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The study of the lattice of subgroups of Fk changed completely when
J.Stallings published the paper [1] in 1983: in that paper Stallings developed
some special graphs in order to solve several algorithmic problems about
subgroups like the membership or the intersection problem. The eficient and
nice solution using this machinery contrasted with the complex methods de-
veloped before. Stallings constructed his theory using an algebraic topology
approach, and some papers like [2] use automata theory. On the contrary,
in this paper we are going to use purely graph theory: this kind of approach
needs its own definitions and sometimes could be rambling but it’s really
useful when talking about algorithms. So, in the first chapter we develop
Stallings theory from the beginning and in the second one we explain several
algorithmic applications and present some examples.

1 Introduction: the basic theory

The goal of this first chapter is to introduce the key concepts concerning free
groups and graphs and to prove a particular case for graphs of a topology
classical theorem. It says that, if X is a topological space with some connec-
tivity properties then, for any subgroup S of its fundamental group based at
v, S ≤ π1(X, v), there is, up to isomorphism, one and only one connected
covering space with a distinguished point w, p : (Xh, w) → (X, v) such that
p(π1(Xh, w)) = H. There is a topological proof in [3]. This theorem holds
for graphs and we will prove it, in fact, using a graph theory approach. It’s
the basic result used to develop the following chapters.
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1.1 Fundamental group of a graph

We are going to consider combinatorial non-oriented multigraphs with dis-
tinguished orientations, i.e.:

A combinatorial graph Γ consists of two sets E and V , and two maps
∗ : E → E and ι, τ : E → V such that (e∗)∗ = e and e∗ 6= e. On the other
hand ι(e) = τ(e∗) and viceversa.

If v = ι(e) or v = τ(e) we will say that the e is incident to v. The
number of incident edges to a vertex v is called the degree of v. If two edges
are incident to the same vertex v, we will say that those edges are adjacent.

An orientation θ of the edges of Γ is a choice of exactly one element in
each pair {e, e∗}. If the chosen element is e, we will denote it by (ι(e), τ(e))
and we will say that it is oriented forwards with respect to the vertex ι(e),
otherwise, if the choosen element is e∗, we will denote it by (τ(e), ι(e)) and
will say that it is oriented backwards with respect to the vertex ι(e).

A map of graphs f : Γ → ∆ consists of a pair of functions, fe from
edges to edges, and fv from vertices to vertices, preserving the structure, i.e.:
fe(e

∗) = fe(e)
∗ and fv(ι(e)) = ι(fe(e)).

The rose of k petals Rk is the graph with one vertex and k edges with
an orientation, each one labeled by a letter of {a1, . . . an}, a given alphabet.
Then, if ∆ is finite and have an orientation, consider a map qk from ∆ to Rk,
with k = |E(∆)|, that sends the edges of ∆ to the edges of Rk injectivelly
and preserves orientations. Then, for a map of graphs f : Γ→ ∆ composing
qk with f we get a map from Γ to Rk, that induces an orientation on the
edges of Γ that is preserved by qk ◦ f(e), and assigns the label of qk ◦ f(e) to
e. We will usually think on a map f as those assigned labels in Γ by qk ◦f(e),
with the induced orientation.

A path p in Γ, of lenght n = |p| with initial vertex u and terminal vertex
v, is an n-tuple of edges of Γ, p = e1e2 · · · en, such that τ(ei) = ι(ei+1) for
i = 1 . . . n − 1, and u = ι(e1) and v = τ(en). We can also think a path as a
map of graphs from the line graph with n+ 1 vertices to Γ, p : Ln → Γ.

In the set of paths of Γ, P (Γ), we can define an operation, called con-
catenation, as follows: for paths p = e1e2 . . . en and q = e′1e

′
2 . . . e

′
m with

τ(en) = ι(e′1) we can form the new path pq = e1e2 . . . ene
′
1 . . . em of lenght

n + m. On the other hand, a map of graphs induces a lenght-preserving
homomorphism from P (Γ) to P (∆).

A round-trip is a path of the form ee∗. If a path contains two adjacent
edges forming a round-trip, we can delete it and get a path p′ of lenght
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|p| − 2. Although the round-trip can be in the two first edges of the path
or in the two last, p′ has the same initial and terminal vertex as p. We call
this operation elementary reduction, and write p ∼ p′ if p′ is obtained from
p by successive elementary reductions or viceversa. Then, it’s clear that ∼
is an equivalence relation, called homotopy. Furthermore, concatenacion of
paths is compatible with homotopy since two homotopical paths have the
same initial and terminal vertices, and then p ∼ p′, q ∼ q′ implies pq ∼ p′q′.

From now, consider the set of ∼ −classes of paths in Γ based in a vertex
v, i.e. with v as initial and terminal vertex, we denote this set as P (Γ, v)/ ∼.
We will choose as a representant of each class the reduced path, i.e. the only
path it contains without round-trips.

By definition of the concatenation operation and its compatibleness with
∼, we have that this operation is well defined and closed in P (Γ, v)/ ∼.
Furthermore, each element has an inverse, taking the path of lenght zero
as the identity element: let [p] be an homotopy class, with p the reduced
path. If |p| = 0, p = v, the path of lenght 0 and [p] is the class of the
identity. If |p| > 0, then p = re, where e is the last edge of p, and define
recursively p∗ = e∗r∗, and then [p]−1 = [p∗], [p][p]−1 = [pp∗] = [v] and
[p]−1[p] = [p∗p] = [v]. In other words, if p = e1e2 . . . en take p∗ = e∗n . . . e

∗
2e
∗
1.

Then P (Γ, v)/ ∼ with the operation of concatenation is a group, π1(Γ, v)
called the fundamental group of Γ based at v.

Given a map of graphs f : Γ → ∆, it induces an homomorphism in the
fundamental groups, denoted by the same symbol:

f : π1(Γ, v)→ π1(∆, f(v))

1.2 Computing the fundamental group of a graph

Here we list some classical properties of graphs in order to compute very
easily the elements of their fundamental groups. The graphs are thought as
non-oriented ones: e and e∗ are identified in one edge that can be reached
forwards or backwards. First we need some definitions about graphs:

A graph is connected if for every pair of vertices there exists a path from
one to the other. A path with the same initial and terminal vertex is called
a circuit and a graph is a forest if the only reduced circuits have lenght 0. A
tree is a connected forest.
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Proposition 1.1.

(a) Every connected graph contains a maximal tree.

(b) Every maximal tree in a connected graph Γ contains all the vertices
of Γ.

(c) Let v be a vertex of a connected graph Γ, and T ⊆ G a maximal
tree, that exists by (a). Let θ be an orientation of Γ. Then π1(Γ, v) is
free with basis.

B = {Pe | e ∈ θ\E(T )}

Where Pe = T [v, ι(e)] e T [τ(e), v], with T [u, v] the unique reduced path
contained in the tree from u to v.

Proof.
The result follows from Zorn’s lemma. For a connected graph, consider the
set of all its subtrees with the partial order induced by the inclusion of trees
as sets, i.e. T1 ≤ T2 if and only if T1 ⊆ T2. For a chain of inclusions of trees,
T1 ⊆ T2 ⊆ T3 ⊆ . . . , we have that

⋃∞
i=1 Ti is a tree, as follows: suppose by

contradiction that contains a non-trivial circuit, then, since that circuit has
finite lenght by definition, it must lie in a tree of the chain, a contradiction
to the definition of tree. That

⋃∞
i=1 Ti is connected follows from the same

argument: any pair of vertices must be contained in a tree of the chain, so,
taking a path between them in that tree, we have that that path is containted
in

⋃∞
i=1 Ti also. So,

⋃∞
i=1 Ti is a tree containing each Ti thus we can apply

Zorn’s lemma and get that there exists a maximal tree in the graph.

