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Abstract 

The avoidance of excessive free forces and torsional vibration at cranktrains is essential for 

a long lifetime and silent operation of internal combustion engines. Hence numerical 

simulations of these properties play an important role in their design. Commonly the design 

is divided into two stages. In the first conceptual stage numerous design variants have to be 

simulated by simple methods with low computational cost. The analytical kinetostatic 

model has been dominating the conceptual simulation of cranktrains for decades. During 

the following layout stage detailed simulations are carried out. A large number of advanced 

commercial simulation software packages based on MBS and FEM are available for these 

complex models. But this software is not effective in fast simulating strongly simplified 

models how it is required in the conceptual stage. From the recent trend of growing power 

density in modern car engines emerged a demand for simulation software that fills the gap 

between these two groups of simulation tools.  

This master’s thesis compared numerical methods for the computation of free forces, free 

moments and torsional vibrations at a fundamental level. The aim was to evaluate the 

prospects of numerical methods such as multibody simulations (MBS) in fast conceptual 

cranktrain simulations. Multibody models of cranktrains were implemented and compared 

with the established kinetostatic model.  This included a crankshaft that was discretized by 

beam elements.  One of the central questions was whether numerical methods like MBS 

can gain significant improvements in precision and range of validity when they are applied 

in conceptual simulations. On the other hand disadvantages of numerical methods such as 

higher computational cost were assessed.  
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1. Introduction 1 

1 Introduction 

1.1 IAV GmbH 

IAV (Ingenieurgesellschaft Auto und Vekehr GmbH) is a vehicle engineering provider with 

headquarter in Berlin and about 5000 employees in subsidiaries on four continents. It is active 

in all important fields of vehicle development. The portfolio covers the development of 

mechanics, electronics and software. Most vehicle makers are IAV costumers.  

 

Figure 1 Engine testing at IAV GmbH. 

One of the main expertises of IAV GmbH is the powertrain development. Seat of the 

powertrain division is Chemnitz where about 500 employees work in powertrain development 

and vehicle electronics. This includes the simulation of powertrain dynamics. IAV Chemnitz 

is the developer of the commercial computer aided engineering (CAE) software package 

Engineering-Toolbox. This software enables a broad spectrum of simulations and 

computations for the powertrain development including the V-Engine module for kinetostatic 

simulations of cranktrains.  

This master’s thesis is part of the R&D activities of IAV Chemnitz aiming at new CAE tools 

for the vehicle developer. By this project IAV follows the recent trend to provide specialized 

simulation software for the integration of simulations in the standardized development work 

flow in the car industry. 
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1.2 Cranktrain system 

The cranktrain system is an important part of reciprocating combustion engines and the first 

link in the transmission chain of the powertrain. Cranktrains transform the translation of the 

pistons into a rotation that is required for driving the wheels.   

 Image: NASA 

Figure 2 Cranktrain of a four-piston engine.  

The typical components of a cranktrain are shown in Figure 2. From the technical point of 

view a cranktrain represents a combination of n  slider-crank mechanisms that are connected 

by a crankshaft with an optional flywheel, where n  denotes the number of cylinders.   

1.3 Concept of free and inner forces at the cranktrain 

In reciprocating combustion engines the gas pressure exerts a periodically fluctuating gas 

force at the piston that drives the car wheels.  The aim of the design of car power trains is to 

transform as much as possible of this periodic gas forces into a torque at the wheels under 

avoidance of noise and vibration.  

 

Figure 3 Concept of distinction between free and inner forces. 
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The fast oscillating and rotating motion of the components of the cranktrain are sources of 

significant mass forces and moments. In engineering it is common to distinguish between 

inner and free forces and moments (Figure 3). 

All forces and moments that compensate in sum inside the engine to a resultant of zero are 

called inner forces and moments.  They cause deformations of components inside the engine. 

The leaving non-zero resultants are referred as free forces and moments. They shake the 

engine and account for car vibrations if the engine mounting does not achieve sufficient 

damping of the free forces. The distinction between free and inner forces can be sometimes 

difficult.  For instance inner deformations can transfer to vehicle components outside the 

engine.  

Nevertheless the concept is widespread in car engineering and therefore used here as well.  

This work concentrates on the analysis of free forces and moments (in particular the torque) 

and those inner forces and moments that are related to torsional vibrations of the crankshaft. 

The simulation of free forces and moments is important for the design of the engine mounting 

and for the assessment of the cranktrain design.  Torsional vibrations of the crankshaft can be 

responsible for failure of the crankshaft by fatigue. 

In the numerical examples only vertical straight engines with neglected mass of the 

connecting rods were simulated. At these systems the free force was vertically oriented and no 

horizontal free force arose. The most important free moment is the torque of the engine that 

corresponds to a reaction moment at the engine mounting. In general free moments can arise 

also in other orientations but the torque has the biggest practical importance. For this reason 

the numerical comparison between the kinetostatic model and multibody simulation focussed 

on the vertical free force and the torque.  
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1.4 Slider-crank mechanism 

Cranktrains consist of a couple of slider-crank mechanisms. The cranktrain of a one-cylinder 

engine for instance is a slider-crank mechanism that is connected to a flywheel. A typical 

slider-crank mechanism is shown in Figure 4. The extrema of the piston position are called 

dead points as in this positions the connecting rod is aligned vertically and consequently 

incapable of exerting tangential forces on the crankshaft. Hence the piston cannot leave the 

dead points by the gas forces but it is essential to turn the crank over the dead points by other 

means. 

 

Figure 4 Components of a vertical centric slider-crank mechanism. 

A further undesired property of the slider crank mechanism is the strongly nonlinear 

transmission. Remedy for both problems is to add either a flywheel to the system or to 

increase the number of pistons. The latter method requires a very large number of pistons for 

being sufficiently effective and found most application in large ship engines. Typical car 

engines rely on a flywheel for avoiding excessive fluctuations of the angular velocity of the 

crankshaft. 
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2 Simulation methods for cranktrains  

2.1 Classification and overview 

Due to the economic relevance of engine making, the research on the kinematics and 

dynamics of cranktrains has a long history going back to the development of steam engines 

[24]. There exist typical families of simulation methods for cranktrains although a strict 

classification is not always possible. 

A key simplification is the assumption of constant angular velocity of the crankshaft. Methods 

that make this assumption are referred as kinetostatic models whereas methods that allow 

dynamic variations of the angular velocity are usually called dynamic methods or models.  

Another important property of simulation models is whether the links of the mechanism are 

assumed to be rigid or the method is capable of computing flexible links. But the 

classification can be difficult as often flexible elements are combined with rigid elements. An 

overview over common methods for the simulation of cranktrains that are extensively used 

gives Table 1. Owing to the versatility of the methods there exist a wide range of variants that 

can differ in some aspects from the typical properties that are stated in the table.  

Table 1 Common methods for the simulation of cranktrai ns.  

 kinetostatic 

model 

analytical 

dynamics 

MBS FEM 

origin kinematics dynamics dynamics statics 

angular velocity constant dynamic dynamic dynamic 

model stationary stationary/ 

transient 

transient transient 

solution analytical analytical/  

numerical  

numerical  numerical 

equation generation by hand by hand automatic automatic 

bodies rigid rigid rigid/elastic elastic 

space 2D/2.5D 2D/2.5D 2D/3D 2D/3D 

computational cost lowest low medium-very high high-very high 

detailing low low medium-high medium-very high 

design stage of usage conceptual  conceptual layout  layout 

 

The mathematically exact description of the dynamics of the cranktrain is only possible when 

strong simplifications are made that lead to significant differences between the reality and the 

model. Such methods are commonly referred as analytical methods. In fact their practical 

usability in cranktrain simulations relies on computers and analytical simulation software 

often includes numerical methods. 
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Numerical methods such as finite element method (FEM) and multibody simulation (MBS) 

can simulate less simplified systems that are more realistic. Due to the capability to simulate 

more detailed models numerical methods can gain higher precision than methods that are 

based on analytical solutions although they approximate in the mathematical sense only the 

exact solution. But this gain in precision is paid by an increase of computational cost. Hence it 

is always important to keep the model as simple as possible but as detailed as necessary for 

achieving the required precision. Numerical methods like FEM and MBS are commonly used 

for detailed simulations in the last stages of the design while analytical methods are important 

for the fundamental design decisions during the pre-design.  

The literature review showed that most research on the crank system at a fundamental level 

was made by analytical methods like the kinetostatic model [4, 7-8, 10-11, 16]. The analytic 

approach allowed deductions that could be generalized to a wide variety of crank systems but 

this was done by strong simplifications at a scale that can become problematic in modern 

applications. Critical is for instance the assumption of constant angular velocity that is made 

by the kinetostatic model. 

By contrast most publications dealing with the application of numerical methods in the 

simulation of cranktrains focused on a single method that is driven to the technical limits in 

terms of model complexity [2, 25] or its theory was analyzed in detail by mathematical means 

[20-21]. These works demonstrated the detailing capabilities of advanced numerical methods 

but the results are only valid for a single method and in most cases for a very specific 

cranktrain system.  

In other words the advancement in numerical simulation of cranktrains did mainly transfer in 

the solution of very specific technical problems but their advantage of providing higher 

precision in conceptual cranktrain simulations is not fully exploited. This chapter introduces 

the most common methods for the simulation of forces, moments and torsional vibration of 

cranktrains. 

2.2 Kinetostatic model 

One of the first models that were developed for computing the dynamics of cranktrains is the 

kinetostatic model. Its theory has been published in detail in many car engineering textbooks 

[10, 15]. Although recent numerical methods enable the computation of dynamic effects that 

go far beyond the scope of the kinetostatic approach it represents still a very common method 

in the engine design.  

Reason for this unbroken popularity over decades is that it yields in a very simple way 

reliable results that match relatively well with experiments. As an analytical method the 

kinetostatic model has the virtue of easy implementation and very fast computation. Thus it is 

a good choice for preselecting engine configurations for the detailed analysis by other more 

time expensive computational and experimental methods. This early stage of the cranktrain 

design demands simplicity and reliability of the method while compromises in precision can 

be made. Furthermore the kinetostatic model plays an important role in the verification of 

numerical cranktrain simulations as it yields exact solutions for the two dimensional slider 
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crank mechanism under simple assumptions. The kinetostatic method gains limited 3D 

capabilities when layers of two dimensional slider-crank mechanisms are stacked. Although 

the kinetostatic model assumes a mechanism with rigid links it is also possible to simulate 

torsional vibration by the method. To this end the periodic tangential forces at the crank are 

computed by a kinetostatic model. Afterwards an equivalent frequency domain model of 

torsional crankshaft vibration is computed using the results of the kinetostatic simulation as 

periodic excitation. The V-Engine software that was compared with the multibody simulation 

employs this technique. More information on equivalent models for torsional crankshaft 

vibration provides chapter 2.4. 

A fundamental restriction of the kinetostatic method is the assumption of constant angular 

velocity. Owing to this simplification the method becomes inaccurate in the simulation of 

systems with strong dynamic variation of the angular velocity.  

2.2.1 Kinetostatic equation of piston motion 

In the kinetostatic model a rigid slider crank mechanism is modelled by rigid links that are 

connected by flexible joints. In this rigid 2D kinematic model (Figure 5) the piston 

displacement u  and the orientation of the connecting rod is completely governed by the crank 

rotation angle  . Starting point of the mathematical description of the kinetostatic model is 

consequently to write the piston position in the slider crank mechanism as a function of the 

crank angle by means of geometric considerations. In other words, the piston oscillation is 

assumed to be driven by the crank rotation even if in reality the gas forces drive first the 

piston oscillation that is afterwards transformed into the rotation. This reverse model makes 

the mathematical description notably easier.  

 

 

 

 

 

: crank angle

: piston displacement

: rod angle

u





: crank throw

: length of connecting rod

: rod ratio

r

l


 

Figure 5 Geometric model of crank-slider mechanism. 
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The geometry shown in Figure 5 can be used for writing the equation of the piston 

displacement 

 cos cosu r l r l     . (1) 

Furthermore Figure 5 enables to establish a set of equations of the unknown rod angle  : 

 sin sinl r   (2) 

 sin sin sin
r

l
      (3) 

  1sin sin    (4) 

  
2

cos 1 sin     (5) 

The dimensionless rod ratio is defined : /r l  . It takes in combustion engines usually values 

in the range of 0.23...0.31   [16]. 

Equation (5) is used for reducing the number of variables in the equation of the piston 

displacement (1). This substitution removes the term of the unknown rod angle. The reduced 

form of the equation of the piston displacement contains only the constant geometrical 

dimensions of the mechanism and as only variable the crank angle  . It remains 

  
2

cos 1 sinu r l r l       . (6) 

The time derivative of the equation of the piston displacement (6) yields the piston velocity: 

 

 
2

cos
sin 1

1 sin
u r

 
 

 

 
   
 

  .

 (7) 

When the stationary case of constant angular velocity   is assumed the piston velocity reads 

 

 
2

cos
sin 1

1 sin
u r

 
 

 

 
   
 

  .

 (8) 

This assumption of constant angular velocity is one of the crucial simplifications of the 

kinetostatic model. By a further differentiation the piston acceleration for a crank rotating 

with constant angular velocity is obtained as 

 
 

  

2 3 4

2

3
2

1 2sin sin
cos

1 sin

u r
   

 

 

 
  

   
  
  .

 (9) 

This set of equation gives a complete kinematic description of the stationary case of motion 

where the crank is turned with constant angular velocity. 
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2.2.2 Forces in the kinetostatic model 

According to Newton`s second law of motion the force 
pF  acting on the piston in direction of 

movement can be obtained from the piston acceleration u  and the piston mass m  as 

 
pF m u  . (10) 

Once the piston force is known, the forces acting on the connecting rod and the big-end are 

obtained by geometric considerations. The transversal force TF  acting on the piston is given 

by 

 

 
2

sin

1 sin

P
T

F
F

 

 



.

