


based on patches consisting of elements surrounding each node,
with prescribed homogeneous essential boundary conditions. In
Section 3, we will show how the nonlinear problem (cf. Section 2)
is brought to a linearized error equation. In this framework, the
evolution of the discretization error can be obtained by applying
error estimation during computation. To assess the error in certain
quantities of interest, we investigate two goal oriented error esti
mates which are formulated in a positive definite norm setting
(cf. Section 4). In addition, uniform mesh discretizations of varying
resolutions and polynomial orders are surveyed, as a preliminary
study to adaptive discretization presented at the end of each
numerical example.

2. The gradient-enhanced damage model

In this research, the gradient enhanced damage model [27,40]
is chosen. As a regularized continuum, the gradient enhanced
damage model converges properly upon refinement of the finite
element discretization.

Let X be a bounded domain with the boundary @X. The bound
ary consists of the Dirichlet boundary Cd and the Neumann bound
ary Cn for which Cd \ Cn ; and Cd [ Cn @X. In the standard
finite element analysis, for a problem in statics, we try to find
the unknown solution u of the variational boundary value problemZ

X
eðvÞ : rðuÞ dX

Z
Cn

v � g dCþ
Z

X
v � q dX; ð1Þ

which can be written in terms of derivatives of trial and test func
tions, u and v , asZ

X
ð$vÞ : D : ð$uÞ dX

Z
Cn

v � g dCþ
Z

X
v � q dX: ð2Þ

The test function v is any arbitrary function in the Sobolev
space V, which is defined by V : fv 2 ðH1ðXÞÞd; v 0 on Cdg,
with the geometrical dimension d. Moreover, eðvÞ : $v and
rðuÞ : D : $u represent strains and stresses, g represents the
traction forces along the boundary Cn and q denotes the body
forces in the domain X.

Within the context of continuum damage mechanics, material
gradually loses its load carrying capacity as a result of the appear
ance of microstructural cracks. This material degradation process,
described here in a continuum damage mechanics concept by the
introduction of a scalar damage parameter x, is cast in a stress
strain relation as

r ð1 xÞDe : e; ð3Þ
where r and e denote stresses and strains and De is the linear elastic
constitutive tensor. The damage parameter x ranges from 0 (for vir
gin condition) to 1 (for fully damaged condition) and is defined as a
function of a history parameter j, i.e. x : xðjÞ.

Representing the largest value of the deformation in the loading
history, j is obtained from

j max ðj0; eeqÞ; ð4Þ

where j0 is a user specified damage threshold and eeq refers to an
equivalent strain, which is a scalar invariant representing the
strains. Some definitions of this equivalent strain are, for example,

� Mazars definition [22]

eeq

X3

i 1
heii2

r
; ð5Þ

where ei denotes the principal strain and the positive principal
strain heii is defined as

heii
ei þ jeij

2
: ð6Þ
2

� Modified von Mises definition [10]

eeq
k 1

2kð1 2mÞ I1 þ
1

2k
ðk 1Þ2

ð1 2mÞ2
I2

1 þ
12k

ð1þ mÞ2
J2

s
; ð7Þ

where k is the ratio of the compressive and tensile strength, and the
strain invariants I1 and J2 are defined as

I1 exx þ eyy þ ezz; ð8Þ

J2

ðe2
xx þ e2

yy þ e2
zz exxeyy eyyezz ezzexxÞ

3
þ e2

xy þ e2
yz þ e2

zx: ð9Þ

Damage evolves when the Kuhn Tucker conditions

f 6 0; _j P 0; _jf 0; ð10Þ

are satisfied. The loading function f is defined as

f eeq j: ð11Þ

Damage growth is described by means of softening laws. An
example of such laws is the exponential softening law [28]

x 1
j0

j
ð1 aþ a exp ð bðj j0ÞÞÞ if j P j0; ð12Þ

where a and b are material parameters controlling the residual
stress and the damage growth rate, respectively.

