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Facultat de Matemàtiques i Estad́ıstica

Degree’s Final Project

Rational Parametrizations of Q-Curves:
Sage implementation

Ivan Geffner

Advisor: Jordi Quer

Applied Mathematics Department II





Contents

1. Introduction 1
2. Basic theory and concepts 3
3. The Algorithm and implementation 27
4. Codes in Sage 33
5. Examples 43

References 49

5





1. INTRODUCTION 1

1. Introduction

Elliptic curves over C are a very interesting branch of study in mathematics. It
combines fields that apparently have few things in common such as algebraic geome-
try, topology, complex analysis, number theory and abstract algebra. This makes
that for any object of study we can adopt very different points of view depending
on from which branch of mathematics are we doing the approach.

In this work we aim to perform the algorithm exposed in Josep Gonzalez and Joan-
Carles Lario’s article Rational and Elliptic Parametrizations of Q-curves [1], in the
rational case. This article shows a way to find a parametrization of a special type of
elliptic curves called Q-curves, and even though this parametrization is described,
it is still not implemented in Sage. To perform such a task, it will be necessary to
become familiar with some new mathematical concepts that will be explained in
the first section.

Our work is divided in three main parts: We begin introducing the basic concepts
and properties. Then we continue explaning the algorithm and commenting step
by step how can it be implemented using the software Sage. We will end giving the
code of a program in Sage that performs such algorithm along with some input-
output examples.

In our first section we introduce the necessary theory to have a basic idea of the
space of functions we are working on. The definitions will come along with clarifi-
cations and with the proofs we consider to be the most important. The objective of
this first section is to make the reader be familiar with the basic concepts and re-
sults without getting involved into perhaps longer and more technical proofs which
of course we will mention where to be found in the bibliography.

In this section, that is the longest, we first introduce the elliptic curves, which
are the fundamental object we will be working on. We continue presenting a very
special type of functions called modular functions and modular forms, which are
very related to elliptic curves and will allow us to show some interesting properties
about them. Later we extend the definition of modular functions in order to define
the curve X0(N) which will be used in the algorithm.

Finally we end the theory section with the remaining concepts used in González and
Lario’s article, such as isogenies, Q-curves or Hauptmodul. Although most of their
properties are just mentioned, the aim of this part is the understanding of these
concepts rather than the formal justifications which can be found in the references.

We continue with a concise explanation of the algorithm exposed in González and
Lario’s article. We also comment step by step the functions we use in Sage along
with some problems that can appear and how we managed to solve them.

Our last section consists in some input-output examples of the functions we imple-
mented in Sage. We will see that even if the outputs are very long we can be almost
sure that the implementation was correct because some of the properties that we
are going to show in the first sections will hold, and the odds of this happening
having a mistake are extremely small.
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2. Basic theory and concepts

In this section we will introduce the basic notions and definitions we need to know
in order to understand the algorithm explained in the next section.

We will always be working over the field of complex numbers (in other cases it will
be said) to avoid problems due to a finite characteristic of the field.

First of all let us define the simplest object we’re going to be working on. A plane
algebraic curve is the set of all points in a projective plane whose coordinates are
zeros of a homogeneous polynomial in three variables P (X,Y, Z).

For example the zeros of X3 + Y 3 +Z3− 2XY Z form an algebraic curve in P2(C).

We can dehomogenize the curve by setting Z = 1 (this can be done with any line
but it is common to do it with the last coordinate) and then we obtain a curve
in the associated afine space. In the previous example we would get the curve
x3 + y3 + 1 = xy in A2(C).

It is easy to check that the tangent line to a curve F defined by an equation
f at a given point p = [p1 : p2 : p3] ∈ F ⊆ P2, if it exists, has the equation
∂f

∂X
(p) ·X +

∂f

∂Y
(p) · Y +

∂f

∂Z
(p) · Z = 0. If the tangent line is not defined (i.e. all

the derivatives are 0) then we will say that p is a singular point of F . A curve is
called non-singular if it has no singular points.

Every non-singular algebraic curve is a Riemann surface since it is a manifold
of complex dimension one. These surfaces, for being the preimage of 0 by an
holomorphic function, are closed. In addition, P2(C) is compact and therefore the
curves themselves are compact too for being a closed subset of a compact set. Due
to the existence of a complex structure Riemann surfaces are orientable, and by the
theorem of classification of compact oriented surfaces we know that every compact
Riemann surface is topologically equivalent to a “sphere with handles” (also can be
seen as a torus with holes) and the number of handles is the genus of the surface.
Then, for any plane algebraic curve, we can define the genus of the curve accordingly
to the genus of its topologically associated Riemann surface.

When an algebraic curve C is a cubic (i.e. has degree 3) then we will prove that
there exists an holomorphic transformation that changes it into a curve with the
following expression in A2(C), which is called its Weierstrass form:

y2 = 4x3 + ax+ b, a, b ∈ C.

An elliptic curve over C is defined as a plane algebraic curve of genus one. The
uniformization theorem states that every compact Riemann surface of genus one
can be represented as a complex torus, and we will show later that any torus
(and therefore any elliptic curve) in C is isomorphic to a non-singular cubic in its
Weierstrass form.

Finally we will introduce the modular forms and we are going to use them to show
that, reciprocaly, every non-singular cubic in its Weierstrass form is isomorphic
to the quotient C/〈ω1, ω2〉 for some complex numbers ω1, ω2 independent over R,
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which is a complex torus. Here 〈ω1, ω2〉 denotes the lattice {aω1 + bω2 : a, b ∈ C
Then it will follow that the elliptic curves are precisely the non-singular cubics.

2.1. About elliptic Curves.

2.1.1. Weierstrass form and singularities.

Weierstrass Form

Let C be an ordinary cubic:

C =

[X : Y : Z] ∈ P2(C)

∣∣∣∣∣∣ f(X,Y, Z) =
∑

0≤i+j≤3

ai,jX
iY jZ3−i−j

 .

Now our aim is to pick three independent points p1 = [1 : 0 : 0], p2 = [0 : 1 :
0], p3 = [0 : 0 : 1] such that C has the simplest possible equation. To do so, let p1

be any point of the cubic that is not an inflection point, p2 be the third point of
intersection of the tangent line through p1, and let p3 be any point in the tangent
line through p2 other than p2.

In this reference C will satisfy some properties. We will do some abuse of notation
by using the same notation for the equation that defines C in the new reference:

• The term X3 is missing in the equation since p1 ∈ C (i.e. a3,0 = 0).
• The same applies for the term Y 3. Then a0,3 = 0.
• The tangent line in p1 is Z = 0 since both p1 and p2 belong to it. Then

∂f

∂X
(p1) =

∂f

∂Y
(p1) = 0

And this happens if and only if the term X2Y is missing in the equation.
• Similary, the tangent line in p2 is X = 0 and then there is no term of the form
Y 2Z.

Finally we get that C has the following equation:

a1,2Y
2X + a1,1XY Z + a0,1Y Z

2 + a0,0Z
3 + a1,0XZ

2 + a2,0X
2Z = 0.

Dehomogenizing and dividing by a1,2 we get that the equation is equivalent to the
following:

y2x+ (ax+ b)y = cx2 + dx+ e a, b, c, d, e ∈ C.

Now multiplying by x we get

(xy)2 + (ax+ b)(xy) = cx3 + dx2 + ex.

By the change of variables ȳ = xy we have that

ȳ2 + (ax+ b)ȳ = cx3 + dx2 + ex.



2. BASIC THEORY AND CONCEPTS 5

Finally, by the change of variables y = ȳ + [(ax + b)y]/2 (also with some abuse of
notation) we get that

y2 = p(x)

with p(x) a cubic polynomial in x.

We can avoid having a quadratic term in p(x) with a change x̄ = x−α and we can
have leading coefficient 4 by replacing x̄ for λx and y for λ2y.

So at last, after all these transformations, the cubic will have the form

y2 = 4x3 + ax+ b a, b ∈ C,

and this is called the Weierstrass form of the cubic.

Singularities

From now on we will suppose that all the cubics are already in their Weierstrass
form. Let us check when these cubics have singularities.

The homogenized equation of a cubic is f(X,Y, Z) = Y 2Z − (4X3 + aXZ2 + bZ3).

If there exists a singular point p, it must satisfy that
∂f

∂Y
(p) = 0 ⇔ pypz = 0. If

pz = 0 then, since p ∈ C, it must follow that 4X3 = 0 and therefore X = 0, so we

only have to check the point [0 : 1 : 0], but it is easy to check that
∂f

∂Z
([0 : 1 : 0]) = 1

and then it isn’t singular.

If pz 6= 0 then we only have to check for singular points in the afine space. Deho-
mogenizing we have the equation y2 − (4x3 + ax + b). By setting that py = 0 we
have that px is a root of the cubic polynomial P (x) = 4x3 + ax+ b. Now if px is a
zero of both P and P ′, then P and P ′ have the same factor x− px and therefore P
has a double root. Reciprocaly it is easy to check that if px is a double root then
p = [px : 0 : 1] is a singular point, so C is non-singular if and only if P has three
distinct roots.

In this case, as mentioned before, C is an elliptic curve.

2.1.2. The complex torus and elliptic functions.

The complex torus

Let ω1, ω2 be two complex numbers in the upper-half plane independent over R,
and let L be the lattice generated by these two numbers. In other words L =
〈ω1, ω2〉 = {mω1 + nω2} with n,m ∈ Z.

We define the fundamental domain of L as Π = {aω1 + bω2 | 0 ≤ a, b ≤ 1}. This is
because any element z = αω1 + βω2 can be written as the sum of an element of L
with an element of the fundamental domain in a unique way except for the points
where α or β are integers.
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It is easy to see that the quotient C/L is topologically equivalent to the complex
torus since it is a parallelogram with opposite sides pasted. Our aim in this section
is to prove that every complex torus is isomorphic to an ellpitic curve in P2(C).

First of all we will define an elliptic function as a meromorphic function over C
well-defined over C/L. This is equivalent to say that f is meromorphic and double-
periodic: f(z + ω1) = f(z + ω2) = f(z) for all z ∈ C. It is easy to check that
the sum of elliptic functions is elliptic and so is the product and the multiplicative
inverse of a nonzero elliptic function, so all together they form a field.

Weierstrass ℘-function

Let us introduce what it will be our first elliptic function: the Weierstrass ℘-
function:

℘(z;L) =
1

z2
+
∑
l∈L
l 6=0

(
1

(z − l)2
− 1

l2

)
.

We will assume1 that this sum converges uniformly in compacts that do not contain
lattice points. If we are working with the same lattice L we will omit writing it
inside the function.

It is easy to see that ℘ is even but it is not trivial to check the doubly-periodicity.
To do so, we will introduce its derivative that, because of the convergence, we can
compute by derivating term by term:

℘′(z) = −2
∑
l∈L

1/(z − l)3.

It is clear that ℘′ is doubly-periodic, so we have that (℘(z + ω1)− ℘(z))′ = ℘′(x+
ω1) − ℘′(z) = 0. Then ℘(z + ω1) − ℘(z) is a constant C and C = ℘(ω1/2) −
℘(−ω1/2) = 0 since ℘ is even. The same holds for ω2 and this proves the double-
periodicity.

The functions ℘ and ℘′ are as important in the field of elliptic functions as sinx
and cosx are in the field of periodic funtcions. In fact, it can be easily shown2 that
every even elliptic function can be written as the sum of a rational function in ℘,
and therefore, since every elliptic function f can be written as

f(z) =
f(x) + f(−z)

2
+ ℘′(z)

(
f(z)− f(−z)

2℘′(z)

)
and both terms between parentheses are even functions, we know that every elliptic
function is the sum of a rational function in ℘ plus the product of ℘′ and a rational
function in ℘.

Finally we can ask ourselves a question: If all the even functions are spanned by
℘, then in particular (℘′)2 is a rational function in ℘ and we should be able to
compute it. We will show that actually (℘′)2 is a cubic polynomial in ℘.

1You can find more details in [2], Ch. I
2This is also proved in [2], Ch. I
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In order to find it let us state a few properties of ℘, ℘′ and the elliptic functions.
Some of them will be used next, and others are going to be used in the future.

