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Abstract: 

A numerical study on the natural convection of small Prandtl number fluid in a cylindrical enclosure with 
lateral heating has been performed by a combination of second order time-splitting and pseudo -spectral 
methods. The basic state and its stability is analyzed in a horizontal cylindrical cavity of finite length H  and 
radius R  ( )22 ≅RH . The effects Rayleigh number and aspect ratio (length/diameter) on the nature and 
origin of instabilities are  investigated. 
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I. Introduction: 

The numerical study of convective flows of enclosed 
fluid has attracted much research activity in the past 
due to its relevance in many engineering 
applications. It is known that natural convection in 
enclosed spaces such as bounded cylinders is 
induced by thermal buoyancy effects in a 
gravitational force field. Kurian et al.(1) investigated 
numerically the effect of cylinder inclination on 
thermal buoyancy induced flows and internal 
natural convective heat transfer. The aspect ratio of 
cylinder was unity and Prandtl number was fixed at 
0.71. Vaux et al.(2) focused their study on the 
detection and characterization of instabilities 
occurring in natural convection of a liquid metal in 
horizontal circular cylinders with differentially 
heated end-walls by varying three dimensionless 
parameters that characterize the system: aspect ratio, 
Grashof and Prandtl numbers.  

For solving the incompressible Navier -Stokes 
equations, which describes the thermal convection 
problem in cylinders, several spectral schemes 
combined with time splitting algorithm have been 
developed and implemented. Mercader et al.[3] 
proposed a numerical scheme for solving the 
convective flows of a small Prandtl number fluid 
contained in an enclosed cylinder heated from 
below. The numerical scheme used is a second order 
semi-implicit scheme for time integration and a 

pseudo-spectral approximation for space variables: 
Chebysev collocation method for radial and axial 
directions and Fourier-Galerkin approximation for 
azimuthal direction. Radial expansions are 
considered in the diameter in order to avoid a 
collocation point in 0=r . The code used in [4] is an 
implementation of improved projection scheme 
proposed by Hughes et al [5], where developed a 
high-order splitting algorithm with a second order 
multistep time scheme for simulating three -
dimensional flows. This is done by introducing a 
correct predictor for the pressure, derived dire ctly 
from Navier-Stokes equations.  

For this Master project, the numerical code[ 3] used to 
study the problem of convective flow inside  of a 
vertical cylinder heated from below is adapted to 
analyze the configuration of lateral heating of a fluid 
within of a horizontal cylinder using the same 
parameters . The goal of the present work is to study 
numerically the convective flows in a laterally 
heated horizontal cylindrical enclosure with small 
Prandtl number fluid 0.00715=σ , aspect ratio 2=Γ  
and adiabatic boundary condition. The values of 
Rayleigh number will be increased until the primary 
bifurcation is founded and then we will compare 
some results with the two-dimensional case studied 
by authors I. Mercader and O. Batiste.  

The paper is organized as follow: In section II the 
equations of the system are presented, the 
symmetries of the problem and the numerical 
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scheme are described. In section III the numerical 
results showing the basic state and its primary 
bifurcation is analyzed. Finally, a brief summary 
with the main results is presented in section IV. 

 

II. Equations and symmetries of 
the problem 

We consider Boussinesq convection in a horizontal 
cylinder of height H  and radius R  in the presence 
of a vertical gravitational force. The axis of the 
cylinder is on the −Z axis, the origin of coordinates 
is taken on the left basis and the gravitational force 
in the -direction, x̂g=g : 

The cylinder is heated from the right, T∆  being the 
temperature difference between the basis of the 
cylinder. We split the temperature field in two parts, 
a linear profile and a fluctuation; 

[ ]Θ+−∆+= HlzTTT 10  

Scaling lengths with a reference length l , time with 
the thermal diffusion time κ2l , κ  being the 
thermal diffusivity, and temperature with T∆ , the 
nondimensional equations that describe the 
evolution of the velocity field ( )w,v,u=u  and the 
deviation of the temperature Θ  from the linear 
profile, are 
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The two dimensionless numbers that describe 
thermal convection are the Rayleigh number Ra , 
and the Prandtl number σ , defined as 
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where α  is the thermal expansion coefficient and ν  
is the kinematic viscosity. The Rayleigh number is 
the control parameter of the system and measures 
the strength of the imposed temperature gradient 
and the Prandtl number relates momentum 
diffusion to thermal diffusion. 

