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Abstract. We put forward a new scheme to enhance the capabilities of currently
available acousto-optic frequency shifters (AOFS) by making use of the idea of weak
value amplification. The key result of our approach is that the spectrum of a pulse of
light can be shifted in frequency by an amount considerable larger that the original
AOFS can in principle allow. For instance, a pulse with central wavelength at λ = 1550
nm (193.5 THz), and pulse duration of 0.5 ps, can be shifted in frequency by more than
50 GHz (0.4 nm), by making use of just a 100 MHz AOFS in a single pass configuration.
More remarkably, by using a similar configuration, and replacing the AOFS by a delay
line, a frequency shift can also be obtained, even without making use of any frequency
shifter.

1. Introduction
The concept of weak amplification [1] describes the enhancement of the value obtained
in a measurement, when two subsystems, the meter and the system to be measured,
interact through a weakly coupling process. Even though the idea of weak amplification
was born in the context of Quantum Mechanics, and is generally formulated in the
language of Quantum Mechanics, it can be understood as the consequence of the
constructive and destructive interference between the complex amplitudes of different
pointer states [2]. The concept can thus be applied to any physical wave phenomena
and explained in classical terms as a wave interference process [3].
The fact that the coupling between the system and the meter is weak can be seen
as disadvantageous, since it is expected to produce an uncertainty in the measurement
larger than the values that should be differentiated. However, when appropriate initial
and final states of the system to be measured are selected, typically by choosing them
to be nearly orthogonal, the mean value of the reading of the measuring system can
yield an unexpectedly large value (weak amplification). Surprisingly, this value can lay
outside the range of small displacements of the measurement device caused by each
one of the possible states of the system. Unfortunately, this is also accompanied by a
severe depletion of the intensity of the signal detected, due to the quasi-orthogonality
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(a) After traversing a birefringent crystal, two
beams, corresponding to two orthogonal polarizations, become displaced by an extremely
small distance ∆, too small to be distinguished.

(b) In the weak amplification scheme, prior
to detection, the polarization of the outgoing
optical beam is post-selected with a polarizer,
so that its polarization is nearly orthogonal to
the input polarization.

Figure 1: Example of a weak amplification scheme to measure tiny beam displacements.
of the input and final states of the system. This prevents the applicability of the weak
measurement concept to experiments which are already limited by a low signal-to-noise
ratio [4].
As an illustrative example, let us consider the tiny, but otherwise different,
displacements that occur to the two orthogonal polarization components of a beam
when it traverse a thin birefringent crystal [5] (Fig. 1). The two orthogonal linear
polarizations components of the optical beam are displaced by a distance ∆, small
compared with the beam waist. In this case, the polarization is the system, and the
position of the output beam (the meter) can be used to determine the polarization of the
input beam. For given initial |Ψin i and final |Ψout i states of polarization of the system,
the mean value of the shift of the position of the light beam is hxi = ∆ × < (hAiw ),
where the amplification is given by the real value of the weak value of A, hAiw , which
writes [1]
hAiw =

hΨout |A|Ψin i
1
∼ .
hΨout |Ψin i
ε

(1)