• ℘ has its only poles at the lattice points and clearly this poles have order 2.
• By the same reasoning, ℘′ has its only poles at the lattice points and their

order is 3.
• Every elliptic function has the same number of zeros and poles (counting

multiplicity) in the fundamental domain.
This is because if f is elliptic, then so is f ′/f , and it is easy to check computing
its Laurent series that f ′/f has a simple pole with residue ni > 0 if and only
if f has a zero of order ni, and has a simple pole with residue −mi, mi < 0 if
and only if f has a pole of order −mi.
Then by integrating over the edges of the fundamental domain we get that∫

∂Π

f ′(z)

f(z)
dz =

∑
ni −

∑
mi,

so we just have to prove that the integral is zero, but this holds since op-
posite edges cancel because the values of f ′(z)/f(z) are the same but we’re
integrating in opposite directions.

• A trivial consequence of the statement above is that ℘ has exactly two zeros
and ℘′ has exactly three. Moreover, since ℘ is even, then it must happen that
the points of order two (ω1, ω2 and (ω1 +ω2)/2) are zeros of ℘′, so we’ve found
exactly the zeros of ℘′.

• Every holomorphic elliptic function is bounded in Π since it is a compact, and
so it is bounded in all C. Then, by Liouville’s theorem it has to be constant.

Now returning to our main question, if we find a cubic polynomial g in ℘ such
that its Laurent expansion in 0 coincides with Laurent’s expansion of (℘′)2 in the
coefficients of negative order (including 0), then g(℘) − (℘′)2 is holomorphic in 0
and therefore holomorphic in all C. Hence, by the above properties, we have that
g(℘)− (℘′)2 is a constant C, but since its Laurent expansion coincides also in the
constant term, we got that C = 0 and g(℘) = (℘′)2.

Our aim is now finding the Laurent expansions of ℘ and ℘′.

Differentiating the identity

1

1− x
= 1 + x+ x2 + . . . =

∑
k≥0

xk

we obtain
1

(1− x)2
= 1 + 2x+ 3x2 + 4x3 + . . . =

∑
k≥0

(k + 1)xk.

Replacing x for z/l we get

1

(1− z/l)2
=

l2

(l − z)2
=
∑
k≥0

(k + 1)
(z
l

)k
.
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Now substracting 1 from both sides and dividing by l2 we got that

1

(z − l)2
− 1

l2
=
∑
k≥1

(k + 1)
zk

lk+2
= 2

z

l3
+ 3

z2

l4
+ . . .

Hence we finally get that

℘(z) =
1

z2
+
∑
l∈L
l 6=0

∑
k≥1

(k + 1)
zk

zk+2
,

and by changing the order of sumation we have that

℘(z) =
1

z2
+
∑
k≥1

(k + 1)zk
∑
l∈L
l 6=0

1

lk+2
.

By naming Gk =
∑
l∈L
l 6=0

l−k our expression is reduced to

℘(z) =
1

z2
+
∑

i ≥ k(k + 1)Gk+2z
k.

Is is easy to see that for odd k, then l−k is odd too and therefore Gk = 0, so we
only have to consider the even terms. Finally our expansion is

℘(z) =
1

z2
+ 3G4z

2 + 5G6z
4 + . . . =

1

z2
+
∑
k≥1

(2k + 1)G2k+2z
2k.

We get a similar expression for ℘′ by derivating the last expression:

℘′(z) =
−1

z3
+
∑
k≥1

2k(2k + 1)G2k+2z
2k−1.

At last we got

℘(z) =
1

z2
+O(z),

℘(z)2 =
1

z4
+ 6G4 +O(z),

℘(z)3 =
1

z6
+ 9G4

1

z2
+ 15G6 +O(z),

℘′(z) =
−2

z3
+O(z),

℘′(z)2 =
4

z6
− 24G4

1

z2
− 80G6 +O(z).

And comparing the coefficients we obtain the differential equation

℘′(z)2 = 4℘(z)− 60G4℘(z)− 140G6℘(z).
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Often, in order to simplify the notation, the coefficients 60G4 and 140G6 are called
g2 and g3 respectively. Using this notation, the differential equation would be
written as ℘′(z)2 = 4℘(z)3 − g2℘(z)− g3.

An important isomorphism

Our final result leads straight to a natural bijection between the points in the
fundamental domain Π = C/L and the points of an elliptic curve. We will define
it by setting

z 7→ [℘(z) : ℘′(z) : 1] if z 6= 0,
z 7→ [0 : 1 : 0] otherwise.

The first part of the bijection is quite clear, it just maps the points of the fundamen-
tal parallelogram to the afine points of the curve C defined by y2 = 4x3− g2x− g3.
Now if we check the limit of the image when z → 0, since ℘′ has a pole of bigger
order at 0 than ℘ it follows that

lim
z→0

[℘(z) : ℘′(z) : 1] =

[
℘(z)

℘′(z)
: 1 :

1

℘′(z)

]
= [0 : 1 : 0],

and this is why we map 0 to [0 : 1 : 0].

This map is exhaustive since both C and Π are compact Riemann surfaces and it’s
just left to check that it is one-to-one.

Let us suppose that there exists two complex numbers z and z′ with the same
image, then we have that ℘(z) = ℘(z′). We’ve proved already that all elliptic
functions have the same number of zeros and poles, so for all constants C, the
equation ℘(z) = C has just two solutions z1 and z2. Hence, using this result, it
follows that z′ ≡ −z since ℘ is even, and therefore z′ = ω1 + ω2 − z.

Then we have that ℘′(z) = ℘′(ω1 + ω2 − z) = −℘′(z) due to the parity of ℘′ and
this shows that ℘′(z) = 0, but fixing z, the function ℘(z′) − ℘(z) has a double
zero in z′ = z since ℘′(z) = 0, and therefore there are no values z′ 6= z such that
℘(z′) = ℘(z). This proves that the map is one-to-one.

To end, we will prove that C is elliptic, that, as we have shown earlier, it is equivalent
to prove that the roots of the polynomial 4x3 − g2x− g3 are different.

We know that ℘′(z)2 = 4℘(z)3 − g2℘(z) − g3 holds, and that ℘′(z) vanishes at
exactly three points: ω1/2, ω2/2 and (ω1 + ω2)/2. So, if we prove that the images
of these numbers through ℘ are different, we’re done.

Applying the same reasoning as we did before, we can prove that the function
℘(z) − ℘(ω1/2) has a double zero in z = ω1/2 and the same holds for ω2 and
(ω1 + ω2)/2. Hence, since all these functions can only have two zeros counting
multiplicity, the values of ℘(ω1), ℘(ω2) and ℘((ω1 + ω2)/2) are different and C is
elliptic.

The fact that C is elliptic implies that the discriminant of the polynomial doesn’t
vanish. This means that g3

2 − 27g2
3 6= 0 for all lattices L, a fact which will be useful

later to define the j-function.
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We’ve just seen that every lattice Lτ is isomorphic to an elliptic curve using the
Weierstrass ℘−function, but we haven’t proved yet that every elliptic curve is iso-
morphic to some lattice.

The j-function and isomorphic elliptic curves

First of all let us recall the discriminant of the elliptic curve C defined by the
equation y2 = 4x3 − g2(τ)x − g3(τ). If we divide it by 16 we obtain the following
expression:

∆(τ) =
g2(τ)3

g2(τ)3 − 27g3(τ)2
.

Now we will define the j-invariant of the curve as

j(τ) = 1728
g2(τ)3

∆(τ)
= 1728

g2(τ)3

g2(τ)3 − 27g3(τ)2
.

The importance of the number 1728 will be shown later. By now we will justify
why j is “invariant”: two elliptic curves (we can suppose that both are already in
their Weierstrass form) are isomorphic if and only if they have the same j-invariant.

Since the operation in elliptic curves is defined by the complex sum in the funda-
mental parallelogram3, we just have to see when two fundamental parallelograms
defined by different lattices L and L′ are isomorphic.

It isn’t hard to show that C/L ∼= C/L′ ⇐⇒ L′ = λL for some nonzero λ ∈ C. In
this case we will say that L and L′ are homothetic.

So we just have to prove that L and L′ are homothetic if and only if they have the
same j-invariant.

In one hand we have that if L = λL′ then g2(L) = 60G4(L) = 60λ−4G4(L′) =
λ−4g2(L′), and in the same way g3(L) = λ−6g3(L′). Then

j(L) =
(λ−4g2(L′))3

(λ−4g2(L′))3 − 27(λ−6g3(L′)2
=

g2(L′)3

g2(L′)3 − 27g3(L′)2
= j(L′).

On the other hand if we have that j(L) = j(L′) we can choose a complex number
λ such that

λ−4 =
g2(L)

g2(L′)

Then using our initial assumption we have that

1728
g2(L)3

g2(L)3 − 27g3(L)2
= 1728

g2(L′)3

g2(L′)3 − 27g3(L′)2

Replacing g2(L) with λ−4g2(L′) and performing a little algebra we finally get that(
g3(L)

g3(L′)

)2

= λ−12 and therefore λ−6 can be
g3(L)

g3(L′)
or − g3(L)

g3(L′)
. We can suppose

3It can be shown that this operation actually satisfy some nice properties in C
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without loss of generality that it goes with a positive sign, else by picking λ′ = iλ
it would satisfy both conditions.

It is important to notice that this cannot be done if g2(L) is zero. In this case,
since g3

2−27g2
3 6= 0, we have that g3(L) doesn’t vanish and we can define λ similary

using g3(L) instead of g2(L).

Now we got that g2(L) = g2(λL′) and g3(L) = g3(λL′). So if we show that all the
coefficients in the Laurent expansion in 0 of ℘(z, L) are polynomials with rational
coefficients of g2(L) and g3(L) all of them independent of L, then we would have
that the Laurent expansions around 0 of ℘(z, L) and ℘(z, λL′) are the same and
therefore ℘(z, L) = ℘(z, λL′) at every point. Since the poles of the ℘ function are
precisely the points of the lattice, this would show that L = λL′.

Finally it remains to prove the previous observation. Let z−2 +
∑
k≥1 akz

2k be the

Laurent expansion of ℘(z) around 0 (we saw already it has this form). Differenti-
ating the equation ℘′(z)2 = 4℘(z)3 − g2℘(z)− g3 we get

2℘′′(z)℘′(z) = 12℘(z)2℘′(z)− g2℘
′(z).

Dividing by 2℘′(z) it follows that

℘′′(z) = 6℘(z)2 − 1

2
g2.

Replacing ℘(z) by its Laurent expansion and comparing the coefficients of zk−2 we
obtain the following relation for k ≥ 3:

2k(2k − 1)ak = 6

(
2ak +

k−2∑
i=1

aian−k−i

)

Since g2 = 60G4 = 20a1 and g3 = 140G6 = 28a2 we can easily prove by induction
the desired result.

So at last we found that C1 and C2 are isomorphic if and only if L1 and L2 are
isomorphic too, and this holds if and only if j(C1) = j(C2).

Next, we will introduce the modular forms, a special type of function that acts over
the upper-half plane of the complex numbers and whose properties will be necessary
to show a basic statement we are using: that for all elliptic curve in Weierstrass
form y2 = 4x3− ax− b, there exists a lattice L such that a = g2(L) and b = g3(L).

2.2. Modular functions and modular forms. The treatment of this section
will be very close to the one in Koblitz’s Introduction to Elliptic Curves and Modular
Forms, so we will skip the longest and more technical proofs and go straight to the
results we want.

The Γ subgroup

Let H ⊂ C denote the upper half-plane of the complex numbers or, in other words
H = {z ∈ C | Im z > 0}.
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The integer special linear group SL2(Z) consists of the 2× 2 matrices with integer
entries of determinant 1. Now let us define a group action of SL2(Z) over H ∪{∞}
(later we will see why it is necessary to add the point at infinity): given an element

g =

(
a b
c d

)
∈ SL2(Z) and z ∈ H we define:

gz =
az + b

cz + d
.

We will also define accordingly:

g∞ = lim
z→∞

gz =
a

c
.

Let us check that it is well defined: the image of any z ∈ H must also lie in H.
This can be shown easily noticing that

gz =
az + b

cz + d
=

(az + b)(cz̄ + d)

|cz + d|2
=
a|z|2 + bd+ adz + bcz̄

|cz + d|2
,

therefore

Im gz =
ad− bc
|cz + d|2

Im z =
1

|cz + d|2
Im z > 0.