To prove (b), let T be a maximal tree of Γ and suppose by contradiction
that exists a vertex v that is not in T . For an arbitrary vertex w of the tree,
let P = e1 . . . en a path in Γ with w and v as initial an terminal vertices,
respectively. This path exists because Γ is connected. Let j = min{i =
1 . . . n | τ(ei) ∈ V (Γ)\V (T )}, then T ′ = T ∪ ej is a tree, otherwise τ(ei)
would be already in T . This contradicts de maximality of T .

For (c), first of all observe that given two vertices of the graph, there ex-
ists only one reduced path contained in T from one to the other, otherwise T
would contain a non-trivial circuit. This implies that the paths Pe are well de-
fined. In order to prove that they generate π1(Γ, v), take P = e1e2 . . . en a re-
duced v-based path. Let ei1 . . . eik be the edges of P contained in E(G)\E(T ),
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and then P can be expressed as P = p1ei1 . . . eikpk+1, where pi are subpaths
inside T . Then we claim that the path (Pei1 )± . . . (Peik )±, where the exponent
of (Peij )± is positive if eij ∈ θ and negative otherwise, is homotopic to the
path P . This follows easily from the uniqueness of the paths between two
vertices in T : since P and (Pei1 )± . . . (Peik )± reach the same edges outside T
in the same order, and there is only one reduced path in T from eij to eij+1

,
for 1 ≤ j ≤ k − 1, we have that they are homotopic.

To see that it is a free set, consider a path (Pei1 )ε1 . . . (Pein )εn , with εj = ±,
homotopic to the trivial one, with (Peij )εj 6= (Peij+1

)−εj+1 , for 1 ≤ j ≤ n− 1.
Then it can be written as: p1 e1 p2 e2 . . . pn−1 en−1 pn with p1, . . . pn reduced
paths in T and with p1 = T [v, ι(e1)] and pn = T [τ(en), v]. Consequently, any
further reduction can only occur at a subpath ej−1pjej, with pj the trivial
path and ej−1 = e∗j . But then (Peij )εj = (Peij+1

)−εj+1 , a contradiction.
�

A basic corollary of c) is that the number of generators of π1(Γ, v), called
the rank of π1(Γ, v), is given by the number of edges of Γ that are not
contained in T . If Γ is finite we have that rk(π1(Γ, v)) = |E(Γ)| − |E(T )|,
and using that for any finite tree |E(T )| = |V (T )| − 1, then

rk(π1(Γ, v)) = |E(Γ)| − |V (T )|+ 1 = |E(Γ)| − |V (Γ)|+ 1.

1.3 Coverings

We have already talked about Rk, the rose of k petals, a graph with one
vertex and k edges, labeled by {a1, a2, . . . , ak}, with an orientation. It is
easy to see that the fundamental group of Rk is the free group of rank k
with generators {a1, a2, . . . , ak}, called Fk: every reduced path in Rk can be
read as a word with the labels of its edges as letters. Then, for a graph Λ,
assigning labels {a1, a2, . . . , ak} to its edges and choosing an orientation, we
can construct a map p : Λ → Rk sending each vertex of Λ to the vertex of
Rk and each edge of Λ to the edge in Rk with the same label, preserving
orientations.

Suppose Λ has exactly 2k edges meeting at each vertex, then we will
say that p : Λ → Rk is a covering if for each vertex k incident edges have
label a1, a2, . . . , ak respectively and are oriented forwards with respect to
that vertex, and the other k edges have label a1, a2, . . . , ak respectively and
are oriented backwards. In other words, the local picture near each vertex of
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Λ is the same as the picture of Rk.
From now, we will say that p(π1(Λ, v)), a subgroup of Fk, is the funda-

mental group induced by the covering Λ or just the fundamental group of the
covering Λ. To simplify, we will say also that the pair (Λ, f : Λ → Rk) is
a labeled graph and we will usually denote it just by Λ. The definition of a
map of graphs can be extended to labeled graphs, as follows:

Definition 1.1. Given (Γ, h1 : Γ → Rk), (∆, h2 : ∆ → Rk) two labeled
graphs, a map of labeled graphs f : Γ → ∆ is a map of graphs such that
h2 ◦ f = h1.

We claim now a lemma about coverings that will be very useful in the
following theorems:

Lemma 1.1. Let p : Λ → Rk be a covering, then given a path P = e1 . . . en
in Rk and u a vertex of Λ, there exists one and only one path Q = e′1 . . . e

′
n

in Λ, with p(Q) = P and u as initial vertex.

Proof. Since each ej ∈ {a1, a2, . . . , ak}±, if the exponent of e1 is positive/negative
take the unique edge incident to u and oriented forwards/backwards with
the label of e1, called e′1. Inductively, given the path Q = e′1 . . . e

′
n−1 with

u as initial vertex, there exists again one and only one edge e
′
n oriented for-

wards/backwards, depending on the sign of en, adjacent to e′n−1 and with
the label of en.

A covering of Rk is a particular case of an immersion: a map from a graph
Θ, with an orientation, to Rk, such that, for any vertex of Θ, at most one
forward incident edge has the label ai and at most one backward incident edge
has the label ai, for any ai. Then, for immersions, the 2k-regularity is not
required. Coverings can be thought as locally bijective maps and immersions
as locally injective.

Given an immersion is easy to construct a covering, extending it with
new incident edges to the vertices that are not 2k-regular and labelling those
edges with the corresponding letters. The problem is that, once we have
done this process, we have new vertices that are not 2k-regular. We can do
it again with the new vertexs and go on. In order to formalize this process
we define the following graph:

Definition 1.2 (k-Cayley graph). For Fk with generators {a1, . . . ak} we
define the k-Cayley graph as a labeled graph with vertices in one to one cor-
respondence with the elements of Fk, V = {vx | x ∈ Fk} and set of oriented

6



edges E = {(vx, vx′) |x, x′ ∈ Fk, ∃ai ∈ {a1, . . . , ak} such that xai = x′}.
Then ai is the label of (vx, vx′).

Proposition 1.2. The k-Cayley graph is a covering and a tree.

Proof.
That the k-Cayley graph is a covering follows from the definition of its edges:
a vertex vx has two and only two incident edges labeled with the letter aj:
the edge (vx, vxaj) and the edge (vxa−1

j
, vx), the first one oriented forwards

and the other one oriented backwards. To check that the k-Cayley graph
is connected, take vx, vy two vertices. Then, since the k-Cayley graph is a
covering and using Lemma 1.1, there exists a path with vx as initial vertex
and labeled by x−1y. Then, the terminal vertex of that path is vy. Suppose
that there exists another reduced path from vx to vy, labeled by z. Then, we
have that xz = y, thus z = x−1y. Then the path from vx to vy is unique and
this implies that the k-Cayley graph is a tree. �
Now, since the k-Cayley is a tree, the deletion of any edge e from the Cayley
produces two different connected components, Ae, Be, with Be containing
the vertex v1. Using this, we make the following definiton:

Definition 1.3 (a±j -branch of the k-Cayley graph). Given a±j with aj a
generator of Fk, take e, an edge of the k-Cayley graph, with e = (v1, vaj) if
the exponent of aj is positive and e = (vaj , v1) if it is negative. Then, the
a±j -branch of the k-Cayley graph is defined as Ae ∪ e. The vertex of Ae ∪ e
whose unique incident edge is e is called the attaching vertex.

