|¿ �′ + �æ�−1|¿ �′)}¿
�=2

   
 

+29�{]1−1(�1|¿ − 2Þ1%̂1′ + Þ1Þ1′)}+ 2 ln(|]1−1|)      
 +2(� − 1) ln(|��|) + � ln(2�)                                
 

(4.24) 

Given the current value of 	(Q) (4.24) implies computing the following expressions 
 

 

⎩{⎨
{⎧                        %̂�|¿ = �{%�|÷1:¿ }      

æ�|¿ = �{%�%�′|÷1:¿ } = ��|¿ + %̂�|¿ %̂�|¿′  
æ�,�−1|¿ = �{%�%�−1′ |÷1:¿ } = ��,�−1|¿ + %̂�|¿ %̂�−1|¿′

 (4.25) 

 

                                         
26 Operator tr means the trace operator. 
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(4.25-1) and (4.25-2) can be computed using the expressions of Kalman smoothing 
explained before. For the equation (4.25-3) we need [16] 
 

 

⎩{{
{⎨
{{{
⎧    ��,�−1|¿ = �{(%� − %̂�|¿ )(%�−1 − %̂�−1|¿ )′∣÷1:¿}= ��−1��|¿                      

where ��−1 = ��−1|�−1�′��|�−1−1                         
æ�−1,�|¿ = æ�,�−1|¿ ′                              

æ�−1|¿ = ��−1|¿ + %̂�−1|¿ %̂�−1|¿′           
        

 

(4.26) 

 

o Maximization (M-step):  

It derives the total log-likelihood computed in E-step in order to obtain the new 
parameters at R + 1. It is computed as follows: 
 

 	"̂�(Q+1) = n�·mn'� {Q(	, 	Q̂)} (4.27) 

 

Finally it maximizes ! (4.24) with respect to the parameters at iteration R. As an 
example, in (4.28) we show its derivative with respect to � ([20] and [17]).  
 

 

⎩{{
⎨{
{⎧ $!$� = − 12∑(−2æ�,�−1|¿ + 2�æ�−1|¿ )¿

�=2
= 0

→ �̂(Q+1) = (∑æ�,�−1|¿
¿

�=2
)(∑æ�−1|¿

¿
�=2

)−1 (4.28) 

 

The other parameters are found analogous. The noise covariances are 
 

 

⎩{{
⎨{
{⎧�̂&(Q+1) = 1� − 1(∑æ�|¿ − �̂(Q+1)¿

�=2
∑æ�−1,�|¿
¿

�=2
)

�̂�2 (Q+1) = 1� ∑(��2 − 2ý′%̂�|¿ �� + ý′æ�|¿ ý)¿
�=1

 (4.29) 

 

The initial conditions are 
 

 { Þ̂1(Q+1) = %̂1|¿
]0̂(Q+1) = æ1 − %̂1|¿ %̂1|¿′  (4.30) 

 

The two steps are iterated, and it is said that the algorithm converges of the 
difference between the increases of the likelihood at current time to the previous 
time is under a predetermined threshold. 
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4.4. Application of HMM to the Prediction 

Model 

 

4.4.1 Equivalent Block Diagram Model 
 

We are going to make a theoretical model of a room of the building, and for that 
we must first take into account the thermic exchange. The heat transfer is between 
power in Watts [W] and temperature in degrees [ºC]. We can consider two effects: 

o Resistive effect: we consider a wall which is between two temperatures �1 
and �2. The dissipated power ' of the temperature is proportional to the 
difference between the highest temperature and the lowest temperature. The 
coefficient of proportionality is 1(, so the dissipated power will be ' =
1( (�2 − �1). Regarding the electrical analogy, the temperature is a voltage, 
while power is an intensity and R a resistance. Note that R depends on the 
nature of the wall; also a poorly insulated window has a low resistance. 

o Capacitive effect: the energy needed to bring a temperature �  to a body 
can be expressed as ' = 	 )¿)� , where for analogy 	 is a capacity. 

If there is no variation of the Internal Temperature, *+�*� = 0; but if it has some 
variations, as it has to in order to make some good predictions, we have to include 
a regulator to comply the set temperature. 

We have represented in Figure 4.3 the prediction system of the internal 
temperature, which is composed by a temperature regulator PI, a limiter to 
assure as not to exceed ���� and a 1st order system RC which models the 
response depending on the consumption  '�(�) [kWh]. 	, [ºC] defines the set 
internal temperature and 	� [ºC] is the observed curve of temperature. 
 

 

 
 

Figure 4.3: Block diagram of the prediction model of the Internal Temperature 
 
 

PI regulator. As we see below in Figure 4.4 it is formed by two parts: 
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o Proportional controller (P): reduces the error in a stationary state but 
it does not eliminate the error in the stationary regime. 

o Integral controller (I): introduces a pole in the open loop transfer system 	(¡), which will be useful to get stability; a controller must have the 
Integral action to not have steady state error. 

The mathematical expression of the left block diagram in Figure 4.4 is [23] 
 

 º(9) = ���(9) + �G ∫ �(9)�
0

        
  = ��(�(9) + 1¿- ∫ �(9)�9�

0 )        (4.31) 

where 
 �G = PÏP- = 1. is the integral time required so that the integral action equals to 

the proportional one in terms of constant error. It regulates the control velocity. �� is the proportional gain, which affects both (I) and (P) parts. 
In the right part of Figure 4.4 we have represented with Laplace transform (¡ =uf), whose transfer function expressed it in terms of amplitude and phase is [24] 
 
 

	(¡) = /(¡)�(¡) = �� ⎝⎜
⎜⎛¡ + 1�G¡ ⎠⎟

⎟⎞ → 
⎩{{
⎨{
{⎧|	(¡)| = ��√1 + ( 1f�G)

2

1, = arctan(− 1f�G)
 (4.32) 

 
If �� ≫ �G the zero will be very close to the 0 value and 	(¡) ≈ ��. Also, as �� 
would be quite big, it would improve the open loop gain and also the precision 
without changing so much the transitory response velocity or the stability. 

 

 
 

Figure 4.4: Block diagrams of the PI controller, in time (left) and frequency (right) 
 
 

Limiter Function. We could approximate the saturation using a derivative 
logistic function with a limiter, which would introduce non-linearity27: 

                                         
27 ���� is the upper limit used as a boundary, and � is the constant growth rate. 
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 O(') = ����
1 + �−�(�−45672 ) (4.33) 

 

1st order system: The RC system of first order is represented in Figure 4.5, which 

we have analysed through KCL’s28. Its transfer function is �(¡) = 11+�¡. 
  
