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	  	  	  RESUMEN:	  

La torsión ha sido siempre subestimada en el análisis de las estructuras y, en particular, en 
el análisis de las estructuras de acero. La complejidad de su teoría disuade a los ingenieros, 
y es por ello por lo que se han desarrollado muchas estrategias con la finalidad de evitar 
sus efectos. Sin embargo los perfiles en I, muy empleados en construcción metálica, 
pueden estar sometidos habitualmente a torsión, siendo sus efectos claramente 
prejudiciales puesto que se trata de secciones abiertas con débil rigidez torsional y 
pequeño modulo resistente. En literatura y en los códigos actuales de acero estructural tan 
solo se encuentran formulaciones elásticas abordan el problema de la torsión en el diseño 
de las estructura de acero. No obstante, estas recomendaciones rechazan la posibilidad de 
alcanzar el limite elástico en los perfiles clase 1 y 2, y por lo tanto son excesivamente 
conservadoras y subestiman la capacidad resistente de la sección. 

Centrando el problema en la comprobación del estado limite ultimo de resistencia de las 
secciones transversales frente a tensiones normales, las normativas y códigos actuales 
solamente consideran la interacción axil-flector. La norma europea EN 1993-1-1 propone 
una aproximación a dicha interacción en la que se asume que, para pequeños valores del 
esfuerzo axil actuante, la capacidad resistente a flexión se mantiene inalterada, hecho éste 
que no queda corroborado por éste y otros estudios. Por otra parte, tampoco se incluyen 
especificaciones para contemplar la influencia de la torsión. Dicho planeamiento no parece 



	  

	  

acertado puesto que en determinados tipos de perfile de acero, y en particular, en los 
perfiles en I, suelen tener lugar la torsión de alabeo, la cual induce tensiones normales que 
pueden llegar a ser del mismo orden de magnitud que las tensiones inducidas por los otros 
esfuerzos (axil y flector). Por lo tanto, los efectos de la torsión tienen que ser considerados 
de manera rigurosa. 

Una nueva formulación ha sido desarrollada a partir del significado físico del eje neutro, en 
régimen elástico o plástico. De hecho, esta variable marca unívocamente la frontera entre el 
área de la sección destinada a aportar resistencia a esfuerzo axil y momento flector, 
dejando clara su interacción. El comportamiento del perfil de acero se puede explicar, 
entonces, a partir de la determinación de dicho eje y de las expresiones propuestas en el 
documento. 

La misma metodología puede ser extendida al problema de la torsión. Los efectos de la 
torsión de alabeo producen, en el rango elástico, una distribución triangular de tensiones 
parecida a la generada por un momento flector actuante alrededor del eje débil. De manera 
similar se determina la parte del área de las alas que contribuye a la resistencia a torsión y 
la parte restante que se invierte en resistir los otros esfuerzos concomitantes. 

La formulación propuesta se representa a través de la determinación de un espacio 
tridimensional. Los resultados definen el diagrama de interacción en el que cada eje 
representa cada uno de los tres esfuerzos que solicitan la sección transversal (axil, 
momento flector y torsor). La superficie de rotura mostrada es la frontera en la que puede 
verificarse el estado limite último de resistencia de las secciones. 

Como conclusión del trabajo realizado, esta nueva estrategia de cálculo considera la 
interacción entre axil, flector y torsor actuando conjuntamente, de manera robusta, sencilla 
y rigurosa. La nueva formulación que se desarrolla para contemplar los efectos de la 
interacción de la torsión con otros esfuerzos puede ser entendida como una enmienda a las 
formulaciones actuales recogidas en las normativas vigentes, y que podría recogerse en el 
articulado de futuros códigos de acero estructural. 
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1. ABSTRACT	  
Torsion has always been under underrated in structural analysis. The difficulty of the 
theoretical background deters engineers therefore many strategies have been developed in 
order to avoid its effects. However I-profiles, often used in steel construction, are especially 
subjected to torsion because open section. In addition only elastic proposal may be found 
in literature and in the current codes. Even though these approaches, by rejecting the 
possibility to achieve yielding in profiles class 1 and 2, are too conservative and 
underestimate the cross-section carrying capacity. 

On the other hand, only column-beam interaction is treated in current standards. EN 1993-
1-1 (2005) proposes an approximation in which presumed the entire bending plastic 
moment even if an axial force is applied to the structure. Moreover, no specifications are 
given for torque cases. However warping torsion generate normal stresses as well as the 
other internal forces and, in I-shape cross-sections, can be enough to induce a stress 
distribution comparable to bending. Therefore, torsion effects have to be rigorously 
considered.  

A new design method is developed in this thesis starting from the physical meaning of the 
neutral axis. In fact, this magnitude, marks univocally the frontier between the area of the 
cross-section devote to the axial or bending response, leaving clear the interaction of these 
two internal forces.  

Therefore the method could be exploited to torsional problems. Warping effects induce a 
triangular stress distribution similar to the one generated by bending moment over the weak 
axis. Indeed flanges devote part of their area to provide the needed torsional resistance and 
the remaining to other internal forces. This amount could be settled by introducing the 𝑐 
parameter. Hence the reduced base 𝑏∗, defined by the leftovers flange width, will be able to 
provide the ultimate resistance for axial force and bending. 

The design proposal can be drawn in a three dimensions space chart. Results will identify 
the interaction diagram in which each axis is representing one of the three internal forces 
(axial force, bending moment and torque). The failure surface displayed will be the frontier 
where evaluate the ultimate limit state of the resistance of the cross-section. 

In conclusion, this new design strategy considers the interaction among axial force, bending 
moment and torque taking place at the same time and with the same importance. Finally 
this proposal can be understood as an amendment for the resistance verification in the 
development of future codes. 
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2. INTRODUCTION	  
2.1 Study	  significance	  

Torsion has always been the black sheep in structural engineering. Everybody, just earning 
this word, is afraid and tries all the strategy in its possibility to avoid the problem. Is that the 
right behavior? 

This work does not want to focus its attention on torsion studies but wants to analyze the 
global behavior and find an interactional diagram of a I-profile that can contemplate the 
entire range of internal forces. Normal stresses are not only due to axial force or bending 
moment but are also caused by torque. In an open sections, as the one analyzed, special 
attention have to be paid to consider warping effects and to study the possibility, especially 
for cross-section class 1 or 2, to achieve the entire yielding of flanges. 

Nevertheless people associate bending to beams and design, first of all, against that effect. 
Only in a second time, interaction with axial force is considered if the amount of the 
compression-tension load is important (EN 1993-1-1, 2005). Keep in mind that the objective 
of the document is not shear and tangential stresses, torques and axial forces generate 
normal stresses as well as bending and no reason occurs for treat them separately and, 
most important, in a second plane of importance. 

Indeed current standards mention, almost exclusively, the influence of axial load over the 
bending carrying capability. Even though, the proposed approximations of the problem are 
not complete safety and clearly validated. The assumed possibility to provide the entire 
bending response even with a small axial force it is not sure at all. 

In addition, interaction with torque is not ever mentioned even if it can be present 
everywhere in steel construction. Load eccentricity or intersection between secondary and 
primary beams can generate a parasitic torsional moment. Hence not take into account 
warping effects can be dangerous and foolish. Limiting, in the better case, the analysis at en 
elastic approach could be a previous, reductive, intent especially in class 1 and 2 sections. 
Therefore, the problem is underestimated and no specifications are given to designer in EN 
1993-1-1 (2005). 

The main objective of this thesis is develop, as global view, the topic and consider the 
interaction between all the three internal forces that could induce normal tresses along the 
cross-section. Not interested, only, in the effects that torsion causes, but achieve a new 
design approach of I-section profiles. Indeed open sections, as the one considered, are 
exposed to warping and can collapse if this phenomenon is not considered correctly. 
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I-sections are chosen due to their good behavior under bending and/or compression. 
Indeed, in beam design, I-profiles have the leadership due to their high efficiency in bending 
response, low weigh and easy manufacturing process. Of course other kinds of profiles 
have to be used if the magnitude of the torque is considerable. Closed section remains the 
privileged solution. 

Besides, the thesis gives large space to consider the possibility of admitting plastic behavior 
along the cross-section. Especially in flanges, warping generates a triangular stress 
distribution that, by allowing yielding effects, can rise 50% more the torsional bearing 
response of the beam. Furthermore, the chance of exploit the current profile classification, 
proposed for bending by EN 1993-1-1 (2005), it is researched and studied if applicable to 
torsional problems. 

In conclusion, this document wants to elaborate a complete analysis that consider, at the 
same time and with the same importance, the three causes of normal stresses in the cross-
section. Starting from these aspects, a 3D interaction diagram is the only way that has to be 
followed. 

The formulations achieved in this work consider all the aspects above mentioned and they 
give a physical, solid and simply framework of the interaction diagram that may help the 
development of future standards. 

 

2.2 State	  of	  the	  art	  

The current approach of EN 1993-1-1 (2005) collects, almost exclusively, the influence 
between torsion and shear stress. Reduced ultimate shear values are offered even if the 
expressions, given by EN 1993-1-1 (2005), are not clearly justified. However, this thesis 
looks at normal stresses and wants to fill the gap left by the existing codes. 

The potential interaction of the bending and torque is managed only in EAE (2011). 
Nevertheless the analysis, made trough a very simplistic approach, does not exploit the 
concept of class section but just considers elastic behavior of the material. Of course that is 
great for class 3 sections but restrictive for the majority of the beam profiles used in the 
steel construction. 

In general, it is possible to conclude that the treatment posed by EN 1993-1-1 (2005) is too 
simple and not very rigorous. 

This thesis intent to study, at first, the stress-strain response of the cross-sections 
submitted to the effects of torsion interacting with other efforts capable to induce 
longitudinal normal stresses (axial and bending). Taking into account the type of torsion 
(uniform torsion, warping torsion and mixed torsion) and considering the concept of class 
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sections in order to assume elastic or plastic theory of stresses, this document would like to 
expose a new method for the verification against the ultimate limit state of resistance of the 
cross-sections. 

The cross-sections classification in EN 1993-1-1 (2005) has been defined for normal 
stresses. Warping torsion generates the same kind of stresses so, as also suggest from 
Trahair (2008), it can be exploited to evaluate the cross-section capabilities and achieve, 
where no buckling effects are presented, the entire plasticity of the profile against a 
combination of axial force, bending moment and torque. 

 

2.3 Aims	  and	  objectives	  

This study has the intent to explain the mechanical response of an I-section profile, indeed 
one of the most used in beam design. In the current standards it is possible to find some 
simplistic formulations of the interaction between bending and axial force but no word is 
spent about torsional effects. 

Filling the gap is the main aim of this work. It is not possible believe to leave untreated this 
problem and give only some approximations of the column-beam interaction, neglecting 
totally the torsional effects. The current approaches, act to study separately each 
solicitation, generate prejudices and planes of importance not justified. Bending can take a 
fundamental role but axial load and torque can lead to the structural collapse as well. 

In conclusion, the overture followed until now can be used as a previous analysis but, in a 
computer age as the one we are in, the topic has to be treated in its completeness and 
complexity. 

The objective pursued can be summarized in: 

• Analysis of the interaction diagrams in the current standards focusing the attention in 
the Ultimate State Limit design method 

• Study of the torsion theory especially the warping framework and the longitudinal 
normal stresses in I-section profiles 

• Consider the possibility of reaching the yield stress in the flange frontier and follow 
raising the solicitations by admitting the entire yielding of this area. 

• Mathematical formulation of a new, physical, approach taking into account the 
position of the neutral axis 

• Design of a finite element model using ABAQUS® to perform the numerical study. In 
one hand by using shell elements and, secondary, using solid bricks with the aim of 
reproducing the correct geometry of the profile 
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• Elastic analysis in order to show possible problems of the code comparing the 
warping framework  

• Numerical simulations to obtain the structural response of the studied profile 
subjected to bending and axial force. Validation of the proposed formulation and 
comparison with EN 1993-1-1 rules (2005) 

• Analysis of the cantilever behavior with an applied torque, paying particular attention 
to the flanges yielding generated by warping stresses 

• Interaction diagram between torque – bending and, later, torque – axial force 

• Planning a 3D interaction diagram considering all of the three internal forces with the 
same level of importance 

In summary, the realization of this work pretends, if possible, to offer a new strategy in the 
steel structure beams design. It wants to consider adequately the effects of torsion, thus, 
overcome the over simplistic approach, with a limited application, of the EN 1993-1-1 
(2005). 

 

2.4 Structure	  of	  the	  document	  

The previous part of this thesis (chapter 3) analyzes the mathematical framework. After a 
general look at the current codes about the column-beam diagram, the attention is focused 
on the new interaction method developed. The physical meaning of the neutral axis is used 
to calculate the final bearing resistance of the cross-section instead of the current simply 
approximation. Secondly, the torsion theory is introduced. Warping behavior is treated in 
detail and the interested magnitudes are carefully formulated. Moreover the possibility of the 
flange yielding, due to an applied torque, is studied in deep for finally conclude with the 
general interaction proposal between axial force, bending moment and torque. 

The following section (chapter 4) of the document has the aim to introduce the ABAQUS® 
model used in the analysis. Later than a presentation of the prototype studied, all the parts 
of the simulation and hypothesis are explained minutely. Particular attention is paid to the 
elements type and mesh scheme in order to reach good results with a reasonable 
computational cost. Afterwards the type of the analysis and the stop criteria are also 
considered. 
 

The numerical simulations are exposed in chapter 5. Results achieve whit the ABAQUS® 
model reflect the importance of the neutral axis and its physical meaning in cross-section 
response. Indeed the analysis of the column-beam diagram is perfectly represented by the 
simulations showing the lack of resistance presumed by EN 1993-1-1 (2005). Afterwards 
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torsion is introduced and the possibility of achieving the complete yielding of the flange 
studied. Satisfactory results are reached because the flange answers to warping as 
expected. Subsequently, the interaction between torsion and the other internal forces is 
analyzed and discussed. Finally the space interaction chart, which considers axial force, 
bending moment and torque, is achieved and comparisons between numerical results and 
theoretical proposal are displayed either graphically or in tabular form. 

Therefore, the new design approach is resumed in chapter 6 in order to give at the reader a 
brief know-how of the proposed method. In addition, final remarks over the studies are 
explained. 

In the conclusions a summary of the entire work and a call for future perspectives are 
present. 
 

At the end of the document, all the literature and research studies used are listed and 
additional works are presented in the form of annex.  
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3. THEORETICAL	  APPROACH	  
3.1 Introduction	  

The current standard EN 1993-1-1 (2005) only takes into account the interaction between 
bending and axial load. For H and I profiles, it proposes a simply double straight line. 

Besides, no specifications are given when a torque is applied. Only EAE (2011) contains a 
previous intent with an elastic approach to the problem. Still too simply and with little extent 
because it does not look at the plastic capacity of cross-sections class 1 or class 2. Even 
though, this formulation can be used for all class 3 sections where the first yield stress 
cannot be exceed in compression or in tension.  

This thesis wants to overpass this simplistic approach in order to exploit the huge possibility 
presented by the plasticity of steel material in ultimate state analysis.  

Forget effects of the torsion, as we did until now, can be dangerous. Warping tension could 
be as big as bending stress (Ballio, 1983) and affect at resistance of cross-sections. Indeed 
the normal stress distributions caused by warping along the cross-section, if not properly 
formulated, could be enough to lead the structure at the collapse. Hence, try to avoid this 
problem is not the correct strategy. 

Moreover, do not exploit the plastic carrying capacity of a steel profile is simplistic and 
disadvantageous. The yielding value could be achieved by torsion (Trahair, Bradford, 
Nethercot, & Gardner, 2008) as well as bending or axial force. However, in literature, the 
correct attitude of the cross-section against these three internal forces is not yet defined. 
Indeed achieve and explain this behavior is in the main goals of this thesis. 

The document focus its attention on the I-section profiles, maybe the most used in steel 
constructions, and develops a framework, which includes torsion, for a new design 
approach. Nevertheless these kinds of cross-sections are not well appropriate against pure 
torsion where different shapes are preferable. In fact, if beams are only subjected to torque, 
closed sections always offer a better response. Indeed the high torsional inertia 𝐼! produces 
less warping effects and more primary torsion along the girder. 

In conclusion, in the current chapter is presented the entire theoretical background. The 
warping theory and the physical meaning of the neutral axis permit to achieve the new 
framework developed in this thesis. Afterwards this approach is compared with the current 
codes and advantages are underlined. However, firs of all, an exposition of the interaction 
diagrams is made. 
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3.2 Presentation	  of	  the	  interaction	  diagrams	  

An interaction diagram represents how a group of different objects collaborate to a common 
action. Then this method is good to show the relationship between different inputs. 

Interaction diagrams are useful in structural analysis to evaluate the cross-section carrying 
capacity. In general they are intuitive and able to display graphically the results of entire 
problems keeping hidden the complex framework and the formulas which constitute them. 
Indeed that technique is often used in the comparison between two load cases where the 
most common is the column-beam diagram. Here is displayed in a plane the range of 
internal forces (axial load and bending) and the relation to evaluate the ultimate resistance of 
the beam. 

Instead a space diagram is not ordinary. People believe that solid or membrane cannot be 
represented in the page of a book, even though, that possibility cannot be excluded a priori. 

The objective of this document is the evaluation of the ultimate state of a I steel profile 
subjected to the action of the axial force, bending moment and torque. Subordinate one of 
them to the others in order to fall into the two dimensions of the problem is not the aim of 
this work. All these three internal forces generate normal stresses independently and no 
reason occurs to make different planes of importance.  

