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Abstract. Given a finite totally ordered set of linguistic terms, the operations inter-
section and connected union provide a lattice structure to the set of hesitant fuzzy
linguistic term sets. In this framework, hesitant fuzzy linguistic descriptions of a
given set of alternatives are considered. A distance between hesitant fuzzy linguis-
tic descriptions is introduced based on the properties of the lattice. This metric
structure allows distances between decision makers to be computed. A centroid or
group representative is defined in group decision-making processes where decision
makers are assessing different alternatives by means of hesitant fuzzy linguistic
term sets.
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Introduction

Linguistic terms have been used to model decision makers’ preferences in different ap-
proaches in the fuzzy set literature, both from academic and application perspectives
[7,8,14]. Some of these approaches enable handling the imprecision and uncertainty in-
herent in human preference reasoning by involving different levels of precision in the
fuzzy linguistic modeling [3,10]. Several extensions of classic fuzzy sets theory have
been established involving different levels of precision or multi-granularity [2,6,12]. Lin-
guistic preference modeling has been used in consensus approaches in a wide range of
application domains, an overview of soft consensus models in fuzzy environments can
be found in [9].

In 1967, Goguen defined L-fuzzy sets as a generalization of the classic fuzzy sets
with range values of membership functions in a lattice L [5]. Classic fuzzy sets can be
considered as a special case of the L-fuzzy sets with L = [0, 1]. The relation between
L-fuzzy sets and other extensions of fuzzy sets, such as intuitionistic fuzzy sets and
interval-valued fuzzy sets, has been analyzed in several studies [2,16].
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Hesitant Fuzzy Linguistic term Sets (HFLTS) were introduced in [12] to provide a
linguistic and computational basis to increase the richness of linguistic elicitation. To this
end, in [12] the authors introduce a set of linguistic expressions based on the concept of
hesitance.

In this paper, based on the literature related to absolute order-of-magnitude space
involving different levels of precision or multi-granularity [4,11,15], we provide the set
HS of HFLTS with a lattice structure that allows us to: First, define a distance between
HFLTS and, second, introduce a distance between hesitant fuzzy linguistic descriptions
(HFLD) of a given set of alternatives. To this end, HFLD of a set of alternatives are de-
fined in terms of HS-fuzzy sets. Then, the concept of distance between HFLD is formal-
ized.

A formal mathematical model is developed to compute distances among decision
makers (DMs) in group decision-making under uncertainty. From the different perspec-
tives of the DMs we introduce the definition of a centroid of the decision-making group
and, in addition, the definition of the HFLD associated to the total decision-making group
via an aggregation of linguistic preferences. Distances between HFLD are used to mea-
sure differences between the DMs. This contributes to the risk measurement and validity
assurance of the actions derived from a decision outcome.

The rest of this paper is organized as follows: First Section 1 presents the lattice of
hesitant fuzzy linguistic term sets. Section 2 introduces the concept of hesitant fuzzy lin-
guistic description. In Section 3 a distance between hesitant fuzzy linguistic descriptions
is defined. Section 4 presents the new approach for group preference modeling based on
an aggregation of HFLD and the distances between them. Finally, Section 5 contains the
main conclusions and lines of future research.

1. The Lattice of Hesitant Fuzzy Linguistic Term Sets

In this section, we briefly review some basic concepts related to HFLTS [1,11,12,13].
This enables us to provide the set of HFLTS with a lattice structure, to define a partial
order and a compatibility relation in the set of HFLTS.

From here on, let S be a finite totally ordered set of linguistic terms, S =
{a1, . . . , an}, with a1 < . . . < an.

Definition 1 ([12]) A hesitant fuzzy linguistic term set (HFLTS) over S is a subset of
consecutive linguistic terms of S, i.e. {x ∈ S | ai ≤ x ≤ aj}, for some i, j ∈ {1, . . . , n}
with i ≤ j.

We also consider the empty HFLTS: {} = ∅, and the full HFLTS: S. The full HFLTS
is also denoted by the symbol ?.

From now on, the non-empty HFLTS H = {x ∈ S | a i ≤ x ≤ aj} is also denoted
by [ai, aj ]. If i = j, [ai, ai] is the singleton {ai}. The set of all HFLTS over S is denoted
by HS :

HS = {[ai, aj] | i, j ∈ {1, . . . , n}, i ≤ j} ∪ {∅}

A simple calculation proves that the cardinality of HS is |HS | = 1 + n(n+1)
2 .



