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Abstract. Let % : GQ −→ PGL2(Fp) be a Galois representation with cyclo-
tomic determinant, and let N > 1 be an integer that is square mod p. There
exist two twisted modular curves X+(N, p)% and X+(N, p)′% defined over Q
whose rational points classify the quadratic Q-curves of degree N realizing %.
The paper focuses on the only genus-three instance: the case N = 7, p = 3.
From an explicit description of the automorphism group of the modular curve
X0(63), it follows that the twisted curves are isomorphic over Q in this case.
We also obtain a plane quartic equation for the twists and then produce the
desired Q-curves, provided that the set of rational points on this quartic can
be determined. The existence of elliptic quotients and of an unramified double
cover X(7, 3)% having a genus-two quotient permits a variety of combinations
of covers and Prym-Chabauty methods to determine these rational points. We
include two examples where these methods apply.

1. Introduction

Let p be an odd prime and % : GQ −→ PGL2(Fp) be a representation of the
absolute Galois group of Q. One says that a Q-curve E realizes % if this repre-
sentation is isomorphic to the odd projective representation of GQ arising from the
p-torsion subgroup of E, as explained in [ES01], [FLR02] or [Fer04].

The moduli problem classifying the Q-curves that realize % splits into two differ-
ent cases, cyclotomic and non-cyclotomic, according to the determinant of %. For
a given integer N > 1 prime to p, let us consider the non-CM Q-curves realizing %
which are defined over a quadratic field and have a cyclic isogeny of degree N to its
Galois conjugate. In this case, the cyclotomic condition amounts to asking that N
be a square mod p. Moreover, such Q-curves are given by the rational points on
either a twist of a certain modular curve X(N, p) in the non-cyclotomic case, or on
two twists of a degree-two quotient X+(N, p) in the cyclotomic case (cf. [Fer04]).

The octahedral cases X(5, 3) and X+(7, 3) cover all genus-three instances for
the moduli problem under consideration. Slightly different arguments to those em-
ployed in [FGL] for the non-cyclotomic case X(5, 3) enable us here to deal with the
cyclotomic case X+(7, 3), and yet this second case presents new important features.
Indeed, X+(7, 3) has an unramified double cover isomorphic to the modular curve
X0(63). The structure of the automorphism group of this curve was suggested by
Kenku and Momose in [KM88] and then established by Elkies in [Elk90]. Here we
give an explicit description for this automorphism group; as an application, we show
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that the two twisted curves admit the same model X+(7, 3)% over Q. With the aim
of finding the rational points on this curve, we construct a genus-one quotient E%

defined over a cubic field. Furthermore, the existence of an unramified double cover
X(7, 3)% allows us to translate our problem into finding the rational points on a
finite number of explicit twists X(7, 3)%, m. This configuration is dealt with in gen-
eral in [Bru04]. However, in this particular setting, it turns out that X(7, 3)%, m

actually covers a genus-two curve C̃%, m. We can then use for our purposes a wide
variety of methods to determine the rational points on curves of genus two.

The plan of the paper is as follows. Section 2 summarizes the construction of
the modular curves X(N, p), X+(N, p) and their twists by % in the cyclotomic case.
In Section 3 we obtain a rational model for X0(63) as an unramified double cover
of X0(63)/〈w7〉, and provide a description for the automorphism groups of these
curves. In Section 4 we make explicit X+(7, 3) as a cover of the modular curve
X+(7) = X0(7)/〈w7〉, which is needed later on to exhibit the quadratic Q-curves
of degree 7 realizing a given surjective representation % : GQ −→ PGL2(F3). The
study of the twisted curve X+(7, 3)% is accomplished in Section 5. We develop a
method to retrieve, from a degree-four polynomial in Z[X] having the same splitting
field as %, a plane quartic model for X+(7, 3)% along with a rational model for
its double cover X(7, 3)% . We also determine morphisms X+(7, 3)% −→ E% and
X(7, 3)% −→ C̃% , where E% and C̃% are curves of genus one and two, respectively.
This allows us to use a combination of covers and Chabauty methods to determine
all rational points on X+(7, 3)% and, therefore, all Q-curves of degree 7 realizing %.
In Section 6 we present two complete examples where these methods do apply.

2. Twisting the modular curves X(N, p) and X+(N, p)

Let N > 1 be an integer prime to p. We denote by X(N, p) the fiber product
over X(1) of the modular curves X0(N) and X(p). We take for X0(N) its canonical
model over Q. As for X(p), we fix the rational model attached to a matrix V in
PGL2(Fp) \ PSL2(Fp) of order 2, as a particular case of a general procedure that
can be found in Section II.3 of [Lig77] or Section 2 of [Maz77]. Its Q-isomorphism
class does not depend on the choice of such a matrix. Let also X+(N) be the
quotient of X0(N) by the Atkin-Lehner involution wN . We recall that the non-
cuspidal non-CM rational points on X+(N) parametrize the isomorphism classes
of quadratic Q-curves of degree N . By this term we mean, for simplicity, the
GQ-stable pairs of non-CM elliptic curves related by a cyclic isogeny of degree N .

From now on, we assume N to be a square mod p. The automorphism group
of the cover X(N, p) −→ X+(N) is then seen to be canonically isomorphic to
PSL2(Fp)× Z/2Z. Put w for the involution of X(N, p) corresponding to the non-
trivial element in the center of this group, and denote by X+(N, p) the quotient
curve. The automorphism group, call it G(N, p) , of the cover

X+(N, p) −→ X+(N)

is thus canonically isomorphic to PSL2(Fp). Through the identification of the
automorphisms of this group with the elements in PGL2(Fp), the Galois action
on G(N, p) is given by the morphism

ε : GQ −→ F ∗p /F ∗p
2 ' 〈V 〉

obtained from the mod p cyclotomic character GQ−→ F ∗p .
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Suppose that we are now given a surjective Galois representation

% : GQ −→ PGL2(Fp)

with cyclotomic determinant. For the moduli classification of quadratic Q-curves
of degree N realizing %, we produce two twists of X+(N, p) from certain elements
in the cohomology set H1(GQ,G(N, p)). Specifically, we consider the 1-cocycles
ξ = % ε and ξ′ = V ξ V, where we use the identification of PSL2(Fp) with G(N, p).
For the two twists of X(N, p) attached to ξ and ξ′, respectively, we fix rational
models X+(N, p)% and X+(N, p)′% along with isomorphisms

Ψ : X+(N, p)% −→ X+(N, p)

Ψ′ : X+(N, p)′% −→ X+(N, p)
satisfying Ψ = ξσ

σΨ and Ψ′ = ξ′σ
σΨ′ for every σ in GQ. We note that the

Q-isomorphism class of each of these twists only depend on the splitting field of %.

Theorem 2.1. [Fer04] There exists a quadratic Q-curve of degree N realizing % if
and only if the set of non-cuspidal non-CM rational points on the curves X+(N, p)%

and X+(N, p)′% is not empty. In this case, the compositions

X+(N, p)%
Ψ−→ X+(N, p) −→ X+(N)

X+(N, p)′%
Ψ′−→ X+(N, p) −→ X+(N)

define a one-to-one correspondence between this set of rational points and the set
of isomorphism classes of quadratic Q-curves of degree N realizing %.

Through the embedding G(N, p) ↪→ Aut (X(N, p)), the 1-cocycle ξ defining the
twist X+(N, p)% extends to a 1-cocycle of GQ with values in Aut (X(N, p)). Denote
by X(N, p)% the corresponding twist of X(N, p). We have a commutative diagram

X(N, p)%

²²

Ψ // X(N, p)

²²
X+(N, p)%

Ψ // X+(N, p)

where the vertical arrows are Q-rational double covers; the left one corresponds to
the quotient by the involution Ψ−1w Ψ, which is defined over Q.

