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Abstract Fibre reinforced concrete (FRC) is

increasingly used for structural purposes owing to its

many benefits, especially in terms of improved overall

sustainability of FRC structures relative to traditional

reinforced concrete (RC). Such increased structural

use of FRC requires safe and reliable models for its

design in ultimate limit states (ULS). Particularly

important are models for shear strength of FRC

members without shear resistance due to the potential

of brittle failure. The fib Model Code 2010 contains a

model for the shear strength of FRC members without

shear reinforcement and the same partial factor

accepted for RC structures is accepted for FRC

elements. This approach, however, is potentially on

the unsafe side since the uncertainties of some design-

determining mechanical properties of FRC (i.e.,

residual flexural strength) are larger than those for

RC. Therefore, in this study, a comprehensive relia-

bility-based calibration of the partial factor cc for the
shear design of FRC members without shear rein-

forcement according to the fib Model Code 2010

model is performed. As a first step, the model error d is
assessed on 332 experimental results. Then, a para-

metric analysis of 700 cases is performed and a

relationship between the target failure probability bR

and cc is established. The results demonstrate that the

current model together with the prescribed value of

cc = 1.50 does not comply with the failure probabil-

ities accepted for the different consequences of failure

of FRC members over a 50-year service life. There-

fore, changes to the shear resistance model are

proposed in order to achieve the target failure

probabilities.

Keywords Fiber reinforced concrete � Beam �
Reliability � Safety format �Database �Design � FORM

1 Introduction

Significant advances in research on fibre reinforced

concrete (FRC) over the last 20 years have led to its

increasing use in structural applications. FRC is

progressively viewed as a more sustainable alternative

to traditional reinforced concrete (RC) for some

structural applications, considering all three pillars

of sustainability: economic, environmental, and social

[1–3]. Owing to this, and the regulation of the material

in national and international guidelines, the scope of

FRC applications has expanded over time to cover

ground-supported slabs [4, 5], pavements [6, 7], tunnel

linings [8–12], and in recent years, bridge decks [13],

coupling beams [14], and flat slabs [15–18]. Such a

wide range of applications brings with it the need for
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safe and reliable structural design tools oriented to

FRC, covering both ultimate limit states (ULS) and

serviceability limit states (SLS). Considering struc-

tural safety and reliability, primary importance falls on

ULS design, namely, FRC design for flexure and

shear. While FRC flexural design models have been

comprehensively assessed from a reliability stand-

point [19], an equivalent assessment of FRC shear

design is still incomplete.

The limited knowledge available regarding the

reliability of FRC design is expectable, considering

the complexities and uncertainties associated with

shear design. The significance of shear resistance has

attracted the attention of researchers and practitioners

for decades [20] with different empirical, semi-

empirical and theoretical models having been pro-

posed. Particularly, members without shear reinforce-

ment have been of interest, as the substitution of

traditional shear reinforcement is an attractive appli-

cation of FRC for industry, thereby allow the reduction

of labour and increasing productivity. However, this

application comes with numerous uncertainties owing

to the possibility of a brittle failure mode in shear; at

the same time, modelling it has proven to be a complex

challenge [21]. For example, the current version of

Eurocode 2 (EC2) [22] contains an empirical model

for the shear strength of RC members without shear

reinforcement, whereas the fib Model Code 2010

(MC2010) [23] proposes a physical model based on

the Modified Compression Field Theory [24]. Impor-

tantly, the performance of shear models for RC

members without shear reinforcement exhibits a large

scatter when compared with experimental results

[25–27]. The ‘‘model error’’ d (the ratio between

actual behaviour/shear strength measured in experi-

ments and shear strength predicted by models) is

typically found to have a coefficient of variation

(CoV)[ 20%. This has significant implications for

shear design results.

In terms of the shear resistance of FRC elements,

FRC members without shear reinforcement are the

most representative of practical applications (e.g.,

underground supported floors, precast segmental lin-

ings for TBM tunnels and sewerage concrete pipes).

This is a case in which fibres can provide the greatest

benefit, as these are activated at ULS once a critical

shear crack appears, and act as a type of ‘‘distributed

reinforcement’’ [28]. So far, the majority of the

research, and consequently design recommendations

and codes, have focused on steel fibre reinforced

concrete (SFRC). For example, Lantsoght [29] com-

piled a database of 488 results reported in literature on

SFRC beams tested for shear strength. As expected,

the majority of theoretical work on FRC shear has also

been focused on SFRC [30–32]. Nonetheless, shear

models originally derived for SFRC were reported to

be compatible with polymeric fibre reinforced con-

crete (PFRC) [33, 34].