The union and complement [12] are not closed operations on the set H S . Indeed,
the union of two non-empty HFLTS [a i, aj] and [ai′ , aj′ ] is a HFLTS if and only if
[ai, aj] ∩ [ai′ , aj′ ] �= ∅ or i = j′ + 1 or i′ = j + 1. On the other hand, the complement
of a non-empty HFLTS [ai, aj] is a HFLTS if an only if i = 1 or j = n. The intersection
of HFLTS is a closed binary operation on the set HS .

The connected union,�, of HFLTS is a closed binary operation on the set H S , which
is defined as follows:

Definition 2 The connected union of two HFLTS is the least element of HS , based on
the subset inclusion relation ⊆, that contains both HFLTS.

As proven in the general case of order-of-magnitude spaces over a well-ordered
(finite or infinite) set [11], the binary operations intersection and connected union provide
a lattice structure to the set HS of HFLTS.

Proposition 1 (HS ,�,∩) is a lattice.

PROOF. The two operations � and ∩ are clearly idempotent and commutative. The inter-
section is associative, and (H1�H2)�H3 = H1�(H2�H3) because H1�(H2�H3) is
the least element that contains H1�H2 and H3. The two absorption laws can be checked
in a similar straightforward manner.

The lattice (HS ,�,∩) is not distributive. A counterexample in which the prop-
erty H1 ∩ (H2 � H3) = (H1 ∩ H2) � (H1 ∩ H3) does not hold is given in the
case where S has at least three linguistic terms, considering a1, a2, a3 ∈ S such that
a1 < a2 < a3 and the following three HFLTS: H2 = {a1}, H1 = {a2}, H3 = {a3}.
In addition, (HS ,�,∩) does not satisfy the modular condition if n ≥ 3. A sublattice
of HS that is isomorphic to the pentagon lattice is given by the following five HFLTS:
[a1, a3], [a1, a2], {a1}, 1HS , {a3}. It is well-known that the existence of this isomor-
phism implies that the modular condition is not satisfied.

The partial order induced in the lattice HS by the two operations �,∩ is the order
relation to be less precise or equal than between non-empty HFLTS, i.e., the inverse
subset inclusion:

Definition 3 For any non-empty HFLTS [ai, aj ] and [ai′ , aj′ ], we say that [ai, aj ] is less
precise or equal than [ai′ , aj′ ] iff [ai, aj ] ⊇ [ai′ , aj′ ], i.e., i′ ≤ i and j ′ ≤ j.

Then, the least element in the lattice HS is 0HS = ? = S because it is the least
precise HFLTS, and the greatest element is 1HS = ∅ because H ⊇ ∅ for all H ∈ HS .

In Figure 1 the diagram of the lattice (HS ,�,∩) is depicted.
The relation to be compatible between non-empty HFLTS is defined, inspired by the

concept of qualitative equality in absolute order-of-magnitude qualitative spaces [15] as
follows:

Definition 4 For any non-empty HFLTS [ai, aj ] and [ai′ , aj′ ], we say that [ai, aj] and
[ai′ , aj′ ] are compatible iff [ai, aj] ∩ [ai′ , aj′ ] �= ∅.

Let us consider a simple example to illustrate the above definitions.



{a1} {a2} {an}{an−1}. . .

0 = ?

[a1, a2] [an−1, an]

[a1, an−1] [a2, an]

1 = ∅

{a3} {an−2}

[a2, a3] [an−2, an−1]

Figure 1. Diagram of the lattice (HS ,�,∩) [11]

Example 1 Given the set of linguistic terms: S = {a1, a2, a3, a4} with: a1 = not very
good , a2 = moderately good , a3 = very good , a4 = extremely good , and the following
HFLTS:

{a2}=moderately good,
[a1, a3] =not extremely good, and
? = [a1, a4] = unknown.
The relation to be less precise or equal than among these three HFLTS gives: ? ⊇

[a1, a3] ⊇ {a2}. In addition, all three are compatible since their pairwise intersections
are non-empty.

A distance between hesitant fuzzy linguistic term sets is introduced based on the
properties of the lattice (HS ,�,∩) in Section 3.

2. Hesitant Fuzzy Linguistic Descriptions

The concept of an L-fuzzy set on a non-empty set Λ was introduced by Goguen in [5] as
a function f : Λ → L, where L is a lattice. This concept is applied to the case of the
lattice (HS ,�,∩) of HFLTS over a finite totally ordered set of linguistic terms S in the
following definitions and theorem.

Definition 5 An HS-fuzzy set on Λ is a function FH : Λ → HS .