 
G8 = �	 �
,(9)�9 + 
,(9) 

where  � = �	 (4.34) 

 

 
 

Figure 4.5: First order RC circuit 
 
 

4.4.2 State-Space Equations 

 

Analysing Figure 4.3 we get the following equations29 
 

 

⎩{⎨
{⎧ PI: '�(�) = �� [(	, − 	�) + 1�G ∫ (	, − 	½)�º�

0
]

RC: öO('�(�)) = �	�̇ + 	�   →  	� = öO('�(�)) − �	�̇    with � > 0 
 (4.35) 

  

Note that the level of energy consumption after the limiter is linked to a statistic 
non-identifiable gain. '�(�) is measured in kWh (1kWh is equivalent to 3,6 · 106 
Joules). Then on average we can consider that the power is equal to the difference 
in energy/sampling period, i.e. we would divide the units by the sampling time in 
hours (10 minutes, a 16 factor). Then the fact of considering the statistical gain ö = 1 does not affect to the unit conversions. In doing so it will be known by a 
multiplicative constant ö to get the watts, which happens when 	�̇ = 0. We are 
going to consider ö = 1 for making simpler the calculus. 
If we derive (4.35) we can put them in a state-space form. For (4.35-1) we have 
 

                                         
28 J(9) = �	 )AB(�))�  
29 	�̇ and all the next variables with this emphasis notation ‘·’ mean derivative. 
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 '̇�(�) = −��	�̇ + ���G (	, − 	�)                          
= −��	�̇ + ���G (	, − öO('�(�)) + �	�̇) 

     = −��	�̇ + ���G 	, − ���G öO('�(�)) + ���G �	�̇ 

    = −��(1 − 1�G �)	�̇ + ���G 	, − ���G öO('�(�)) 

(4.36) 

 

where it has been replaced 	� for the expression in (4.35-2). If we derivate it: 
 

 	�̇ = öO(̇'�(�))'̇�(�) − �	�̈ 
→ 	�̈ = ö� O(̇'�(�))'̇�(�) − 1� 	�̇   (4.37) 

 

Finally, if we replace (4.43) in it and considering �G = 1. and ö = 1, we have30 
 

 	�̈ = −��  ö� (1 − ��)O(̇'�(�))	�̇ + ��� ö� O(̇'�(�))	, 

−���ö2
� O(̇'�(�))O('�(�)) − 1� 	�̇             (4.38) 

 

From here, we have considered the absence of the limiter (Z = Å). As the 
bondage for the heating system is quite stable, maybe we do not need it. In doing 
this we can apply Kalman algorithms, because the equations will be linear. 

Their equations above have been exposed to have a theoretical knowledge about 
how they would be in a future work. The new diagram block is found in Figure 4.6: 

 

 
 

Figure 4.6: Blocks diagram of the prediction model of the internal temperature, 
without considering the limiter 

 

In this case, the state-space variables will be 
 

                                         
30 Note that 	�̈ depends on '�(�) and 	�̇, then both would be the state variables. 



Chapter 4. Modelling of the Building 
 

85 
 

 

⎩{⎨
{⎧%� = ('�(�)

	�̇ )  →  %̇� = ('̇�(�)
	�̈ )

�� = 	�
 (4.39) 

 

Expressing together (4.36) and (4.38) we have the state-space equations 
 

 

⎩{{
{⎨
{{{
⎧

%�̇ = 
⎝⎜
⎜⎜⎜⎛ − 1� − (�� − ��)

− 1�� − 1� (1 + �� − ��)⎠⎟
⎟⎟⎟⎞%� + ⎝⎜

⎛ 1�	,1�� 	,⎠⎟
⎞

�� = (1 −�)%�

 (4.40) 

 

Expressing (4.40) in a compact form 
 

 {%�̇ =  �%� + î�� =  ý′%�  (4.41) 

 

The last step is to apply the discretization and to incorporate a noise model 
(4.4) in order to consider the data recording incertitude and the model itself. This 
component of disturbance will be a white Gaussian noise if we assume that it has a 
rational spectral density [26]. The discrete model will be (see Appendix E)31: 
 

 {%Q+1 = D%Q + î + üQ�Q = ý′%Q + þQ  (4.42) 

 

where 

D ≈  � + � =
⎝⎜
⎜⎜⎜⎛1 − 1� −(�� − ��)

− 1�� 1 − 1� (1 + �� − ��)⎠⎟
⎟⎟⎟⎞ (4.43) 

 
 

4.4.3 Stability Conditions 
 

If a Linear Time-Invariant system (LTI system) is stable, it will come back to its 
equilibrium condition after input perturbations. Two methods are used: Routh-
Hurwitz stability criterion, and the stability of the � matrix. 
 

Routh-Hurwitz Criterion 

It analyses the stability without having to resolve the system, giving us relevant 
constraints related to the transfer function in closed loop, called � (ù)((ù).  

                                         
31 From here D is called � to take the same notation. 
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In Figure 4.7 we have the equivalent block diagram with transfer functions: 

 

 
 

Figure 4.7: Block diagram of the prediction model of the internal temperature 
consumption with Laplace transfer functions 

 

Using the formalism based on Laplace transforms, the closed loop transfer 
function � (ù)((ù) has the following expression [23] 
 

 � (¡)�(¡) = � (¡)	(¡)1 + �(¡)	(¡)           
       =  ��¡ + �G�¡2 + (�� + 1)¡ + �G 

(4.44) 

 

A system will be stable when all roots of the characteristic equation (the 
denominator of (4.44)) have a negative real part. This is so because, when we 
computed its Laplace transformation, the roots ö’s are complex numbers 
 

 ö = E + uF →  �G� = �H�(Só¡F + u¡J�F) (4.45) 
 

As we see in (4.45), the argument F does not affect to the stability system, because 
sine and cosine functions are always bounded; but actually E affects the stability. 
A general characteristic equation of 2nd order would be expressed as (4.46-1), which 
has been equalled to zero in order to find its roots. All the roots will have negative 
real part if its coefficients satisfy n8 > 0. 
 