 (11) 

The connecting rod force  along the connecting rod reads 

 

 
2

1 sin

P
R

F
F

 





.

 (12) 

The force that is exerted on the big-end radial to the crankshaft is found as 

 

 

2

2

sin
cos

1 sin
rad PF F

 


 

 
   
 

 

 (13) 

and the tangential force as 

 

 
tan

2

sin cos
sin

1 sin
PF F

  


 

 
  
 

  .

 (14) 

The model was extended in the literature [16] to a couple of special slider crank 

configurations that are omitted here as in all numerical examples the simplest centric vertical 

configuration that is shown in Figure 5 was simulated.  

A 3D engine model can be assembled by stacking layers of kinetostatic 2D-slider crank 

models although this approach does not cover all properties of full 3D-model such as the 

coupling between torsion and bending of the crankshaft.   
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2.3 Analytical dynamics 

The introduction of a constant angular velocity in equation  (8) reduces the range of validity 

of the kinetostatic model to configurations with big moment of inertia. From the practical 

point of view this simplification represents an acceptable approximation for engines with a 

big flywheel where the angular velocity is more or less constant. However, in the 

development of modern compact engines with high power density also unconventional 

designs are simulated and it is advantageous if the method is capable of simulating crank 

systems with significant dynamic fluctuations  of the angular velocity. 

These fluctuations of the angular velocity arise always when a reciprocating combustion 

engine is running. The periodic tangential mass force in equation (14) that results from the 

acceleration of the piston and connecting rod will accelerate and decelerate the rotation of the 

crankshaft periodically during each revolution. Furthermore this effect causes a periodic 

torsion of the crank shaft. An additional angular acceleration is given by the gas forces that 

also introduce a periodic tangential force.  

Conservation of kinetic energy 

In order to overcome the limitation to constant angular velocity, conservation of energy can 

be used for developing a dynamic equation of motion. When friction, potential energy, the 

mass of the rod and gas forces are neglected the equation of energy conservation reads 

 
2 2 2

0
2 2 2

J J m
u  

,
 (15) 

where
 0  stands for the angular velocity when the piston is in the upper dead point 0   

where 0u  . Rearranging the terms in (15) and applying (7) yields 

 

 

2

2 2

0
2

cos
sin 1

1 sin

m
r

J

 
   

 

  
    
      .

 (16) 

That simplifies into the dynamic equation of the non-constant angular velocity: 

 

 

1
2 2

0
2

cos
1 sin 1

1 sin

m
r

J

 
  

 



   
              .

 (17) 

Once the angular velocity is known, it becomes possible to develop other equations for the 

acceleration and forces in the same procedure as for the kinetostatic model. For a slider-crank 

mechanism that is free of friction, all displacements and forces are periodic over one 

revolution of the crank. Nevertheless in cranktrain engineering it is more frequent to plot the 

steady state not for one, but for two full engine revolutions. The reason is that the gas forces 

of the four stroke engine have an ignition cycle that corresponds two a longer period of two 
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revolutions with a total angle of 720°. For consistency all diagrams were stated for the 720° 

cycle regardless whether gas forces were applied or not.  

A numerical example of the dynamic angular velocity of a one-cylinder engine without 

flywheel and gas forces that was computed from equation  (17) is shown in Figure 6. It 

illustrates that the assumption of constant angular velocity does not hold in dynamic models. 

The angular velocity reaches its maxima in the dead points at 0° and 180° crank angle. In 

these positions the piston is in rest and all kinetic energy stored in the rotation of the central 

crankshaft inertia as the rod was assumed mass less. The decrease of rotational kinetic energy 

that is required for accelerating the piston leads to a drop of angular velocity with minima at 

the points of fastest piston movement near 90° and 270° crank angle.  

 

Figure 6 Dynamic variation of angular velocity. 

Gas forces 

If gas forces apply the equation of energy conservation (15) extends to 

    2 2 2

0
2 2 2

G L

J J m
u U U       , (18) 

where  GU   denotes the potential energy of the gas and  LU  that of
 
the load. This form 

of dynamics was used for the computation of initial conditions when starting the numerical 

multibody simulation. Therefore a seperate chapter (4.1) deals with the derivation of dynamic 

equations of the angular velocity of rigid cranktrain systems in steady state from conservation 

of energy. This includes systems with more than one piston and gas forces. 

In the early 1990´s [8] it was shown that this idea of deriving dynamic equations of motion of 

the slider-crank mechanism can be extended to more sophisticated dynamic models that 

contain the oscillating mass of the connecting rod and gravitation. However the aim of this 

work was not the solution of special models of the slider-crank mechanism but to compare 

different simulation methods by application to typical models that should be as simple as 

400
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possible for obtaining results of a certain generality. A detailed description of analytical 

solutions of the dynamics of the slider-crank mechanism is given in [7-8].  

2.4 Equivalent model in the frequency domain 

Equivalent models are no independent method for the simulation of cranktrains but a specific 

technique for simulating vibrations. Many methods for modelling the cranktrain kinematics 

and dynamics are based on the movement of rigid links around flexible joints and along 

strokes. This rigid approach fails for the vibrations. For this reason analytical and numerical 

methods for the computation of vibrations are frequently combined with rigid models such as 

the kinetostatic model.  

Of particular interest for this master´s thesis were torsional vibrations of the crankshaft. The 

periodic shear stresses by torsion and torsional vibration are the most important stresses at the 

crankshaft since a critical number of load cycles is reached after short service time of the 

engine. For this reason wrong designed cranktrains are prone to failure by fatigue how it was 

observed at early high speed ship engines [10, 24]. Consequently the simulation of torsional 

vibrations is very important for the design of cranktrains. 

The traditional equivalent model of the torsion vibration of crankshafts is based on a chain 

(Figure 7) of n  moments of inertia kJ  that are lumped to  1,...,k n points and connected by 

torsional springs of stiffness kC  and dampers with the damping kb . Despite its simplicity this 

equivalent model has proved to be a good approximation for many practical applications [11].  

 

 

Figure 7 Equivalent model of a 3-cylinder engine with relative damping.  

The number n  of moments of inertia kJ   is usually given by the number of pistons and can be 

increased by a flywheel, damper or further components. Models extended to the torsional 

vibration of all rotating engine components have been computed by combining such torsional 

chains to branches of more complicated trees [10].  
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2.4.1 Linearized equation of motion and Frahme’s approximation 

In an equivalent model like shown in Figure 7 the equation of motion of a single inertia kJ  is 

given by Newton’s second law 

 
     

   

1, 1 1, 1

, 1 1 , 1 1

k k k k k k k k k k k

k k k k k k k k

J t c b

c b

     

   

   

   

    

   
,

 (19) 

where  k t  denotes the time dependent moment of excitation. Owing to the connection of 

the crank to the oscillating piston and rod the moment of inertia is not constant but depends on 

the crank angle. The transient value of the moment of inertia reads 

  
 

2

2

2

sin cos

1 sin
r oJ r m m

  


 

  
     

    .

 (20) 

This means that the representation of the vibration by a linear ODE requires a linearization 

that accounts for slight errors in amplitude and frequencies of the results [4]. For minimizing 

the linearization error the moment of inertia of the crank is usually slightly increased by an 

approximation that was introduced by Frahme [11, 17]: 

 
2 1

2
F r oJ r m m

 
  

  ,

 (21) 

where rm stands for the rotating mass and om  for the oscillating mass of the slider crank 

mechanism. When the crank angles k  are substituted by the angles of torsional deflection k  

the equation of motion reads in matrix notation 

   Mφ Cφ Kφ ε  . (22) 

The coefficients of the diagonal mass matrix M  are given by the moments of inertia while the 

coefficients of the damping matrix C and the stiffness matrix K are computed from the 

coefficients of damping b and the stiffness c in equation (19). The dimension n  of the 

matrices is identical to the number of cylinders. By a complex harmonic ansatz  

 ˆ i t

k ke    (23) 

   ˆ i t

k kt e    (24) 

the ordinary differential equation of the torsional vibration of the crank-system (22) is 

transformed into a system of linear equations 

 ˆ ˆTφ ε . (25) 

The coefficients of the tridiagonal matrix T are computed from the frequency   of the ansatz 

and the coefficients of the matrices in (22). The complex amplitude ̂  of the driving moment 

is computed by other methods such as kinetostatic models. In steady state the frequency   
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cannot take arbitrary values but has to be an integer multiple of the frequency of the ignition 

cycle. For that reason the coefficients of a discrete Fourier transform (DFT) are commonly 

used in the vector of complex amplitude of excitation ε̂ . Thus the bandwidth of the solution is 

limited by the transform size of the DFT. A further limitation of the method arises from the 

technique of reducing the equation of motion to the system of equations (25) that requires 

linear damping and elasticity with constant coefficients of damping and stiffness. The 

demonstrated way of simulating torsional vibrations is implemented in the V-Engine software 

that was used for kinetostatic simulations. Many other strategies for simulations with 

equivalent models have been developed including solutions of the eigenproblem with 

non-constant moments of inertia [4] and iterative methods [11].  

2.4.2 Selection of damping model 

Experiments have shown [11] that the relative damping model that is shown in Figure 7 has 

some advantages in the simulation of torsional vibration of cranktrains.  It assumes relative 

damping between the masses of the equivalent model. In general it is not easy to choose the 

parameters for damping and stiffness of the cranktrain. The problem of the computation of the 

stiffness parameters could be solved by the introduction of modern FEM-software for linear 

elasticity. But the selection of appropriate values of the damping coefficients is still reliant on 

experience and measurements at test engines. 

 

Figure 8 Equivalent model with absolute damping. 

From publications it is known that the most damping of torsional crankshaft vibrations arises 

from the hydrodynamic effects in the main journals [11] due to hydrologic processes in the oil 

film. Owing to this fact traditional models used absolute damping that acts between each 

torsional mass and the engine block as shown in Figure 8. However, when torsional vibration 

is simulated by absolute damping this leads to a reaction moment at the crankshaft that 

succeeds significantly the nominal torque of the engine. This is in obvious contradiction to 

elementary physics of the cranktrain dynamics. Relative damping provides the same torsional 

damping as absolute damping without an unwanted excessive loss of engine torque. Hence the 

relative damping model represents the physics of torsional vibrations of the cranktrain system 

better and was used in the simulation of all numerical examples.  
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2.5 Multibody simulation (MBS) 

The multibody simulation emerged from multibody dynamics a discipline that has many 

technical applications not only in the simulation but also in control of multibody systems [18]. 

The terminus multibody stands for a set of interconnected bodies. The first MBS programs 

were developed in the 1970’s [19]. Initially only the movement of rigid bodies could be 

simulated by MBS. Later the method was increasingly extended to bodies with flexible links 

[20-21]. It is often combined with other methods such as finite element method [9]. 

Multibody simulation represents a good compromise between versatility and simplification 

that is essential for achieving short computation time in dynamics. It is possible to abstract 

physical bodies and interactions in objects of a project oriented programming language like 

C++. 

As MBS does not refer to a specific numerical method but to the application of numerical 

methods to multibody dynamics it is sometime difficult to categorize whether a simulation 

method belongs to MBS, FEM or other methods. The simulation of mechanisms like 

cranktrains represents a classical application of MBS and many commercial simulation 

programs are available for sophisticated multibody models. Different concepts for obtaining 

and solving the equation of motion of a multibody system can be used [19]. Only the 

mathematical fundament of the method that was employed by the implemented code is 

described here. 

First the rheonomic holonomic constraints are defined as 

  , 0t g p . (26) 

For convenience the Jacobian of the constraints is denoted as 

 
 ,

, :
t

t





g p
G p

p .

 

Then the Euler-Lagrange equation of constrained motion can be written 

 
     , , ,t t T

M p p G p λ f p p
, (27) 

where  M p  denotes the mass matrix, λ the vector of Lagrange multipliers and  , , tf p p  the 

applied forces.  

Differentiating the constraints (26) once yields constraints at velocity level: 
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, , 0
t

t t
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g p
g p G p p  (28) 

and the second derivative constraints at acceleration level: 
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If the holonomic constrains are not dependent on time they are referred as scleronomic 

constraints and can be written 

   0g p . (30) 

For scleronomic constraints the equation of motion (27) and the constraints (28) and (29) 

simplify: 

      , ,t T
M p p G p λ f p p  (31) 

     0 g p G p p  (32) 

    
  2, 0t


  



G p
g p G p p p

p
. (33) 

The equation of motion (31) and the constraints (33) can be written as system of equations: 

 

   

 

 

  2

, , t    
    

     
         

M p G p p f p p

G p
p

λG p 0 p
.

 (34) 

As the mass matrix and the Jacobian are sparse it is possible to use very effective solvers 

when solving (34). However the method requires in addition to the time integration also the 

solution of the system of equations what increases the computational cost. 

A further drawback of the method is that the second derivative has an undesired amplification 

effect on high frequency errors [19]. It is known that when solving DAE’s by numerical 

methods spurious effects can occur due to the problem of index reduction [14]. One method to 

deal with this problem is selecting time integration algorithms with numerical damping. The 

development of time integration algorithms with selective numerical damping of high 

frequencies [5, 12] was very important for the practical usability of the method. 

The requirements and numerical methods are more or less the same as in structural dynamics 

where oscillations emerge from the discretization in space by FEM [6, 13]. Aim of these 

numerical damping techniques is to damp spurious high frequencies without affecting the 

relevant lower frequencies. Typically methods of the Newmark family are employed that have 

been continuously improved over the years [3, 5, 12]. 
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2.6 Finite element method (FEM) 

The introduction of the finite element method has revolutionised the simulation of a broad 

range of engineering problems in particular in structural mechanics. Initially FEM was used 

for simulations of static linear elasticity. This represents still the most important application 

but owing to the unique versatility of the method it is nowadays used in very different fields 

such as fluid mechanics, thermodynamics, traffic simulation and financial mathematics. 

