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Abstract 

In image segmentation, we are often interested in capturing certain characteristics of 

objects of interests, and perform the classification based on criteria such as mean 

intensity, gradient magnitude, and responses to certain predefined filter. Unfortunately, 

identifying the right set of features is often cumbersome or not feasible for complex 

structured objects. Therefore, representation learning became an increasingly popular 

topic of research. Dictionary learning is part of these class of approaches. It aims to 

reconstruct the object of interest by linearly combining a few entries of a learned 

dictionary by learning an over-complete dictionary enforcing sparsity on the model's 

coefficients. 

Although, dictionary learning itself is unsupervised, recently developed methods showed 

that it is possible to leverage supervised information during learning to facilitate learning 

discriminating dictionaries. 

Thus, it is possible to classify pixels belonging to one of several classes without the 

requirement of feature engineering. In a second step, the pixel-wise prediction can be 

further regularized using graphical models to obtain homogeneous regions. However, 

current approaches are only applicable to binary segmentation problems. The aim of this 

thesis is to use discriminative dictionary learning to segment an arbitrary number of 

objects.  
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Chapter 1: 

General and Historical 

Background 
 

Over the last decade the number of pictures taken each year has increased approximately 8 times 

and it keeps growing exponentially. The reason why image data have become so popular is due 

to the possibility of acquiring large amounts of information at a rapid pace. In fact, more and more 

areas of science use images as knowledge source such as medicine, physics or biology. However, 

sometimes large volumes of information can become overwhelming and make the user miss 

important details for the final result. 

For instance, Magnetic Resonance Imaging (MRI) is a technique based on the use of 

magnetic fields for extracting images of different parts of the body. It has become 

increasingly popular from the beginnings of XX century, i.e. in the Appendix 1 table, we 

can see that the number of MRI done in 2007 (673) was almost 4 times bigger than in 

2001(184), and its tendency is to keep growing given the usefulness of this technique. 

This means a substantial load of new data to process and a gain in the risk of omitting 

important facts for the final diagnostic. For example, in Figure 1 we can see a MRI image 

of the brain, which is very used in neuroscience and cancer detection. We can notice 

that there is a small white spot in the bottom-left part of the image, a tumor. For many 

studies, it would be interesting to isolate this part of the image so we can examine it 

better. 

 

 

 

 

 

 

 

Therefore, we call Image Segmentation to the process of subdividing a given image in 

different regions which share visual or semantic characteristics.  

Figure 1 Brain Tumor MRI 
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The first studies on Images Segmentation are dated during the 60’s when several groups 

focused on a set of techniques called Region Growing. The idea is to set some small 

regions using the previous knowledge that the user has from the data and let this regions 

expand until it classifies the whole region with same characteristics. The first contribution 

to transform a grayscale image into regions can be said to have been done by Minsky 

and Pappert in 1967 [1], who described regions as the union of different squares whose 

corners have nearly the same grayscale value, which although giving a good 

approximation of the edges from the different regions, it introduced a quantization error 

due to the assumption that they could be modelled as squares. Three years later, Brice 

and Fennema[2] tried to describe these regions following more natural lines than the 

ones described previously and the segmentation results obtained were more accurate. 

More approaches on Region Growing showed up during the 70’s, however the 

formalization of this technique did not appear until the end of the 80’s when Mumford 

and Shah [3] established an optimal criterion for segmenting an image into regions. The 

main limitation of this technique becomes when the image we are trying to segment has 

some particular texture, so the algorithm will not detect similar grayscale values in 

neighbor regions.  

 

 

Figure 2.Texture Segmentation Examples 

During the 90’s appeared a new strategy for segmenting images [4] by closing regions 

from the same class inside curves which described the contours. Therefore an initial 

curve should be defined (by the user) and also an evolution function which describes the 

behaviour of the curve until it converges on the different contours.  

 

 

 

 

Figure 3. Active Contours example 
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We can see the edges as those pixels which there is a maximum change, and 

consequently, the magnitude of the gradient computed on that region will be also 

maximum. Hence, we could describe the evolution of our curve by searching those 

regions where this condition is accomplished. However, due to the noise, the contours 

could seem irregular and subsequently, the curves that determine the regions could 

become irregular as well. Therefore, the evolution of the curves cannot just be defined 

by a gradient function so we would need to define another term that allows the curves 

not to look very steep at some points. One way, and the most popular one in this group 

of techniques, would be minimizing the length of the curve such that this particular 

irregular regions would be described as a smoother contour.  The main limitation to this 

kind of methodology is that it can fall in local minima; for example, if we have one region 

inside of another, we will not be able to segment them properly, for this reason these 

algorithms are usually combined with other segmentation algorithms. Further information 

about the procedure and some examples can be found at [4] or [5].   

Since the beginning of the XXI century, given the amount of information that the current 

images carry (e.g. Medical images) the interpretation of the effect parameters on the 

output became more complex and new ways of segmenting appeared. The idea is similar 

as in the Region Growing methods: we decide which neighbors belong to the same 

region by comparing some features. In the techniques previously introduced, this 

features were the grayscale value of the pixel. On the other hand, what these new 

algorithms proposed was to use other information captured in the pixel. This new 

approach leads to a new object of study, i.e. which are the best parameters that make 

our segmentation most accurate. Many groups have made research on that direction 

and some features such as histograms of oriented gradients [6] or local binary patterns 

[7] have resulted to perform better depending on the problem to deal with. However due 

to the large number of features that are available nowadays, it has been also necessary 

to study how we decide which characteristics will make our segmentation better. Along 

the last years, many work has been focus on this direction and several techniques have 

appeared to decide automatically which will be the feature space used. In particular, we 

would like to talk about Dictionary Learning which proposes a solution to this feature 

optimization. 
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Chapter2 

Aim of this thesis 
 

The purpose of this thesis is to evaluate the performance of Dictionary Learning in a 

Multiple Classes Image Segmentation. To that effect, we will divide the process in four 

parts: 

During the first section we will discuss different theoretical aspects that are relevant for 

the understanding of our work. We will also present different algorithms and previous 

work done in the same direction. 

The workflow of your algorithm will be discussed in the Methods’ section. We will see 

that given the accuracy of Dictionary Learning a more complex scheme involving patch 

multiresolution and regularization using Undirected Graphical Models. 

Finally, we will see the final performance of our work by applying it to a real dataset. We 

will extract some conclusions and propose further work given the advantages and 

limitations of our algorithm. 
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Chapter 3 

Theoretical Background 
 

During this section we would like to introduce all the different tools needed for 

understanding the topic of this thesis: Sparse Coding, Dictionary Learning (Unsupervised 

and Supervised) and Regularization using Undirected Graphical Models. 

Sparse Coding 
 

Consider a noisy signal y and a dictionary D where we can find a base of clean signals. 

Therefore, if we could represent y as a linear combination of few elements of D, the 

resulting signal would be cleaner, given that we would not be able to reconstruct the 

noise using a little amount of the elements on D (as far as the noise is not on the base 

dictionary we would need many signals to reconstruct it). Hence, we can write the 

reconstructed signal as the product between D and an activation vector x, such that it 

has the minimum number of nonzero entries. Moreover, we could define a reconstruction 

error epsilon as the difference between the original signal and the coefficient between D 

and x [8]. This is: 

min||𝒙||
0
  𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ||𝒚 − 𝑫𝒙||

2
≤ 휀 

Equation 1 

Then, we will call Sparse Coding to the process of computing the activation vector,x , 

given a signal, y and a dictionary D, such that it accomplishes a sparsity and an error 

constraint. This technique has led to many applications during the last years such as, 

signal denoising, image impainting or image segmentation, which will be explained later. 

However, finding a suitable x has been proved to be a NP-Hard problem[9], so we would 

need to approximate the result using the Orthogonal Matching Pursuit Algorithm [10], or 

for being more specific, its faster implementation, Batch-OMP. 

Orthogonal Matching Pursuit  

Each iteration the algorithm computes the difference between the original signal y and 

he the product between the activation vector, x, and the Dictionary, D, what is called 

residual. The greedy OMP algorithm looks iteratively for the atom (𝒅𝑘) with the highest 

correlation to the current residual and the signal is projected to the span of the selected 
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atoms, the residual is computed and the process starts again. The process is summed 

up in Algorithm 1. 