 M(¡) = n2¡2 + n1¡ + n0 = 0 
M(¡) = �¡2 + (�� + 1)¡ + �G = 0 (4.46) 

 

If we identify the coefficients in (4.46-2) and apply the rule just explained we have 
the stability conditions that the parameters have to accomplish 
 

 

⎩{{⎨
{{⎧ n2 =  � > 0n1 = �� + 1 > 0 → �� > −1

n0 = �G = 1� > 0  (4.47) 
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Eigenvalues of � 

Let � be an eigenvalue and ¸ an eigenvector. The characteristic polynomial of � is 
defined in (4.48-2), and the resulted eigenvalues of � (�1 and �2) are in (4.49). 
 

 �ü = �ü → (� − ��)ü = 0 
 det(� − ��) = 0 

��9
⎝⎜
⎜⎜⎜⎛1 − 1� − � −(�� − ��)

− 1�� 1 − 1� (1 + �� − ��) − �⎠⎟
⎟⎟⎟⎞ = 0 

 

(4.48) 

 

⎩{{
⎨{
{⎧�1 = �� − � + √�(� − �)��

�2 = �� − � − √�(� − �)��
 (4.49) 

 

To make the matrix stable we could consider three stability regions, which are 
plotted in Matlab in the next section to see which one is the most restrictive. 

o |�1| < 1 and |�2| < 1 
o det(�) = �1�2       →  |�1�2| < 1     
o trace(�) = �1 + �2 →  |�1 + �2| < 2 

 
 

4.5 Simulation of the Model: Parameter 

Estimations 
 

We are going to consider the HMM (section 4.1) in discrete time from 1 to �  to 
represent our model. Although in (4.70) we see that the state vector is not linear 
because of the î′ = (1 1I)+B. , we considered the model during the day, where 	, 
(set temperature) would be the constant. As we already know this value we do not 
need to estimate it, therefore we have not considered it the computation. 

Supposing üQ and ¾Q Gaussian noises , we can apply Kalman algorithms (section 
4.2). At this point, the HMM state-space equations are written in:32 

 
  {%�+1 = �%� + ü��� = ý′%� + þ�  (4.50) 

Where 

                                         
32 It has been used the notation of 9 instead of R in order to be more understanding. 
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%� = (J�(K)
+�̇ ) is the state vector of dimension [2'1] �� = 2  

�� is the observed vector of temperature of dimension [1'1] �¥ = 1 
ü� and þ� are defined in (4.4), � in (4.43) -with D notation- and ý′ in (4.41). 
We have to estimate the energy consumption '�(�) from the observed variable �� 
with the unknown parameters 	 (4.11). Looking �, which contains the parameters, 
we see that the model is globally identified, so the estimations are unique. 

Firstly we are going to compute the Kalman filtering, and then the Kalman 
smoothing plus EM algorithms to see which works better. 
 
 

4.5.1 Results of Kalman Filtering 
 

We are interested in the parameter estimation �, Þ (PI) and L  (RC), through 
the log-likelihood (4.14). We decided to fix �, because in practise we may know it. 
In the following Figures green parameter values are the true ones, while the blues 
are the estimations. The dark blue area in the likelihood plot is the unstable zone. 

 

Case 1:  

Here we have computed three cases with a different number of samples � . We 
know that in theory Kalman Filtering does not need lot of samples (not as the EM 
algorithm, where it is necessary), so we want to check it. The chosen values are: 

 

 

Parameters circuit {� = 1� = 6� = 3 →   
⎩{⎨
{⎧� = ( 0,6667 1−0,0556 1)

M = (1 −6)
 

Initial conditions of %Ø { Þ0 = 0]0 = 0,01� 
Noise levels {�� = 0,12���2 = 1  

 

Table 4.3: Initial values of the parameters in Kalman Filtering (case 1) 
 

Fixed � = 1, in Figure 4.8 we represent the different stability zones specified in 
(4.49), regarding the eigenvalues of �, where the first one is the most restrictive. 
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        |�1| < 1 and |�2| < 1  |�1�2| < 1         |�1 + �2| < 2 

   
 

Figure 4.8: Stability regions of � in function of � and � . Dark colour belongs to 
the non-stability zone, while light colour to the stability zone 

 

Case 1.1: × = Åãã samples 
 

Parameters Real Values Estimated Values Max. Log-likelihood 

L  6 5,9  

-75,1380 Þ 3 3,9 

� ( 0,6667 1−0,0556 1) ( 0,7436 0,5128−0,0435 0,9174) 
 

Table 4.4: Values of the parameter estimations � and � with Kalman Filtering,  � = 100 (case 1.1) 
 
 

   
 

Figure 4.9: Log-Likelihood estimation with Kalman Filtering. � = 100, ���� = −75,1380 with � ̂ = 5,9 and �̂ = 3,9 
 



Chapter 4. Modelling of the Building 
 

90 
 

Case 1.2: × = Nãã samples 
 

Parameters Real Values Estimated Values Max. Log-likelihood 

L  6 5,9  

-373.1895 Þ 3 2,8 

� ( 0,6667 1−0,0556 1) ( 0,6429 1,1071−0,0605 1,0182) 
 

Table 4.5: Values of the parameters estimation � and � with Kalman Filtering. � = 500 (case 1.2) 
 

   
 

Figure 4.10: Log-Likelihood estimation with Kalman Filtering. � = 500, ���� = −373,1895 with � ̂ = 5,9 and �̂ = 2,8 
 

 

Case 1.3: × = Åããã samples 
 

Parameters Real Values Estimated Values Max. Log-likelihood 

L  6 5,7  

-670,4352 Þ 3 3,7 

� ( 0,6667 1−0,0556 1) ( 0,7297 0,5405−0,0474 0,9194) 
 

Table 4.6: Values of the parameters estimation � and �. � = 1000 (case 1.3) 
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Figure 4.11: Log-Likelihood estimation with Kalman Filtering. � = 1000, ���� = −670,4352 with � ̂ = 5,7 and �̂ = 3,7 
 

Now we are going to plot, with the same initial conditions, 10 different 
estimated parameter values in order to compute its dispersion. In Figure 4.12 we 
see it contained in an ellipsis. The 1st and 2nd component of '� ('�(�) and 	�̇ 
respectively) have been plotted, with � = 100 for a closer view of both inputs. We 
see that the second one is better estimated than the other. In fact '�(�) is the more 
interesting for us, but despite that, we will later change the initial parameter to see 
if the estimation improves. 
 