 For the boundary conditions, we consider no -slip 
and fixed tempe rature boundary at the left and right 
basis of the horizontal cylinder and a no -slip and 
insulating boundary on the lateral wall, 

0=Θ=uv , on lH,z 0=  

0=Θ∂= ru
v , on lRr = . 

To help the comparison with the 2D case, we have 
chosen as reference length the diameter of the 
cylinder Rl 2=  and defined the aspect ratio Γ  of the 

cylinder as: R
H

2=Γ . 

 
 Figure 1: Axis and planes of symmetries of the problem.  

 

The previous non-dimensional equations for the 
velocity field u in cylindrical coordinates ( )z,,r θ  are 
as follows: 
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The system of equations and boundary conditions 
has been solved numerically using the algorithm 
described in [3] that can be summarized as follows. 
To integrate the equations in time, we use the 
second order time-splitting method proposed in [5] 
combined with a pseudo-spectral method for the 
spatial discretization, Galerkin-Fourier in the 
azimuthal coordinate θ  and Chebyshev collocation 
in r  and z . The radial dependence of the functions 
is approximated by a Chebyshev expansion between 

R−  and R , but forcing the proper parity of the 
variables at the origin [5]. For instance, the scalar 
field Θ  has an even parity ( ) ( )πθθ +Θ=−Θ ,r,r , the 
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vertical velocity w  and η  obey the same even parity 
condition, whereas u  and v  are odd functions. To 
avoid including the origin in the mesh grid, we use 
an odd number of Gauss-Lobatto points in r , and 
we enforce the equations only in the interval ]( R,0 . 
We use the standard combination: 

ivuu +=+   and  ivuu −=− , 

 in order to obtain, as a result of the splitting, 
Helmholtz equations for all the variables Θ , w , +u  
and −u . For each Fourier mode, these equations are 
solved using a diagonalization technique in the two 
coordinates r  and z . The imposed parity of the 
functions guarantees the regularity conditions at the 
origin needed to solve the Helmholtz equations.  

 
Symmetries 
Equations and boundary conditions are equivariant 
under the group of symmetries 2D  that contains the 
transformations { }321 R,R,R,I , where I  stands for 
the identity, 1R  is a reflection with respect to the 
vertical plane 0=θ  containing the axis of the 
horizontal cylinder, 2R  is a reflection with respect 
the center of the cylinder and 3R  is the composition 
of the two previous reflections 213 RRR = . 2D  has 
three 2Z  subgroups { }1R,I , { }2R,I , and { }3R,I  that 
are all different, but are all isomorphic to 2Z . In 
addition 2D  can be generated by combining any 
two of these three 2Z  subgroups , so we write 

222 ZZD ⊗=  where ⊗  indicates the direct product 
of the groups, used when each element of either 
group commutes with every element of the other 
group. These transformations act on the fields u , v , 
w  and Θ  as follows: 

( ) ( )z,,rz,,rR θθ −→:1 ,            ( ) ( )Θ−→Θ ,w,v,u,w,v,u , 

( ) 




 −+→ zl

H,,rz,,rR πθθ:2
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( ) ( )Θ−−→Θ ,w,v,u,w,v,u , 

( ) 




 −−→ zl

H,,rz,,rR θπθ:3
, 

( ) ( )Θ−−−→Θ ,w,v,u,w,v,u .
 Equivarian ce means that for example if the field  

( ) ( ) ( ) ( )( )z,,r,z,,rw,z,,rv,z,,ru θθθθ Θ=Ψ  is a solution 
of the equations and boundary conditions, then the 

field obtained when we apply the 1R  
transformation: 

( ) ( ) ( ) ( )( )z,,r,z,,rw,z,,rv,z,,ruR θθθθ −Θ−−−−=Ψ1  
 is also a solution of the problem. These two 
solutions are not required to be the same. If so, we 
will say that the solution possess symmetry 1R  
because is invariant under the transformation 1R . 