In cranktrain simulation the method is used for computing the stiffness of the crankshaft and 

other components. Furthermore it is combined with multibody simulations for achieving 

detailed elastic cranktrain models [9]. One common strategy is a modal reduction by FEM for 

identifying vibration modes that are in a following MBS represented by optimal selected 

degrees of freedom. 

Fundamental idea of FEM is to transfer partial differential equations (PDE) in the variational 

form that is also called weak form. For the automatic solution by numerical methods on 

computers this weak form is easier to discretize and integrate than the PDE itself. There are 

many good textbooks available about the theory of FEM [6, 13, 22-23]. 

Typical applications of FEM in dynamics are the computation of natural frequencies and 

mode shapes or the computation of vibrations under imposed excitation [6]. The fundamental 

strength of FEM is that very complex geometries can be discretized by automatic meshing 

algorithms. From this mesh the stiffness matrix is computed that enables a description of the 

elasticity of the structure. 

Most applications of FEM in the dynamics of mechanisms are related to elastic mechanisms. 

Owing to the need of fast computation in conceptual simulations it is required to keep the 

number of degrees of freedom as low as possible. That requires strong simplification of the 

model. The detailing capabilities of FEM are in this field of application less important and 

cannot outweigh the disadvantage of high computational cost.  
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3 Methodology 

3.1 Definition and reasoning of the methodology 

The advantages of MBS and FEM in detailed simulations are obvious and were demonstrated 

in publications about sophisticated simulations of cranktrains [2, 25]. By contrast for simpler 

conceptual simulations there is less known about the advantage that numerical methods have 

over the established kinetostatic model. From the theory it is obvious that the strong 

simplifications that are made by the kinetostatic model will affect the accuracy and range of 

validity of the results. But it is difficult to quantify these disadvantages.  

Owing to this situation it was decided to conduct case studies for gathering data of 

computational cost and precision in the simulation of free forces, free moments and torsional 

vibration of the crankshaft. In order to assess the range of validity of the results a variation of 

parameters was carried out.  

Numerical examples were selected that should be as simple as possible but enable the 

demonstration of the most relevant aspects of conceptual simulations of the cranktrain. As the 

observed improvements in precision allow the estimation of the effect that have other 

numerical methods it was decided to select only one numerical method for a comparison with 

the kinetostatic model. 

3.2 Selection of simulation methods 

The kinetostatic model is the most common method for conceptual simulations of cranktrains 

and was therefore selected as reference method in the numerical case studies. Central element 

of this method is the assumption of constant angular velocity. Torsional vibrations are 

simulated in a separate equivalent model in the frequency domain that is combined with the 

kinetostatic model. 

The iterative solver of the multibody simulation (MBS) allows dynamic fluctuations of the 

angular velocity and the direct simulation of torsional vibrations by beam elements. Hence 

improvements over the kinetostatic model could be expected in the accuracy of simulations. A 

further virtue of the MBS method is that it enables the abstraction of typical model elements 

such as joints, links and forces in object oriented programming. Once a library of such 

elements is implemented it can be used for a wide range of simulations.  

Methods based on analytical dynamics do not allow this flexibility in extending the model. 

The finite element method in contrast is very versatile but computational expensive and less 

suited for simple conceptual models with rigid links. For these reasons MBS was selected as 

numerical method for the comparison with the kinetostatic model.   

The IAV GmbH possesses a MBS object library in the C++ programming language that was 

developed and tested for numerical properties such as convergence and consistency in 

preceding R&D activities. This work was one of the first applications of this library in the 
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development of software for simulations for the powertrain development process. During the 

programming some new elements where implemented. The testing focussed on the aspects 

related to the technical application for simulating the strongly nonlinear slider-crank 

mechanism. The main disadvantages of the MBS are the higher computational cost and the 

numerical error of the time integration algorithm. 

All in all, the comparison between the kinetostatic model and MBS allowed not only the 

comparison between a kinetostatic and a dynamic model but also the analysis of the influence 

of direct time integration, non-constant inertia and the transformation in the frequency domain 

on the results. The fundamental differences between both models in simulating free forces, 

moments (torque) and torsional vibration are summarized by Table 2. 

 

Table 2 Comparison between MBS and kinetostatic  model.  

result property MBS kinetostatic 

free force / 

moments 

method MBS kinetostatic 

angular velocity non-constant dynamic constant imposed 

solution direct time integration  analytical equations 

torsional vibration included neglected 

numerical error 
iteration error  

rounding error 

rounding error 

torsional 

moment 

method MBS frequency domain method 

model coupled decoupled equivalent model 

excitation dynamic kinetostatic 

moments of inertia non-constant dynamic constant approximation 

solution 
direct time integration 

nonlinear 

harmonic ansatz 

linearized 

numerical error 
iteration error 

rounding error 

rounding error 

error by DFT approximation 
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3.3 Selection of numerical examples 

Even for relatively simple cranktrains it is not always easy to analyse the results of 

simulations. Difficulties result from the strong nonlinearity of the slider-crank mechanisms, 

the superposition of gas and mass forces and the coupling between the cranks when systems 

with more than one cylinder are simulated. Taking this into account it was decided to select 

numerical examples that condense the most important aspects of the simulation of free forces 

and torsional vibrations of cranktrains in models that should be as simple as possible.  

The example of a one-cylinder engine was selected as it allows the simulation of free forces 

and moments without the interference with torsional vibrations that arises in systems with 

more cylinders. Furthermore a strongly simplified two piston engine was chosen as simplest 

possible example of torsional vibration. For facilitating the verification of the multibody 

model and for clearer demonstration of mass forces both examples were also simulated 

without gas forces. Furthermore a four-cylinder engine with gas forces was simulated for 

demonstrating the effect of increasing gas forces and flexibility of the crankshaft in systems 

with higher number of pistons. 
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4 Preparation of the simulations 

4.1 Definition of initial and boundary conditions 

Numerical time integration methods such as the implemented multibody simulation require 

the definition of consistent initial conditions. Even for simple models it can be difficult to 

compute the initial state as reported in the literature [20] for the example of a flexible slider 

crank mechanism. Hence it was a crucial point of this work to find the most effective way to 

impose the initial and boundary conditions for the multibody simulation. 

Start in rest 

A straightforward approach is to start with a model in rest where the initial conditions are 

given by the known static dimensions of the components and ramping up the angular velocity 

to the final value of interest. For this purpose it is required to model a drive that is connected 

to the crankshaft. The advantage of this method is that the final mean angular velocity of the 

crankshaft after the ramp up is determined by the drive. But this is paid by additional 

computational cost for computing the transient states during the ramping up even if only the 

final stationary state is of interest. Nevertheless a ramping up was implemented for testing. 

For avoiding unwanted locking of dynamical degrees of freedom the drive was coupled by a 

torsional spring with damper. During the test the torsional flexibility introduced oscillations 

that were difficult to damp out.  

Start in motion 

The alternative technique for applying initial conditions is to start with a model in motion. 

This method was found more efficient in terms of computational cost. The drawback is the 

risk of disturbing the numerical solution by the inaccuracy in the computed initial conditions. 

The simplest method falling in this category is to start with an undeformed crankshaft with the 

initial crankshaft angle 0 0   and the initial angular crankshaft velocity 0
 .  

 

4.1.1 Theoretical model of initial conditions 

According to the dynamic equation of angular velocity (17) the angular velocity of the crank 

shaft is fluctuating during the revolution. This makes it difficult to estimate the appropriate 

initial angular velocity for simulating a given nominal speed of the engine. This disadvantage 

became visible during the practical trial. Therefore a set of equations for the computation of 

the initial angular velocity was developed from analytical dynamics. 
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Single-cylinder engine without gas forces 

For simplicity it is started with a single piston slider crank mechanism and a piston in the 

upper dead point 
0 0 0   .

 
Gas forces are neglected. When for convenience a coefficient 

    is defined as 
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the dynamic equation of the angular velocity (17) can be written in compact form 
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Hence the time required for turning the crankshaft to the angle    reads 

   1

0

t d



     (37) 

or using definition (35) 
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t d



      . (38) 

Consequently the initial angular velocity follows as 

  
2

1

0

0

T d



     . (39) 

where T  stands for the time of a full revolution of the crankshaft that is determined by the 

nominal engine speed. For achieving generality it is necessary to compute the initial angular 

velocity of the crank shaft 0
  for any initial crank angle 

0
 .  

 

Figure 9 Definition of crank angles ,   and crankshaft angle . 





global coordinate system
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When the crank sits on the crankshaft under the angle   (Figure 9) and it holds 0 
 
it can 

be shown that: 
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The integration of this very basic system can be carried out analytically but it was found more 

convenient to implement a numerical integration as this enables more flexibility in extending 

the algorithm to models with gas forces or a bigger number of pistons. 

Engine with n cylinders without gas forces 

As next the model of a one-cylinder engine without gas forces is extended to an engine with 

rigid crankshaft and n  pistons. The cranks sit on the crankshaft under the crank angles k  and 

it holds 

 k k   
 
. (42) 

It is convenient to define a coefficient 
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for writing the conservation of kinetic energy in compact form: 

    2 2 2 2

0 0

1 1

1 1n n

k k k k

k k

m m
J J

        
 

   
      

   
 

.

 (44) 

As for the single piston in (35) a further coefficient is defined as 
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and the angular velocity of a crankshaft   follows from the initial angular velocity 
0  as 
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The period of one revolution reads 
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Finally the initial angular velocity of the crankshaft for a given period is obtained as 
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T d



     


  . (48) 

This equation is only valid for systems without gas forces.  

Engine with n cylinders including gas forces 

When gas forces are applied the model extends by the potential energy of the gas and energy 

conservation reads 

          2 2 2 2
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        . (49) 

The potential energy  k kU   of each crank k  consists of the sum of potential energy by gas 

and load: 

      , ,k k k G k k L kU U U   
.
 (50) 

By using again the coefficient (45) that was introduced for the system without gas forces the 

equation of conservation of energy reads in compact form 
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Thus the equation of the angular velocity of the system with n cylinders and gas forces reads 
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By integrating over the full ignition cycle of a four-stroke engine the time T required for one 

revolution is obtained as 
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The value of T is given by the nominal engine speed of the engine. A real solution of (53) 

only exists if 
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For stationary solutions it is required to compensate the increase of potential energy that 

arises from the periodic work by the gas on average over one ignition cycle. Hence it holds 

  
4

0

0U d



   , (55) 

where  U   denotes the total potential energy of the whole crank system that reads 
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The potential energy by the gas force can be computed from the integral over the moment 

,k GM that is exerted by the tangential gas forces as 
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    . (57) 

Load moment 

For a slider crank mechanism with only one piston the moment GM  that is exerted by the gas 

can be computed from the gas pressure  p   and the piston diameter d  in the same way as 

the tangential mass force (14) followed from the piston force. This gas moment reads 
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For more than one cylinder the sum over all cranks is required for obtaining the contribution 

of the gas to the total potential energy (56). The conservation of total potential energy (55) 

can be rewritten as 
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      . (59) 

where  GM   denotes the sum of the gas moments of all cranks and  LM  the total load 

moment that is applied to the entire crankshaft. In other words, the steady state condition 

requires that the arithmetic mean of gas moment and load moment compensate: 

 0G LM M  . (60) 

For the steady state of the four stroke engine it is required to evaluate the arithmetic mean 

over two full revolutions of the crankshaft by the integration used in equation (59). This 

arithmetic mean is obtained from the integral 
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For a given gas curve  p   this average load moment 
LM  can be obtained by integrating 

experimental data of the gas pressure with numerical integration using methods such as 

Newton-Cotes. From the practical point of view it is most convenient to select for the 

simulation of the steady state a constant load that is equal to the arithmetic mean (61). This 

enables the computation of the load independent from the angular velocity of the crankshaft 

that is as well unknown when starting the simulation.  

Drawback of the simulation with constant load is that the engine speed is only stationary for a 

specific value of the load moment that must be precisely imposed. Any error in the load 

moment will result in changes of the engine speed. That means the numerical solution is not 

strictly stationary but a transient approximation of the steady state. Furthermore the stationary 

angular velocity is fully determined by the initial angular velocity but not by the load. Hence 

it is also essential to compute appropriate values of the initial angular velocity. In other words 

any deviation of the load moment from the theoretical value of steady state will lead to an 

unwanted ramp up or ramp down of the engine speed and errors in the selection of the initial 

angular velocity result in too high or too low engine speed. 

However it was found in the numerical experiments that this disadvantage had little practical 

importance and the stationary solution was approximated with very high precision. Thus a 

constant load was selected for almost all simulations with applied gas forces. Other load 

models were only simulated for testing purposes. 

Critical initial angular velocity 

Once the constant load is known, the equation of motion can be obtained from the energy 

conservation (18) in a similar way how it was done for the slider-crank mechanism without 

gas forces. For a constant load the condition for the angular velocity (54) can be rewritten 
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If the absolute value 0  of the initial angular velocity is bigger than the critical initial 

velocity  
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the kinetic energy of the system is sufficient for sustaining the rotation of the crankshaft. 

Slower initial angular velocity in contrast corresponds to a system where the crankshaft 

cannot turn over the compression stages of the ignition cycle but is in the model oscillating 

between them whereas a real engine would simply stop.  
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The maximum of potential energy  
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is reached at the level of a single crank after passing the upper dead point of the ignition. This 

crank angle of maximal compression also represents the starting point of the following 

expansion. For engines with more than one cylinder it is required to evaluate the sum of the 

gas forces from all pistons.  

