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ABSTRACT

This work presents an orthonormal transform that splits the
Orthogonal Frequency Division Multiplex (OFDM) symbol
into slices with ranked rate and decoding complexity. The
advantage over the existing carrier or time segmentation is
that the proposed technique does not depend on the frequency
channel to produce slices of equal rate. Also, the encoding
and the decoding complexity is kept simple.

Index Terms— Orthogonal Frequency Division Multi-
plexing, Fast Fourier Transform

1. INTRODUCTION

Waveform flexibility is key in communication systems. Adap-
tive Code and Modulation, Software Defined Radio, wave-
form selection in cognitive radio, and the current radio slicing
in fifth generation (5G) systems [1] are proof of it. This paper
delves into the structure of the OFDM symbol [2] in order to
gain in flexibility for its transmission, which can be instru-
mental for the needed flexibility in future 5G or next gen-
eration systems. OFDM has been extensively studied since
the 90s as it was chosen for the physical layer transport in
fourth-generation systems. For instance, references such as
[3] and [4] introduce the concepts of multi-symbol encapsu-
lation and time slicing in order to efficiently multiplex multi-
media data streams with dynamic data rates. With the advent
of 5G, the term slice has been coined to also designate each of
the different virtual networks over one physical network that
deliver different services [5]. This has triggered interesting
studies on multi-service signal multiplexing for radio access
and physical layer slicing [6]. We note that the standard does
not specify the strict values of the features that have to be
guaranteed by a specific slice, which is left open for imple-
mentation. In its broader conception, they can be created ei-
ther with more conventional time or carrier segmentation pro-
cedures as in [7],[8], which consider orthogonal multiplexing
or, with more novel and general techniques such as those in
[9] or [10]. Channelization techniques, as in [7], progressed
a lot for software defined radios. They paved the way to the
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so-called bandwidth parts [8] in 5G, which orthogonally sub-
divide one OFDM carrier and can be used for different pur-
poses, such as to support signals with different requirements
so that the user terminals can optimize their resources (e.g.,
energy). In contrast, the alternatives in [9] or [10], multiplex
mixed-numerology OFDM signals in a non-orthogonal way.
The present work takes up the initial semantics of OFDM
symbol slicing in [3] and [4] and proposes an orthogonal split-
ting of the OFDM symbol for a point to point transmission,
with fixed carrier spacing. It is novel with respect to orthogo-
nal frequency division multiple access (OFDMA), or the men-
tioned OFDM slicing techniques because it allows to succes-
sively obtain slices of equal rate irrespective of the frequency
channel. Thus, it allows to scale down to the OFDM symbol
the slicing policy. This paper focuses on the signal processing
aspects of the proposed OFDM symbol splitting, and leaves
for future work its evaluation and application to the suitable
slice granularity by following, for instance, some of the plau-
sible options that are identified in [11].

The signal processing presented in this work is motivated
by the formalism used for polar codes, [12], and the extension
of the concept of channel polarization. In fact, in [12], Erdal
Arikan opened the door to use the Inverse Fast Fourier Trans-
form/Fast Fourier Transform (IFFT/FFT) with binary algebra,
due to the channel combining and channel splitting with the
butterfly factor graph of the code. When working in the field
of complex numbers, this channel combining process reminds
of the manipulation of the modulated information symbols
that OFDM carries out, which motivates our view that the
polarization of a given channel in several subchannels is be-
hind the well-known OFDM. Note that we are not conceiving
channel polarization to construct capacity-achieving codes,
but as transforming a given channel into channels with ranked
reliability and decoding complexity. However, the IFFT/FFT
only transforms a wideband channel into several narrowband
ones and it does not provide any ranking of them, as they just
follow the frequency response of the global channel. Perfect
Channel State Information at the Transmitter (CSIT) is re-
quired in order to control the channel quality. This work pro-
poses a technique that, applied to the OFDM symbol, over-
comes the IFFT/FFT mentioned drawbacks and, without the
need of CSIT, converts the channel into channels with ranked
rate and decoding complexity.
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The following section 2 introduces the basic splitting of
the channel and the transformation to be applied to an OFDM
symbol in order to create different slices. Section 3 presents
possible receivers and motivates an specific transform design
in order to keep on using the simplicity of the FFT algorithm
at reception. Finally, section 4 presents the general recursive
architecture for the proposed orthogonal OFDM slicing, and
illustrates its processing. Notation: Upper- and lower-case
boldface letters denote matrices and vectors, respectively. Let
the superscripts (.)T and (.)H denote transpose and Hermitian
transpose operations, respectively. By IN we denote theN -th
order identity matrix. diag (a) is a diagonal matrix with the
entries of the vector a on its diagonal.