 

Input: Dictionary 𝐃, signal 𝐲, target sparsity K or target error ϵ 

Output: Sparse representation 𝐱 such that 𝐲 ≈ 𝐃𝐱 

Init: Set I ≔ ( ), 𝐫 ≔ 𝐲, 𝐱 = 𝟎 

𝐰𝐡𝐢𝐥𝐞 (stopping criterion not met) 𝐝𝐨 

 k ≔ argmaxk|𝐝𝐤
𝐓𝐫| 

 I ≔ (I, k) 

 𝐱 ≔ (𝐃𝐈)
+𝐲 

 𝐫 ≔ 𝐲 − 𝐃𝐢𝐱 

𝐞𝐧𝐝 𝐰𝐡𝐢𝐥𝐞 

Algorithm 1 

The main limitation of this technique is that when we are computing the activation vector 

for a particular atom we have to make the pseudo-inverse of the Dictionary and make 

the product between it and the residual. This step has associated a high computational 

cost. Therefore, a Cholesky factorization is employed so the decomposition is updated 

incrementally instead of recomputed every time, in order to reduce the computation used 

for the matrix inversion. (Algorithm 2) 

Input: Dictionary 𝐃, signal 𝐲, target sparsity K or target error ϵ 

Output: Sparse representation 𝐱 such that 𝐲 ≈ 𝐃𝐱 

Init: Set I ≔ ( ), 𝐫 ≔ 𝐲, 𝐱 = 𝟎 ; 𝐋 = [𝟏] ; 𝛂 ≔ 𝐃𝐓𝐲; n = 1 

𝐰𝐡𝐢𝐥𝐞 (stopping criterion not met) 𝐝𝐨 

 k ≔ argmaxk|𝐝𝐤
𝐓𝐫| 

 𝐢𝐟 n > 1 𝐭𝐡𝐞𝐧 

   𝛚 ≔ Solve for 𝛚 { 𝐋𝛚 = 𝐃𝐈
𝐓𝐝𝐤 } 

   𝐋 ≔ [
𝑳 𝟎

𝝎𝑻 √1 −𝝎𝑻𝝎
] 

 𝐞𝐧𝐝 𝐢𝐟 

 I ≔ (I, k) 

 𝐱 ≔ Solve for 𝐜 { 𝐋𝐋𝐓𝐜 = 𝛂𝐈 } 

 𝐫 ≔ 𝐲 − 𝐃𝐢𝐱 

 n ≔ n + 1 

𝐞𝐧𝐝 𝐰𝐡𝐢𝐥𝐞 

Algorithm 2 
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However, given that in our application the amount of data is big (we are using image 

patches) some pre-computation may reduce the volume of work involved in coding.  We 

will start making some definitions of the symbols (Table 1) we are going to use and then 

we will explain the different steps of the final algorithm (Algorithm 3). 

𝑰: 𝑖𝑛𝑑𝑖𝑐𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 𝑎𝑡𝑜𝑚𝑒𝑠 (𝑠𝑜𝑟𝑡𝑒𝑑) 

𝒙: 𝐴𝑐𝑡𝑖𝑣𝑎𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝑢𝑠𝑒𝑑 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑝𝑎𝑟𝑠𝑒 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑦 

𝒓: 𝑅𝑒𝑠𝑖𝑑𝑢𝑎𝑙 𝑒𝑟𝑟𝑜𝑟 ≡ 𝒚 − 𝑫𝒙 

𝜶𝟎: 𝑫𝑻𝒚 

𝜶:𝑫𝑻𝒓 

𝑮:𝑫𝑻𝑫 

𝜷:𝑮𝒙 

𝑳: 𝐶ℎ𝑜𝑙𝑒𝑠𝑘𝑦 𝑓𝑎𝑐𝑡𝑜𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑮𝑰 

𝜹𝒏: 𝑤𝑒𝑖𝑔ℎ𝑡𝑒𝑑 𝑛𝑜𝑟𝑚 𝒙
𝑻𝑮𝒙 

𝜺𝒏: ||𝒓||𝟐
𝟐
 

Table 1 

The most important part of this pre-computation step is to realize that the atom selection 

step does not need knowing r or x at each iteration, but only 𝜶. Hence, we can replace 

the computation of r and its multiplication by 𝑫𝑻 with a lower-cost computation of 𝜶. So 

we can write it as: 

𝜶 = 𝑫𝑻(𝒙 − 𝑫𝑰(𝑫𝑰)
+𝒙) 

    = 𝜶𝟎 −𝑮𝑰(𝑫𝑰)
+𝒙 

    = 𝜶𝟎 −𝑮𝑰(𝑫𝑰
𝑻𝑫𝑰)

−𝟏
𝑫𝑰
𝑻𝒙 

    = 𝜶𝟎 −𝑮𝑰(𝑮𝑰,𝑰 )
−𝟏𝜶𝑰

𝟎 

Equation 2 

Therefore, given the pre-computed 𝜶𝟎 and G, we can compute 𝜶 each iteration without 

computing the residual error. Using this modified iteration step we only have to compute 

the multiplication by the matrix 𝑮𝑰 instead of applying the complete dictionary 𝑫𝑻  

However, we can see that the residual is never explicitly computed and therefore it would 

be hard to apply a error-based stopping criterion. Therefore, we should extend this 

method to the error-driven case by deriving an efficient incremental formula for the 𝑙2 

error.  

We denote 𝒓𝒏and 𝒙𝒏 the residual and he sparse approximation, respectively, at the end 

of the n-th iteration. We can now write: 
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𝒓𝒏 = 𝒚 − 𝑫𝒙𝒏 

      = 𝒚 − 𝑫𝒙𝒏−𝟏 +𝑫𝒙𝒏−𝟏 −𝑫𝒙𝒏 

      = 𝒓𝒏−𝟏 +𝑫(𝒙𝒏−𝟏 − 𝒙𝒏) 

Equation 3 

The orthogonalization process in OMP ensures that at each iteration, the residual is 

orthogonal to the current signal approximation. We thus have for all n, 

(𝒓𝒏)𝑻𝑫𝒙𝒏 = 𝟎 

Equation 4 

Using expression (1) and the property (2) we obtain the following expansion for the 

squared approximation error: 

||𝒓𝒏||
𝟐

𝟐
= (𝒓𝒏)𝑻𝒓𝒏 = (𝒓𝒏)𝑻(𝒓𝒏−𝟏 +𝑫(𝒙𝒏−𝟏 − 𝒙𝒏) 

= (𝒓𝒏)𝑻𝒓𝒏−𝟏 + (𝒓𝒏)𝑻𝑫𝒙𝒏−𝟏 

= (𝒓𝒏−𝟏 +𝑫(𝒙𝒏−𝟏 − 𝒙𝒏))
𝑻
𝒓𝒏−𝟏 + (𝒓𝒏)𝑻𝑫𝒙𝒏−𝟏 

= ||𝒓𝒏−𝟏||
𝟐

𝟐
− (𝒓𝒏−𝟏)

𝑻
𝑫𝒙𝒏 + (𝒓𝒏)𝑻𝑫𝒙𝒏−𝟏 

= ||𝒓𝒏−𝟏||
𝟐

𝟐
− (𝒚 − 𝑫𝒙𝒏−𝟏)

𝑻
𝑫𝒙𝒏 + (𝒚 − 𝑫𝒙𝒏)𝑻𝑫𝒙𝒏−𝟏 

= ||𝒓𝒏−𝟏||
𝟐

𝟐
− 𝒚𝑻𝑫𝒙𝒏 + 𝒚𝑻𝑫𝒙𝒏−𝟏 

= ||𝒓𝒏−𝟏||
𝟐

𝟐
− (𝒓𝒏 +𝑫𝒙𝒏)𝑻𝑫𝒙𝒏 + (𝒓𝒏−𝟏 +𝑫𝒙𝒏−𝟏)

𝑻
𝑫𝒙𝒏−𝟏 

= ||𝒓𝒏−𝟏||
𝟐

𝟐
− (𝒙𝒏)𝑻𝑫𝑻𝑫𝒙𝒏 + (𝒙𝒏−𝟏)