For a nonzero integer m, let X(N, p)%, m denote the quadratic twist of X(N, p)%

defined by the 1-cocycle

χm : GQ −→ Gal
(
Q(
√

m )/Q
) ' 〈Ψ−1w Ψ〉.

We have then a Q-rational double cover

X(N, p)%, m
ϕm−→ X(N, p)% −→ X+(N, p)% ,

where the isomorphism ϕm is defined over Q(
√

m ) and is sent by the Galois con-
jugation of this quadratic field to Ψ−1w Ψ ϕm.

Attached to the 1-cocycle ξ′, one has analogous twists X(N, p)′% and X(N, p)′%, m.
Theorem 2.1 can then be refined in the following way.

Theorem 2.2. [Fer04] The isomorphism classes of quadratic Q-curves of degree N
realizing % and with field of moduli Q(

√
m ) are in bijection with the non-cuspidal

non-CM rational points on the curves X+(N, p)% and X+(N, p)′% lifting to rational
points on X(N, p)%, m and X(N, p)′%, m, respectively.
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Proposition 2.1. The genus of X+(N, p) is at least three. The genus is three only
for N = 7 and p = 3.

Proof. The involution w restricts to the Atkin-Lehner involution wN on X0(pN),
thus inducing a cover X+(N, p) −→ X0(pN)/〈wN〉, whose degree is p (p − 1)/2.
This map ramifies with index p above dν∞/2e cusps, where ν∞ is the number of
cusps of X0(N). So the Hurwitz formula yields

2 (g+ − 1) ≥ p (p− 1)(g − 1) +
⌈ ν∞

2

⌉ (p− 1)2

2
,

where g+ and g stand for the genera of X+(N, p) and X0(pN)/〈wN〉, respectively.
If g+ is at most three, it follows that either g = 0 or p = 3 and g = 1. Now,
the only pairs (N, p), with N prime to p and square mod p, satisfying one of
these two conditions are (4, 3), (4, 5) and (7, 3). Indeed, it suffices to check among
the modular curves X0(pN) which have genus ≤ 1 or are hyperelliptic [Ogg74]
or bielliptic [Bar99]. The curves X+(4, 3) and X+(4, 5) have genera zero and
four, respectively (see Proposition 5.7 in [Fer04]). As for X+(7, 3), the genus can
be obtained from the Hurwitz formula applied to the degree-twelve Galois cover
X+(7, 3) −→ X+(7), whose ramification points are those lying above the cusp, the
elliptic point with j-invariant 0 and the two points of X0(7) fixed by w7. ¤

From now on, we assume p = 3. The function field of X(N, 3) over Q can be
taken to be the field of modular functions for Γ0(N) ∩ Γ(3) with rational Fourier
coefficients, so that the automorphism of the complex upper-half plane given by
τ 7→ τ/3 induces an isomorphism

Φ : X(N, 3) −→ X0(9N)

defined over Q. Moreover, the above involution w corresponds through Φ to the
Atkin-Lehner involution wN of X0(9N), so that we have an induced isomorphism

Φ : X+(N, 3) −→ X0(9N)/〈wN〉.
The following result highlights the special behaviour of the automorphism group
of this curve for N = 7, thus complementing Proposition 2.1. Note that there
is an isomorphism between PGL2(F3) and the symmetric group S4 unique up to
conjugation; in particular, the cover group G(N, 3) is isomorphic to the alternating
group A4.

Proposition 2.2. For a prime N ≡ 1 (mod 3) different from 7,

Aut (X(N, 3)) = G(N, 3) × 〈w〉 ' A4 × Z/2Z,

whereas Aut (X(7, 3)) ' S4 × 〈w〉.
Proof. Let us first note that, under the hypotheses in the statement, the modu-
lar curve X0(9N) has genus greater than one. Its automorphism group has no
other elements outside the normalizer B(9N) of Γ0(9N) in PSL2(R) unless N = 7
(cf. [KM88], where two possibilities were given for this case). Moreover, the group
B(9N) is generated by the Atkin-Lehner involutions w9, wN and the automor-
phism S whose action on the complex upper-half plane is given by τ 7→ τ + 1/3.
Since N ≡ 1 (mod 3), an easy checking shows that w9 and S generate a subgroup
isomorphic to A4 and commute with wN . As for X0(63), the actual structure of its
automorphism group was settled in [Elk90] (cf. Section 3 below). ¤
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3. The modular curve X0(63) and its quotient by w7

In this section we give a rational model for the genus-three curve X0(63)/〈w7〉
and for its genus-five double cover X0(63). We also study the automorphism group
of both curves. For future use, let us fix a basis {ω1, . . . , ω5} for the vector space
of regular differentials Ω1(X0(63)) in the following way. Take

ωi = fi(q)
dq

q
,

where f1 is the normalized newform of level 21, f2(q) = f1(q3) and f3, f4, f5 are
the normalized newforms of level 63 :

f1 = q−q2+q3−q4−2 q5−q6−q7+3 q8+q9−2 q10+4 q11−q12−2 q13+q14−2 q15−q16+6 q17+· · ·

f2 = q3 − q6 + q9 − q12 − 2 q15 − q18 − q21 + 3 q24 + q27 − 2 q30 + 4 q33 − q36 + · · ·

f3 = q + q2 − q4 + 2 q5 − q7 − 3 q8 + 2 q10 − 4 q11 − 2 q13 − q14 − q16 + 6 q17 + · · ·

f4 = q+
√

3 q2+q4−2
√

3 q5+q7−
√

3 q8−6 q10+2
√

3 q11+2 q13+
√

3 q14−5 q16+2
√

3 q17+· · ·

f5 = q−
√

3 q2+q4+2
√

3 q5+q7+
√

3 q8−6 q10−2
√

3 q11+2 q13−
√

3 q14−5 q16−2
√

3 q17+· · ·
Note that ω1, ω2, ω3 are defined over Q, while ω4, ω5 are Galois conjugates defined
over Q(

√
3 ).

3.1. A rational plane quartic model for X0(63)/〈w7〉. We start by observing
that the pullback of Ω1

Q(X0(63)/〈w7〉) by the projection X0(63) −→ X0(63)/〈w7〉
is the vector subspace of Ω1

Q(X0(63)) invariant by w7, so that it is generated by
the differential forms ω1, ω2, ω3. In particular, the Jacobian of X0(63)/〈w7〉 is
Q-isogenous to E2

21×E63, where E21 and E63 are elliptic curves over Q of conductors
21 and 63, respectively.

Proposition 3.1. The genus-three curve X0(63)/〈w7〉 is nonhyperelliptic and ad-
mits an affine quartic model over Q given by

(1) x4 − 8 x3 y + 46 x2 y2 − 72 x y3 + 81 y4 − 2 x2 − 8 x y − 18 y2 + 1 = 0,

where x = ω1/ω3 and y = ω2/ω3. In particular, Q (X0(63)/〈w7〉) = Q(x, y).

Proof. Let X/C be a curve of genus at least two and φ : X0(M) −→ X be a
nonconstant morphism unramified at the cusp ∞. With the same arguments as
in Proposition 6.5 of [BGGP05], it can be proved that X is hyperelliptic if and
only if part (3) of that proposition is satisfied for the vector subspace S2(A) of
S2(Γ0(M)) such that S2(A) dq/q is the pullback of Ω1(X) by φ. In our case, the
cover X0(63) −→ X0(63)/〈w7〉 is unramified and part (3) fails for 〈f1, f2, f3〉, so
the first assertion follows.