Then, given an immersion p : Θ→ Rk, if one of the vertices of Θ does not
have an incident edge oriented forwards/backwards and labeled by the letter
aj, we just attach the a+

j /a
−
j -branch of the k-Cayley by the attaching vertex.

The crucial point is that, since the Cayley graph is a tree, the a±j -branch
also, and then, using Proposition 1.1, the fundamental group of the new
graph remains the same and the induced fundamental group as well. The
bad news are that the Cayley have as many vertices as the elements of Fk and
the branches a 1

2k
part of the number of elements of Fk, so both are infinite

graphs. Then, although we will prove the theorems for coverings, in practice
we will work with immersions for obvious reasons. On the other hand, we
could wonder whether, among all the immersions of a covering, there exists
one containing the same information about the fundamental group as the
covering and of minimum size:
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Definition 1.4. Given a map of graphs f : (Γ, v) → Rk, let Ω = {Θ ⊆
Γ | v ∈ Θ, f(π1(Θ, v)) = f(π1(Γ, v))}. Then the core of Γ, denoted by C(Γ),
is defined as C(Γ) =

⋂
Θ∈Ω Θ.

Lemma 1.2. Given a map of graphs f : (Γ, v) → Rk, then in C(Γ) every
vertex has degree equal or greater than 2 except, maybe, v.

Proof.
Suppose that there exists w a vertex of C(Γ), w 6= v, with degree 1 and
let w′ be its adjacent vertex. There exists a reduced v-based path P that
reaches w, otherwise w′ wouldn’t be in C(Γ). But then, the previous and the
following vertex of w in P must be w′, so P is not reduced. �
The following theorem is the key of this theory, because it characterizes the
subgroups of Fk using the fundamental groups of the coverings of Rk.

Theorem 1.1. If p1 : (Λ1, u)→ Rk and p2 : (Λ2, w)→ Rk are two connected
coverings of Rk, then Λ1 and Λ2 are isomorphic via a map of labeled graphs,
f : Λ1 → Λ2 with f(u) = w if and only if p1(π1(Λ1, u)) = p2(π1(Λ2, w)).

Proof.
If there is an isomorphism f : Λ1 → Λ2, with f(u) = w, since f is a map
of labeled graphs we have p1 = p2 ◦ f and hence π1(Λ1, u) ≤ π1(Λ2, w), and
from p2 = p1 ◦ f−1, π1(Λ2, w) ≤ π1(Λ1, u).

Conversely, we define f : Λ1 → Λ2, as follows. First f(u) = w. For a
vertex r ∈ V (Λ1), r 6= u, take a reduced path P = e1 . . . en from u to r and
consider p1(P ). Then, using Lemma 1.1, there exists a unique path Q in
Λ2 with w as initial vertex, and with p1(P ) = p2(Q). Let s be the terminal
vertex of Q. Then f(r) = s. In order to see that this f is well defined take
P, P ′ two reduced different paths from u to r, and Q, Q′ two paths from w
with p1(P ) = p2(Q) and p1(P ′) = p2(Q′). Suppose that s and s′, the terminal
vertices of Q and Q′ respectively, are distinct. Then, since the path PP ′−1 is
a u-based path and using that π1(Λ1, v) ≤ π1(Λ2, w), there exists a w-based
path K with p2(K) = p1(PP ′−1). Spliting K in two parts, K = K1K2 with
p2(K1) = p1(P ) and p2(K2) = p1(P ′−1) , since K1 and Q have the same
initial vertex and the same image by p2 and using Lemma 1.1 again, we
get that K1 = Q. Analogously, K2 = Q′−1, and then s = s′. On the other
hand, to check that f is a map of labeled graphs and is well defined on the
edges, take an edge e = (x, y) of Λ1. Let P be the reduced path from u to
x and Q the path in Λ2 from w with p1(P ) = p2(Q) and f(x) as terminal
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vertex. Then, taking e′ the unique edge incident to f(x) with the same label
and orientation as e, we have that p1(Pe) = p2(Qe′), and hence the terminal
vertex of Qe′ is f(y), thus f(e) = f(e′). Define f−1 : Λ2 → Λ1 in the same
fashion, using now that π1(Λ2, v) ≤ π1(Λ1, w). To see that f−1 ◦ f(v) = v
just take P the reduced path from u to v and Q the path in Λ2 from w with
p1(P ) = p2(Q) and f(v) as terminal vertex. Now, f−1 ◦ f(v) is again the
terminal vertex of P and then v. The same for f ◦ f−1(v).

�

1.4 Stallings foldings

Our goal now is, for any given subgroup A of Fk, to find an algorithmic way
to construct a covering of Rk whose fundamental group is A. Then, using
Theorem 1.1, it will be easy to construct a bijection between the subgroups
of Fk and the coverings of Rk.

Given A =< wi(a
±
1 , . . . a

±
k ) >m

i=1 a subgroup of Fk, where wi is a reduced
word, we can think of wi as a tuple of elements of {a1 . . . ak}±. Now, construct
a graph as the disjoint union of exactlym line graphs, P1, . . . , Pm, with lenght
of Pi equal to the lenght of wi as a word. Finally indentify the initial vertex
and terminal vertex of all line graphs in one vertex, called v. Then our graph
consists of m v-based paths, P ′1, . . . , P

′
m and it’s easy to construct a map

from this graph to Rk, sending the fundamental group to A: label the edges
of P ′i with the letters of the tuple wi and choose orientations according to
their exponents in wi. We call this construction the flower graph of A. The
question now is how we could construct, from this flower graph, an immersion
of Fk with fundamental group A (and then, from that inmersion we will be
able to construct a covering immediately as we explained before). Basically,
the problem is that the local picture near each vertex of the flower graph may
not be the same as the picture of Rk. In other words, there could be two
edges, meeting at the same vertex, with the same label and both oriented
forwards or backwards. These two edges must be incident to v because the
words wi are simplified and then the paths Pi can not contain two such edges.
This kind of pair of edges is called inadmissible. The solution to this problem
is due to Stallings, in the paper [1], and is very simple: identifying each pair
of inadmissible edges doesn’t change the induced fundamental group:

Theorem 1.2. Let p : Γ→ Rk with a defined orientation in Γ. If (e1, e2) is
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an inadmissible pair of edges, i.e. e1 and e2 have one vertex v in common,
both are oriented forwards (backwards) with respect to v and p(e1) = p(e2),
then for p′ : Γ′ = Γ/[e1 = e2]→ Rk, the map induced by the identification of
e1 with e2, we have that p′(π1(Γ, [v])) remains the same.