𝑻
𝑫𝑻𝑫𝒙𝒏−𝟏 

= ||𝒓𝒏−𝟏||
𝟐

𝟐
− (𝒙𝒏)𝑻𝑮𝒙𝒏 + (𝒙𝒏−𝟏)

𝑻
𝑮𝒙𝒏−𝟏 

𝜺𝒏 = 𝜺𝒏−𝟏 − 𝜹𝒏 + 𝜹𝒏−𝟏 

Equation 5 

 

 

Note that the computation of 𝜹𝒏 cost each iteration is really low, as the product 𝑮𝒙𝒏 =

𝑮𝑰𝒙𝑰
𝒏 is just the product 𝑮𝑰(𝑮𝑰,𝑰)

−𝟏
𝜶𝑰
𝟎 , which is computed in any event for the update of 

α . Therefore, the only added work in computing 𝜹𝒏  is the dot product between this vector 

and the sparse vector 𝒙𝒏, which requires a negligible amount of work. The final algorithm 

would look like: 
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𝐼𝑛𝑝𝑢𝑡: 𝜶𝟎  =  𝑫𝑻𝒚,    𝜖0 = 𝒚𝑻𝒚, 𝑮 =  𝑫𝑻𝑫, 𝑡𝑎𝑟𝑔𝑒𝑡 𝑒𝑟𝑟𝑜𝑟 𝜖 

Output: Sparse representation 𝐱 such that 𝐲 ≈ 𝐃𝐱 

Init: Set I ≔ ( ), 𝐫 ≔ 𝐲, 𝐱 = 𝟎 ; 𝐋 = [𝟏] ; 𝛂 ≔ 𝛂𝟎; n ≔ 1 ; δ0 ≔ 0 

𝒘𝒉𝒊𝒍𝒆 𝜖𝑛−1 > 𝜖 𝒅𝒐 

 k ≔ argmaxk|𝐝𝐤
𝐓𝐫| 

 𝐢𝐟 n > 1 𝐭𝐡𝐞𝐧 

   𝛚 ≔ Solve for 𝛚 { 𝐋𝛚 = 𝐆𝐈,𝐤 } 

   𝐋 ≔ [
𝑳 𝟎

𝝎𝑻 √1 − 𝝎𝑻𝝎
] 

 𝐞𝐧𝐝 𝐢𝐟 

 I ≔ (I, k) 

 𝐱𝐈 ≔ Solve for 𝐜 { 𝐋𝐋𝐓𝐜 = 𝛂𝐈
𝟎 } 

𝜷 = 𝑮𝑰𝒙𝑰 

𝜶 ≔ 𝜶𝟎 − 𝜷 

𝛿𝑛 = 𝒙𝑰
𝑻𝜷𝑰 

𝜖𝑛 = 𝜖𝑛−1 − 𝛿𝑛 + 𝛿𝑛−1 

𝑛 ≔ 𝑛 + 1 

𝒆𝒏𝒅 𝒘𝒉𝒊𝒍𝒆 

Algorithm 3 

Unsupervised Dictionary Learning 
 

Up to this point, we have assumed a given Dictionary but the choice of this D can change 

our final result. Hence, we could think that the problem can be optimized not just 

according x but also D. This is the origin of Dictionary Learning: building both an 

activation vector and a Dictionary such that we can reconstruct our given signal with 

minimal error. Therefore, if we define a set of signals to be reconstructed (such as 

different patches belonging to one image) the optimizing function will look like: 

 

min
𝑫,𝑿

{||𝒀 − 𝑫𝑿||
𝑭

𝟐
}   𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ∀ 𝑖, ||𝒙𝒊||𝟎 ≤ 𝑇0 

Equation 6 

Where Y is a set of training signals, D is the Dictionary and X is the activation matrix. 

There are different algorithms that try to solve the previous expression. However, given 

the purpose of our thesis we will just explain one of the most popular, K-SVD. 
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K-SVD 

K-SVD is an algorithm developed [11] in 2006. On their paper, Aharon et al. proposed a 

generalization of K-Means with a fuzzier implementation that gives a solution to the 

Dictionary building problem previously presented. We would like to explain K-SVD as 

done in the article: giving an example of K-Means for vector quantization and 

generalizing it to the fuzzy solution. 

K-Means 

Consider the following situation, we have a codebook matrix, D, in which each column is 

a codeword, and a set of N signals, y{1…N} that we would like to represent using the 

nearest neighbor inside D and we would have the whole set of N compressed in K 

clusters. 

Usually the codebook D is also built using K-means. The aim is to find the best possible 

codebook by solving: 

min
𝑫,𝑿

{||𝒀 − 𝑫𝑿||
𝑭

𝟐
}   𝑿 = [𝒙𝟏, 𝒙𝟐, … , 𝒙𝒏] 

Equation 7 

Where 𝒙𝒌 is a vector with just one element equal to one and the rest are zero, defining 

which codeword we are using at each time. See Algorithm 5 

1. Sparse Coding stage: Partition the training samples Y into K sets 

(𝑹𝟏
𝑱−𝟏
, 𝑹𝟐

𝑱−𝟏
, 𝑹𝟑

𝑱−𝟏
, … , 𝑹𝑲

𝑱−𝟏
), 

 each holding the sample indices most similar to the column 𝑐𝑘
𝐽−1

 

𝑹𝑘
𝐽−1 = {𝑖 |∀ 𝑙 ≠ 𝑘, ||𝒚𝒊 − 𝒅𝒌

𝑱−𝟏
||
𝟐
< ||𝒚𝒊 − 𝒅𝒍

𝑱−𝟏
||
𝟐
 

2. Codebook Update Stage: For each column 𝑘 𝑖𝑛 𝑫𝐽−1, update it by 

𝒅𝑘
𝐽
=

1

|𝑹𝒌|
∑ 𝒚𝒊

𝑖∈𝑹𝒌
𝐽−1

 

3. Set J=J+1 

Algorithm 4 

The algorithm repeat the following three steps until convergence.  
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We assume convergence has been reached once the computation of the MSE between 

the original signal and the obtained one doesn’t change according to some interval.  

Generalizing to K-SVD 

As we said before, we can see K-SVD as generalization of K-Means, in which we allow 

each training signal to be represented by a linear combination of codewords. The 

different steps are described in Algorithm 5: 

 Task: Find the best dictionary to represent the data samples {𝑦𝑖}𝑖−1
𝑁  as sparse 

compositions, by solving 

min
𝑫,𝑿

{||𝒀 − 𝑫𝑿||
𝑭

𝟐
}   𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ∀ 𝑖, ||𝒙𝒊||𝟎 ≤ 𝑇0 

Equation 8 

1. Sparse Coding Stage: Use any pursuit algorithm to compute the representation 

vectors 𝒙𝒊, for each example 𝒚𝒊, by approximating the solution of 

𝑖 = 1,2, … ,𝑁 min
𝑥𝑖
{||𝒚𝒊 −𝑫𝒙𝒊||𝟐

𝟐
}  𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ||𝒙𝒊||0 ≤ 𝑇𝑜 

 

2. Codebook Update Stage: For each column 𝑘 = 1,2,… , 𝐾 𝑖𝑛 𝑫𝐽−1, update it by 

i. Define the group of examples that use this atom, 

 𝜔𝑘 = {𝑖|1 ≤ 𝑖 ≤ 𝑁, 𝒙𝑇
𝑘(𝑖) ≠ 0}  

ii. Compute the overall representation error matrix 𝑬𝒌 by 

𝐸𝑘 = 𝑌 −∑𝒅𝒋𝒙𝑻
𝒋

𝑗≠𝑘

 

iii. Restrict 𝐸𝑘 by choosing only the columns corresponding to 𝜔𝑘 and obtain 

𝐸𝑘
𝑅 . 

iv. Apply SVD decomposition 𝑬𝒌
𝑹 = 𝑼∆𝑽𝑻. Choose the updated dictionary 

column 𝒅𝒌 to be the first column of U. Update the coefficient vector 𝒙𝑹
𝒌  to 

be the first column of V multiplied by ∆(𝟏, 𝟏) 

3. Set J=J+1 

Algorithm 5 
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Segmentation 
 

Dictionary Learning has already been used for Segmentation purposes [12]. In their 

article, Yi Gao et al. proposes using Dictionary Learning and regularizing the result 

applying Active Contours [4] [5] to it. We describe below the procedure they follow: 

We define an image I we would like to segment in 2 parts, foreground and background, 

and we take some patches from the both parts separately in order to build two different 

dictionaries D1 and D2 as we have seen before in the K-SVD method. 