In view of this, the image of X0(63)/〈w7〉 under the canonical embedding is the
zero locus of a homogeneous polynomial P in Q[X, Y, Z] of degree four. Such a poly-
nomial is unique up to non-zero rational multiples and satisfies P (ω1, ω2, ω3) = 0. It
can be explicitly determined using the first seventeen Fourier coefficients of each ωi

(cf. Section 2 of [BGGP05]). This yields the equation in the statement. ¤
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3.2. A rational model for the cover X0(63) −→ X0(63)/〈w7〉. In order to make
explicit the unramified cover X0(63) −→ X0(63)/〈w7〉, let us take for Ω1

Q(X0(63))
the basis {ω1, ω2, ω3, ν4, ν5}, where

ν4 = (ω4 + ω5)/2 and ν5 = (ω4 − ω5)/(2
√

3).

The involution w7 scales ν4 and ν5 by −1, so that ν2
4 , ν4 ν5, ν

2
5 belong to the tensor

product of the vector space Ω1
Q(X0(63)/〈w7〉) by itself. Using Fourier expansions,

we obtain

ν2
4 = Q1(ω1, ω2, ω3) , ν4 ν5 = Q2(ω1, ω2, ω3) , ν2

5 = Q3(ω1, ω2, ω3) ,

where

Q1(X, Y, Z)= (X2 + 9 Y 2 − 10 XY + 2 XZ + 6 Y Z + Z2)/4 ,

Q2(X, Y, Z)= −(X2 + 9 Y 2 − 2 XY − Z2)/4 ,

Q3(X, Y, Z)= −(X2 + 9 Y 2 − 10 XY − 2 XZ − 6 Y Z + Z2)/12 .

Note that the relation

Q1(x, y, 1) Q3(x, y, 1)−Q2(x, y, 1)2 = 0

is exactly equation (1).
Consider now the functions r = ν4/ω3 and s = ν5/ω3 on X0(63). Since they

are not fixed by w7, one has

Q(X0(63)) = Q(x, y, r) = Q(x, y, s),

and we can think of the above equalities as a rational model for the double cover
X0(63) −→ X0(63)/〈w7〉, namely

(2) r2 = Q1(x, y, 1) , r s = Q2(x, y, 1) , s2 = Q3(x, y, 1) .

3.3. The automorphism groups of X0(63) and X0(63)/〈w7〉. As noted in the
previous section, the automorphism group of X0(63) is isomorphic to S4 × Z/2Z.
This was conjectured in [KM88], and then settled in [Elk90] by proving the existence
of an involution which is not in the normalizer B(63). An explicit description for
this extra involution is obtained in this section.

We begin by recalling that the automorphism subgroup B(63) is generated by
the Atkin-Lehner involutions w7, w9 and the order-three automorphism S in the
proof of Proposition 2.2. The action of these generators on the regular differentials
of X0(63) is displayed in the following table:

w7 w9 S

ω1 ω1 −3 ω2 −1/2 ω1 + 3/2 ω2 +
√−3/2 ω3

ω2 ω2 −1/3 ω1 ω2

ω3 ω3 −ω3

√−3/2 ω1 −
√−3/2 ω2 − 1/2 ω3

ω4 −ω4 ω4 −1/2 ω4 +
√−3/2 ω5

ω5 −ω5 ω5

√−3/2 ω4 − 1/2 ω5

In particular, w7 commutes with w9 and S, and one gets the relation (w9 S)3 = 1.
So B(63) is indeed isomorphic to A4 × Z/2Z.
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Let us now turn to the quotient X0(63)/〈w7〉. The automorphisms induced on
this curve by w9 and S can be denoted in the same way:

A4 ' 〈S, w9〉 ↪→ Aut (X0(63)/〈w7〉) .

Now, equation (1) yields an involution W on X0(63)/〈w7〉 which acts sending an
affine point (x, y) to (−x,−y) and which does not come from B(63). From the
Hurwitz formula, it follows that the quotient of the curve by 〈W 〉 has genus one,
so the matrix of the action of W on Ω1

Q(X0(63)/〈w7〉) with respect to the basis
{ω1, ω2, ω3} is



−1 0 0

0 −1 0
0 0 1


 .

One can then check that W commutes with w7 while W S W = S 2. This explicitly
yields S4 as a subgroup of X0(63)/〈w7〉, which can be theoretically deduced from
[Elk90] together with the observation that 〈w7〉 is the center of Aut (X0(63)) :

S4 ' Aut(X0(63))/〈w7〉 ↪→ Aut(X0(63)/〈w7〉).
To conclude that this embedding is actually surjective, we note that the isomor-
phism given by

(X, Y ) =
( −2

√−3/3 x + 2
√−3 y

−√−3/3 x−√−3 y + 1
,

√−3/3 x +
√−3 y + 1

−√−3/3 x−√−3 y + 1

)

transforms (1) into the simpler equation

X4 + Y 4 + 1 +
2
7

(X2 + Y 2 + X2 Y 2) = 0 .

From the classification in [Dol], the automorphism group of this plane quartic is
isomorphic to S4. So we have

Aut (X0(63)/〈w7〉) = 〈W,S, w9〉 ' S4.

Remark 3.1. The determinant of every automorphism of X0(63)/〈w7〉 acting on
the regular differentials is trivial. This implies that the quotient of this curve by
any subgroup of automorphisms has at most genus one. In particular, the quotient
by an involution has always genus one.

Lastly, the automorphism W lifts to two involutions on X0(63) which differ by
multiplication by w7. From equations (2) and the action of W on X0(63)/〈w7〉,
it follows that these liftings send the regular differentials ν4 and ν5 to ±√−3 ν5

and ∓√−3/3 ν4, respectively. In particular, both involutions are defined over the
quadratic field Q(

√−3 ), whereas W is defined over Q. Notice also that they send
ω4 and ω5 to ∓√−1 ω5 and ±√−1 ω4, respectively. The choice of one of these two
liftings fixes an identification

Aut (X0(63)) = Aut (X0(63)/〈w7〉)× 〈w7〉.
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4. The modular curve X+(7, 3) as a cover of X+(7)

Let us now resume Section 2 in the particular case N = 7, p = 3. Our goal is
to describe explicitly the modular cover X+(7, 3) −→ X+(7). This is needed in
the next sections to recover the Q-curves of degree 7 realizing a given octahedral
Galois representation % once the rational points on the twisted curves X+(7, 3)%

and X+(7, 3)′% have been found.
Recall that we have a commutative diagram

X(7, 3) Φ //

²²

X0(63)

²²
X+(7, 3) Φ // X0(63)/〈w7〉

where the horizontal arrows are isomorphisms induced by the automorphism τ 7→ τ/3
of the complex upper-half plane.

From now on, we use the following notation: for a function F ∈ Q (X0(63)), a
regular differential ω ∈ Ω1(X0(63)) or an automorphism A ∈ Aut (X0(63)), we put
F = Φ∗(F ), ω = Φ∗(ω), A = Φ A Φ−1 for the corresponding function, differential
or automorphism of X(7, 3). Through the isomorphism Φ, equations (1) and (2)
in the previous section yield rational models for X+(7, 3) and X(7, 3), respectively,
and we have

Q(X+(7, 3)) = Q(x, y) , Q(X(7, 3)) = Q(x, y, r) = Q(x, y, s)

Ω1
Q(X+(7, 3)) = 〈ω1, ω2, ω3〉Q , Ω1

Q(X(7, 3)) = 〈ω1, ω2, ω3, ν4, ν5〉Q .

Analogously,
S4 ' 〈W, S,w9〉 = Aut

(
X+(7, 3)

)
↪→ Aut (X(7, 3)) ,

and the involution w defining X+(7, 3) as a quotient of X(7, 3) is precisely w7.