Even though, in the following pages the relationship between bending and axial load is 
treated and only further the torque is added to the analysis. That’s in order to prove, at first, 
the reliability of the proposed method.  

 

3.3 The	  importance	  of	  the	  neutral	  axis	  

Before discussing the I-section it is useful to think about the simple rectangular shape 
profile, just as example, to better understand the procedure.  

This cross-section, when subjected to axial force and bending, presents a stress distribution 
as in figure below 

 
Figure 3.1 Stress strain distribrution in a rectangular profile subjected to axial load and bending  



INTERACTION	  	  	  AXIAL-‐BENDING-‐TORQUE	  
 

	   	   	  Attilio	  Colombo	   25	  
	  

Here, it is easy to identify the relation between bending (blue) and axial load (red). According 
to the growth of the axial force the section devotes more and more area to the axial 
response, leaving the remaining part at the bending carrying capacity. Indeed this region, far 
away from the center, can provide more bending resistance with the same amount of area 
due to the more mechanical arm in between them. For this reason, the relationship is 
quadratic and depends twice with the axial force as shown the Eq 3.1. 

 𝑀!,!" = 1 −
𝑁!"
𝑁!",!"

!

∙𝑀!",!" Eq 3.1 

Moving now to the I-profile, which is object of this document, it is possible to formulate the 
same approach. This double symmetrical T-section can be imagined as composed of three 
rectangles, two horizontals for the flanges and one vertical for the web. The behavior of the 
profile can then be descripted, in a similar way as Eq 3.1, by splitting the cross-section in 
these three regions. Indeed each rectangle is governed by the same equation as before and 
the sum of these three contributions will be the general law of behavior of a I-profile 
subjected to bending, around the strong axis, and axial load.  

Of course when the web area is not enough to face at the amount of the axial force, the 
flanges have to provide the remaining part. Hence, the study has to be divided into this two 
cases depending of the position of neutral axis along the cross-section. 

 

3.3.1 Neutral	  axis	  in	  the	  web	  	  

The coordinate of the neutral axis 𝑥, with respect to the barycenter, can be calculated by 
imposing the equilibrium in the cross-section. 

 𝑁!" =   2 ∙ 𝑥 ∙ 𝑡! ∙
𝑓!
𝛾!!

        →           𝑥 =
𝑁!"

2 ∙ 𝑡! ∙
𝑓!
𝛾!!

 Eq 3.2 

The rest of the web area and the entire flanges can be use to provide the bending resistance. 

 𝑀!" =   𝑀!"#$%& +𝑀!"# Eq 3.3 

 𝑀!"#$%& =   𝑏 ∙ 𝑡! ∙
𝑓!
𝛾!!

∙ (ℎ − 𝑡!) Eq 3.4 

 𝑀!"# = 𝑡! ∙
𝑓!
𝛾!!

∙
ℎ!
2
− 𝑥 ∙    ℎ! −

ℎ!
2
− 𝑥 = 𝑡! ∙

𝑓!
𝛾!!

∙
ℎ!!

4
− 𝑥!  Eq 3.5 
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The expression governing the total design bending moment has then the parabolic shape: 

 𝑀!" = 𝑀!"#$%& +𝑀!"# =
𝑓!
𝛾!!

∙ 𝑏 ∙ 𝑡! ∙ ℎ − 𝑡! + 𝑡! ∙
ℎ!!

4
− 𝑥!  Eq 3.6 

 

3.3.2 Neutral	  axis	  in	  the	  flange	  	  

In this second case, the web cannot resist alone to the total amount of axial load 𝑁!" thus, 
the position of the neutral axis penetrate inside the flange. 

 𝑁!" =   𝑁!"# + 𝑁!"#$%& Eq 3.7 

 𝑁!"# =    𝑡! ∙ ℎ! ∙
𝑓!
𝛾!!

           ;           𝑁!"#$%& = 2 ∙ 𝑎 ∙ 𝑏 ∙
𝑓!
𝛾!!

 Eq 3.8 

So, the penetration of the neutral axis 𝑎 in the flange is: 

 𝑎 =
𝑁!" − 𝑁!"#

2 ∙ 𝑏 ∙
𝑓!
𝛾!!

 Eq 3.9 

and the remaining part of the flange thickness can be used to provide the bending resistance. 

 𝑀!" =
𝑓!
𝛾!!

∙ 𝑏 ∙ 𝑡! − 𝑎 ∙ ℎ − 𝑡! − 𝑎  Eq 3.10 

Images below show the system of magnitudes used. 

  
Figure 3.2 Neutral axis in the web Figure 3.3 Neutral axis in the flange  
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However, the attitude of the vertical rectangle (web) is completely different to the horizontal 
one (flange). The cross-section bending resistance is almost guaranteed by the flanges that 
the web only connects thus, with a small amount of the axial force, the web can easily offer 
the needed reaction without any significant reduction of the bending carrying capacity. On 
the other side when the neutral axis falls inside the flange, the variation over the small 
thickness 𝑡!  does not permit to appreciate the parabolic shape of the mentioned 
relationship that can be easily approximated as straight line with constant slope, maybe the 
cause of the simplification proposed in the current standards (section 3.4). 

The figure below collects the proposed method applied to an IPE 200 with a S235 steel. 

 
Figure 3.4 Interaction diagram according to the position of the neutral axis 

In correspondence with an axial load equal to 240 kN (blue line), the web ends its capacity 
and the neutral axis pass into the flange. That point, which is approximately one third of the 
total axial resistance 𝑁!", is the frontier between the two cases explained before. Here the 
bending plastic moment 𝑀!" is reduced by the value of the web carrying capacity, 13 kNm, 
because that area is completely yielded by the axial load.  
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3.4 Axial	  –	  bending	  interaction	  in	  the	  current	  codes	  

The interaction between axial load and bending moment is the only one presented in EN 
1993-1-1 (2005) (section 6.2.A.1).  

The current formulation of the axial – bending interaction is a double straight line. A first 
horizontal branch is used until half of the carrying capacity of the web or 25% of the total 
axial resistance 𝑁!" is reached. A second decreasing segment follows the horizontal one until 
finally reaching the entire plasticity of the cross-sections due to the axial force.  

 
Figure 3.5 Axial-bending interaction diagram in the EN 1993-1-1 

Indeed for a doubly symmetrical I-section, with equal flanges and bending around the main 
axis (y-y) (EN 1993-1-1, 2005), the plastic bending capacity is not affected by a reduction if 
the axial load is less than: 

 𝑁!" ≤ 0,25  𝑁!",!"       ;       
  0,5 ∙ ℎ! ∙ 𝑡! ∙ 𝑓!

𝛾!!  
 Eq 3.11 

which is represented by the horizontal branch in the left part of the figure above where the 
50% of the web carrying capacity marks the limit in the IPE 200 example. 

Afterwards a sloping straight line approximates the ultimate state resistance of the cross-
section and gives values to the reduction of the plastic bending caused by the axial load. 
This line is defined by the Eq 3.12 
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𝑀!,!,!" = 𝑀!",!,!" ∙

1 − 𝑛
1 − 0,5 ∙ 𝑎

 

 

Eq 3.12 

where: 

 𝑛 =
𝑁!"
𝑁!"  ,!"

 Eq 3.13 

 𝑎 =
𝐴 − 2 ∙ 𝑏 ∙ 𝑡!

𝐴
≯ 0,5 Eq 3.14 

As shown, these formulas have no physical feedback. The two coefficients, 𝑛 and 𝑎, are 
introduced only in order to adjust the slope and the intercept of that second line. In addition 
this procedure looks cumbersome and not intuitive. 

Nevertheless a problem of this simply approach can be highlighted. The frontier of the two 
cases expressed by the Eq 3.11 identifies an intersection between the two straight lines 
proposed by EN 1993-1-1 (2005) and leaves an unexplained cusp close to that point.  

Indeed it is true that the web adds no much bending capacity and with lot of axial force the 
relationship is almost linear but, in the middle, the behavior is perfectly parabolic. 
Accordingly, it is possible to admit and use the simplification proposed by the current 
standard only if the web bending carrying capacity is ignored from the beginning. That 
means decrease the plastic moment to the one supported by the only flanges and keep the 
study in a safe domain. In the example of the IPE 200, that means decrease the bending 
resistance 𝑀!"  ,!" by the 26%.  

 

3.4.1 Comparison	  between	  the	  two	  methods	  

The Figure 3.6, referred to the IPE 200 profile, shows the difference between the approach 
of the EN 1993-1-1 (2005) and the one proposed in this thesis. Both can be compared with 
the elastic behavior, available for class 3 sections, where the stress cannot over pass the 
yield value. 

 𝜎!,!" ≤
𝑓!
𝛾!!

 Eq 3.15 

Indeed  

 
𝑁!"

𝐴 ∙
𝑓!
𝛾!!

+
𝑀!,!"

𝑊!",! ∙
𝑓!
𝛾!!

≤ 1,0 Eq 3.16 
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Figure 3.6 Comparison of the interaction diagrams 

In figure is displayed the behavior of the IPE 200. Remarks that the formulation proposed in 
this document is continuous and does not have a cusp close two the 50% of the plastic 
capacity of the web as in EN 1993-1-1 (2005) approximation. The starting and ending point 
(only axial load or only bending) coincide, so both extreme of the cross-section resistances 
are well represented. 

In addition the lack of resistance between the intersections of the two straight lines (Eq 3.11) 
is not justified. In this region half of the capacity of the web is used to provide axial 
resistance and it is not possible to guarantee the same amount of bending capacity as at 
the beginning. 

Indeed, as described in the next section 4.1, the analysis does not take into account the hot 
rolled junction between web and flange. The consideration of such junction web-flange in 
hot rolled steel profiles can change a little bit the behavior close to the entire plasticity of the 
web (blue line in figure 3.4), not close to the frontier of the Eq 3.11. 

In conclusion, it seems that EN 1993-1-1 approach (2005) is only a rough approximation as 
also mentioned in the code. For this reason, this thesis wants to go deeper and prove that a 
new different way may be followed.  
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3.5 Torsion	  	  

When torque is present, normal stresses can be generated. Indeed the cause is the warping 
part of the torsional moment so, it is useful to decompose the torque into uniform torsion 𝑇! 
and non-uniform 𝑇! 

 𝑇!" =   𝑇! + 𝑇! Eq 3.17 

Nevertheless only in cross-sections where warping is prevented, stresses can appear in 
accordance with the sectorial dimensions: sectorial normalized coordinate 𝜔  and static 
sectorial moment distribution 𝑆𝜔. 

 

3.5.1 Warping	  theory	  

This section of the document is going to introduce the warping theory. The detail of the 
equations that govern the topic can be founded in Annex A. 

The fundamental magnitude in torsional analysis is the normalized sectorial coordinate 𝜔(𝑠). 
By neglecting the shear deformations, the sectorial coordinate can be defined, using an 
appropriate reference system, as the integral of the distance of the shear center over the 
entire development of the cross-section 𝑑𝑠. 

Moreover, the profile twists. The law 𝜃 𝑥   depends of torque 𝑇 and of the coordinate along 
the longitudinal axis 𝑥. Of course in a cantilever, this magnitude will be zero in the fixed end 
while it will reach the maximum value in the free end. 

The expression of the normal stress due to warping can be written as  

 𝜎(𝑥) = −𝐸 ∙ 𝜃!! 𝑥    ∙ 𝜔   𝑠  Eq 3.18 

where, similar to the bending elastic theory, the second derivate of the twist time the 
interested coordinate gives the strain of the cross-section. 

At the same time, the integral of this magnitude will be the warping 𝑤 

 𝑤 = −𝐸   ∙ 𝜃! 𝑥     𝜔   𝑠 + 𝐶 Eq 3.19 

Afterwards, by imposing the equilibrium, the shear flux 𝑞 along the profile can be displayed 
as the variation of the normal stresses time the thickness 𝑡 of the cross section. 

 𝜕𝑞
𝜕𝑠

=   −𝑡  
𝑑𝜎!
𝑑𝑥

 Eq 3.20 
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Integrating the previous equation and imposing the boundary condition (nil shear in the 
edge), the total flux and the sectorial static moment 𝑆! are calculated 

 𝑞 = − 𝑡 ∙
𝑑𝜎!
𝑑𝑥

!

!
=   𝐸 ∙ 𝜃!!! 𝑥 ∙ 𝑡 ∙ 𝜔 𝑠 ∙ 𝑑𝑠

!

!
= 𝐸 ∙ 𝜃!!! 𝑥 ∙ 𝑆! Eq 3.21 

However, this shear flux times the distance of the shear center identify the applied torque 𝑇! 

 𝑇! = 𝑞 ∙ 𝑑𝜔
!

!
= 𝜔   ∙ 𝑡  

𝑑 −𝐸  𝜃!!  𝜔
𝑑𝑥

𝑑𝑠
!

!
= −𝐸 ∙ 𝜃!!! 𝜔! ∙ 𝑡 ∙   𝑑𝑠

!

!
= −𝐸 ∙ 𝜃!!! ∙ 𝐼!   Eq 3.22 

where appears the warping inertia 𝐼!. 

Indeed, with the equilibrium explicit in the Eq 3.20, the total shear flux can be expressed as 
referred to the sectorial static moment 

 𝑞 = −
𝑇(𝑥) ∙ 𝑆!

𝐼!
   Eq 3.23 

and the normal stress as  

 𝜎! =
𝜔 𝑠
𝐼!

   ∙ 𝑇! 𝑥 ∙ 𝑑𝑥 =
𝜔(𝑠)
𝐼!

  𝐵!(𝑥) Eq 3.24 

In conclusion, the warping stress in the cross section is caused by the bimoment 𝐵!, the 
integral of the torque over the longitudinal beam axis. 

Now the equation Eq 3.17, rewritten as differential expression, has to be solved in order to 
estimate the effects of torsion along the structure. 

 𝑇!" =   𝑇! + 𝑇! = 𝐺 ∙ 𝐼! ∙ 𝜃! 𝑥 − 𝐸 ∙ 𝐼! ∙ 𝜃!!!(𝑥) Eq 3.25 

In Figure 3.7 is represented the trend of the sectorial magnitudes 

 
Figure 3.7 Sectorial magnitudes in the flanges of a I-profille 
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3.5.2 Torsion	  along	  the	  beam	  longitudinal	  axis	  

In a cantilever with a constant torque, the magnitude of the uniform torsion (blue line in figure 
below) rise from zero, in the fixed end, to its maximum value at the free end. On the other 
hand, the warping torsion (green line) has its maximum at the fixed end and decreases 
exponentially away from that point. Of course the sum (Eq 3.25) is constant and represents 
the total torque (red line). 

 

 
Figure 3.8 Uniform and warping torsion distributions along the cantilever axis 

Warping is prevented in cross-sections where flanges are not free to strain and rotate. That 
occurs in regions where joints are realized by welding the flanges surface. Indeed often in 
joints between beams and columns or in frames where different beams are converging with 
various angles. 

However, many textbooks suggest a considerable number of strategies with the purpose to 
avoid warping effects.  

As mentioned before, by leaving freedom to flanges, it is possible to bypass the problem. 
That could be an idea but this assumption means to reject any fixed boundary condition and 
the possibility of a fixed-ended beam if torsion is present. Then, only statically determinate 
structures could be covered, no negative moment and no plastic redistribution could be used 
in the ultimate state analysis. 
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3.5.3 Timoshenko	  theory	  

As previously described (section 3.5.1), flanges are subjected to the effects of warping and 
that can generate a range of normal stresses comparable with the bending stresses (Ballio, 
1983). For that reason, careful studies have to be made and nothing has to be neglected. 

The behavior of I-section subjected to a torsional moment can be simplified with the 
Timoshenko theory (Trahair, Bradford, Nethercot, & Gardner, 2008) where the torque 𝑇! is 
split into a couple of two forces 𝑉! applied in the center of the flanges as shown in A. 

 𝑉! =
𝑇!

ℎ − 𝑡!
=
𝑇!
𝑑

 Eq 3.26 

By exploiting this formula, it is possible to better understand the topic. 

The torque, established in the extreme edge of the cantilever, can be split into two different 
forces  𝑉!, statically equivalent, applied in each flange core. That is not a simplification but 
only a change of view useful to easily catch the behavior of the beam. Indeed the treatment 
developed in this thesis remains out of that problem: it only suggests the procedure for the 
correct evaluation of the interaction between different loads and leaves at the engineer the 
faculty to chose the method to calculate the warping tension 𝜎!,!". 

 
Figure 3.9 Scheme of the Timoshenko theory 

In conclusion, the torque 𝑇! generates in beams a sort of bending 𝑀! in the horizontal plane 
of the flange according to the 𝑉! law. 

Hence, the effects of warping can be assimilated as a bending moment 𝑀!, set in the flange 
plane, due to the force 𝑉! above defined. That causes a deflection of the flange in the 
horizontal plane and a strain distribution similar to a “butterfly” along its area. Indeed the 
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behavior looks like the one produced by a global bending over the weak axis except that the 
forces 𝑉! are in opposite directions. Both, bending over the weak axis than torque, induce 
stress distribution in the flange of the cantilever in a similar way. 

 
Figure 3.10 Stress distribution in the flange calculated elastically 

The expressions for the definition of the torsional magnitudes in the flanges, defined in 
section 3.5.1, can be summarized as: 

 𝜔 = 𝑦 ∙ 𝑧              ;               𝜔!"# =
𝑏 ∙ ℎ
4

 Eq 3.27 

 𝜎!,!" =
𝐵! ∙ 𝜔!"#

𝐼!
 Eq 3.28 

being 𝜔 the normalized sectorial coordinate, 𝐵! the bimoment and 𝐼! the warping inertia. 