  

Figure 4 

 

Therefore, we could reconstruct both signals using each of the dictionaries and define a 

reconstruction error for each pixel as 𝐸𝑖 =  𝑌 − 𝐷𝑖𝑋𝑖  𝑖 ∈ {1,2} and compute the difference 

between them:  

 

Figure 5 

 

Finally we could look threshold the image and in order to define to which region belongs 

each pixel 
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Figure 6 

However, we can see that the segmentation is not perfectly uniform and we have some 

misclassified pixels. Hence, we would need some regularization algorithms that helps to 

group the different regions.  

 

Regularization using Active Contours 

We define a curve C such that follows the edges of the image: 

 

Figure 7 

Now we would like this curve to stop when it detects a contour and as we said during the 

first section, this means when it detects one region of maximum gradient magnitude. 

Hence we would like to set a term inside the minimizing energy function, such that 

controls that this condition is satisfied. The name used in the literature for this element 

is “The external energy” (Notice that we are minimizing the energy function, so we should 

put a minus symbol) 

𝐽(𝐶)𝑒𝑥𝑡 = −𝛾∫ |∇𝑢𝑜(𝐶(𝑠))|
2
𝑑𝑠

1

0

 

Equation 9 
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Therefore, the curve will develop such that it minimizes J(c). However, if we were just 

using this term in order to define the evolution of the curve, the problem would remain 

since the isolated misclassified pixels would be detected as a region of maximum change 

and therefore the curve would close them into a different region. Hence, we need to add 

another term to the energy function such that groups close regions into one and avoids 

the appearance of isolated pixels. That is what it is called “Internal Energy” and it would 

be computed by minimizing the curvature of the contour-curve.  

 

𝐽(𝐶)𝑖𝑛𝑡 = 𝛼∫ |𝐶′(𝑠)|2𝑑𝑠 + 𝛽∫ |𝐶′′(𝑠)|𝑑𝑠
1

0

1

0

 

 

𝐽(𝐶) = 𝐽(𝐶)𝑒𝑥𝑡 + 𝐽(𝐶)𝑖𝑛𝑡 = −𝛾∫ |∇𝑢𝑜(𝐶(𝑠))|
2
𝑑𝑠

1

0

+ 𝛼∫ |𝐶′(𝑠)|2𝑑𝑠 + 𝛽∫ |𝐶′′(𝑠)|𝑑𝑠
1

0

1

0

 

Equation 10 

 

Once we have defined what will be our energy function, we can apply it to our problem 

and see how it performs: 

 

Figure 8 

We can see a clear improvement respect to the first result. However, there are some 

regions that keep misclassified like the legs, but that could be owing to that the legs were 

not included when we were setting the foreground box for patching. 
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Supervised Dictionary Learning 
 

Up to this point, we have just talked about those problems where we are just trying to 

segment 2 classes: foreground and background. The aim of our work as presented in 

the introduction is to extend this solution to a multiple class segmentation framework. 

Therefore, we have studied different techniques in order to see which one could be better 

applied to our purpose. 

Label Consistent K-SVD 

LC-KSVD [13] is an algorithm which relies on a very similar idea of K-SVD but tries to 

extend it to a multiple class classification problem. To do so, Jian et al. proposes adding 

two new terms to the minimizing function previously seen.  

< 𝐷,𝑊, 𝐴, 𝑋 ≥ arg min
𝐷,𝑊,𝐴,𝑋

||𝑌 − 𝐷𝑋||
𝐹

2
+ 𝛼||𝑸 − 𝑨𝑿||

𝑭

𝟐
+ 𝛽||𝑯 −𝑾𝑿||

𝟐

𝟐
   𝑠. 𝑡. ∀𝑖, ||𝑥𝑖||0 ≤ 𝑇0 

Equation 11 

1. Discriminative Sparse-Code error ( ||𝑸 − 𝑨𝑿||
𝑭

𝟐
): This term enforce same class 

signals to have similar Sparse Codes. Q would be the Sparse Representation of 

our training signal using D and A would be transformation matrix used for 

computing this Sparse Representation. 

2. Label information associated to each Dictionary item (||𝑯 −𝑾𝑿||
𝟐

𝟐
): The second 

term added to the optimization function allows the algorithm to train jointly the 

Dictionary D and a linear classifier. H would be the labels of our original training 

set and W the features of our classifier. 

Optimization 

We rewrite the previous equation as: 

< 𝐷,𝑊, 𝐴, 𝑋 > = arg min
𝐷,𝑊,𝐴,𝑋

||(

𝑌

√𝛼𝑄

√𝛽𝐻
)− (

𝐷

√𝛼𝐴

√𝛽𝑊
)𝑋||

2

2

 𝑠. 𝑡 ∀, ||𝑥𝑖||0 ≤ 𝑇 

Equation 12 

Let  𝑌𝑛𝑒𝑤 = (

𝑌

√𝛼𝑄

√𝛽𝐻

) , 𝐷𝑛𝑒𝑤 = (

𝐷

√𝛼𝐴

√𝛽𝑊
) . The matrix , 𝐷𝑛𝑒𝑤 is L_2 normalized columnwise.  
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The optimization is equivalent to solving the following problem: 

< 𝐷𝑛𝑒𝑤, 𝑋 > = arg min
𝐷,𝑊,𝐴,𝑋

||𝑌𝑛𝑒𝑤 − 𝐷𝑛𝑒𝑤𝑋||2
2
 𝑠. 𝑡 ∀, ||𝑥𝑖||0 ≤ 𝑇 

Equation 13 

This new formulation can be solved using K-SVD. Following K-SVD, 𝑑𝑘 and its 

corresponding coefficients, the kth row in X, denoted as 𝑥𝑅
𝑘, are updated at a time. Let 

𝐸𝑘 = (𝑌 − ∑ 𝑑𝑗𝑥𝑅
𝑗

𝑗≠𝑘  ) and 𝑥𝑅
~𝑘, 𝐸𝑘′ denote the result of discarding the zero entries in 

𝑥𝑅
𝑘, 𝐸𝑘 respectively. 𝑑𝑘and 𝑥𝑅

~𝑘 can be computed by 

< 𝑑𝑘 , 𝑥𝑅
~𝑘 >= arg min

𝑑𝑘,𝑥𝑅
~𝑘
||𝐸𝑘

′ − 𝑑𝑘𝑥𝑅
~𝑘||

𝐹

2
 

Equation 14 

An SVD operation is performed for 𝐸𝑘
′  i.e., 𝑈Σ𝑉𝑡 = 𝑆𝑉𝐷(𝐸𝑘

′ ). Then 𝑑𝑘and 𝑥𝑅
~𝑘 are 

computed as  

𝑑𝑘 = 𝑈(: ,1) , 

𝑥𝑅
~𝑘 = Σ(1,1)𝑉(: ,1) 

Finally, the nonzero values in 𝑥𝑅
𝑘 are replaced by 𝑥𝑅

~𝑘. 

Limitations 

We observe basically two limitations to this technique: 

1. The algorithm is providing us which is the most probable class for each signal, 

however it is not keeping information about the other class statistics, which might be 

useful for a posteriori regularization. 

2. Our Dictionaries might have redundancy which would lead to a worse classification. 

We could see this limitation with the following trivial example (Figure 9 and 10): 
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We define three classes to reconstruct are colors (white, green and orange) we could 

build a two-atom Dictionary for each class, which would look similar to the ones seen in 

Figure 10. 

All the classes share a common feature, the color yellow, and therefore it would be 

present on their Dictionaries.  

This is producing a big redundancy between our codebooks which should be avoid. One 

option would be removing those features that all the classes have in common in a pruning 

step, however, that would make none of our Dictionaries to contain yellow as an atom, 

and therefore it would be impossible to reconstruct our training signals with minimum 

error. 

 

Commonality and Particularity  

Hence we could sum up the conditions as: 

1- We want each class to be represented by one single dictionary 

2- The dictionaries must be as different as possible 

3- We should be able to reconstruct the common parts without having redundancy 

on our different Codebooks. 

