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Abstract. This paper highlights an explicit integration scheme for hyperelastic-based finite
strains elasto-plastic models. One step update equations are obtained from the large deformation
multiplicative elasto-plastic theory, where an exponential variation of the plastic deformation
gradient is assumed. The material tangent matrix has the same formal structure as the usual
small strains elasto-plastic tangent matrix. The basic algorithm to perform the stress integration,
including an adaptive substepping scheme and a yield violation drift correction scheme, are also
described. The accuracy and robustness of the proposal is assessed against several examples
of typical geotechnical tests. Results from a convergence test suggest that, using an adaptive
substepping scheme, the error of the local problem is independent of the step size.

1 INTRODUCTION

The robustness and accuracy of mechanical finite element analysis relies on the local inte-
gration scheme of the constitutive equations. In the literature, two main families of schemes
have been proposed for large deformation elasto-plastic analysis [1].

The first one is based on an additive decomposition of the plastic and elastic strains and the
use of an hypoelastic rate constitutive model. This kind of schemes are extensions of the usual
small strains and additional terms are added in order to deal with the rigid body rotation and
ensure the objectivity of the resulting stress increment [2, 3]. Because of this, such formulations
are restricted to small strains and large displacements [4].

In the second family, a multiplicative decomposition of the deformation gradient along with
an hyperelastic response are assumed; stresses are integrated implicitly in time, leading to the
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return mapping algorithms [5, 6, 7]. Usually, the Hencky strain measure is introduced and the
obtained equations preserve the form of the small strains counterpart.

Altough implicit methods render second order convergence rate of the global problem [8],
strong non-linear features of complex plastic models, such as high curvature of the yield surface,
may lead to a lack of convergence of the local problem for a range of initial trial states [9].

In this work, an explicit integration scheme for multiplicative finite-strains elasto-plasticity
is presented. The equations to perform a single-step elasto-plastic update are presented, where
and hyperelastic model and an exponential variation of the deformation gradient are assumed.
Since the obtained scheme is first order in time, an automatic substepping technique with error
control is used to increase the accuracy [10]. Finally, a set of numerical test are performed to
assess using the Houlsby hyperelastic model [11] along with the Modified Cam Clay.

2 ONE STEP ELASTO-PLASTIC UPDATE

Large deformation elasto-plastic analysis are based on a multiplicative split of the defor-
mation gradient, F , in an elastic and plastic part. That is, an intermediate configuration of
irreversible (plastic) deformations is introduced, relative to which the elastic response of the
material is characterized. As a consequence, the local problem (that is, the strain decomposi-
tion, the elastic model, the yield criterion, the hardening law and the flow rule) is defined with
the following expressions and the Kuhn-Tucker conditions [5]:

F =
∂ϕ(X, t)

∂X
= F e · F p (1)

τ = 2F e · F eT · ∂W̄

∂(F e · F eT )
= W (F e · F eT ) (2)

Ψ(τ, h) ≤ 0 (3)

h = h(F p · F pT ) (4)

lp = γ∂τG(τ, q) (5)

where ϕ is the motion of the continuum body, where τ is the Kirchhoff stress, W̄ is the stored-
energy function, Ψ is the yield criterion function, h represent the hardening parameters, G is
the plastic potential, γ is the plastic multiplier and lp is the plastic velocity gradient defined in
the final configuration.

The temporal variation of the plastic deformation gradient may be obtained as Ḟ p = L̄p ·F p,
where L̄p is the plastic velocity gradient defined in the intermediate configuration. Assuming
that the variation of the plastic deformation gradient is exponential [5], the following explicit
approximation is obtained:

F p
n+1 = exp(∆tL̄p

n) · F p
n (6)

Introducing this equation to the definition of the deformation gradient, equation (1), at time
n+ 1:

Fn+1 = F e
n+1 · exp(∆tF e−1

n · lpn · F e
n) · F p

n (7)
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where the relation lp = F e · L̄p · F e−1 has been introduced.
Then, the following expression for the elastic Left Cauchy-Green tensor, the variable gov-

erning the elastic response, is obtained:

ben+1 = F e
n+1 · F eT

n+1 = fn+1
n · exp(−∆γ∂τGn) · ·ben · exp(−∆γ∂τGn)

T · fn+1T
n (8)

where fn+1
n = Fn+1 · F−1

n is the relative deformation gradient.
Note that equation (8) defines the new elastic configuration in terms of quantities in the

previous configuration, the new deformation gradient, Fn+1, which is obtained in the global
problem, and the plastic multiplier.

In implicit methods, a similar expression to equation (8) is obtained. In that case, the Hencky
strain measure, ε = 1/2 ln(b), is usually introduced and the obtained equations preserve the
form of the small strains schemes [6, 7, 12]. This is not the case of explicit methods: the
relative deformation gradient does not commute (in general) with the rest of the terms of the
right hand side; as a consequence, the logarithm of the right hand side is not equal to the sum
of the logarithm of each term.