Even though, the warping tension 𝜎!,!" is not constant along the beam longitudinal axis but 
follows the bimoment law 𝐵! . Indeed, by using the Timoshenko approximation, the 
bimoment 𝐵! can be defined as the product between the height of the cross-section 𝑑 
times the flange bending moment 𝑀!, which is generated by the flange force 𝑉!, linked to 
the non-uniform torque 𝑇!. 

Anyway, once estimated correctly the bimoment, found the warping tension and the flange 
moment 𝑀!, it is possible to study the behavior of the profile against torsion. As mentioned, 
the normal stresses generated take place into the flange with a similar behavior as a 
bending around the weak axis. The cross-section response will be similar to the one of a 
rectangle (flange) subjected to a moment 𝑀!. Hence, in that region can be admitted yielding 
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so, the ultimate plastic resistance provided will be equal to 3/2 (Trahair, Bradford, 
Nethercot, & Gardner, 2008), then a torque 50% more than the elastic one. 

However, this thesis is not interested in large torsion where other profiles, like closed 
sections, have to be used. Even thought, look ridiculous to stop the analysis without 
exploiting the plastic carrying capacity. Indeed the current standards permit, for section 
class 1 or 2, to achieve the plastic behavior of the steel material if a bending around the 
weak axis is present. Nevertheless they do not give any specifications against torsion that, 
as explained above, can be paragoned. 

For that reason, the study considers the entire yielding of the flange area. The flange 
moment 𝑀! , estimated elastically from the warping stress 𝜎!,!" , can be redistributed 
plastically in the ultimate limit state of the resistance of the cross-section (Figure 3.11). 

 𝑀!,!" =
1
2
∙
𝑏
2
∙ 𝑡! ∙ 𝜎!,!" ∙

𝑏
2
=
𝑏! ∙ 𝑡! ∙ 𝜎!,!"

6
 Eq 3.29 

Limiting the maximum longitudinal stress to the yield stress !!
!!!

 and admitting yielding of 

the extreme part of the flange, the moment resisted by the flanges cam be written in function 
of an unknown parameter 𝑐 

 𝑀!,!" =
𝑐
2
∙ 𝑏 ∙ 𝑡! ∙

𝑓!
𝛾!!

∙ 𝑏 ∙ 1 −
𝑐
2

=
𝑏! ∙ 𝑡! ∙

𝑓!
𝛾!!

4
∙ 𝑐 ∙ (2 − 𝑐) Eq 3.30 

Afterwards by equaling the elastic and plastic flange moment, it is possible to find 𝑐, the part 
of the base used to provide the needed resistance against torsion (Figure 3.12). 

 𝑀!,!" = 𝑀!,!" Eq 3.31 

 𝑏! ∙ 𝑡! ∙ 𝜎!,!"
6

=
𝑏! ∙ 𝑡! ∙

𝑓!
𝛾!!

4
∙ 𝑐 ∙ (2 − 𝑐) 

Eq 3.32 

 𝑐! − 2 ∙ 𝑐 +
𝜎!,!"

1,5 ∙
𝑓!
𝛾!!

= 0 Eq 3.33 

 𝑐 = 1 − 1 −
𝜎!,!"

1,5 ∙
𝑓!
𝛾!!

< 1 Eq 3.34 

Indeed, by admitting the total plastic capacity of the cross-section, where half of the flange 
is yielded in compression and the other part in tension, it is possible to reach a final torque 
resistance 𝑇!",!" 50% more than the one calculate in an elastic analysis. That’s a gorgeous 
increment in the cross-section verification. 
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In other words, when 𝑐 is equal to one, means yielding the total flange by the torsional 
moment, the equation become 

 𝑀!,!" =
𝑏! ∙ 𝑡! ∙ 𝜎!,!"

6
=
𝑏! ∙ 𝑡! ∙

𝑓!
𝛾!!

4
= 𝑀!,!" 

Eq 3.35 

 1,5 ∙ 𝑇!",!" = 𝑇!",!" Eq 3.36 

The coefficient 1,5 (fully plastic) is reachable and reasonable. Does not make sense stop at 
1,25 (elastic-plastic) as in the shear formulations of EN 1993-1-1 (2005) because the 
phenomenon of yielding occurs along the width of the flange and not inside the small 
thickness of the profile as in the shear analysis. In conclusion, the plastic shape factor for 
warping on the I-sections is, with all the reasons, 3/2 (Trahair, Bradford, Nethercot, & 
Gardner, 2008). 

 
Figure 3.11 Stress distribution in the flange and defitition of the plastic behaviout 

In conclusion, the total amount of cross-sectional area needed by the torque resistance 
could be expressed as a portion of the flange width 𝑏, using a parameter 𝑐, by equaling the 
moment distribution between the elastic and plastic behavior. 

Therefore, the remaining part, from now on called the reduced base 𝑏∗, will be usable for the 
bending and/or axial load resistance. 
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 𝑏∗ = 𝑏 ∙ (1 − 𝑐) Eq 3.37 

 

The figure below shows the redistribution of the warping stresses along the cross-section and 
the magnitudes definition. 

  

Figure 3.12 Plastic redistribution of warping tensions 

The frontier created by the parameter 𝑐, identified univocally, has a similar meaning as the 
neutral axis. Indeed it separates the torsional part and leaves the remaining region of the 
flange to the other internal forces. 

Hence, as done in the axil-bending interaction, the treatment proposed in this thesis tries to 
express the physical meaning in the beam behavior. The frontier just defined is not the usual 
neutral axis even it has the same scope. Indeed it is rotated in the vertical direction and 
divided the amount of flange area needed to provide the torsional response.  
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3.6 Interaction	  3D	  

Once the reduced base 𝑏∗ is defined by introducing the parameter 𝑐, the cross-section 
already takes into account the torsional effects. Indeed, having been removed part of the 
flange area, the equations formulated for the axial – bending interaction (Eq 3.6 and Eq 3.10) 
can now be rewritten by using the new base width. 

 

Neutral	  axis	  in	  the	  web:	  

 𝑀!" =
𝑓!
𝛾!!

∙ 𝑏∗ ∙ 𝑡! ∙ ℎ − 𝑡! + 𝑡! ∙
ℎ!!

4
− 𝑥!  Eq 3.38 

where 𝑥 is the depth of the neutral axis from the center of the cross-section: 

 𝑥 =
𝑁!"

2 ∙ 𝑡! ∙
𝑓!
𝛾!!

<
ℎ!
2
=
ℎ
2
− 𝑡! Eq 3.39 

 

Neutral	  axis	  in	  the	  flange:	  

 𝑀!" =
𝑓!
𝛾!!

∙ 𝑏∗ ∙ 𝑡! − 𝑎 ∙ ℎ − 𝑡! − 𝑎  Eq 3.40 

where 𝑎 is the depth of the neutral axis measured from the internal side of the flange: 

 𝑎 =
𝑁!" − 𝑁!"#

2 ∙ 𝑏 ∙
𝑓!
𝛾!!

               ;               𝑁!"# =    𝑡! ∙ ℎ! ∙
𝑓!
𝛾!!

 Eq 3.41 

These expression are exactly the same as before, only the current width of the profile has 
been changed with the reduced base 𝑏∗. 

As result of this system of equations can be drawn a global interaction diagram, which 
considers the three internal forces, of the ultimate state of resistance of the steel profile. 
Indeed axial load, bending moment and torque, causes of the generation of normal stresses 
along the cross-section, will be one for each of axes of the chart. 

Therefore, a 3D space will be created and the results displayed in the graph. Hence, the 
surface achieved will be the failure frontier of the cross-section and the safe domain will be 
the domain enclosed under this surface. 

Figure 3.13 shows the behavior of a IPE 200, steel S235, standard profile. 
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Figure 3.13 Space interaction diagram for a IPE 200 

In conclusion, all the physical aspects of the studied topic are taken into account with the 
same conditions and equity. No privileges are given to bending, axial load or torque because 
each of them contribute with the same importance to generate normal stresses; indeed with 
different laws and behaviors, but with the same scope. The collapse of the structure, beam in 
this case, will be achieved with a combination of these three internal forces.  

Therefore, the area of the cross-section has to be divided, with the correct laws of behavior, 
into the axial, bending and torsional part in order to provide and achieve the maximum value 
of the resistance and exploit the capacity of the steel material. 

In the Figure 3.13 it is possible to remark that the plane at the end (torque equal to zero) is 
the one that everybody knows: the interaction between axial load and bending moment. 
Indeed here it has a different shape made by the double parabola formulation proposed in 
section 3.3 o and not the double straight line as in the approximation of the current codes 
(EN 1993-1-1, 2005). 

In addition, the cliff in the front part of the figure represents the web capacity to resist axial 
force and bending. No more torque is supported by this region of the cross-section. Indeed 
presume the collaboration of the web in the torsional response means achieve the inside the 
thickness of this area, phenomenon neglected by the formulation proposed in that document.  
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The interaction diagram takes into account warping torsion 𝑇! in its definition. Even thought, 
in order to give a simple method to designer engineers, it is possible to consider directly the 
applied torque 𝑇!" by redrawing the chart taking into account the contribution of the uniform 
torsion 𝑇! (Eq 3.17). However, this magnitude is changing according to the torsion distribution 
along the beam longitudinal axis (section 3.5.2). Thus, depending on where the resistance is 
estimated, different values have to be added changing the total amount of torque 𝑇!" 
resisted. Anyway, the profile has a unique warping carrying capacity even if the torque 
response, calculated by taking into account the Saint Venant torsion, could seem different. 

Figure 3.14 shows two bending-torque interaction diagrams where the evaluation takes place 
in the fixed end (green) or in a section-cut 200 mm away from that point (red). Only non-
uniform torsion is present in the boundary condition while 334,7 Nm of 𝑇! have to be added if 
the evaluation point is moved to distance equal to the height of the profile. 

 
Figure 3.14 Influence of the bimoment law in the interaction diagram for a IPE 200 

In conclusion this new design proposal, with only one more equation than the beam-column 
approach (EN 1993-1-1, 2005), includes and estimates the torsional behavior in the ultimate 
limit state of the resistance of the cross-section. 
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4. NUMERICAL	  MODELING	  
4.1 Introduction	  

Model the structural behavior of complex problems, as the nonlinear response of the 
material, by using the finite element method (FEM), is a reasonable choice before undertake 
an experimental campaign. That’s cheaper, it permits to run lots of simulations; it’s quick 
and could be pretty precise because it doesn’t suffer the imperfections and approximations 
of the laboratory field. Always, keep in mind to pay attention at the results. A solid 
mathematical theory has to be present like framework. 

In this analysis, the nonlinear FEM software ABAQUS® is used to perform numerical 
solutions of I-section profiles which are subjected to axial force, bending and torque. 
ABAQUS® has all the capabilities to run correctly the simulation. It’s based on a robust 
theoretical structure and it has a huge potential as shown by the numerous examples and 
comparison between numerical approach and experimental data that is possible to find in 
literature.  

 

4.2 Description	  of	  the	  problem	  

Beams, in this case I-shape steel profiles, are designed to resist bending. The flanges area 
offers the amount of resistance needed and web provide the mechanical harm ensuring that 
both flanges work together. Indeed the web does not bring significant contribution to the 
bending resistance of the cross-section. 

Of course due to the loads cases, beams are not subjected just to bending but they can 
occur in different state of solicitations that can induce normal stresses in the cross-section. 

It is also important to mention that I-profiles are thin wall open sections. These beams are 
easy to produce in factory (no welding edges) but they suffer warping effects. Remind that, 
even without a direct torque, loads applied not in the center of the web but with a small 
eccentricity can generate torsional moment. Absolutely, there is not warping every time. The 
boundary conditions have the second word. Leaving freedom to rotate at the flanges, just 
pinning the web, avoids warping effects but it suppose no fixed end boundary condition and 
no negative bending in the structure. In other words, it means prescribe a bigger profile only 
because lazy and we avoid torsional effects. 

This document has the main goal to change this idea: warping is not impossible. The author 
hopes that the formulations propose in this thesis can help everybody to get into the topic 
and give the tools to design, easily, with torsion. 
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4.2.1 Cross	  section	  

A common European profile from the standard IPE and from the HEA series has been 
chosen for the analysis. Indeed these double symmetrical T cross- sections are the most 
frequently used in beam design due to its high capacity provide against bending combined 
by an easy rolling process and a low manufacturing cost. In addition a good exploitation of 
the steel material is achieved. 

Inside this catalog, a middle profile has been select with the purpose to have a general 
exhibition of the entire series. Thus, 200 mm high profile has been chosen. 

In the other hand, a simple and academic problem of a cantilever has been selected and a 
theoretical framework is developed as mentioned in the section (3.5). Hence, the behavior of 
a 2 meters long cantilever with a fixed-end boundary condition in one corner and free end in 
the other side, is analyzed in this document. In the present study, the ratio height/length of 
the cantilever is 1/B. Such ratio is adequate to apply beam theory.  

 

 
Figure 4.1 Cantilever scheme 

Different load conditions are applied at the free end of the cantilever in order to generate 
axial load, bending and torsion along the whole beam. 
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4.2.2 Geometry	  and	  material	  properties	  

In the core of this document the IPE 200 profile (ArcelorMittal), as example, is analyzed. 
Further simulation with the HEA 200 profile can be find in the Annex C  -  HEA SIMULATION 

Table 4.1 IPE profile characteristics (ArcelorMittal) 

IP
E 

20
0	  

b	   100	   mm	  
h	   200	   mm	  
tf	   8,5	   mm	  
tw	   5,6	   mm	  

	   	   	  A	   2772,4	   mm2	  

	   	   	  Iy	   19455902	   mm4	  
Wel	   184559	   mm3	  
Wpl	   209660	   mm3	  
It	   69800	   mm4	  

	   	   	  E	   210000	   Mpa	  
fyd	   235	   Mpa	  

 

As already mentioned, the cross-section studied in this work is from IPE series, but not 
taking into account the radius of the junction web-flange. All the values are calculated 
considering this simplification and therefore the torsional inertia 𝐼!  is sum of three 
rectangles. 

 
Figure 4.2 IPE profile dimensions (measures in mm) 
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4.3 Description	  of	  the	  numerical	  model	  

4.3.1 ABAQUS®	  code	  

In this study, ABAQUS®/CAE is used to prepare the simulations while ABAQUS®/Standard is 
used to run the analysis. 

Modeling procedures have to be done properly with the aim to get a valid simulation and 
demonstrate the real behavior of a I-section profile subjected to axial load, bending moment 
and torque. Indeed not only the beam has to be modeled with correctness but also the 
boundary conditions and the loads. A correct element type and the mesh density have to be 
chosen in order to obtain results as accurate as possible, spending a reasonable computing 
time. 

 

4.3.2 Geometry	  

A three-dimensional numerical model is used in the analysis. The shape of the I-profile is 
previously sketch, referring to the middle line of the cross-section. An extrusion of 2 meters 
is performed along the beam longitudinal axis in order to reach the final appearance of the 
cantilever.  

 
Figure 4.3 Geometry of the model 

By choosing the element type (section 4.3.4), the correct thickness at each part of the 
cross-section will be assigned. Indeed the current shape is only a sketch of the middle line 
of the I-profile. 
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4.3.3 Material	  

A standard steel S235, with a previous elastic branch follow by a plastic horizontal branch at 
the constant stress of 235 MPa, is used in the simulations. A Young’s module of 210 GPa 
and a Poison ratio of 0,3 complete the material properties as shown in Table 4.2. 

Table 4.2 Material properties 

M
AT

ER
IA

L	  
E	   210000	   MPa	  
𝜈	   0,3	  

	  G	   80769	   MPa	  
	   	   	  
𝛾!!	   1,0	   	  
𝑓!	   235	   MPa	  

 

This model allows isotropic yield and no hardening behavior is defined. When the steel is 
subjected to multiple stresses, the elastic limit is defined by the von Mises yield criterion: 

 𝜎! =
1
2
∙ 𝜎! − 𝜎! ! + 𝜎! − 𝜎! !+ 𝜎! − 𝜎! ! Eq 4.1 

where 𝜎! are the principal stresses. 

 
Figure 4.4 Elastic-perfectly plastic stress-strain curve for steel S235 

A nonlinear approach is applied in this study due to the stress-strain relationship shown in 
Figure 4.4. The ABAQUS® software admits an infinite horizontal branch until huge strain but, 
while the results will be processed, this criterion will be considered.  
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4.3.4 Element	  type	  	  

The I-cross section is pretty well represented by shell elements. The discretization of the 
beam profile by using 3 different parts, one for the web and the 2 for the flanges, seems to 
be consistent. Remind that this type of element has been developed specifically for a 
section where the ratio between the thickness and the others dimensions is enough small. 

Indeed that is a simplification of the beam; the hot rolled junction between flange and web, 
typical of a standard I-section, is not taken into account.  

As show in Annex B, this simplification has consequences in the calculation of the primary 
torsional inertia 𝐼! as also mentioned by Kindmann & Kraus (2011). The work of Kindmann & 
Ludwig (2011) suggests splitting the flange in three different parts, leaving the core-one with 
a high thickness in order to approximate the hot rolled junction. This strategy could be a 
good idea however implies to pass from one single element, for each flange, to six (both 
flanges) elements. 