Limitations in precision 

The derived critical initial angular velocity (63) has a further important consequence. From 

the equation of the period (53) it is obvious that for systems complying with criterion (62) the 

period is monotone increasing with decreasing initial angular velocity. The denominator in the 

equation of the period (53) can take infinite small values bigger than zero. Consequently when 

the initial angular velocity is selected near the critical initial angular velocity small changes in 

the initial angular velocity can result in very big changes of the period.  

In other words, near the critical initial angular velocity the problem is not well posed. This has 

numerical and physical implications. If the initial angular velocity has to be chosen close to 

the critical value then the accuracy of the period that is computed from equation (53) drops 

drastically. For this reason it was not possible to compute the initial conditions of systems 

without flywheel running at very low engine speed. In real systems the situation is similar. 

When the system is started close to the critical initial angular velocity then the resulting 

engine speed is not predicable since small perturbations that are always present in physical 

systems will cause drastic changes of the engine speed. This cannot be tolerated in car 

engines. A flywheel reduces the critical initial angular velocity. Consequently car engines that 

have usually a flywheel operate far from the critical angular velocity. The problem is 

interesting in terms of the theory and range of validity but not relevant for engine models with 

realistic dimensioned flywheels. 

4.1.2 Implementation and testing 

Damping load model 

When simulating the one-cylinder system (Chapter 5.1) by MBS many practical difficulties 

arose when the steady state was established by a load model with a speed dependent load 

(damping load). The most important disadvantage of the damping load was the large number 

of revolution that was required before the system stabilized in steady state when the initial 

angular velocity was selected empirically. The initial angular velocity is part of the integral in 

the equation of the angular velocity (53). Consequently the period depends nonlinear on the 

initial angular velocity in systems with applied gas forces. This explains why it was difficult 

to find the initial conditions for a given engine speed empirically.  
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Constant load model 

Owing to the observed drawbacks of the damping load model it was decided to use for all 

following simulations a constant load moment. This method requires that the values of the 

load moment and initial angular velocity are selected with high precision. Otherwise the 

simulated system won’t reach the steady state or the desired engine speed. To this end 

algorithms for an automatic computation of the initial conditions were implemented. These 

algorithms are based on the analytical dynamic model that was introduced in Chapter 4.1.1. 

The program first computes a constant load moment from the arithmetic mean of the 

tangential gas forces according to equation (61). In the multibody simulation this constant 

load moment was applied to the first crank. Afterwards a root finding algorithm is applied to 

equation (53) for obtaining the required initial angular velocity. The seek was restricted by 

criterion (63). In other words the initial and boundary conditions for the torsional flexible 

model were approximated by a fast simulation of a rigid system using analytical dynamics. 

The tests showed that the simulated engine speed was despite the constant load very stable. In 

a numerical comparison a damping load could not gain advantages of practical significance.  

During the simulations this method was found very effective for computing the steady state 

solution directly without ramping up the engine speed. Only view oscillations occurred after 

starting the computation (Figure 10) that were damped out within less than one ignition cycle. 

A certain amount of physical damping is present in all crank systems and it was not required 

to add specific numerical damping. A sufficient damping of the initial oscillations and a very 

good approximation of the stead state was usually achieved after the first ignition cycle. The 

four-cylinder engine the system needed two cycles for stabilizing. These initial oscillations 

were removed by omitting the first ignition cycles during the post processing of all stated 

results except Figure 10.  

 

Figure 10 Stabilization of initial oscillations during the first revolutions. 
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In general the precision of the computation of the initial and boundary conditions was high. 

For the two-cylinder engine the deviation from the preselected engine speed of 4000 rev/min 

was better than 0.2 rev/min and the stability of the amplitude of the angular velocity 

0.01 rad/s throughout 100 revolutions. This high stability indicates furthermore low numerical 

damping and high precision of the multibody simulation. The implemented method for 

automatic computation of the initial angular velocity was found exact enough for practical 

applications.  

4.2 Implementation of the MBS simulation software  

Before the multibody simulations were carried out a couple of engine models were 

implemented in the C++ programming language. The multibody method enables an object 

oriented implementation that uses an object structure that comes close to a physical model. 

The implemented code is based on a library of C++ objects that was recently developed at 

IAV GmbH. It includes typical MBS elements and a solver. 

The structure of the rigid one-cylinder engine model is schematically stated in Figure 11. The 

crank, connecting rod and piston are represented by rigid link objects that contain geometric 

and mass properties of these elements. They are connected by revolution joints. This linkage 

is connected at the base by a revolution joint to a further rigid body that stands for the engine 

block. Additionally the piston is guided with respect to the engine block by a translational 

joint enabling the piston stroke. Finally the engine block is constrained at the ground by a 

fixed joint object. When the simulation is started the solver computes the displacements of the 

links and the reaction forces at the joints from the Lagrange multipliers. For example the 

reaction forces at the fixed joint constraint element represent the free forces. The reaction 

moment at the fixed joint is the free moment that corresponds to the engine torque. 

 

Figure 11 Slider-crank mechanism represented in C++ programming objects. 

connecting rod

crank

piston

translational joint

revolution joint

revolution joint

revolution joint

ground

engine block

fixed
joint



30  4. Preparation of the simulations 

Optionally a constant angular velocity constraint element can impose a constant relative 

angular velocity between the ground and the cranks. In this case the MBS model transforms 

into a kinetostatic model and the reaction moment arises at the constant angular velocity 

element but not at the fixed joint. However this option was only occasionally used for 

verifications as MBS can approximate the kinetostatic solution also by the selection of very 

big moments of inertia of the cranks. 

For comparison kinetostatic models were simulated with the commercial V-Engine Software. 

This software uses a kinetostatic model in combination with a frequency domain method. 

Occasionally kinetostatic simulations were also carried out with project specific 

implementations in C++ and Microsoft Excel.  

By a structure based on STL-arrays and objects the implemented code avoids code 

redundancy and enables the simulation of any number of pistons by increasing the size 

parameter of the arrays. The graphical user interface (GUI) of the implemented MBS software 

is shown in Figure 12. The program enables conceptual simulations including pre and post 

processing. 

 

Figure 12 Graphical user interface of the implemented MBS software. 

4.3 Representation of gas forces 

The ignition and combustion process in combustion engines represents a thermodynamic 

problem of high complexity. The recent progress in computational fluid dynamics (CFD) and 

multi physics simulation has opened new fields of research on simulation of gas forces and 

their interaction with mechanical components of combustion engines. But it is still difficult to 

obtain gas forces from numerical simulations and would go beyond the scope of this work. 

Despite all achievements in this field of research the car engineer still relies on tables of 

experimentally obtained gas pressures. On that account experimental data of gas pressure 

from previous research at IAV GmbH were used in this work (Figure 13). These tables list the 

measured gas pressure for crank angles discretized in steps of 2° and typical values of the 

engine speed. The gas pressure depends not only on the crank angle but also on the engine 

speed.  
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Figure 13 Gas pressure at different engine speed. 

The experimental data of the gas pressure had to be adapted to the time discretization of the 

iterative MBS solver. For that end a discrete Fourier transformation was carried out on the 

experimental gas pressure data for synthesizing afterwards the transient gas pressure for the 

simulation by inverse discrete Fourier transformation (DFT).  The graph in Figure 14 

demonstrates that the experimental data are well approximated by the curve of the harmonic 

synthesis.  

 

Figure 14 Fourier approximation of gas pressure (4000 rpm). 
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In contrast to other curve fitting algorithms, the DFT yields curves that are by definition 

periodic and free of high frequency oscillations as the bandwidth is controlled by the 

transform size. A transform size of order 50 was chosen. This value is also used in the 

V-Engine software for simulations based on the kinetostatic model. 

Of particular interest is the moment that is exerted by the gas on the crank. In general the 

engine torque M  depends on the tangential force tanF  that is acting on the crank and the 

crank throw r  according to the equation 

 tanM F r
.
 (64) 

It has been shown for the kinetostatic model that the tangential force tanF can be computed 

from the piston force PF  using equation (14). This holds as well when the model is extended 

by applying an additional gas force GF to the piston. Doing so yields 

   
 

tan
2

sin cos
sin

1 sin
P GF F F

  


 

 
   
 

  .

 (65) 

The tangential force computed by using equation (65) and the gas pressure from Figure 14 is 

stated in Figure 15. The graph shows a dip in the tangential force during the compression of 

the gas where the tangential force becomes negative and accts in the direction opposite to the 

engine rotation. Afterwards the ignition starts the expansion of the gas culminating in a peak 

that is by far more prominent than the drop by compression.  

 

 

Figure 15 Tangential gas force. 
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In equation (65) the torque is given by the superposition of mass moment MM  and the gas 

moment MM : 

 M GM M M 
.
 (66) 

For the example of the one-cylinder engine the torque is shown in Figure 16 as superposition 

of mass and gas moment. In both, the kinetostatic and dynamic multibody model, the gas 

force is imposed as function of the crank angle. Hence the same gas pressure curve is valid for 

both models.  

 

 

Figure 16 Superposition of gas and mass moment (kinetostatic model). 
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4.4 Selection of the flywheel inertia 

It is usual in car making to characterize the dynamics of the cranktrain by the variation of the 

angular velocity  that follows from the angular velocity of the crankshaft   as 

 
max min

mean

 







.

 (67) 

The flywheel of car engines is dimensioned for a reduction of variations in the angular 

velocity to 1/150...1/300  at higher engine speeds [1].  

Dual mass flywheels 

By the introduction of the dual mass flywheel it became possible to achieve this aim under 

significant reduction of the required moment of inertia. However the parameters of dual mass 

flywheels have to be carefully adapted to numerous engine parameters.  

Simplification by bigger single mass flywheel 

On that account the simulations were carried out using simpler single mass flywheels. This 

approach had the merit that the moment of inertia was sufficient for the characterisation of the 

flywheel. On the other hand this single parameter description of the flywheel required a 

moment of inertia that was bigger than usual in dual mass flywheels of modern car engines.  

In the numerical examples flywheels with a size (moment of inertia) according to this rule are 

for this reason referred as big flywheels or flywheels with big moment of inertia.  

Empirical approximations 

There exist commonly used approximations for the required  moment of inertia [1, 16] of 

single mass flywheels. For instance the required inertia of the flywheel can be written as 

 
3F

P
J k




.
 (68) 

where k  is an empirical constant depending on the number of pistons and P the nominal 

engine power. This implies that for a given cranktrain dynamic fluctuations of the angular 

velocity decrease cubic with increasing engine speed. 
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4.5 Convention on general simulation parameters 

In general the parameters of physical properties were chosen in a range that is typical for car 

engines. It is known from measurements that a couple of physical properties such as damping 

coefficients vary with the number of pistons [11]. Nevertheless most parameters were kept 

constant between the different simulations regardless the number of pistons. This was done in 

order to achieve better comparability.  

Simulations of steady state 

For better comparability all numerical results in steady state were computed for an engine 

speed of 4000 rev/min. This represents a typical value for a car engine running at medium 

speed.   

In comparisons between results at low and medium engine speed the values of the engine 

speed were: 

 low speed = 750 rev/min  

 medium speed = 4000 rev/min 

Some of these comparisons were made under variation of the moment of inertia of the 

flywheel. It was tried to use the consistent moments of inertia for both speeds. Owing to the 

critical initial angular velocity (Chapter 4.1.1) it was at low engine speed not possible to 

simulate systems with very low moment of inertia. In graphs without visible differences the 

readability was sometimes improved by omitting selected results. 

The time discretization in MBS was 400 steps/rev. 

Simulations of torsional response 

The engine speed was ramped up in MBS. The discretization was 800 steps/rev when starting. 

During the ramp up the step length in time was maintained. Thus in curves of torsional 

response the number of steps per revolution decreased with growing engine speed in MBS.  

During the ramp up the dependence of the gas pressure on the engine speed was neglected. 

The gas pressure at an engine speed of 4000 rev/min (Figure 14) was imposed throughout the 

entire range of speed. 

Exceptions 

When different engine speeds or discretizations were chosen the parameters are stated in the 

description of the results. 

 



36  5. Numerical examples and analysis of results 

5 Numerical examples and analysis of results 

5.1 One-cylinder engine without gas forces 

5.1.1 System description 

The simplest simulated configuration was an in-plane rigid slider-crank mechanism with the 

properties provided by Table 4. The multibody simulation used a two dimensional model with 

rigid links. 

 

Figure 17 Rigid slider-crank mechanism. 

The model comprises only the piston mass m  located at the small-end and one moment of 

inertia J  that was located at the main-end and connected to the crank (Figure 17). Other 

masses and inertia didn’t apply. That means the mass of the rod was neglected. The moment 

of inertia of the flywheel was lumped to the crank by adding it to the inertia of the crank. This 

represents a system where a rigid link connects the flywheel with the crank (Figure 18).  

 

Figure 18 MBS model of the one-cylinder engine. 

A summary of the assumptions and simplifications that were made is given in Table 3. This 

very basic configuration facilitated the fundamental evaluation of the implemented multibody 

model and direct comparison of the computed results with the kinetostatic model. 

Furthermore it gave a good introduction in the mechanical effects of the slider-crank 

mechanism that are present as well in more complicated crank-train systems with more 

cylinders and masses.  
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Table 3 Assumptions of the models of one cylinder system without gas forces  

piston, connecting rod, crank rigid 

gravity neglected 

rod mass and inertia neglected 

friction neglected 

gas force neglected 

movement of engine block constrained 

 

The data of the system properties are stated in Table 4.  The selected values are in the range 

that is typical for an engine running at medium speed. Different sizes (moments of inertia) of 

flywheels were simulated in order to demonstrate how the dynamic variation of the angular 

velocity is reduced by the flywheel inertia. The biggest moment of inertia of 1 ²FJ kg m   

stands for a flywheel in a size that is typical for combustion engines. Also the strongest 

possible dynamic situation without flywheel when 0 ²FJ kg m   was computed.  