The currently proposed model for SFRC shear

strength in MC2010 is the result of work by Minelli

et al. [31, 32, 35]. The model is based on the empirical

EC2 formulation of shear strength for members

without shear reinforcement. Although fibres provide

several contributions to shear strength—toughness,

aggregate interlock, improved bending strength of

struts, increased dowel action of the longitudinal

reinforcement [28]—for simplicity, the proposed

MC2010 model considers only the contribution of

the fibres through the pull-out mechanism. Nonethe-

less, the model was tested against various experimen-

tal results with varying results: Lantsogh [29] found a

model error with a mean and CoV of 1.24 and 29%,

respectively; Cuenca et al. [36] found a mean and CoV

of 1.08 and 22%, respectively; and Marı́ et al. [37]

found a mean and CoV of 1.04 and 23%, respectively.

The differences in the model errors found between

researchers can principally be attributed to the

databases they used and their sizes as well as the

values of residual strengths of FRC; e.g. Lantsogh [29]

used an analytic expression to predict residual

strength, whereas Cuenca et al. [36] relied on exper-

imentally reported values. While these results are

commensurable with model uncertainties for RC

members without shear reinforcement, these are

inconclusive about the reliability of SFRC shear

design since the probability of failure remains

unquantified. The proposed model is based on an

SFRC partial factor cc = 1.50, accepted by the fib

Technical Council maintaining a consistent value for

concrete, without apparently developing a full prob-

abilistic analysis (this was not reported into the

MC2010 background documentation). Considering

the high scatter associated with SFRC tensile/flexural

residual strength, it is unclear in advance that target

reliability indexes (b) or, equivalently, failure proba-

bilities prescribed by MC2010 are achieved by the

current model, especially considering that cc = 1.50
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was found to be insufficient in some cases even for

flexural design [19].

The aim of this study is to perform a probabilistic

analysis of theMC2010model for the shear strength of

FRC members without shear reinforcement and cal-

ibrate partial factor cc required for achieving code-

prescribed failure probabilities Pf according to differ-

ent consequence classes. For this purpose, first, the

model error was determined on a database of exper-

imental results. Then, a parametric study was per-

formed using the First Order Reliability Method

(FORM) considering different probability distribu-

tions and parameters of input variables. Finally, based

on the results, the FRC partial factor cc is calibrated
based on the target reliability index b and failure

probability Pf. As such, this study is among the first to

analyse FRC shear design using a reliability-based

approach. Therefore, the results and conclusions

presented herein are expected to provide a contribu-

tion for future revisions of the national and interna-

tional design codes for FRC members, such as the

currently ongoing efforts on the preparation of the fib

Model Code 2020 [38].

2 Description of shear resistance model

and assessment of model error

2.1 Shear design of FRC elements according

to the fib Model Code 2010

According to section 7.7.3.2.2 of MC2010, shear

strength of FRC members ‘‘with conventional longi-

tudinal reinforcement and without shear reinforce-

ment’’ is given by expression (7.7-5) of MC2010 [23]:

VRd;F ¼
0:18

cc
� k � 100 � ql � 1þ 7:5 � f Ftuk

f ctk

� �
� f ck

� �1=3
þ 0:15 � rcp

( )
� bw � d

ð1Þ

where VRd,F is the shear strength in (N);

cc is the partial factor for concrete;
k is a factor considering the size effect, determined

as

k ¼ 1þ
ffiffiffiffiffiffiffiffi
200

d

r
� 2:0 ð2Þ

d is the effective depth in (mm);

ql is the longitudinal reinforcement ratio defined as

ql ¼
Asl

bw � d ð3Þ

bw is the smallest width of the cross-section in the

tensile zone in (mm);

fFtuk is the characteristic value of the ultimate

residual tensile strength of FRC, considering a crack

width wu = 1.5 mm, according to Eqs. (5.6–6) of

MC2010 [23]:

f Ftu ¼ f Fts �
wu

CMOD3

� f Fts � 0:5 � f R3 þ 0:2 � f R1ð Þ� 0

ð4Þ

CMOD3 is the crack mouth opening displacement

(CMOD) of 2.5 mm per EN 14651 [39];