 
 

Figure 4.12: Log-Likelihood estimation with the parameter dispersion (left panel); 
first and second component of %� (right panel), � = 100 
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Case 2:   

We have made the following changes: 

o As we predicted, in Case 1 we saw that a very large number of samples 
does not increase the exactitude of the estimation, so we have fix � = 150. 

o A lower fixed value of � = 0,01 to see if the algorithm works properly.  
o A weak noise observation on the data ��2 , and also a very low noise level 

when we generated the random input data %�+1 = �%� + ü� where ü� = 0,001 · randn(2,1). Also we use ]0 = 0,1�. 
This means that, if the algorithm works fine, we are able to estimate the input 
without taking into account the observed data: there is a compromise between 
“what you know” (model information) and “what you have” (observations). Here 
we trust more in what we know rather than what we have. 

In Table 4.7 we see the new initial values of the parameters: 

,  
  

Parameters 
circuit 

{� = 0,01� = 5� = 6 →   
⎩{⎨
{⎧� = ( 0,8883 0,8233−0,0333 0,9647)

M = (1 −5)
 

Initial 
conditions of %Ø 

{ Þ0 = 0]0 = 0,1� 
Noise levels33 {�� = 0,12���2 = 0,12  

 

Table 4.7: Initial values of the parameters with Kalman Filtering (case 2) 

 

Figure 4.13 shows the log-likelihood with the parameter estimations, and also both 
components of %�, which are quite better estimated than in the Case 1. Looking 
them well, in the first samples the estimation is not good, but this is normal in 
these algorithms.  

The parameter dispersion (Figure 4.14) has 30 estimated values, each one with � = 150. We see that the � value is better estimated than the � value. 
 

 

                                         
33 ��2 = wn2 where wn = 10−20/20 
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Figure 4.13: Values of the parameters estimation, � = 150, with � ̂ = 4,789 and 
�̂ = 9,421 (left panel); first and second component of %� (right panel) (case 2.1) 

 

 

 
 

Figure 4.14: Estimated Values of the Parameter Dispersion with Kalman Filtering, � = 500. The green point is the real parameter value (case 2.1) 
 

 

4.5.1.2 Results of EM Algorithm 
 

Regarding the EM algorithm, we have to keep in mind that we are also using the 
Kalman Smoother explained in the previous section, and that it needs a large 

number of samples, then we have used � = 500. 



Chapter 4. Modelling of the Building 
 

94 
 

We have directly estimated the � matrix instead of the two parameters separately. 
The same initial conditions as in the Case 1.2 are also used, in order to compare 
the results as accurately as possible, and also a number of iterations to get 
convergence equal to 40. We have to repeat it because a single iteration is unlikely 
to find the optimiser 	(̂Q+1). 
We have also made a calibration to the estimation: we have computed the �̂ 
matrix 5 times, and then we have kept the one with maximum likelihood. In 
Table 4.8 we can see the different estimations of �, and in bold the one with 
maximum log-likelihood. Note that in theory the likelihood has to increase, but 
we see that this is not the case; this has been checked but without results, so it 
should be investigated deeply in a future. 

 

Parameters Value Estimated Log-Likelihood 

� ( 0,6667 1−0,0556 1)  

�̂(1)  ( 0,6504 0,9756−0,0542 0,9756) -810,4550 

�̂(2) ( 0,6026 0,9039−0,0502 0,9039) -816,8491 

�̂(3) ( 0,6062 0,9093−0,0505 0,9093) -822,7640 

�̂(4) ( ã,OPNP ã,QORÅ−ã, ãNSR ã,QORÅ) -808,9345 

�̂(5) ( 0,6155 0,9233−0,0513 0,9233) -809,4712 

 

Table 4.8: Values of the parameters estimation � and � using Expectation 
Maximization, � = 500 

 

Now we can deduce from the chosen �̂ the values of � and �. We see in (4.51) that 
we have better results with Kalman Filtering than with Kalman Smoothing plus 
EM algorithm. This may be because we have estimated the entire � matrix. 
 

 

��
�
��0,6454 = 1 − 1��   →   �� =  2,8201

−0,0538 = − 1��  →   �� = 6,5910
�M = 1.3961

 (4.51) 
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Chapter 5 

Conclusion and Futures 

Lines of Research 
 

 
We have analysed with FDA the database related to the energy consumption in 
the building, seeing that the data has a lot of dispersion, a fact that affects the 
application of some techniques as cross-correlation of data registration. We have 
determined the general behaviour of the building, as well as the variability of each 
type of energy consumption with PCA. We hope that these data analyses are 
helpful in future modelling work of the entire building. 

We have designed a prediction model focused on the internal temperature. We 
have seen that we are able to predict the parameters of the model, and also the 
inputs of the system. We can also estimate the solar contribution in a specific 
moment of the day when nothing is working, for example during the weekend. 

The next step of the project would be to model the energy prediction of the entire 
building - or an entire floor - taking into account all the data. Some things to 
consider are the need for an abundance of input to detect anomalous behaviour. It 
is also necessary a set temperature with wider variations and the saturation of the 
equipment related to the air conditioning and the heating. Even the effect of the 
sunlight on the walls must be taken into account although it is a variable which 
could be a dynamic hidden variable because it would be not observed, or 
considered constant during the day and null during the night. 
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Appendixes 

 

A. Fitting Strictly Monotone Functions 

This appendix will be useful in the section 2.4.2 of Chapter 2, which explains how 
to estimate the monotone time warping function	ℎ	9� in continuous registration ([3] 
and [5]). It is used '(9)  notation instead of ℎ(9). 
A positive smoothing function %(¨) can be expressed as (A.1) [5], where ¾(9) = log('(9)), represented as a linear combination of B-Spline basis 
 

 '(9) = �¼(�) 
where ¾(9) = ∑SQTQ(9)P

Q=0
 

(A.1) 

 

'(9) has the following property with its solution. 
 