The value of the plastic multiplier is obtained from the consistency condition:

∆γ =
∂Ψ
∂τ

·De · ∇δu

H + ∂Ψ
∂τ

·De · ∂G
∂τ

(9)

where the plastic modulus is H = −∂Ψ
∂h

· ∂h
∂εp

· ∂G
∂τ

.
The constitutive tangent matrix may be defined as:

δτ =

[
De −

De · ∂τG⊗ ∂τΨ ·De

H + ∂τΨ ·De · ∂τG

]
∇δu (10)

This matrix has the same formal structure as the usual small strains tangent matrix. In the
development of the equations some approximations have been made in the plastic multiplier
and the tangent matrix; this fact does not affect the accuracy of the algorithm since the strain
update, equation (8), remains unchanged; however, it may slightly deteriorate the convergence
rate of the global problem and produce some yield surface drift.

In purely elastic regime, ∆γ = 0, the proposal reduces to the usual large deformation elastic
update equations, ben+1 = fn+1

n · ben · fn+1T
n and b̄pn+1 = b̄pn. As a consequence, the increment of

deformation is computed analytically.

3 GAUSS POINT ALGORITHM

The general scheme that is used to integrate the elasto-plastic equations is detailed in Algo-
rithm 1 and is based on Sloan et al [10].

First, a trial elastic state is computed; if the final stress state lays inside the elastic region,
deformation occurs in purely elastic regime. In this case the increment of the deformation is
computed analytically and no special treatment of the non-linearity of the elastic moduli is
required in hyperelastic models.
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Otherwise, part or all of the deformation increment produce plastic deformation. Two flags
control if there exist elastic loading or elastic unloading before the plastic flow. In both cases,
first the yield surface intersection is found using the bisection method and having in mind that
the relative deformation gradient may be subidivied as:

fn+θ
n+ε =

(
θfn+1

n + (1− θ)1
)
·
(
εfn+1

n + (1− ε)1
)−1 (11)

Then, the rest of the deformation increment is integrated using the elasto-plastic relations.
Elasto-plastic equations are integrated using an adaptive substepping scheme. Each defor-

mation increment is computed with two different temporal discretizations; at the end of the step
two stress approximations are obtained: τ and τ ∗. Then, the following error measure is defined:

R =
‖τ − τ ∗‖
‖τ ∗‖

(12)

Only in the case that the error measure is lesser than a specified tolerance, Tolτ , the ob-
tained state is accepted; otherwise is rejected. In both cases, the new pseudo-time increment is
computed according to:

∆αnew = 0.9

(
Tolτ
R

)0.5

∆αold (13)

For practical reasons, a minimum step-size is also defined to prevent very small increments;
as a consequence, increments that do not fulfill the tolerance are sometimes accepted.

Using explicit integration schemes, at the end of each elasto-plastic increment, the obtained
stresses typically do not lay in the yield surface. Even using a substepping scheme, the yield
surface drift violation may not be negligible and its effects are accumulative [10].

In this work, stresses and hardening parameters are corrected such that the total strains (that
is, the deformation gradient) remain unchanged. Performing a Taylor’s series of the yield sur-
face function, the following expression is obtained for the plastic multiplier:

∆γ =
Ψ0

H + ∂τΨ ·De · ∂τG
(14)

where Ψ0 is the yield surface drift violation.
This value is introduced to equation (8) and the incremental deformation gradient is set equal

to the identity. This process is iterated until a convergence criterion is fulfilled.

4 EXAMPLES

In this section, first the equations describing the Modified Cam Clay elasto-plastic model are
briefly described; the interested reader is referred to [12, 6] for further information. Then, a set
of numerical examples are presented.
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Algorithm 1: Stress integration with error control (Based on Sloan et al [10])
Data: ben, hn, f

n+1
n

Ψ0 = Ψ(τn, hn) ; τ trn+1 = W (fn+1
n · ben · fn+1T

n ) ; Ψtr = Ψ(τ trn+1, hn) ;
if Ψtr < TOL then

ben+1 = fn+1
n · ben · fn+1T

n ; hn+1 = hn; % Elastic step
else

Flag1 = (Ψ0 < −Tolf and Ψtr > Tolf ) % Elastic loading + plastic flow

Flag2 =
(

∂τΨ·De·δε
‖∂τΨ‖‖De·δε‖ < TolL

)
% Elastic unloading + plastic flow

if (Flag1 or Flag2) then
Find α such that Ψ(W (ben+α), hn) = 0; % Yield surface intersection
where ben+α = fn+α

n benf
n+αT
n

Set hn+α = hn

else
α = 0

end
while α < 1 do

Integrate elasto-plastic equations with substepping and error control
end
Perform Drift Correction

end
τn+1 = W (ben+1)
Result: ben+1, hn+1, τn+1

4.1 Modified Cam Clay model

The elastic response is characterized by the Houlsby [11] free energy potential:

W̄ (εe) = prk
∗ exp(

−εev
k∗ )(1 +

α

k∗‖ε
e
d‖2) (15)

Then, the volumetric and deviatoric Kirchhoff stresses, τ = p1+ τd, are computed according
to:

p = pr exp(
−εev
k∗ )(1 +

α

k∗‖ε
e
d‖2) (16)

τd = 2αpr exp(
−εev
κ∗ )εed (17)

From the previous equations it can be seen that both the bulk and the shear moduli depend
on the mean pressure. The bulk modulus also varies with the distortional strain; the Poisson
ratio is variable and not directly imposed.