The above formulation is a standard local damage model. As
mentioned above, due to a lack of microstructural information,
the localization zone tends to have a zero width. The above model
suffers from mathematical ill posedness and, consequently, a se
vere mesh dependence [29]. To overcome these problems, some
techniques have been introduced. In this study, we employ regu
larization based on replacing the local equivalent strain eeq by
the nonlocal equivalent strain �eeq in Eqs. (4) and (11).

By averaging the local equivalent strain in the gradient form,
the nonlocal equivalent strain can be defined in an implicit gradi
ent enhancement form of [27]

�eeq cr2�eeq eeq; ð13Þ

where c is a material parameter based on the intrinsic length scale
lint and is defined as

c
1
2

l2
int: ð14Þ

The intrinsic length scale has the dimension of length and it is a
representation of the underlying microstructure of the material.
Inclusion of an internal length scale as done in Eq. (13) ensures that
the failure zone has a finite width, which in turn guarantees a non
zero energy dissipation upon mesh refinement. Thus, the problems
of the local damage model are overcome [27,28].

Applying integration by parts, the implicit gradient enhance
ment formulation [27] can be cast in a weak form asZ

X
d�eeq�eeq dXþ

Z
X
rd�eeqcr�eeq dXZ

X
d�eeqeeq dX; 8d�eeq 2 ðH1ðXÞÞd: ð15Þ

Note that to improve the conditioning of the stiffness matrix gi
ven in Eq. (20), the use of the Young’s modulus E as a scaling factor
for both sides of Eq. (15) may be considered.

Combining Eqs. (2) and (15), the Galerkin weak form can be
written as

Bð�u;vÞ FðvÞ; 8v 2V; ð16Þ

where �u fu; �eeqg and the term Bð ; Þ is a symmetric positive def
inite bilinear form.



3. Error analysis

We have chosen a residual type error estimator, introduced in
[25], in this study. Using this method, we solve a series of local
problems based on a patch of elements, which are enriched by
one order higher interpolation, with prescribed homogeneous
boundary conditions. The method is applied for estimating the er
ror in energy norm, as well as the error in a local quantity of inter
est (cf. Section 4). Note that the so called guaranteed bounds on
the error is not considered in this paper. The gradient enhanced
damage model formulated in the last section includes two sets of
unknowns, namely the displacement field and the nonlocal equiv
alent strain field. For the second order implicit gradient formula
tion, cf. Eq. (13), C0 shape functions are required. The discrete
approximation to �u is denoted �uðh;pÞ where h stands for the charac
teristic element size and p for the degree of the interpolation in the
elements of the mesh. The set of unknowns is the solution of the
system of equations

BtangðD�uðh;pÞ;v ðh;pÞÞjðt 1: tÞ DFðv ðh;pÞÞjðt 1: tÞ; ð17Þ

where the bilinear form Btangð ; Þ, using a tangent representation, is
a linearized form of Bð ; Þ defined on V�V ! R. The term DFð Þ
represents a stepwise force vector defined on V ! R. The test
function v is any arbitrary function in the Sobolev space V, which
is defined by V : fv 2 ðH1ðXÞÞd; v 0 on Cdg.

By applying a series of proportional loadings, the solution �u is
updated during the Newton Raphson iterative scheme, i.e.

�uðh;pÞjðtÞ �uðh;pÞjðt 1Þ þ D�uðh;pÞjðt 1: tÞ: ð18Þ

Here, the subscript ðtÞ denotes a computational time step and
ðt 1 : tÞ presents a measure between the previous time step
ðt 1Þ and the present time step ðtÞ. It is natural to include all un
known degrees of freedom existing in the formulation in the error
analysis, as all of them are primary unknowns in the finite element
computation. The error �e : �u �uðh;pÞ is for all practical purposes
replaced by a reference error associated with a finer discretization
ðh; pÞ (with either h < h or p > p), namely �eðh;pÞ : �uðh;pÞ �uðh;pÞ. The
reference error is determined solving a residual linearized problem

Btangð�eð~h;~pÞ;vÞjðtÞ R
�uðv ð~h;~pÞÞjðtÞ Fðv ð~h;~pÞÞjðtÞ Bð�uðh;pÞ;v ð~h;~pÞÞjðtÞ;

ð19Þ

for every test function in �v ðh;pÞ in the test space associated with the
fine ðh;pÞ discretization, V. The term Ruðv ðh;pÞÞjðtÞ denotes the dis
cretization residuals measured using the reference mesh ðh; pÞ at
computational time t. In the following, for the sake of a simpler
presentation, the subscript ðh;pÞ is suppressed in the notation
for the reference error because the exact error is no longer
considered.