And we should not forget about the aim of the technique 

4- The reconstruction should be done with minimum error. 

5- We want a sparse representation of the signal (which actually is related with 1 

and 2) 

Figure 10 Figure 9 
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Wang et al. [14] propose a solution for (3) in their article: we could build one extra 

dictionary, not used for the classification but for the reconstruction, that takes care of all 

the common parts between classes. Therefore, we would have C+1 dictionaries. We will 

call particularity to the C dictionaries that take care of the non-common features between 

classes and commonality to the one that has all the common parts.  

Formulation 

The rest of the conditions are formulated in a mathematical expression in order to create 

a minimizing function we can optimize and get the values of the dictionaries and their 

activations. It looks like that: 

 

𝑓≔∑{||𝑌𝑐 − 𝐷𝑋𝑐||𝐹
2 + ||𝑌𝑐 − 𝐷𝑄𝑐𝑄𝑐

𝑇𝑋𝑐||𝐹
2 + ||𝑄\𝑐

𝑇 𝑋𝑐||𝐹
2

𝐶

𝑐=1

}

+∑∑𝜑(𝐷𝑖, 𝐷𝑗) ; 𝑠. 𝑡 ||𝑥𝑖||0 < 𝑇0

𝐶+1

𝑗≠𝑖

𝐶+1

𝑖=1

 

Equation 15 

 

Notice that each part of the equation is indexed with one of the constraints we have 

defined before. We would like to explain them more in detail: 

1- As we have said, this part of the function guarantees that the final signal will be 

represented just by one particularity and the commonality. The matrix Q is a 

mathematical definition that Wang et al. make in their article and it selects just on 

subdictionary and the commonality each time and at the same time 𝑸\𝒄 selects 

all the elements but the particular 𝑸𝒄 and the commonality. 

2- In order to keep the Dictionaries as different as possible, we could define a 

function (for example, Correlation) that we have to minimize when it compares 

two different dictionaries. 

3- This condition it is assured by including one extra dictionary, as explained before. 

4- The computation of the MSE is included aswell, as we have seen in previous 

work for dictionary learning 

5- Finally, the sparse coding constraint will be controlled as before. We could 

compute the 𝐿𝑝 norm for each of the row as we defined above. 

 

4 

2 

5 

1 

3 



24 
 

Optimization 

1. Fixing the dictionary D, we can update 𝑿𝒄from the objective function (eq. comm&Part) 

one-by-one as bellow 

 

𝑿𝑐 = argmin
𝑿𝑪
||𝒀𝒄 −𝑫𝑿𝒄||𝐹

2
+ ||𝒀𝒄 −𝑫𝑸𝒄𝑸𝒄

𝑻𝑿𝒄||
𝐹

2
+ ||𝑸\𝒄

𝑻 𝑿𝒄||
𝐹

2
+𝛾𝜙(𝑿𝒄)

= argmin
𝑋𝑐

||(
𝒀𝒄
𝒀𝒄
𝟎
) − (

𝑫
𝑫𝑸𝒄𝑸𝒄

𝑻

𝑸\𝒄
𝑻

)𝑿𝑐||

𝐹

2

+ 𝛾𝜙(𝑿𝒄) 

Equation 16 

 

 

2. Fix the coefficient matrix 𝑿𝒄to update the overall dictionary D 

 

To update the overall dictionary 𝑫 = [𝑫𝟏, … , 𝑫𝑪+𝟏] we turn to an iterative approach, i.e. 

updating 𝑫𝒄by fixing all the other 𝑫𝑖’s where 𝑖 ≠  𝑐 . The optimization of the commonality 

and the particularity is going to be done separately given that the contribution to the 

reconstruction of the signals is different. 

 

a. Update the Particularity 𝑫𝒄 

Without loss of generality, we concentrate on the optimization of the cth class-

specific dictionary 𝑫𝒄by fixing the commonality 𝑫𝑪+𝟏and all the other class-specific 

dictionaries 𝑫𝒊. Specifically, we denote 𝑿𝒄
(𝒊)
= 𝑸𝒊

𝑻𝑿𝒄 for i=1,…,C+1. By dropping the 

unrelated terms of 𝑫𝒄, we update the cth particularity as bellow: 

 

𝑫𝑐 = argmin
𝐷𝑐
{ |
||𝒀𝑐 −∑𝑫𝒊𝑿𝒄

(𝒊) −𝑫𝒄𝑿𝒄
(𝒄)

𝐶+1

𝑖=1
𝑖≠𝑐

||
|

𝐹

2

+ ||𝒀𝒄 −𝑫𝑪+𝟏𝑿𝒄
(𝑪+𝟏) −𝑫𝒄𝑿𝒄

(𝒄)
||
𝐹

2

+ 2𝜂∑𝜗(𝑫𝒄, 𝑫𝒊)}  

𝐶+1

𝑖=1
𝑖≠𝑐

 

Equation 17 

If we define:  𝒀𝒄
′ = 𝒀𝒄 − ∑ 𝑫𝒊𝑿𝒄

(𝒊)  ;   𝒁𝒄 = 𝒀𝑐 −𝑫𝑪+𝟏𝑿𝒄
(𝑪+𝟏) ;   𝑩 = 𝑫𝑸\𝑪

𝐶+1
𝑖=1
𝑖≠𝑐
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𝑫𝒄 = argmin
𝐷𝑐

||𝒀𝒄
′ −𝑫𝒄𝑿𝒄

(𝒄)
||
𝐹

2

+ ||𝒁𝒄 −𝑫𝒄𝑿𝒄
(𝒄)
||
𝐹

2

+ 2𝜂 ||𝑫𝒄
𝑻𝑩||

𝐹

2
 

Equation 18 

We propose to update 𝑫𝒄 = [𝒅𝒄
𝟏, … , 𝒅𝒄

𝑲𝒄] atom by atom, i.e. updating 𝑑𝑐
𝑘 while fixing 

the other columns.  Specifically, denote 𝑿𝒄
(𝒄)
= [𝒙(𝟏), … , 𝒙(𝑲𝒄)] ∈ ℝ

𝐾𝑐 ×𝑁𝑐 wherein 

𝑥(𝑘) ∈ ℝ
1×𝑁𝑐.Therefore, if we define 𝒀𝒄

′′ = 𝒀𝒄
′ −∑ 𝒅𝒄

𝒋
𝒙(𝒋)𝑗≠𝑘  and 𝒁𝒄

′ = 𝒁𝒄 − ∑ 𝒅𝒄
𝒋
𝒙(𝒋)𝑗≠𝑘  

we get: 

𝒅𝒄
𝒌 = argmin

𝑑𝑐
𝑘
(𝑔(𝒅𝒄

𝒌)) = ||𝒀𝒄
′′ − 𝒅𝒄

𝒌𝒙(𝒌)||
𝐹

2
+ ||𝒁𝒄

′ − 𝒅𝒄
𝒌𝒙(𝒌)||

𝐹

2
+ 2𝜂 ||𝒅𝒄

𝒌𝑻𝑩||
𝐹

2

 

Equation 19 

 

 

Let the first derivative of 𝑔(𝒅𝒄
𝒌) w.r.t 𝒅𝒄

𝒌 equal zero. Then we obtain: 

 

𝒅𝒄
𝒌 =

1

2
(||𝒙(𝒌)||

2

2
𝑰 + 𝜂𝑩𝑩𝑻)

−1

(𝒀𝒄
′′ + 𝒁𝒄

′ )𝒙(𝑘)
𝑇  

 

b. Update the commonality 𝑫𝑪+𝟏 

Denote 𝑩 = [𝑫𝟏, … , 𝑫𝑪] by dropping the unrelated terms, we update 𝑫𝑪+𝟏 as bellow: 

 

𝑫𝑪+𝟏 = argmin
𝑫𝑪+𝟏

∑

{
 

 
||𝒀𝒄 −∑𝑫𝒊𝑿𝒄

(𝒊) −𝑫𝑪+𝟏𝑿𝑪+𝟏
(𝑪+𝟏)