Remark 4.1. The automorphism group of X+(N) is trivial when the genus of this
curve is at least three and N is prime (cf. [BH03]). Thus, for any such a level N,
the curve X+(N, 3) has no involutions W with 〈W, S, w9〉 ' S4. This reinforces
the exceptionality of the case N = 7 exhibited in Proposition 2.2.

Consider the following diagram of function fields, where the horizontal arrows
are isomorphisms induced by Φ while the vertical ones are inclusions:

Q(X(7, 3)) Q(X0(63))Φ∗oo

AA
AA

AA
AA

AA
AA

AA
AA

AA
A

Q(X+(7, 3)) Q(X0(63)/〈w7〉)Φ∗oo

Φ∗(Q(X0(21)/〈w7〉)) Q(X0(21)/〈w7〉)'oo

kkkkkkkkkkkkkkk
Q(X0(7))

ffffffffffffffffffffffffffff

Q(X+(7)) = Q(t(τ)) Q(t(3τ))'oo

We now dissect the left column of the diagram by proceeding in several steps.
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The function field of X+(7). For this function field, we take the following gen-
erator over Q :

t(τ) =
(

η(τ)
η(7τ)

)4

+ 72

(
η(7τ)
η(τ)

)4

=
1
q
− 4 + 51 q − 204 q2 + · · ·

where η denotes the Dedekind function on the complex upper-half plane. Let us
also recall, for future use, that Q(X0(7)) is generated over Q(X+(7)) by the elliptic
modular function j. The relation between the functions j and t can be computed
using the procedure described in [GL98] :

j2−(13+t)(−96+5t+t2)(−1371−1710t−170t2+10t3+t4)j+(13+t)2(3529+250t+t2)3 = 0.

A non-CM rational value of t gives rise to a quadratic Q-curve of degree 7 with
j-invariant such that Q(j) = Q

(√
t2 − 196

)
.

The function field of X0(21)/〈w7〉. Using Proposition 3 of [Gon91], we obtain a
rational function u0 on X0(21) with divisor 2(1/3)− 2(∞) and normalized Fourier
expansion, namely

u0 =
η(3τ)3 η(7τ)
η(τ) η(21τ)3

=
1
q2

+
1
q

+ 2 + 2 q2 + · · ·

Moreover, the involution w7 sends u0 to 7/u0. Then, the functions

u = u0 +
7
u0

=
1
q2

+
1
q

+ 2 + 9 q2 − 6 q3 + · · ·

v =
du

2 ω1
=

1
q3

+
3

2 q2
+

1
2 q

− 6 q + · · ·

generate Q(X0(21)/〈w7〉) over Q and satisfy the equation

(3) v2 = u3 − 23/4 u2 − 28 u + 161 .

This is the elliptic curve of conductor 21 with label A3 in Cremona’s notation, while
the label of X0(21) is A1.

The extension of function fields Q(X+(7, 3)) / Φ∗(Q(X0(21)/〈w7〉)). This ex-
tension corresponds through Φ to Q(x, y)/Q(u, v). So all we need is to express
u and v as rational functions in x and y. We first observe that the degree-
three rational cover X0(63) −→ X0(63)/〈w9 S w9〉 is actually the forgetful map
X0(63) −→ X0(21), since the pullback of the regular differentials is 〈ω1〉. Thus, the
functions on X0(21)/〈w7〉 are exactly those on X0(63)/〈w7〉 which are invariant by
the automorphism w9 S w9. The functions

(4) U =
(−3 + x− 9 y)(3 + x− 9 y)

x2
and V =

(−3 + x− 9 y)3

x3

satisfy this. Since [Q(x, y) : Q(U, V )] = 3, these functions generate the function
field of X0(21)/〈w7〉 over Q, that is, Q(u, v). Using the q-expansions of x, y, u
and v, we obtain the equalities

u = 4
−144− 348 U + 26 U2 + 42 V + 17 U V + 2 V 2

(24 + 2U + V )2
,

v = 9
432(48 + 16U − 5U2)− V (2880− 2208U + 40U2 − 132V + 22 UV + V 2)

(24 + 2 U + V )3
,

which combined with (4) give the desired expressions.
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The function field Φ∗(Q(X0(21)/〈w7〉)) as an extension of Q(X+(7)). What
remains to be done is to express t as a rational function in u and v. As t(τ) = t(3τ),
this is equivalent to giving t(3τ) as a rational function in u and v. The function
t(3τ), viewed on X0(21)/〈w7〉, has exactly a pole of order 3 at each cusp. Since the
function

R(τ) =
η(τ)3 η(7τ)3

η(3τ)3 η(21τ)3
=

1
q2

− 3
q
− 8 q + · · ·

has divisor 2(0) + 2(1/7) − 2(1/3) − 2(∞) on X0(21) and is sent to −R by w7

(cf. [Gon91]), its square lies in Q(X0(21)/〈w7〉). More precisely, we get

R2 = u2 − 8v + 16u− 120 .

Analogously, the function R2(τ) t(3τ) has a unique pole (of order 7) at the cusp ∞
of X0(21)/〈w7〉, so it must also be a polynomial in u and v. Using again the
q-expansions of u and v, we finally obtain

(5) t =
−1624 + 742 u + 25 u2 − 19 u3 − 168 v + 58 u v + 2 u2 v

2 (u2 − 8 v + 16 u− 120)
.

To finish this section, we note that the Prym variety associated with the cover
X(7, 3) −→ X+(7, 3) is isomorphic over Q to the modular Abelian variety Af4

attached to the newform f4 by Shimura [Shi71] as a subvariety of the Jacobian
J0(63) of X0(63). This Abelian surface is the Jacobian of the curve (cf. [Bru04])

(6) Ĉ : ŷ2 = − 1
27

x̂6 − 2 x̂3 + 1 .

Note that this genus-two curve is the one given for the Abelian surface S63,B in the
tables of [GJGG02], where it was computed by analytical means.

There also exists a genus-two curve C̃ over Q which is dominated by X(7, 3)
and whose Jacobian is isogenous to Af4 over Q. Specifically,

(7) C̃ : ỹ2 = x̃6 − 26 x̃3 − 27 ,

where x̃ = ν4/ν5 = r/s and ỹ = dx̃/ν5. The nonconstant morphism X(7, 3) −→ C̃
sending (x, y, r, s) to (x̃, ỹ) has degree four, so it is unramified, and is defined over Q.
The curve C̃ is labeled C63 in Table 1 of [GJG03]. It turns out that the above
curve Ĉ is not isomorphic to C̃, so it is not dominated by X(7, 3).

5. The twisted curves X+(7, 3)% and X(7, 3)%,m

Let us now twist the modular curve X+(7, 3) following the general recipe given
in Section 2. We start from a fixed representation % : GQ −→ PGL2(F3) with cyclo-
tomic determinant, and denote by L its splitting field. We take % to be surjective,
so that it is determined by L up to conjugation in PGL2(F3). Since this group
is isomorphic to the symmetric group S4, we can actually take as input data a
degree-four polynomial f ∈ Z[X] with splitting field L. Note that the condition on
the determinant amounts to saying that L contains

√−3 or, equivalently, that the
discriminant of f is −3 up to a rational square.