The error computation follows the process described in [25],
whereby a series of patch based computations is solved instead
of a global computation. The finite element discretization leads
to a consistent tangent stiffness matrix of the form

K Btangð�/; �/Þ
Kuu Ku�e

K�eu K�e�e

� �
; ð20Þ

with

Kuu

Z
X

$/u : ð1 xÞDe : $/u dX; ð21Þ

Ku�e

Z
X

$/u : su�e : /�e dX; ð22Þ

K�eu

Z
X

/�e : s�eu : $/u dX; ð23Þ

K�e�e

Z
X

/�e � /�e þ $/�e : c$/�eð Þ dX; ð24Þ
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and

s�eu
@eeq

@e
and su�e

@x
@�e

Dee: ð25Þ

It should be noted that / are shape functions corresponding to
the fine ðh; pÞ discretization. Quadratic shape functions /u and lin
ear shape functions /�e are used for the two sets of unknowns,
although they may be chosen from the same space [40]. For a dis
cussion on the finite element implementation of the model, the
reader is referred to [39,40].

By using a softening model, it is possible that the computation
of the error norm via the use of the consistent tangent stiffness ma
trix K leads to a negative value and thus the energy norm, usually
defined as

ðk�ukÞ2 Btangð�u; �uÞ �u : K : �u; ð26Þ

becomes meaningless. To avoid such problems, we employ here
only those parts of the stiffness matrix which include Kuu and K�e�e.
It can be seen from the discretized equations that the terms Ku�e

and K�eu may lead to non positive definite contributions to the glo
bal stiffness matrix. On the other hand, Kuu and K�e�e remain positive
definite in the whole loading process. To maintain a mathematically
meaningful norm for the error, the interaction between the two sets
of degrees of freedom (i.e. u and �eeq) is neglected, thus avoiding the
occurrence of a negative definite matrix in the error norm compu
tation. The modified stiffness matrix for the norm computation
reads

Kþ Btangþð�/; �/Þ
Kuu 0
0 K�e�e

� �
: ð27Þ

Note that Kuu is also the secant stiffness matrix, cf. Eq. (21). The
energy norm of the solution and the error can then be written,
respectively, as

ðk�ukþÞ2 Btangþð�u; �uÞ ðkukþÞ2 þ ðk�eeqkþÞ2

u : Kuu : uþ �eeq : K�e�e : �eeq; ð28Þ

ðk�ekþÞ2 Btangþð�e; �eÞ ðkeukþÞ2 þ ðke�ekþÞ2

eu : Kuu : eu þ e�e : K�e�e : e�e: ð29Þ

Note that, since a tangential form Btangð ; Þ will always be used in
the nonlinear settings from this point on, the superscript tang will
be dropped for simplicity.

4. Goal-oriented error estimation

Although the error measured in the energy norm gives a good
indication of the overall error, it may also be relatively insensitive
to certain local values of the state variables and their accuracy. In
other words, a small error in energy norm does not always guaran
tee that the local quantities of interest, such as stresses or damage
profile in a critical region, are sufficiently accurate. For the prob
lems where there are some specific goals in mind, estimation of er
ror of these specific quantities can provide more relevant
information for the adaptive finite element process.

The error can be measured with respect to a specific goal via the
framework of goal oriented error estimation. Some pioneering
works on this subject include [4,31,7] for problems in linear elas
ticity, which have also been further extended to various problems
such as plasticity [32,33,8], viscoelasticity [6] and crack problems
[36,16,15]. In addition, there have been some efforts in getting
bounds on the error [30,23,37].