 

⎩{⎨
{⎧ �'(9) = '(9)þ(9)

'(9) = 	�'M (∫ þ(º)�º�
�0

) (A.2) 

 

To express %(¨) as a differential equation, we have to take the following steps: 
1. To express '(9)	in an explicit form and integrate both sides34 

 

 �'(9) = �¼(�) 
→  '(9) = ∫ �¼(½)�º + 	�

�0
 

(A.3) 

 

2. Using (A.2) we can rewrite the equation for the second derivative 
 

 �2'(9) = þ(9)�'(9) 
→ þ(9) = �2'(9)�'(9)  (A.4) 

 

where þ(9)	is the weight function or relative curvature of '(9). A flat warping 
function implies that �' V 0; that is why a penalized factor  has been applied to 
                                         
34 	 will be estimated from the data. 



 

99 
 

(A.4-2), to ensure its monotonicity. If we only penalized �' we will ensure 
smoothness but not monotonicity, whereas penalizing �2' we get both [27]. 
The solution of (A.4) is the same in (A.3-2) but written in another way 
 

 '(9) = 	0 + 	1 ∫ �'M (∫ þ(¸)�¸�
�0

)�º�
�0

 (A.5) 

 

Studying the behaviour of þ(9) in (A.4-2), taking 90 = 0 
 

 { if þ(9) = 0 → '(9) = 	0 + 	19if þ(9) ≠ 0 and constant →  '(9) = 	0 + 	1��� (A.6) 

 

 

B. Adapting Multivariate Analysis to 

FDA  

 

The differences between multivariate analysis and functional analysis in terms of 
covariance will be useful in Chapter 2 section 2.4.3. Chapter 8 of [5] is used. 

PCA has the objective to compute pairs of eigenvalues/eigenvectors through the 
variance-covariance function. On one hand, working first in multivariate data, 
we consider that the mean variable is null: 

 

 1� ∑'Gl
D

G=1
= 0 (B.1) 

 
Let the matrix ¯D�� contain the values 'Gl and the vector Ç� the weights of the 
PC scores. Using the X�� criterion we can find the 1st PC weight vector (B.2), 
which is resolved by finding the largest eigenvalue � (see [5] Appendix 4) 
 

 mn'Ó′Ó=1  Ç′ÉÇ 
→ ÉÇ = �Ç 

where É��� = 1� ¯′¯ 
(B.2) 

 

where we will find the pairs of eigenvalues �l/eigenfunctions Ñl, being all Ñl’s 
orthogonal. We could find in É  at most min (M, � − 1) eigenvalues �l ≠ 0. 
On the other hand, working with functional data, first we also consider 
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 1� ∑'G(9)D
G=1

= 0 (B.3) 

 

Each PC weight functions Ñl(¡) satisfies 
 

 ∫Só¸�(¡, 9)Ñl(9)  �9 = �lÑl(¡)  (B.4) 

 

where  cov�(¡, 9) is defined in (2.48) in Chapter 2 section 2.4.1. 
 

 

C. Use of the FDA Package in Matlab 

 

We have explained the functions of the FDA package in Matlab, used in Chapter 
3. It has been consulting [11] and the explanations in the FDA package. 

  

C.1. Create Basis Functions 

 

Objects in Matlab are structs with a class attribute, which have a data collection 
referred to the fields of the struct.  

The two functions in (C.1) and (C.3) (used in Chapter 3 sections 3.2.1 and 3.2.2 
respectively), return a basisfd object, which defines basis systems with the 
characteristics of a fd object (the type and dimension of the basis function, etc.). 
 

 basisfd = create_fourier_basis(rangeval, nbasis, period) (C.1) 
 

Arguments: 

- rangeval: array with the initial and final values that defines the interval 
over the FD object is evaluated. 

- nbasis:  number of basis functions 
- period: the period of the slowest variation of sines and cosines. 

Returns: a Fourier basisfd with the characteristics specified in the arguments. 
The timescale referred in the rangeval is the rang of hours of a day. In order to use 
them in the rangeval in Matlab, we have to convert this datestruct (HH:MM) into 
a datenum as follows (case of 1 sample per hour) 
 

 DaytimeH = (0: 00, 1: 00, … ,23: 00) 
�n9��ºm(0: 00, 1: 00,… ,23: 00) = [0, 0.0417, … , 1) (C.2) 
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Regarding to the period, in the code literally should be �  =  1. Despite that, as 
the functions are not totally periodic we have decided to choose the double of the 
period, so  � = 48ℎ (see Chapter 3 section 3.2.1). 
 

 basisfd = create_bspline_basis(rang, nbasis, norder, params) (C.3) 
 

Arguments: 

- rang: array with the initial and final values of argument t, which defines 
the interval over the FD object is evaluated. 

- nbasis:  number of basis functions (nbasis=length(knots)+norder-2) 
- norder: order of B-Splines 
- params: knots or breakpoints used in the B-Splines. 

Returns: a B-Spline basisfd. The rangeval is the same used in the Fourier basis, �ó���� = 4 (for a cubic B-Spline) and � = 10. If we don’t specify the number of 
interior knots, they will be equally spaced knots. In (C.4) we see how knots are 
organised. Each values are equally spaced by 0,9583/6 = 0,1597, so the interval 
will be divided into subintervals as (C.4-3) 

 

 �n9��ºm(�n�9Jm�\(24)) =  0,9583 
then:  knots = (0,… , 0.9583)′10x1 [0, 0.1597), [0,1198, 0,1597 · 2),… , [… , 0.9583) 

(C.4) 

 

Taking the function in (C.3), the command in Matlab would be: 
 

 splinebasis = create_bspline_basis([0,1], 10, 4) (C.5) 

 

 

C.2. Smoothing by Roughness Penalties 

 

 smoothdf = smooth_basis(argvals, y, fdPar) (C.6) 

 

It is used in Chapter 3 section 3.2. Arguments: 

- argvals:  set of argument values (for example DaytimeH) 
- y: matrix whose rows correspond to argvals and columns to replications. It 

refers to the data organized in Chapter 2. 
- fdPar: functional parameter object, with the specifications for the FD 

object to estimate. 
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Returns: DF object with the estimated coefficients and the degrees of the freedom 
measure and the GCV with the error sum of squares for each function. 

In our analysis, fdPar object is related to the smoothing with roughness penalties, 
in the sense that this object will contain the parameters to make the GCV 
computation in order to find the parameter � (see Chapter 2 section 2.3.2). 
 

 parfd = fdPar(basisfd,Ldfobj,lambda) (C.7) 

 
It is used in Chapter 3 section 3.2 in the computation of the GCV criterion. 