We identify Gal(L/Q) with S4 by fixing an order of the roots of f . For conve-
nience, we take as generators for this Galois group the following permutations:

σ1 = (1, 2, 3), σ2 = (1, 2)(3, 4), σ3 = (1, 2).
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Note that Q(
√−3 ) is the fixed field by 〈σ1, σ2〉. Then, the (conjugacy class of

the) representation % translates into the isomorphism Gal(L/Q) ' Aut (X+(7, 3))
sending σ1, σ2, σ3 to S

2
, w9, W , respectively. This isomorphism identifies the con-

jugacy class in PGL2(F3) of the matrix V fixed in Section 2 with the conjugacy
class in Aut (X+(7, 3)) of the automorphism W . Thus, the 1-cocycle attached to %
can be given as follows:

ξσ1 = S
−1
, ξσ2 = w9 , ξσ3 = 1.

5.1. The isomorphism between X+(7, 3)% and X+(7, 3)′%. The 1-cocycles ξ

and ξ′ are related by the formula ξ′ = W ξ W, hence cohomologous. It follows that
the composition

X+(7, 3)′%
Ψ′−→ X+(7, 3) W−→ X+(7, 3) Ψ−1

−→ X+(7, 3)%

is defined over Q, where Ψ and Ψ′ are the isomorphisms in Theorem 2.1. The set
of isomorphism classes of quadratic Q-curves of degree 7 realizing % are in bijection
with the union of the disjoint sets Ψ (X+(7, 3)%(Q)) and Ψ′

(
X+(7, 3)′%(Q)

)
. Since

one set is the image of the other by W, to get all such Q-curves it suffices to
determine just one of the two sets and then use the next result.

Proposition 5.1. The automorphism W induces a nontrivial involution on X+(7)
given by

t 7→ (−196− 13 t)/(13 + t).

Proof. The automorphism group of the cover X+(7, 3) −→ X+(7) is 〈S,w9〉. Since
W normalizes this group, it induces a nontrivial automorphism on X+(7), whose ac-
tion on t comes from the expression of this Hauptmodul as an element inQ(X+(7, 3)),
given in Section 4, together with the action of W on this function field, given in
Section 3. ¤

It follows a corollary which is reobtained in Subsection 5.6 below.

Corollary 5.1. Fix a nonzero integer m. Among the isomorphism classes of qua-
dratic Q-curves of degree 7 realizing %, those with field of moduli Q(

√
m ) are the

same in number as those with field of moduli Q(
√−3m ).

Proof. A non-cuspidal value t ∈ Q provides a quadratic Q-curve of degree 7 with
j-invariant in Q

(√
t2 − 196

)
. Then, the value (−196− 13 t)/(13+ t) obtained from

Proposition 5.1 provides a Q-curve with j-invariant in Q
(√

−3 (t2 − 196)
)
. ¤

5.2. A plane quartic model for X+(7, 3)%. In this subsection we provide a
method to produce a plane quartic rational model for X+(7, 3)%. The background
strategy is as in [FGL]: such a model can be obtained from a basis of the 3-dimen-
sional Q-vector space Ω1

Q(X+(7, 3)%).
Consider on Ω1

Q (X+(7, 3)) = Ω1
Q(X+(7, 3)) ⊗ Q the Galois action twisted by

the 1-cocycle ξ. It is defined by

(ω ⊗ γ)σ
ξ :=

(
σω ξ−1

σ

)⊗ σ(γ)

for ω ∈ Ω1
Q(X+(7, 3)), γ ∈ Q and σ ∈ GQ. This action factors through Gal(L/Q),

and the regular differentials on X+(7, 3)% defined over Q can be identified with the
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fixed elements in Ω1
L(X+(7, 3)), that is,

Ω1
Q
(
X+(7, 3)%

)
=

(
Ω1
Q
(
X+(7, 3)

)⊗ L
)Gal(L/Q)

ξ
.

We fix a basis {ωi⊗ θj}i,j for Ω1
Q(X+(7, 3))⊗L, where ω1, ω2, ω3 are the forms

in Ω1
Q(X0(63)/〈w7〉) introduced in Section 3, ω1, ω2, ω3 are the corresponding forms

in Ω1
Q(X+(7, 3)), and {θ1, . . . , θ24} is an integral basis of L.

The action of the Galois generators σ1, σ2, σ3 on this basis is given by three 72×72
matrices with rational entries. We call them W1, W2,W3, respectively. The com-
putation of these matrices comes straightforward from the table in Subsection 3.3
and from the definition of the 1-cocycle ξ.

We must now look for three elements in Ω1
Q(X+(7, 3))⊗L which are linearly inde-

pendent over Q and invariant by the above Galois action. In other words, we com-
pute a basis {X% , Y% , Z%} for the 3-dimensional vector subspace of Ω1

Q(X+(7, 3))⊗L
corresponding to 3⋂

k=1

ker (Wk − Id72) ⊆ Q72 .

Writing X% , Y% , Z% as linear combinations of ω1, ω2, ω3, we get the 3 × 3 ma-
trix Θ with entries in L giving the basis change

(ω1, ω2, ω3) = (X% , Y% , Z%) Θ .

Plugging ω1, ω2, ω3 in the homogenization of equation (1), replacing then X% , Y% , Z%

by projective variables X, Y, Z and finally factoring out, one gets a plane quartic
equation F (X, Y, Z) = 0 for the twist X+(7, 3)% over Q. Then, the isomorphism
Ψ : X+(7, 3)% −→ X+(7, 3) in Theorem 2.1 is given by

(X : Y : Z) 7−→ (X : Y : Z)Θ .

Remark 5.1. Actually Ψ is defined over the fixed field L〈σ3〉, so the above matrix Θ
has all its entries in this degree-twelve extension. Moreover, detΘ ∈ Q. Indeed, one
has

X% ∧ Y% ∧ Z% = detΘ−1 ω1 ∧ ω2 ∧ ω3

in
∧3 Ω1(X+(7, 3)). Then, for any σ in GQ,

(X% ∧ Y% ∧ Z%)σ
ξ = σ(detΘ−1)

∧

i = 1,2,3

(ωi ξ−1
σ ) = σ(detΘ−1) det ξ−1

σ (ω1 ∧ ω2 ∧ ω3),

where ξσ is seen as an automorphism in Ω1(X+(7, 3)). So the assertion follows
from the facts that X% ∧ Y% ∧ Z% is invariant under the twisted action of GQ and
det ξσ = 1 for all σ (see Remark 3.1).

5.3. Genus-one quotients of X+(7, 3)%. Recall that every quotient of X+(7, 3)%

by an involution has genus one (see Remark 3.1); we now make explicit two such
quotients. In order to do that, we begin by introducing the cubic and quartic fields

L3 = L〈σ2, σ3, σ2
1σ2 σ1〉, L4 = L〈σ3, σ2 σ1 σ2〉.

Note that L4 is generated by a root of the polynomial f , whereas L3 corresponds
to its cubic resolvent. Since the discriminant of L is −3 up to squares,

L3 = Q(α)

for some α satisfying α3 ∈ Q. Replacing α by 1/α, if necessary, we can further
assume that σ1(α) = ζ α, where ζ = (−1 +

√−3 )/2.
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Firstly, let us consider the involution w% = Ψ−1 w9 Ψ in Aut(X+(7, 3)%). A
straightforward computation shows that w% is defined over L3. Let us denote
by E% the genus-one curve X+(7, 3)%/〈w%〉. In Remark 5.2 below we shall give a
procedure to get a model for the cover X+(7, 3)% −→ E%. Assume E% is elliptic
over L3, otherwise X+(7, 3)%(Q) is empty. The Weil restriction ResL3/QE% is Q-
isogenous to the Jacobian of X+(7, 3)% and, in particular,

rankQ Jac
(
X+(7, 3)%

)
= rankL3E% .

When this rank is at most two, we are able to apply an elliptic-Chabauty method
to determine all rational points of X+(7, 3)%. Notice that E% is isomorphic to the
elliptic curve of conductor 21 with label A1 in Cremona’s notation, that is, the
modular curve X0(21).