In this study, we also estimate the error in chosen quantities
of interest in any local domain. At some extra cost, the goal
oriented error estimation can be set and applied at the end of



any computational step in the finite element analysis. Techniques
for goal oriented error measurement make use of the concept of
an influence function, which in the context of error estimation indi
cates how the discretization error affects the specific quantity of
interest. That is, to measure such an error quantity, an additional
boundary value problem needs to be solved. This so called dual
(adjoint) problem is constructed in a dual argument setting and
makes use of Maxwell’s reciprocal theorem. Once the dual problem
is solved, the discretization residuals can be redistributed accord
ing to the influence function to provide a proper error measure
to the selected goal quantity.

4.1. Setting of error in the goal quantity

The most crucial point of the goal oriented error measurement
is how to choose the quantity of interest QðuÞ such that it can be
analysed straightforwardly. Basically, the choice depends on the
model problem to be analysed and may be chosen in the forms
of domain integrals [15], contour integrals [36,16] or pointwise
quantities [30,1]. Ideally, QðuÞ is a linear functional; if not, one of
the linearization techniques [37,19,35] should be applied.

Considering the quantity of interest QðuÞ, we can define the dis
cretization error of this quantity as

E : QðuÞ Qðuðh;pÞÞ: ð30Þ

Here, we restrict ourselves to the case in which QðuÞ is a linear
functional and, consequently, the error of the goal oriented quan
tity can be rewritten as

E QðuÞ Qðuðh;pÞÞ Qðu uðh;pÞÞ QðeÞ; ð31Þ

where QðeÞ denotes the discretization error of the finite element
analysis (primal problem) measured in the quantity of interest.
The dual (or adjoint) problem is introduced as

Bðv ;wÞ QðvÞ 8v 2V; ð32Þ

to find the solution w 2V. Note that once the influence function w
is known, QðeÞ is recovered as

QðeÞ Bðe;wÞ R�uðwÞ; ð33Þ
Constructio
global stiffness

Factorizatio
global stiffnes

Backward substitution
for solution of primal problem

Error estimation
of primal solution

Goal−oriented error

Primal load vector

Fig. 1. Goal-oriented error
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which implies that the influence function acts as a weight function
for distribution of the discretization error e to the quantity Q in an
energy norm measure. This expression is the so called error repre
sentation which can be rewritten in terms of the error of the solu
tion of the dual problem, � : w wðh;pÞ (which is in practice
replaced by the reference counterpart � : wðh;pÞ wðh;pÞ as for the
direct problem (Eq. 17)). In fact,

QðeÞ Bðe;wðh;pÞ þ �Þ Bðe;wðh;pÞÞ þ Bðe; �Þ Bðe; �Þ: ð34Þ

Note that the term Bðe;wðh;pÞÞ vanishes because Galerkin orthog
onality holds in the solution of the primal problem.

In nonlinear finite element analysis, the Newton Raphson iter
ative procedure is generally applied to obtain the solution of the
physical (primal) problem. This incremental loading procedure is,
however, not needed in the dual framework, as the solution of
the dual problem indicates the influence of the primal solution at
a loading step to the quantity of interest. In other words, a linear
solution control should be sufficient for analysing the dual
problem.

During the nonlinear (primal) solution control, a set of discret
ized dual equations may be set based on the tangent representa
tion at the time of computation. Following the linear elastic case,
error analysis in the dual framework is then straightforwardly car
ried out by means of the error equation

Bðv ; �Þ RwðvÞ QðvÞ Bðv ;wðh;pÞÞ; ð35Þ

by which the error from solving the dual problem � can be esti
mated. The error is computed based on patches of elements and
the computational procedure follows the same procedure as de
scribed in [25].