𝐶

𝑖=1

||

𝐹

2
𝐶

𝑐=1

+ ||𝒀𝒄 −𝑫𝑪+𝟏𝑿𝑪+𝟏
(𝑪+𝟏) −𝑫𝒄𝑿𝒄

(𝒄)
||
𝐹

2

}
 

 
+ 2𝜂 ||𝑫𝑪+𝟏

𝑻 𝑩||
𝐹

2
 

Equation 20 

Denote 𝒀𝒄
′ = 𝒀𝑪 − ∑ 𝑫𝒊𝑿𝒄

(𝒊)  ;   𝒁𝒄 = 𝒀𝑪 −𝑫𝑪𝑿𝑪
(𝑪)   𝐶

𝑖=1 then we have: 

 

𝑫𝑪+𝟏 = argmin
𝐷𝐶+1

||𝒀′ −𝑫𝑪+𝟏𝑿
(𝑪+𝟏)||

𝐹

2
+ ||𝒁 − 𝑫𝑪+𝟏𝑿

(𝑪+𝟏)||
𝐹

2
+ 2𝜂 ||𝑫𝑪+𝟏

𝑻 𝑩||
𝐹

2
 

Equation 21 

Where 𝑿(𝑪+𝟏) = [𝑿(𝑪+𝟏)𝟏, … , 𝑿
(𝑪+𝟏)

𝑪], 𝒁 = [𝒁𝟏, … , 𝒁𝑪] and 𝒀′ = [𝒀′𝟏, … , 𝒀′𝑪] 

We update column by column again: 
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𝒅𝑪+𝟏
𝒌 =

1

2
(||𝒙(𝒌)||

2

2
𝑰 + 𝜂𝑩𝑩𝑻)

−1

(𝒀′′ + 𝒁′)𝒙(𝒌)
𝑻  

Equation 22 

Where 𝒀′′ = 𝒀′ − ∑ 𝒅𝑪+𝟏
𝒋

𝒙(𝒋)𝑗≠𝑘  and 𝒁′ = 𝒁 − ∑ 𝒅𝑪+𝟏
𝒋

𝒙(𝒋)𝒋≠𝒌  

Finally, every atom is normalized and therefore the sparse coefficients are updated 

to the normalized values. 

 

 

Regularization: Undirected Graphical Models 
 

As seen in the Active Contours example, regularization helps us providing a more 

accurate result for segmentation. We could apply the same strategy that Yi Gao et al. 

proposed on their paper but the fact of having more than one class to cluster might 

complicates the process. For that reason, we have chosen Undirected Graphical Models 

as regularization tool. 

UGM are based on the idea of defining a Graph with some specific characteristics 

depending on the problem we want to solve and looking for the best configuration for this 

particular set up. 

We will start by defining the different parts that will compose our Graph: 

Nodes: Element that define in which  

Edges: Connections between nodes 

Edge Structure: Sparse matrix that defines which nodes are connected and which are 

not 

Instances: Number of samples we have from the data we want to regularize  

States: Different labels that a Node can have 

Node potentials: Probability of a node to be in each state 

Edge Potential: Probability of every transition between nodes to happen.  
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We define the following example Figure 

11: We have I performances (instances) 

from the same algorithm that gave 

different results. Hence, for each 

instance, we define a Graph with 9 nodes 

in it(Figure 11), which can belong to three 

possible classes [Apple, Pineapple and 

Lemon] and an edge structure such that 

it describes a 4 neighbor-connectivity.  

 

Each node could have a probability of 

belonging to a class Therefore we could define a “Node Potentials Matrix” as: 

Node/State Apple Pineapple Lemon 

1 p1 p2 p3 

2 p1' p2' p3' 

3 p1'' p2'' p3'' 

… … … … 

9 … … … 

  

At the same time, each Edge keeps a nStates-by-nStates table giving the potential for 

each combination of the states of the two nodes involved in the edge, the Edge Potentials 

STATE Apple Pineapple Lemon 

Apple w1 w2 w3 

Pineapple w4 w5 w6 

Lemon w7 w8 w9 

Figure 11 
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The potentials can be computed based on a-priori knowledge of our data, or we may be 

need to optimize them given the information that the different instances provide us.  

Therefore, the joint probability of a particular assignment to all the variables nodes is 

represented as a normalized product of a set of non-negative the 'potential' functions: 

𝑝(𝑛1, 𝑛2, … , 𝑛𝑁) =
1

𝑍
∏𝜙𝑖(𝑛𝑖)∏𝜙𝑒(𝑛𝑒𝑗 , 𝑛𝑒𝑘)

𝐸

𝑒=1

𝑁

𝑖=1

 

Equation 23 

The normalization constant 'Z' is the scalar value that forces the distribution to sum to 

one, over all possible joint configurations of the variables: 

𝑍 =∑∑…∑∏𝜙𝑖(𝑛𝑖)∏𝜙𝑒(𝑛𝑒𝑗 , 𝑛𝑒𝑘)

𝐸

𝑒=1

𝑁

𝑖=1𝑛𝑁𝑛2𝑛1

 

Equation 24 

 

Given the Graph Structure and the potentials there are two main computations that will 

be done: 

Decoding: finding the joint configuration of the variables with the highest 

probability. 

Inference: computing the normalization constant 'Z', as well as the probabilities 

of each variable taking each state. 

However, finding the most probable configuration for our graph could be a hard 

computational problem. Therefore we will use Loopy Belief Propagation in order to 

approximate our result. 

 

Loopy Belief Propagation 

Loopy Belief Propagation [15] is an approximation from Belief Propagation [16] that is 

applied to Graphs that can contain Cycles on them. First we will explain how Belief 

Propagation makes the computation of the most probable configuration easier and then 

we will see the approximation that the Loopy version proposes 



29 
 

Belief Propagation is a passing-messages algorithm. That means that it will find which is 

the most probable combination of states for our graph by “sending likelihood messages” 

between the different nodes. The idea is that given two nodes (𝑛𝑖, 𝑛𝑗) we can define the 

message that I sends to j as 𝑚𝑖𝑗(𝑥𝑗). If the value of the message is really high means 

that, according to the messages that i has received from the other nodes and its own 

potential, the probability of that marginal is really high. This is: 

𝑚𝑖𝑗(𝑛𝑗) =∑𝜙𝑖→𝑗(𝑛𝑖, 𝑛𝑗)

𝑛𝑖

𝜙𝑖(𝑛𝑖) ∏ 𝑚𝑘𝑖(𝑛𝑖)

𝑘∈𝑁 𝑖≠𝑗

 

Equation 25 

Let ℎ(𝑛𝑖) = 𝜙𝑖(𝑛𝑖)∏ 𝑚𝑘𝑖(𝑛𝑖)𝑘∈𝑁 𝑖≠𝑗  

Therefore messages multiply like independent likelihoods and the update equation would 

look like: 

𝑚𝑖𝑗(𝑛𝑗) =∑𝜙𝑖→𝑗(𝑛𝑖, 𝑛𝑗)

𝑛𝑖

 ℎ(𝑛𝑖) 

Equation 26 

Usually the sum along all the messages used to be normalized in order to avoid 

overflow/underflow after some message updates: 

∑𝑚𝑖𝑗(𝑛𝑗) = 1

𝑛𝑗

 

Equation 27 

The messages can be updated in two manners, depending on the graph structure. 

Synchronous update (all messages in parallel) would be useful for grid topologies. On 

the other hand, those graphs with no loops on them (linear or tree graphs) would better 

use an Asynchronous update (one message at each time).  

Once the messages have converged, since the estimated joint marginal distribution of 

the set of variables belonging to one factor is proportional to the product of the factor and 

the messages from the variables, we will use a Belief equation [15] that will estimate our 

pairwise marginal distribution. 

Message from node i to node j: 𝑚𝑖𝑗(𝑥𝑗) Messages are similar to likelihoods: non-

negative, don’t have to sum to 1. A high value of j: 𝑚𝑖𝑗(𝑥𝑗)means that node i “believes” 

the marginal value 𝑃(𝑥𝑗) to be high. Usually initialize all messages to 1 (uniform), or 

random positive values. 
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Parameter estimation 

Up to this point, we have assumed the a-priori knowledge of the potential functions. 

However, we may are interested in finding which are the potentials that maximize the 

likelihood with all the different instances we have. This task makes us introduce to new 

Graph elements: Node Map and Edge Map. 