This thesis has not the aim to validate the procedures of an experimental campaign, no field 
of result has to be replicate with the numerical model so, does not make sense spend CPU 
energy to a high quality analysis. In any case, the best solution could be the 3D brick 
element with a dense mesh close to the hot rolled junction. In the Annex B a precise 
estimation of the behavior of the cantilever is made in an elastic analysis. 

For all the reasons above mentioned, the standard IPE and HE profiles (ArcelorMittal) have 
been changed and the cross-section analyzed in this document has only 3 rectangles, two 
for the flanges plus one for the web. 

In addition modeling with shell element has the advantage of a 2D model; especially, a 
quick resolution in the plastic analysis where many increments have to be made. 

Table 4.3 Element details 

SH
EL

L	  

type	   S4R	  
	  nodes	   4	  
	  reduced	  integration	  (lower	  orden)	  

simpson	  rule	   5	   points	  
results	   in	  the	  3rd	   point	  

 

The Simpson quadrature is not as efficient as the Gauss-one. For the same precision, the 
Gauss integration technique needs only 3 points. However, it returns values in the Gauss 
points and not in some specific points provided by the user. Thus, in that case, the 
thickness of the membrane is split in 5 layers, from frontier to frontier, and the Simpson 
method is used. Therefore, the third rating point corresponds to the middle line section. 
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This procedure supposes a, almost, double computational cost (5 against 3), but it gives us 
the middle line distribution looked for. 

 

4.3.5 Mesh	  scheme	  

The mesh density is a compromise between precise results and time of calculation. 

There is not a linear dependence between increasing the number of elements and the 
assessment of the solution. Even though, both extremes are not recommended, a rare mesh 
does not simulate correctly the behavior while an extremely dense mesh could cause 
convergence problems. One option could be divide and consider separately the seed in the 
direction of the beam axis and the seed along the cross-section as frequently done in the 
Annex B. Even though, the preferred strategy has been to run all the simulation with a 
structured quadratic element, neglecting the bimoment law that suggests a dense mesh 
close to the warping boundary conditions. Moreover, using a regular and homogeneous 
elements distribution does not privilege a section of the cantilever and the obtained results 
show the global look of the beam with the same level of confidence.  

 

Table 4.4 Density of the mesh in the IPE analysis 

M
ES

H
	  

seed	   5	  cm	   2	  cm	   1	  cm	  
num.	  elements	   355	   2222	   8888	  
%	  of	  elements	   16%	   100%	   400%	  
CPU	  time	   1	  min	   6	  min	   >	  30	  m.	  
results	  in	  bending	   99,5%	   100%	   -‐-‐-‐	  

 

A previous seed of the beam is made with a rare mesh by using elements with 5 cm in each 
side. The simulation runs in a short time and good results have been reached.   

Changing the seed with a more dense mesh of 2 cm, 6,25 times more elements than before, 
does not improve the solution already met. In addition, as well as the increase of the 
elements number, the computational cost has been boosted by the same magnitude. The 
1cm seed simulation does not reach convergence. 

Figure 4.5 shows the cantilever with 2222 elements while Figure 4.6 the one with 355 
elements. 
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Figure 4.5 Mesh with 2222 elements Figure 4.6 Mesh with 355 elements 

Figure 4.7 represents the interaction diagram bending-axial load for the IPE 200 adopting 
the two mesh sizes. Both curves are practically identical. 

 

	  

Figure 4.7 Interaction diagram My – N for different mesh sizes 
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4.3.6 Boundary	  conditions	  

Fixed-end boundary condition is applied in the entire perimeter of the cross-section in the 
extreme of the cantilever object of the study. In other words, the origin of the beam is fully 
restrained in all direction and rotations. 

 

4.3.7 Loads	  scheme	  

A combination of the three different internal forces –axial loads, bending moment, torque- 
has to be analyzed. 

Axial	  load	  

A concentrated force is applied in the center of the free edge of the cantilever. Due to the 
dimensions of the cross-section (IPE 200) and the cantilever, instability effects may be 
ignored (compact or plastic cross-section and low slenderness). Then, either tension or 
compression force can be applied. 

Bending	  moment	  

Two different strategies have been taken into account to provide bending. A concentrated 
moment (CM1 in Figure 4.8) sets in the centroid of the section or a couple of two forces 
applied in the core of the flange (CF3). The two forces, one in tension and the other in 
compression, are separated by a magnitude equal to the web height so, the bending 
moment generated, is proportional to 𝑀 = 𝐹 ∙ ℎ. 

 
Figure 4.8 Study of bending  apply condition 

Displacement	  in	  midspan	  cantilever	  	  [m] 
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The Figure 4.8 shows a comparison between these two methods in three different torques 
conditions. The results are comparable and the formulation with a concentrated moment 
looks more reasonable than the other one.  

In conclusion, as it will be described in the following section (4.3.8), a bending moment of 1 
kNm is used as reference load 𝑃!"#. 

Torque	  

Due to the element type (shell), it’s not advisable to apply loads as done before. The torque 
will generate, next to the application point, a series of stresses in the surface of the web 
parallel to the longitudinal axis. This effect causes distortional phenomena thus, the 
torsional moment will be established with a couple of 2 forces in the center of the flange 𝑉! 
like the Timoshenko theory suggests (section 3.5). 

 

4.3.8 Steps	  

Keeping in mind the nonlinearity of the material, the Newton Raphson method is used to 
provide a correct solution. As contrary to the linear problem (Annex B), in this elastic-plastic 
analysis the solution cannot be calculate directly by solving a single system of equations. 
For that reason, after the elastic branch, the final results are reached by applying the loads 
gradually, with many iterations.  

The numerical simulation is divided in 3 steps: 

1. Establishing boundary condition 
2. Applying the axial load and torque 
3. Increasing Bending until collapse 

After the initial step, axial load and torque are applied with a static general analysis. In this 
procedure, ABAQUS® ramps all the loads until the established value by using different 
increments.  

Meanwhile, for the third step a Riks method is used (Abaqus, 2012) in order to capture the 
collapse of the structure. This process ramps the bending moment until a stop criterion, 
which will be presented in section A. 

The Riks method uses, differently, the load magnitude, in our case bending, as an additional 
unknown and it solves simultaneously the system for loads and displacements. Therefore, 
another quantity must be used to measure the progress of the solution. Hence, ABAQUS® 
uses the “arc length” (𝑙) along the static equilibrium path in a load-displacement space. 
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The loading during in a Riks step is always proportional and the load magnitude 𝑃!"! 

 𝑃!"! = 𝑃! + 𝜆 ∙ (𝑃!"# − 𝑃!) Eq 4.2 

where 𝑃! is the sum of the loads defined into the second step and 𝑃!"# is the reference 
bending moment defined in the analysis. The factor 𝜆 is the “load proportionality factor”, 
found during the solution using a Newton's method. 

 

4.3.9 Stop	  criterion	  

Since the loading magnitude is part of the solution, a stop criterion has to be provided to 
finish the simulation. An alternative, it is setting a value of the displacement, at a specified 
degree of freedom, in a concrete point of the beam. Otherwise, the analysis will continue 
increasing the load proportionally factor 𝜆 exceeding the small displacements theory. 

For that reason, the point, direction and value have to be chosen and considered. 

Point	  

A reliable point has to be chosen. In order to evaluate the stress state in the cantilever, the 
middle cross-section will be selected. It is a good attitude because the effects of the 
boundary conditions and the applied force are negligible. 

Degree	  of	  freedom	  

It makes sense take into account the vertical displacement when bending occurs. That’s 
because the deflection is directly connected with bending and it is possible to estimate the 
magnitude in a determinate control point. 

Using the Mohr analogies, the elastic deflection in the middle section is: 

 𝑓
𝑙
2

=
𝑀
𝐸 ∙ 𝐼

∙
𝑙
2
∙
𝑙
4

=   
𝑀 ∙ 𝑙!

8 ∙ 𝐸 ∙ 𝐼
 Eq 4.3 

If no bending occurs, make sense change the strategies therefore, in the analysis with only 
axial load and torque, the horizontal displacement (U3) generate by the compression, 
constant along the beam, is chosen: 

 𝑑!
𝑙
2

=
𝑁
𝐸 ∙ 𝐴

 Eq 4.4 

Values	  

A value of the displacement equal to 15 times the one it will occur in elastic behavior could 
be a correct overture. The material can easily reach large deflection after the elastic branch 
as specified in the requirements of EN 1993-1-1 (2005). Other strategy could be to consider 
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the plastic bending resistance 𝑀!,!" instead of the elastic one. We have to remind this 
consideration, has no physical meaning because the deflection is calculated with the 
equation Eq 4.3 which is referenced to an elastic behavior. 

The table below shows the results of the mentioned criteria. 

 

Table 4.5 Stopping criteria for axial – bending analysis in IPE 200 

𝑵𝑬𝒅	  
	  

[N]	  

𝑴𝑵,𝑬𝒍	  
	  

[Nm]	  

𝒇
𝒍
𝟐

	  

	  
[mm]	  

𝒔𝒕𝒐𝒑	  
	  

[mm]	  

𝑴𝑵,𝑷𝒍	  
	  

[Nm]	  

𝒇
𝒍
𝟐

	  

	  
[mm]	  

𝒔𝒕𝒐𝒑	  
	  

[mm]	  

0	   43371	   5,60	   83,93	   49270	   6,36	   95,34	  

50000	   39985	   5,16	   77,38	   49270	   6,36	   95,34	  

100000	   36598	   4,72	   70,82	   49270	   6,36	   95,34	  

150000	   33211	   4,28	   64,27	   46466	   5,99	   89,92	  

200000	   29825	   3,85	   57,71	   41728	   5,38	   80,75	  

250000	   26438	   3,41	   51,16	   36990	   4,77	   71,58	  

300000	   23051	   2,97	   44,61	   32251	   4,16	   62,41	  

350000	   19665	   2,54	   38,05	   27513	   3,55	   53,24	  

400000	   16278	   2,10	   31,50	   22775	   2,94	   44,07	  

450000	   12891	   1,66	   24,95	   18037	   2,33	   34,90	  

500000	   9505	   1,23	   18,39	   13298	   1,72	   25,73	  

550000	   6118	   0,79	   11,84	   8560	   1,10	   16,56	  

600000	   2732	   0,35	   5,29	   3822	   0,49	   7,40	  

 

The beam response is elastic until that bending generates, in the extreme part of the flange, 
a stress equal to the yield stress. The yielding of the cross-section stars from that point and 
it causes a deviation from the elastic line as displayed in A. 

The effect of the yielding can take a while to be complete developed but, after that, the 
cantilever follows in the deformation without increasing the bending resistance. The perfect 
horizontal branch, indication of the complete yielding of the section, is perfectly represented 
by the numerical simulation. 

If we consider, as example, an axial load of 300 kN, we can obtain that, for a bending 
moment of 23,051 kNm, the beam leaves the elastic branch with a deflection of 2,97 mm. 
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After that, it follows the yielding of cross-section until it reaches the final bending resistance 
with a value of 32,251 kNm. In Figure 5.8 this behavior is perfectly displayed. 

In conclusion, once the total yielding of the cross-section is reached, the load proportionally 
factor 𝜆 increases just because the beam is leaving the small displacement field and the 
geometrical properties are changing. Once the neutral axis is stabilized in the final position 
and it starts the horizontal plastic branch where the displacement grows exponentially 
without any appreciable increase of the bending moment, it is good to stop the analysis. 

In the practice, it is possible to calculate some of the previous values and evaluate the 
problem in order to fix a limit to the maximum displacement.  
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5. STUDY	  AND	  RESULTS	  
5.1 	  Introduction	  

The aim of this chapter is to provide a numerical feedback to the theoretical formulation 
(chapter 3) of the interaction between axial load, bending moment and torque by using the 
finite element software ABAQUS® and the model previously discussed in chapter 4. Indeed 
this part of the document wants to join the theory with the numerical simulation highlighting 
the differences. Moreover, results are presented and discussed paying attention to the 
comparison between these two approaches. 

Remark the main characteristics of the proposed model are: 

• Use of an elastic-perfectly plastic material with the Von Mises yield �criterion in 
modeling the steel I-beam profile 

• Axial force and torque are applied in a previous step by using an iterative equation 
solver �based on Newton-Raphson method 

• The bending increase process is governed by a Riks type of analysis �based on the 
arc-length criterion 

• Loads are introduced via concentrate forces or concentrate moment 

The analysis procedure consists in one preliminary study where axial-bending interaction is 
discussed against the theoretical approach proposed in this thesis and, afterwards, against 
EN 1993-1-1 formulation (2005). 

Subsequently, a pair of bending-torque and axial-torque are analyzed in order to validate 
the behavior and robustness of the framework offered. 

Eventually, a 3D interaction diagram, considering axial force, bending and torque, is 
obtained with the numerical simulations. 

Apart from that, the stop criterion and its effects over the analysis are investigated. 

In addition, as already mentioned, in the core of this document is treated, as example, the 
IPE 200 profile and further studies can be found in the Annex C  -  HEA SIMULATION 

 

Notice: in all figures representing ABAQUS® output, units of measure are S.I. standard, 
where length is in meter and force in Newton. 
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5.2 Axial	  –	  bending	  

5.2.1 Cross-‐section	  behavior	  	  

By using the scheme and the ABAQUS® model described in the chapter 4, numerical 
simulations are made in order to validate the theory of chapter 3 and prove the fundamental 
role played by the position of the neutral axis in beams analysis. 

In the treatment proposed by EN 1993-1-1 (2005), the IPE 200 falls in the right case of the 
Eq 3.11 so the frontier to begin to consider interaction, and the bending reduction, is fixed 
by the resistance of the web. Indeed, when the 50% of web area is needed by the axial 
force, the standard suggests to reduce linearly the bending carrying capacity of the cross-
section. Therefore, until that point, the entire plastic moment 𝑀!" could be faced without any 
problem.  

Instead, the formulation of this work shows how the bending capacity is yet reduced at the 
94,4% in this case. The 5% is a considerable value when the safety factor for steel 𝛾!!   has 
been reduced to its minimum. However, that is not the main problem. The approach with 
the linear dependence is cumbersome and not intuitive. In order to apply the law proposed, 
the users have to calculate previously various entities: 

• First, estimate if the reduction takes place (Eq 3.11) 

• Second, find the two parameters 𝑛 and 𝑎 to adjust the slope of the interaction line 
(Eq 3.13 and Eq 3.14) 

Indeed the advantages to the linear dependence are complete erased by amount of 
operations that the engineer has to perform in advance. Instead, the approach discuss in 
this thesis, as well as grow from a physical framework, is also easier and quicker. 

As example, the case of IPE 200 subjected to an axial force 𝑁!"   of 120 kN, the one 
identified by the limit of Eq 3.11, is studied and results of the analysis are presented. The 
load, applied in the free end of the cantilever, provides the yielding of the half part of the 
web area in order to achieve, at least, the needed resistance.  

The analysis is split in two phases:  

• Reach the first yield of the structure without leave the elastic behavior 

• Increase the bending moment until the final collapse 

This criterion will permit to appreciate and follow the ship of the neutral axis over the cross-
section. 
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Figure 5.1 represents the situation when the elastic bending (Eq 3.16) is provided by 
ABAQUS®. 

 
Figure 5.1 Neutral axis in a IPE 200 when the axial load = 50% Nw and ELASTIC bending  

According to the model (section 4.3.8), once the structure is completed subjected to the 
axial load, the analysis starts applying gradually the bending moment. By stopping the 
analysis at 35,24 kNm, corresponding at the elastic moment 𝑀!", the position of the neutral 
axis is clearly defined in Figure 5.2. 

 

 
Figure 5.2 Zoom of the neutral axis in a IPE 200 when the axial load = 50% Nw and ELASTIC bending  

In that instant, the first yield 𝑓!"  is reached in the superior part of the flange and the 
deformation of the cross-section can be synthetized as in the figure above where ⊕ 
correspond to tension while ⊖ represent compression. The Hooke’s law permits to switch 
between the strain and the stress diagram. 

 𝜎 = 𝐸 ∙ 𝜖 Eq 5.1 
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From now on, the yielding procedure begins. The first region to be submitted to this process 
is the top flange and, while the neutral axis follows its drop until the final position of the 
plastic neutral axis, more a more area is yielded by the increasing bending. The ship of the 
neutral axis can be appreciated in the Figure 5.3 where, from the elastic stress distribution 
(left into diagram), passing through the yield of the bottom flange (middle), the profile 
reaches its final resistance with the entire yielding of the cross-section (right). 

 
Figure 5.3 Neutral axis trend 

At the end, with a bending moment of approximately 47 kNm instead of the plastic moment 
𝑀!",!" (49,26 kNm), the profile reach its final collapse. 

 
Figure 5.4 Neutral axis in a IPE 200 when axial load = 50% Nweb and PLASTIC bending 

 
Figure 5.5 Zoom of the neutral axis in a IPE 200 when axial load = 50% Nweb and PLASTIC bending  
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5.2.2 Interaction	  diagram	  

In the previous section is given, as example, the study of 120 kN axial force, the one located 
at the frontier (EN 1993-1-1, 2005) between the reduction of the bending carrying capacity 
and the non-interaction. Perhaps, that is the critical case but it is helpful to show the lack of 
resistance of the steel profile presumed the standards. 

In order to validate the theory, prove the importance of the physical framework and the 
important meaning of the neutral axis in the structural response, many load cases are 
analyzed with the ABAQUS® model to finally drawing the interaction diagram axial – 
bending.  

 
Figure 5.6 Numerical interaction diagram for IPE 200 

The green curve (numerical) of Figure 5.6 is complete hidden behind the red one (proposed 
formulations). Indeed the double parabola object of this thesis represents, almost perfectly, 
the reality leaving EN 1993-1-1 (2005) approximation out of games. 

