




MESH PROJECTION BETWEEN PARAMETRIC SURFACES

point of view since it is necessary to solve as many root �nding problems as internal points
there are on the grid of the source surface. In order to overcome this drawback, we present
a new and e�cient algorithm to map a given mesh over the source surface onto the target
surface. This projection is determined by means of a least-squares approximation of an a�ne
mapping de�ned between the parametric representation of the loops of boundary nodes of the
cap surfaces. Once the new mesh is obtained on the parametric space of the target surface, it
is mapped to the target surface according to its parameterization.
The developed algorithm to map meshes between cap surfaces cannot be directly applied

in order to generate the inner layer of nodes, since these layers are not de�ned by para-
metric surfaces. In fact, the available data to determine the position of the inner layers of
nodes is: (i) the loops of nodes on the linking surfaces and (ii) the cap surface meshes (see
Figure 1(b)). Hence, the previous projection algorithm is extended to the three-dimensional
space and it is used to generate the inner layers of elements in the physical space. The resulting
algorithm becomes analogous to the method proposed in Reference [3]. Hence, the inner nodes
are located using a weighted least-squares approximation of the transformation between the
boundary nodes of the cap surfaces and the boundary nodes of the layer as in Reference [5].

2. CAP SURFACES MESH GENERATION

Commercial CAD packages are usually applied to de�ne the geometry in industrial appli-
cations. Since cap surfaces may be parameterized trimmed surfaces, the quadrilateral mesh
generator used to discretize them has to be able to work with trimmed surfaces. In our appli-
cation, the source surface is discretized using an extended version to parametric surfaces of
our unstructured quadrilateral mesh generator [11, 12].
Once the source surface, S, is meshed, the next step in the sweep algorithm is to map it

onto the target surface, T . This paper presents a new and e�cient algorithm to map meshes
between trimmed surfaces. In fact, the mapping is de�ned between the parametric domain of
the surfaces, DS and DT . Then, the obtained mesh is mapped to the target surface according
to its parameterization. For some surfaces, it may be necessary to smooth the new surface
mesh. Note that this smoothing is also needed in other methods [14].
First of all, we will show that determining a projection between trimmed surfaces is equiv-

alent to looking for a projection between their parametric spaces. To this end, assume that
the source and target surfaces are trimmed surfaces. Let

�S :VS ⊂R2 →R3; �T :VT ⊂R2 →R3

be their extended parameterization, where VS and VT are two open and bounded sets of R2.
Note that the domain of a trimmed surface is, in general, not a rectangle [a; b]× [c; d]⊂R2
in the parametric space. If �S and �T are continuous and injective, the Brouwer’s theorem
on invariance of domain [15] states that they are also open mappings. Since they are open
mappings, their restrictions (that is, the de�nition of the trimmed surfaces)

�S |DS :DS ⊂VS → S ⊂R3; �T |DT :DT ⊂VT →T ⊂R3

are homeomorphisms in DS and DT , respectively. Hence, we have

S=�S(DS); T =�T (DT )
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Figure 2. (a) Loops of nodes on the boundary of a non-simple connected surface; and (b) linking sides
are discretized using r−1 inner levels.

Recall that our aim is to determine a mapping �̃ : S→T such that, given a mesh, MS , over
the source surface, it yields a mesh, MT , onto the target surface with the same connectivities.
Since S and T have the same topology we can assume that �̃ is also a homeomorphism.
Taking into account that �S |DS , �T |DT and �̃ are homeomorphisms, it is possible to de�ne

� :=�T |−1DT ◦ �̃ ◦�S |DS
such that

S ⊂R3 �̃−−→ T ⊂R3

�S |DS ↑ ↑�T |DT
DS ⊂R2 �−−→ DT ⊂R2

(1)

Under these conditions, the diagram of mappings (1) is a commutative diagram. Hence, it
is feasible to �nd �rst the projection �, homeomorphism between the parametric domains
DS and DT , and then, mapping the new mesh onto the target surface, T , according to its
parameterization, �T |DT , as

�̃=�T |DT ◦� ◦�S |DS−1 (2)

Note that we do not need the analytical expression of the inverse function �S |DS−1. It su�ces
to store the pre-images of nodal co-ordinates of MS by �S |DS . This can be achieved if the
application stores both the physical and the parametric co-ordinates of each mesh node.
Therefore, special attention is focused on the de�nition of the projection between DS and