Table 4 Data of simulated one cylinder system 

component property symbol unit value 

piston mass m  kg
 0.5 

connecting rod 
length l  mm  150 

mass neglected 

crank 

length (=crank throw) r  mm  45 

mass neglected 

moment of inertia CJ
 

2kg m
 

0.006 

mechanism 

rod ratio    0.3 

piston stroke maxu
 mm  90 

crankshaft engine speed (nominal) N  
1rev min  4000 

flywheel moment of inertia FJ  2kg m
 

0...1 
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5.1.2 Verification of the MBS model 

Owing to the rigid links the analytical solution of this simple system can be computed from 

equation (17). This was important for verifying the correct implementation of the MBS 

model. The numerical results from MBS coincided very well with the analytical dynamic 

model (Figure 19). The relative difference between multibody method and the analytical 

solution was found smaller than
510
. This indicates correct convergence of the multibody 

solution. 

 

Figure 19 Verification by comparison between MBS and analytical dynamics. 

 

 
 

Figure 20 Piston force (left) and free force (right) without flywheel. 

Since gas forces did not apply and the mass of the connecting rod was neglected, the piston 

force corresponds to a free force in the opposite direction. This can be used for verifying the 

implementation of the boundary conditions. In the multibody simulation the free force is 

obtained as a reaction force at a rigid joint element that connects the engine block with the 

ground.  
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The numerical results in Figure 20 indicate correctly implemented joints and forces.  No 

horizontal free forces arise as the transversal piston force is in equilibrium with the force at 

the main journal. The numerical values for the horizontal free force in the multibody 

simulation were found smaller than 
710 N

. For detailed analysis of free forces the multibody 

simulation allows also to simulate elastic and damped engine mounts. But this was outside the 

scope of this work. 

5.1.3 Results 

Angular velocity 

The fundamental simplification made by the kinetostatic model is the assumption of constant 

angular velocity. In the more realistic dynamic solution the angular velocity is oscillating with 

the period of one revolution or with the ignition cycle if gas forces apply. According to the 

dynamic equation of angular velocity (17)  the deviation of the kinetostatic model from the 

reality can only be neglected when the mass moment of inertia is sufficiently big.  

The numerical results (Figure 21) show that this holds more or less for a flywheel of typical 

size while this situation is not given for systems with very small or without flywheel. The 

numerical angular velocity (Figure 21) shows clearly this dynamic variation of angular 

velocity in systems with small moment of inertia. Hence for these systems with too small 

flywheel a notable difference between the kinetostatic and the dynamic MBS model can be 

expected also in free force and torque.  

 

Figure 21 Angular velocity of one-cylinder engine (KSM, MBS). 

395

400

405

410

415

420

425

430

435

440

0 180 360 540 720

a
n

g
u

la
r v

el
o

ci
ty

 [r
a

d
/s

]

crank  angle [°]

Kinetostatic J=1 kg m² J=0.1 kg m² J=0 kg m²



40  5. Numerical examples and analysis of results 

Piston velocity and free force 

For cranks systems with rigid links the geometric dependence of the piston position on the 

crank angle is the same for the kinetostatic and dynamic model. Thus equation (6) is valid for 

both and any difference between both models in the angular velocity must lead to a difference 

in the piston velocity, piston acceleration, piston force and finally free force. A numerical 

comparison between MBS models with the kinetostatic model (Figure 22) showed significant 

differences only for the system without flywheel where the amplitude of the MBS solution 

was by roughly 8% bigger.  In systems with flywheel the difference in free forces between the 

kinetostatic model and MBS models dropped to values smaller than 1%. This small difference 

is not relevant for the practical application. 

 

Figure 22 Free vertical mass force of one-cylinder engine without gas forces. 

Torque 

While the dynamic MBS computed slightly higher amplitudes of the vertical free force than 

the kinetostatic model the situation is the opposite in torque. This is due to the fact that the 

crank angles of highest free force and torque are slightly different. The free force reaches its 

extrema at the dead points whereas the extreme values of the torque are reached about 20° 

before and behind the dead points. At these positions the piston force is higher when constant 

angular velocity is imposed by the kinetostatic assumption. As consequence also tangential 

force and torque are higher in the kinetostatic model. 

However, when the system comprises a flywheel the difference between the simulation 

methods becomes again so small that it is not relevant for practical applications. 
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Figure 23 Torque of one-cylinder engine.  
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5.2 Two-cylinder engine without gas forces 

5.2.1 System description 

The selected model is one of the simplest possible examples of crankshaft torsion and force 

compensation effects that can arise with increasing number of pistons. For enabling torsional 

vibration a torsional spring element was implemented. This element evaluates the angle of 

torsional deflection and the relative angular velocity for imposing a moment between the 

cranks according to the parameters of torsional stiffness and damping. This means it 

represents a force or more precisely a moment element but not a constraint. The crank 

systems were represented by layers of two dimensional models that were coupled by the 

implemented torsional spring element (Figure 18). 

 

 

 

Figure 24 MBS model and equivalent model of the two-cylinder engine. 

Values of the model parameters of the example are shown in Table 6. All dimensions and 

mass properties from the one-cylinder example in the previous chapter (Table 4) were 

maintained. This enables direct comparison with the results from the one-cylinder engine.  

Table 5 Assumptions of the models of two cylinder system without gas forces . 

piston, connecting rod, crank rigid 

crankshaft torsional flexible 

gravity neglected 

rod mass and inertia neglected 

friction neglected 

gas force neglected 

movement of engine block constrained 
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Table 6 Data of two-cylinder system. 

component property symbol unit value 

piston 
number of pistons n   2 

mass m  kg
 0.5 

connecting rod 
length l  mm  150 

mass neglected 

cranks 

crank angle 1 1  
° 0 

crank angle 2 2  
° 180 

length (=crank throw) r  mm  45 

mass neglected 

moment of inertia CJ
 

2kg m
 

0.006 

mechanism 

rod ratio    0.3 

piston stroke maxu
 

mm  90 

crankshaft 

torsional stiffness TC
 

-1Nm rad  400000 

relative damping coefficient Rb
 

-1Nm rad s   2 

engine speed (nominal) N  
1rev min  4000 

 

Due to the lumped flywheel inertia only one beam element was required for the simulation. 

This makes the identification of the natural frequency and the interpretation of the results of 

the torsional vibration analysis notably easier than in systems with a higher number of flexible 

links. Despite its simplification the system shows the fundamental torsional vibration effects 

that are typical for a cranktrain with flywheel. 

For engines with more than one cylinder it is common to select the crank angles and ignition 

sequence of the pistons in a way that free forces are minimized. By doing so one piston can 

compensate the free forces of another piston. In the simulated example of a two-cylinder 

engine without gas forces the two cranks were placed at opposite crank angles of 0° and 180° 

for reducing mass forces.  

The piston displacement stated in Figure 25 shows the phase shift of the piston movement that 

is source of the discussed compensation effect. On the other hand the different crank angle 

introduces a periodic torsional moment load at the crankshaft even if no gas force is applied. 

In fact, minimizing the free forces in combustion engines with applied gas forces is a 

cumbersome optimization process that has to take into account many influences and target 

parameters such as mass and position of contra weights, ignition cycle, admissible torsional 

and bending stresses but also size and cost requirements [16]. 
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Figure 25 Piston displacement of the two piston engine. 

It has to be underlined that the absence of gas forces represents a strong simplification. For 

instance, at low engine speed gas forces are notably higher than mass forces. Nevertheless 

these first simulations were restricted to mass forces in order to work out their influence on 

the engine dynamics. This was useful for the classification of observations that were made 

later at more sophisticated models where gas and mass forces are coupled. 

 

5.2.2 Results 

Free force 

The numerical results of the vertical free mass force (Figure 26) show that the extrema of the 

free forces are in the kinetostatic model by about 8% more downward shifted. However, the 

difference in the total amplitude of the oscillation reaches only 0.6%. This means that the 

simplification of constant angular velocity that was made in the kinetostatic model leads to 

slightly lower values of the free force but the total amplitudes of the free force of both models 

are nearly equal. Owing to the compensation effect of the different crank angles the amplitude 

of the free force of the two piston engine (Figure 26) is by about one third smaller than for the 

one-cylinder engine (Figure 22). 
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Figure 26 Free vertical mass force of two-cylinder engine. 

Torque 

Numerical results of the torque are shown in Figure 27. For the system without flywheel the 

kinetostatic model computed fluctuations of the torque that were by about 6% bigger than by 

MBS while for systems with flywheel this difference dropped to a level that can be neglected 

in most practical applications. 

 

Figure 27 Torque of two-cylinder engine. 
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Torsional moment 

For the system with a big flywheel size of 1 ²FJ kg m  the simulated torsional deformation 

moment is stated in Figure 28. The difference between the kinetostatic model and MBS was 

smaller than 1%. As the gas forces play an important role in the excitation of torsional 

vibration the outcome of this simulation with neglected gas forces is of little practical 

relevance. But the result indicates that also the torsional flexible beam element was correctly 

implemented. 

 

Figure 28 Torsional moment two-cylinder engine without gas forces.  

The results from the simulations without gas forces were important for verifying the correct 

implementation of the MBS method in the software and the simple examples help to 

understand dynamic effects at more involved examples. But in general the concept of 

simulating mass and gas forces independently that immerged from the kinetostatic model does 

not lend itself for realistic MBS models. The dynamic capabilities of MBS that represent the 

strength of the method are based on the coupling between gas, mass forces and torsional 

vibrations. Hence the focus was put on the more realistic numerical examples of simulations 

with gas forces in the following chapters. 
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5.3 One-cylinder engine with gas forces 

5.3.1 System description 

For comparability it was tried to use the same parameters as for the model of the one-cylinder 

engine without gas forces. Except the load and gas force the example is identical to the one-

cylinder system without gas forces. The data of the simulated system are stated in Table 8. 

The fundamental assumptions that were made are summarized in Table 7. 

Table 7 Assumptions of the models of one cylinder system with gas forces.  

piston, connecting rod, crank rigid 

gravity neglected 

rod mass and inertia neglected 

friction neglected 

gas force independent from engine speed 

movement of engine block constrained 

Table 8 Data of one cylinder system with applied gas forces.  

component property symbol unit value 

piston 

number of pistons n   2 

mass m  kg  0.5 

diameter d  mm  80 

connecting rod 
length l  mm  150 

mass neglected 

crank 

length (=crank throw) r  mm  45 

mass neglected 

moment of inertia CJ
 

2
kg m  0.006 

mechanism 

rod ratio    0.3 

piston stroke maxu
 

mm  90 

engine speed (nominal) N  
1

rev min


  
4000 (medium) 

750 (low) 

load load damping coefficient Lb
 

-1
Nm rad s   0.10577 

gas force gas pressure (absolute) ( )p t
 

MPa  Figure 13 

flywheel moment of inertia FJ
 

2kg m
 

0...1 

* lower value for the system with reduced torsional stiffness of the crankshaft 
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5.3.2 Initial and boundary conditions 

The tangential gas force does during one initial cycle a work GasW at the slider-crank 

mechanism. It holds 

 
4 4

tan

0 0

GasW M d F r d

 

    . (69) 

For driving the engine it is required that this integral has to be different from zero. Hence for 

avoiding a steady change of engine speed by the gas energy another force is required that 

exerts an equal average moment in the opposite direction of the tangential gas force. In the 

kinetostatic model this reaction moment results from imposing constant angular velocity. 

In the dynamic MBS in contrast, it is required to compensate the steady increase of potential 

energy by the gas forces by adding a load or dissipation to the model. Otherwise the system 

cannot arrive at a steady state. In this first test of simulations with applied gas forces a very 

simple model was used (Figure 29) were a load damping Lb  provides a reaction moment with 

respect to the ground that increases with the angular velocity. The initial angular velocity and 

damping was selected empirically.  

 

 
 

Figure 29 MBS and equivalent model of two-cylinder engine with gas forces. 

Advantage of the damping load model is the stable equilibrium between load and gas force in 

the steady state. This means the system will stabilize at the steady state without the need to 

start with specific initial angular velocity. Nevertheless, in the numerical experiments it was 

difficult and time consuming to find appropriate values for initial angular velocity and 

damping by this approach. The angular velocity needed a too many revolutions for stabilizing 

sufficiently. Furthermore high stationary engine speeds are very sensitive to small changes in 

the damping. The tests showed the need of a mathematical model of the initial conditions and 

the load.  

Using this experience an improved model of the load was worked out. The theoretical 

fundament can be found in Chapter 4.1.1. A description of the practical realization in MBS is 

given in Chapter 4.1.2. 
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5.3.3 Verification of the MBS model 

For verifying the implementation of the MBS first a constant angular velocity was imposed to 

the multibody model without flywheel. Consistency requires that in this case of same 

assumptions the MBS yields the same result as the kinetostatic model. The outcome of this 

test indicates that the multibody model was correctly implemented (Figure 31). When no 

constant angular velocity was imposed the multibody model became dynamic and the angular 

velocity fluctuating. When the moment of inertia was set in MBS very big the solution 

converged against the kinetostatic model. 

 

Figure 30 Effect of imposing constant angular velocity to the MBS model. 

 

5.3.4 Angular velocity and acceleration 

Angular velocity 

The evolution of the angular velocity in the dynamic multibody model is strongly dominated 

by the gas forces (Figure 31). The compression accounts for a significant drop in angular 

velocity that is followed by a large increase due to expansion after the ignition. When gas 

forces are applied the dynamics of the angular velocity is completely changed when 

comparing with the one-cylinder engine without gas forces (Figure 21).  