Proof.
For a ∈ p(π1(Γ, v)), let x with p(x) = a. If e is an edge of x different
from e1 and e2, p′([e]) = p(e). Otherwise, if e is either e1 or e2, since
p′([e1]) = p′([e2]) = p(e1) = p(e2), p′([e]) = p(e). On the other hand, [x]
is a well defined path in Γ′ because [e] is incident, at least, to the same edges
as e. Then p′([x]) = a.
Conversely, suppose, without loss of generality, that e1 = (v, u) and e2 =
(v, w). For a′, an element of p′(π1(Γ′, [v])), and [x′] = [x′1] . . . [x′n] with
p′([x′]) = a′, define a path y = r1 . . . rn in Γ as the concatenation of the
paths ri. In order to define those paths we distinguish two cases, first, u 6= w.
Then:
(a) If [x′i] 6= [e1] and x′i = (x, u) for some vertex x. Then, if x′j = (u, y) for
j ≡ i+ 1 mod n, define ri = x′i and then p(ri) = p′([x′i]). And, if x′j = (w, y)

define ri = x′ie
−1
1 e2, and then p(ri) = p(x′ie

−1
1 e2) = p(x′i)p(e

−1
1 )p(e2) =

p(x′i) = p′([x′i]).
(b) If [x′i] 6= [e1] and x′i = (x,w) for some vertex x, this case is analogous to
the previous one.
(c) If [x′i] 6= [e1] but x′i is not in one of the previous cases, define ri = x′i.
(d) If [x′i] = [e1] and x′j = [(u, x)] for j ≡ i + 1 and for some vertex x, then
define ri = e1, and then p(ri) = p(e1) = p(e2) = p′([e1]).
(e) If [x′i] = [e1] and x′j = [(w, x)] for j ≡ i + 1 and for some vertex x, then
define ri = e2.
It’s easy to check that this path is well defined: if [x′i] 6= [e1] but x′i is incident
to u or to w (cases (a) and (b)) we look at the next edge of the path and
if it’s not adjacent to x′i in Γ, we reach it running through e−1

1 e2 or e−1
2 e1.

On the other hand, if [x′i] = [e1], we look at the next edge of the path to see
whether it has been reached from e1 or from e2. The second case is u = w:
(a) If [x′i] 6= [e1] define ri = x′i. Then p(ri) = p′([x′i]).
(b) If [x′i] = [e1] define ri = e1. Then p(ri) = p′([e1]).
The well definition is clear.
Observe that in the first case, after the identification, Γ′ has one vertex and
one edge less than Γ, so:

rk(π1(Γ′, [v])) = |E(Γ′)| − |V (Γ′)|+ 1 =
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(|E(Γ)| − 1)− (|V (Γ)| − 1) + 1 = rk(π1(Γ, v)).

On the other hand, in the second case Γ′ has one edge less but the same
number of vertices than Γ, so:

rk(π1(Γ′, [v])) = |E(Γ′)| − |V (Γ′)|+ 1 = (|E(Γ)| − 1)− (|V (Γ)|) + 1 =

rk(π1(Γ, v))− 1.

�
Although the previous proof seems very technical, it provides us an algorithm
to reconstruct a path in Γ from a path of Γ′ = Γ/[e1 = e2], both describing
the same element in the free group Fk. We will use this algorithm in the next
section.

Theorem 1.3. If Fk is the free group of rank k with generators {a1, a2, ..., ak},
then exists a set-bijection ψ : SFk

→ CFk
from the set of finitely gener-

ated subgroups of Fk to the set of connected coverings of Rk with a distin-
guished vertex and with finite core, such that p(π1(ψ(S), v)) = S, for every
{p : (ψ(S), v)→ Rk} ∈ SFk

and v the distinguished vertex of ψ(S).

Proof.
For S ≤ Fk, let {s1, s2, ..., sj} elements of Fk generating S. Construct Γ
the flower graph of {s1, s2, ..., sj} and call v to the central vertex. Then,
π1(Γ, v) = S. Now, by Theorem 1.2 and because Γ is finite, exists a fi-
nite chain of foldings Γ → Γ′ → · · · → Γ(k), with π1(Γ, v) = π1(Γi, v) and
with Γ(k) immersion of Rk. Attaching a±j -branches of the k-Cayley graph

we can get a covering ∆. Observe that since Γ(k) is finite and C(∆) is a
subgraph of Γ(k), C(∆) is finite. Then, define ψ(S) = (∆, v). Conversely,
for a covering with finite core, p : (Λ, w) → Rk we have that p(π1(Λ, w)) is
finetely generated. Then define ψ−1(Λ, w) = p(π1(Λ, w)). Now, ψ−1(ψ) = id
holds automatically, and ψ(ψ−1) follows from Theorem 1.1: if two coverings
have the same fundamental group they are isomorphic as labelled graphs. �

From now, to simplify, if we talk of p(π1(ψ(S), v)), v will be the distin-
guished vertex of ψ(S).
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2 Applications of the covering theory

Here we list and prove some applications of the machinery developed in the
previous chapter. Problems like the membership or the subgroups conju-
gation have a really simple and elegant solution using this techinque, that
constrasts with the complex methods used before the construction was de-
veloped.

2.1 The membership problem

Given a finitely-generated subgroup of a free group, S ≤ Fk, we wonder
whether, given an element a ∈ Fk, that element belongs to S also. In other
words, we wonder whether operating the generators of S and their inverses
in some way, we can get a. The solution of this problem is maybe the best
example of how Stallings construction can be really powerful. The first step
to solve it is to find a basis of S:

Theorem 2.1 (Algorithm to find a basis). Given S a finitely-generated
subgroup of a free group Fk, let p : (Θ, v) → Rk be an immersion with
p(π1(Θ, v)) = S. Let {b1, . . . , bj} be a basis of π1(Θ, v), then {p(b1), . . . , p(bj)}
is a basis of S.

Proof.
Since p(π1(Θ, v)) = S and the elements {b1, . . . , bj} generate π1(Θ, v) we
get that {p(b1), . . . , p(bj)} generate S. To see that they are free generators,
take P = e1 . . . en a non trivial reduced path in Θ and suppose that p(P )
is the trivial path. But then, for some i, p(ei) = p(ei+1)−1, so ei and ei+1

are two adjacent edges with the same label and both oriented forwards o
backwards with respect to their common vertex, that is imposible because
Θ is an immersion. So, for any non-trivial concatenation of {b1, . . . , bj}, the
image of this path by p is non trivial, thus it’s a basis. �
Algorithmically, if S is generated by {s1, . . . sm}, just construct the flower
graph Γ of {s1, s2, ..., sm}. Then, apply successively Stallings foldings to get
the chain Γ → Γ′ → · · · → Γ(k) where Γ(k) is an immersion of Rk with
induced fundamental group A. Find a basis of Γ(k) using Theorem 1.1 and
using the previous theorem, the image of this basis by p(k) is a basis of S.

A first important fact that we can easily get from this machinery is that
every subgroup of a free group is free, as follows. From Theorem 1.3,
given a subgroup S of Fk, exists one and only one covering of Rk such that
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p(π1(ψ(S), w)) = S. But then, since every covering is an immersion and
using the previous theorem, since π1(ψ(S), w) is free, S is free also.