Arguments: 

- basisfd: basis object which will be a B-Spline basis functions. 
- Lfdobj: a differential operator for the roughness penalties of the object. 
- lambda: penalty parameter 
 which controls the smoothness. 

Returns: fdPar object with the characteristics already defined. 

The lambda value and the smooth data with roughness penalties have computed as: 
 

 

// initialitization of gcvsave and dfsave vectors 

loglambda = -12:0.25:3;  
for  i=1:length(loglambda)  
  lambi = 10^loglambda(i); % linear value of lambda 
  fdP = fdPar(splineb, 2, lambi); % FDPar, penalized 2th deriv.  
  [fdi, dfi, gcvi] = smooth_basis(DaytimeH,y,fdP);                                                                        
  % gvci: vector containing the SEE for each functi on 
  % dfi: degreases of freedom measure 
  gcvsave(i) = sum(gcvi); % SSE 
  dfsave(i) = dfi;  
end 
figure;plot(loglam,gcvsave);  % plot GCV to see lambda opt. 
 
 
 
lambda = 1e-4;       
Lfdobj = int2Lfd(2);  
% penalize 2nd derivative; use of spline basis in ( C.5) 
fdP = fdPar(splinebasis, Lfdobj, lambda);  
smoothdata_fd = smooth_basis(DaytimeH, y,fdP); 

 

 

 

C.3. Evaluating and Plotting functions 

 

 biv = eval_bifd(bifd, sevalarg, tevalarg) (C.8) 



 

103 
 

It evaluates a bivariate FD object (bifd), which sets up functions of two variables (¡, 9) called bivariate functional observations. It is used in Chapter 2 section 3.3.1. 
Arguments: 

- bifd: bivariate FD object of bifd class 
- sevalarg: array of argument values for the first argument s which defines 

the interval over the FD object is evaluated 
- tevalarg: array of argument values for the second argument t which defines 

the interval over the FD object is evaluated 

Returns: array of 2 or 3 dimensions with the functions values. The 1st dimension 
corresponds to the replications, the 2ns to the sevalarg and the 3rd to the tevalarg. 
 

 plot_fd(yfd) (C.9) 
 

It plots the FD object passed as an argument. It is used, for example, in Chapter 3 
section 3.2 to plot the different smoothed FD. 

 

 plot_pca_fd(pcafd) (C.10) 
 

It plots the harmonics of the PCA of the FD, used in Chapter 3 section 3.3.3. 

 

C.4. Elementary Statistical Functions 

 

 vect = mean_fd(yfd) (C.11) 
 

It computes the mean function of a FD object, returned as a vector. 

 

 array = var_fd(xfdx, yfd) (C.12) 
 

It computes the variance/covariance functions of a FD object. With (C.11), (C.12) 
and (C.8) we are able to compute a cross-correlation (Chapter 3 section 3.3.1). 
The computation in Matlab of the cross-correlation between External Temperature 
and GS electricity is (section 3.3.1.2): 

 
 

% compute the standard deviation (std) of the Exter nal 
Temperature 
variExtT = var_fd(ExtT_fd); 

varExtT = eval_bifd(variExtT, DaytimeH, DaytimeH); 

stdExtT = sqrt(diag(varExtT)); 
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variGS = var_fd(GS_fd); % standard deviation (std) of GS 
varGS = eval_bifd(variGS, DaytimeH, DaytimeH); 

stdGS = sqrt(diag(varGS));  

covbifd = var_fd(ExtT_fd, GS_fd); % covariance of both 

% compute and plot the cross-correlation of both: 

cov_ExtT_GS = eval_bifd (covbifd,DaytimeH,DaytimeH) ; 

corr_ ExtT_GS = cov__ExtT_GS ./ (stdExtT*stdGS'); 

surf(DaytimeH, DaytimeH, ExtT_GS); 

 

 

 

C.5. Registration Functions 

 

 (reg_fd, warp_fd) = landmarkreg(yfd, ximarks, x0marks, 
WfdPar, monW) 

(C.13) 

 

It registers FD curves using Landmark Registration (Chapter 3 section 3.3.2.1). 

Arguments: 

- yfd: smoothed FD object for the curves to be registered 
- ximarks: matrix with curves in its rows, and landmarks timings in columns. 

x0marks: array with the landmarks timings for the reference curve, used as 
interior knots. 1 timing → scalar; 2 timing → vector of dimension [1'2]. 

- WfdPar: fdPar object for the warping function with a B-Spline basis. 
- monW: if 1, warping functions are estimated by monotone smoothing. 

Returns: 

- reg_fd: FD object for the registered functions 
- warp_fd: FD object for the warping functions 

 

Firstly we have created an algorithm to determine manually the landmark features 
of each curve of the FD (37 working days curves for each one).  

See Table C.1 as an example of 2 landmark features: a matrix [37x2], 37 working 
days curves and 2 interior landmarks for each curve. Each column contains the 
different values of its knot. In Figure 3.25 of section 3.3.2.1 we can see an example 
of the landmarks computed for the External Temperature.  

The mean landmark features vector has been kept to use it as interior knots 
 

 breaks = [0,m�n�1¡9�n��mn�R, m�n�2���n��mn�R, 1] 
'0mn�R¡ = [ m�n�1¡9�n��mn�R, m�n�2���n��mn�R] (C.14) 
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(C.14-1) starts at 0 and finishes at 1 because of the DaytimeH in datastruct type. 
Finally we use (C.14-1) as interior knots when we set up the B-Spline basis. The 
knots are rounded to the nearest unit taking into account the sampling. The 
Matlab commands to compute it are: 

 
 
% fdPar object for the warping function (with Spline Basis)  
basis = create_bspline_basis([0,1], 10, [], breaks) ;  
WfdPar = fdPar(basis1,int2Lfd(2),0);  
[reg_GFfd, warp_GFfd] = landmarkreg(ExtT_fd, ximark s, x0marks, 
lipmarks_GF, mean_lipmarks_GF, WfdPar, 1); 

 

 
 

Nº of Curve 
(each Day) 

 

Datenum → 
Datestruct 

(1st landmark) 

Datenum → 
Datestruct 

(2nd landmark) 

1 0,1250→ 3:00h 0,6250→ 3:00h 
2 0,2083→ 5:00h 0,5833→ 2:00h 
3 0,2500→ 6:00h 0,6250→ 3:00h 
… … … 

37 0,1666→ 4:00h 0,5833→ 2:00h 

 
Mean 1st 
landmark: 

Mean 2nd 
landmark: 

 0,2252→ 5:24h 0,6159→ 2:47h 
 

Table C.1: ximarks: matrix with dimensions [37'2] with all values of landmark 
features in External Temperature and its mean vector. 