DT from the available data. Let m, with m¿3, be the number of nodes on all the boundary
loops of the cap surfaces. We assume that each cap surface is delimited by one outer bound-
ary and one inner boundary for each hole. These boundaries are previously meshed, and a
series of loops of nodes on the boundary of each surface is obtained (see Figure 2(a)). Let
US = {uiS}i=1; :::; m ⊂R2 and UT = {uiT}i=1; :::; m ⊂R2 be the parametric co-ordinates of all bound-
ary nodes of the source and target surfaces, respectively. It is important to point out that the
physical co-ordinates of these points (i.e. their images by �S |DS and �T |DT ) do not necessarily
determine planar loops. The goal is to �nd a function � such that

�(uiS)= uiT ; i=1; : : : ; m (3)
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In this new algorithm, the homeomorphism � is approximated by an a�ne mapping

uT =�(uS)≈A(uS − uarbS ) + b (4)

where uS and uT are points on DS and DT , respectively, A is a linear transformation with the
origin at one arbitrary point uarbS and b is a translation vector. Unfortunately, given any two
loops of boundary data there is not, in general, an a�ne mapping that veri�es (3). Therefore,
we look for a linear transformation, A, and a translation vector b that �t conditions (3) in
the least-squares sense. Hence, A and b are such that minimize

F(A; b)=
m∑
i=1

‖uiT − (A(uiS − uarbS ) + b)‖2 (5)

It is straightforward to show that if

uarbS := ucS =
1
m

m∑
i=1
uiS

then

b= ucT =
1
m

m∑
i=1
uiT (6)

Therefore, the following co-ordinates are de�ned

�uS = uS − ucS ; �uT = uT − ucT (7)

such that (4) can be written as

�uT = ��(�uS)≈A�uS (8)

where �� is the expression of � in the new co-ordinates. Now the minimization problem (5) is

F(A)=
m∑
i=1

‖�uiT −A�uiS‖2 (9)

Since A is a linear transformation, it can be written as

A=
4∑
i=1
�ihi (10)

where, given u=(u1; u2)∈R2,

h1(u) :=

(
u1
0

)
; h2(u) :=

(
u2
0

)
; h3(u) :=

(
0

u1

)
; h4(u) :=

(
0

u2

)
(11)

is a basis of the linear transformations from R2 to R2, and �i ∈R, with i=1; : : : ; 4.
If the scalar product of two functions

f :US ⊂R2 →R2

g :US ⊂R2 →R2
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is de�ned as

〈 f ; g〉 :=
m∑
i=1

〈 f (uiS); g(uiS)〉R2 =
m∑
i=1
f (uiS)

T · g(uiS) (12)

then the normal equations of the least-squares problem (9) are

N�= d (13)

where Ni; j= 〈hi ; hj〉=
∑m

k=1 hi(u
k
S)
T ·hj(ukS) and di= 〈hi ; ��〉= ∑m

k=1 hi(u
k
S)
T ·ukT , with i=1; : : : ; 4

and j=1; : : : ; 4.
The matrix N is non-singular if and only if not all the points in US are aligned. In prac-

tical applications, the source points are not aligned because they lie on the boundary of a
non-degenerated surface. Therefore, system (13) has a unique solution, [0. From the numer-
ical solution, �0, of the linear system (13) the linear transformation A0 =

∑4
i=1 �

0
i hi can be

determined. Therefore, using A0 and Equations (4) and (6), the following a�ne mapping can
be established:

�0(uS) :=A0(uS − ucS) + ucT (14)

In conclusion, an a�ne mapping (14) between parametric spaces has been found that �ts, in
the least-squares sense, the loops of boundary data. This transformation can be used to map
meshes from DS to DT . Finally, to obtain the mesh MT we only need to map the nodes to
the target surface T . To this end, and according to (2), we de�ne

�̃0(p) :=�T |DT (�0(�S |DS−1(p))); p ∈ S (15)

Note that, since the values of �S |DS−1 are known in all nodes of MS , the new mesh on the
target surface can be de�ned as

MT := �̃0(MS)