It is easy to see that gz = g′z ⇔ g′ = ±g and hence sometimes we shall consider
Γ = Γ/± I, to avoid having two different matrices giving the same action.

We will say that two points z1 and z2 are Γ-equivalent if there exists g ∈ Γ such
that gz1 = z2. F is a fundamental domain for Γ if it is a closed connected region
of H such that every z ∈ Γ is Γ-equivalent to a point in F . Also it must hold that
for every pair of distinct points z1, z2 in the interior if F are not Γ-equivalent (they
can in the boundary).

A fundamental region will allow us to simplify operations involving the Γ group,
so we shall choose the simplest possible region. In this case, the most used it the
folliwing:

F = {z ∈ H | −1/2 ≤ Re z ≤ 1/2 and |z| ≥ 1}

It is still left to show that F is indeed a fundamental domain, we will do it in three
steps:

• Γ is generated by these two elements:

S =

(
0 −1
1 0

)
,

T =

(
1 1
0 1

)
.

First let us notice that we are working on the quotient of Γ by I and −I, so
we just have to see that every element g ∈ Γ can be expressed as a “chain” of
±S, ±T .
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We have that S2 = −Id ⇒ S−1 = −S and (ST )3 = −Id ⇒ T−1 = −(ST )2S
and so the inverses of S and T lie in 〈±S,±T 〉, then we just have to prove
that for every element g ∈ Γ there exists a chain c = Sα1T β1Sα2T β2 . . . such
that Cg = ±I.

Let us see how S and T operate with other elements g ∈ Γ. Let g =

(
a b
c d

)
be an element of Γ. Then we have

Sg =

(
−c −d
a b

)
,

T g =

(
a+ c b+ d
c d

)
.

So if we perform first S and then k times T we have the following:

T kSg =

(
−(c− ka) −(d− kb)

a b

)
.

Applying these kind of transformations we can perform Euclid’s algorithm in

the first column, and therefore our matrix will be of the form

(
±1 b′

0 d′

)
. The

determinant has to be 1, therefore d′ = ±1 and with the same sign as the
first element. Then the matrix is a power of T since we have the identity(

1 1
0 1

)n
=

(
1 n
0 1

)
. Then, by multiplying by T±b

′
we will get ±I as desired.

• Every element z ∈ H is Γ-equivalent to a point in F .
First let is see how T and S act over H:

Tz = z + 1,

Sz = −1/z.

We are going to prove that we can transform any element z ∈ H to an element
of F applying successively S or T , and we will do it in the following way: first
we can apply T j (it just adds j to the point and moves it horitzontally in the
complex plane) until it gets to the strip between −1/2 and 1/2, if it lies inside
of the unit circle, then we apply S to take it away, and we repeat this until
the point gets into F .

To prove it formally, we can recall the fact that Im gz with g =

(
a b
c d

)
is

|cz + d|−2 Im z. The numbers cz + d are in the lattice generated by 1 and z,
so there exists g ∈ Γ such that Im gz is maximal.
By applying T to gz we assume that there exists a Γ-equivalent point z′ in
the strip which attains the maximum of the imaginary parts of all the Γ-
equivalent points to z. Now we must have that |z′| ≥ 1, otherwise we would
have that Im Sz′ = Im − 1/z′ = Im z′/|z′|2 > Im z′, and this contradicts
the assumption of maximality of Im z′.
• If z1, z2 ∈ F and they are Γ-equivalent, then they are in the boundary.

Let us suppose we have two points Γ-equivalent z1 and z2 with Im z2 ≥ Im z1.

Then we have that if there exists g =

(
a b
c d

)
∈ Γ such that z2 = gz1 then it

must follow that

Im z2 = Im gz1 =
Im z1

|cz1 + d|
.
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Hence, |cz1 + d| < 1. Using that z1 ∈ F , then we can easily deduce that
c, d ≤ 1. So there are only a few cases to work on, but eventually we get
that the only Γ-equivalent points are the ones in the sides of the strip (each
of them is equivalent to a point in the other side applying T ), and the points
in the unit circle, which are equivalent with their symmetrics applying S with
respect to the imaginary axis.

Now we’ve just showed that F is a fundamental domain. Let us introduce a holo-
morphic map that takes F into the unit disc. This is done by making z 7→ e2πiz. If
we take into account the infinity point, this maps sends him to the origin.

Fig. 1. Here is a possible representation of the fundamental do-
main F
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Modular functions and modular forms

Let f(z) be a meromorphic function defined on H, then we will say that f is called
a modular function of weight k if the following two properties hold:

1.- f(gz) = (cz + d)kf(z) for all g =

(
a b
c d

)
∈ Γ.

2.- f(z) is meromorphic at infinity, or in other words, that the Laurent expansion
in 0 after the coordinate change q = e2πiz has a finite number of terms of
negative order.

If it happens that f is holomorphic at H and at infinity (no terms of negative order
in 0 after the coordinate change), then we will call f a modular form of weight k.
The set of such functions is denoted as Mk(Γ). If in addition f vanishes at 0 then
it is called a cusp-form of weight k and the set of these functions is called Sk(Γ).

Now let us check some remarks about this definitions:

a) By substituting g = −I in the first property it follows that there are not
modular functions of weight k for odd k.

b) We have that

d(gz)

dz
=

d

dz

(
az + b

cz + d

)
=

a

cz + d
− c az + b

(cz + d)2
=

ad− bc
(cz + d)2

= (cz + d)−2,

where in the last identity we used that g ∈ Γ and therefore its determinant is
one. Applying this we get that(
d(gz)

dz

)k/2
f(gz) = f(z) =⇒ f(z)(dz)k/2 is invariant by replacing z for gz

Hence, we have that if the first condition holds for g1, g2 ∈ Γ, then it holds
too for g1g2. Since Γ is generated by S and T we just have to check that the
following two relations hold, instead of checking that the first condition holds
for all the elements of Γ:

f(Tz) = (cT z + dT )kf(z)⇐⇒ f(z + 1) = f(z),

f(Sz) = (cSz + dS)kf(z)⇐⇒ f(−1/z) = zkf(z).

c) It is easy to check that the sum of two modular functions of weight k is a
modular function of weight k, and this also holds when multiplying a modular
function with a scalar value. When multiplying two modular functions the
product is also a modular function, but its weight is the sum of weights of the
factors; in the same way when doing the quotient of two modular functions
of weight k1 and k2 respectively the result is also a modular function, but its
weight is k1 − k2. This can easily be seen using the two conditions that we
just said, the first one holds for each of these operations, while the second one
changes the weight when multiplying two modular functions.

d) It is important to notice that all the values of f are “spanned” by the values
of f in the fundamental domain (just check at our first definition).

e) k = 2 is an important case to consider. These functions are called differential,
because applying b) we get that f(z)dz is invariant under Γ.
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Now we are introducing a very important type of modular function, which we
already worked on with.

Eisenstein series

Let us remember some things from last section. Given a complex lattice L = 〈z1, z2〉
and a number k ≥ 4, we define

Gk(L) =
∑
l∈L
l 6=0

l−k.

Every lattice L can be multiplied by a nonzero constant number in order to make
one of the two generators 1. In this case we would have the lattice L′ = 〈1, z〉 and
Gk would be

Gk(z) =
∑
m,n∈Z

(m,n)6=(0,0)

1

(mz + n)k
.

This is called an Eisenstein series. We will show next that it is a modular function
of weight k:

• First of all we can easily check that a translation z 7→ z + 1 leaves Gk(z)
invariant.
• We also have that

G(−1/z) =
∑

(m,n)∈Z2\(0,0)

(−m/z + n)−k =
∑

(m,n)∈Z2\(0,0)

zk

−m+ nz
= zkGk(z),

where the last equality holds since the terms in the last sum are just the same
terms that appear in gk but rearranged.

• Finally we have that

lim
z→i∞

∑
(m,n)∈Z2\(0,0)

1

(mz + n)k
=

∑
n∈Z\{0}

1

nk
.

If k ≥ 4 the double sum is absolutely convergent and uniformly convergent
over compacts, so we can pass the limit inside the sum and we get our last
identity. In addition this sum is convergent, and therefore we have proved
that f is actually holomorphic at infinity because it has a finite limit.

Then we know that the Eisenstein series are even more than modular functions,
they are modular forms of weight k.

If we compute the coefficients of the q-expansion of G, then it can be shown4 that all
of them are the product of a rational number and 2ζ(k) where ζ is the Riemann zeta
function. Hence, it is useful to define the normalized Eisenstein series by dividing
G by 2ζ(k):

Ek(z) =
1

2ζ(k)
Gk(z).

4For more information check [2], Ch. III
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Why are these functions so important? Next we will show that every modular form
is a polynomial in E4 and E6.

The space of modular functions and modular forms

First of all let us show a basic result in order to determine the spaces Mk(Γ) and
Sk(Γ) of modular forms and cusp-forms of a given weight for Γ:

Let f(z) be a nonzero modular function of weight k. For every P ∈ H let us denote
vP (f) order of the first nonzero coefficient in its Laurent expansion in P (it is just
the order of zero or minus the order of pole in P ). Let also be v∞(f) the same
definition but with the q-expansion in 0. Then it has the following identity:

v∞(f) +
1

2
vi(f) +

1

3
vω(f) +

∑
P∈F

vP (f) =
k

12
.

The proof of this proposition can be found at [2], Ch. III. The calculations are
long but it basically uses the residue theorem integrating around the fundamental
domain F , and treating specially the points i and ω = (−1 +

√
3)/2.

Now, using this, we can get into a large number of results:

1.- The only modular forms of weight 0 are constants.
This can be easily shown because if we pick any c in the image of f , then
f(z)− c is also a modular form of weight 0 and it has a zero. Then, one of the
left terms in our identity is strictly positive while the other terms on the left
side are nonnegative since f is a modular form (no poles!), but this contradicts
k = 0, so the only possibility is that we are breaking the assumption that f is
nonzero.

2.- There are no modular forms for k < 0 or k ≥ 2.
There is no way that the left side of the identity could equal a negative number
or 1/6 since vP can only have integer values.

3.- If k = 4, 6, 8, 10 or 14 then Mk(Γ) is generated by Ek.
It is easy to see that for these values there is only one way of choosing the vP
in order to achieve the correct value in the left side, so for each of these values
of k we have that the modular forms of weight k have all the same zeros and
poles. This means that if we choose two modular forms f1 and f2 of weight k
(for these values of k of course), then we have that f1/f2 is a modular form of
weight 0 and therefore a constant. Hence, Mk(Γ) is a one-dimensional space
and it is spanned by any of its generators, in particular Ek.

4.- Let ∆ = E4(z)3 − E6(z)2, then we have that Sk(Γ) = 0 for k < 12, S12(Γ) =
C∆ and for k > 12 Sk = ∆ ·Mk(Γ).
It can be easily checked that ∆ is a cusp-form of weight 12. Using our identity
we have that a cusp-form of weight 12 has only its zero at infinity5 and no
more. Then by the same reasoning used in the last property it follows that
Sk = C∆. Finally since every cusp-form vanishes at infinity, we have that if
f ∈ Sk(Γ), then f/∆ is a modular form of weight k − 12; reciprocally, if f is
a modular form of weight k − 12 it easily follows that f ·∆ is a cusp-form of
weight k.

5Remember that a cusp-form is a modular form that vanishes at infinity!
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5.- Mk(Γ) = Sk(Γ)⊕ CEk.
Given f ∈Mk(Γ) we can substract a suitable multiple of Ek so that the result
vanishes at infinity. This can be done since Ek doesn’t vanish at infinity. Then
we have that there exists α ∈ C such that f − αEk ∈ Sk(Γ).

These properties will allow us to prove a very important result of classification of
modular forms: every modular form of weight k is a polynomial in E4(z) and E6(z).
In other words, if f ∈Mk(Γ), then it can be written in the form

f(z) =
∑

4i+6j=k
i,j≥0

ci,jE4(z)iE6(z)j .

While proving the third property, we showed that Ek for k < 12 and k = 14 is
a one-dimensional space. Then it follows that they are spanned by the elements
E4, E6, E

2
4 , E4E6, E

2
4E6 respectively. If k = 12 we have that Mk is spanned by

∆ = E3
4 − E2

6 .