Note that any f : Λ → {0, 1} defines an ordinary set on Λ, that is, a subset of Λ,
whose characteristic function is f . If f : Λ → [0, 1], then f defines a fuzzy set on Λ,
where for each λ ∈ Λ, f(λ) is the degree of membership of λ. We can therefore consider
an HS-fuzzy set FH : Λ → HS on Λ as a set whose elements are assigned HFLTS from
the set HS over S rather than degrees of membership.



Definition 6 The set FH of HS-fuzzy sets on Λ is:

FH = (HS)
Λ = {FH | FH : Λ → HS}.

Definition 7 A Hesitant fuzzy linguistic description (HFLD) of the set Λ by HS is an
HS-fuzzy set FH on Λ such that for all λ ∈ Λ, FH(λ) is a non-empty HFLTS, i.e.,
FH(λ) ∈ HS − {∅}.

Example 2 Following Example 1, and given the the same set S of linguistic terms, let
us consider Λ = {λ1, λ2, λ3}, then

FH : Λ →HS

λ1 → {a2}
λ2 → [a1, a3]
λ3 → ?

is a HFLD of the set Λ.

3. A Distance between Hesitant Fuzzy Linguistic Descriptions

In order to define a distance between HFLD, we previously consider the following dis-
tance between non-empty HFLTS:

Definition 8 Let us consider H1 = [ai, aj ] and H2 = [ai′ , aj′ ] in HS−{∅}, then a
distance between H1 and H2 is given by:

D(H1, H2) = card(H1 �H2)− card(H1 ∩H2) (1)

As proven in the case of order-of-magnitude spaces over a finite well-ordered set in
[11], Formula 1 provides a distance. This distance between non-empty HFLTS induces a
distance between HFLD as follows:

Definition 9 Let us consider FH1 and FH2 two HFLD of a set Λ = {λ1, . . . , λr} by
HS , with FH1(λi) = H1

i and FH2(λi) = H2
i , for all i ∈ {1, . . . , r}.

Then, a distance between these two HFLD is defined as:

DF(FH1, FH2) =
r∑

t=1

card(H1
t �H2

t )−
r∑

t=1

card(H1
t ∩H2

t ) (2)

Formula 2 provides a distance in the set (HS −{∅})Λ, i.e., a distance between HFLD. In
fact, each HFLD FH of the set Λ by HS can be identified with the r-dimensional vector
(H1, . . . , Hr) ∈ (HS −{∅})r = (HS−{∅})×· · ·× (HS −{∅}) whose components are
Hi = FH(λi), for all i ∈ {1, . . . , r}. Therefore the set (HS − {∅})Λ can be identified



with the Cartesian product (HS − {∅})r, and the Cartesian product of metric spaces is a
metric space with respect to the product distance and the city-block norm, which in this
case results in Formula 2.

Let us consider a simple example to illustrate the computation of this distance be-
tween HFLD.

Example 3 Let us consider S = {a1, a2, a3, a4} as in Examples 1 and 2, Λ =
{λ1, λ2, λ3} and FH1 and FH2 two HFDL of the set Λ by HS given in Table 1.

Table 1. HFLD FH1 and FH2

FH1 FH2

λ1 {a2} [a1, a2]

λ2 [a1, a3] {a4}
λ3 ? [a2, a4]

Therefore:

DF (FH1, FH2) =
3∑

t=1

card(H1
t �H2

t )−
3∑

t=1

card(H1
t ∩H2

t ) =

(2 + 4 + 4)− (1 + 0 + 3) = 6.

In this case, the distance between two HFLD ranges from 0 to 12, which gives us a
reference to frame the obtained result.

4. Modeling Group Assessments

In this section, we analyze from two different perspectives how to summarize the as-
sessments given by a group of DMs that are assessing a set of alternatives by means of
HFLTS. To this end, the lattice structure of HS-fuzzy sets and the distance defined in
Section 3 are considered to aggregate the DMs’ assessments of alternatives.

We consider two possible representatives to summarize the group’s assessments:
Firstly, the connected union in HS-fuzzy sets and secondly, the HFLD of the set of
alternatives Λ that minimizes the addition of distances to the assessments of all the DMs
in the group.

The connected union amongHS-fuzzy sets can be considered as a reasonable way to
model the group assessment, because it provides a HFLD compatible with all the HFLD
in the group for all the alternatives.