In addition any unsafe gaps are forgotten. The attitude of the cross-section, in the close 
proximity of the 50% of the web carrying capacity, is well reproduced. Indeed, as it has 
looked evident from the beginning, the profile cannot be able to resist the same amount of 
bending if a part of its cross-sectional area is used to provide the axial strength. 
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5.2.3 Stop	  criterion	  

In section 4.3.9 is discussed the stop criterion and the hypothesis of its choice. Remind 
that, the collapse analysis planned needs a value representative of the ultimate state of the 
cross-section in order to stop the simulation. Indeed the ABAQUS® model does not realize 
when the cantilever reaches its final resistance so, it follows increasing the bending moment 
even if the structure is leaving the small displacement theory. 

For the reason above explained and according to the discussion of the mentioned section, 
the deflection of the cross-section at midspan has been selected as reference point. 
Nevertheless the value in which stops the simulation is not established with certainty and 
can leave, a priori, freedom to the results. According to the current standards, the material 
has to guarantee in the ultimate resistance, at least, a strain value equal to 15 times the 
value experimented in the first yield or, in other words, the plastic deflection has to be 15 
times more than the elastic one. Indeed due to its linear dependence with the elastic strain, 
the same magnitude is used as stop criterion. 

However, as shown in the load – displacement diagram of Figure 5.7, the amount of the 
value does not affect the final solution and a mean value could be set to perform further 
simulations. 

 
Figure 5.7 Moment – displacement diagram  

Displacement	  in	  midspan	  cantilever	  	  [m] 
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Results of various studies are displayed in Figure 5.7, depending on the magnitude of the 
axial force applied at the free extreme of the cantilever. Moreover, it is possible to identify 
the first linear branch, which reflects the elastic behavior, followed by a curve segment, 
symptom of the yielding over the cross-section. At the end, when the magnitude of the 
deflection rises, the horizontal part, sign of the complete yielding of the profile, can be 
appreciated. Hence, in this last region, the analysis can be stopped in any moment without 
paying too much attention of the value of the deflection. To be sure, a value in the extreme 
right of the diagram, which cannot be affected by such problems and which is 
representative of the total yielding, is chosen for the analysis. For that reason, the maximum 
deflection is fixed at 0,1 m in future simulations. 

Figure 5.8 shows a zoom of the left corner to better appreciate the limits between the elastic 
(linear) and plastic (curve) behavior. 

 
Figure 5.8 Zoom of the elastic – plastic branches in IPE analysis 

Finally, the cross-section response is the one previously discussed. In particular, the elastic 
straight branch is common to each load case until the cantilever achieves the first yield in 
the top flange. Afterwards the non-linear curve of the diagram indicates the yielding 
progress and the consequent displacement of the neutral axis. Moreover, the turning point 
corresponds always to 1 one calculated elastically (as an example, for the case with an axial 
load of 300 kN, the analysis leaves the linear branch with a bending moment of 23,05 kNm 
and a deflection of 0,003 m, exactly as expected by Table 4.5). 

Nevertheless these conclusions are useful not just for modeling the behavior of the beam 
correctly but also looking at the possibility to extend these formulations to the torsional 
moment, the third axis of the interaction diagram searched. 

Displacement	  in	  midspan	  cantilever	  	  [m] 
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5.3 	  Torsion	  

The main aim of this thesis is to study the behavior of beams subjected to torsion in order to 
evaluate the final resistance of the cross-section in the ultimate limit state, taking into 
account the interaction with bending and axial force. In particular, the objective is reached 
defining an interaction diagram for an I-section that contemplates all the internal forces. 
However, in this section is made a previous step with only a couple of internal forces so, the 
researches are split in two parts: 

• Bending - Torque 

• Axial - Torque 

Indeed that is due in order to study the cross-section behavior and validate the discussed 
framework carefully. 

Subsequently, the inquiries will be joined to finally obtain the general formulation which 
governs the studied problem.    

 

5.3.1 Cross-‐section	  behavior 

The torque can induce, where warping is prevented, longitudinal stresses along the cross-
section as explained in the theoretical approach of chapter 3. 

The cause of this normal stresses in not directly the applied torque but a magnitude derivate 
from it, the bimoment 𝐵!. As a reminder, the torque can be decomposed into its uniform 
part 𝑇! and into the warping moment 𝑇!. Afterwards the last one, can be statically split into 
to bending moment 𝑀! applied in the flange plane as in the Timoshenko theory. Finally, the 
product between this moment 𝑀!  times the height of the profile identify the searched 
bimoment 𝐵!. 

Moreover, similar to the bending behavior, the normal stress distribution can be written as 

 𝜎!,!" =
𝐵! ∙ 𝜔
𝐼!

 Eq 5.2 

where, instead of the inertia 𝐼! appears the warping inertia 𝐼! and the normalized sectorial 
coordinate 𝜔, which takes the place of the depth of the cross-section 𝑦. 

In addition it is possible to identify a neutral axis as well as in the bending problem. The 𝑐 
parameter, explained in section 3.5.3, can be compared with the flexural neutral axis 
because it divides tension and compression areas of the cross-section and limits, in the 
central part of the flange 𝑏∗, the bending response. 

In the following pages, this theory will be detailed and proved by the numerical model. 
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Figure 5.9 Flange plastification due to torsion 

By zooming the interested region, it is possible to identify how the profile redistributes the 
longitudinal stresses plastically and, as shown in the figure below, the expected behavior 
get its validation. The flange, like a rectangle, answers to bending as if it were subjected to 
an axial force and to torque as subjected to the bending moment 𝑀!. During the document, 
lots of words have been spent to discuss the torsional behavior but none to the bending 
response. Indeed the moment 𝑀!" can be statically split, like in the torque study, into a 
couple of two forces, one in traction over the top flange and the other in compression over 
the bottom one. In conclusion, that gives to the flanges similar effects as an axial force. 

 
Figure 5.10 Zoom of the the top of the flange of a IPE 200 subjected to warping 
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5.3.2 Stop	  criterion	  

As well as in the previous analysis of bending and axial load, the stop criterion has to be 
defined and the idea of monitoring the vertical displacement of the cross-section at 
midspan of the cantilever can be exploit also in this case. Then, the ABAQUS® model will 
stop the simulation when the value of the deflection overpass 0,1 m. 

However, the behavior of the steel profile is different. The torque and the bending moment 
solicit same part of the cross-section so, as widely discussed, the flange area has to be split 
into these two internal forces. Thus, by increasing the torsional moment, less and less space 
remains to provide the bending resistance. Indeed the amount of the reduced base 𝑏∗ has a 
quadratic decrease with the torque. 

In addition it is possible to distinguish two different situations:  

• Torque is small and the yield stress is not reached in the edge of the flange 

• Torque is enough to yield part of the cross-section 

In the previous hypothesis, warping generates a reduction of the flange resistance but, due 
to the small amount of the torsional moment, no yielding is induced. Indeed the attitude of 
the beam is almost virgin at the beginning of the bending step until, in one edge of the 
profile, is reached the yield stress. That means to leave the elastic response and go towards 
a plastic degradation. 

This behavior can be appreciated in figure below. 

 
Figure 5.11 Moment – displacement diagram in torsion-bending analysis 

Displacement	  in	  midspan	  cantilever	  	  [m] 
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Instead of the behavior reached in the axial – bending analysis (Figure 5.8), here it is not 
always visible a common elastic branch at the beginning of the simulations. Clearly, that is 
representative of the two cases above mentioned. If the cross-section is already yielded by 
the warping effects, it cannot be able to provide the same elastic inertia against bending. 
Once more, the thesis of the reduced base takes place. 

On the other hand when the torque is small, the profile has not reached any yielding so it 
can still exploit its elastic carrying capacity. Afterwards the yielding process begins from the 
edge of the flange where the sum of the stresses, caused by warping and bending, achieves 
the yield stress. This process is more and more quickly according to the magnitude of the 
torque because from that depends the amount of the flange area already exploited. Hence, 
the curve is clearly nonlinear at low load levels in order to reflect this phenomenon.  

Meanwhile, in the second situation, warping is enough to bring the profile to its first yielding. 
In this case, the cross-section will be already debilitated and it couldn’t ever provide the 
elastic response against bending. That causes the impossibility to follow the elastic straight 
branch at the beginning and, thus, leads to the different shapes of the curves represented in 
the Figure 5.11. 

By analyzing the diagram of Figure 5.11, it is possible to identify the behavior of the beam 
under bending (the upper line, red) when no torque is applied. The elastic branch is correctly 
displayed until the elastic moment of 43,37 kNm, with a deflection at midspan of the 
cantilever of 5,6 mm, followed by the plastic strain until the bending collapse at 49,27 kNm 
(Table 4.5). 

As example, consider now a torque of 1,03 kNm, that corresponds to a Timoshenko force of 
5,38 kN, the one responsible to the first yield. In this case the flange starts reducing its 
width (𝑏∗) due to its primary yielding so that the inertia 𝐼! is degraded by the warping effects. 
The yielding process begins and, by adding bending to the beam, the cross-section 
assumes plastic behavior. Indeed the beginning of the load – displacement curve (blue line) 
has less slope than the previously presented and does not follow the elastic branch. 

The idea of a reduced base 𝑏∗ seems take place playing a fundamental role. 

However, some problems directly connected with the numerical studies are presented. The 
simulation suffers the stresses diffusion in regions next boundary condition and next to the 
applied loads. In particular, many analysis have been done in order to find the correct 
distance in which evaluate the bimoment. Due to numerical problems, the torsional plastic 
hinge does not take place in the fixed end as expected by the theory but in a section-cut 
away from that. Nevertheless also in the reality that doesn’t occurs. In conclusion, as done 
for the rigidity frames, a region included between once and twice the height of the profile 
could be considered. In this document, once the height has been chosen. 
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5.3.3 Torque	  –	  bending	  results	  

Two different strategies are used in order to generate bending in the ABAQUS® simulation 
(section 4.3.7). To be sure that the model well represents the reality without be susceptible 
to the method of the load application, in the simulations bending is generated with a 
concentrated moment, in the center of the cross-section (in Figure 5.12, the green line), or 
by applying two different forces (purple), in the core of the flanges.  

In both cases, the obtained results are similar. Then, the load application process does not 
condition the model. However, the first strategy remains on the conservative side. 
Moreover, provide the bending as a concentrated moment in the center of the cross-section 
is in the aim of this document and, even if the two forces approach is statically equivalent 
over the total development of the beam, locally the concentrated bending can damage the 
profile a bit more. The numerical study displays exactly this behavior because, inside the so 
called “d” region of the Saint Venant beam theory, take place the phenomenon of the stress 
diffusion. In conclusion, the simulation with the concentrated moment (green) better 
represents the analyzed problem so, for further simulations, this opinion will be used. 

 

 
Figure 5.12 Interaction diagram My/T for IPE 200 
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The difference between the numerical simulation and the analytical proposal is emphasized 
at high torque levels where the provided resistance of the cross-section is governed by 
torsion. The structure achieves the collapse when the plastic hinge will be completely 
created by warping effects.  

Even though the resistance of the cross-section is calculated at a distance equal to the 
profile height, the values obtained by the proposal remain lower than the ABAQUS® results. 
Indeed, the new design approach (red in Figure 5.12) is always under the numerical studies 
(green) hence it is conservative. 

However, the goodness of the ABAQUS® simulation is not so satisfactory as in the previous 
case of bending and axial force. Many reasons can be hidden behind this problem. First, the 
bimoment law is not constant along the longitudinal axis of the beam and the warping 
stresses are not as steady as the ones generated by bending or axial loads. Besides, the 
evaluation of the correct point where take place the plastic hinge is not as clear as before. 
Indeed the maximum warping effect spreads close to the fixed end of the cantilever, a 
region object of the stress diffusion caused by the boundary condition. 

However, the numerical simulation provides, always, a higher carrying capacity of the cross-
section and leaves the theoretical approach under a safety field. In conclusion, the behavior 
of the analyzed cantilever, simulated by ABAQUS® responds in accordance with 
formulations developed in this thesis. 

Moreover, explain the final degradation experienced by the interaction diagram (right corner 
of Figure 5.12) could be interesting. In both cases, numerical and analytical proposal, the 
bending capacity decreases roughly close to the final torsional resistance of the cross-
section. That can be understood according to the web carrying capacity. Indeed the 
proposed formulations do not include any web contribution to torque resistance, also 
reflected by the ABAQUS® model. Once more, the new design approach shows its 
completeness. 

On the other hand, the elastic approach (Eq 5.3, blue line in Figure 5.12) proposed by EAE 
(2011) greatly underestimates the ultimate resistance because does not the plasticity of the 
steel material. Even though, it is extremely correct and usable for an elastic analysis, then 
for every class 3 profiles where the stress cannot overpass the yield stress. 

 𝑀!,!,!" = 1 −
𝜎!,!"
𝑓!
𝛾!!

∙𝑀!,!" Eq 5.3 
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5.3.4 Axial	  –	  Torque	  interaction	  

The other plan of interaction is the one between axial load and torque. As done in the 
previous section, the analysis is split into two steps but after the application of the torque, 
the analysis follows with a collapse technique over the axial force in order to find the final 
resistance of the cross-section. In this case, bending is not present and it is substituted by 
the compressional axial force. 

However, the simulation remains the same, only the model changes in the definition of the 
stop criterion. Indeed without bending, it doesn’t make sense to look at the vertical 
deflection hence, the horizontal displacement along the beam longitudinal axis is fixed as 
described in section A. Summarizing, the axial force generates, in an elastic behavior, a 
global strain proportional to the applied force over the product between the Young’s 
modulus and the area of the cross-section. That value is constant along the length of the 
cantilever. 

 𝜖 =
𝑁
𝐸 ∙ 𝐴

 Eq 5.4 

That is easily measurable a can be used to stop the simulations when it reaches a value 15 
times more the elastic strain. This procedure has the exact meaning of the one done 
previously for the bending analysis. In addition has the advantage to not be dependent of 
the coordinate of the evaluation point so, the process can take place everywhere. However, 
by following the scheme, the middle section of the cantilever is selected as reference. 

	  

Figure 5.13 Interaction diagram N/T for IPE 200 
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Figure 5.13 shows the results of the studies done for the axial-torque interaction. 
Differences between the analytical solution and numerical simulation identify a safety gap 
that underlines again the conservativeness of the new proposal.  

In addition, the interaction diagram found reflects exactly the real behavior of bending and 
torque. With small torque the cross-section is not damaged by the warping stress and it has 
still a high capacity while, increasing the torsional moment, the ultimate response of the 
profile against axial load is clearly reduced. Moreover, as in the bending studies (Figure 
5.12), the web does not contribute to the torsional resistance and cause the fall down line at 
the right corner of the figure.  

In conclusion, as well as in the other simulations, the framework proposed in this thesis 
represents correctly the behavior of the studied cantilever when subjected to a couple of 
two internal forces, axial load and bending or even torque. In the next section the final 
analysis will be presented when all the three internal forces take place simultaneously. 

 

5.4 Final	  analysis	  

Once reached a good confidence with the 2D interaction and sure that the model can 
represent the reality of the studied topic, it is time to join together the simulations and make 
the step towards the global treatment of the problem. Axial load, bending moment and 
torque, if present, cannot be studied separately. They all contribute at the same time and 
with the same importance to generate normal stresses in the cross-section and the sum of 
them can cause the collapse of the entire structure. The approach we have used until now is 
old fashion: giving suggestions on how to prevent or, even, forgot the torsion it is not 
admissible in an engineering behavior. 

The design approach proposed in this study is simple and rigorous. First the user has to 
calculate the neutral axis and the 𝑐 parameter. Then, the domain defined by these two 
magnitudes will be able to provide the greater bending resistance. Indeed this region of the 
cross-section is the one with the larger mechanical arm and capable to provide the most 
bending capacity. 

Anyway, the system of expressions can be solved differently depending on which load 
cases the user would like to estimate. The one proposed in this work is, perhaps, the most 
comprehensible because points out of the method engineers are accustomed to use. Even 
though no reasons oblige to follow this strategy. 

Therefore, this document tries to give the tools to solve this problem. With a known axial 
load 𝑁!" and a known torque 𝑇!", calculated from the structural analysis, we are now able 
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to evaluate the bending resistance of a I-profile 𝑀!,!,!,!", according to the ultimate state 
analysis of the cross-section. 

The study presented in this work has the aim to represent the behavior of an I-section steel 
beams submitted to normal stresses. These can be cause by bending moment, axial load 
and torque, as widely mentioned. All of these three different internal forces contribute to 
lead the structure at the collapse so, they have to be treated equally. Of course one can be 
dominant but, if the other two are present, the total resistance of the cross-section has to 
be clearly reduced. 

As mentioned in the chapter 3, in order to consider, at the same time and with the same 
level of importance, the only usable way is by introducing a spatial interaction diagram. In 
this kind of graph, the three internal forces are displayed as axes of the chart and results as 
failure a surface. Indeed that 3D shape indicates the failure frontier of the entire cross-
section. Hence, the interactions planes treat in previous sections are jointed together and 
identify the boundaries of Figure 5.14. 