The problem is completed with the yield surface and the hardening law:

Ψ(τ, pc) = (q/M)2 + p(p− pc) (18)
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Figure 1: Constant volume shear test: (a) stress trajectories for OCR = 1 and 4; stress-strain
relations for the normally consolidated (b) and overconsolidated (c) tests.

pc = pc0 exp(
−εpv

λ∗ − κ∗ ) (19)

where q =
√
3J2,

The chosen soil parameters are: κ∗ = 0.0078, λ∗ = 0.085, α = 120, M = 0.9 and pc0 = 80
kPa. pr is equal to 80 kPa for normally consolidated tests and 20 kPa for overconsolidated
tests. In the numerical examples, all the tolerances -in the relative stress error, the yield surface
violation and the unloading condition- are set equal to 10−5

4.2 Constant Volume Simple Shear Test

The first example consists on a constant volume simple shear test. The problem is integrated
with several number of steps up to a final deformation of F12 = 1.0. The displacement field
is parametrized by a pseudotime variables, t, and is written as: u (x, y, z, t) = (yt,0,0); as a
consequence, the deformation gradient is:

F =
(

1 t 0
0 1 0
0 0 1

)
(20)

Figure 1(a) shows the stress trajectory for two overconsolidation ratios; both tests tend to
the critical state line. As it can be seen in the overconslidated test, in the elastic regime there
exist a change in the mean stress at a constant volumetric strain due to the coupling in the non-
linear elastic model. The stress-strain relation is depicted in Figures 1(b) and 1(c); while the
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Figure 2: Constant volume shear test: Stress relative error (with respect to the solution obtained
with a larger number of steps) for the normally consolidated test at different pseudotimes

normally consolidated test is characterized by a decrease on the stiffness in the plastic regime,
the overconsolidated counterpart exhibits softening. The obtained results are in agreement with
those reported in [6] using an implicit technique.

In both cases, the solution computed with a small number of steps converges towards that
obtained with a larger resolution. As depicted in Figure 2, for a large number of steps the
relative error on the stress is in the same order of the tolerance specified at the substepping
scheme (10−5). However, when the solution is computed with a small number of increments,
larger errors are encountered: the substepping scheme computes several increments with the
imposed minimal increment size without converging, thus introducing error to the solution.

In all cases the yield surface drift violation is small and less than three iterations are required
to perform the correction.

4.3 Drained triaxial

The last example corresponds to a drained triaxial of a sample of 4× 1.6; the initial and final
axisymmetric mesh is displayed in Figure 3(d). The initial state of the soil is characterized by
p = 80 kPa and q = 0. A total 1400 steps are computed applying a vertical displacement of
−2.5 · 10−3 to the top boundary.

In the stress-invariants space, the test tends towards the Critical State Line q = Mp, Fig-
ure 3(a). Due to the variable Poisson’s ratio, this line presents a slight curvature. Figure 3(c)
shows the volumetric behavior along with the Normal Compression Line and the Critical State
Line. From the model definition, equations (16) and (19), and asssuming that pc0 = pr, the
following expression relating the volumetric strain and the mean stress at critical state may be
obtained:

pCSL = pr exp(−
εv − ad + (λ∗ − κ∗) ln(2)

λ∗ ) (21)

where ad = κ∗ ln(1 + α‖εed‖2/κ∗) appears due to the coupling in the hyperelastic model. Ac-
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Figure 3: Triaxial test: trajectories in the (a) p− q, (b) εvertical − q and (c) p− εv planes; (d)
initial and final FEM mesh.

cording to numerical simulations, this term is ad = 1.497 · 10−3. Altough the CSL deppends
on the elastic deviatoric deformation; the volumetric (elastic and plastic) and deviatoric elastic
deformations cease to increase.

5 CONCLUSIONS

In this work, an explicit integration scheme in the framework of multiplicative finite strains
elasto-plasticity has been presented. Routines to alleviate the main drawbacks of explicit meth-
ods have been outlined, such as a yield surface drift correction scheme and an adaptive sub-
stepping algorithm. By means of several examples using the Houlsby hyperelastic model and
the Modified Cam Clay, it has been shown that the obtained results are accurate. Indeed, using
an adaptive substepping scheme very similar results are obtained irrespectively of the number
of incremental steps; the yield surface drift violation is small and less than three iterations are
required to perform the correction.
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