Following Eq. (1), we see that if the initial and final polarizations are set to be
almost orthogonal, hΨout |Ψin i ∼ ε (ε is small), a weak amplification of the position of
the output beam is achieved, i.e., the beam shift is enhanced by a factor proportional
to 1/ε [6]. Unfortunately, the output power Pout is severely reduced (low-signal regime),
taking a dependence of the form Pout /Pin ∼ ε2 due to the near orthogonality between
the input and output polarization states. As a result, the polarization dependent shift
of the beam can only be observed with a weak amplification scheme if the signal-to-noise
ratio can be increased by increasing the input signal intensity Pin [4].
The idea of weak amplification can be substituted by the concept of weak
interference. Since the measured value of the weak value is the result of an interference
phenomenon, the weak interference should be noticeable even in the regime of small
losses, where the specific value of the weak value might not convey any relevant
information about the system or the measuring device [7]. In this scenario, one
determines the value of the displacement ∆ by measuring the fractional loss ∆P/Pin ,
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where ∆P = Pout − Pin . This quantity depends of the value of ∆, which allows its
measurement.
Most experimental realizations of weak amplification up to date take place in a
context where a weak interaction couples a continuous degree of freedom of the meter,
with a discrete degree of freedom of the system. This is the case for experiments that
use the polarization of a light beam to reveal extremely small spatial displacements [5],
experiments that make use of two counter-propagating paths in a Sagnac interferometer
to detect tiny beam deflections [8], tiny frequency shifts [9] or optical activity [10].
Interestingly, weak measurements can have a wider range of applicability than originally
conceived, appearing naturally in the context of optical telecom networks [11], and the
description of the response function of a system [12].
This thesis puts forward a new idea, based in a weak value amplification scheme,
to generate large frequency shifts of pulses of light. In the first part (section 2), we
show that the frequency shift produced by an Acousto-Optic Frequency Shifter (AOFS)
can be enhanced by at least two orders of magnitude, effectively enhancing its original
capabilities. In the second part (section 3), we describe how the same effect can be
achieved by using, instead of an AOFS, a delay line and a suitable selection of input and
output polarization states. In section 4 we make some remarks about what is required
for the experimental implementation of the results obtained and finally in section 5 we
present the main conclusions.
2. A super frequency-shifter: enhancing the capabilities of acousto-optic
modulators
A frequency shifter is required in many applications, which include optical frequency
comb generation, pulse characterization, optical sensing, and frequency multiplexing, to
name a few. A standard procedure to generate a frequency shift is to use an acousto-optic
frequency shifter (AOFS): a device composed of a crystal in which an acoustic standing
wave is generated by an RF signal which is applied to a piezo-electric transducer. The
material behaves as a phase grating that diffracts any incident light beam and generates
an up-shift or down-shift in the central frequency on the incident beam, which depends
on the frequency of the driving RF signal.
The magnitude of the shift is limited by the phase velocity of the acoustic wave
in the crystal, hence current AOFS are capable of generating shifts that range from a
few MHz to a maximum of 1.5 GHz. If larger shifts are required, various AOFS can
be connected in series or multiple passes of the same beam through the same device
can be arranged by using a retro reflector. Here we consider an alternative to the above
mentioned procedures, which can provide enormous enhancements of the frequency shift
by using a single AOFS.
For the sake of simplicity, let us consider a laser that generates pulses with a
Gaussian shape, central frequency ω0 , and pulse-width T (bandwidth B = 1/T ). The
beam is linearly polarized at an angle of 45◦ with respect to the x-axis. The input
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electric field E1 is given by


E0
(ω − ω0 )2
(x̂ + ŷ) .
(2)
E1 = √ exp −
2B 2
2
The incoming beam is divided into two beams with equal energies with a polarizing beam
splitter (PBS), which separates the two orthogonal components of the polarization.
The vertical and horizontal polarization components are up-shifted and down-shifted
in frequency, respectively, by two AOFS driven with a RF signal of frequency ∆. An
additional phase factor ∆θ is considered to take into account differences in optical paths
between the two beams. The frequency shift is small compared to the pulse bandwidth
(∆  B). After combining the beams with a second PBS, the electric field reads




 
(ω − ω0 − ∆)2
(ω − ω0 + ∆)2
E0
exp −
exp (i∆θ) x̂ + exp −
ŷ .(3)
E2 = √
2B 2
2B 2
2
After the second PBS, a polarizer projects the outgoing optical beam into a given linear
polarization with polarization vector ê = cos αx̂ + sin αŷ. After the selection of the
polarization, the electric field turns out to be E3 = E2 · ê. Finally, the power spectrum
S(ω) of the detected signal reads





(ω − ω0 − ∆)2
(ω − ω0 + ∆)2
|E0 |2
2
2
cos α exp −
+ sin α exp −
S(ω) =
2
B2
B2




(ω − ω0 + ∆)2
(ω − ω0 − ∆)2
+ sin 2α cos ∆θ exp −
exp
−
.
(4)
2B 2
2B 2
R
R
The central frequency of the output beam is hωi = ωS(ω)dω/ S(ω)dω and the
frequency shift of interest here is ∆f = [hωi − ω0 ] /(2π).
If we make use of Eq. (4), it is possible to obtain an analytical expression of the
frequency shift ∆f , which is given by


cos 2α
∆
∆f =
,
(5)
1 + γ sin 2α cos ∆θ 2π
where γ = exp(−∆2 /B 2 ). Notice that the weak coupling regime, that we consider
here, implies that ∆  B, so one always have γ ∼ 1. The amplification factor of the
frequency shift of the AOFS is defined as A = 2π∆f /∆. It can be shown that it has
two maximum values given by Amax = ±(1 − γ 2 cos2 ∆θ)−1/2 for angles of polarization
−45◦ ± αmax where αmax = 45◦ − 21 arcsin(γ cos ∆θ). The two values correspond to an
up-shift/down-shift in frequency of the pulse with respect to the central frequency ω0 .
The frequency shift is also accompanied by a reduction in the detected signal
intensity characterized by the insertion loss L, defined by L = −10 log(Pout /Pin ). Making
use of Eq. (4), the loss (expressed in decibels) is given by


L = −10 log 21 (1 + γ sin 2α cos ∆θ) .
(6)
Equations (5) and (6) are the main results of this section. Inspection of these
equations shows that for a post-selection angle of the form α = −45◦ ± ε (ε small), and
∆θ = 0◦ , the amplification factor A is proportional to ±1/ε and the insertion loss has
a dependence of the form −20 log ε.
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Figure 2: Amplification factor A and insertion loss L as a function of the post-selection
angle α.