2. THE BASIC CHANNEL SPLITTING

We consider the baseband model in (1) for the transmission of
an OFDM symbol with N narrowband subcarriers through a
channel whose finite impulse response (FIR) is modeled with
the coefficients hn, n = 0, L− 1,

y = HZNTNs + w, (1)

where s ∈ CN×1 contains the OFDM time samples after the
IFFT, w ∈ CN×1 is the additive white Gaussian noise with
zero mean and variance equal to σ2, y ∈ CN×1 contains the
baseband time samples at the receiver once the Cyclic Prefix
(CP) has been removed. We assume that the duration of the
CP is larger than the delay spread of the channel [2], and that
HZN ∈ CN×N is the effective time channel matrix, which is
circulant. Time and frequency synchronization are assumed.
TN ∈ CN×N is the orthonormal transform that we incor-
porate in order to split the OFDM symbol into slices with
desirable properties. Its formulation is

TN =
1√
2

(
IN/2 WN/2

IN/2 −WN/2

)
(2)

where N = 2k for k integer, and matrix W ∈ CN/2×N/2 is
an orthonormal matrix, which is further detailed in section 3.
Note that

T2 =
1√
2

(
1 1
1 −1

)
, (3)

and that T1 = 1; thus, translating to the field of real numbers
the generation matrix of size 2 that is used in polar codes,
namely,

(
1 1
1 0

)
. Concerning the channel matrix HZN , when-

ever the channel is of length L ≤ N/2, it can be formulated
as

HZN =

(
HN/2 HCN/2

HCN/2 HN/2

)
, (4)

where HN/2 ∈ CN/2×N/2 is the following lower triangular
and Toeplitz matrix

HN/2 =


h0 0 ... 0
h1 h0 ... 0
... ... ... ...
0 hL−1 ... h0

 . (5)

HCN/2 ∈ CN/2×N/2 is the circular complement of HN/2,

HCN/2 =


0 ... hL−1 ... h2 h1
0 ... 0 hL−1 ... h2
... ... ... ... ... hL−1

... ... ... ... ... ...
0 ... 0 0 ... 0

 . (6)

Note that for L ≤ N/2 this circular complement matrix is
strictly upper triangular. At the receiver, the corresponding
transform pair, TH

N , is applied

z = TH
Ny = TH

NHZNTNs+TH
Nw = He

ZNs+TH
Nw. (7)

Next we show that the resulting equivalent channel, He
ZN

splits into the so-called polarized channels. By operating
TH

NHZNTN using (2) and (4), He
ZN can be formulated as:(

HN/2 + HCN/2 0N/2

0N/2 WH
N/2

(
HN/2 −HCN/2

)
WN/2

)
=

=

(
H+

ZN/2 0N/2

0N/2 WH
N/2H

−
ZN/2WN/2

)
.

(8)

Thus, the channel has been split into two polarized channels
or physical layer slices. We denote the positive polarized
channel as H+

ZN/2 = HN/2 + HCN/2 and the basic nega-
tive polarized channel as H−

ZN/2 = HN/2 − HCN/2. We
call polarization or slicing step to the operation in (8) because
from the transmittedN samples it produces two new channels
of size N/2 with a mutual information (MI) and a decoding
complexity that can be ranked. This is explained in next sub-
sections. We note that, differently to the polar codes, the ad-
vantage of the so-called polarization transformation TN is not
to achieve capacity or reduce the bit error rate, but to trans-
form the time channel in OFDM into channels with ranked
MI . On the one hand, matrix H+

ZN/2 preserves the circular
symmetry and, whenever L ≤ N/4, it can be decomposed
again into the previously introduced block matrices, now of
size N/4

H+
ZN/2 =

(
HN/4 HCN/4

HCN/4 HN/4

)
. (9)

Therefore, we could apply again the proposed transforma-
tion to this equivalent channel in order to further split it into
two polarized channels. As H+

ZN/2 ∈ C
N/2×N/2, the trans-

formation to be applied now is TN/2. This feature can be
exploited to recursively slice the OFDM symbol. Therefore,
we are mimicking, within the complex field, the construction
of polar codes, which relies on the recursive application of a
linear transformation. On the other hand, the basic negative
polarized H−

ZN/2 does not preserve the circular symmetry:

H−
ZN/2 =

(
HN/4 −HCN/4

HCN/4 HN/4

)
. (10)



Therefore, applying the transform pair
(
TN/2,T

H
N/2

)
to

WH
N/2H

−
ZN/2WN/2 does not always split it into a positive

and a negative polarized channel. Next, we study the MI of
these channels.