Now, given a subgroup S and an element a of Fk, to check if a belongs
to S becomes a really easy problem: take Γ(k), the last graph of the chain of
foldings and then an immersion, and try to find P , a v-based path in Γ(k),
labeled by a. Furthermore: by the definition of immersion, if that path exists,
it’s unique. If a is an element of S, we can go one step farther and know how
the generators of S have to be operated in order to get a. In order to do this
we use the algorithm defined in the proof of Theorem 1.2.: take a reduced
path in Γ(k) such that p(k)(P (k)) = a. Then, using the algorithm, construct
a reduced path P (k−1) in Γ(k−1) such that p(k−1)(P (k−1)) = a. Interatively,
we can get a path in P in Γ with p(P ) = a. Once simplified, this path is a
concatenation of v-based subpaths, r1 . . . rm, with p(ri) one of the generators
of S.
Here we have an example:

Example 2.1. Let S be a subgroup generated by {a3, ab, a2ba}. Find free
generators of S, check if the element a−2ba−1ba is containted in S and how
the generators of S must be operated in order to get that element.
First we construct the flower graph of those generators:

a
a

a

a

a

a

a

b

b

And now we apply successive Stallings foldings in order to get an immersion
with induced fundamental group S. The edges that will be identified in the
next step have a thicker line

13



a

a a

a

a

a

a

b

b

a

a

a

a

a

b

b

a

a

a

a

b
b a

a

a
b

b

Observe that rk(S) = |E(Γ)| − |V (Γ)|+ 1 = 5− 3− 1 = 3. So {a3, ab, a2ba}
was already a free basis of S. There is a path in the immersion labeled by
a−2ba−1ba, so it’s an element of S. Using the algorithm of Theorem 1.2
this path can be lifted to the flower graph, as follows:

a−2ba−1ba⇒ a−2ba−1(a−1a)ba⇒ a−2ba−1a−1(a−1a)aba⇒
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a−2ba−1a−1(a−1a)aba⇒ a−2(a−1a)ba−1a−1a−1aaba⇒ (a3)−1(ab)(a3)−1(a2ba)

So we know how the generators of S must be operated in order to get a−2ba−1ba,
that would be really hard to know without this construction.

2.2 The conjugacy problem

Given S, L subgroups of Fk we want to guess if S and L are conjugate, i.e.
if exists an element z of Fk such that S = zLz−1. Obviously, if S and L are
conjugate they have the same rank.

Theorem 2.2. For S and L different subgroups of Fk and p1 : (Λ1, u)→ Rk,
p2 : (Λ2, w) → Rk two connected coverings with induced fundamental group
S and L respectively, we have that S and L are conjugate subgroups if and
only if Λ1 is isomorphic to Λ2 as a labeled graphs but with the image of u
not w. In that case, the conjugator element z is the image of a reduced path
from u to w.

Proof.
If S and L are conjugate with S = zLz−1, let Q be the path in Λ2 with
terminal vertex w and, such that, p2(Q) = z. The existence of this path
follows from Lemma 1.1. Let v be the initial vertex of Q. Then, for any
w-based path P , the concatenation QPQ−1 is a v-based path, and then we
have that zp2(π1(Λ2, w))z−1 ≤ p2(π1(Λ2, v)). On the other hand, for any
v-based path P ′, the concatenation Q−1P ′Q is a w-based path, and then
z−1p2(π1(Λ2, v))z ≤ p2(π1(Λ2, w)). Thus p2(π1(Λ2, v)) = zp2(π1(Λ2, w))z−1 =
zLz−1 = S. And, since (Λ1, u) and (Λ2, v) have the same induced fun-
damental group, from Theorem 1.1 we get that (Λ1, u) is isomorph to
(Λ2, v) as a labeled graph. Conversely consider the path Q from u to w
in Λ1

∼= Λ2 and let z = p1(Q). For each P , w-based path, we have that
QPQ−1 is a u-based path and then zp2(π1(Λ2, w))z−1 ≤ p1(π1((Λ2, u))). On
the other hand, for each P ′, u-based path, Q−1P ′Q is a w-based path and then
z−1p1(π1(Λ1, u))z ≤ p2(π1(Λ2, w)). Thus zp2(π1(Λ2, w))z−1 = p1(π1(Λ2, u))
and then S and L are conjugate subgroups with z as the conjugator element.

�

Unfortunately, we can’t define an algorithm using coverings because they
could be infinite. The problem now is that, if we work with the immersion
obtained from the flower graph of L after applying Stallings foldings, the
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previous theorem can be false. In fact, for a conjugate subgroup of L, zLz−1,
there could not exists a path whose image is z in that immersion. We have
to go inside the aj-branches to find it. The next example is quite illustrative:

Example 2.2. Consider S, a subgroup of F2 generated by {b2, bab−1}. First
of all we compute an immersion with fundamental group S. The flower graph
of S is:

a

b

b

b

b

We only have to apply two foldings to get an immersion:

a

b

b

b

a

b

b

Recall that, in order to get a covering from this immersion we have to attach
aj-branches of the 2-Cayley graph. So, attaching just some edges of those
aj-branches we will get a new immersion:
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a

a

b

b

The fundamental group based at that new vertex in black is generated by
{ab2a−1, abab−1a−1} so it’s a conjugate of the first one, but the immersions
are not isomorphic as a graphs.

Observe that in the previous example both immersions are cores with
fundamental group S and aSa−1 respectively, so Theorem 2.2 doesn’t work
with cores either. The problem here is that the base vertex of the second
immersion is inside the aj-branch and it could be as deep as we want to.
So, the solution in some way is to forget all the graphs whose base vertex is
in the same aj-branch of the core, and then we will get the isomorphism of
Theorem 2.2. In order to do this, we already know that in a core the only
vertex that can have degree 1 is the base vertex. If this happens, it means
that the base vertex is in a aj-branch, so let’s try to move it outside. Let
R be a reduced path with the base vertex v as initial vertex and such that
the only vertex of degree equal or greater than 3 is its terminal vertex, called
r(v). This path always exists if the fundamental group of the core is not the
trivial one and is unique because the degree of the basic vertex is 1. In some
sense, we are moving the base vertex v to r(v). Then the core without R has
no vertices of degree 1. We formalize this in the following definition:

Definition 2.1 (Reduced core). Given a map of graphs f : (Γ, v) → Rk,
let C(Γ) be its core. If v has degree equal or greater than 2 in C(Γ) then,
define the reduced core of Γ, denoted by Cr(Γ) as Cr(Γ) = C(Γ). Otherwise,
let R be the path defined above and r(v) its terminal vertex. Then define
Cr(Γ) = C(Γ)\(R\r(v)) and take r(v) as a distinguished vertex.

Then observe also that the reduced core have only vertices of degree equal
or greater than 2. So, once we have moved the basic vertex of the core outside
the aj-branch, Theorem 2.2 holds:
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Theorem 2.3. For S and L different subgroups of Fk and p1 : (Λ1, u)→ Rk,
p2 : (Λ2, w) → Rk two connected coverings with induced fundamental group
S and L respectively, we have that S and L are conjugate subgroups if and
only if Cr(Λ1) is isomorph to Cr(Λ2) as a labeled graphs. In that case, the
conjugator element z is p1(R)f1(Q)p2((R′)−1) where R and R′ are the paths
of the Definition 2.1 and Q is a path from r(u) to r(w).

Proof.
If S and L are conjugate subgroups, using Theorem 2.2, Λ1 and Λ2 are
isomorphic as a labeled graphs. Then, since the reduced cores are in one
to one correspondence with the connected coverings, Cr(Λ1) and Cr(Λ2) are
isomorphic as a labeled graphs as well. Conversely consider the path Q from
r(u) to r(w) in Cr(Λ1) ∼= Cr(Λ2) and let z = p1(Q). Using the same argument
as in the proof of Theorem 2.2 we get that:

zp2(π1(Cr(Λ2), r(w)))z−1 = p1(π1(Cr(Λ1), r(u))).

Now, let R and R′ be the paths of the Definition 2.1, then

π1(Cr(Λ1, r(u)) = R−1π1(C(Λ1), u)R, π1(Cr(Λ2), r(w)) = (R′)−1π1(C(Λ2), w)R′.