A second genus-one quotient is constructed as follows. From the equality

{τ ∈ Gal(L/Q) : τΨΨ−1 ∈ 〈w9 S w9 〉} = 〈σ3, σ2 σ1 σ2〉
it follows that the composition

X+(7, 3)%
Ψ−→ X+(7, 3) −→ X+(7, 3)/〈w9 S w9〉 ' X0(21)/〈w7〉

is defined over L4. Let us denote by ES the elliptic curve X+(7, 3)/〈w9 S w9〉,
for which a model over Q is given by equation (3). If rank L4ES = 0, then it is
unnecessary to compute an equation for X+(7, 3)%. Indeed, in this case the values
t ∈ X+(7)(Q) obtained from the torsion points in ES(L4) using (5) provide a finite
set of candidate Q-curves E, and it suffices to check for each E whether it realizes %
or not. We also notice that

rankQ Jac
(
X+(7, 3)%

)
= rankL4ES ,

since the Weil restriction ResL4/QES is isogenous to ES × Jac(X+(7, 3)%) over Q
and rankQES = 0.

5.4. The unramified double cover X(7, 3)% −→ X+(7, 3)%. Recall that we have
a commutative diagram

X(7, 3)%

²²

Ψ // X(7, 3)

²²
X+(7, 3)%

Ψ // X+(7, 3)

where the vertical arrows are rational unramified double covers. We next show how
to obtain equations for the left cover from the rational model

ν 2
4 = Q1(ω1, ω2, ω3) , ν4 ν5 = Q2(ω1, ω2, ω3) , ν 2

5 = Q3(ω1, ω2, ω3)

corresponding to the right cover (cf. Subsection 3.2). Recall also that

Ω1
Q
(
X+(7, 3)%

)
= Ψ∗ (〈X% , Y% , Z%〉Q) ,

where (ω1, ω2, ω3) = (X% , Y% , Z%)Θ.

Proposition 5.2. Let α be as in Subsection 5.3. The regular differentials on X(7, 3)%

corresponding through the isomorphism Ψ to

R% = (1/α) ν4 and S% = α ν5
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are defined over Q. In particular, a rational projective model for the double cover
X(7, 3)% −→ X+(7, 3)% is given by the relations

R2
% = Q1,% (X% , Y% , Z%) , R% S% = Q2,% (X% , Y% , Z%) , S2

% = Q3,% (X% , Y% , Z%) ,

where
Q1,% (X, Y, Z) = 1/α2 Q1 ( (X,Y, Z) Θ) ,

Q2,% (X, Y, Z) = Q2 ( (X, Y, Z)Θ) ,

Q3,% (X, Y, Z) = α2 Q3 ( (X,Y, Z) Θ) .

Proof. The statement follows from the definition of the 1-cocycle ξ defining the
twisted curve X(7, 3)% together with the observation that the involution w9 acts
trivially on ν4 and ν5 while S∗ν4 = ζ ν4 and S∗ν5 = ζ2ν5. ¤
Remark 5.2. For an eigenvector ω ∈ Ω1

C(X
+(7, 3)) of w9 with eigenvalue −1, it

can be checked that

C
(
X+(7, 3)/〈w9〉

)
= C

(
Q1(ω1, ω2, ω3)/Q2(ω1, ω2, ω3), ω2/Q2(ω1, ω2, ω3)

)

if and only if ω is not a multiple of ω1 + 3 ω2 ±
√−3 ω3. Now, for the projective

model for X+(7, 3)% given by

Q1,% (X, Y, Z) Q3,% (X,Y, Z)−Q2,% (X, Y, Z)2 = 0,

the involution w% in Subsection 5.3 is defined over L3 = Q(α). Then, it follows that
for any non-trivial element Ψ∗ (aX% + b Y% + cZ%) in the two-dimensional vector
subspace of Ω1

L3
(X+(7, 3)%) consisting of the eigenvectors of w% with eigenvalue −1,

the morphism φ% : X+(7, 3)% −→ P2 given by

(X : Y : Z) 7−→ (u : v : w) =
(
Q1,%(X, Y, Z) : Q2,%(X,Y, Z) : (aX + b Y + cZ)2

)

is defined over L3 and its image is the genus-one curve E%.

5.5. Genus-two curves attached to X(7, 3)%. Let us now twist by % the genus-
two curves Ĉ and C̃ at the end of Section 4. Keep the notation in Proposition 5.2.

The Prym variety associated with the cover X(7, 3)% −→ X+(7, 3)% is the Jaco-
bian of the genus-two curve

(8) Ĉ% : ŷ2
% = − 1

27
d4x̂6

% − 2 d2x̂3
% + 1,

where d = α3. Indeed, since d and det Θ lie in Q (cf. Remark 5.1), an equation
for such a curve is given by

ŷ2
% = −

(
d

detΘ

)2

det
(
Q1,% + 2 x̂% Q2,% + x̂2

% Q3,%

)
,

where we regard each Qi,% as the symmetric 3 × 3 matrix corresponding to the
quadratic form that it represents. Since

Q1,% =
1
α2

Θ Q1 Θt , Q2,% = Θ Q2 Θt , Q3,% = α2 Θ Q1 Θt,

the claim follows from the equality

det(Q1,% + 2 x̂% Q2,% + x̂2
% Q3,%) =

detΘ2

α6
det(Q1 + 2 x̂% α2 Q2 + x̂2

% α4 Q3)

together with equation (6) and the relation

det(Q1 + 2 x̂ Q2 + x̂2 Q3) = − 1
27

x̂6 − 2 x̂3 + 1.
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Whenever rankQ Jac Ĉ% is at most one, one can use the Abel-Prym embedding
X+(7, 3)% −→ Jac Ĉ% (or twice that, which turns out to be easier to compute),
and apply Chabauty’s method to bound the cardinality of X+(7, 3)%(Q). This is
described in general in [Bru04]. However, in our particular setting, the rational
cover X(7, 3)% −→ C̃% in the following proposition is more useful.

Proposition 5.3. The functions x̃% = Ψ∗(R%/S%) and ỹ% = α3 dx̃%/Ψ∗(S%) lie
in Q(X(7, 3)%) and generate over Q the function field of the genus-two curve

C̃% : ỹ2
% = d4x̃6

% − 26 d2x̃3
% − 27,

where d = α3.

Proof. It suffices to use Proposition 5.2 and equation (7) along with the equalities
x̃% = Ψ∗(x̃)/α2 and ỹ% = Ψ∗(ỹ). ¤

With the notation in Remark 5.2, we have the following commutative diagram,
where the morphism degrees are displayed:

X(7, 3)%

2

²²

4

ÃÃA
AA

AA
AA

AA
AA

AA
AA

AA
AA

A

X+(7, 3)%

φ%2

²²
E%

u/v2

²²

C̃%

x̃%

2

vvnnnnnnnnnnnnnnnn

P1

5.6. The twisted curves X(7, 3)%, m. With the notation in Proposition 5.2, a
rational projective model for the double cover

X(7, 3)%, m
ϕm−→ X(7, 3)% −→ X+(7, 3)%

introduced in Section 2 is given by

R2
%, m = m Q1,% (X%, Y%, Z%) , R%, m S%, m = m Q2,% (X%, Y%, Z%) , S2

%, m = m Q3,% (X%, Y%, Z%) ,

where R%, m =
√

mR% and S%, m =
√

mS%. Multiplying by nonzero rational
squares, if necessary, we can assume each polynomial Qi,%(x%, y%, 1) in Z[x%, y%].
Let S be the set of integers dividing the squarefree part of the greatest common
divisor of the three resultants