These arrays are the same size as the corresponding Node Potentials and  Edge 

Potentials, and each corresponding element of the maps tells us which element of the 

parameter vector w that we exponentiate to make the potentials. In particular, we are 

using the following rule to make such potentials from the parameters: 

𝑁𝑜𝑑𝑒𝑃𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙(𝑛𝑖, 𝑠𝑡𝑎𝑡𝑒𝑗) = 𝑒
𝑤(𝑁𝑜𝑑𝑒𝑀𝑎𝑝(𝑛𝑖,𝑠𝑡𝑎𝑡𝑒𝑗)) 

Equation 28 

𝐸𝑑𝑔𝑒𝑃𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙(𝑒𝑖, 𝑠𝑡𝑎𝑡𝑒𝑗, 𝑠𝑡𝑎𝑡𝑒𝑞) = 𝑒
𝑤(𝐸𝑑𝑔𝑒𝑀𝑎𝑝(𝑒𝑖,𝑠𝑡𝑎𝑡𝑒𝑗,𝑠𝑡𝑎𝑡𝑒𝑞)) 

Equation 29 

Consequently if we substitute this two terms in equation 23, we find that the probability 

of a particular assignment will be given by: 

𝑝(𝑛1, 𝑛2, … , 𝑛𝑁|𝑤) =
1

𝑍
∏𝑒

𝑤(𝑁𝑜𝑑𝑒𝑀𝑎𝑝(𝑛𝑖,𝑠𝑡𝑎𝑡𝑒𝑖𝑗))∏𝑒
𝑤(𝐸𝑑𝑔𝑒𝑀𝑎𝑝(𝑒,𝑠𝑡𝑎𝑡𝑒𝑒𝑗,𝑠𝑡𝑎𝑡𝑒𝑒𝑞))

𝐸

𝑒=1

𝑁

𝑖=1

 

Equation 30 

Hence, given a ground truth set of signals we could look for the w parameter vector that 

maximizes the probability of that statement.  

𝑤 = argmax
w

𝑝(𝑛1, 𝑛2, … , 𝑛𝑁|𝑤) 

If we take the logarithm: 

𝑤 = argmax
𝑤
∑𝑤(𝑁𝑜𝑑𝑒𝑀𝑎𝑝(𝑛𝑖, 𝑠𝑡𝑎𝑡𝑒𝑖𝑗) +∑𝑤(𝐸𝑑𝑔𝑒𝑀𝑎𝑝(𝑒, 𝑠𝑡𝑎𝑡𝑒𝑒𝑗, 𝑠𝑡𝑎𝑡𝑒𝑒𝑞) − log (𝑍)

𝐸

𝑒=1

𝑁

𝑖=1

 

Equation 31 

 Despite we do not have any training set to define the likelihood function, but a set of 

instances from the same data that we would like to match, we can iterate the previous 

likelihood function over all the different samples by fixing one as the “ground truth” and 

trying to adapt the others to be as similar as possible to it. If we do this for all of them at 
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the end we will have a configuration that take into account all the different instances. As 

the problem results to be convex we can apply Two metric projection methods[18] in 

order to find the coefficients. More detailed explanation about the these algorithms can 

be found in [15] [16] and [19] 
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Chapter 4 

Methods 

In this section, we would like to show how the different algorithms introduced in previous 

sections are applied to our problem and how the workflow would look like.  

Our algorithm is basically composed by two parts: Classification and Regularization. First 

one, is given by Dictionary Learning and the specific technique by Wang et al [14]. On 

the other hand, Regularization will be based on the computation of an Undirected 

Graphical Model.  

 

Figure 12: General workflow 
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Dictionary Learning Classification: 
 

Input: Training images and image to be segmented 

Output: I x R Reconstruction Error matrices and Classification Result images 

 

Figure 13. Dictionary Learning workflow 

During the first part we will train the different Dictioanaries and compute the pixel-

classification for R patch resolutions. The steps we follow are (also shown in Figure 13): 

1. For each training image, we extract randomly N patches with radius r and we 

reshape each of them as a column vector. 

 

 

 

 
Figure 14 
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2. Applying Commonality and Particularity‘s algorithm along all the training set we 

build our Dictionary. We are using the version of the code provided by Wang et 

al. [14] for building the dictionaries. 

3. We extract for each pixel in the image to be segmented one patch of radius r and 

we reshape them as before.  

4. We compute the reconstruction error using each of the particularities and the 

commonality and store the result in a [number_of_classes X number_of_pixels 

]matrix. 

5. We define our classification result by computing the minimum reconstruction error 

for each pixel 

6. We repeat steps 1 to 5 for I times and for each iteration we save the results got 

from steps 4 and 5. 

7. We change r and start again. 

 

At the end of this process we will have I x R results, i.e. I x R Reconstruction Error 

matrices and I x R classification results all of them different due to the different 

initializations. These data will be the input used for the regularization.  

 

 

 

 

 

 

Figure 15. Classification errors Figure 16. Reconstruction Error matrices 
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Regularization 
 

Input: I x R Reconstruction Error matrices and Classification Result images 

Output: Final Segmentation result 

 

Figure 17. Regularization workflow 

 

As seen in the Background section in order to define our Graphical Model we should set 

some parameters:  

1. We will reshape all the different Classification Results that we got from the 

Dictionary Learning step as a row vector and we will concatenate them vertically, 

giving a matrix of size [Instances X Number of pixels] 

2. Every pixel will be a node 

3. We set the number of states to the same number of possible classes in the image 

4. We define a 4 neighbor-connectivity edge structure (Notice that our Edge struct 

matrix will have size [Number_of_Nodes X Number_of_Nodes]) 

5. We take the inverse of all the reconstruction errors and average them along the 

different instances to get the Node Potentials 

6. For computing the edge Potentials we optimize based on the different instances 

the best configuration using the optimizing function introduced in the background 

section. 
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7.  We use Loopy Belief Propagation as decoding function to look for the most 

probable combination of states given the node and edge potentials. 

 

 

Quality Measures 
 

Input: Final segmentation result and original labels 

Output: Precision vector, Recall vector, F1 score vector and Confusion Matrix 

In order to make a good analysis of our results we will compare our final results with we 

will compare the original labels of the testing images with the ones we got from all the 

process described above. For each class we will: 

1. compute the True Positives 

2. compute all the elements classified inside 

the class (Retrieved Elements) 

3. compute the actual number of elements 

on that class using the original 

labels(Relevant elements) 

4.  compute Precision=True 

Positives/Retrieved elements 

5. Compute Recall=True 

Positives/Relevant elements 

6. Compute 𝐹1 = 2 ×
𝑝𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛×𝑟𝑒𝑐𝑎𝑙𝑙

𝑝𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛+𝑟𝑒𝑐𝑎𝑙𝑙
 

7. Compute Confusion Matrix where each 

column represents the instances in a 

predicted class, while each row 

represents the instances in an actual 

class. 

 

 

  

Figure 18 
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Chapter 5 

Implementation 
 

The final code is implemented in MATLAB. We have used two additional Toolboxes: 

 

 COPARDIC (Wang et. Al) – Dictionary Learning part 

 UGM( Marck Schmidt) – Regularization 

 

We have tested our code in images belonging to The Prague Texture Segmentation 

Datagenerator and Benchmark (Proceedings of the 19th International Conference on 

Pattern Recognition. IEEE Computer Society, 2008). The last part of the experiments 

has been done in images extracted from different websites. 
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Chapter 6 

Experiments 
 

Texture Segmentation 
The most of our experiments will be using The Prague Texture Segmentation 

Datagenerator and Benchmark. The database provides us a set of textures organized 

by categories (ex. Flowers, Wood, Glass, etc.) and different images combining some of 

these textures. 

 

 

 

 

 

 

 

 

 

 

 

We will divide the experimental part using this dataset in two parts. During the first one, 

we would like to look for the most suitable set up depending on the image and see how 

the number of classes present on the image can affect our final performance. 