 
Figure 5.14 3D interaction surface for the studied cantilever evaluated at 20 cm 

Figure 5.14 is similar to the one already described in the theoretic approach (section 3.6) 
but, the point for the evaluation of the plastic hinge due to torque is estimated 20 cm away 
from the fixed end boundary condition, the same value of the profile height. Indeed that 
magnitude, as explained in section 5.3, can be representative of stress diffusional problems.  
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Moreover, the computational cost to reach the entire surface will be excessive so, the 
bending resistance is analyzed with some pair of axial loads and torques. With the 
numerical simulation it is preferable to estimate the collapse of the structure in some 
specific points, afterwards joined with a spline rule, in order to have the general view of the 
topic. 

The goodness of the approach developed in this work has been evaluated over a grid made 
by 5 points equally distributed in each direction of the diagram of Figure 5.14. Other specific 
points will be added to the analysis.  

Therefore, at the beginning, combinations of the 0%, 25%, 50%, 75% and 100% of the 
axial load (𝑁!",!") with values, in the same scale of magnitude, of the torque are used as 
input for the ABAQUS® model. 

Results, reported in following figures, represent different section-cuts of the surface of 
Figure 5.14 each of which parallel to the bending-axial plane or the bending-torsion one. In 
addition a comparison between the theoretical formulation and the ABAQUS® simulations is 
conducted. The theoretical framework is displayed with a continuous line while the 
numerical study is represented with dots. In the following section results are also expressed 
in tables. 

Moreover, Figure 5.15 represents the interaction diagram bending – axial load. Each color 
represent one torque condition applied in the free end of the studied cantilever. Remarks 
that, with no torque, the behavior of the beam subjected to axial force and bending moment 
is extremely well represented (section 5.2). However, by increasing the torque, the torsional 
effects generate, in the numerical simulation, less downgrade of the bending resistance as 
expected by the formulations explained in chapter 3. Indeed the beam when submitted to 
small torques, does not suffer a great decrease in its bending carrying capacity. However, 
the theory proposed in this thesis remains in the safe domain. In conclusion, the document 
proposes a good approximation of the topic event if not exact. Finally, it gives the tools for a 
safety design method. 

Instead, Figure 5.16 shows the perpendicular plane. Now, it is the axial force that is 
represent by different colors. The behavior is almost the same discuss above and it is 
possible to appreciate a first horizontal branch where, with small torque, the structure 
maintains its bending resistance and, afterwards, it follows a parabolic degradation. 

In general, the approach developed in this thesis remains into the safe frontier especially 
when the magnitude of torque is lower. Remarks that, one of the aims of this study was to 
give to the engineer the strategy for I-cross-section beams design when subjected to small 
torque. Of course, other profiles have to be used if the amount of the torsion is important. 
Once more, the objective has been reached. 
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Figure 5.15 Interaction diagram with constant torque 

 

 
Figure 5.16 Interaction diagram with constant axial force 
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In conclusion, even if the gap between the numerical simulation and the proposed theory 
could appear big, that is better than the current codes (EN 1993-1-1, 2005) where no rules 
are presented. 

Nevertheless this thesis develops a procedure for I-beams design when subjected to the 
three internal forces by using only numerical analysis.  

 

5.5 Summary	  of	  results	  

In this section, results are presented in tables. Theoretical formulations of are resumed in 
Table 5.1 while the numerical results are presented in Table 5.2. 

 

Table 5.1 Summary of the theoretical formulation for the IPE 200 calculated at 200 mm 

N	  	  	  	  	  T	  è	  	  
ê	  	  

0	   250	   500	   750	   1000	   1250	   1500	   1750	  

0	   49270	   46037	   42474	   38452	   33728	   27718	   17501	   0	  

50000	   48795	   45562	   41999	   37977	   33253	   27243	   17027	   0	  

100000	   47370	   44138	   40574	   36552	   31829	   25819	   15602	   0	  

150000	   44996	   41763	   38200	   34178	   29454	   23444	   13227	   0	  

200000	   41671	   38439	   34875	   30853	   26130	   20119	   9903	   0	  

250000	   37412	   34179	   30616	   26594	   21870	   15859	   5639	   0	  

300000	   32801	   29565	   25997	   21968	   17234	   11201	   850	   0	  

350000	   28136	   24892	   21313	   17268	   12508	   6421	   0	   0	  

400000	   23418	   20161	   16564	   12494	   7692	   1519	   0	   0	  

450000	   18647	   15372	   11751	   7646	   2787	   0	   0	   0	  

500000	   13823	   10525	   6873	   2724	   0	   0	   0	   0	  

550000	   8946	   5619	   1930	   0	   0	   0	   0	   0	  

600000	   4015	   656	   0	   0	   0	   0	   0	   0	  

650000	   0	   0	   0	   0	   0	   0	   0	   0	  
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Table 5.2 Summary of the numerical resuts of the IPE 200 

N	  	  	  	  	  T	  è	  	  
ê	  	  

0	   250	   500	   750	   1000	   1250	   1500	   1750	  

0	   50426,2	   	   48435,4	   	   40618,3	   33267,1	   23997,1	   0	  

50000	   49205,0	   	   	   	   	   	   	   	  
100000	   47992,4	   	   46437,4	   	   38977,6	   32800,3	   22240,9	   0	  

150000	   45658,2	   	   	   	   	   	   	   	  
200000	   42057,9	   	   41175,7	   	   34886,3	   27312,4	   17918,3	   0	  

250000	   	  	   	   	   	   	   	   	   	  
300000	   33847,3	   	   33465,8	   	   28090,6	   21365,9	   1230,5	   	  
350000	   	  	   	   	   	   	   	   	   	  
400000	   24377,3	   	   24206,4	   	   19132,6	   11556,8	   0	   	  
450000	   	  	   	   	   	   	   	   	   	  
500000	   14828,8	   	   14707,1	   	   8910,7	   0	   	   	  
550000	   9979,5	   	   	   	   	   	   	   	  
600000	   6117,1	   	   4697,35	   	   0	   	   	   	  
650000	   0	   	   0	   	   	   	   	   	  

 

In tables, all the values are en [N] for axial forces, [Nm] for moments. 

 

Results of other analyses may be found in the Annex C  -  HEA SIMULATION 
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6. NEW	  DESIGN	  APPROACH	  
6.1 Introduction	  

The aim of this thesis was, from the beginning, to clarify the idea of torsion and give it back 
its fundamental role in steel structures analysis. Nowadays lots of papers are written or are 
going to be published about buckling and every kind of instability problems but torsional 
studies are stuck to the last century. The knowledge of the topic has already reached its 
entire development? It does not seem credible. 

Try to avoid torsion or limiting at the elastic analysis is not consistent with the formulations 
existing in the current codes. In addition the exploitation of the capabilities of the steel 
material is not achieved. Profiles, able to provide a plastic resistance against bending, they 
can exploit, for sure, this capability also to torsion problems. Indeed both internal forces, 
torque and bending, are inducing normal stresses and in a fixed end boundary condition, 
where bending and torque take place at the same time, it is not possible to neglect one of 
them. Decline torsion means realize a pinned joint with the consequence that no bending 
can be faced.  

 

6.2 Internal	  forces	  considered	  in	  the	  study	  

6.2.1 Axial	  –	  bending	  	  

In current codes, interaction diagram for beam-columns is the only one provided. The 
behavior of the structure is displayed in a two dimensions space because the treatment 
considers only axial load and bending moment. Even though, formulations given are not well 
determinate as widely discussed in section 3.4. Summarizing, it is not proved how to ensure 
the same amount of the bending resistance 𝑀!" when an axial force is applied concurrently at 
the beam. The cross-section has to earmark part of its area to the axial response and it could 
not be able to provide the same amount of plastic moment thus, the current approximation 
could be unsafe. 

By the other hand, this thesis discusses a new approach built starting from the physics of the 
topic that wants to represent the natural behavior of the beam. The theory, developed without 
any approximation, takes into account the position of neutral axis as keyword of the problem. 
In a general analysis, its meaning is to divide tension and compression and, in a plastic 
behavior of the material, also marks the frontier between the axial and the bending portion of 
the cross-section.  
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The exact amount of the area, the one needed by the axial force, is determined by solving 
the static equilibrium around the center of the cross-section. Indeed, here, it is where it takes 
place as shown in figure 6.1. 

 
Figure 6.1 Stress strain distribrution in a profile subjected to bending and axial loas 

Therefore, in I-profile could happen that the neutral axis 𝑥 falls into the web 

 𝑁!" = 2 ∙ 𝑥 ∙ 𝑡! ∙
𝑓!
𝛾!!

 Eq 6.1 

or, once the entire web area is yielded, the neutral axis  𝑎 has to be into the flange. 

 𝑁!" =   𝑁!"# + 𝑁!"#$%& = ℎ! ∙ 𝑡! ∙
𝑓!
𝛾!!

+   2 ∙ 𝑎 ∙ 𝑏 ∙
𝑓!
𝛾!!

 Eq 6.2 

6.2.2 Torsion	  	  

The mentioned criteria can also be extended to torque field. Measure the amount of cross-
sectional area needed by warping stresses means defined the frontier, in a plastic analysis 
(class 1 and 2 profile), between the yielding due to torsion and the one due to bending. Even 
thought, careful studies have to be made in order to determine torque laws. 

Remember that torsional behavior of steel beam is deeply influenced by the shape of the 
cross-section (Ballio, 1983). Thin walled open profiles, which are very common in steel 
construction, have the characteristic of having one of the three dimensions of the cross-
section in a different order of magnitude (thickness 𝑡 is several parts less than height ℎ  or 
width 𝑏). In addition these profiles are open sections and the Saint Venant classical theory 
underestimates their strength. 

Indeed to obtain a realistic result, it is necessary to adopt the non-uniform torsion theory. The 
torque has to be divided into two parts: the primary torsion 𝑇! (Saint Venant), which is related 
to a tangential shear flow, and the secondary portion 𝑇!, which is associated to normal and 
tangential stress (warping).    

 𝑇 =   𝑇! + 𝑇! Eq 6.3 
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Therefore, torsion effects cause normal stresses that may strain the beam along longitudinal 
fibers and, more important, their magnitude is of the same order of the bending behavior 
(Ballio, 1983). Thus, it cannot be neglected. 

In this document the behavior of a I-profile cantilever is developed. The torque, applied at the 
free end, is decomposed in a couple of two forces 𝑉!, one for each center of the flange, in 
opposite directions as statically equivalent. These forces generate two opposite bending 
moments 𝑀! acting in both flanges, then that the cross-section cannot remain plane and it 
warps. The product of this bending moment multiplied by the height of the profile express 
another fundamental magnitude, the so-called bimoment 𝐵!.  

In an elastic analysis, this stress distribution is triangular. It gets value zero in the center of 
the flange and rises linearly until its maximum value at the free edge according to the trend of 
the normalized sectorial magnitude 𝜔.  

Indeed an applied bending moment 𝑀!, in the flange plane, can be obtained as result of the 
warping stress distribution calculated elastically by the normalized sectorial coordinate 𝜔.  

The same moment could be redistributed plastically to find the amount of flange needed by 
the torque resistance (𝑐). This extreme part of the flange is the only one that guarantees the 
mayor moment exploiting the minor possible area. That is due by the mechanical arm and 
defines the quadratic (parabola) dependence of the solution. 

 𝑀!,!" =
𝑏! ∙ 𝑡! ∙ 𝜎!,!"

6
=
𝑏! ∙ 𝑡! ∙

𝑓!
𝛾!!

4
∙ 𝑐 ∙ 2 − 𝑐 = 𝑀!,!" 

Eq 6.4 

The meaning of the 𝑐 parameter is comparable as the neutral axis, and it limits, in the central 
part of the flange, the bending response. 

The above illustrated framework takes into account normal warping effects. It is developed 
for open sections where this problem is often found and plays an important role. Clearly, if 
the amount of torque is huge, does not make sense to use I-profiles and closed sections 
provide better resistance. The larger torsional inertia 𝐼! of this kind of cross-section moves 
the analysis towards a Saint Venant problem where only tangential stresses have to be 
considered. The parameter 𝜒 is representative of the torsional behavior: less than 0,5 for 
warping, more than 6 for uniform prevalent. 

 𝜒 = 𝑙 ∙
𝐺 ∙ 𝐼!
𝐸 ∙ 𝐼!

 Eq 6.5 
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6.3 Design	  proposal	  	  

6.3.1 Class	  1	  and	  2	  cross-‐section	  

Where an axial force and/or a torque are present, allowance should be made its effect on 
the plastic moment resistance. 

For class 1 and 2 cross-sections, the following criterion should be satisfied: 

 𝑀!" ≤ 𝑀!,!,!" Eq 6.6 

where 𝑀!,!,!" is the design plastic moment resistance reduced due to the axial force 𝑁!" 
and/or to the torque 𝑇!". 

For doubly symmetrical I- and H-sections or other flanges section, allowance need be made 
for the effect of the axial force and/or torque on the plastic resistance moment about the y-y 
axis in accordance with: 

 𝑏∗ = 𝑏 ∙ (1 − 𝑐) Eq 6.7 

where 

 𝑐 = 1 − 1 −
𝜎!,!",!"#

1,5 ∙
𝑓!
𝛾!!

                but            𝑐 ≤ 1 Eq 6.8 

 𝜎!,!",!"# =
𝐵! ∙ 𝜔!"#

𝐼!
 Eq 6.9 

 𝜔 = 𝑦 ∙ 𝑧              ;               𝜔!"# =
𝑏 ∙ ℎ
4

 Eq 6.10 

For cross-section where fastener holes are not to be accounted for, the following expression 
may be used for standard rolled I- or H-sections and for welded I- or H-sections with equal 
flanges: 

 𝑀!,!,!" =
𝑓!
𝛾!!

∙ 𝑏∗ ∙ 𝑡! ∙ ℎ − 𝑡! + 𝑡! ∙
ℎ!!

4
− 𝑥!  Eq 6.11 

where  

 𝑥 =
𝑁!"

2 ∙ 𝑡! ∙
𝑓!
𝛾!!

≯
ℎ!
2
=
ℎ
2
− 𝑡! Eq 6.12 

or, when Eq 6.12 criterion is not satisfied: 
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 𝑀!,!,!" =
𝑓!
𝛾!!

∙ 𝑏∗ ∙ 𝑡! − 𝑎 ∙ ℎ − 𝑡! − 𝑎  Eq 6.13 

where  

 𝑎 =
𝑁!" − 𝑁!"#

2 ∙ 𝑏 ∙
𝑓!
𝛾!!

 Eq 6.14 

     𝑁!"# =    𝑡! ∙ ℎ! ∙
𝑓!
𝛾!!

 Eq 6.15 

 

6.3.2 Class	  3	  cross-‐section	  

In the absence of shear force, for Class 3 cross-section the maximum longitudinal stress 
should satisfy the criterion: 

 𝜎!,!" ≤
𝑓!
𝛾!!

 Eq 6.16 

where 𝜎!,!" is the design value of the local longitudinal stress due to moment, axial force 
and torque taking account of fastener holes where relevant.  

 
𝑁!"

𝐴 ∙
𝑓!
𝛾!!

+
𝑀!,!"

𝑊!",! ∙
𝑓!
𝛾!!

+
𝑀!,!"

𝑊!",! ∙
𝑓!
𝛾!!

+
𝐵!,!"

𝑊!",! ∙
𝑓!
𝛾!!

≤ 1,0 Eq 6.17 

where 

 𝑊!",! =
𝐼!

𝜔!"#
 Eq 6.18 

For doubly symmetrical I- and H-sections or other flanges section 

 𝜔 = 𝑦 ∙ 𝑧              ;               𝜔!"# =
𝑏 ∙ ℎ
4

 Eq 6.19 
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6.4 Interaction	  diagrams	  	  

Consider different solicitations taking place at the same time by using a physical approach, 
cannot be express with a single equation. A system has to be used in order to solve the 
problem and for each load, in particular axial force, torque and bending, one expression has 
to be calculated. The formulations previously resumed are developed for the design 
approach but they still have in their definition the mathematical framework just discussed.  

Afterwards, to better display results, could be interesting to use interaction diagrams. In this 
kind of chart, each axis represents one of the equations of the system, indeed, applied loads 
or moments in the current analysis. The laws that govern the topic are then taken into 
account inside the expressions so, the solution already contain the physical meaning and it is 
possible to compare moments with axial force in common space. In addition, having only 
three load cases, it is possible to represent the entire problem in a 3D model where the 
solution will be represented as a surface, the failure surface. 

Moreover, interaction diagrams have the advantage to split the analysis into its single 
components, indeed, a simple and intuitive representation of complex problems without 
losing any rigors. 

 
Figure 6.2 Interaction diagram for an IPE 200 
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The 3D space created in Figure 6.2, is the result of discussed equations. The axes represent 
loads or moments and the displayed surface is the failure frontier of the cross-section. The 
safe domain, by definition the one that respects all physical conditions, is the one enclosed 
under this surface. 

The procedure to be followed in the ultimate state analysis is simple: enter in the diagram 
with two of the three load entities, identify the point corresponding to these internal forces 
and estimate the resistance of the third internal force. That process is complete independent 
of the first choice so, it possible to star with any pair of two internal forces.  

In addition the proposed formulation, also, works as verification procedure. The three 
magnitudes calculate in the structural analysis (𝐸𝑑) represent the coordinates of a unique 
point in the space that will be safe if it is found under the failure surface. 

In conclusion, the proposed method is complete and exhaustive. It takes into account every 
possibility in the design as well in the verification procedure. Moreover, it uses the magnitude 
of the load directly calculated in structural analysis without going trough any non-dimensional 
parameter. Indeed, easy and direct. 