Definition 10 Let Λ be a set of alternatives and G a group of k DMs. Let FH1, . . . , FHk

be the HFLD of Λ provided by the DMs in G. The HFLD of Λ associated to the total
group G is defined as:

FHG : Λ −→ HS − {∅}
λ → FHG(λ) = FH1(λ) � . . . � FHk(λ)



However, this way of representing the total group’s assessment tends very fast to ?
in most of cases, because it is very sensitive to outliers. In addition, it does not consider
the precision that DMs in the group use. For this reason, to solve these drawbacks, a
representative of the group of DMs as the center of the group is defined by means of the
distance as follows:

Definition 11 Let Λ be a set of r alternatives, G a group of k DMs and FH1, . . . , FHk

the HFLD of Λ provided by the DMs in G. A center of the group is:

FHC = arg min
∑k

t=1 DF(FHX , FHt),

FHX
∈(HS−{∅})r

identifying each HFLD FH with the vector (H1, . . . , Hr) ∈ (HS − {∅})r, with
FH(λi) = Hi, for all i = 1, . . . , r

Note that, since more than one HFLD can produce the minimum value for the sum of
distances in the above definition, a group of DMs can have more than one center. In ad-
dition, neither the HFLD of the total group nor the centers of the group have necessarily
to coincide with any HFLD provided by a DM in the group.

Example 4 Following Examples 1, 2 and 3, where S = {a1, a2, a3, a4} , Λ =
{λ1, λ2, λ3}, let us consider a group of five DMs G. The HFLD of the set Λ by HS

corresponding to the DMs in G are given in Table 2 (columns from 2 to 6). The last
three columns in Table 2 are respectively associated to the total group, FHG, and to the
two centers of the group, FHC1

and FHC2
. An exhaustive search has been conducted to

obtain the centers of the group FHC1
and FHC2

.

Table 2. The HFLD in G corresponding to Example 4

FH1 FH2 FH3 FH4 FH5 FHG FHC1
FHC2

λ1 {a2} [a1, a2] [a1, a3] {a2} {a1} [a1, a3] [a1, a2] [a1,a2]

λ2 [a1, a3] {a4} ? [a1, a2] {a2} ? [a1, a2] [a1,a3]

λ3 ? [a2, a4] ? [a1, a3] [a2, a3] ? ? ?

Note that, as it can be seen in Table 2, the considered group of DMs has two centers
that just differ in their values corresponding to λ2: [a1, a2] and [a1, a3]. However, since
[a1, a3] ⊇ [a1, a2], one can choose FHC1

as the most precise center representing the
group.

Figure 4 depicts, for each element in Λ, a graphical representation of the HFLTS
given by the DMs in G, together with the HFLTS corresponding to the HFLD associated
to the total group, FHG, and to the two centers of the group, FHC1

and FHC2
.

Finally, Table 3 presents the matrix of the distances computed for each pair of HFLD
in the group G expanded with FHG, FHC1

and FHC2
.



Figure 2. Graphical representation of example 4

Table 3. The distances between DMs, the total group and the centers

FH1 FH2 FH3 FH4 FH5 FHG FHC1
FHC2

FH1 0 6 3 2 6 3 2 1

FH2 0 5 7 5 5 5 5

FH3 0 5 7 0 3 2

FH4 0 4 5 2 3

FH5 0 7 4 5

FHG 0 3 2

FHC1 0 1

FHC2 0

Analyzing the values of the distance provided in Table 3, we can conclude that the
assessments corresponding to the descriptions given by DM 1 and DM 4 are the closest.
In the same way, the most distant pairs of assessments correspond to the pairs: DM 2 and
DM 4, and DM 3 and DM 5. The assessment corresponding to the descriptions given by
DM 3 coincide with the total group assessments. DM 1 DM 4 are the ones closest to the
most precise center of the group. Finally, DM 2 is the most dissident DM in the group.

5. Conclusions

This paper proposes a distance defined among DMs in group decision-making for an-
alyzing their similarities and differences when DMs’ assessments are expressed using
hesitant fuzzy linguistic term sets.

From a well-ordered set S of linguistic terms, the set of hesitant fuzzy linguistic term
sets HS over S has been provided with a lattice structure. The hesitant fuzzy linguistic
descriptions of a set Λ are defined as HS-fuzzy sets. A HS-fuzzy set is defined for the
total group of DMs. The centers of the decision-making group have been introduced by
minimizing the addition of distances to the assessments of all the DMs in the group. The



distance between hesitant fuzzy linguistic descriptions enables us to analyze the topology
of the group of DMs.

Future research is oriented towards three main directions. First, the design of an
algorithm for the computation of the centers of a decision-making group. Second, a study
will be addressed to improve consensus reaching by focussing in the dissident DMs in
feedback processes based on recommendations. Finally, a real case study will conducted
in the marketing research area to analyze customers preferences in a retailing context.
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