Fig. 1 shows the procedure in the goal oriented error estima
tion. Two global sets of equations, namely the primal and the dual
problems, are solved. However, one can utilize the factorized glo
bal stiffness matrix, which is formed during the solving of the pri
mal problem, also in the dual problem. This factorization, in fact, is
the main computation in solving the global equations. Thus, back
substitution to the factorized matrix to obtain the solution of the
dual problem can save considerable computational time.
n of
 matrix

n of
s matrix

Error estimation
of dual solution

 estimation

Backward substitution
for solution of dual problem

Dual load vector

estimation procedure.
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And by combining this local criterion with the global criterion, the
mesh in the local region k must be enhanced when

jBkðe; �Þj >
fgoal

PN
j 1jBjðu;wÞj

N
: ð51Þ

The relative element size can be optimally set as

fhkgdes

hk

fjBkðe; �Þjgdes

jBkðe; �Þj

� � 1
2pþd fgoal

PN
k 1jBkðu;wÞj

NnewjBkðe; �Þj

 ! 1
2pþd

: ð52Þ
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5.2.2. Adaptive criterion 2
The mesh needs to be improved whenever

XN

k 1

ðkekkk�kkÞ > fgoal

XN

k 1

ðkukkkwkkÞ: ð53Þ

Again, the error measure can be distributed by uniform error
distribution

kekkk�kk

PN
j 1ðkekjk�kjÞ

N
8 k: ð54Þ
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Fig. 9. Comparison of various goal-oriented measures.
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Combining this local criterion with the global criterion, the mesh in
the local region k must be enhanced when

kekkk�kk >
fgoal

PN
j 1ðkukjkwkjÞ

N
: ð55Þ

The relative element size is optimally cast as

fhkgdes

hk

fkekkk�kkgdes

kekkk�kk

� � 1
2pþd fgoal

PN
k 1ðkukkkwkkÞ

Nnewkekkk�kk

 ! 1
2pþd

: ð56Þ

Apparently, the global allowance in the framework of goal oriented
error estimation fgoal can be set as

fgoal � fprimfdual; ð57Þ

where fprim and fdual are global allowances for the error in the primal
problem and for the error in the dual problem, respectively.

6. Numerical examples

The theoretical settings of the previous sections are now ap
plied to two numerical examples. As our main objective, we would
like to measure the discretization error in the modelling of contin
uous failure (using the gradient enhanced damage model) and use
this study as preliminary information for formulating adaptive
strategies.

Note that, in both examples, we consider a loading with incre
mental displacement, since the problems show a softening behav
ior which cannot be captured when using a force driven
algorithm.
9

6.1. Central transverse crack test

The first numerical example is the central transverse crack test,
described in Fig. 10. Due to symmetry, only the upper right quarter
is modelled under a plane stress condition. We apply the displace
ment control algorithm with a proportionally prescribed displace
ment of u 0:00001 mm for each incremental step in the Newton
Raphson iterative scheme. To investigate the h factor of the finite
element discretization, we select three uniform triangular meshes,
namely Mesh 0, Mesh 1 and Mesh 2 as given in Fig. 11. For inves
tigation of the p factor, four orders of interpolation, ranging from
linear order ðp 1Þ to quartic order ðp 4Þ, are applied in a hier
archical manner. Details of these reference meshes are given in
Table 1.

6.1.1. Effects of mesh discretization on FE solutions
To examine the effects of mesh discretization on the finite ele

ment results, preliminary tests are carried out based on uniform
meshes with uniform orders of interpolation. It is shown in
Fig. 12(left) that the load displacement relation for the coarsest
mesh (Mesh 0) with linear interpolation ðp 1Þ is significantly dif
ferent from the rest of the results. We observe that the finite ele
ment computation is likely to overestimate the reaction forces
corresponding to the prescribed displacements. Both h factor and
p factor can, indeed, improve the accuracy of the solution in this
global sense. As an additional observation in Fig. 12(right), the re
sponse obtained by p extension is observed to improve the finite
element solution faster than the h extension.

We select Mesh 2 with quartic interpolation to describe evolu
tion of the damage parameter and the equivalent strain during the
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Fig. 26. Load–CMSD relations for the SEN test with h-adaptivity.
in the previous example and also in literature [26,2]. A sufficient
mesh resolution is clearly needed when the strain is more
localized.

It is expected that damage may appear at three possible zones,
namely

� Zone A, where the stress singularity is expected at the notch
� Zone B, where the maximum bending stress is expected
� Zone C, where a high bending stress is expected

as marked in Fig. 19. With the material parameters set in this test,
we find that damage at the central zone (Zone A) is dominant and
leads to failure of the beam, whereas damage at Zone B only grows
to a limited extent. We do not find any damage in Zone C in our ref
erence Mesh 2 with quartic interpolation. Plotted at Step 125
(CMSD = 0.125 mm), Fig. 22 shows the damage profile, the defor
mation and the error that seems to concentrate on the boundary
of the primary damaged zone where the high strain gradients exist.