Resx%

(
Resy%

(
Qi,%(x%, y%, 1), Qj,%(x%, y%, 1)

)
, Resy%

(
Qi,%(x%, y%, 1), Qk,%(x%, y%, 1)

))

obtained for 1 ≤ i, j, k ≤ 3 and i 6= j 6= k. Then, there are no quadratic Q-curves
of degree 7 realizing % whose field of moduli is Q(

√
m ) when the squarefree parts

of m and −3 m are not in S.
We have now a rational map onto a genus-two curve

X(7, 3)%, m −→ C̃%, m , C̃%, m : m ỹ2
%, m = d4x̃6

%, m − 26 d2x̃3
%, m − 27,

where

x̃%, m = Ψ∗(R% ,m/S% ,m) = x̃% , ỹ%, m = α3 dx̃% ,m/Ψ∗(S% ,m) = ỹ%/
√

m
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and d = α3 (cf. Proposition 5.3). Thus, to get the above Q-curves for a given
integer m such that the squarefree part of m or −3 m lies in the set S, we only need
to determine C̃%,m(Q), C̃%,−3m(Q) and then use the following remark.

Remark 5.3. The diagram in Subsection 5.5 still holds if we replace X(7, 3)%

and C̃% by X(7, 3)%, m and C̃%, m , respectively. Given a lifting to X(7, 3)%, m of a
point (X0 : Y0 : Z0) in X+(7, 3)% , denote by (x̃0, ỹ0) its image in C̃%, m. Then, the
liftings to X(7, 3)%, m of any other point in X+(7, 3)% map to (x̃0,±ỹo) if and only
if this point is a zero of the function R%/S% − x̃0 , that is, if and only if it also lies
in the conique

(9) Q2,%(X,Y, Z)/Q3,%(X, Y, Z) = Q2,%(X0, Y0, Z0)/Q3,%(X0, Y0, Z0).

This is used in the second example of next section.

Finally, note that the composition

X(7, 3)′%, m
Ψ′ϕm // X(7, 3) W // X(7, 3)

(Ψ ϕ−3m)−1

// X(7, 3)%,−3m

is defined over Q, where we use any lifting to X(7, 3) of the automorphism W.
Thus, to get all quadratic Q-curves of degree 7 realizing % and with field of mod-
uli Q(

√
m ), it suffices to compute the t-values obtained from both the rational

points on X(7, 3)%, m and the image by W of the rational points on X(7, 3)%,−3m.
Proposition 5.1, which can be useful for this computation, yields then the t-values
of quadratic Q-curves of degree 7 realizing % and with field of moduli Q(

√−3m ).

6. Two examples

The computations involved in the following examples have been performed with
the computer algebra system Magma v2.11 [Mag]. The first example uses a genus-
one strategy following Subsection 5.3, while the second one uses a genus-two strat-
egy following Subsection 5.6.

Example 1. Consider the surjective Galois representation % : GQ −→ PGL2(F3)
defined up to conjugation by the splitting field of the irreducible polynomial

f(X) = X4 + 2 X3 − 3 X2 + 2 X + 7.

The discriminant of f equals −26 37. A projective model for X(7, 3)%−→X+(7, 3)%

is given by

R2 = Q1,%(X, Y, Z) , S2 = Q3,%(X, Y, Z) , R S = Q2,%(X,Y, Z) ,

where
Q1,% = 2

(
X2 + 2 X Y + 4 X Z + 8 Y 2 + 2 Z2

)
,

Q3,% = −6
(
26 X2 + 50 X Y + 24 X Z + 11 Y 2 + 24 Y Z + 6 Z2

)
,

Q2,% = 3
(
15 X2 − 4 X Y + 20 X Z − 11 Y 2 + 4 Y Z + 6 Z2

)
.

Theorem 6.1 below proves that (−5 : 1 : 5) is the only rational point on X+(7, 3)%.
The t-values corresponding to this point are t1 = −10 and t2 = −22, and the
corresponding j-invariants for the associated quadratic Q-curves of degree 7 are

j1 = 3 (−23± 10
√−6 )3, j2 = −9 (139± 102

√
2 )3.
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Theorem 6.1. With the above notations, we have X+(7, 3)%(Q) = {(−5 : 1 : 5)}.
Proof. For this case, it turns out that L3 = Q(α), with α3 = −3. We consider the
following morphism (cf. Remark 5.2):

X+(7, 3)%
φ%

−→ P2

(x : y : z) 7−→ (u : v : w) = (Q1,% : Q2,% : (1609x + (−12α2 + 147α + 1015)z)2).

Using the rational point φ%(−5 : 1 : 5), the genus-one curve E% = φ% (X+(7, 3)%)
can be shown to be isomorphic to

E% : Y 2 = X3 + (−2α2 + 2α− 2)X2 + (−189α2 + 315α− 441)X.

The equation for E% and the map X+(7, 3)%−→ E% are both too horrible to repro-
duce here, but the information above is sufficient to recover them using a computer
algebra system. We find that

u

v
=

(2α2 − 6α + 2)Y −X2 + (−8α2 + 4α− 8)X − 9α2 − 9α− 45
3(X2 + (−14α2 + 22α− 30)X + (15α2 − 9α− 45))

.

We have the following commutative diagram:

X+(7, 3)%

Q1,%/Q2,%

²²

φ%

$$IIIIIIIII

E%

u/v
zzuuuuuuuuuu

oo ∼ // E% ,

P1

where Q1,%/Q2,% : X+(7, 3)%−→ P1 is defined overQ and all other maps are defined
over L3. It follows that

X+(7, 3)%(Q) ⊆ (Q1,%/Q2,%)−1
(
P1(Q) ∩ (u/v)(E%(L3))

)
.

We can then use Chabauty-type methods as developed in [Bru03] to compute the
intersection P1(Q) ∩ (u/v)(E%(L3)).

First note that a full 2-descent on the curve

E ′% : y2 = x3 + (4α2 − 4α + 4)x2 + (768α2 − 1280α + 1792)x,

which is isogenous to E% over L3, shows that E ′%(L3) is of rank at most one, and
therefore E%(L3) is as well. In fact, one can check that

E%(L3) ' Z/2× Z/2× Z,

where
t1 = (0, 0) and t2 = (−7α2 + 7α− 7, 0)

generate the 2-torsion and

g = ((−3α2 + 18α− 27)/4, (111α2 − 243α + 360)/8)

is a non-torsion point in E%(L3).
We consider the rank-one module E%(L3) that E%(L3) generates over Z5 inside

E%(L3 ⊗Q5), viewed as a three-dimensional compact algebraic group A over Q5.
The inverse image of P1(Q5) under u/v yields a one-dimensional subvariety R

over A. The points we are interested in lie in the intersection E%(L3) ∩ R, which
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is an intersection of two one-dimensional 5-adic analytic varieties inside a compact
three-dimensional ambient space A. One would expect only finitely many points in
this intersection, and this is indeed the case.

In fact, one can check that, from the fact that 〈t1, t2, g〉 ⊂ E%(L3) is 5-saturated,
it follows that 〈t1, t2, g〉 generates E%(L3). By making 5-adic power series expansions
locally for 〈t1, t2, g〉∩R, one can verify that all points P ∈ E%(L3) mapping to P1(Q5)
under u/v have (u/v)(P ) = −1/3. There are routines available in Magma to verify
these computations.

Finally, it is easily checked that the only rational point on X+(7, 3)% satisfying
Q1,%/Q2,% = −1/3 is (−5 : 1 : 5), which proves our claim. ¤

Example 2. Consider the surjective Galois representation % : GQ → PGL2(F3)
defined up to conjugation by the splitting field of the irreducible polynomial

f(X) = X4 −X3 − 6X2 + 10X − 10 .