Notice that this system is equivariant under the 
same group of symmetries as two dimensional 
Rayleigh -Bénard convection in a rectangular 
enclosure with up and down and left and right 
symmetric boundary conditions. Thus, the 
classification of the bifurcations of the primary 
solutions extensively studied in the 2D domain can 
be directly applied to the cylinder. However, it is 
important to remark that, contrary to what happens 
in Rayleigh-Bénard convection, the quiescent state is 
not a solution of equations and boundary 
conditions; consequently, fluid motion is present 
without the need to overcome a threshold value of 
any parameter. The state obtained for small values 
of the Rayleigh number will be called the basic state. 

 

III. Simulation results 
In this section, we describe the results of our  
simulations. In section a, the basic state solution of 
temperat ure and velocity field is shown. Section b is  
dedicated to analyze the oscillatory solution and in 
section c the results of dependence of the threshold 
for first Hopf bifurcation and aspect ratio  is shown. 

 

Spatial resolution: 

θNNN zr ××  
Critical 

Rayleigh 
critical 

frequency 

20x32x64 1885.633022 2.688148 

32x32x48 1885.634622 2.688150 

32x48x48 1885.242425 2.687671 

40x64x64 1885.237520 2.687665 

32x64x32 1885.269836 2.687694 

Table 1: Calculated values of critical parameters 
according to the spatial resolution. 

 

In order to check the spatial resolution required 
( )θN,N,N zr  for obtaining good accuracy of critical 
parameters (Rayleigh number and frequency), 
several calculations of these parameters were carried 
out near to the bifurcation point by changing the 
spatial resolution according to the data shown in 
Table 1, and keeping constant the Prandtl number to 
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0.00715 and aspect ratio. The symbols rN  and zN  
represents the collocation points for Chebyshev 
polynomials and θN  the number of Fourier modes. 
Taking the Rayleigh number obtained with higher 
resolution as best value, the optimal value of spatial 
resolution and time stepping used for computations, 
which gives a good adjustment between solution 
accuracy and computational time required, are 
assumed as those nearest to this value. Thus, the 
spatial resolution was fixed at: 484832 ×× , with a 

time step 3101 −×=∆t .  

 

a. Basic state  
The figure 2a shows the velocity field in the vertical 

plane ( °= 0θ ) for basic steady flows obtained 
slightly below the first bifurcation. It corresponds to 
a large convective loop, which verifies all the 
symmetries of t he problem.  

 
Figure 2a: Velocity vector field at steady flow 

solution in °= 0θ  for 1870=Ra . 

The limit between the upper and lower reverse 
flows has rather an S shape. The arrows show the 
direction of flows which change at both ends, 
determining a cycling loop. This pattern of flow has 
also been obtained by Vaux et al (2) for horizontal 
cylinder with aspect ratio 2=Γ . They shown that 
this phenomenon induces an interaction between the 
upper and lower reverse flows around the centre of 
the cavity in a zone whose extend increases with 
aspect ratio. The amplitude of S shaped centre is 
almost zero and become stronger up and down of 
this S shape centre.  

The velocity field in the horizontal plane 2πθ = , is 
illustrated in the figure 2b. The basic flow in this 
plane has reflection symmetry with respect to the 
center point with vortex pairs next to the end wall. 
In both figures the abscissa axis represents the z  
value where 0=z  is the cold wall and 2=z  the hot 
wall.  

 
Figure 2b: Velocity vector field at steady flow 

solution in 2πθ =  for 1870=Ra . 

The profile of deviation of temperature with respect 
to the linear profile Θ  are shown in Figure 3 a and b.  
They represent two vertical symmetric planes with 
respect to the center for basic steady solutions using 
a Rayleigh number close to threshold of instability. 
They evidence the symmetries of variable Θ . 

a)  b)  

Figure 3:a) Isotherms patterns in two planes xy 
symmetric with respect to center of cylinder for 

Ra=1870. 

 

b. Oscillatory solution. 
By increasing the Rayleigh number emerges a new 
solution which breaks the initial symmetries of the 
flow that bifurcates from steady to periodic solution. 
This primary instability of the basic state leads to a 
limit cycle, via a Hopf bifurcation.  