If k > 12 we will use strong induction: let us suppose that this proposition holds
for every k′ < k. It is clear that we can choose a, b ≥ 0 such that 4a + 6b = k,
then by the same argument used in the fifth property there exist α ∈ C such
that f − αEa4Eb6 ∈ Sk(Γ). But every element in Sk(Γ) is the product of ∆, which
is a polynomial in E4 and E6, and an element of Mk−12(Γ), which by induction
hypothesis is also a polynomial in E4 and E6. Then we have that

f(z)− αE4(z)aE6(z)b = [Polynomial of E4 and E6]

and this completes the proof.

Let us recall the j-invariant from the last section. Given a lattice Lz defined by 1
and z, we have, using the same notation as in the last section, that

j(z) = 1728
g2(z)3

g2(z)3 − 27g3(z)2
.

Substituting g2(z) = 60G4(z), g3(z) = 140G6, Gk(z) = 2ζ(k)Ek(z) for k = 4, 6 and
taking into account that ζ(4) = π4/90 and ζ(6) = π6/945, we have j(z) expressed
as a function of E4(z) and E6(z):

j(z) = 1728
E4(z)3

E4(z)3 − E6(z)2
.

At last, we will introduce the caracterization of all modular functions of weight 0:
every modular function of weight 0 is a rational function of j.

First of all let us notice that j is a modular form of weight 0 since it is the quotient
of two modular forms of weight 12. In addition, every rational function of j is
a modular function of weight 0. Now let us see reciprocally that every modular
function of weight 0 is a rational function of j:

By the definition of j, its holomorphic on H and has a simple pole at infinity
since ∆ only vanishes at infinity. Let f(z) be a modular function of weight 0, and
let z1, z2, . . . , zn be its poles in F , them, by multiplying f with the product of
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(j(z)− j(zj) for 1 ≤ j ≤ n we can transfer these poles to infinity, so we can assume
without loss of generality that f is holomorphic on H and has a pole at infinity.

Since ∆ has only a simple zero at infinity, we have that for a suitable power f(z)∆k

is holomorphic at infinity and hence it is a modular form. Then by the above
proposition we have that f(z)∆k is a linear comibation of terms of the form Ei4E

j
6

and therefore

f(z) =
∑

4i+6j=12k
i,j≥0

ci,j
E4
i E

6
j

∆k
.

We have for each term in the sum that 4i+ 6j = 12k, then i is a multiple of 3 and
j is even by looking the equation modulo 3 and 4 respectively. By writing i = 3i′

and j = 2j′ we have that i′ + j′ = k and then Ei4E
j
6/∆

k = (E3
4/∆)i

′
(E2

6/∆)j
′
.

Since it is easy to check that 1728E3
4/∆ = j and 1728E2

6/∆ = j − 1 we’ve got
the desired result, since f(z) is a linear combination of terms which are product of
these functions.

A loose end in last section

In the last section we proved that every complex torus is isomorphic to a cubic in
its Weierstrass for. Now, using modular forms, we are able to prove reciprocally
that for every curve in its Weierstrass form y2 = 4x3 + Ax + B with A3 6= 27B2

(it is equivalent to say that the polynomial in x has distinct roots) there exists a
lattice L = λLz such that A = g2(L) and B = g3(L).

We will prove it in three steps:

(1) A restatment of the problem: We have that g2(z) = 60G4(z) = 120ζ(2)E4(z) =
(4/3)π4E4(z), and similary we get that g3(z) = (8/27)π6E6(z). Since g2(λLz) =
λ−4g2(Lz) and g3(λLz) = λ−6g3(L3) we can restate the problem so that we
just have to find λ, z such that the two following conditions hold:

4

3
λ−4π4E4(z) = A⇐⇒ E4 = λ4 3A

4π4
,

8

27
λ−6π6E6 = B ⇐⇒ E6 = λ6 27B

8π6
.

Now by calling a =
3A

4π4
and b =

27B

8π6
the condition A3 6= 27B2 becomes

a3 6= b2. We will use this notation from now on in this proof.
(2) A nice property about j: for each c ∈ C there exists z ∈ F such that j(z) =

c. Let us consider the weight 12 modular function fc(z) = 1728g2(z)3− cδ(z).
Since we have that v∞(fc) + vi(fc)/2 + vω(fc)/3 +

∑
P∈F vP (fc) = 1 every

term in the sum of the left must vanish except one. Then, for every c, fc(z)
has only one zero in F ∪∞, and this point is not infinity since ∆ vanishes but
g2 does not. Dividing fc by ∆ we have the desired result, since f(z) − c has
only one zero in F .

(3) Conclusion: First of all let us show that there exists z ∈ C such that
E4(z)2/E6(z)3 = b2/a3. This happens because since j can attain all finite
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values on H, then E2
6/E

3
4 = 1− 1728j can attain all finite values on H except

1, but we have by assumption that b2/a3 6= 1 because they are different.
Now let us choose λ ∈ C such that E4(z) = λ4a. Then we have that E6(z)2 =
b2E4(z)3/a3 = λ12b12. It follows that E6(z) = ±λ6b. We can assume that
it has the possitive sign because otherwise we can choose iλ instead of λ.
If a = 0, then z is a zero of E4(z) and λ any complex number such that
λ6b = E6(z).
Finally it is easy to check that the values chosen of λ and z achieve the
conditions of the problem restated.

The q-expansion of j(z) can be computed and it is shown6 that actually

j(z) =
1

q
+
∑
n≥0

cnq
n with cn ∈ Z.

Dedekind eta function

To end this section let us just mention a very important function called the Dedekind
eta function η(z) defined by

η(z)24 = ∆(z)(2π)−12

It can be shown7 that its q-expansion is

η(z) = q1/24
∏
n≥1

(1− qn)

It is holomorphic on H but it can’t be continued analytically beyond it. Even if it
is not a modular form of integer weight it is quite useful to compute other modular
forms by doing products or quotients of η functions evaluated in different points.
Later in the algorithm implementation we will make a lot of use of this function.

Now we have found the caracterization of all the modular functions of weight 0
and have seen some possible aplications of modular forms. During all the process
we’ve been working with the Γ group. What happens if instead of Γ we work with
a subgroup Γ′ ⊂ Γ? We will see in next section that some properties are slightly
modified and we will arrive to some other conclusions.

2.3. The Γ0(N) subgroup. All the work we did with the Γ group can be done
similary with any subgroup of Γ of finite index, but for example the fundamental
domain would change, and so the caracterization of its modular forms (defined in
an analogous way to the modular forms of Γ).

6See [7], §12
7See [2], Ch. III
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Modular forms

Let us focus our attention in a very special kind of subgroups called the Γ0(N)
subgroups with N ∈ N, defined in the following way:

Γ0(N) =

{(
a b
c d

)
∈ Γ

∣∣∣∣ c ≡ 0 mod N

}
.

Let us see that for all N it is actually a subgroup:

(1) I ∈ Γ0(N) and the operation and associativity holds since the operation is
hereted by the group operation.

(2) If g =

(
a b
c d

)
∈ Γ0(N) we have that g−1 =

(
d −b
−c d

)
also belongs to Γ0N .

(3) Let g =

(
a b
c d

)
and g′ =

(
a′ b′

c′ d′

)
be two elements of Γ0(N), then we have

that

gg′ =

(
aa′ + bc′ ab′ + bd′

ca′ + dc′ cb′ + dd′

)
,

and since c and c′ are multiples of N , so is ca′ + dc′. Then gg′ ∈ Γ0(N).

To proceed similary as in the last section we will work only with meromorphic
functions invariant under Γ0(N). These functions would be the analogous ones to
the modular functions of weight 0 for Γ.

Let U =

(
1 N
0 1

)
∈ Γ, then Uz = z+N . We will show that for every meromorphic

function f invariant under Γ0(N) and for all g ∈ Γ the function f(gz) has period

N . Picking any g =

(
a b
c d

)
∈ Γ we have that

gUg−1 =

(
1− acN a2N
−c2N 1 + acN

)

and therefore gUg−1 ∈ Γ0(N). Then we have that

f(g(z +N)) = f(gUz) = g(gU(g−1g)z) = f((gUg−1)gz) = f(gz),

where in the last equality we used that f is invariant under Γ0(N).

Then every function of the form f(gz) can be written as a function of e2πiz/N =
q1/N . We will say that f is meromorphic at the cusps if for every g ∈ Γ the number
of terms of negative order in its q1/N -expansion is finite. Finally if f holds this
condition too we will say that f is a modular function of Γ0(N).

It is clear that every modular function for Γ is a modular function for Γ0(N) since
the conditions for being a modular function of Γ0(N) are less restrictive than for Γ.
So, are there more functions than the rational functions of j? We will show next
that the modular functions of Γ0(N) are the rational functions of j(z) and j(Nz),
so if N > 1 we have that they can be spanned by these two functions while if N = 1
it is easy to see by definition that Γ(N) = Γ.
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First of all let us check that j(Nz) meets the first two conditions: it is clearly

meromorphic and in addition if g =

(
a b
c d

)
∈ Γ0(N) then

j(N(gz)) = j

(
N
az + b

cz + d

)
= j

(
aNz + bN

cz + d

)
= j

((
a bN
c/N d

)
(Nz)

)
= j(Nz).

In the last equality we used that since c ≡ 0 mod N then c/N ∈ Z and

(
a bN
c/N d

)
∈

Γ.

Let us consider an important set8 of matrices related to Γ0(N):

C(N) =

{(
a b
0 d

) ∣∣∣∣ ad = N, a > 0, 0 ≤ b < d, (a, b, d) = 1

}
.

It is shown in [7], §11, that using the notation σ0 =

(
N 0
0 1

)
, the apication

C(N) 3 σ 7→ σ−1
0 Γσ ∩ Γ

maps an element σ ∈ C(N) to a right coset of Γ0(N) in Γ. Clearly the sets σ−1
0 Γσ

are disjoint (for different σ ∈ C(N)). Furthermore, it is shown that this application
is a one-to-one correspondence between the right cosets of Γ0(N) and the elements
of C(N).

This will be useful to compute q1/N -expansions and hence knowing if the third
condition holds for j(Nz): Let g be any element of Γ, it must be in some right
coset of Γ0(N) and then by the previous lemma there exists g′ ∈ Γ and σ ∈ C(N)
such that σ−1

0 g′σ = g ⇐⇒ σ0g = g′σ. Then, noticing that for every z ∈ H
the equality Nz = σ0z holds, we have that j(Ngz) = j(σ0gz). By the previous
observation we have that j(σ0gz) = j(gσz), and since j is invariant by Γ we finally
get to j(Ngz) = j(σz).

Now, for a generic element σ =

(
a b
0 d

)
∈ C(N) we have that since σz = az + b/d

and q = e2πiz that q(σz) = e2πi(az+b)/d and multiplying numerator and denomina-
tor of the exponent by a this is the same as e2πia(az+b)/ad. Now by definition of
C(N) we have that ad = N and then

q(σz) = e2πiab/Ne2πiza2/N = e2πiab/N (q1/N )a
2

.

To make notation easier we will denote e2πi/N as ζN , so we have that q(σz) =

ζabN (q1/N )a
2

.

Now, using that j(z) = q−1 +
∑
n≥0 cnq

n with cn ∈ Z we just have to replace q(z)

for q(σz) to find out j(Ngz):

j(Ngz) = j(σz) =
ζ−abN

(q1/N )a2
+
∑
n≥0

cnζ
abn
N (q1/N )a

2n, cn ∈ Z.

8To avoid confusions let us make clear that this is not a group since its determinant is N
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Since there is only one term of negative order, we have that j(Nz) satisfies the
third condition too and thus is a modular function for Γ0(N).

We can define, similary as we did in the last section, equivalent points in H for
Γ0(N): we will say that two points z1, z2 are Γ0(N)-equivalent if there exists an
element g ∈ Γ0(N) such that gz1 = z2, the definition of fundamental domain for
Γ0(N) is analogous to the definition in the case of Γ.