 

 (reg_fd, warp_fd) = register_fd(y0fd, yfd, Wfd0) (C.15) 

 

It registers the curves in yfd respect to the target function yfd0. It improves the 
curves registered with Landmark (Chapter 3 section 3.3.2.2).  

Arguments: 

- y0fd: FD object for the target function (mean of yfd) 
- yfd:  FD object for the functions to be registered 
- Wfd0: initial estimate of the FD object of the warping functions 

Returns: 
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- reg_fd: FD object for the registered functions 
- warp_fd: FD object for the warping functions 

Wfd0 is created to supply starting values for the coefficients. These initial 
conditions are used in the iterative computation of ℎ(9).  
The code to compute the warping function of the External Temperature (used it in 
the other FD’s) is the following: 

 

 

% supply starting values for the warping function 

emptym2 = zeros(10,37); % 10 nbases x 37 curves of working days 

Wfd0CR = fd(emptym2,splinebasis); %splinebasis defi ned in (C.5) 

% create a FD Parameter with Wfd0CR for function W( t) 

WfdParCR = fdPar(Wfd0CR, 1, 1);  

% register External Temperature FD and computing wa rping function 

[reg_ExtT_fd, warp_ExtT_fd] =register_f d(mean(ExtT_fd), ExtT_fd, 
WfdParCR); 

 

 

 

 reg_fd = register_newfd(yfd, Wfd, type) (C.16) 

 

In our analysis we use it in order to impose the warping function of the External 
Temperature to all the other FD.  

 

C.6. PCA Functions 

 

 (pca_fd, eigval) = pca_fd(yfd, nharm) (C.17) 

 

It computes the harmonics and eigenvalues for a FD, used in section 3.3.3. 

Arguments: 

- yfd: FD object to whom compute the PCA 
- harm: number of harmonics (PC desired) 

Returns:  

- pca_fd: FD object for the harmonics or eigenfunctions. 
- eigval: set of eigenvalues 
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D. PhP Code 

 

OZE Energies ask us to represent some FDA on its website, in order to have 
another more visual way to represent the data behaviour. This Appendix will be 
useful to know details of how it has been implemented the PhP computation of the 
smooth FD in the website. PhP programming and MySQL database have been 
used because it is the best way to work with the website developers. 

The main objective is to smooth FD with Bézier smoothing. Although in 
the Matlab analysis the best method to smooth was through B-Spline’s, using PhP 
we saw that Bézier smoothing method in PhP works better than B-Splines (it 
depends on which way the codes of these techniques functions have been set up). 
 

D.1 Bezier vs B-Spline Curves 
 

B-Splines functions could be considered Bézier functions pieced together. In Table 
D.1 a comparison between both mathematical forms are shown, given the following 
control points to smooth {�0, �1, … ,�P2}, (�2 + 1) in totally. 
Note that the Bézier function is only for a one curve of degree �2, while the B-
Spline function has a set of curves pieced together35 [28] 
 

 

Bézier Curves B-Spline Curves 

�(9) = ∑�Q
P2

Q=0
OQ,P2(t) 

where 

OQ,P2(9) =   (1 − 9)OQ,P2−1(9) +  OQ+1,P2−1(t) 
and 

OQ,0(9) = {1       if   R = 00    otherwise  
0 ≤ 9 ≤ 1 

 

�(9) = ∑�Q
P2

Q=0
OQ,P2+1(t) 

where 

OQ,P2(9) = 9 − �Q�Q+P2−�Q OQ,P2−1(9) 
+ �Q+1+P2 − 9�Q+P2+1 − �Q+1 OQ+1,P2−1(9) 

and 

OQ,0(9) = { 1       if   �Q  ≤ 9 < �Q+10                     otherwise 
{�0, �1, … , �2P2+1} are the set of knots 

�2  ≤ 9 < �P2+1 
 

Table D.1: Comparison between the mathematical form of Bézier and B-Spline 
curves 

                                         
35 The same notation as in Chapter 2 has been used 
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Some characteristics of Bézier functions are the following (see [29] and [30]): 

o They are made with polynomial curves evaluated by Bernstein polynomials. 
o They guarantee the convex hull propriety (as B-Splines), i.e. the curves will 

not shoot out far from the space region which contains the control points. 
o They interpolate the control point at the beginning and at the end. 
o They require less time computation compared with B-Spline functions. 

Bézier functions have some drawbacks to deal with:  

o Dependence between the degree and the number of control points. 
o No local control: all the control points affect the function, independently of 

its degree. 

B-Spline curves improve the following: if a control point is modified, the curve is 
affected only near this control point so there is local control; There is no 
relationship between the number of control points and the de polynomial degree, so 
we could use a low degree with the same number of control points. 
 

 

D.2 PhP Code Computation for OZE Energies 

Website 

 
To be able to run the main code, the following is needed: 

o JpGraph library: a toolbox needed to make the plots, at which we have 
made some changes in order to fit the data. 

o hoursRange.php: this code makes an array with the form HH:MM used in 
X-axis plot (see the main code for more details). 

How to deal with the data: 

1. Import the Excel files with the data in a database of MySQL. Each type of 
data has to be organized in one column for all the days. 

2. Extract the data from MySQL database to use them in the PhP code. 
o We use mysql_fetch_row PhP function, which extracts one by one 

each number of the excel column. 
o We keep these numbers in an ydata array. When it is equal to 144 (1 

day = 144 samples) we make the plot with it (because we want to plot 
1 day each time). Then we used it again with the next day to plot.  
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Example of the main code: 

 

 

<?php 

// includes 

//ACCESS TO DATA BY MYSQL 

$conexion = mysql_connect("localhost", $dbuser, $db password ); 

mysql_select_db($database, $conexion); 

$file = "SELECT * FROM Internal_Temp_144samples";   

$result = mysql_query($file, $conexion);  

// Set up the Graph and its characteristics. 