2.1. Splitting of the Mutual Information

Since the used transformation is orthonormal, the MI , in
[bits/s/Hz], remains the same after its application. In other
words, the MI of HZN is the same as that of TH

NHZNTN .
For the purpose of physical layer slicing it is of interest to
know the mutual information of each slice, namely, that of the
positive and of the negative polarized channels, respectively.
Let us consider uniform power allocation, P , and formulate
the MI of the equivalent channel in (8) as

MI = log det

(
IN +

P

σ2
TH

NHZNHH
ZNTN

)
. (11)

Due to the block diagonal structure of (8) and the or-
thonormal nature of TN , (11) can be decomposed into

MI = MI+ +MI−, (12)

MI+ = log det

(
IN/2 +

P

σ2
H+

ZN/2H
+H
ZN/2

)
(13)

MI− = log det

(
IN/2 +

P

σ2
WH

N/2H
−
ZN/2H

−H
ZN/2WN/2

)
.

(14)
To compare these expressions, the block decomposition in (9)
and (10) can be introduced into (13) and (14), respectively
(see [13] for more details). The result is that the difference
between MI+ and MI− is negligible if L � N/8. In this
case, the proposed transform allows to split one OFDM sym-
bol of N subcarriers into two slices of size N/2 that approxi-
mately share half of the MI each, irrespective of the channel
h(n). This is the key concept of the proposed slicing tech-
nique. Section 4 explains its implementation by recursively
applying the proposed transform to create, within one OFDM
symbol, more than 2 orthogonal slices with ranked rate.

3. RECEIVER FOR THE POLARIZED CHANNELS

Due to the block diagonal structure of the equivalent channel
He

ZN in (8), we can deal with the transmission and reception
of the symbols in s in two separate blocks or slices of size
N/2 each, s = [s1, s2]

T , generated by two separate N/2-
IFFT. Namely, we can rewrite (7) as:

z =

(
z1
z2

)
=

(
H+

ZN/2

WH
N/2H

−
ZN/2WN/2

)(
s1
s2

)
+TH

Nw. (15)

Since the positive polarized channel preserves the circular
structure, the decoding of z1 is as in OFDM, i.e. N/2-FFT

and per symbol equalization with the frequency response of
the positive polarized channel, assumed known at reception.
This is not the case for the decoding of z2, because the neg-
ative polarized channel does not preserve circularity. There-
fore, in general, it is needed a direct decoding with iterative
techniques, such as, for instance, successive interference can-
cellation. In order to circumvent this problem and facilitate
the decoding, we propose the design in (16) for the submatrix
WN/2 within TN

WN/2 =

(
ΩN/4 0N/4

0N/4 jΩN/4

)
, (16)

where ΩN/4 is the complete first step of a time-decimated
IFFT [14]:

ΩN/4 = diag
(

exp
(
j2π

m

N
;m = 0, ...,

N

4
− 1

))
. (17)

If L ≤ N/4 then the negative polarized channel

WH
N/2H

−
ZN/2WN/2 =(

ΩH
N/4HN/4ΩN/4 −jΩH

N/4HCN/4ΩN/4

−jΩH
N/4HCN/4ΩN/4 ΩH

N/4HN/4ΩN/4

)
,

(18)

is circulant. Therefore, to decode each of the symbols con-
tained in z2, a N/2-FFT and per symbol equalization with
the frequency response of the negative polarized channel can
be applied. Let us note that, if the length of the FIR of the
channel, L is smaller than the slice size (i.e., L ≤ N/2),
the frequency response of the positive and negative polarized
channels in (15) corresponds to the even and odd terms of
H(l), l = 0, ..., N − 1, respectively, where

H(l) =

N
2 −1∑
n=0

h(n) exp

(
−jln2π

N

)
, n = 0, ...,

N

2
− 1. (19)

Proof: H(l) can be decomposed into its even and odd terms

H(l) = H(2l) +H(2l + 1) = (20)

=

N
2 −1∑
n=0

h(n) exp

(
−jln 2π

N/2

)
+ (21)

+

N
2 −1∑
n=0

h(n) exp

(
−j 2π

N

)
exp

(
−jln 2π

N/2

)
. (22)

The first term (21) is the frequency response of (9), or positive
polarized channel. The second one, (22), is the frequency
response of (18), or negative polarized channel.