Let F be a fundamental domain for Γ and let Γ0(N)g1,Γ0(N)g2, . . . ,Γ0(N)g|C(N)|
be the right cosets of Γ0(N) in Γ. If we denote as giF the image of the points of
F under gi, then by an appropiate choosing of the representatives of the cosets the

union X0(N) =

|C(N)|⋃
i=1

giF is connected, and it is a fundamental domain for Γ0(N):

• Every point in H is Γ0(N)-equivalent to a point in X0(N). Since we proved
in the last section that every element z is Γ-equivalent to an element z0 ∈ F ,
or in other words that it exists z0 ∈ F, g ∈ Γ such that gz0 = z. We know that
g must be in some right coset, then there exists i with 1 ≤ i ≤ |C(N)| such
that g = g0gi with g0 ∈ Γ0(N). Hence g0giz0 = z and z is Γ0(N)-equivalent
to giz0 ∈ X0(N).
• If z1, z2 are two interior points of X0(N) then they are not Γ0(N)-equivalent.

Since no two different points of F are Γ-equivalent, they are not Γ0(N)-
equivalent and the same happens for the other regions giF . If z1 and z2

are Γ0(N)-equivalent, they would be also Γ-equivalent, and if this happens
they would be both Γ-equivalent to the same point z0 in F . Then by con-
struction there exist gi and gj between the representatives of the cosets such

that z1 = giz0, z2 = gjz0, but then z2 = gjg
−1
i z1 and since j 6= i because they

do not lie in the same region, then gjg
−1
i 6∈ Γ0(N) and therefore z1 and z2

are not Γ0(N)-equivalent. The proof that the only Γ0(N)-equivalent points
are at the boundary of X0(N) is much more technical and it depends on the
election of the representatives, so we will skip it by now.

Now, we know that every rational function of j(z) and j(Nz) is a modular function
of Γ0(N) but we still have to show that these generate all the others by taking
rational functions of them. In order to do so we will introduce a polynomial that
relates j(z) and j(Nz) called the modular equation. Let the right cosets of Γ0(N)
in Γ be Γ0gi for gi ∈ Γ and 1 ≤ i ≤ |C(N)|. Then the modular equation is viewed
as a polynomial in X and is defined as

φN (X, z) =

|C(N)|∏
i=1

(X − j(Ngiz)).

The modular equation

First of all let us check that it is well defined. Since we showed that j(Ngiz) = j(σz)
and σ is uniquely determined by the right coset, then the polynomial doesn’t depend
on which gi we choose to represent the coset.
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We want to show that the polynomial defined before is a polynomial in j(z) and
X. We will do it in two steps:

• Every modular function for Γ holomorphic in H is a polynomial in j(z).
We proved that every modular function f is a rational function of j, but now
we want to prove that if in addition this function has its only pole at infinity,
then it is a polynomial. This can be shown noticing that since the q-expansion
of j starts with q−1 then there exists a polynomial A(j) such that its terms
of negative order agree with the ones in f . Then f − j is holomorphic in H
and also at infinity and thus it is a constant, therefore f is a polynomial in j.

• The coefficients of φN (X, z), seeing it as a polynomial in X, are modular
functions that satisfy the previous condition.
With the same notation as before, the coefficients of φN are symmetric polyno-
mials in j(Ngiz) for 1 ≤ i ≤ |C(N)|, then we have that by replacing z with gz
for g ∈ Γ just cause a permutation between the j(Ngiz)’s as it causes a permu-
tation between the cosets. Then the coefficients are invariant under Γ. Clearly
they are meromorphic and holomorphic on H, we just have to show that it
has a finte terms of negative order in its q-expansion, but this can be easily
checked by substituting the j(Ngiz)’s with their respective q-expansions that
we computed before, since they all have finite terms of negative order all their
sums and products hold this property too and in particular the coefficients of
φN .

It is important to notice that, as we said before, we can express φN as

φN (X, j(z)) =
∏

σ∈C(N)

(X − j(σz)).

And since σ0 =

(
N 0
0 1

)
∈ C(N), we have that j(σ0z) = j(Nz) is a root of the

polynomial, hence φN (j(Nz), j(z)) = 0 and we have found a relation between j(z)
and j(Nz). With some Galois theory it can be shown that φN is irreducible as a
polynomial in X and hence if we consider the field generated by j(z), which we have
proven to be the modular functions for Γ of weight 0, then the modular functions
of Γ0(N) are an extension of the same degree as the modular equation, which by
construction is |C(N)|. It can be shown9 that actually |C(N)| =

∏
p|N (1 + 1/p).

To finally show that every modular function for Γ0(N) is a rational function of j(z)
and j(Nz) let us consider the following function with the same notation as before:

G(X, z) =

|C(N)|∑
i=1

f(giz)

|C(N)|∏
j 6=i

(X − j(Ngjz)).

In a similar way as in the last proof we can show that the coefficients of G(X, z) are
modular functions for Γ and therefore we can refer G as a polynomial G(X, j(z)).

Furthermore by evaluating at j(Nz) all the terms of the sum vanish except the one
where gi is the identity (which we will say that is g1 to simplify notation) and then

9For more information check [7], §11
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we have

G(j(Nz), j(z)) = f(z)

|C(N)|∏
j 6=1

(j(Nz)− j(Ngjz)).

We know that

∂φN
∂X

(X, j(z)) =

|C(N)|∑
i=1

|C(N)|∏
j 6=i

(X − j(Ngiz),

and considering g1 = I we have by evaluating in j(Nz) that

∂φN
∂X

(X, j(z)) =

|C(N)|∏
j 6=1

(j(Nz)− j(Ngiz)).

Hence G(j(Nz), j(z)) = f(z)
∂φN
∂X

(j(Nz), j(z)). Since φN is irreducible and j(Nz)

is a root, we know that the
∂φN
∂X

(j(Nz), j(z)) 6= 0 and therefore we can say that

f(z) =
G(j(Nz), j(z))

∂φN
∂X

(j(Nz), j(z))

and this is a rational function in j(z) and j(Nz) since both numerator and numer-
ator are polynomials in j(z) and j(Nz).

2.4. Additional theory. In order to proceed to the algorithm and implementa-
tion we have to introduce some new concepts. These are way harder than those we
did until now so we are only going to mention some properties. For more informa-
tion you can see Shimura’s Introduction to the Arithmetic Theory of Automorphic
Functions [8].

Given two elliptic curves C1 and C2, an isogeny between C1 and C2 is a noncon-
stant morphism of algebraic curves f : C1 → C2 such that the image of the identity
point in C1 is the identity point in C2 (the identity point is [0 : 1 : 0] when the
curve is in its Weierstrass form). When such a morphism exists then we will say
that C1 and C2 are isogenous.

Given two latices L1 and L2 the above condition can be translated to the existence
of a nonzero complex λ such that λL1 is a sublattice of L2. If L2 = 〈ω1, ω2〉 then
λL1 = 〈aω1, bω2〉 with a, b positive integers, hence it happens that L2 fits exactly
ab times inside λL1 and then we will say that ab is the degree of the isogeny. If
this happens, then abλ−1L2 is also an isogeny of degree ab but from L2 to L1, and
it shows that being isogenous (of a certain degree) is an equivalence relation.

As said before, every complex plane algebraic curve is the set of zeros of a poly-
nomial P (X,Y, Z) in the complex projective plane. Its Galois conjugates are the
curves defined by polynomials whose coefficients are Galois conjugates of the coef-
ficients of P . We will say that an elliptic curve is a Q-Curve if it satisfies that is
isogenous to all its Galois conjugates.
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As a consequence of Elkies theorem10 all Q-Curves up to isogeny, are classified by
the rational points of the curve X∗(N) = X0(N)/〈w1, . . . wn〉 for some square free-
number N , where w1, w2, . . . , wn are the Atkin-Lehner involutions, a special
class of automorphisms of H.

Our aim is to compute these rational points for the values of N where X∗(N) has
genus 0. In these cases it can be shown that it is possible to find a Hauptmodul
h, which is a function defined over X∗(N) so that every other function defined over
X∗(N) is a rational function of h. In order to do so, we will follow the steps that
are shown in Gonzalez and Lario’s article [1].

Finally, it is shown in the article that the field of functions of the curve X0(N) is,
in these cases, a Galois extension of the field of functions of the curve X∗(N) of
degree 2,4 or 8. We will show that with this information we are able to compute
j explicitely as an extension of the Hauptmodul using one, two or three square
roots. By giving rational values to the Hauptmodul we find values of j for which
the elliptic curves with this j-invariant are isogenous to all its Galois conjugates
and hence are Q-curves.

10See [9]
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3. The Algorithm and implementation

In this section give do a concise description of the algorithm exposed in [1], pages
18-22. We use the same notation to avoid any kind of confusion. We will also be
mentioning step by step how are we going to do the implementation on Sage, that
sometimes is not as easy at it may seem.

3.1. Basic functions. First of all we need to be sure that we can compute the
q-expansions of the Dedekind η function and the j-function.

The first one is already implemented in Sage using the following command:

qexp_eta(QQ[[’q’]],m)

That gives us the q-expansion of η(q)/q1/24 with precision m (this means up to the
m-th coefficient). We must remember that the factor q1/24 is missing. This is going
to be important in the future.

For the later function we can compute it ourselves (it is quite likely that there are
faster algorithms to calculate it, however programming this function was a nice way
of getting started in Sage).

We first calculate the Eisenstein series for k = 4 and k = 6 using the following
formula when k is even:

Ek = 1− 2k

Bk

∞∑
n=1

σk−1(n)qn.

Where Bk is the k-th Bernoulli number and σk−1(n) =
∑
d|n d

k−1. These last two

functions are already implemented in Sage using these commands:

bernoulli(k)

sigma(k-1, n)

Then, we compute j using that j =
E3

4

E3
4 − E2

6

.
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3.2. First Steps. Let B(N) be the group generated by the Atkin-Lehner involu-
tions of X0(N). If N is of the form N = p1 · p2 · . . . · pn then it is known that

B(N) = 〈wp1〉 ⊕ 〈wp2〉 ⊕ . . .⊕ 〈wpn〉 = {wd : d | N}.

The first thing we have to do is to choose a subgroup B′ ⊆ B of index 2.

Now, with B′ fixed, we define the number rB′ as:

rB′ =

{
24/(N − 1, 12) if N is a prime,
24/(

∏n
i=1(pi + δi), 24) otherwise.

Where δi =

{
1 if wpi ∈ B′
−1 if wpi /∈ B′

Then we construct the following function that will be necessary to find the Haupt-
modul in a large number of cases:

GB′(z) =

(∏
w∈B\B′ η(w(N)z)∏
w∈B′ η(w(N)z)

)rB′
.

Finding rB′ is straight computation, but we still have a little work calculating G′B .

First of all we know that if d and d′ are divisors of N then wd(d
′) = dd′/(d, d′)2.

In particular, since N is square-free, wd(N) = N/d.

Now we can compute GB′ easily, but what we need is its q-expansion. We already
know the q-expansion of Dedekind’s η function, so we just have to see how it changes
when we evaluate η(kz) for any k ∈ Z.

By definition we have that q = e2πiz, then e2πi(kz) = (e2πiz)k = qk. So if we got
already η(q), evaluating η in kz is the same as evaluating its q-expansion in qk.

Finally we just need to be aware that since Sage does not include the factor q1/24

in the η functions we have to add it manually. After multiplying all these terms
what remains to be added is the power qm/24 where

m = r′B

 ∑
w∈B\B′

w(N)−
∑
w∈B′

w(N)

 .
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3.3. Computing the Hauptmodul. Now we proceed finding the Hauptmodul
as explained in the page 21 of [1]. We got three cases to consider depending on the
genus g′ of X0(N)/B′, which is given for each N and B′ in tables in its Appendix.

• g′ = 0: In this case we have that our Hauptmodul F is GB′ + a/GB′ where
GB′ is the function defined in the previous subsection and a is a constant. If

N =
∏n
i=1 pi and B′ is of the form B′ = 〈wp1⊕. . .⊕wpn−1

〉 then a = p
rB′ ·2

n−2

n ,
otherwise a = 1 or a = −1. In this last case we can check manually which of
the two values is the correct one.

• g′ = 1: Here we have to find a regular differential w (i.e. a cuspform of
weight 2) on X0(N) invariant under each of the Atkin-Lehner involutions
in B′. Now we consider F = (dGB′/dq) · q/Gw. Then F is of the form
F (q) = −b/q + a0 +

∑
n≥1 anq

n, where b and all the terms ai are integers.