And then:

zp2(R′−1)p2(π1(C(Λ2), w))p2(R′)z−1 = p1(R−1)p1(π1(C(Λ2), u)p1(R)⇔

(p1(R)zp2(R′−1))p2(π1(C(Λ2), w))(p2(R′)z−1p1(R−1)) = p1(π1(C(Λ2), u)⇔

(p1(R)zp2(R′−1))L(p2(R′)z−1p1(R−1)) = S.

�

2.3 The normal subgroup problem

Recall that a subgroup N ≤ Fk is called normal if it is invariant under
conjugation by every element of Fk. In other words, for any z, element of
Fk, zNz

−1 = N . This means that, before the Stallings construction was
developed, the normality of a subgroup was a property really hard to check.
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Using graphs, on the contrary, it becomes astonishingly easy. Using the
previous section we know that to conjugate a subgroup by an element ameans
to change the base point of its covering from v to v′, the terminal vertex of a
as a path. Then, if the subgroup is normal, the induced fundamental group
using this new base point remains the same. In other words, the v′-based
labeled paths are in one to one correspondence with the v-based labeled
paths, and thus, using Theorem 1.1, we will get that there exists a labeled
graph automorphism, sending v to v′.

Theorem 2.4. Given N , a subgroup of Fk, we have that N is normal if and
only if for any w, vertex of (ψ(N), v), there exists an isomorphism of labeled
graps, f : ψ(N)→ ψ(N), with f(v) = f(w).

Proof.
Let p : (ψ(N), v) → Rk be the connected covering of N and w a vertex of
ψ(N). Then, since ψ(N) is connected, there exists a reduced path P from
v to w. Let a ∈ Fk with a = p(P ). Then, using Theorem 2.2, we have
that aNa−1 has covering (ψ(N), w). Thus, using that N is normal we have
know that N = π1(ψ(N), v) = π1(ψ(N), w). So, using Theorem 1.1 there
exists an isomorphism of labeled graphs fψ(N) → ψ(N) with f(v) = f(w).
Conversely, for any a element of Fk, there exists a path P in ψ(N) with
p(P ) = a and v as initial vertex. Then, let w be the terminal vertex of P .
Using that p : (ψ(N), w)→ Rk is the covering of aNa−1, then, by Theorem
1.1 again, N = aNa−1. �

2.4 The intersection problem

Given S, L subgroups of Fk, given an element a ∈ Fk, we wonder again
whether that element belongs to S ∩ L. Or, more generally, we want to
find generators of S ∩ L. The procedure is similar to the previous one:
construct the covering of the subgroup S ∩ L and find generators of the
induced fundamental group. In order to do this we need some definitions:

Definition 2.2 (Product of a map of graphs). Given f1 : (Γ1, u)→ Rk and
f2 : (Γ2, w)→ Rk two maps of graphs with distinguished vertex, we define the
product graph, Γ1 × Γ2, as the graph with set of vertices VΓ1×Γ2 = VΓ1 × VΓ2

and set of edges E = {((u1, u2), (w1, w2)) | (u1, w1) ∈ EΓ1 , (u2, w2) ∈ EΓ2

and f1(u1, w1) = f2(u2, w2)}. Then, the product of the maps f1 and f2,
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f1 × f2 : Γ1 × Γ2 → Rk, is the map sending each edge ((u1, u2), (w1, w2)) to
f1(u1, w1).

Definition 2.3. The projection maps x : EΓ1×Γ2 → EΓ1 and y : EΓ1×Γ2 →
EΓ1 are defined as x((u1, u2), (w1, w2)) = (u1, w1) and y((u1, u2), (w1, w2)) =
(u2, w2).

Theorem 2.5. Given S, L subgroups of Fk, if p1 : (Λ1, u) → Rk and p2 :
(Λ2, w) → Rk are two coverings with induced fundamental group S and L
respectively, and if C(u,w) ⊆ Λ1 × Λ2 is the connected component containing
the vertex (u,w), then (p1×p2)‖C(u,w)

: C(u,w) → Rk is a covering with induced
fundamental group S ∩ L.

Proof.
That C(u,w) is a covering follows inmmediately from the definition of the
product of maps and from the fact that Λ1 and Λ2 are coverings. To see
that the induced fundamental group is S ∩ L, let p1 × p2(a) be an element
of p1 × p2(π1(C(u,w), u× w)), then projecting every edge of a by the maps x
and y, we get a u-based path P1 in Λ1 and a w-based path P2 in Λ2 such
that p1(P1) = p2(P2) = p1 × p2(a) by the definition of the product of maps.
Then p1 × p2(a) ∈ p1(π1(Λ1, u)) ∩ p2(π1(Λ2, w)) = A ∩ B. Conversely, if P1

is a u-based path in Λ1 and P2 a w-based path in Λ2 with p1(P1) = p2(P2),
then the graph product of p1 and p2 contains a (u,w)-based path in Λ1×Λ2

that induces the same element in Rk as P1 and P2. �

Then, once we have an immersion with induced fundamental group S ∩
L, we can find easily a basis. It’s easy to check that the product of two
immersions is also an immersion, so, algorithmically, if S and L are finite
generated, C(Λ1) and C(Λ2) are finite cores, and then the corresponding
connected component of C(Λ1) × C(Λ2) will be a finite inmersion of S ∩ L,
where we can get a basis. On the other hand, the graph Λ1 × Λ2 could have
more than one connected component. Althought in the previous theorem we
only need the connected component containing (u,w), we can wonder what
the other connected components mean. We can choose properly a vertex
u′ of Λ1 so that (u′, w) can lie in any of the other connected components.
And the same can be done for a vertex w′ of Λ2. Then using the previous
section, we know that (Λ1, u) and (Λ1, u

′) induce conjugate subgroups, so the
components of Λ1×Λ2 mean intersections of conjugates subgroups of Λ1 and
Λ2. Here we have one interesting example:
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Example 2.3. Given S =< b, a3, a2bab−1a > and L =< a3, ab, a2ba >,
compute S ∩ L. L is the same subgroup of the Example 2.1 and we have
already get the immersion with S as fundamental group, so the product of
both covering becomes:

a a

a

ab
b

a

a

a

b

b

So, the rk(S∩L) = |E(Γ1×Γ1)|−|V (Γ1×Γ1)|+1 = 16−12+1 = 5. Taking
a maximal tree and using Proposition 1.1 we get the following basis of S ∩L:

{b−1a3b, a3, a2ba3b−1a−2, a2ba−2b−1a3ba2b−1a−2, a2ba−2b−1aba−1ba2b−1a−2}

So, oberserve that the rank of the subgroup intersection is greater than the
ranks of S and L.

This example proves another surprising fact about the free group: the
rank of S∩L can be larger than the rank of S and the rank of L. Nevertheless,
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we know that if the rank of S and the rank of L are finite, then the rank of the
intersection is finite: since C(Λ1) and C(Λ2) are finite graphs, C(Λ1)×C(∆2)
as well, and then the rank of S ∩ L is finite also. But, can it be arbitrarily
large? The answer is no, and, in fact, it can be bounded in terms of the
product of rank of S and rank of L. Before this theorem we need a definition:

Definition 2.4. (Reduced rank) If S is a free group with rk(S) = k, we

define
∼
rk(S) = min{0, k − 1}

And, with this definition:

Theorem 2.6 (Hanna-Neumann). Given S, L subgroups of Fk, then

∼
rk(S ∩ L) ≤ 2

∼
rk(S)

∼
rk(L) (1)

In order to prove that result we need a pair of lemmas:

Lemma 2.1. Given Γ a connected finite graph, then:

(a) If Γ is not a tree, then
∑

v∈V (Γ)(d(v)− 2) = 2
∼
rk(Γ).