When in the MBS model the moment of inertia of the flywheel was increased then the angular 

velocity stabilized and the dynamic fluctuations became smaller (Figure 32) how it could be 

expected from equation (52). A big size of the flywheel in car engines would be a moment of 

inertia of 1 ²FJ kg m  .   
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Figure 31 Angular velocity of one-cylinder engine with gas forces. 

 

 

Figure 32 Dynamic variation of angular velocity at one-cylinder engine with gas forces. 

In Figure 32 the amplitude of the dynamic variation of the angular velocity is stated for 

different engine speeds and sizes of flywheels (moments of inertia). At lowest engine speed of 
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7% even if the flywheel had a big size of 1 ²J kg m  . According to equation (68) the 

variations in angular velocity decrease cubic with increasing angular velocity how it is also 

visible in the numerical results. As consequence it can be expected that dynamical effects that 

arise due to this dynamic fluctuations of the angular velocity are stronger at low engine 

speeds. This holds at least for the free force that depends directly on the angular velocity. 

Angular acceleration 

The angular acceleration is stated in Figure 33. Again a pronounced dominance of the gas 

force is visible. The graph of angular acceleration shows similarity with that of the tangential 

gas force that was stated in Figure 15. At crank angles between 180° and 360° the gas is 

compressed and the crank decelerated while the gas expansion between 360° and 540° results 

in a pronounced peak of the angular acceleration. The angular accelerations are as smaller as 

bigger the moment of inertia is. For a normal sized flywheel and engines running at medium 

speed or faster it is usually admissible to neglect this acceleration how it is made by the 

kinetostatic model. 

 

Figure 33 Angular acceleration of one-cylinder engine with gas forces. 

In general the correct simulation of dynamic angular velocity represents an important 

practical advantage of MBS. Owing to this merit it was possible to simulate directly the 

influence of the flywheel on the system. The classical way to dimension the flywheel was to 

calculate the dynamic variation of the angular velocity from the kinetostatic tangential force 

[1, 15]. But modern dual mass flywheels can be optimized for a couple of damping and mass 

parameters with nonlinear damping.  
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The direct time integration of MBS can simulate nonlinear damping and elasticity models that 

can be very effectively represented by relatively simple force elements such as the 

implemented beam element. The kinetostatic model in contrast relies on a correctly 

dimensioned flywheel as the method imposes constant angular velocity. In other words the 

kinetostatic model demands approximately constant angular velocity for being valid but 

cannot simulate the angular velocity and the effects that are related to its dynamic 

fluctuations. 

5.3.5 Free forces 

The simulated free force is stated in Figure 34 for low engine speed (top) of 750 rev/min and 

medium speed (bottom) of 4000 rev/min.  A positive vertical free force corresponds to 

downward piston acceleration of negative sign and vice versa. In the MBS the gas expansion 

that occurs for crank angles between the upper dead point of 360° and the following lower 

dead point of 540° introduces an additional accelerating of the piston while in the kinetostatic 

model the gas force has no impact on the piston and free force that remains unchanged from 

the simulation without gas force.  

The vertical free force emerges directly as reaction force from the piston force. But owing to 

the dynamic coupling between gas and mass forces it is also influenced by the gas force. A 

correct simulation of this coupling requires a simulation method that enables dynamic 

fluctuations of the angular velocity. The dynamic MBS has this capability whereas in the 

kinetostatic simulation gas and mass forces are uncoupled. However it is more difficult to 

identify the ignition cycle in the dynamic MBS simulations of the free force than it was for 

the angular acceleration.  It has to be underlined that in all common combustion engines with 

lower number of cylinders a flywheel is added to the system that increases the inertia. Thus 

the difference between the kinetostatic and dynamical model are in practical applications not 

as prominent as in this example where some values of the inertia were selected untypically 

small for clearer demonstration of dynamical effects.  

For the typically dimensioned flywheel of 1 ²J kg m   the differences between both 

simulation methods are not significant at medium but only at low engine speed. However only 

at the upper dead point where the ignition starts (crank angle 360°) the differences are clearly 

visible. The kinetostatic model overestimates at this point the free force by roughly 10%. But 

this has little effect on the amplitude of free forces that differs only by 1% between both 

simulation methods.  
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Figure 34 Vertical free force at low (top) and medium (bottom) engine speed. 

5.3.6 Torque 

The torque derives from the superposition of tangential mass and gas forces how it was 

explained when deriving equation (66). Gas forces are dominant at low engine speeds while 

mass forces become dominant at high engine speeds. In gas forces there is no difference 

between the simulation methods as the gas pressure was imposed to the models from 

experimental values. Consequently differences between both simulations methods in torque 

can only arise from mass forces and must increase with growing engine speed. This is clearly 
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visible in the numerical example that is stated in Figure 35. At low engine speed dynamical 

effects had no relevant impact on the torque although also extremely small flywheels were 

simulated. By contrast at medium speed small differences occurred. However for an engine 

with a flywheel of big size the differences between the simulation methods dropped to a very 

low value that is not relevant in conceptual simulations. 

 

 

Figure 35 Torque at low (top) and medium (bottom) engine speed. 
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5.4 Two-cylinder engine with gas forces 

5.4.1 System description 

Data of the model are provided by Table 10. The model is in general very similar to that of 

the two-cylinder engine without gas forces (5.2.1).The crucial difference is that here a gas 

pressure according to Figure 13 was applied to each piston. The fundamental assumptions of 

the model are summarized in Table 9.  

 

 

 

Figure 36 Model of two piston engine with flywheel. 

Table 9 Assumptions of the models of two cylinder system with gas forces  

piston, connecting rod, crank rigid 

crankshaft torsional flexible 

gravity neglected 

rod mass and inertia neglected 

friction neglected 

gas force independent from engine speed 

movement of engine block constrained 

damping linear 

torsional elasticity linear 



56  5. Numerical examples and analysis of results 

Table 10 Data of two cylinder system with gas forces  

component property symbol unit value 

piston 

number of pistons n   2 

mass m  kg
 0.5 

diameter d  mm 80 

connecting rod 
length l  mm  150 

mass neglected 

cranks 

crank angle 1 1  
° 0 

crank angle 2 2  
° 180 

length (=crank throw) r  mm  45 

mass neglected 

moment of inertia CJ
 

2kg m
 

0.006 

mechanism 

rod ratio    0.3 

piston stroke maxu
 

mm 90 

crankshaft 

torsional stiffness TC
 

-1Nm rad  

400000 

(10000)* 

relative damping coefficient 
Rb
 

-1Nm rad s 
 

2 

engine speed (nominal) N  
1rev min  

4000 (medium) 

750 (low) 

load load moment LM  Nm  90.9989 

gas force 
gas pressure (absolute) ( )p t

 MPa  Figure 13 

ignition sequence   1-2 / 180°-540° 

flywheel moment of inertia FJ
 

2kg m
 

0...1 

* lower value for the system with reduced torsional stiffness of the crankshaft 
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5.4.2 Torsional moment and torsional response 

The periodic excitation by the gas forces can lead to resonance with the natural frequencies of 

the crankshaft that are also referred as eigenfrequencies or frequencies of free vibration. 

Usually the natural frequencies are far above the frequencies of the lower orders of the 

periodic gas and mass forces. Hence the torsional response (Figure 37) do not show 

resonance.  

 

Figure 37 Torsional response of the two-cylinder engine. 

The torsional response computed by the kinetostatic model was by about 10% lower than by 

MBS. This difference arises from a constant moment that is visible as a vertical shift in the 

diagram of torsional moment (Figure 38). When computing the torsional response (Figure 37) 

the dependence of the gas pressure on the engine speed was neglected for simplification. 

Owing to this simplification the offset is constant throughout the speed range. The same curve 

from experimental gas pressures at an engine speed of 4000 rev/min was imposed throughout 

the entire speed range in Figure 37.  

An explanation for the offset can be found in the method how the kinetostatic V-Engine 

software simulates torsional vibration. The kinetostatic model computes first the tangential 

force at each crank assuming a rigid crankshaft. Afterwards a Fourier analysis is carried out 

on the moments that result from the tangential forces. These moments are used as excitation 

of the equivalent model in the frequency domain.  

On the course of this computation the coefficient of order zero is neglected by the V-Engine 

software when the periodic solution of the steady state is computed. Consequently only the 
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contribution of periodic vibration is computed but static torsional moments are neglected in 

the kinetostatic approach. In MBS in contrast this simplification is not made a static moments 

are simulated. 

 

Figure 38 Torsional deformation moment. 

In the example the arithmetic mean of the gas moment at each crank was 45 Nm. The 

difference in the torsional moment between the models had roughly the same value. In steady 

state simulations the first crank was connected to the load. Therefore the constant average gas 

moment at the first crank was directly compensated by the reaction moment of the load. By 

contrast at the free second crank with small moment of inertia this average gas moment was 

transformed into a static torsional moment. This changed little when no load was applied and 

the entire system rotated free.  

In this case of transient state of the free system the reaction moment arises from the 

acceleration of the heavy flywheel. Hence the gas forces at the second crank lead to torsion of 

the crankshaft even if no load is applied. The torsional moment changed for the simulated 

example by less than 0.1% when the load was removed from the model.  

The observed incorrect computation of static torsional moments is not inherent in the 

kinetostatic model. By modifications of the algorithms the kinetostatic model could compute 

static models correctly as well [11].  
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5.4.3 Free vibrations 

Another difference between the methods in Figure 37 and Figure 38 is the slightly different 

natural frequency of the torsion. For better visibility a detail of the angular velocity of the free 

second crank is stated in Figure 39. The period of free vibration was in the kinetostatic model 

by about 8% shorter than by MBS (Figure 40).  

 

Figure 39 Free torsional vibration of the second crank. 

Different influences can cause differences in the natural frequency: 

 Linearization by constant moment of inertia (kinetostatic) 

 Limited bandwidth of DFT (kinetostatic) 

 Numerical damping (MBS) 

For separating the contributions of different influences in Figure 40 modified kinetostatic and 

MBS models were simulated and compared with the eigenvalue analysis according to [11]. 

 

 

eigenfrequencies* from eigenvalue analysis: 

1303.36 Hz  18.41° 

1253.97 Hz  19.14° ** 

 

 

*   without damping 
**  eigenvalue analysis with Frahme’s approximation 

Figure 40 Period of the free vibration. 
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As first the influence of numerical damping of the time integration algorithm in MBS was 

evaluated by simulating a MBS model without piston mass. In this case the frequencies of 

free vibration of both methods became identical and the difference from the eigenvalue 

analysis was smaller than 1%. Hence numerical damping did not contribute significantly to 

the observed differences.  

Secondly the impact of the linearization was assessed. In the kinetostatic model vibrations are 

simulated in a separate equivalent model in the frequency domain that is excited by the 

kinetostatic tangential forces. In the equivalent model a linearized system of equations is 

solved assuming a constant value of the moments of inertia (Chapter 2.4.1).  In fact, the 

moment of inertia is not constant but depends on time due to the oscillating mass of the 

piston. The direct time integration of MBS in contrast enables the coupled simulation of 

torsional vibration and dynamic model. This explains the differences in the period of the free 

vibration that is visible in Figure 40. A common technique to account for the influence of the 

oscillating masses in equivalent models is to increase slightly the constant moments of inertia 

according to Frahme´s approximation  in equation (21). Frahme´s approximation was applied 

to the kinetostatic model and the MBS model without piston mass. On the MBS result the 

method showed the expected effect whereas the improvement of the kinetostatic result was 

significantly smaller than expected (Figure 39, Figure 40). In general the improvement by 

Frahme’s approximation could not satisfy. This indicates a contribution of the linearization.  

 

 

 

 

eigenfrequencies* from eigenvalue analysis: 

460.81 Hz  52.08° 

442.64 Hz  54.22° ** 

 

*   without damping 
**  eigenvalue analysis with Frahme’s approximation 

Figure 41 Free torsional vibration and its period at a crankshaft with reduced stiffness. 
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The low efficiency of Frahme´s approximation in the kinetostatic model needs some further 

explanation as the method is known to be reliable in many practical applications [11]. The 

kinetostatic simulation was carried out with the V-engine software. When solving the 

eigenvalue problem this software is restricted to harmonics of order 50. Consequently the 

natural frequency in Figure 39 succeeds slightly the limit that is defined by the known 

Nyquist-Shannon sampling theorem. That means the resolution is insufficient for a complete 

sampling of the natural frequency.  

Hence a further example complying with the sampling theorem was simulated. In order to 

reduce the natural frequency the torsional stiffness of the crankshaft was reduced to 

50000 Nm/rad (Figure 41). The effect of Frahme´s approximation was improved but still 

smaller than expected. It is known from the literature that the linearization by constant 

moments of inertia can cause significant errors at systems with stiff crankshaft [4]. The 

crankshaft in the numerical example is also relatively stiff.  

In the 1980’s the influence of the non-constant moments of inertia was subject to intensive 

research that can be found summarized in [11]. Despite all research effort it was not possible 

to cast the estimation of the linearization error in straightforward rules. The numerical 

example illustrates why it is advisable to verify the accuracy of Frahme’s approximation by 

comparison with nonlinear methods such as direct time integration. 

All in all, the results show that the linearization by constant moment of inertia reduced the 

accuracy of the frequency domain method. A further error arose in this method from the 

transform size of the DFT. The frequency of the free vibration of the crankshaft was too high 

for being sufficiently resolved. The increase in the period by the numerical damping of the 

direct time integration algorithms in MBS was only significant when the time discretization 

was selected coarser than 400 steps/rev. The numerical damping is discussed in more detail in 

Chapter 5.4.10. 