Set up 

There are many parameters to take into account when we are going to build our 

Dictionaries. The most important ones would be: 

 Size of the Particularty 

 Size of the Commonality 

 Sparsity Constraint (T_0) 

Figure 19 
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 Patch radius 

Therefore we should see how this parameters can affect our final result. During this part 

we were just looking to the accuracy as the number of properly classified pixels divided 

by the total number of pixels, just to make a general idea of the performance before 

computing the other quality measures. We are going to iterate the procedure and 

average the different performances, given that in each iteration we are going to build the 

dictionaries using different patches, we will expect different results. We can see the 

different accuracies in Figures 20-22 

Size of the particularity(atoms)

 

Figure 20. Accuracy - Atoms Particularity 

Size of the commonality(atoms) 

 

Figure 21. Accuracy-Atoms Commonality 
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Sparsity constraint 

 

Figure 22. Accuracy - Number of activations allowed 

 

As we expected, the performance in each iteration can differ a lot from the others, for 

that reason we are computing the mean along all the performances (red line) to have an 

idea of the most suitable set up for each group of images. 

Next experiment of this part would be finding how the number of classes inside image 

would affect the final result. We find the best set up for each group of images by repeating 

the previously described procedure and we compare the performance with the results 

we would obtain by stopping in the initialization step (K-SVD Dictionaries). In Figure 23 

we can see the F1 Score for both algorithms using the most suitable parameters for each 

group of images 

1 2 3 4 5 6 7 8 9
0.7

0.75

0.8

0.85

0.9

0.95
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Category Segmentation 

The aim of second part of the experiments performed on The Prague Texture 

Segmentation Datagenerator and Benchmark is to see how the algorithm performs on 

different textures. Therefore, we fix the parameters and we evaluate the quality 

measures on the second section of the dataset. In this section, we are provided with a 

set of images which all of them have 6 classes on them and all the classes belonging to 

the same category, i.e. the image to be segmented is generated with classes from the 

same category folder (Figure 24) 
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Figure 23 

Figure 24 



42 
 

 

We now fix the set up as in Table 2 and we average the different F1 scores along the 

categories we get the following graph for both techniques (Figure 25): 

 

Figure 25 

Size of Particularity 40 

Size of Commonality 4 

Sparstiy Constraint 2 

Patch Resolution [2,3,4] 

Number of iterations 5 

Number or patches for training 3000 

Table 2 

As we can see, the result is strongly dependent on the type of texture we are trying to 

segment. Therefore, we would present examples from these experiments for a better 

understanding of this dependence. 
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Figure 26. Segmentation on Textile 

In these three images we see the performance on an image inside the Textile category. 

As we can observe one of the results after the Dictionary Learning Step (notice that we 

will have one for each pixel resolution and iteration) keep some of the texture patterns, 

however, after regularizing the image using all the instances, our result is pretty accurate 

although we still see some misclassified regions in class 1. 

If we look at the quality measures computed for this image: 

 

Table 3 Segmentation on Textile 

As we expected, the quality measures show a good performance of our algorithm. If we 

look at the F1 score we can observe that it is over 90% for all the classes and that the 

Confusion matrix is very diagonal, which shows a good distinction between classes.   

On the other hand if we look to one of the worst results: 

 

Figure 27. Segmentation on Stone 
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 In this case we clearly observe that the segmentation has not been as good as we 

wanted. However, we can still appreciate that the regularization step improves our final 

result.  

If we now look at the quality measures: 

 

Table 4. Segmentation on Stone 

We can see much worse results than the ones in the previous example. That could be 

for different reasons. First, we see that the classes are really similar between them, in 

fact if class 2 and class 3 describe textures which are difficult to distinguish even for us 

(that is reflected in the (2,3) value of the confusion matrix). Another aspect that lead to 

misclassification is the irregularity of the classes. As far as all the classes belong to Stone 

textures (for example, marble) is really difficult to find patterns that are constantly repeat 

it and that complicates the process of building the Dictionaries. 

Finally, we would like to point another result out: 

  

 

In this case we can see one of the biggest limitations of regularizing our data. When 

the participation of one class is really small inside the image, this one is merged to 

another class. In fact, if we look at the quality measures: 
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Figure 28. Segmentation on wood 
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Table 5 Segmentation on Wood 

 

The participation of class 1 inside the image is really small and after the Dictionary 

Learning part even lower. Hence, after applying regularization we get a F1 Score really 

close to 0, showing that it has me almost totally merged to other classes. 

 

Real image segmentation 
 

Up to this point we have just evaluate our performance on images that have been 

artificially generated. However, how the technique we are proposing would work on real 

images as the following ones: 

 

Figure 29 

 

None of the images belongs to a dataset and therefore we do not have any ground 

truth image or a set of training sets for building the dictionaries. We will follow the 

procedure described in the Dictionary Learning and Active Contours example [12]: we 

will extract some patches from each class, build the Dictionaries with the parameters 

described in Table 6  and segment the image as seen before. 



46 
 

 

Figure 30 

If we now look at the performances after Dictionary Learning: 

 

 

 

 

 

 

 

Despite there are some miss-classified regions, we can that the classes are pretty 

good labeled. We will apply regularization so we can improve the final result: 
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Figure 32 
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Size of Particularity 40 

Size of Commonality 4 

Sparstiy Constraint 2 

Patch Resolution [2,3,4] 

Number of iterations 5 

Number or patches for training 3000 

 

Table 6 
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Chapter 7 

Conclusions and further work 
 

Dictionary Learning has been used for a wide range of applications during the last years 

such as image denoising, impainting or classification. We propose a new application of 

this technique: Multiple Class Image Segmentation. Despite Image Segmentation has 

already been performed using Dictionary Learning [12] we would like to go further and 

apply it to images where there are more than labels than foreground and background.  

The choice of the algorithm of the algorithm for building the Dictionaries is an important 

part of the project. We finally have decided to use the work done by Wang et al. [14] 

which allows us take into account common and particular features of the classes we want 

to segment. The main limitation that appears when Dictionary Learning is used for 

segmenting images is the big number of isolated regions that become misclassified, 

owing to the classification is done for each pixel. Therefore, a regularization step has 

been necessary as a post-processing treatment of the Dictionary Learning results.  

The final segmentation quality has seemed to be strongly dependent to many factors, 

leading then some advantages and limitations of our technique compared to others with 

the same purpose. The main part of the experiments has been done on Texture 

Segmentation since many of the classical algorithms would fail on that kind of images. 

We have observed that Dictionary Learning performs better than those algorithms where 

the Feature Space was more “intuitive” but there are still some cases where the final 

result is not useful. As seen in the previous chapter, those images with clearly separable 

and regular textures are better segmented than those that the training samples are really 

irregular and similar between different classes. This limitation was expected as we are 

giving a limited number of atoms for representing the whole Signal Space, hence if the 

space to represent is really irregular, extracting the best features to represent it would 

be a complex problem.  

On the other hand, Regularization improves our result but add as well some limitations 

to type of data we can segment. As far as the purpose of this step is to remove those 

small regions that have been misclassified, it might also remove properly classified 

classes that have a small participation in the whole image.  

Dictionary Learning as well as Undirected Graphical Models are two techniques that require of 

a strong background in Information Theory. Therefore, further work could be done on 
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this direction such as trying how changing different parameters from the Dictionary 

Learning part or changing the Graph Structure can affect the final result. 

In the last part of the experiments, we started applying our work to more realistic 

images. However, we did not find a suitable dataset for our purpose so we could not 

evaluate the quality of the experiments. Ideally, we would like to apply the learnt 

dictionaries (from the texture images) to real images where these textures are present. 

Hence, a new set of experiments with such a type of database could make a good 

contribution to the understanding of this technique.
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Appendices 
 

Appendix 1: Number of magnetic resonance imaging (MRI) units 

and computed tomography (CT) scanners 
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Appendix 2: Quality measures for all the images 
 

The quality measures can be found in the file ‘Results_D_Segmentation.xls’. 1For every 

segmented image the different quality measures have been saved in one of the sheets’ 

file with the same name as the original image and adding a suffix such as: 

_5it: It has been done iterating the result the procedure 5 times and for different 

resolutions 

_KSVD: K-SVD Algorithm has been used for building the Dictionaries instead of 

Commonality and Particularity 

_nores: Patch multiresolution has not been used 

_noregul: Before regularization 

As far as every image that share the same classes on it (for example, tm_1_1_1 and 

tm_1_2_1) will also share the same Dictionaries, the parameters used for building them 

are just written in the first image of the group. 

                                                           
1  File can be found here: 
https://www.dropbox.com/s/meohkorpqz1ht0u/Results_D_Segmentation.xls?dl=0 