(b) If Γ is a tree, then
∑

v∈V (Γ)(d(v)− 2) = −2.

Proof.
We already know that rk(Γ) = |E(Γ)| − |V (Γ)|+ 1, then if Γ is not a tree:

∼
rk(Γ) = |E(Γ)| − |V (Γ)| = 1

2

∑
v∈V (Γ)

d(v)− |V (Γ)| = 1

2

∑
v∈V (Γ)

(d(v)− 2).

And if Γ is a tree:

−1 =
1

2

∑
v∈V (Γ)

(d(v)− 2),
∑

v∈V (Γ)

(d(v)− 2) = −2.

�
The following lemma bounds the degree of (u, v) in terms of the degree of u
and v.

Lemma 2.2. Given Λ1, Λ2, two coverings with finite generated subgroup.
Consider Cr(Λ1)×Cr(Λ2), then, for every (v, w) ∈ Cr(Λ1)×Cr(Λ2), d(v, w)−
2 ≤ (d(v)− 2)(d(w)− 2).
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Proof.
Observe that, since Cr(Λ1) and Cr(Λ2) are immersions, for every edge in-
cident to v there exists at most one edge incident to w with the same la-
bel. Then, since the number of edges incident to (v, w) is the number of
pairs of edges incident to v and to w with the same label, we have that
d((v, w)) ≤ min{d(v), d(w)}. Now, suppose without loss of generality that
d(v) ≤ d(w). Recall that, by the definition of reduced core the degree of
each vertex of Cr(Λ1) and Cr(Λ2) is equal or greater than 2. Then, if
d(w) = 2 the equation holds automatically. If d(w) ≥ 3, we have that
d((v, w))− 2 ≤ min{d(v), d(w)} − 2 ≤ d(v)− 2 ≤ (d(v)− 2)(d(w)− 2) since
d(w)− 2 ≥ 1. �

With this lemmas we can already proof the theorem:
Proof.

Let p1 : (Λ1, u) → Fk and p2 : (Λ2, w) → Fk be two coverings with induced
fundamental group S and L respectively. Let X = C(u,w) be the connected
component of Λ1×Λ2 containing the vertex (u,w), then, since X is a covering,
we have that p1 × p2(π1(X, (u,w)) and p1 × p2(π1(C(X), (u,w))) have the
same reduced rank, by definition of core. Now, consider Cr(X). Recall that
Cr(X) = C(x)\(P\r(u,w)), so |E(Cr(X))| − |V (Cr(X))| = (|E(C(X)| +
n) − (|V (C(X))| + (n + 1) − 1). So p1 × p2(π1(C(X), (u,w))) and p1 ×
p2(π1(Cr(X), r(u,w))) have the same reduced rank, equal to the reduced
rank of S ∩ L.

Then, if Cr(X) is a tree 0 ≤ 2
∼
rk(S)

∼
rk(L). Otherwise, summing up the

degrees of (ui, wj), the vertices of Cr(X), we get:

∑
(ui,wj)∈Cr(X)

(d(ui, wj)− 2) =
lemma 2.1

2
∼
rk(S ∩ L)

And then, using Lemma 2.2

∑
(ui,wj)∈Cr(X)

(d(ui, wj)− 2) ≤
∑

(ui,wj)∈Cr(X)

(d(ui)− 2)(d(wj − 2)) ≤

∑
(ui,wj)∈C(X)

(d(ui)− 2)(d(wj − 2)) ≤
∑
ui

(d(ui)− 2)
∑
wj

(d(wj − 2)).
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Finally, using Lemma 2.1 again:

2
∼
rk(S ∩ L) ≤

∑
ui

(d(ui)− 2)
∑
wj

(d(wj − 2)) = 2
∼
rk(S)2

∼
rk(L)

Thus:

∼
rk(S ∩ L) ≤ 2

∼
rk(S)

∼
rk(L)

�

This bound was improved by

∼
rk(S ∩ L) ≤

∼
rk(S)

∼
rk(L)

few years ago. An algebraic proof can be found in [4]. Unfortunately, a proof
using only graph theory is not known yet.

2.5 The cosets problem

Theorem 2.7. Given S, a subgroup of Fk, then the cosets of S, zS for
z ∈ Fk are in one to one correspondence with the vertices of ψ(S).

Proof.
Let p : (ψ(S), v)→ Rk be the connected covering of S. Let z ∈ Fk be a repre-
sentant of the coset zS. Define fψ(S), our bijection from the cosets of S to the
vertices of ψ(S), as follows. Take the path P in ψ(S) with p(P ) = z and v as
initial vertex. Let w be the terminal vertex of P . Then define fψ(S)(zS) = w.
To see that this construction does not depen on the representant of the class,
take z′ another element of the coset zS, and P ′ a path in ψ(S) with p(P ′) = z′

and w′ as terminal vertex. Then, since zz′−1 = p(PP ′−1) ∈ S, PP ′−1 must
be a closed path and then the terminal vertex of P must be the inital vertex
of P ′−1 thus w = w′. To see that fψ(S) is injective, suppose that exists a
coset yS different from zS with f(zS) = f(yS) = w, but then there exists
a path Q with p(Q) = y, v as initial vertex and w as terminal vertex, thus
y ∈ zS and then zN = yN using that the cosets are disjoint. On the other
hand, fψ(S) is surjective because ψ(S) is a connected graph. �

A corollary of this theorem is that if S is a subgroup of finite index, i.e.
the number of cosets of Fk/S is finite, then the number of vertices of ψ(S)
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is also finite and vice versa. If the number of vertices of ψ(S) is finite then
ψ(S) does not contain any aj-branches of the k-Cayley graph, and then,
once we get an immersion from the flower graph of S applying foldings, that
immersion must be a covering. Otherwise we should attach aj-branches in
order to get a covering, a contradiction to the finiteness of ψ(S).

We can also wonder whether the intersection of cosets is again a coset
and, in this case, how we can obtain an element of that intersection. The
answer of the first question is afirmative:

Lemma 2.3. Given S, L, subgroups of Fk, and a, b ∈ Fk then aS ∩ bL is
empty or the coset z(S ∩ L) for any z ∈ aS ∩ bL.