 

5.4.4 Interference between free vibration and excitation 

The curve of the torsional response (Figure 37) became fluctuating at engine speeds bigger 

than 5000 rev/min. For a detailed analysis of the reasons the torsional moment at an engine 

speed of 6000 and 6100 rev/min was compared in Figure 42 for the flexible and rigid 

crankshaft. The curves of the rigid crankshaft can be understood as the moment that excites 

the free torsional vibrations of the crankshaft. The torsional moment reached the highest 

amplitude at the dip at a crankshaft angle of roughly 205°. At this point the torsion was 

already exited by other extrema of the moment that are visible at crankshaft angles of 80°, 

120° and 180°. Depending on the interference of this excitation with the free vibration the 

amplitude increases if the dip of the excitation coincides with a dip of the torsional vibration. 

The excitation frequencies depend on the engine speed but not the natural frequency. Those 

the phase of the free vibration changes with respect to the excitation when the engine speed is 

ramped up (Figure 43 bottom). This results in alterations of the amplitude (Figure 43 bottom) 

and oscillations in the torsional response (Figure 37). 
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Figure 42 Torsional deformation moment at higher engine speed (MBS). 

 

Figure 43 Torsional deformation moment at higher engine speed (MBS detail). 

At lower engine speed the excitation emerges mainly from gas forces with only a single 

prominent peak of the torsional moment (Figure 38). Hence the vibrations in the natural 

frequency are nearly completely damped out when the peak is reached again after one full 

ignition cycle and their amplitude is too small for provoking significant interference effects. 

For this reason the interference effects are only visible at high engine speed. 
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Since the simple model can be understood as a two mass oscillator it was much easier to 

identify and explain the observed interferences than in models with a higher number of 

masses and beam elements. However similar interference effects arise also in more 

complicated systems and they can cause oscillations in curves of torsional response in a 

similar way how it was explained here.  

5.4.5 Influence of inertia on angular velocity 

The most important simplification made by the kinetostatic model is that constant angular 

velocity is imposed to the model. By contrast in dynamic models like MBS variations of the 

angular velocity arise that are as bigger as smaller the moment of inertia. This relationship 

was demonstrated for the rigid slider-crank mechanism in equation (17). Numerical values of 

this variation for different engine speeds and flywheels are stated in Figure 44. For the 

numerical example a flywheel with a moment of inertia of 
21J kg m represents a big 

flywheel whereas lower values are untypically small.  

The result shows that for big size of the flywheel (
21J kg m ) at higher engine speeds of 

4000 rev/min and more the fluctuations in angular velocity are very small. But for the lowest 

engine speed of 750 rev/min the dynamic variation of the angular velocity of 10%   is 

significant. When the flywheel was dimensioned smaller then the dynamic fluctuations of the 

angular velocity became prominent particularly at low speed. This is in accordance to 

equation (68). 

 

 

Figure 44 Dynamic variation of angular velocity vs. moment of inertia (MBS). 
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 In other words the difference between dynamic models and the kinetostatic model in terms of 

angular velocity is highest at low engine speed where they can be significant while at high 

engine speeds the angular velocity is nearly constant like in the kinetostatic model.  

This can be explained from conservation of energy. The increase of potential energy during 

the compression corresponds to a decrease of kinetic energy and drop of angular velocity. The 

kinetic energy increases quadratic with the angular velocity and the same change in kinetic 

energy requires at lower engine speed a bigger change in angular velocity than at high speed 

(51). This effect is only slightly diminished by the lower gas pressures at low engine speed. 

5.4.6 Influence of inertia on torsional moment 

Despite the fluctuations in angular velocity only very small dimensioned flywheels could 

change the amplitude of the torsional deformation moment (Figure 45) at a level that is of 

practical relevance.  

 

Figure 45 Amplitude of torsional deformation moment vs. moment of inertia (MBS). 

As the used kinetostatic software cannot compute static torsional moments correctly it was not 

possible to compare the methods directly and only all results stated in Figure 45 and Figure 46 

were computed by MBS. However the impact of imposing constant angular velocity could be 

simulated also in MBS by selecting very big moment of inertia (almost infinite).  

Typical sizes of flywheels diminished the variations of the angular velocity for medium and 

high engine speed to a scale where the dynamic torsional moment differs only little from the 

kinetostatic model (Figure 46). From the observations it can be concluded that the 

simplification of constant angular velocity did not contribute significantly to the differences in 

torsional moment between the kinetostatic model and MBS that were found in Figure 38.  
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All in all, for a normal dimensioned flywheel the simplification of constant angular velocity 

had little impact on the simulated torsional vibration but the frequency domain method that 

was used in the equivalent model introduced differences between the kinetostatic model and 

MBS. 

 

Figure 46 Torsional moment of the two-cylinder engine with gas force (180 steps/rev). 

5.4.7 Influence of inertia on free force 

Numerical values of the vertical free force for different sizes of the flywheel are stated in 

Figure 47. In Figure 44 it was shown that for a given moment of inertia of the fly wheel 

(flywheel size) the highest dynamic fluctuations of the angular velocity arose at lowest engine 

speeds. Consequently the biggest differences between the kinetostatic model and MBS in the 

free forces were found at lowest engine speed (Figure 47 top, 750 rev/min). But if the 

flywheel had a big moment of inertia (
21J kg m ) the difference was relative small 

(maximal 10%). In general, little differences of view percent occurred at medium engine 

speed (Figure 47 bottom, 4000 rev/min). The results show that the kinetostatic yields 

reasonable approximations for cranktrains with typically dimensioned flywheels. However at 

low engine speed the accuracy of the simulations of free forces is notably reduced in the 

kinetostatic method. 
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Figure 47 Vertical free force at two-cylinder engine at low (top) and medium (bottom) engine speed.  

Two simplifications of the kinetostatic model can cause dissimilarities in the simulation of 

free forces: 

 dynamic fluctuations of the angular velocity are neglected  

 torsional vibrations are neglected 

By contrast in MBS both effects are simulated and coupled with each other. In Chapter 5.4.9 

the influence of torsional vibrations on the results is analysed in more detail.  
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5.4.8 Influence of inertia on torque 

In terms of torque the kinetostatic model differed most at higher engine speeds from the 

dynamic solution by MBS (Figure 48 bottom, 4000 rev/min). At low engine speed gas forces 

were so dominant that the difference in mass forces was too small for being significant 

(Figure 48 top, 750 rev/min). The torque results from the superposition of tangential mass and 

gas forces.  

 

 

Figure 48 Torque at two-cylinder engine with applied gas forces at low (top) and medium (bottom) 

engine speed. 
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As already found in free forces and torsional moment the difference between kinetostatic 

model and MBS were also small in torque when the moment of inertia of the flywheel had a 

value that is big for car engines ( 21FJ kg m ).  

5.4.9 Influence of torsional vibration on free forces and moments 

Further simulations where carried out for separating the influence of the torsional vibrations 

and dynamic fluctuations of the angular velocity on the differences between the simulation 

methods. For selected examples with prominent differences between the models a further 

model with a stiffer, almost rigid crankshaft was simulated by MBS. To this end the stiffness 

of the crankshaft was 100 times increased.  By this increased stiffness it was possible to 

simulate a MBS model without significant torsional vibration. An overview of the simulated 

configurations is given by Table 11. 

Table 11 Simulation of dynamic effects in the selected models.  

 rigid body dynamics torsional vibration 

kinetostatic model - - 

MBS with stiff crankshaft + - 

MBS + + 

+ can contribute to  simulation results - no influence possible 

 

A comparison between the kinetostatic model and a MBS of a crank system with flexible and 

stiff crankshaft is stated in Figure 49. At low engine speed of 750 rev/min (top) the free forces 

in kinetostatic model and rigid MBS are very similar while that of flexible MBS was clearly 

different. Consequently at low engine speed the differences between MBS and kinetostatic 

model arose mainly from the torsional vibration.  

At medium engine speed of 4000 rev/min (bottom) the change in the stiffness of the 

crankshaft altered the results by MBS only slightly whereas the kinetostatic model obtained 

notable different results. In other words the difference between kinetostatic model and MBS 

in free forces at medium speed arose mainly from dynamic variations of the angular velocity. 

The explanation for this contrasting situation is the dominance of gas forces at low engine 

speed.  In a model with flexible crankshaft a part of the gas force is transformed into a 

deformation of the crankshaft. At low engine speed the torsional accelerations are more 

significant because other accelerations of the piston are relatively small. At higher engine 

speed in contrast other mass forces are relatively big and the contribution of torsional 

deformations becomes less relevant. Furthermore for the numerical example the amplitude of 

the torsional moment was at low engine speed slightly higher. 



5. Numerical examples and analysis of results 69 

 

 

Figure 49 Vertical free forces at low (top) and medium (bottom) engine speed. 

In Figure 50 the torque is stated for kinetostatic model and MBS with flexible and stiff 

crankshaft at medium engine speed (400 rev/min). The torque emerges from the superposition 

of tangential mass and gas forces and torsional vibrations. Consequently at low engine speed 

the torque is strongly dominated by gas forces and the difference between kinetostatic model 

and MBS generally small. At medium speed significant differences can arise if the moment of 

inertia of the flywheel is small. This situation is visible in Figure 50.  
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Figure 50 Influence of torsional vibration on torque. 
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Table 12. 

Table 12 Observed differences between MBS and kinetostatic simulation of engines with low 

moment of inertia .  

 by torsional vibration by rigid body dynamics 

free force 

low speed ++ - 

medium speed - ++ 

torque 

low speed - - 

medium speed + + 

+ significant ++ strong - not significant 

-300

-200

-100

0

100

200

300

400

500

600

0 180 360 540 720

to
rq

u
e 

[N
m

]

crank shaft angle [°]

kinetostatic J=0 kg m² (MBS) J=0 kg m² (MBS stiff)

differences mainly by 
rigid body dynamics

differences mainly by 
torsional vibration



5. Numerical examples and analysis of results 71 

5.4.10 Numerical damping 

The implemented code is based on differential algebraic equations (DAE’s) that were 

described in chapter 2.5. The solver of the implemented code applies the generalized-

method for the time integration. This algorithm is known to yield a period error  / /T T T  of 

slightly less than 5% for a time discretization of / 0.1t T  . In the numerical example stated 

in Figure 51 this time discretization corresponds to roughly 180 steps/rev. The numerical 

results in Figure 51 show that for this discretization the theoretical numerical period error of 

the natural frequency is reached by the implemented code. A discretization of 400 steps/rev 

represented the best compromise between computational cost and precision. Finer 

discretization did not yield significant improvements. According to the literature at this 

discretization the period error is about 2% [5]. 

 

Figure 51 Numerical damping of time iteration algorithm. 
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On a computer equipped with a Pentium i5 CPU the MBS software needed 25 seconds to 

simulate 4 revolutions with a step size in time of 400 steps/rev. This value increased to about 
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That means it could be demonstrated that MBS can be used in conceptual simulations of 

steady states. The measured computation time represents already an acceptable value for this 

field of application. It can be expected that an optimization of the code would lead to a 

significantly faster computation. Most promising improvements in terms of speed are 

selective data storage, pre-allocation of memory, optimization at solver level and an adaptive 

size of the time steps.  
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The computation of the torsional response required the simulation of notable more revolutions 

and MBS needed 20 minutes and longer for a full ramp up from lowest to highest engine 

speeds while the kinetostatic model was computed within less than one minute.  

All in all, the computational time of the two-dimensional MBS model was sufficient for 

conceptual computations of steady states at a single engine speed but the computation of the 

torsional response over a wide range of engine speeds needed significantly more time. 

  



5. Numerical examples and analysis of results 73 

5.5 Four-cylinder engine with gas force 

5.5.1 System description 

The models of the four-cylinder engine were very similar to the previous example of the 

two-cylinder engine with gas forces (Chapter 5.4). Only the number of cylinders and the value 

of the load moment were increased in the models (Figure 52). Furthermore the moment of 

inertia of the flywheel was decreased. The fundamental assumptions that were made for the 

two-cylinder engine (Table 9) are valid here for the four-cylinder engine as well. The selected 

ignition sequence represents evenly distributed ignitions with an ignition after every half 

revolution. 

 

 

 

Figure 52 MBS model and equivalent model of four-cylinder engine. 
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Table 13 Data of four-cylinder system with gas forces .  

component property symbol unit value 

piston 

number of pistons n   2 

mass m  kg
 0.5 

diameter d  mm 80 

connecting 

rod 

length l  mm  150 

mass neglected 

cranks 

crank angle 1 1  
° 0 

crank angle 2 2  
° 180 

crank angle 3 1  
° 540 180 

crank angle 4 2  
° 360 0 

length (=crank throw) r  mm  45 

mass neglected 

moment of inertia CJ
 

2kg m
 

0.006 

mechanism 

rod ratio    0.3 

piston stroke maxu
 

mm 90 

crankshaft 

torsional stiffness TC
 

-1Nm rad  400000 

relative damping coefficient Rb
 

-1Nm rad s 
 

2 

engine speed (nominal) N  
1rev min  

4000 (medium) 

750 (low) 

load load moment LM  Nm  181.998 

gas force 

gas pressure (absolute) ( )p t
 MPa  Figure 13 

ignition sequence   
1-3-4-2 

180°-180°-180°-180° 

flywheel moment of inertia FJ
 

2kg m
 

0.5 
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5.5.2 Torsional moment 

The torsional deformation moments at the three interconnecting sections of the crankshaft are 

stated in Figure 53. The first section that is next to the flywheel is shown at top and the most 

distant at the bottom.  A constant vertical offset between the results by MBS and the 

kinetostatic model are visible how it was also observed in the example of the two-cylinder 

engine (Figure 38). These differences arise from the static gas moment that was neglected by 

the kinetostatic software. Consequently the difference is biggest next to the flywheel and 

smallest most distant from the flywheel.  