 

6.5 Final	  remarks	  

In a section undergoing combined bending moment and axial force, the ultimate bending 
moment cannot attain the value of the plastic moment (Ballio, 1983). The current standard 
provides, for I-cross sections, an approximation that is not clearly justified and could be, in 
some cases, unsafe. In addition no specifications are given in torsional analysis and its effect 
over the bending carrying capacity. 

Moreover, the evaluation procedure proposed by EN 1993-1-1 (2005) places the bending 
analysis primarily; reduced values are offered by taking into account the amount of load 
force over the total axial resistance 𝑛 and the shape factor  𝑎 calculated between the web 
area over the total one.  

 𝑛 =
𝑁!"
𝑁!",!"

               ;               𝑎 =
𝐴 − 2 ∙ 𝑏 ∙ 𝑡!

𝐴
≯ 0,5 Eq 6.20 

Instead, in the studies developed in this thesis, no privileges are given to bending, axial force 
or torque because each of them contribute with the same importance at the generation of 
normal stresses, indeed with different laws and behaviors, but all of them with the same 
scope. Structure collapse will be achieved with a combination of these three effects so, the 
area of the cross-section, has to be divided equally among the internal forces 
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Besides neglecting torsion means avoid any fixed end boundary condition. Warping stresses 
occur where flanges are not free to rotate and, if they are welded, that always happens. Do 
not consider adequately torsion effects lead to do not admit bending in these regions so, no 
negative moment, no plastic hinge and no stress redistribution along the beam. Indeed, trash 
the entire knowledge and capabilities of the plastic theory because lazy to study the torsional 
topic or, even worst, to not consider and avoid it totally, is not possible. 

Other words have to be spent in order to consider the profile classification and its possible 
exploitation to the torsional behavior. The one proposed by EN 1993-1-1 (2005) was realized 
by taking into account the behavior of normal stress distribution along the cross-section. In 
thin walled profiles, which the thickness is extremely small in comparison with other 
dimensions, the compressive stress is limited in order to avoid any buckling problems. 
Warping generates normal stress as well as bending or axial force, so this classification 
could be used also in that case (Trahair, Bradford, Nethercot, & Gardner, 2008).  

Moreover, the above illustrated theory is valid for every kind of I-profiles of class 1 or 2 and 
with every load condition. Furthermore, it does not matter to divide and make different 
analysis according to the amount of the axial force, as done until now, because the 
expression of the neutral axis already includes this aspect. Indeed, due to its solid base, this 
approach is usable in each situation and can be easily implement in future codes. 

In conclusion, the formulations of this document, as well as consider appropriately the effect 
of warping as never done before, are more accurate due to the physical framework hidden 
behind them. Nevertheless, with few modifications, the idea can be extended to other shapes 
of cross-sections. The concept is the important. Nature is governed by physical laws write in 
a mathematical language; find and describe them is the only problem to be solved. 
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7. CONCLUSIONS	  
7.1 Summary	  and	  significant	  results	  

The aim of this thesis is to investigate the structural behavior of a I-section steel profile 
subjected to bending, axial force and torque. These three internal forces could generate 
normal stresses in the cross-section that could lead the steel profile to the collapse. Even 
though this subject is often neglected and no specifications are given by current standards. 

With the aim of filling this gap is developed the entire work. First of all, find a new strategy 
for the ultimate limit state design method and, secondly, present a complete interaction 
diagram that considers also the plastic response of the material for cross-section class 1 
and 2. 

The purpose of this last chapter is summarizing the studies done, presenting the most 
important conclusions and giving suggestions for the future research on this topic. 

At the beginning, in chapter 3 of the work, is analyzed the mathematical framework. Not 
sure of the current approach proposed by EN 1993-1-1 (2005) about the interaction 
between axial force and bending, a new method has been developed starting from a solid 
physical fundament. 

In fact, EN 1993-1-1 (2005) allows preserving the same bending capacity even if an axial 
force is applied to structure. This aproximaiton is not well justified and could be unsafe for 
an isotropic material. Therefore the issue has been studied and a new proposal, according 
to the position of the neutral axis, is developed. Indeed this coordinate reflects the natural 
behavior of the cross-section and a double parabola can express the trend of this 
magnitude. 

In addition, the second section of chapter 3 is dedicated to introduce torsion. The aim of the 
thesis is find the precise behavior of the cross-section against normal stresses so the 
warping effects have to be considered in detail. The elastic approach, proposed by EAE 
(2011), is a previous intent useful for class 3 section, which cannot overpass the yield stress, 
but still too simple because underestimates the ultimate resistance not considering the 
plasticity of the steel material. 

Therefore, the possibility to achieve the yielding of the profile is analyzed and expressions of 
the amount of flange needed to dispense the torsional resistance are calculated by 
introducing the 𝑐 parameter. The remaining width 𝑏∗ , also named reduced base in this 
document, will be charged to provide the bending strength. 

After all these remarks, a space interaction diagram between axial force, bending moment 
and torque is presented as result of the theoretical formulations previously discussed. 
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The ABAQUS® model used to perform the numerical simulations is described in chapter 4 
and the hypotheses assumed are explained. 

The first part of this chapter is devoted to present the prototype to be studied (cantilever 
beam), with all the geometry specifications and the steel material properties. 

Subsequently, the election of the element type and the mesh scheme are treated. The 
goodness of the shell simulation, due to the high quality solution connecting with a low 
computational cost, takes the advantages over the solid simulation. Of course this 
approximation has related the impossibility of modeling the hot rolled junction of the 
standard European series profiles. Hence, in the numerical simulations, the cross-section 
analyzed is consisting in only three rectangles. Moreover, a convergence study is developed 
to understand the influence of the mesh density over the goodness of the solution and the 
computational time. Finally, the solution with a 2 cm wide quadratic element is chosen to 
perform the numerical analysis. 

In order to consider the applied loads, several schemes are discussed. Comparison 
between different methods is studied in the numerical stability. Particular attention is paid to 
the sequence of the simulation and the strategy of the analysis. In conclusion, a static 
general nonlinear analysis is used at the beginning of the simulation followed by a riks 
procedure capable to achieve the final collapse of the cantilever. 

A stop criterion for the last step has to be chosen adequately in order to finish the process 
when the plastic hinge appears in the structure. Considerations over the evaluation point, 
value and degree of freedom are widely explained. 

Finally, once the model is completely defined and hypothesis expounded, simulations are 
made and results collected in chapter 5. At the beginning, the behavior of the cantilever 
subjected to axial force and bending moment is analyzed in order to validate the 
expressions proposed in this work (chapter 3) and refuse the approximation of EN 1993-1-1 
(2005). Indeed numerical simulations show the lack of bending resistance presumed by EN 
1993-1-1 (2005) diagram as expected. Instead, the double parabola developed in this thesis 
represents the real behavior in a precise manner. 

In the second section of this chapter 5, torque is introduced. The possibility to achieve the 
yield stress in the entire flange is studied and the behavior of the girder, subjected to 
bending and torque, analyzed. The cross-section response, obtained in the numerical 
studies, can be perfectly explained by the proposal formulations. Indeed, if the amount of 
torque is small and the yield stress is not achieved, the profile shows a primarily elastic 
branch common to each simulation. Hence the cross-section answers with the entire area at 
the increment of the bending until the yielding is achieved in the flange edge. 

Instead, when warping is enough to generate plasticity, the profile is already debilitated by 
torque effects and the resistance against bending is lower. The structural response of the 
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cross-section can be understood like another profile with different inertia 𝐼!. This effect is 
precisely considered by means of the reduced base 𝑏∗. 

The work follows by presenting the interaction between axial force and torque leaving at 
similar results. 

In conclusion, the space interaction diagram, the global view of the problem, is presented. 
Indeed that is the only way to consider, at the same time and with the same importance, the 
natural behavior of a steel profile subjected the three possible internal forces: axial load, 
bending moment and torque. Results are satisfactory and maybe helpful for future codes. 

 

7.1.1 New	  approach	  for	  beam	  design	  	  

In chapter 6 a new design method to consider the interaction among axial force, bending 
and torque is presented. This proposal can be understood as an amendment of the 
verification of the resistance of the cross-section at the ultimate limit state. 

The key parameter (𝑐) of the entire document is the part of flange devote to warping. Indeed, 
this magnitude represents the amount of the flange area used to achieve the needed 
torsional response and defines the reduced base 𝑏∗  charged to provide the resistance 
against bending and axial force. Hence the profile loses part of the extreme flange area due 
to warping effects and answers at the other internal forces with the central remaining part. 

Design expressions obtained in the study reproduced precisely the actual response of the 
beam subjected to these three internal forces. Results, displayed in a three dimensions 
interaction diagram, identify the failure surface in the ultimate limit state of the cross-section 
with the safe domain enclosed under it. 

In this treatment, no privileges are given to bending, axial load or torque because each of 
them contribute with the same importance at the generation of normal stresses. The collapse 
of the structure will be achieved with a combination of them and the area of the cross-section 
has to be divided equally to support these three internal forces. 

This thesis has started with the aim to study this interaction looking at normal stresses. Now 
it proposes a complete new approach to the analysis of the resistance of the cross-section 
at ultimate limit state. Other studies have to take place but the author hopes to see soon a 
significant shake in the engineering culture. 
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7.2 Future	  perspectives	  

Throughout the studies, the main objective of the thesis has been to achieve a new design 
approach about the resistance of I-section steel beams according to the ultimate limit state. 
However, the term of the thesis and the tools at the disposal have been limited and certain 
situations have been left without answer. It seems evident the necessity of further research 
on the topic. 

In particular, the following items are suggested: 

• Study of other I-profiles, with different shape and dimensions, in order to validate the 
proposed expressions 

• Develop new mesh schemes and 3D models in order to consider the interaction with 
shear, taking into account the hot rolled junction between flanges and web  

• Study influence of the characteristic length of the torsional problem on the design 
proposal, making the application simpler 

• Analyze different load cases and boundary conditions to provide robustness to the 
design proposal. In addition look at the length of the beam compared with the 
bimoment addiction. 

• Undertake an experimental campaign to validate the correspondence between the 
theoretical, numerical and physical fields. 

• Extend the proposed design approach to other types of cross-sections and 
formulate new formulation for each group of beams 
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Annex	  A	  	  -‐	  	  WARPING	  THEORY	  
When torque is present, normal stresses can be generated. It is useful to decompose the 
torque in its part of uniform torsion 𝑇! and warping torsion 𝑇! 

 𝑇!" =   𝑇! + 𝑇! Eq A.1 

In cross-sections where warping is prevented, stresses can appear in accordance with the 
sectorial magnitudes: normalized sectorial coordinate 𝜔  and the static sectorial moment 
distribution 𝑆!. 

 

A.1	  	  	  	  	  Sectorial	  magnitudes	  

The offset of a point of the cross-section twisting around the shear center (A-A’’) can be 
approximate (small displacement) at: 

 𝑑𝑣 = 𝑟  𝑑𝜃 Eq A.2 

where r is the distance between this point and the shear center and 𝜃 the value of the 
twisting. 

 
Figure A.1 Open cross section twisting 

 𝐴 − 𝐴! = 𝑝  𝑑𝜃 Eq A.3 

 𝑑𝑣 = 𝐴 − 𝐴!! = 𝑝  𝑑𝜃 cos 𝛽 = 𝑝  𝑑𝜃 sen 𝛼 = 𝑟   𝑑𝜃 Eq A.4 
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Deriving the equation respect to the longitudinal coordinate 𝑥, an increment of 

 𝑑𝑣
𝑑𝑥

=
𝑑𝜃
𝑑𝑥

𝑟(𝑠) Eq A.5 

Neglecting the shear deformation  

 𝛾 =
𝜏
𝐺
=
𝜕𝑤
𝜕𝑠

+
𝜕𝑣
𝜕𝑥

= 0       →     
𝜕𝑤
𝜕𝑠

= −
𝜕𝑣
𝜕𝑥

 Eq A.6 

where 𝑤 is the warping long the arc length. 

Taking into account the last two equations and integrating, it is obtained that 

 𝑤 =   −𝜃! 𝑥 𝑟  𝑑𝑠  
!

!
+ 𝑤!   𝑥   =   −𝜃! 𝑥   Ω   𝑠 + 𝑤! 𝑥  Eq A.7 

The sectorial coordinate Ω   𝑠  is now defined as the integral of the distance along the all 
profile. 

Looking at the condition of congruence or, in other terms, at the deformation in the (x) axis 
we can explicit the follow equation 

 𝜀! =   
𝜕𝑤
𝜕𝑥

=   −  𝜃!! 𝑥   Ω   𝑠 + 𝑤!′   𝑥  Eq A.8 

Using the Hooke law, the normal stress is 

 𝜎! =   𝐸
𝜕𝑤
𝜕𝑥

=   −𝐸  𝜃!! 𝑥   Ω   𝑠 +   𝐸  𝑤!′   𝑥  Eq A.9 

Focusing the attention just at torsion effort, the global effects in the cross-section can be 
expressed (no axil force and no bending over both axes). 

 𝜎!   𝑑𝐴 = 0         −           𝜎!𝑦  𝑑𝐴 = 0         −           𝜎!𝑧  𝑑𝐴 = 0 Eq A.10 

To do so, the only stress measurable is the one due to the warping. 

 0 =   −𝐸  𝜃!! 𝑥    Ω   𝑠   𝑑𝐴
!

+   𝐸  𝑤!  !   𝑥 𝑑𝐴
!

 Eq A.11 

Isolating the constant value of the previous integral 

 𝐸  𝑤!!   𝑥 =   
𝐸
𝐴
  𝜃!! 𝑥    Ω   𝑠   𝑑𝐴

!
 Eq A.12 

It’s now time to introduce the normalized sectorial coordinate 

 𝜔   𝑠 =   Ω   𝑠 −
1
𝐴
   Ω   𝑠   𝑑𝐴
!

 Eq A.13 
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The expression of the normal stress due to warping can be displayed  

 
                                        𝜎(𝑥) = −𝐸  𝜃!! 𝑥   Ω   𝑠 +   𝐸  𝑤!0   𝑥 =  

= −𝐸  𝜃!! 𝑥    Ω   𝑠 −     
1
𝐴
     Ω   𝑠   𝑑𝐴

!
=                = −𝐸  𝜃!! 𝑥     𝜔   𝑠  

Eq A.14 

being the warping 𝑤 

 
𝑤 = −𝜃! 𝑥   Ω   𝑠 + 𝑤0   𝑥 = −𝜃! 𝑥    Ω   𝑠 −     

1
𝐴
     Ω   𝑠   𝑑𝐴

!
+ 𝐶   =  

= −𝐸  𝜃! 𝑥     𝜔   𝑠 + 𝐶 
Eq A.15 

 

A.2	  	  	  	  	  Torsional	  entities	  

By imposing the equilibrium in a differential region of our section, the variation of the shear 
flux along the profile has to be the same of variation of the normal stress multiplied for the 
thickness  

 𝜕𝑞
𝜕𝑠

=   −𝑡  
𝑑𝜎!
𝑑𝑥

 Eq A.16 

 

That means, the total flux 

 𝑞 =   − 𝑡  
𝑑𝜎!
𝑑𝑥

  𝑑𝑠
!

!
+ 𝑞!(𝑥) Eq A.17 

 

The constant of the integration 𝑞! is equal to zero because the shear stress at the free edge 
(𝑠 = 0) is null. 

Using the previous expression for the normal stress (𝜎!)  

 𝑞 = 𝐸  𝜃!!! 𝑥   𝜔   𝑠   𝑡  𝑑𝑠
!

!
= 𝐸  𝜃!!! 𝑥 𝜔   𝑠   𝑡  𝑑𝑠

!

!
=   𝐸  𝜃!!! 𝑥   𝑆! Eq A.18 

 

where the integral of the sectorial coordinate multiplied for the thickness is the static 
sectorial moment 𝑆!. 
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The torsional moment can be express as the integral of the shear flux along the cross-
section multiplied for the distance between the point we are considering and the shear 
center. 

 𝑇 = 𝑞  𝑟  𝑑𝑠
!

!
=    𝑞  𝑑𝜔

!

!
=   𝑞  𝜔|!!!!!! − 𝜔  

𝜕𝑞
𝜕𝑠
𝑑𝑠

!

!
= 0 − 𝜔  

𝜕𝑞
𝜕𝑠
𝑑𝑠

!

!
 Eq A.19 

And, as already mentioned, the flux at the free edges is null 

 𝑇 = 𝑞  𝑑𝜔
!

!
= − 𝜔  

𝜕𝑞
𝜕𝑠
𝑑𝑠

!

!
 Eq A.20 

 

Taking into account the equilibrium Eq A.16 

 𝑞  𝑑𝜔
!

!
= − 𝜔  

𝜕𝑞
𝜕𝑠
𝑑𝑠

!

!
= − 𝜔   −𝑡  

𝑑𝜎!
𝑑𝑥

𝑑𝑠
!

!
= 𝜔  𝑡  

𝑑𝜎!
𝑑𝑥

𝑑𝑠
!

!
   Eq A.21 

And also Eq A.14  

 𝑇 = 𝑞  𝑑𝜔
!

!
= 𝜔  𝑡  

𝑑 −𝐸  𝜃!!  𝜔
𝑑𝑥

𝑑𝑠
!

!
= −𝐸  𝜃!!! 𝜔!𝑡  𝑑𝑠

!

!
= −𝐸  𝜃!!!𝐼!    Eq A.22 

The warping module 𝐼! is found. 

Continuing a little bit in the analysis 

 𝑇(𝑥) = −𝐸  𝜃!!! 𝑥 𝐼!       →           𝜃!!! 𝑥 = −
𝑇(𝑥)
𝐸  𝐼!