Proof.
Suppose that aS ∩ bL is not empty, and let z ∈ aS ∩ bL. Then exists s ∈ S,
l ∈ L with z = as = bl. Let n ∈ S∩L, then zn = asn ∈ aS and zn = bln ∈ L
and then z(S ∩ L) ≤ aS ∩ bL. On the other hand, for m ∈ aS ∩ bL with
m = as′ = bl′ we have that m = zs−1s′ and m = zl−1l′, so, since s−1s′ ∈ S
and l−1l′ ∈ L, s−1s′ = l−1l′ ∈ S ∩ L, thus aS ∩ bL ≤ z(S ∩ L). Then
z(S ∩ L) = aS ∩ bL. �

Now, for p1 : (Λ1, u)→ Fk and p2 : (Λ2, w)→ Fk two connected coverings
with fundamental group S and L respectively, we consider fΛ1(aS), fΛ2(bL)
with the f defined in Theorem 2.7. So fΛ1(aS) ∈ V (Λ1) and fΛ2(bL) ∈
V (Λ2). Then, consider the product graph Λ1 × Λ2. Since the connected
component containing (u,w), C(u,w) ⊆ Λ1 × Λ2, is a covering with induced
fundamental group S ∩ L, if the vertex (fΛ1(aS), fΛ2(bL)) lies in a different
connected component, using that the vertices of C(u,w) are in one to one
correspondance with the cosets of S ∩ L, we get that aS ∩ bL is empty.
If (fΛ1(aS), fΛ2(bL)) lies in C(u,w), f

−1
Λ1×Λ2

(f(aS), f(bL)) is a coset z(S ∩ L)
with z the image by p1 × p2 of a path with (u,w) as initial vertex and
(fΛ1(aS), fΛ2(bL)) as terminal vertex.

2.6 Residually finite groups

In this section we prove that Fk is residually finite:

Definition 2.5. A group G is residually finite if for any g element of G
different from 1, there exists a normal subgroup of G of finite index not
containing g.
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First of all, for g ∈ Fk let’s construct a finite covering whose induced fun-
damental group does not contain g. Let {a1, . . . , ak} be the generators of Fk,
then we can think of g as a tuple of elements of {a1, . . . , ak}±, g = a±i1 . . . a

±
in

.
Now, construct the covering as follows. First, take two line graphs P , P ′

both of lenght n, with edges e1 . . . en and e′1 . . . e
′
n respectively and initial

vertices v, v′ and terminal vertices w, w′. Label the edges ej and e′j, for
1 ≤ j ≤ n, with the letter aij . Orientate the edge ej forwards with respect to
v if the exponent of aij in g is positive, and backwards otherwise. Orientate
the edge e′j, for 1 ≤ j ≤ n, in the opposite way: backwards with respect to
v′ if the exponent of aij in g is positive, and forwards otherwise. Then we
have a map p : P ∪ P ′ → Rk that is an inmersion because the element g was
a simplified word. Now identify v with v′ and w with w′ and call this new
graph Q. Observe that q : Q→ Rk is still an immersion: the edge e1 and e′1
have the same label but opposite orientations with respect to v. The same
for en and e′n. Observe also that every vertex of Q has degree 2. Finally, we
are going to add edges to Q in order to get a covering. We do this in two
steps:
(a) For every x vertex of Q let ar and as be the labels of the two edges
incident to x. ar and as could be the same label. Then, for every letter aj
from the set {a1, . . . , ak}\{ar, as}, add a x-loop, i.e. and edge (x, x), to Q
with label aj
(b) Consider x = ι(ei) = τ(ei−1) and y = ι(e′i) = τ(e′i−1) for 2 ≤ i ≤ n, the
i-th vertex of P and P ′ respectively. Observe that ei have the same label as
ei′ and opposite orientations and the same for ei−1 and e′i−1. Then, if the
label of ei is the same as the label of ei−1, Q is, after step (a), a covering in
x and y. Otherwise, let ar, as be the labels of ei−1 and ei respectively. Then,
add two edges, e, f , to Q, both incident to x and y, with label ar and as,
respectively. If ei−1 is oriented forwards/backwards with respect to x then
e′i−1 will be oriented backwards/forwards with respect to y, so orientating
the edge e backwards/forwards with respect to ι(ei) we will get that it has
the opposite orientation with respect to ι(e′i). The same for the edge f and
so Q will be an immersion in x and y.

Then, after those new edges are added to Q, we get a covering that doesn’t
contain the word g because of the path P ′

Theorem 2.8. Fk is residually finite.

Proof.

26



For a ∈ Fk, construct p : (Γ−
a
, v) → Fk the covering defined before, with

a /∈ S = π1(Γ−
a
, v). Let {v1, . . . vn}, with v1 = v, be the vertices of Γ. Then,

define recursively a sequence of coverings pj : (Γj, wj)→ Fk, as follows:

(Γ1, w1) = (Γ−
a
, v), (Γi, wi) = C(wi−1,vi)((Γi−1, wi−1)× (Γ1, vi))

and

p1 := p, pi := pi−1 × p1‖C(wi−1,vi)

where wi−1 is the distinguished vertex of Γi−1 and C(wi−1,vi) is the connected
component containing (wi−1, vi). Then, we have that

p1(π1(Γ1, w1)) = S, pi(π1(Γi, wi)) = pi−1(π1(Γi−1, wi−1)) ∩ p1(π1(Γ1, vi)) =

p1(π1(Γi−1, wi−1)) ∩ PiSP−1
i

where Pi is the reduced path from v to vi. And finally,

pn(π1(Γn, wn)) = S ∩ P2SP
−1
2 ∩ . . . ∩ Pn−1SP

−1
n−1 ∩ PnSP−1

n .

We have already seen that every connected component of the product of two
coverings is a covering as well, so (Γn, wn) is a covering. Thus the fundamen-
tal group induced by (Γn, wn) is the intersection of all the conjugates of S:
we have as many conjugates as cosets of S, and using the previous section
S has a finite number of cosets since Γ has finitely many vertices. Then S
is normal. On the other hand, using previous section again, pn(π1(Γn, wn))
is of finite index because Γn has a finite number of vertices. Finally, since
a /∈ p1(π1(Γ1, w1)), a /∈ pn(π1(Γn, wn)), and then pn(π1(Γn, wn)) is a normal
subgroup of finite index and not containing a. �

2.7 The basis problem

One could wonder whether, like in linear algebra, given m generators of a
subgroup of rank k, with m ≥ k, there exists a subset of this generators of
cardinality k, generating the same subgroup. In other words, if for any finite
A set of elements of Fn we could find a free subset of A generating the same
subgroup as A. That is in general not possible, and, in fact, we will show an
example where an arbitrary large number of elements generates a subgroup
of rank 2 but, if we delete just one of the elements, the remaining elements
don’t generate the same subgroup.
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Example 2.4. Consider the labeled graph:

a

a

a

a

a

a

a

a

a

b

b

b

b

b

b

For n ≥ 3 we consider the previous graph, with n the number of edges in
the base of the left triangle. To compute generators of the induced fundamen-
tal group of this graph, consider the following maximal tree:

a

a

a

a

a

a

b

b

b

b

b
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With this tree the generators are:

{aba−1} ∪ {aiba−1b−1a−(i−1)}n−2
i=2 ∪ {an−1bab−1a−1b−1a−(n−2)}∪

{an−1ba−1ba−2b−1a−(n−1)}

Thus, it has n generators. But now, observe that the two edges incident
to the base vertex are inadmissible. Once we have identified them we will get
a new pair of inadmissible edges and finally the triangle will collapse to a
line:

a a a

a

a ab b b

b
b

The loop labaled by a on the right and the adjacent edges labeled by a are
inadmissible edges also, so we can apply more foldings:

a a a

ab b b

b

b

Finally, since we have a double loop in the same vertex, all the edges of
the graph collapse in the rose graph R2, so the elements above generate F2.
Now, suppose we erase one of those elements. This is equivalent to erasing
one of the edges of the base of the triangle or the egde labeled by b on the
right. But then, the chain of foldings would stop just where the edge has been
erased: the triangle woudn’t collapse in the line graph and then we wound’t
get Rk. Thus, we have an arbitrarily large set of elements that generates F2

but the set minus any element doesn’t generate F2.
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