 

 

 

Figure 53 Torsional moment at the 3 crankshaft sections between the cranks. 
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The numerical example demonstrates the importance of reducing the linearization errors by 

increasing the moments of inertia according to Frahme’s approximation that was explained in 

Chapter 2.4.1. The solution by the kinetostatic equivalent model was found drastically 

improved when Frahme’s approximation was applied. Without Frahme’s approximation the 

kinetostatic model gained a strongly different pattern of torsional vibration (Figure 38). The 

longer crankshaft of the four-cylinder engine is more flexible. For such systems the 

approximation is known to yield reliable results [11]. Furthermore the free vibration has a 

frequency that is low enough for being well resolved by the DFT during the harmonic analysis 

of the equivalent model. Consequently the torsional vibration was well approximated by the 

equivalent model in the frequency domain if Frahme’s approximation was applied. 

Influence of numerical damping 

The torsional response is stated in Figure 54. It can be seen that owing to Frahme’s 

approximation both methods gained similar results. However with growing engine speed the 

methods differed increasingly in the critical frequencies that are visible as peaks in the curves. 

This shift of frequencies results mainly from the numerical damping of the direct time 

integration algorithm in MBS. The period error of the time integration depends on the ratio 

between period length and time discretization. The time discretization (time iteration step) 

was maintained constant when computing Figure 54 but the period of responding critical 

vibrations decreases with growing engine speed. Thus at the right hand side of the figure 

where the engine speed was higher the results are stronger affected by numerical damping. A 

detail of the torsional response at the third section of the crankshaft is shown in Figure 55. 

The difference between the methods dropped from 0.9% to 0.4% when the numerical 

damping was reduced by refining the time discretization of the MBS to 400 step/rev. 

Influence of load 

The MBS simulated the torsional response as transient solution whereas the kinetostatic 

model computed it from stationary solutions as function of the engine speed. The ramping up 

in MBS is as faster as smaller the selected load moment. The influence of this load on the 

results by MBS can be seen in Figure 55. The load moment was augmented from 100 Nm to 

140 Nm what resulted in a significantly slower ramp up of the engine speed. The increased 

load moment reduced the critical frequency by 0.2%. The steady state would require a further 

increase of the load moment to 182 Nm.  

The contributions of the load and numerical damping are smaller than the observed 

differences. The remaining differences are by linearization and rounding errors. 

All in all, the differences between the methods in torsional moment and torsional response at 

the four-cylinder engine emerged mainly from: 

 neglecting static moments in the equivalent model 

 linearization by constant moments of inertia in the equivalent model 

 numerical damping of direct time integration in MBS 

 difference between stationary (kinetostatic) and transient solution (MBS) 
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Figure 54 Torsional response at the 3 crankshaft sections between the cranks. 
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Figure 55 Detail of torsional response and computed critical frequency. 
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torque as rigid model whereas the direct time integration of MBS enables a coupled 

simulation of torsional vibrations and large movements.  

 

Figure 56 Vertical free force at the four-cylinder engine. 

5.5.4 Torque 

The simulated torque is stated in Figure 57. The differences between the kinetostatic model 
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Figure 57 Torque at the four-cylinder engine. 
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influence on the torque. 
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6 Summary 

Owing to their superior detailing capabilities FEM and MBS are established methods for 

detailed simulations of cranktrains. On the other hand the simpler conceptual design stage is 

still dominated by the analytical kinetostatic model. This master’s thesis evaluated whether 

numerical methods can gain advantages also in conceptual simulations and which factors limit 

their application in this field. Since MBS represents a good compromise between versatility 

and computational cost this method was selected for a numerical comparison with the 

established kinetostatic model.  

A program for MBS simulations of cranktrains was implemented in the C++ language 

including a user interface that was optimized for conceptual simulations.  It was demonstrated 

that the performance of modern computers is sufficient for using MBS in conceptual 

simulations when the steady state is computed directly without ramping up the engine speed. 

This required the development of a method for automatic computation of initial and boundary 

conditions of highly dynamic systems that was successfully tested. The stability and 

numerical error of the MBS solver were suitable for conceptual simulations. The period error 

of MBS was found sufficient and in the range that could be expected from the theory. 

In case studies of one, two and four-cylinder engines under variation of parameters MBS and 

kinetostatic model were compared. The commercial V-Engine software package was used for 

most kinetostatic simulations. The outcome of this comparison is summarized in Table 14. 

Stated is the maximal difference between both methods relative to the amplitude of the MBS 

solution.  

Table 14 Summary of observed maximal differences between MBS and kinetostatic model.  

number of cylinders 1 2 4 

engine speed [rpm] 750 4000 750 4000 4000 

FJ  [kg m²] 1 0.05 1 0 1 0.05 1 0 0.5 

free force 9%
C

 49%
C

 - 43%
C

 9%
C

 66%
T

 - 27%
C

 5%
T

 

torque - - - 9%
C

 - 2% - 22%
C T

 15%
T

 

torsional deformation moment 8%
S

  20%
S
 

natural frequency / period of free vibration 7%
E D

  

-  no significant difference 

C  by imposed constant angular velocity in kinetostatic model 

E  by the linearization and transform size of the DFT in the equivalent model 

D  by the numerical damping in MBS  

S  by neglecting static moments in equivalent model 

T  by neglecting torsional moments in kinetostatic model 

The table is based on  numerical results that can be found in the Appendix 
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By MBS it was possible to simulate very unconventional cranktrain configurations without 

loss of precision. This included systems without flywheels and very strong fluctuations of the 

angular velocity.  For these systems with low moment of inertia the kinetostatic model is not 

valid and the kinetostatic solution differed up to 66%. 

Simulations of conventional cranktrains with big flywheels are highlighted by shading in 

Table 14. The kinetostatic model is widely used for such simulations. Nevertheless significant 

differences were found for these systems as well. Biggest differences were observed in the 

free forces at low engine speed (up to 9%), in the torsional moment (up to 20%), in the natural 

frequency of the two-cylinder engine (up to 7%) and in the torque of the four-cylinder engine 

(up to 15%).  

Owing to the selected methodology it could be identified which effects caused mainly the 

observed differences. They are denoted in Table 14 by abbreviations. Most differences arose 

from the simplifications that are made by the kinetostatic model and the equivalent model in 

the frequency domain. Furthermore the direct time integration of MBS caused period errors 

affecting the frequencies of free vibration that became significant when the time discretization 

was selected coarser than 400 steps/rev. 
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7 Conclusions and outlook 

The main advantages of MBS over the kinetostatic model are 

 bigger range of validity 

 dynamic model enables simulation of fluctuating angular velocity 

 direct time integration of torsional vibration without separate equivalent model 

 direct time integration allows nonlinear damping and elasticity 

 simple representation of flexible bodies by force elements 

 versatility of the method including 3D models 

The precision of the kinetostatic model is usually sufficient for conceptual simulations that 

analyse free forces, torque and torsional vibrations. The little possible gain by dynamic 

methods will in most cases not justify the higher computational cost of methods like MBS for 

these simulations.  

However the kinetostatic method is also for simulations of typical car engines not fully 

reliable in simulations of: 

 free forces at low engine speed 

 torque of engines with higher number of pistons and longer flexible crankshafts where 

torsional vibrations are prominent 

 free torsional vibrations in particular of stiff crankshafts 

 torsional moments if the frequency domain method neglects static moments 

The latter difference can be avoided by implementing an algorithm for computing static 

moments  [11] .  

Many of the discussed differences from the kinetostatic model are not specific for MBS. 

Other computational less expensive methods like analytical dynamics have similar properties. 

But analytical solutions are very specific and will probably not be able to keep pace with the 

trend of increasing complexity of simulated models whereas MBS models are versatile and 

easy to extend. In this way MBS can exploit better the future improvements in the 

performance of computers. Mainly for this reason the focus was put on MBS. Increasingly 

important in the design of cranktrains are coupled simulations of bending and gyroscope 

effects that arise at crankshaft and flywheel. This is out of the reach of analytical methods but 

can be solved by three-dimensional MBS [2]. Modern car making requires the simulation of 

vibrations and noise even in the early conceptual stages of the design. This makes dynamic 

methods like MBS interesting for the simulation of the dynamical effects of flywheels and 

dampers as they enable coupled simulations of torsional vibration and dynamic effects 

including nonlinearity.  

All in all, the outcome shows that in conceptual simulations MBS can gain advantages over 

the kinetostatic model in terms of precision and range of validity while the computational cost 

is acceptable. Specialised software for cranktrain simulations by MBS could fill the gap 

between the kinetostatic model and commercial general-purpose simulation packages.  
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11 Appendix 

 

11.1 Numerical results of one-cylinder engine 

Free force at low engine speed 

Flywheel with big moment of inertia 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

164.35 180.43 16.08 183.84 8.75% 

Numerical Result 1 Vertical free force of one-cylinder engine with big flywheel running at low engine 

speed (750 rev/min). 
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Free force at low engine speed 

Flywheel with small moment of inertia 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

355.81 180.43 175.38 355.81 49.29% 

Numerical Result 2 Vertical free force of one-cylinder engine with very low moment of inertia running 

at low engine speed (750 rev/min). 
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Free force at medium engine speed 

Flywheel with big moment of inertia 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

- - - - 
not 

significant 

Numerical Result 3 Vertical free force of one-cylinder engine with big flywheel running at medium 

engine speed (4000 rev/min). 
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Free force at medium engine speed 

No flywheel 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

2314.25 5132.19 2817.94 6522.44 43.21% 

Numerical Result 4 Vertical free force of one-cylinder engine with very low moment of inertia running 

at medium engine speed (4000 rev/min). 
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Torque at low engine speed 

Flywheel with big moment of inertia 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

- - - - 
not 

significant 

Numerical Result 5 Torque of one-cylinder engine with big flywheel running at low engine speed 

(750 rev/min). 
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Torque at low engine speed 

Flywheel with small moment of inertia 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

- - - - 
not 

significant 

Numerical Result 6 Torque of one-cylinder engine with very low moment of inertia running at low 

engine speed (750 rev/min). 
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Torque at medium engine speed 

Flywheel with big moment of inertia 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

- - - - not 

significant 

Numerical Result 7 Torque of one-cylinder engine with big flywheel running at medium engine speed 

(4000 rev/min). 
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Torque at medium engine speed 

No flywheel 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

268.31 318.79 50.48 564.45 8.94% 

Numerical Result 8 Torque of one-cylinder engine with very low moment of inertia running at medium 

engine speed (4000 rev/min). 
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11.2 Numerical results of two-cylinder engine 

Free force at low engine speed 

Flywheel with big moment of inertia 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

74.93 83.27 8.34 89.09 9.36% 

Numerical Result 9 Vertical free force of two-cylinder engine with big flywheel running at low engine 

speed (750 rev/min). 
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Free force at low engine speed 

Flywheel with small moment of inertia 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

-253.91 -87.24 166.67 253.91 65.64% 

Numerical Result 10 Vertical free force of two-cylinder engine with very low moment of inertia 

running at low engine speed (750 rev/min). 
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Free force at medium speed 

Flywheel with big moment of inertia 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

- - - - 
not 

significant 

Numerical Result 11 Vertical free force of two-cylinder engine with big flywheel running at medium 

engine speed (4000 rev/min). 
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Free force at medium speed 

No flywheel 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

3230.25 2368.71 861.54 3230.25 26.67% 

Numerical Result 12 Vertical free force of two-cylinder engine with very low moment of inertia 

running at medium engine speed (4000 rev/min). 
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Torque at low engine speed 

Flywheel with big moment of inertia 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

- - - - 
not 

significant 

Numerical Result 13 Torque of two-cylinder engine with big flywheel running at low engine speed 

(750 rev/min). 
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Torque at low engine speed 

Flywheel with small moment of inertia 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

45.12 32.92 12.2 551.62 2.21% 

Numerical Result 14 Torque of two-cylinder engine with very low moment of inertia running at low 

engine speed (750 rev/min). 
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Torque at medium engine speed 

Flywheel with big moment of inertia 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

- - - - not 

significant 

Numerical Result 15 Torque of two-cylinder engine with big flywheel running at medium engine speed 

(4000 rev/min). 
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Torque at medium engine speed 

No flywheel 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

323.62 439.39 115.77 516.43 22.42% 

Numerical Result 16 Torque of two-cylinder engine with very low moment of inertia running at 

medium engine speed (4000 rev/min). 
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Torsional deformation moment 

 

 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

100.22 145.06 44.84 593.46 7.56% 

Numerical Result 17 Torsional deformation moment of two-cylinder engine with big flywheel running 

at medium engine speed (4000 rev/min). 
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Period of free vibration 

 

 

 

 

The stated periods were obtained from the data shown in Figure 39. 

 

 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

20.0 18.6 1.4 20.0 7% 

Numerical Result 18 Period of free vibration of second crank of two-cylinder engine with big flywheel 

running at medium engine speed (4000 rev/min). 
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11.3 Numerical results of four-cylinder engine 

Vertical free force 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

-5040.58 -4807.93 232.65 5104.11 4.56% 

Numerical Result 19 Torque of four-cylinder engine with big flywheel running at medium engine speed 

(4000 rev/min). 
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Torque 

 

 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

134.82 77.24 57.58 376.99 15.27% 

Numerical Result 20 Vertical free force of four-cylinder engine with big flywheel running at medium 

engine speed (4000 rev/min). 
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Torsional deformation moment 

 

 

 

 

 

values of biggest difference Amplitude 
rel. difference 

MBS kinetostatic Difference MBS 

361.56 559.60 198.04 997.15 19.86% 

Numerical Result 21 Torsional deformation moment of four-cylinder engine with big flywheel running 

at medium engine speed (4000 rev/min). 
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