Fig. 2 shows the amplification factor and the insertion loss, given by Eqs. (5) and
(6), as a function of the angle α when γ = 1 and ∆θ = 0.01◦ . For angles in the interval
−45◦ − αmax ≤ α ≤ −45◦ + αmax , the frequency shift enhancement grows dramatically.
But at the same time, the insertion loss (Fig. 2b) also increases, reaching values of more
than 70 dB. On the other hand, for post-selection angles greater than −45◦ + αmax (or
less than −45◦ − αmax ), even though the amplification factor decreases, it is still possible
to obtain a large frequency shifts that overcome the AOFS capabilities at least by two
orders of magnitude. Interestingly, the penalty due to the insertion loss also decreases.
For the sake of clarity, let us consider an example. Consider a laser of wavelength
1550 nm (193.5 THz) that generates Gaussian pulses of duration 0.5 ps at full width half
maximum (bandwidth BFWHM = 0.88 THz), two AOFS that are capable of generating
frequency shift of ±100 MHz and an additional phase shift of ∆θ = 0.01◦ . Fig. 3a shows
the spectrum for a post-selection angle of α = −44.92◦ . The central frequency is shifted
by ∆f = 67.6 GHz, which corresponds to an amplification factor of A = 676. The
expected insertion loss is equal to 53.7 dB. For comparison, we also show the spectrum
of the input pulse. Fig. 3b shows the amplification factor and the insertion loss as a
function of the post-selection angle α for the interval −45.5◦ ≤ α ≤ −44.5◦ .
The maximum frequency enhancement achievable occurs at two angles, −45◦ ±
0.01◦ , with an insertion loss of 74.78 dB. Notice that amplification factors between 280
and 100, with an insertion loss between 40 dB and 50 dB, are obtained for post-selection
angles above α = −45.2◦ and below α = −44.8◦ . For angles that are far from the
orthogonality condition stated in Eq. (1), for instance in the limits α = −45.5◦ or
α = −44.5◦ , the insertion loss is reduced to 40.5 dB and the frequency shift is enhanced
by a factor of 114.
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Figure 3: Frequency shift enhancement.

In general, there is a trade off between the frequency shift achievable and the
insertion loss. Insertion loss of ∼ 30 − 40 dB can be easily compensated by the
introduction of an appropriate final amplifier stage at the end of the system. Still,
amplification factors larger than 100 are available. This means that with an AOFS that
provides a 100 MHz frequency shift, one can obtain frequency shifts of 10 GHz in the
scheme described here, with insertion losses of some 30 − 40 dB.
3. A super frequency-shifter without using an acousto-optic modulator
In the previous section it was shown that a frequency shift applied to a light pulse with
an AOFS can be enhanced through a weak value amplification scheme, which required a)
a weak interaction, i.e., frequency shifts that are small compared to the pulse bandwidth
and b) initial and final states linear polarization states which are nearly orthogonal. In
this section we present an alternative scheme, where a) the weak interaction is generated
by delaying the pulse by a small temporal delay compared to the pulse duration, and
b) by selecting elliptical (and quasi-orthogonal) initial and final states of polarization.
Let us consider again the pulses used in the previous section (with a Gaussian
temporal shape of duration T ), but now with left-handed circular polarization instead
of linear polarization. In the time domain, the electric field amplitude writes now


E0
t2
(7)
E1 = √ exp − 2 [x̂ + iŷ] .
2T
2
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As before, the beam is divided with a PBS into its two orthogonal polarization
components. The components with horizontal and vertical polarization are delayed
in time by an amount τ1 and τ2 , respectively. After recombining the beams again with
a second PBS, the electric field reads



 

(t − τ1 )2
(t − τ2 )2
E0
exp −
x̂ + i exp −
ŷ .
(8)
E2 = √
2T 2
2T 2
2
The output signal is projected into a polarization state given by ê =
√1 [i exp (i φ) x̂ + exp (−i φ) ŷ] where φ is a parameter that can be varied experimen2
tally (note that the initial state of polarization is obtained by setting φ = −90◦ ). After
post-selection, the electric field amplitude is given by E3 = E2 · ê.
The power spectrum S(ω), obtained from the modulus squared of the Fourier
transform of E3 , is given by




(ω − ω0 )2
2
2 (ω − ω0 ) τ
+ φ exp −
,
(9)
S(ω) = |E0 | sin
2
B2
where τ = τ1 − τ2 . The frequency shift is determined by following the same procedure
presented in the previous section. One obtains
1  τ  γ sin 2φ
,
(10)
∆f =
4π T 2 1 − γ cos 2φ
where γ = exp [τ 2 /(4T 2 )]. The regime of weak interaction determines that T  |τ |.
Eq. (10) is similar to Eq. (5) in the sense that a frequency shift ∆f is related to a
displacement in time (or in frequency) by a nonlinear factor that depends on a postselection angle. Nonetheless, this second scheme has the great advantage over the first
one in the sense that a time-delay is more accessible experimentally than a frequency
shift.
Regarding losses, the insertion loss is obtained from Eq. (9) in an analogous way
to Eq. (4), so that