The situation is different when the discretization is not sufficient.
Using Mesh 0 with linear interpolation, cracks at Zone B and Zone C
appear to be dominant, whereas no damage is detected at Zone A.
This wrong result subsequently leads to the appearance of the dis
cretization error at Zone B where there exist high strain gradients,
as shown Fig. 23 for Step 38 (CMSD = 0.038 mm). Now, imagine if
we use the results obtained from Mesh 0 at this final step to consider
where adaptivity should take place. Obviously, the error leads to
wrong information (see Fig. 23(b)) and the adapted mesh will be
completely inadequate. To obtain the correct information about
adaptivity, it is clear that the mesh should be updated during the
loading process. See Fig. 24 for a comparison with the reference dis
cretization (Mesh 2 with quadratic interpolation) at the same step.

6.2.2. Automated mesh adaptivity
Similar to the central transverse crack test, we allow 15% of the

error measure to be present in the analysis. Due to the complexity
of the SEN beam problem, the FE analysis requires more computa
tional cost than it does in the previous example. Instead of comput
ing error and activating adaptivity at every step of computation,
we activate the processes every 10 steps, in order to get reasonable
updates of the mesh balanced with the demands on computational
efforts. With the total CMSD subdivided in 200 increments, this im
plies 20 possible adaptive processes during the entire analysis. In
Fig. 25, the evolution of the mesh is shown.

We start the use of h adaptivity with Mesh 0 with quartic inter
polation. We prevent excessive refinement by specifying the possi
ble element size not to be smaller than the minimum value, which
in this test is half of the element size of Mesh 2.

Compared with the results from the reference meshes, it is
shown in Fig. 26 that the result from the h adapted mesh almost
duplicates the result of Mesh 2. Actually, when smaller element
sizes than those in Mesh 2 are applied at the critical zones, a softer
behavior is obtained in the adapted mesh. Considering the compu
tational cost, the number of degrees of freedom used in the
adapted case varies during the loading process. The result also re
veals that the maximum number of degrees of freedom used in the
computation is 21,099, while in Mesh 2 without any adaptivity,
this number is more than four times as much.

7. Concluding remarks

The error estimator presented in [25] has been applied to a gra
dient enhanced damage model. The error measures, which are
based on the positive definite part of the stiffness matrix, include
those in a solution norm and in a specific quantity, i.e. the crack
mouth opening displacement. To seek the most suitable mesh
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discretization for the model, the h factor and the p factor have
been studied.

In the study, we have found that the discretization error in
the linear elastic regime appears to concentrate at the supports
and the notches (where there exists stress singularities). Once
damage is initiated, the error in the damage zone appears to
take more control. During the loading process, a sufficiently re
fined or enriched discretization is obviously needed in the zone
of high strain gradient, which is usually the zone where damage
appears. However, containing the highest damage level does not
mean that the zone needs the most refined/enriched discretiza
tion. As a good alternative to the error estimation, an error indi
cation, after the damage is initiated, could be the gradient of the
equivalent strain or of its nonlocal counterpart, rather than the
damage level. We have also found that the error in the nonlocal
equivalent strain field provides a much smaller contribution to
the total error measure than the one in the displacement field.
Thus, an economical alternative of this error estimation would
be to assess the error in the displacement field only. Further
more, via goal oriented adaptivity based on crack mouth open
ing displacement, we have also observed in the punch test
that, once the damage appears, correct modelling of the damage
and the strain profiles also guarantees accuracy of the specific
quantity.

Once the error information is at hand, the adaptive process is
activated when the global error exceeds a user specified global er
ror allowance. Based on uniform error distribution, the process
takes place in the regions of large elemental errors. With the adap
tive process activated during the computation, the cracking pro
cess is ensured to follow a correct path with a realistic width of
the process zone.
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