3. DISCRETIZATION OF THE LINKING-SIDES

Linking-sides are always de�ned by four logical sides (each logical side can be composed by
several edges). Therefore, they can be discretized using any standard structured quadrilateral
meshing algorithm, for instance trans�nite mapping (TFI) [13]. In order to apply the TFI
method it is required that opposite logical sides have the same number of nodes.
It is important to ensure that high quality structured meshes are generated on the linking-

sides. Note that these meshes determine the loops of nodes that are used later to generate the
inner volume nodes disposed on several layers (see Figure 1(b)). Thus, if these surface meshes
contain folded or low quality elements, then tangled, reverse oriented or low quality hexahedral
elements will be obtained. This is of major importance for extrusion volumes de�ned by a
curved sweep direction. For instance, consider the geometry presented in Figure 3. It is de�ned
by a square cross-section which is swept along an �-shaped path. In this case, the di�culty
is to obtain a high quality structured mesh over the �-shaped surface. If nodes are generated
equidistant along the edges of the �-shaped surface, then some segments of the structured
surface mesh will cross over each other, see Figure 3(a). Thus, folded quadrilateral elements
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normal equations with a singular matrix (see References [3, 16, 17] for details), the co-ordinate
system proposed in Reference [3] is used

�x0 =x0 − (2xc0 − xck); �xk =xk − xc0 (18)

Then, (17) can be expressed as

�xk = �M( �x0)≈A �x0 (19)

where �M is the expression of �M in the new co-ordinates (18). A least-squares �tting of the
boundary data is performed in order to �nd a linear transformation, that minimizes

F(A)=
m∑
i=1

‖ �xik −A �xi0‖2 (20)

Since A is a linear transformation, it can be written as a linear combination of a basis of the
linear transformations from R3 to R3:

A=
9∑
i=1
�ihi (21)

where �i ∈R, with i=1; : : : ; 9, and given x=(x1; x2; x3) ∈ R3,

h1(x) :=

⎛
⎜⎜⎜⎝
x1

0

0

⎞
⎟⎟⎟⎠ ; h2(x) :=

⎛
⎜⎜⎜⎝
x2

0

0

⎞
⎟⎟⎟⎠ ; h3(x) :=

⎛
⎜⎜⎜⎝
x3

0

0

⎞
⎟⎟⎟⎠

h4(x) :=

⎛
⎜⎜⎜⎝
0

x1

0

⎞
⎟⎟⎟⎠ ; h5(x) :=

⎛
⎜⎜⎜⎝
0

x2

0

⎞
⎟⎟⎟⎠ ; h6(x) :=

⎛
⎜⎜⎜⎝
0

x3

0

⎞
⎟⎟⎟⎠ (22)

h7(x) :=

⎛
⎜⎜⎜⎝
0

0

x1

⎞
⎟⎟⎟⎠ ; h8(x) :=

⎛
⎜⎜⎜⎝
0

0

x2

⎞
⎟⎟⎟⎠ ; h9(x) :=

⎛
⎜⎜⎜⎝
0

0

x3

⎞
⎟⎟⎟⎠

The normal equations of the least-squares problem (20) de�ned by the basis (22) and the
extension to R3 of the scalar product (12) are

N[= d (23)

where Ni; j= 〈hi ; hj〉 and di= 〈hi ; �M〉, with i=1; : : : ; 9 and j=1; : : : ; 9.
Let �0 be the computed solution of the linear system (23). Using (18), (19), and (21),

a least-squares approximation of the projection between the source surface and the kth level
can be written as

M0k(x0) :=A0(x0 − 2xc0 + xck) + xc0 (24)
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Figure 9. Power chain discretization: (a) block decomposition of
the CAD model; and (b) hexahedral mesh.

of a power chain. The �nal mesh has 33 940 hexahedral elements. A detail of the obtained
discretization is presented in Figure 9(b). Note that a conformal mesh is generated over the
shared surfaces.

6. CONCLUSIONS

In this paper a new algorithm to project meshes between two topologically equivalent para-
metric surfaces has been presented. This projection is carried out by means of a least-squares
approximation of an a�ne mapping de�ned between the parametric spaces of the surfaces.
Once the new mesh is obtained in the parametric space, it is mapped to the target sur-
face according to its parameterization. This projection algorithm has been extended to three-
dimensional spaces, and it has been successfully implemented in a sweep tool able to mesh
extrusion geometries de�ned by: (i) any CAD application; (ii) non-linear sweeping trajec-
tories; (iii) non-constant cross section along the sweep axis; (iv) non-parallel cap surfaces;
and (v) cap surfaces with di�erent shape and curvature. The examples show that high quality
hexahedral elements are generated, and that the layers of inner nodes are distributed in such
a way that a smooth transition between the curvatures of cap surfaces is obtained. Moreover,
they also illustrate that the developed algorithm, coupled with volume decomposition, can be
successfully used to mesh a large class of three dimensional geometries.
Finally, it is important to point out that the global sweep algorithm could be generalized

to multi-source=multi-target geometries following the cooper tool algorithm [5, 6]. Moreover,
it may also be extended to multi-axis sweep directions according to Reference [19].
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