L = −10 log 21 (1 − γ cos 2φ) .
(11)
Inspection of Eq. (10) and Eq. (11) shows that for a final polarization state,
defined by a post-selection angle of the form φ = ±ε (ε small), the frequency shift is
proportional to ±1/ε whereas the insertion loss has a dependence of the form −20 log ε.
Let us consider as example pulses of duration TFWHM = 0.5 ps (centered at λ = 1550 nm)
and a weak value amplification scheme where two pulses of orthogonal polarizations are
delayed in time by τ with a magnitude of the order of a few tens of femtoseconds (for
longer delays the parameter γ becomes less than one).
Fig. 4a shows the frequency shifts, as given by Eq. (10), for different values of
τ = {5, 10, 15, 20} fs as a function of a post-selection angle that lies in the interval
−15◦ ≤ φ ≤ 15◦ . The insertion loss, as given by Eq. (11), is plotted in Fig. 4b.
For small angles, which indicate a greater orthogonality between the input and output
states, the insertion loss rises up to 80 dB, making the signal undetectable in most cases.
On the other hand, although small frequency shifts compared to the maximum value of
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Figure 4: Frequency shift and insertion loss as a function of the post-selection angle φ.
374 GHz are obtained for angles greater than φ = 8◦ and less than φ = −8◦ , an insertion
loss below 40 dB and a tunable frequency shift that ranges from a few MHz to hundreds
of GHz can be generated by setting a fixed post-selection angle in that interval. For
instance for a fixed post-selection angle of φ = −8◦ a down-shift of 31, 62, 92, and
122 GHz are identified with the delays of 5, 10, 15, and 20 ps respectively. Remarkably
for each delay the insertion loss is constant.
4. Experimental implementation
4.1. Acousto-optic frequency shifter enhancement
To perform a frequency shift enhancement of an AOFS based on weak value
amplification, we propose the experimental setup shown in Fig. 5a. A laser (λ =
1550 nm) generates pulses of duration TFWHM = 0.5 ps. The beam initial polarization
is set to be at 45◦ with respect to the x-axis by using a half-wave plate and a linear
polarizer.
The beam is divided in two components, horizontal and vertical polarization, with
a PBS. In each arm, a 100 MHz up/down frequency shift is generated with an AOFS.
The shift magnitude (100 MHz) is small compared to the pulse bandwidth (0.88 THz,
FWHM). After the weak interaction, the two opposite frequency shifted components
are combined again with a PBS and the final state of polarization is selected to be
nearly orthogonal with respect to the initial state with a linear polarizer. The output
is amplified an its spectrum is visualized with an Optical Spectrum Analyzer (OSA).
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Figure 5: Proposal of experimental setup for a) the amplification of the frequency shifts
induced by a single AOFS and b) for generating a frequency shift without a AOFS, by
using a temporal delay line.

4.2. A frequency shift from a delay line
To perform a frequency shift described in Section 3, we propose the experimental setup
shown in Fig. 5b. By using a similar experiment, a pulsed laser beam with circular
polarization enters a Mach-Zehnder interferometer composed of two polarizing beam
splitters (PBS) and one delay line in each branch.
A weak measurement is performed by delaying each polarization component by an
amount small compared to the pulse duration. In the experiment a path difference of
1 µm between the two arms of the interferometer give rise to a delay in time of ≈ 3 fs.
After the weak interaction, the two polarization components are combined again with a
PBS and the final state of polarization is selected to be nearly orthogonal with respect
to the initial state. The output is amplified (if required) an the spectrum is visualized
with an Optical Spectrum Analyzer (OSA).
5. Conclusions
We have considered two new ways of generating a frequency shift in the spectrum of
a pulse of light by using the concept of weak value amplification. In the first case,
we have demonstrated that it is feasible to enhance the frequency shift generated by
an acousto-optic frequency shifter (AOFS) by two orders of magnitude with insertion
losses no greater than 40 dB, which can be compensated with an amplifier stage.
In the second case, and more surprisingly, we have demonstrated that, following
an idea of Brunner and Simon [13], a noticeable frequency shift can also be obtained
without using any frequency shifter at all. The key point is replacing the AOFS with a
delay line and making a suitable selection of input and output states of polarization.
Finally, we have considered the real characteristics of off the shelf acousto-optic
devices, spectrum analyzers and other optical devices which might be relevant here, for
designing two experiments to implement the ideas presented above.
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