For detecting the symmetry -breaking bifurcation 
and its nature, three conveniently selected 
parameters were used for monitoring the instability. 
These parameters called α , β   and γ  are zero for 

the basic steady state solution and begin to grow, in 
a periodic way, when the instability triggers on. 
According to the transformations of symmetries 
explained in section II, the parameters are defined 
using the variable w  at pre-selected points as 
follows: 

( ) ( )z,,rwz,,rw:R θθα −−=1  

( ) 




 −++= zl

H,,rwz,,rw:R πθθβ2  

( ) 




 −−+= zl

H,,rwz,,rw:R θπθγ3  
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Before the threshold of first instability, the three 
parameters are zero. If we take a slightly disturbed 
solution as initial condition, then these parameters 
will start to oscillate, which either decays or grows 
depending on whether we are before or after the 
point of bifurcation. For the first bifurcation, only α   
and β  become different to zero, namely, the 
symmetries 1R  and 2R  of basic flow are broken and 

3R  is kept. 

By fitting α  to a function of the form 
( ) ( )texptsin~ γδω +  we can determine the value of 

ω  and γ  varying the Rayleigh number on each 
calculation .  The critical Rayleigh number (Rac) is 
that for which 0=γ .  For 2=Γ , it was Rac=1885.24 
with a frequency of 78762.=ω .  
 

1/10  6/10 

2/10  7/10 

3/10  8/10 

4/10  9/10 

5/10 1 

Figure 4: One period sequence of isosurfaces of 
temperature perturbation for Rayleigh=2500, 

2=Γ at level 0.5 of maximum. 

 

The thermal perturbations responsible of oscillatory 
instabilities, for a Rayleigh number beyond the 
bifurcation point, take the form of travelling 
‘bubble s’ that travels along the roll contour as is 

shown in time sequences of Figure 4 for isosurfaces 
at level 0.5 of maximum for temperature. 
 

1/10 6/10 

2/10 7/10 

3/10 8/10 

4/10 9/10 

5/10  1 

Figure 5: One period time sequences of velocity 
perturbation in vertical plane for 2500=Ra and 

2=Γ . 

Figure 5 shows a sequence of snapshots of 
perturbation of velocity over one period of 
oscillation at the same Rayleigh value. Two vortex 
move towards the center of plane and back in each 
period. 

 

c. Critical Parameters  
To determine the sensitivity of critical parameter to 
aspect ratio of cylinder, we have calculated the 
bifurcation point by analysis of linear stability 
varying the Γ  parameter . 

The critical parameters corresponding to a transition 
from the basic state to the oscillatory flow pattern 
were computed for a range of aspect ratio from 1.5 
to 2.5 keeping fixed the Prandtl number. The 
numerical results reveal that the Hopf point is 
moved to a larger Rayleigh number for aspect ratio 
biggest and lowest than 1.9.  

The Figure 6 shows the dependence of critical 
Rayleigh number on aspect ratio. As two -
dimensional case (4) , the remarkable feature of this 
figure is the presence of a pronounced minimum of 
the critical Rayleigh number for an aspect ratio close 
to 91.=Γ .  



 6 

 

 
Figure 6: Critical Rayleigh number as a function of 

aspect ratio. 

The critical fr equency was found to achieve a 
shallower minimum at higher values of aspect ratio 
as shown in Figure 7. The continuity of frequency 
with respect to aspect ratio also demonstrates that 
the nature of instability is the same in all range (see 
Figure 7). 

 
Figure 7: Critical Hopf frequency as a function of 
aspect ratio 

 

IV. Concluding remarks 
A numerical study  for analyzing the main features 
of the basic flow and instability of natural 
convection in a differentially heated horizontal 
cylindrical  cavity for a fluid of low Prandtl number 
is performed.  

We have chosen an aspect ratio as in Mercader et 
al(4)  such that the system maintains a basic single-
roll flow configuration as is shown in Figure 2a. The 
dependence of threshold value of Rayleigh number 

and critical  frequency changing with the aspect ratio 
were also studied and illustrated in Figures 6 and 7. 
The nature of the instability i s the same in range 
[1.5...2.5] : a supercritical Hopf bifurcation that 
breaks R1 and R 2 and maintains R 3. It presents a 
minimum around 91.=Γ  for critical Rayleigh 
number. We have plotted some time sequences of 
temperature and velocity vector field and 
perturbations associated (Figures 2-5) for Rayleigh 
number above the threshold value of primary 
instabilities. Figure 4 shows the periodic movement 
of isosurfaces of thermal bubble-like perturbations 
(at level 0.5 of  maximum ) travelling along the 
contour of flow. 
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