Our Hauptmodul in this case is H = (F (q)− a)/b.
• g′ > 1: First of all we have to find a basis w1, w2, . . . , wg′ of regular differentials

on X0(N) invariant under B′ (or equivalently, invariant under each of the
Atkin-Lehner involutions in B′). It is important to see that this subspace of
the cuspforms of weight 2 has dimension g′. We can choose this basis such
that it is in its Echelon form (in this case this means that wi ≡ qi mod qg

′+1)
and finally it is shown that wg′−1/wg′ is the Hauptmodul we are searching for.

The implementation of the case g′ = 0 is straightforward. The only complication
is to know in which cases a = 1 and in which ones it is −1, but this is a minor
problem.

In the other cases we have to find the invariant subspace of the regular differentials
on X0(N). Currently Sage doesn’t know how the Atkin-Lehner involutions act over
modular forms (actually it seems that they act in a very complicated way), so we
have to figure out other ways to find it. Hence we move to the modular symbols, a
space that is very close to the modular forms, but where Hecke operators (and in
particular Atkin-Lehner involutions) act in a much easier way.

So our aim is now to find the invariant subspace of the cuspidal submodule of
modular symbols of level N under B′. In Sage, the command “q expansion basis()”
acts in subspaces of modular symbols and gives directly the q-expansion basis of
their space of modular forms associated already in its echelon form. It may seem
that we are done but even though this command works well in the whole cuspidal
submodule (and this solves the cases where N is a prime, because then B′ = Id
and the whole space is invariant), it doesn’t seem to work in its proper subspaces
(maybe in the future Sage will be able to do this operations).

We actually found a way to avoid this problem: the function “.decomposition()”
breaks the cuspidal submodule of modular symbols into smaller subspaces where
Sage can still compute their q-expansion basis (maybe the way that Sage performed
the first command inherently saved or found the q-expansions). If we are lucky
enough, one of this subspaces will have dimension 2g′ and is invariant under B′ (if
we have bad luck instead, the vectors of the invariant subspace will be distributed
among the different subspaces). If this happens we would just have to order Sage
to compute its q-expansion basis and we’re done.
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Fortunately in every case we are treating we could found manually a subgroup B′

such that this happens. To choose B′ we always tried to find the one that makes
g′ = 0 or, if this isn’t possible, then we choosed the one that minimizes it. Most of
the cases worked pretty well, but we had problems with a few composite numbers
and we had to test manually other subgroups B′.

3.4. Parametrization of j. Now it remains the last step of the algorithm, finding
j as a function of the Hauptmodul. Let N = p1p2 . . . pn, J∗(x) =

∏
d|N (x − jd) =

where jd(z) = j(dz) and let also t be the Hauptmodul calculated in the previous
step.

As it is shown in the references, the Atkin-Lehner involutions just permute the
jd between them, so every symmetric polynomial with variables {jd1 , . . . , jd2n } is
invariant under B(N) and in particular the coefficients of J∗ are invariant too. This
means that its coefficients are integer polynomials of the Hauptmodul. Also, it is
shown that J∗ is irreducible and its Galois group is isomorphic to (Z/2Z)n.

Now we must compute the roots of the polynomial as a function of t. Of course, the
irreducibility of J∗ means that, even though the coefficients of J∗ are polynomials
of the Hauptmodul, its roots are not. By Galois theory, since its Galois group is
isomorphic to (Z/2Z)n, we can prove that its roots are the sum of a polynomial of
t and some square roots of polynomials of t.

First let us prove a short lemma: if p is a polynomial over a field K with roots
α1, α2, . . . , αn with Galois group Gal(p) ∼= (Z/2Z)n, then its splitting field K∗ is
K(β1, β2, . . . , βn) where β2

i ∈ K ∀i and for all non-empty set S ⊆ [n] we have that∏
i∈S βi /∈ K.

If n = 1 then p is an irreducible quadratic polynomial, and its splitting field is
K(D) where D2 is the discriminant of the polynomial. If n > 1 then Gal(p) =
σ1 ⊕ σ2 ⊕ . . . ⊕ σn, where σi ∈ Aut(K∗/K) and σ2

i = Id. Using the fundamental
theory of Galois Theory we know that the fixed elements of the subgroups11 G1 =
σ̂1⊕ σ2⊕ . . .⊕ σn, G2 = σ1⊕ σ̂2⊕ . . .⊕ σn, Gn = σ1⊕ σ2⊕ . . .⊕ σ̂n form quadratic
extensions of K, and therefore each of them is of the form K(βi) with βi /∈ K and
β2
i = K.

It is easy to see that since every βi is fixed by all the K-automorphisms σj with

j 6= i, that βi is not in K(β1, β2, . . . , β̂i, . . . , βn). Otherwise σi, by fixing all the

elements of K(β1, β2, . . . , β̂i, . . . , βn) would fix also βi, then it would be fixed by all
elements of Gal(p) and this would lead that βi ∈ K.

Then we got that [K(β1, β2, . . . , βn) : K] is the product

[K(β1) : K][K(β1, β2) : K(β1)] . . . [K(β1, . . . , βn) : K(β1, . . . , βn−1)].

No factor of this product can be 1 because of the previous observation, so they
must be 2. Therefore [K(β1, β2, . . . , βn) : K] = 2n and K(β1, β2, . . . , βn) = K∗.
This proves the lemma.

11We use the notation σ̂i to note that the term σi is missing in the sum.
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Now we’re going to find β1, . . . , βn when n = 1, 2, 3, that are the three values that
we need for our problem, although the method used in these cases can be used too
for larger values of n.

• n = 1 : Here we got that the two roots of p, using the same notation as in the
lemma, are of the form

α1 = a0 + a1β1

α2 = a0 − a1β1

With a0, a1 ∈ K. Therefore we got that

a0 = (α1 + α2)/2
a1β1 = (α1 − α2)/2

• n = 2 : In this case we have that a root α1 can be expressed as a0 + a1β1 +
a2β2 + a3β1β2. The only (K∗/K)-automorphisms in this case are the ones
that swap β1 with −β1 and/or β2 with −β2, so the other three roots are the
following:

α2 = a0 − a1β1 + a2β2 − a3β1β2

α3 = a0 + a1β1 − a2β2 − a3β1β2

α4 = a0 − a1β1 − a2β2 + a3β1β2

Hence we can easily check that

a0 = (α1 + α2 + α3 + α4)/4
a1β1 = α1 − α2 + α3 − α4)/4
a2β2 = (α1 + α2 − α3 − α4)/4
a3β1β2 = (α1 − α2 − α3 + α4)/4

• n = 3 : Continuing as in last case we get that the roots have the following
form:

α1 = a0 + a1β1 + a2β2 + a3β3 + a4β1β2 + a5β1β3 + a6β2β3 + a7β1β2β3

α2 = a0 − a1β1 + a2β2 + a3β3 − a4β1β2 − a5β1β3 + a6β2β3 − a7β1β2β3

α3 = a0 + a1β1 − a2β2 + a3β3 − a4β1β2 + a5β1β3 − a6β2β3 − a7β1β2β3

α4 = a0 + a1β1 + a2β2 − a3β3 + a4β1β2 − a5β1β3 − a6β2β3 − a7β1β2β3

α5 = a0 − a1β1 − a2β2 + a3β3 + a4β1β2 − a5β1β3 − a6β2β3 + a7β1β2β3

α6 = a0 − a1β1 + a2β2 − a3β3 − a4β1β2 + a5β1β3 − a6β2β3 + a7β1β2β3

α7 = a0 + a1β1 − a2β2 − a3β3 − a4β1β2 − a5β1β3 + a6β2β3 + a7β1β2β3

α8 = a0 − a1β1 − a2β2 − a3β3 + a4β1β2 + a5β1β3 + a6β2β3 − a7β1β2β3

And so, we have

a0 = (α1 + α2 + α3 + α4 + α5 + α6 + α7 + α8)/8
a1β1 = (α1 − α2 + α3 + α4 − α5 − α6 + α7 − α8)/8
a2β2 = (α1 + α2 − α3 + α4 − α5 + α6 − α7 − α8)/8
a3β3 = (α1 + α2 + α3 − α4 + α5 − α6 − α7 − α8)/8
a4β1β2 = (α1 − α2 − α3 + α4 + α5 − α6 − α7 + α8)/8
a5β1β3 = (α1 − α2 + α3 − α4 − α5 + α6 − α7 + α8)/8
a6β2β3 = (α1 + α2 − α3 − α4 − α5 − α6 + α7 + α8)/8
a7β1β2β3 = (α1 − α2 − α3 − α4 + α5 + α6 + α7 − α8)/8

Now returning to our original problem, our field K consists of all the elements of
X0(N) invariant under B(N). We have that the jd cannot be written as polynomials
in t because they aren’t in K, but we know by the previous lemma that they can
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be expressed as a linear combination of βi and products of βi (same notation as
before) and by the previous observation we are able to compute them explicitly.
We have that β2

i ∈ K, so all the terms βi are just square roots of polynomials in t.

Concluding, what we have to do is to first compute the q-expansions of all the
jd, then we find a0, a1β1, a2β2, . . . , a2n−1β1β2 . . . βn as we did for n = 1, 2 and 3,
and finally we just have to square these terms (excluding a0 of course) and express
them as polynomials in t. The original terms would be then the square roots of the
polynomials we just found.

Now the parametrization of j as a function of t is complete, since it is the sum of
the functions we’ve just calculated.
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4. Codes in Sage

Here is a list of the codes we used to perform the previous algorithm using Sage:

• Choosing B′: The function “Subgroup B(N)” returns the generators of B′ for
each N given by the imput. The values were chosen manually as we explained
in the last section.

def Subgroup_B(N):

v = []

f = factor(N)

d = len(f)

if d == 1:

return v

if d == 3:

if N == 78 or N == 105:

v = [f[0][0]*f[1][0], f[0][0]*f[2][0]]

else:

v = [f[1][0], f[2][0]]

return v

else:

if N == 6 or N == 10: return [2]

if N == 14: return [7]

if N == 15: return [5]

if N == 21: return [3]

if N == 22: return [11]

if N == 26: return [26]

if N == 33: return [11]

if N == 34: return [17]

if N == 35: return [35]

if N == 38: return [2]

if N == 39: return [39]

if N == 46: return [23]

if N == 51: return [17]

if N == 55: return [11]

if N == 62: return [31]

if N == 69: return [23]

if N == 87: return [29]

if N == 94: return [47]

if N == 95: return [19]

if N == 119: return [17]

• Finding the genus of X0/B
′: The function “Genus B(N)” returns g′ ac-

cordingly to the subgroup B′ chosen before.

def Genus_B(N):

f = factor(N)

d = len(f)

if d == 1:

if N in [2,3,5,7,13]: return 0

if N in [11,17,19]: return 1
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if N in [23,29,31]: return 2

if N == 41: return 3

if N == 47: return 4

if N == 59: return 5

if N == 71: return 6

if d == 3:

if N == 30 or N == 78: return 0

else: return 1

else:

if N in [6,10,14,15,21,22,26,33,35,39,46]: return 0

if N in [34,38,51,55,62,69,94]: return 1

if N == 87: return 2

if N == 95: return 3

if N == 119: return 4

• Computing the q-expansion of j: “j function(n)” returns the q-expansion
of the j-function with precision n (until the n-th term).

def j_function(n):

R.<q> = PowerSeriesRing(QQ)

TestSuite(R).run()

E4 = 1 + O(q^(n+1))

E6 = 1 + O(q^(n+1))

i = 0

b = bernoulli(4)

c = bernoulli(6)

while (i <= n):

i = i+1

E4 = E4 - (8*q^i*sigma(i, 3))/b

E6 = E6 - (12*q^i*sigma(i, 5))/c

j = 1728*(E4^3)/(E4^3 - E6^2)

return j

There is also the function “jd(d,m)”, that computes the q-expansion of jd:

def jd(d, m):

R.<q> = PowerSeriesRing(QQ)

TestSuite(R).run()

A = j_function(m)

return A(q^d)

• Computing GB′ : First of all, the function “r b(N)” finds the value rB′ :

def r_B(N):

v = Subgroup_B(N)

f = factor(N)

d = len(f)

if d == 1:

return 24/gcd(N-1, 12)

else:

y = 1

for i in [0..d-1]:

if f[i][0] in v: y = y*(f[i][0]+1)
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else: y = y*(f[i][0]-1)

return 24/gcd(y, 24)