If we analyze the decoding complexity of the proposed
receiver, the N/2−FFT that is needed for z1 presents a com-
plexity, in real operations, of O

(
N
2 log2

N
2

)
. The decoding

of z2 requires the multiplication by WH
N/2 before applying a



N/2−FFT; thus, the complexity is O
(
N + N

2 log2
N
2

)
. Al-

together, to decode z the complexity is the same as that of
one N−FFT. The subsequent equalization, as studied, does
not require more computation than in a regular OFDM trans-
mission, because, as shown in (20) just an easy reordering of
the frequency response before equalizing is needed. In con-
clusion, the advantage of the proposed transmission in (7) in
front of the direct transmission of an OFDM symbol is that
with the proposed scheme we are splitting the OFDM symbol
into two slices of equal MI , irrespective of the channel.

4. GENERAL RECURSIVE ARCHITECTURE

If H+
ZN/2 keeps its circular structure (i.e., L ≤ N/4), the

positive polarized channel can be sliced once more. In this
way we obtain two slices of size N/4 that rank in rate and
decoding complexity; in other words, presenting a controlled
QoS. For this purpose, the transformation TN/2 is applied to
s1 so that

y = HZNTN

(
TN/2s1

s2

)
+ w. (23)

By substituting (2) into (23) we obtain (24).

y = HZN
1√
2

(
TN/2 WN/2

TN/2 −WN/2

)(
s1
s2

)
+ w

= HZNTR
Ns + w = HZNxT + w.

(24)

Therefore, a recursive scheme with the orthonormal TR
N is

obtained by replacing IN/2 in (2) by the transform TN/2.
The recursion implies twofold: i) at the transmitter s1 has
to be generated by two N/4−IFFT (see Fig.1); ii) at the re-
ceiver y has to be multiplied by TRH

N to obtain s plus noise
of variance σ2. In other words, it has to implement the mir-
rored structure of Fig. 1. Finally, to decode the information
data, two N/4−FFT and one N/2−FFT are needed, result-
ing again the overall complexity of a N−FFT, and 3 slices
are obtained. In order to create one additional slice (i.e., a
total of 4 slices), the same procedure can again be applied to
the resulting H+

ZN/4, whenever L ≤ N/8 (in practice, when-
ever the length of CP is ≤ N/8). This means that TN/2 in
(24) has to be replaced by TR

N/2, and so on. Next, we illus-
trate this process by considering the ETU (Extended Typical
Urban) channel, and N = 2048 carriers. In the ETU channel,
the last echo comes after 5000 ns. If we consider a carrier
spacing of ∆f = 15 KHz, which is prone to be used at sub-6
GHz transmission, the duration of the channel FIR isL = 155
taps, and the CP 160 samples. The decoding process can be
viewed in Fig. 2, where 3 slicing or polarization steps are
carried out and 4 slices are produced. Note that the chan-
nel H+

ZN/8 is the one with the lowest decoding complexity.
The next one is WH

N/8H
−
ZN/8WN/8 and so forth. Specifi-

cally, the number of total operations to decode the 4 slices is

N/2 IFFT

N/4 IFFT

N/4 IFFT

𝐬𝐱

𝐖𝑁/4

𝐱T

𝐖𝑁/2

𝐬1

𝐓𝑁/2

𝐓𝑁

Fig. 1. Detailed transmitter design at baseband with 2 polar-
ization steps to produce 3 slices.

22528, which is the same as the FFT of the overall frame of
lengthN = 2048 (i.e., Nlog2 (N) = 22528). Figure 2 shows
a uniform splitting of the MI along the OFDM slicing pro-
cess. Remarkably, the splitting can be uniform whenever the
structure of the original channel is preserved. In other words
L ≤ N

2K
, where K is the number of total polarization steps or

transforms, which produce K + 1 uniform slices. In this case
N = 2048, L = 155 ≤ N/23 = N/8 = 256, and K=3 steps
to obtain 4 slices. Further splitting can be done, but the MI
is not uniformly shared any more among the produced slices.
For instance, in this example at sub-6 GHz and ∆f = 15
KHz, the small slices can be used for low-rate sensor data,
[15]. The same kind of results can be obtained for other chan-

Fig. 2. Slice ranking: the resulting 4 slices (colored boxes)
after 3 polarization transforms.

nels and numerology; validating the proposed transform to
produce OFDM symbol slices with ranked rate ofMI

2k
∆fN

and decoding complexity.
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