The discriminant of f equals −22 33 52 112. A model for X(7, 3)%−→X+(7, 3)% is
given by

R2 = 11 Q1,%(X, Y, Z) , S2 = 11 Q3,%(X, Y, Z) , R S = 11 Q2,%(X,Y, Z) ,

where
Q1,% = 495

(
19X2 − 180XY − 6XZ + 412Y 2 + 4Y Z + 3Z2

)
,

Q3,% = 660
(−23X2 + 172XY − 6XZ − 508Y 2 + 60Y Z + Z2

)
,

Q2,% = 990
(−X2 + 68XY − 8XZ − 244Y 2 + 16Y Z + Z2

)
.

The curve X+(7, 3)% has (at least) the rational points (0 : 0 : 1) and (5 : 1 : 1).
The t-values corresponding to these points are t1 = 19, t2 = 41, t3 = −27/2
and t4 = −443/32, and the corresponding j-invariants for the associated quadratic
Q-curves of degree 7 are

j1 =4
(
360± 24

√
165

)3
,

j2 =2
(
2685± 207

√
165

)3
,

j3 =1/27
((−75± 17

√−55
)
/2

)3
,

j4 =1/235
((−81195± 7641

√−55
)
/2

)3
.

We now find that L3 = Q(α), where α3 = 2, and that E% is isomorphic to the
quadratic twist of X0(21) by 7α2 + 16α + 13. As it turns out, E%(L3) is of rank
three, so an argument along the line of the proof of Theorem 6.1 does not work.

Instead, we pass to the unramified double covers X(7, 3)%, m. Recall that any
rational point on X+(7, 3)% lifts to X(7, 3)%, m for some m. Local arguments show
that X(7, 3)%, m(Q) is empty if m is not equivalent to −55 or 165. In fact, (5 : 1 : 1)
and (0 : 0 : 1) give rise to m = −55 and m = 165, respectively. The corresponding
genus-two quotients C̃%, m admit models

C%,−55 : y2 = −220
(
x3 − 1

2

)(
x3 +

27
2

)
,

C%,165 : y2 = 660
(
x3 − 1

2

)(
x3 +

27
2

)
.
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In the two lemmata below, we prove that each of these curves has exactly two
rational points, sharing the same x-coordinate. Moreover, for (X0 : Y0 : Z0) equal to
(5 : 1 : 1) or (0 : 0 : 1), the only rational point on X+(7, 3)% satisfying equation (9)
is (X0 : Y0 : Z0). It follows then the following result.

Theorem 6.2. With the above notations, X+(7, 3)%(Q) = {(5 : 1 : 1), (0 : 0 : 1)}.
Lemma 6.1. The genus-two curve C%,−55 has C%,−55(Q) = {(3/4,±495/32)}.
Proof. We write α = 3

√
2 and C = C%,−55. It is easily checked that the nonsingular

projective closure of C does not have rational points above x = ∞. We note that,
for any rational point (x, y) ∈ C(Q), there exist δ, y1, y2 ∈ Q(α) such that

{
δ y2

1 = (x2 − 3
2 α2x + 9

2 α)

−220Norm(δ) δ y2
2 = (x− 1

2 α2)(x + 3
2 α2)(x2 + 1

2 α2x + 1
2 α)

In fact, local considerations show that, without loss of generality, we can assume
δ = 4α2 + 6α + 9. Hence, the question is reduced to proving that x = 3/4 is the
only rational value such that

D : y2
2 = (4α2 + 6α + 9)

(
x4 +

3α2

2
x3 − 1

2
x− 3α2

4

)

has a solution with y2 ∈ Q(α). We find that the curve D is isomorphic to

V 2 = (−10α2 − 5)
(
U3 + 2U2 +

7
3

U
)
.

A 2-descent on this elliptic curve gives a rank bound of three, but a 2-descent on
the 2-isogenous curve shows that the rank of this curve over Q(α) is actually one.
A maximal rank subgroup is generated by

(U, V ) = (0, 0),
((−72α2 − 96α− 123)/5, (2872α2 + 3616α + 4548)/5).

Using this, it is straightforward to verify using a Chabauty-type argument locally
at 31 that there are only two points in D(Q(α)) with Q-rational x-coordinate. ¤

Lemma 6.2. The genus-two curve C%,165 has C%,165(Q) = {(−3,±495)}.
Proof. We proceed similarly to the proof of Lemma 6.1. We use two factorisations,
however. When we find a point (x, y) ∈ C(Q(α)) with x ∈ Q, then there exist
y1, y2, y3, y4, ε, δ ∈ Q(α) such that





δ y2
1 = (x2 − 3

2 α2x + 9
2 α)

660Norm(δ) δ y2
2 = (x− 1

2 α2)(x + 3
2 α2)(x2 + 1

2 α2x + 1
2 α)

ε y2
3 = (x2 + 1

2 α2x + 1
2 α)

660Norm(ε) ε y2
4 = (x− 1

2 α2)(x + 3
2 α2)(x2 − 3

2 α2x + 9
2 α)

In fact, using local arguments, we can limit ourselves to the cases

(δ, ε) ∈ {(9α2−3α+1, α2+α+1), (4α2+6α+9,−α2+2α+1), (α2+α+1, 9α2−3α+1)}.
For δ = 9α2 − 3α + 1, we find that the corresponding quartic is isomorphic to

V 2 = (3α + 1)
(
U3 + 2U2 +

7
3

U
)
,
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that its Mordell-Weil group is of rank two and that a subgroup of index prime to 12
is generated by

(U, V ) = (0, 0),
((8α2 + 4α− 13)/15, (4α2 − 8α + 36)/15),
((589α2 − 805α + 184)/198, (2084α2 − 5080α + 2489)/198).

A simple combinatorial argument mod 43 shows that none of the Q(α)-points have
Q-rational x-coordinate.

For δ = 4α2 + 6α + 9, we find that the corresponding quartic is isomorphic to

V 2 = (−10α + 15)
(
U3 + 2U2 +

7
3

U
)
.

A 2-isogeny descent on this curve yields a rank bound of three, but a further second
descent on the homogeneous spaces resulting from the 2-isogeny descent show that
the rank is really one. A maximal rank subgroup of index prime to 2 is generated
by

(U, V ) = (0, 0),
((−7α2 + 28α− 7)/15, (−7α2 + 168α− 140)/15).

Again, a simple combinatorial argument mod 43 shows that none of the Q(α)-points
have Q-rational x-coordinate.

For the third case, we were unable to find sufficient generators for the Mordell-
Weil group of the quartic involving δ. Therefore, we use the curve associated with
the corresponding value of ε, for which we were able to find all generators. We find
that the quartic corresponding to ε = 9α2 − 3α + 1 is isomorphic to

V 2 = (−8α2 − 11α− 15)
(
U3 + 2U2 +

7
3

U
)
,

with a Mordell-Weil group of rank two. A maximal rank subgroup of index prime
to 2 and to 127 is generated by

(U, V ) = (0, 0),
(−4α2 − 4α− 7, (−304α2 − 380α− 484)/3),
((−865α2 − 2645α + 2990)/594, (40825α2 − 21565α + 5575)/1782).

A Chabauty-type argument at 127, along with combinatorial information mod 31
and 43, shows that x = −3 is the only rational x-coordinate occurring for points on
the above elliptic curve which are defined over Q(α). This completes the proof. ¤
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[GL98] J. González and J.-C. Lario. Rational and elliptic parametrizations of Q-curves. J.
Number Theory, 72(1):13–31, 1998.
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