// Set up xdata array (with hoursRange.php) and ydata array 

$xdata = hoursRange(0, 85800, 600); // make hours array: [0s-
85800s = 0h-23:50h, samples each 600s = 10min] used  in X-axis  

$ydata = array();  

// Extract Data From MySQL 

while ($num = mysql_fetch_row($result)){ // return a number  

      $num = array_map("floatval", $num);  // apply float in $num 

$ydata[] = $num;  // put each $num in $ydata array  

     // $ydata contain data of each different  day.  
     In this case 1day = 144 samples (1 sample each  10min)  

      if (count($ydata)==144){     

          $ydata = array_column($ydata, 0);  

          $bezier = new Bezier($xdata, $ydata); 

          list($newx,$newy) = $bezier->Get(40); // 40: number of 

          points to smooth  

/ $newx and $newy are the new smoothed points 

          $lineplot = new LinePlot($newy, $newx); 

          $g->Add($lineplot);    

          $ydata = array(); // reinicialise it in order to use 

            it in the following day  

} 

  } 

$g->Stroke();  // send graphic to website  

mysql_free_result($result); 

?> 
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D.3 Data Representation 
 

The Excel files with the data in MySQL have been imported in order access 
through the PhP code. In this case we do not treat data as a set of curves as we 
did in Matlab with its toolbox; here we have smoothed each day through Bézier 
curves, and then we have plotted it all together on the same plot.  

In the Figure 4.1 some of the smooth data are shown; we see that their shapes are 
very similar to the plots implemented with B-Spline’s in Matlab (Chapter 3 section 
3.3.2). For all of them we have chosen 40 control points. 

 
 

    

 
 

Figure D.1: Bézier Smoothing: External Temperature (upper left panel), Internal 
Temperature (upper right panel) and General Service Electricity (lower panel) - 30 

control points 
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E. Discretization of the Space State 
Equations 
 

A state space representation in closed loop permits us to find the relationship 

between inputs ^(9) and outputs �(9). In (E.1) we can see that its relation has 
been represented in a matrix form with linear differential equations.  
 

 {%̇(9) = �%(9) +M^(9)�(9) = ]%(9) +_^(9)  (E.1) 

 

where its variables are described in Table E.1, considering � the number of state 
variables, and   and	� the number of inputs and outputs respectively. 
 
 

Variable Dimension Description 

%(9) [� x 1] state vector, which contains the state 
variables of the system 

^(9) [� x 1] input vector,  which contains the r inputs 
of the system 

�(9) [m x 1] output vector, which contains the 
observations 

� [� x �] state matrix, whose eigenvalues determine 
its stability and dynamic behaviour 

M [� ' �] input matrix that stablishes the 
relationship between inputs and outputs. 

] [m ' �] output matrix that stablishes the 
relationship between outputs and outputs 

_ [m ' �] input-output matrix 

 

Table E.1: Description of the variables of the state-space equations 

 

After computing the equations in continuous time, we apply discretization [31]: 

1st step: Isolate �	��	variable 
If we multiply (E.1-2) in both sides by  �−`� the equation above 
 

 %̇(9) − �%(9) = M^(9) 
�−a�(%̇(9) − �%(9)) = �−a�M^(9) (E.2) 
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Considering the following derivative and applying it in (E.2) 
 

 ��9 [�−a�%(9)] =  −��−a� + �−a�%̇(9)            
					= �−�9	%� 	9�− ��     
		 = �−�9M^(9)          

(E.3) 

 

Now we integrate (E.3) in both sides, and finally we are able to isolate	%(9) 
 �−a�%(9) = %(0) + ∫ �−aIM^(�)���

0
																												 

%(9) = �a� (%(0) + ∫ �−aIM^(�)���
0

)     (E.4) 

 

2nd step: Discretize the state space equations 

In order to discretize (E.4) we are going to analysed it in 9 = R�  and 9 = (R + 1)�  
 

 

⎩{{
⎨{
{⎧ %(R� ) = �aQ¿ (%(0) + ∫ �−aIM^(�)��Q¿

0
)

%((R + 1)�) = �a(Q+1)¿ (%(0) + ∫ �−aIM^(�)��(Q+1)¿
0

)
  (E.5) 

 

Now we multiply (E.5-1) by �a¿  in we substitute (E.5-2) in the new equation 
 

 �a¿ %(R� ) = �a¿ �aQ¿ (%(0) + ∫ �−aIM^(�)��Q¿
0

) 
→  	%((R + 1)�) = �a¿ (%(R� ) + ∫ �−a(I−Q¿)M^(�)��(Q+1)¿

Q¿
) 

(E.6) 

 
In discrete time the input remains constant during the sampling interval [0, � ] 
 

 ^(9) =  ^(R� )    9ó     R� ≤ 9 < (R + 1)�  (E.7) 

 
Using that and the variable change 9 = � − R�  in order to get an easier integral 
 

 %((R + 1)�) = �a¿ %(R� ) + (∫ �−a(�−¿)�9¿
0

)M^(R� ) (E.8) 

 

Then we can rewrite the equations as the following 
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 %(R + 1) = D%(R) + �^(R) (E.9) 
 

where the equivalent observed matrixes are 

 

 

⎩{{
{⎨
{{{
⎧ D = �a¿

� = (∫ �−a(�−¿)�9¿
0

)M    = �−1(D− �)M     
 (E.10) 

 

Related to the observed equation in (E.1-2), if we also discretize it we have 
 

 �(R) = ]%(R) +_^(R) (E.11) 

 

3rd step: Matrix approximations 

Using the Taylor series for �� we can approximate �(�) as follows 
 

 �� = ∑'8�!
∞
8=0

= 1 + '1!+ '2
2! + '3

3! + ⋯        
�a¿ = � + �� + �� 2

2! + �� 3
3! + ⋯              

(E.12) 

 

Moreover, as �  will be a very little value (it is the sampling period) we can use 
Taylor series approximations, because � ≫ ¿ 22! ≫ ¿ 33! 	….. In one step (� = 1): 
 

 { D = �a¿ ≈  � + �� = � + �� = ��−1(D− �)M ≈ �M = M (E.13) 

 

Finally, the new equations are 
 

 {%̇(9) = �%(9) +M^(9)�(9) = ]%(9) +_^(9)  →  {%(R + 1) = (� + �)%(R) +M^(R)�(R) = ]%(R) +_^(R)   (E.14) 

 