           Eq A.23 

And remembering the static sectorial moment equation Eq A.18 

 𝑞 = 𝐸  𝜃!!! 𝑥   𝑆!       →           𝑞 = −
𝑇(𝑥)  𝑆!
𝐼!

         Eq A.24 

   
𝜕𝑞
𝜕𝑠

=
𝜕 − 𝑇 𝑥   𝑆!

𝐼!
𝜕𝑠

=   −
𝑇 𝑥
𝐼!

  
𝜕   𝑆!
𝜕𝑠

=   −
𝑇 𝑥
𝐼!

  
𝜕 𝜔𝑡
𝜕𝑠

=   −
𝑇(𝑥)
𝐼!

  𝜔𝑡 Eq A.25 

Considering the equilibrium equation Eq A.16 the bimoment expression is finally reached 

   
𝜕𝜎!
𝜕𝑥

=
𝑇(𝑥)
𝐼!

  𝜔 𝑠       →           𝜎! =
𝜔 𝑠
𝐼!

   𝑇 𝑥 𝑑𝑥 =
𝜔(𝑠)
𝐼!

  𝐵!(𝑥) Eq A.26 

In conclusion, the bimoment, which is not nil, generates normal stresses in the cross-
section. 
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A.3	  	  	  	  	  Differential	  equation	  

The torsion along the longitudinal axis of the beam consists of uniform and non-uniform 
torsion, coexisting at the same time. 

The equation that governs this problem is the following expression. 

 𝑇 𝑥 = 𝑇! + 𝑇! =   𝐺𝐼!  𝜃! 𝑥 −   𝐸  𝐼!𝜃!!! 𝑥  Eq A.27 

Introducing a parameter 𝜆 as the square ratio of 

 𝜆 =   
𝐺𝐼!
𝐸𝐼!

 Eq A.28 

The previous expression Eq A.27 it now can be rewritten as: 

 
𝑇 𝑥
𝐸𝐼!

= 𝜆!  𝜃! 𝑥 − 𝜃!!! 𝑥  Eq A.29 

 

Solving the differential equation  

 
                                  𝜃 𝑥 = 𝐶! + 𝐶! cosh 𝜆𝑥 + 𝐶! sinh 𝜆𝑥 +

𝑇𝑥
𝜆!  𝐸𝐼!

= 𝐶! + 𝐶! cosh 𝜆𝑥 + 𝐶! sinh 𝜆𝑥 +
𝑇𝑥
𝐺𝐼!

 
Eq A.30 

 

 𝜃′ 𝑥 = 𝐶!𝜆 sinh 𝜆𝑥 + 𝐶!𝜆 cosh 𝜆𝑥 +
𝑇
𝐺𝐼!

 Eq A.31 

 

 𝜃!′ 𝑥 = 𝐶!𝜆! cosh 𝜆𝑥 + 𝐶!𝜆! sinh 𝜆𝑥  Eq A.32 

 

 𝜃!′′ 𝑥 = 𝐶!𝜆! sinh 𝜆𝑥 + 𝐶!𝜆! cosh 𝜆𝑥  Eq A.33 
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A.4	  	  	  	  	  Boundary	  conditions	  

In order to find the tree constants, the boundary conditions have to be analyzed. 

This thesis focus its attention in a cantilever with a concentrated torque at the free end 
cross-section, so: 

1. nil rotation in the fixed end 

 𝜃 0 = 𝐶! + 𝐶! = 0   Eq A.34 

2. prevented warping in the fixed end (only non uniform torsion) 

 𝜃!(0) = 𝐶!𝜆 +
𝑇
𝐺𝐼!

  =   0       →       𝐶! = −
𝑇

𝜆  𝐺𝐼!
 Eq A.35 

3. nil bimoment at the free end cross-section 

 
                                          𝜃!! 𝑙 = 𝐶!𝜆! cosh 𝜆𝑙 + 𝐶!𝜆! sinh 𝜆𝑙 = 0                                                                                         

→     𝐶! =
𝑇

𝜆  𝐺𝐼!
  tgh 𝜆𝑙 =   −𝐶! 

Eq A.36 

 

 

The expression now result: 

 𝜃 𝑥 =
𝑇

𝜆  𝐺𝐼!
   −𝑡𝑔ℎ 𝜆𝑙 + 𝑡𝑔ℎ 𝜆𝑙 cosh 𝜆𝑥 − sinh 𝜆𝑥 + 𝜆𝑥  Eq A.37 

 

 𝜃′ 𝑥 =
𝑇
𝐺𝐼!

   𝑡𝑔ℎ 𝜆𝑙 sinh 𝜆𝑥 − cosh 𝜆𝑥 + 1  Eq A.38 

 

 𝜃′′ 𝑥 =
𝜆  𝑇
𝐺𝐼!

   𝑡𝑔ℎ 𝜆𝑙 cosh 𝜆𝑥 − sinh 𝜆𝑥  Eq A.39 

 

 𝜃′′′ 𝑥 =
𝜆!  𝑇
𝐺𝐼!

   𝑡𝑔ℎ 𝜆𝑙 sinh 𝜆𝑥 − cosh 𝜆𝑥  Eq A.40 
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A.5	  	  	  	  	  Significant	  points	  

According to the equation Eq A.37, the expression of the rotation at the free end of the 
cantilever 

 𝜃 𝑙 =
𝑇

𝜆  𝐺𝐼!
   −𝑡𝑔ℎ 𝜆𝑙 + 𝜆𝑙  Eq A.41 

 

The Sanit Venant moment (primary torsion) at the fixed end 

 𝜃! 0 =
𝑇
𝐺𝐼!

   𝑐𝑜𝑠ℎ 𝜆 ∗ 0 + 1 = 0         →         𝑇!(0) = 𝐺𝐼!  𝜃!(0) = 0   Eq A.42 

 

And at the free end 

 
𝜃! 𝑙 =

𝑇
𝐺𝐼!

  
sinh! 𝜆𝑙 − cosh! 𝜆𝑙

𝑐𝑜𝑠ℎ 𝜆𝑙
+ 1 =   

𝑇
𝐺𝐼!

  
−1

𝑐𝑜𝑠ℎ 𝜆𝑙
+ 1                                     

→             𝑇!(𝑙) = 𝐺𝐼!  𝜃!(𝑙) = 𝑇   1 −
1

𝑐𝑜𝑠ℎ 𝜆𝑙
   

Eq A.43 

The warping moment is 

 𝜃!!!(0) =
𝜆!  𝑇
𝐺𝐼!

   − cosh 𝜆 ∗ 0 =   −
𝜆!  𝑇
𝐺𝐼!

        →         𝑇! 0 = −𝐸𝐼!   𝜃′′!(0) = 𝑇   Eq A.44 

At the free end 

 
𝜃!!!(𝑙) =

𝜆!  𝑇
𝐺𝐼!

  
sinh! 𝜆𝑙 − cosh! 𝜆𝑙

𝑐𝑜𝑠ℎ 𝜆𝑙
=   
𝜆!  𝑇
𝐺𝐼!

  
−1

𝑐𝑜𝑠ℎ 𝜆𝑙
                                                      

→             𝑇! 𝑙 = −𝐸𝐼!   𝜃!!
!(𝑙) =

𝑇
𝑐𝑜𝑠ℎ 𝜆𝑙

   
Eq A.45 

The bimoment expression 

 
𝐵 𝑥 =    𝑇! 𝑥 𝑑𝑥 = −𝑇   𝑡𝑔ℎ 𝜆𝑙 sinh 𝜆𝑥 − cosh 𝜆𝑥 𝑑𝑥  

=   −
𝑇
𝜆
   𝑡𝑔ℎ 𝜆𝑙 cosh 𝜆𝑥 − sinh 𝜆𝑥      

Eq A.46 

 𝐵 0 =   −
𝑇
𝜆
   𝑡𝑔ℎ 𝜆𝑙                   ;               𝐵 𝑙 = −

𝑇
𝜆
   sinh 𝜆𝑙 − sinh 𝜆𝑙 = 0 Eq A.47 
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Annex	  B	  	  -‐	  	  ELASTIC	  ANALYSIS	  
B.1	  	  	  	  	  Introduction	  	  

In this annex is treated the simulation of the IPE 200 cantilever, the one studied in the main 
corps of the thesis, subjected to torsion taking into account an elastic analysis 

A couple of two 10 kN concentrated forces are applied in the center of the flange (red 
arrows in figure below). That generates a torque of 1915 kNmm. 

 

 
Figure B.1 Loading scheme of IPE profile in the elastic analysis 

	  

B.2	  	  	  	  	  Analytical	  solution	  

The torsion distribution along the longitudinal axis of the cantilever is calculate according to 
the formulas of Annex A. the two meters long girder presents a fixed end boundary 
condition in the zero coordinate of figures below and a free edge in 2000 coordinate. Indeed 
Figure B.2 show the trend of uniform and warping torsion while Figure B.3 display the 
bimomen law.  

Moreover, Figure B.4 displayed the normal stress distribution in the flange of the  fixed end 
cross-section.  
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Figure B.2 Torsion distribution along the longitudinal axis of the cantilever 

 
Figure B.3 Bimoment distribution along the longitudinal axis of the cantilever 

	  

Figure B.4 Normal stress distribution along the flange 
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Figure B.5 Shear stress distribution along the flange due to warping effects in the fixed end 

Figure B.5, as expected, reflects the shear dependence with the sectorial static moment 𝑆!. 
Indeed, in the fixed end of the cantilever only warping torsion is present. 

Instead, in the midspan of the girder, it is possible to appreciate both torsions.  

The maximum value of the shear tension distribution due to Sant Venant torsion can 
obtained by using the following equations 

 𝜏!,!"# 𝑥 ≈
𝑇!  𝑡
𝐼!
   Eq B.1 

That’s means a value of:  

 𝜏!,!"#,!"#$%&
𝑙
2

≈
𝑇!  𝑡
𝐼!

=
1447510 ∗ 8,5

𝐼!
= 176,27  𝑀𝑃𝑎 Eq B.2 

 𝜏!,!"#,!"#
𝑙
2

≈
𝑇!  𝑡
𝐼!

=
1447510 ∗ 5,6

𝐼!
= 116,13  𝑀𝑃𝑎 Eq B.3 

 
Figure B.6 Shear stress distribution along the flange in the midspan of the cantilever 
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However, the inertia can be calculated as the sum of 3 rectangles multiplied for a factor 1,3 
(NBE-MV 103-1972, 1987), which estimate the lack of inertia of the hot rolled junction in a 
standard profile. 

 𝐼! =   1,3 ∙
1
3
∙ 𝑏 ∙ 𝑡! =   67150,515  𝑚𝑚! Eq B.4 

This value is 3,95% less than the one of the profile tables (ArcelorMittal) which is calculated 
with the exact shape of the cross-section. 

For that reason the shear stress, due to a lower torsional resistance, increases until 

 

 𝜏!,!"#
𝑙
2

≈
𝑇!  𝑡
𝐼!

= 183,23  𝑀𝑃𝑎 Eq B.5 

  𝜏!,!"#
𝑙
2

≈
𝑇!  𝑡
𝐼!

= 120,71  𝑀𝑃𝑎 Eq B.6 
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B.2	  	  	  	  	  Numerical	  approach	  -‐	  SOLID	  

In order to estimate correctly the primary torsion, particularly attentions have to be paid into 
the hot rolled junction between web and flanges, as mentioned before. 

For a 1 mm mesh in the area of interest (section cuts) and by using, along the beam, a 
variable mesh between 10 mm (approaching interest areas) and 50 mm, results are 
displayed in figures below. 

 
Figure B.7 Normal stresses in the flange along the beam in solid analysis 

 
Figure B.8 Normal stresses in the in solid analysis 
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Figures below underline the importance of the hot rolled junction in shear stress evaluation 

  

Figure B.9 S13 in the middle beam section Figure B.10 S23 in the middle beam section 

  

Figure B.11 Zoom of the flange behavior Figure B.12 Zoom of the web behavior 
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B.2.1	  	  	  	  Comparison	  between	  theoretical	  and	  numerical	  solution	  

	  

Figure B.13 Comparison in the flange normal tension, relative error en thousand parts 

 
Figure B.14 Comparison of the shera stresses in the flange midline, relative errors express en tens parts 

 
Figure B.15 Comparison of the shera stresses in the flange, relative errors express en hundred parts 

At the free edge of the flange (Figure B.16) the stress value is turning to zero due to the 
rotation of the shear tension as shown by the membrane analogies. 
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B.3	  	  	  	  	  Numerical	  approach	  -‐	  SHELL	  

It is now presented the simulation with the S4R element. 

 
Figure B.16 Normal stresses in the flange along the beam due to torsion in shell analysis 

 
Figure B.17 Shear stresses in the flange along the beam due to torsion in shell analysis 
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B.3.1	  	  	  	  Comparison	  between	  theoretical	  and	  numerical	  solution	  in	  the	  fixed	  end	  

 
Figure B.18 Normal stress comparison in the flange, relative errors express en thousand parts 

	  

Figure B.19 Shear stress comparison in the flange, relative errors express en tens parts 
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B.3.2	  	  	  	  Comparison	  between	  theoretical	  and	  numerical	  solution	  in	  the	  middle	  of	  the	  beam	  

 
Figure B.20 Normal stress comparison, relative error en thousand parts 

 
Figure B.21 Shear stress comparison in the flange midline, relative errors express en tens parts 

 
Figure B.22 Shear stress comparison in the flange top surface, relative errors express en hundred parts 
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Figure B.23 Shear stress comparison in the web left surface, relative errors express en tens parts 

 
Figure B.24 Shear stress comparison in the web right surface, relative errors express en tens parts 
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B.4	  	  	  	  	  Summary	  of	  results	  

The ABAQUS® simulation well represents the behavior of the studied cantilever. 

In this example, with only torsional effect, it is possible to appreciate the distribution of the 
warping tensions and shear stresses along the beam. 

 

Table B.1 Summary of the torsion analysis at the fixed end 

[values	  en	  MPa]	  
	   	  Abaqus®	   Relative	  

Point	   Theory	   Shell	   Error	  
	   	   	   	  
NORMAL	  STRESS	   	   	   	  

1_Flange	  free	  edge	   471,14	   505,17	   7,22%	  

2a_Flange/Web	   9,62	   10,43	   8,48%	  

2b_Web/Flange	  	   0,00	   0,00	   	  

3_Web	  center	   0,00	   0,00	   	  
	   	   	   	  
SHEAR	  STRESS	   	   	   	  	  

1_Flange	  free	  edge	   0,60	   0,58	   3,31%	  

2a_Flange/Web	   15,26	   15,16	   0,64%	  

2b_Web/Flange	   0,00	   0,00	   	  

3_Web	  center	   0,00	   0,00	   	  
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Annex	  C	  	  -‐	  	  HEA	  SIMULATION	  
In this annex results of the HEA 200 cantilever simulation are presented. The analysis 
follows exactly the procedure of the one in the core document. 

C.1	  	  	  	  	  Interaction	  diagram	  

Formulation proposal identifies the interaction space diagram (Figure C.1) for the considered 
cross-section. 

 
Figure C.1 Interaction diagram for HEA 200 at 400 mm 
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C.2	  	  	  	  	  Comparison	  between	  analytical	  and	  numerical	  results	  

 
Figure C.2 Interaction diagram with constant torque at 400 mm 

 

Figure C.3 Interaction diagram with constant axial force at 400 mm 
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Figure C.2 shows the comparison between numerical analytical simulations keeping constant 
the applied torque. In dots are displayed ABAQUS® results while in continual line the 
analytical proposal. 

Instead Figure C.3 represents the simulation with a constant axial force using the same 
scheme of Figure C.2. 

 

C.3	  	  	  	  	  Summary	  of	  results	  

The theoretical formulation of the analyzed cantilever is resumed in Table 5.1. All values are 
en [N] for axial forces, [Nm] for moments. 

Table C.1 Summary of the teoretical formulation for the HEA 200 at 400 mm 

N	  	  	  	  	  T	  è	  	  
ê	  	  

0	   750	   1500	   2250	   3000	   3750	   4500	   5250	  

0	   95636	   88770	   81235	   72787	   62983	   50833	   32695	   0	  

75000	   94716	   87849	   80314	   71866	   62062	   49912	   31774	   0	  

150000	   91954	   85087	   77552	   69104	   59300	   47150	   29013	   0	  

225000	   87351	   80484	   72949	   64501	   54697	   42547	   24409	   0	  

300000	   81164	   74296	   66760	   58311	   48505	   36351	   18197	   0	  

375000	   74727	   67854	   60310	   51851	   42029	   29844	   11580	   0	  

450000	   68230	   61346	   53789	   45309	   35455	   23210	   4729	   0	  

525000	   61673	   54773	   47194	   38685	   28784	   16448	   0	   0	  

600000	   55056	   48135	   40528	   31979	   22016	   9559	   0	   0	  

675000	   48380	   41432	   33790	   25191	   15150	   2544	   0	   0	  

750000	   41644	   34664	   26980	   18321	   8186	   0	   0	   0	  

825000	   34847	   27831	   20097	   11369	   1125	   0	   0	   0	  

900000	   27991	   20932	   13142	   4335	   0	   0	   0	   0	  

975000	   21076	   13969	   6116	   0	   0	   0	   0	   0	  

1050000	   14100	   6940	   0	   0	   0	   0	   0	   0	  

1125000	   7064	   0	   0	   0	   0	   0	   0	   0	  

1200000	   0	   0	   0	   0	   0	   0	   0	   0	  

 