Then the function “qexp(N)” computes the factor that is omitted when cal-
culating the η functions12. That missing factor is of the form qm/24 and this
function returns the value m.

def qexp(N):

f = factor(N)

l = len(f)

p = f[0][0]

sum = 0

v = Subgroup_B(N)

for i in divisors(N):

if l == 1:

if i == 1:

sum = sum - N/i

else:

sum = sum + N/i

if l == 2:

if i in Subgroup_B(N) or i == 1:

sum = sum - N/i

else:

sum = sum + N/i

else:

if N == 78 or N == 105:

vv = [1, f[0][0]*f[1][0], f[0][0]*f[2][0], f[1][0]*f[2][0]]

if i in vv: sum = sum - N/i

else: sum = sum + N/i

else:

if i%p == 0:

sum = sum + N/i

else:

sum = sum - N/i

return sum*r_B(N)

And finally we compute GB′ with precision m using these last 2 functions.

def G_B(N, m):

v = Subgroup_B(N)

R.<q> = PowerSeriesRing(QQ)

TestSuite(R).run()

G = 1 + O(q^m)

f = factor(N)

l = len(f)

d = divisors(N)

if l == 1:

A = qexp_eta(QQ[[’q’]],m)

B = A(q^N) + O(q^m)

G = A/B

12See last section for more details
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if l == 2:

for i in d:

A = qexp_eta(QQ[[’q’]],m)

j = N/i

A = A(q^j)+ O(q^m)

if i == v[0] or i == 1:

G = G/A

else:

G = G*A

else:

if N == 78 or N == 105:

vv = [1, f[0][0]*f[1][0], f[0][0]*f[2][0], f[1][0]*f[2][0]]

for i in d:

A = qexp_eta(QQ[[’q’]],m)

j = N/i

A = A(q^j)+ O(q^m)

if i in vv:

G = G/A

else:

G = G*A

else:

p = f[0][0]

for i in d:

A = qexp_eta(QQ[[’q’]],m)

j = N/i

A = A(q^j)+ O(q^m)

if i%p == 0:

G = G*A

else:

G = G/A

return G^r_B(N)*q^(qexp(N)/24)

• Computing the Hauptmodul: The function “Hauptmodul(N, m)” com-
putes the q-expansion of the Hauptmodul with precision m as exposed in the
last section.

def Hauptmodul(N, m):

g = Genus_B(N)

h = Subgroup_B(N)

if g == 0:

f = factor(N)

l = len(f)

p = N

if l > 1:

for i in h:

p = p/i

if N == 35: p = -1

if N == 78: p = 1

a = p^(r_B(N)*2^(l-2))

F = G_B(N,m) + a/G_B(N, m)
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return F

else:

M = ModularSymbols(N)

S = M.cuspidal_submodule().decomposition()

R = []

d = len(S)

f = factor(N)

l = len(f)

if l == 1:

R = M.cuspidal_submodule().q_expansion_basis(m)

if l == 2:

if N == 87:

R = S[0].q_expansion_basis(m)

else:

for i in [0..d-1]:

A = (S[i].atkin_lehner_operator(h[0])-1).kernel()

if A == S[i]:

B = S[i].q_expansion_basis(m)

k = len(B)

for j in [0..k-1]: R.append(B[j])

if l == 3:

for j in [0..d-1]:

bool = 1

for i in h:

A = (S[j].atkin_lehner_operator(i)-1).kernel()

if A != S[j]: bool = 0

if bool == 1:

B = S[j].q_expansion_basis(m)

k = len(B)

for u in [0..k-1]: R.append(B[u])

if g == 1:

RR.<q> = PowerSeriesRing(QQ)

TestSuite(RR).run()

FF = G_B(N,m).derivative()

FF = FF*q

FF = FF/(R[0]*G_B(N,m))

FFF = FF.coefficients()

Haupt = (FF - FFF[1])/FFF[0]

return Haupt

else:

l = len(R)

Haupt = R[l-2]/R[l-1]

return Haupt
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• Finding the quadratic, biquatratic or triquadratic extensions: First
of all let P and Q be two power series, P such that Q has a simple pole at 0
and such that P is a polynomial of Q, the function “Simpl pol(P,Q)” computes
explicitely this polynomial. It works recursively: if the first coefficient of P
is of order −m, then we compute P − λQm with λ such that the coefficient
of order −m cancels, and therefore we know that the polynomial will be of
the form λtm + R(t) where R(t) is a polynomial over t with degree at most
m− 1. Finally we can compute R(t) applying the same function Simpl pol to
P − λQm and Q.
This function will be very useful in the future, since we will have functions
that are polynomials over the Hauptmodul (that has a simple pole at 0) and
we have to find explicitely these polynomials.

def simpl_pol(P,Q):

R.<t> = PolynomialRing(QQ)

TestSuite(R).run()

a1 = P.coefficients()

a2 = P.exponents()

b1 = Q.coefficients()

b2 = Q.exponents()

p = 0*t

if len(a2) == 0:

return p

if a2[0] > 0:

return p

if a2[0] == 0:

return a1[0]

else:

c = a2[0]/b2[0]

d = a1[0]/(b1[0]^c)

P = P - d*(Q^c)

return p + d*t^c + simpl_pol(P,Q)

Now we are able to find the values of a1β1, a2β2, . . . , anβ1β2 . . . βn as it is
exposed in the last section. The function “Extensions(N,m)” returns a vector
“Sols” such that:

Sols = [a0, (a1β1)2, (a2β2)2, . . . , (a2n−1β1β2 . . . βn)2]

m is just a value to imput the precision you want to work with internally.



4. CODES IN SAGE 39

def extensions(N,m):

H = Hauptmodul(N,m)

d = divisors(N)

v = [jd(i,m) for i in d]

l = len(v)

Sol = []

if l == 2:

a1 = (v[0] + v[1])/2

a2 = ((v[0] - v[1])/2)^2

Sol = [a1,a2]

if l == 4:

a1 = (v[0] + v[1] + v[2] + v[3])/4

a2 = ((v[0] - v[1] + v[2] - v[3])/4)^2

a3 = ((v[0] + v[1] - v[2] - v[3])/4)^2

a4 = ((v[0] - v[1] - v[2] + v[3])/4)^2

Sol = [a1, a2, a3, a4]

if l == 8:

a1 = (v[0] + v[1] + v[2] + v[3] + v[4]

+ v[5] + v[6] + v[7])/8

a2 = ((v[0] - v[1] + v[2] + v[3] - v[4]

- v[5] + v[6] - v[7])/8)^2

a3 = ((v[0] + v[1] - v[2] + v[3] - v[4]

+ v[5] - v[6] - v[7])/8)^2

a4 = ((v[0] + v[1] + v[2] - v[3] + v[4]

- v[5] - v[6] - v[7])/8)^2

a5 = ((v[0] - v[1] - v[2] + v[3] + v[4]

- v[5] - v[6] + v[7])/8)^2

a6 = ((v[0] + v[1] - v[2] - v[3] - v[4]

- v[5] + v[6] + v[7])/8)^2

a7 = ((v[0] - v[1] + v[2] - v[3] - v[4]

+ v[5] - v[6] + v[7])/8)^2

a8 = ((v[0] - v[1] - v[2] - v[3] + v[4]

+ v[5] + v[6] - v[7])/8)^2

Sol = [a1, a2, a3, a4, a5, a6, a7, a8]

Sols = [simpl_pol(Sol[i], H) for i in [0..l-1]]

return Sols

• Improve presentation: Besides the first one, every term of the vector we
calculated before is squared, so when we sum them to obtain j we have to
apply a square root before.
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It seems that Sage doesn’t put outside of the square root all the terms that
are squared, so we will do it ourselves.
First of all let us do it for an integer (this will be necessary to put out the
squared terms of the unit). The function “N and sqrt(n)” returns a pair [a, b]

such that a
√
b =
√
n with b the smallest possible natural number.

def N_and_sqrt(n):

p = factor(n)

l = len(p)

int = 1

sqr = 1

for i in [0..l-1]:

e = p[i][1]%2

f = (p[i][1]-e)/2

int = int*(p[i][0]^f)

sqr = sqr*(p[i][0]^e)

return [int, sqr]

Now we do the same for rational numbers using this last function with the
numerator and denominator:

def Q_and_sqrt(p):

n = p.numerator()

m = p.denominator()

e = N_and_sqrt(n)

f = N_and_sqrt(m)

return [e[0]/f[0], e[1]/f[1]]

And finally we apply this to the unit of the polynomial and then we do the
same process with its factors. “ext clean(N)” returns two vectors E,F such

that E[i]
√
F [i] =

√
v[i] where v is the output of the function “extensions(N,

2N + 20)”. The number 2N + 20 comes from the fact that our polynomials
will have terms of order until q−2N , hence we put 20 extra terms for being
sure our calculations are correct.

def ext_clean (N):

a = 2*N + 10

R.<t> = PolynomialRing(QQ)

TestSuite(R).run()

E = extensions(N, a)

F = extensions(N, a)

F[0] = 1

for i in [1..len(E)-1]:

p = E[i].factor()

v = Q_and_sqrt(p.unit())

l = len(p)

enter = 1 + t - t

arrel = enter

for j in [0..l-1]:

e = p[j][1]%2

f = (p[j][1]-e)/2

enter = enter*(p[j][0]^f)
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arrel = arrel*(p[j][0]^e)

E[i] = enter*v[0]

F[i] = arrel*v[1]

return [E,F]

• Final parametrization of j: This consists only to add those terms we have
just found (taking into account that some of them are squared!). This is
exactly what the function “j parametrization(N,m)” does:

def j_parametrization(N):

R.<t> = PolynomialRing(QQ)

TestSuite(R).run()

M = ext_clean(N,m)

l = len(M[0])

j = t - t

for i in [0..l-1]:

j = j + M[0][i]*sqrt(M[1][i])

return j
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5. Examples

Now we will test the program with some examples. We will pick the numbers N =
59, 87 and 70 to get a quadratic, biquadratic and triquadratic extension respectively.

• Let us start with the case N = 59. Since N is prime the functions over X0(N)
are a quadratic extension of the functions over X∗(N). In this case g′ = 5
and we won’t need the function G′B .
In this case, let’s check the value of the Hauptmodul with approximately 100
terms of precision (the sub-functions we are working with will have 100 terms
of precision):

latex(Hauptmodul(59, 100))

And we get the following output:

1

q
+2+ q+ q2 +2q3 +2q4 +3q5 +3q6 +4q7 +5q8 +6q9 +7q10 +10q11 +10q12 +

13q13 + 15q14 + 18q15 + 20q16 + 25q17 + 28q18 + 34q19 + 38q20 + 45q21 + 50q22 +
60q23 + 67q24 + 78q25 + 88q26 + 102q27 + 114q28 + 132q29 + 147q30 + 169q31 +
189q32+215q33+240q34+274q35+304q36+344q37+383q38+432q39+479q40+
540q41 + 597q42 + 670q43 + 742q44 + 829q45 + 916q46 + 1023q47 + 1128q48 +
1255q49+1384q50+1536q51+1690q52+1874q53+2059q54+2277q55+2501q56+
2759q57+3027q58+3337q59+3654q60+4019q61+4400q62+4832q63+5282q64+
5794q65+6326q66+6929q67+7560q68+8268q69+9011q70+9846q71+10718q72+
11695q73 +12724q74 +13866q75 +15070q76 +16408q77 +17816q78 +19376q79 +
21024q80 +22839q81 +24759q82 +26877q83 +29110q84 +31566q85 +34168q86 +
37016q87 +40034q88 +43338q89 +46834q90 +50655q91 +54706q92 +59118q93 +
O(q94)

Now we want to compute the splitting field with the function “ext clean (N)”,
and we will do it in the following format (although we will arrange it a little):

F = ext_clean (59);

for i in [0..1]:

print(i)

print("Integer Part")

latex(F[0][i].factor())

print("Sqrt Part")

latex(F[1][i].factor())

And we get the following output:

O(q74)

O(q15)

0

Integer Part:

(
1

2

)
· (t59 − 118t58 + 6785t57 − 253405t56 + 6913502t55 −

146922685t54 + 2532625563t53 − 36410453588t52 + 445499999137t51 −
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4710907796327t50 + 43572333886766t49 −
355908880008255t48 + 2587545091503558t47 −
16852569941645758t46 + 98859295988647325t45 −
524703351941860050t44 + 2529426842928521440t43 −
11111052128106915401t42 + 44597457922045549398t41 −
163944838266675510248t40 + 553051492803383056806t39 −
1714806901233985054750t38 + 4893460347580891899580t37 −
12865165281625708266842t36 + 31184990665400851905021t35 −
69731581793008280752290t34 + 143874117456728933661879t33 −
273913980494892801480769t32 + 481088723741870882463230t31 −
779120879757147814828609t30 + 1162583648760662399574415t29 −
1596712284971661658148180t28 + 2015648514354961941336429t27 −
2334706917785131448503131t26 + 2475937445711545094912614t25 −
2397616530006991417735777t24 + 2113153528013975994817100t23 −
1688262549162978051580778t22 + 1216523388117742976518219t21 −
785595329489765757094208t20 + 450879243836229308082692t19 −
227405540779340787459809t18 + 99166106383443414471408t17 −
36443415644869076047728t16 + 10770245242440052065836t15 −
2288072794538900639856t14 + 204767381404042206960t13 +
78016714649439121890t12 − 43166418856068168320t11 +
10584325725953329984t10 − 1192894221529257152t9 −
103164609027893888t8 + 63822349528791552t7 −
10042855495152768t6 + 349815479574528t5 +
111497510744064t4 − 16336781955072t3 +
551421665280t2 + 33443020800t− 1769472000)

Sqrt Part: 1

1

Integer Part:

(
1

2

)
· (t − 3) · (t − 2) · (t − 1) · t · (t2 − 6t + 4) · (t2 − 5t − 1) ·

(t2 − 5t + 2) · (t2 − 5t + 5) · (t2 − 3t + 1) · (t3 − 9t2 + 25t − 24) · (t3 − 8t2 +
20t − 18) · (t3 − 6t2 + 11t − 7) · (t3 − 4t2 + 5t − 1) · (t4 − 9t3 + 25t2 − 27t +
9) · (t4 − 8t3 + 21t2 − 20t + 2) · (t4 − 7t3 + 15t2 − 14t + 4) · (t4 − 5t3 + 9t2 −
5t−1)·(t5−11t4+44t3−87t2+89t−40)·(t6−11t5+45t4−90t3+90t2−36t−4)

Sqrt Part: (t3 − 4t2 + 4t + 1) · (t9 − 16t8 + 108t7 − 413t6 + 992t5 − 1552t4 +
1571t3 − 976t2 + 324t− 43)

We printed first the remainder of the divisions between power series (O(q15)
and O(q74)). The absence of, at lest, the first 15 terms, is a good news be-
cause it has to happen that the series we are dividing are a polynomial of the
Hauptmodul. If we had mistaken any step of the algorithm the probability
that this happens is very low.
Finally we can compute the j-function as a function of the Hauptmodul by
combining the last expressions. For example we can substitute the Haupt-
modul for a rational value and we will get the j-invariant of a Q-curve:

x = j_parametrization(59)
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latex(x(t = 5))

And we obtain the output:

j = 242866537865952000
√
−102902 + 125952108628953160000

• Now let us move on to N = 87. Using the same formats as in the last example
we obtain the following Hauptmodul:
1

q
+q2+q3+q4+2q5+q6+2q7+2q8+2q9+2q10+4q11+3q12+4q13+5q14+5q15+

5q16+8q17+7q18+8q19+10q20+10q21+11q22+15q23+14q24+16q25+19q26+
20q27 + 21q28 + 27q29 + 26q30 + 30q31 + 35q32 + 36q33 + 39q34 + 47q35 + 47q36 +
52q37+60q38+63q39+68q40+80q41+81q42+90q43+101q44+106q45+114q46+
132q47+135q48+148q49+165q50+174q51+187q52+212q53+219q54+239q55+
264q56+279q57+299q58+334q59+348q60+377q61+414q62+438q63+468q64+
518q65+541q66+585q67+637q68+674q69+720q70+790q71+828q72+891q73+
966q74 +1022q75 +1090q76 +1188q77 +1247q78 +1338q79 +1444q80 +1527q81 +
1626q82+1763q83+1853q84+1982q85+2132q86+2254q87+2396q88+2586q89+
2720q90 + 2902q91 + 3112q92 + 3287q93 + 3491q94 + 3752q95 + 3947q96 +O(q97)

The splitting field is generated by:

0

Integer Part:

(
1

4

)
·(t87−87t84−87t83−87t82 +3393t81 +6960t80 +10266t79−

71195t78 − 244470t77 − 489201t76 + 597487t75 + 4680339t74 + 12701826t73 +
8939656t72 − 44859027t71 − 194112660t70 − 344718853t69 − 29167185t68 +
1610464656t67 + 4856111828t66 + 6577921404t65 − 2358630204t64 −
34159659265t63 − 84379588014t62 − 98299993086t61 + 48222789751t60 +
476961890634t59 +1081473215679t58 +1223360826784t57−312218848887t56−
4519494881871t55 − 10329466584187t54 − 12555960446367t53 −
2228957546334t52 + 27768314582131t51 + 71462269305057t50 +
99126063990951t49 + 60212739137588t48 − 88499302146261t47 −
331742315105247t46 − 551077755570153t45 − 534217909024170t44 −
75829901579310t43 + 848371827906381t42 + 1929738131036691t41 +
2532804947696793t40 + 1950911134361545t39 − 151250315319978t38 −
3334930055729400t37 − 6326312172465975t36 − 7465397356530852t35 −
5537606102071713t34 − 572941794155269t33 + 5891179836804255t32 +
11333523946804659t31 + 13378847471087834t30 + 10954870813843981t29 +
4847269279369101t28 − 2658115407187652t27 − 8848969138314470t26 −
11784410719109915t25 − 11014625096285632t24 − 7522936783959304t23 −
3047752757055175t22 + 777994491947972t21 + 3027988063129177t20 +
3616197684077344t19 + 3042039576511847t18 + 1984780556828089t17 +
981553310563877t16 + 295309483455513t15 − 49056792463206t14 −
152052359562152t13 − 135156338378469t12 − 84723907933807t11 −
41963953720477t10−16781392348082t9−5303006730566t8−1211122764144t7−
129724045260t6 + 37851034320t5 + 25479884880t4 + 7695520128t3 +
1467529920t2 + 172005120t+ 9669888)

Sqrt Part: 1
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1

Integer Part:

(
1

4

)
·(t−2)·(t−1)·t·(t+1)·(t2−t−3)·(t3−2t2−3)·(t3−t2+t−

3) ·(t72 +6t71 +27t70 +20t69−219t68−1632t67−4483t66−4788t65 +26073t64 +
139652t63 + 366774t62 + 338232t61− 1183539t60− 6603264t59− 15950748t58−
17899612t57 + 25568169t56 + 173921004t55 + 439113650t54 + 597420300t53 −
41973759t52 − 2573746288t51 − 7522676676t50 − 12476607360t49 −
9299943068t48 + 15870223842t47 + 74151877149t46 + 154113065212t45 +
196655083677t44 + 87477153258t43 − 300315388905t42 − 993945338202t41 −
1768041875286t40−2054195337962t39−1052131432233t38+1862295848874t37+
6524471200654t36 + 11472387063954t35 + 13990437565887t34 +
11001237463220t33 + 657013354242t32 − 16051182678090t31 −
34665256009320t30 − 48291506084394t29 − 50210393896449t28 −
36964066971522t27 − 10392810201414t26 + 22578999980844t25 +
52482534209637t24 + 70999062455898t23 + 74075006522982t22 +
63007831732650t21 + 43244369571792t20 + 21697579393578t19 +
4038094873316t18 − 6893967163212t17 − 11161524607347t16 −
10694408447616t15 − 7935067182859t14 − 4823404915974t13 −
2402875774485t12 − 932167430916t11 − 226939216489t10 + 21540790838t9 +
64278528459t8 + 44661182690t7 + 21269661230t6 + 7807583272t5 +
2256477464t4 + 505027984t3 + 83360512t2 + 9116352t+ 500736)

Sqrt Part: (t3 − 2t2 − t− 1) · (t3 + 2t2 + 3t+ 3)

2

Integer Part:

(
1

4

)
·(t−2)·(t−1)·t·(t+1)·(t2−t−3)·(t2+1)·(t2+t+2)·(t3−2t2−

3)·(t3−t2 +t−3)·(t3+2t2 +4t+1)·(t4+2t3+4t2+2t+1)·(t58−58t55−58t54−
58t53+1421t52+2958t51+4321t50−16066t49−61219t48−122612t47+2494t46+
585452t45+1718018t44+2253764t43−1068969t42−11523788t41−27366488t40−
30202862t39 + 12089172t38 + 127080958t37 + 278347423t36 + 320114122t35 +
24439808t34−758474410t33−1803720395t32−2380049430t31−1406740177t30+
1766270578t29 + 6505636294t28 + 10470818068t27 + 10365463968t26 +
3953800260t25 − 8069912331t24 − 21213805892t23 − 29104838799t22 −
26673194512t21 − 13379924677t20 + 6017471174t19 + 23901293631t18 +
33506578946t17 + 32454103087t16 + 23077518268t15 + 10658076027t14 +
232669668t13 − 5559692689t12 − 6812578674t11 − 5329987488t10 −
3069722790t9 − 1277357490t8 − 296814942t7 + 57499605t6 + 102477474t5 +
60392790t4 + 22973220t3 + 6034176t2 + 1014768t+ 88480)

Sqrt Part: (t3−2t2−t−1) ·(t3 +2t2 +3t+3) ·(t6 +2t5 +7t4 +6t3 +13t2 +4t+8)

3
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Integer Part:

(
1

4

)
·(t2+1)·(t2+t+2)·(t3+2t2+4t+1)·(t4+2t3+4t2+2t+1)·

(t73−6t72+9t71−57t70+293t69−226t68+1107t67−6295t66−1185t65−9626t64+
84246t63 + 122961t62 + 76595t61 − 834643t60 − 2406072t59 − 1853452t58 +
5903907t57 + 27069760t56 + 36076986t55 − 14011785t54 − 195542447t53 −
409013767t52−275106180t51+777668524t50+2814796956t49+3935721776t48+
506412355t47 − 10771604154t46 − 25413619879t45 − 27090781961t44 +
7075440823t43 + 83888703372t42 + 161191845026t41 + 147592157045t40 −
51561429495t39 − 418369778461t38 − 743453785330t37 − 671086562524t36 +
70611745025t35 +1334675084050t34 +2441031345580t33 +2412352377687t32 +
657784042890t31−2406549179893t30−5270727262801t29−6029660774827t28−
3646780174268t27+1220317498286t26+6294398829819t25+8947259541436t24+
7740667206418t23+3269000863445t22−2196494167278t21−6132906807117t20−
7092726549588t19−5315107958765t18−2233885711329t17+536211301311t16+
2029662114425t15+2193686430738t14+1556428210119t13+751075066889t12+
168736358193t11 − 100037651784t10 − 147248678951t9 − 102414946239t8 −
49144971354t7−16854904394t6−3649413240t5−145692936t4 +232480368t3 +
96116544t2 + 18895680t+ 1707264)

Sqrt Part: (t6 + 2t5 + 7t4 + 6t3 + 13t2 + 4t+ 8)

Finally we can compute the j invariant of a Q-curve by giving rational values
to the Hauptmodul. In this case we make t = 2 and get the following value
for j:

j = −1043201781864732672000
√

89− 9841545927039744000000

• For N = 42 the calculation is longer because it has eight divisors and we would
probably need a lot of pages to write it down. We will just give the value of
the j-invariant for t = 7:

j = 1106457171180750743102877070010880
√

15 +
935126985898290084956614363606272

√
21 +

724346248594643102939418963154944
√

35 +
704497368741554620189642231383552

√
37 +

181900438438865780097193264883712
√

555 +
153733929483590017843150036998144.

√
777 +

119081789727393905153349622857216
√

1295 +
4285290197274816730133854427864256.

Which is in the field Q(
√

15,
√

21,
√

37).
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