fFtu is the mean value of the ultimate residual tensile

strength of FRC, fFts is the mean FRC serviceability

residual strength equal to 0.45�fR1k;
fR1 is the mean FRC residual strength correspond-

ing to CMOD = 0.5 mm;

fR3 is the mean FRC residual strength correspond-

ing to CMOD = 2.5 mm; fctk is the characteristic

value of the tensile strength of concrete in (MPa);

fck is the characteristic value of the compressive

strength of concrete in (MPa) defined as fcm—8 MPa,

where fcm is the mean compressive strength;

rcp is the average stress acting on the concrete

cross-section Ac (mm2) due to an axial force NEd

(N) caused by loading or prestress (NEd is positive for

compression), i.e. rcp = NEd/Ac\ 0.2�fcd, where fcd is
the design compressive strength.

In order to calculate fFtuk from Eq. (4), the mean

values of fFts, fR1 and fR3 should be replaced with their

characteristic values fFtsk, fR1k and fR3k, respectively,

as an approximation.

It can be noted that Eq. (1) is fully based on the EC2

[22] expression for shear strength of RC members

without shear reinforcement:

VRd;c ¼ CRd;c � k � 100 � ql � f ck½ �1=3 þ 0:15 � rcp
n o

� bw � d

ð5Þ

where CRd,c is a coefficient equal to 0.18/cc as in

Eq. (1); As in EC2, the shear resistance VRd,F cannot

be smaller than a minimum value VRd,F,min given by

Eqs. (6) and (7):

VRd;F;min ¼ mmin þ 0:15 � rcp
� �

� bw � d ð6Þ

where
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mmin ¼ 0:035 � k3=2 � f 1=2ck ð7Þ

The only difference between Eqs. (1) and (5) is the

expression (1 ? 7.5�fFtuk/fctk). In this way, fibres are

taken into account as a type of ‘‘distributed reinforce-

ment’’ whose equivalent reinforcement ratio is given

by (7.5�fFtuk/fctk)�ql [28]. With this expression, the

contribution of fibres increases with increasing rein-

forcement ratio. As in the case of RC beams, using this

expression, FRC beams without longitudinal rein-

forcement or prestress would also have no shear

resistance and Eq. (6) would become governing.

Importantly, in EC2 in Eq. (5) explicitly limits the

value of ql to be used for calculating VRd,c to 0.02

(2%). However, MC2010 in Eq. (1) does not explicitly

impose such a limit, although considering the origin of

the expression, it seems justified to maintain it.

It should also be noted that a partial factor

associated to concrete without fibres is currently used,

i.e. cc = 1.50. Furthermore, it is left undefined which

characteristic value of tensile strength should be used.

Finally, although not explicitly stated in MC2010, the

limitations of EC2 should be followed, according to

which amaximum value of ql = 0.02 should be used in

Eqs. (1) and (5) [22].

During the development of the model, other factors

were considered as well, such as the shear span-to-

effective depth ratio a/d, but this was abandoned for

achieving greater simplicity [35].

2.2 Assessment of model uncertainty

2.2.1 Description of experimental results database

In this study, the database of experiments on SFRC

beams without shear reinforcement, compiled by

Lantsoght [29] and freely available online [40] was

used. The database is described in detail by Lantsoght

[29] and only the main points are stated here.

Originally, the database consisted of 488 results on

SFRC beams with longitudinal reinforcement and

without shear reinforcement, collected from 65 indi-

vidual studies. The parameter range of the original

database is shown in Table 1 under the ‘‘Original

database’’ column. Lantsoght [29] explains all

instances of missing information as well as the

procedures and assumptions adopted for approximat-

ing missing information. This included, for example:

geometry of the support plates, overhang of the beams

(i.e. total length vs. clear span), conversion of concrete

strength from cubes to cylinders, among others.

All beams in the database were simply supported

tested in either three- or four-point bending; the

majority of beams have rectangular cross-sections

although specimens from four studies were T-beams,

specimens from two studies were I-beams and spec-

imens from one study were non-prismatic beams.

Importantly, residual strength was not a parameter

reported in the database, because not all studies

reported these values, for a variety of reasons.

However, a large number of fibre properties is

reported—type, volume, aspect ratio and tensile

strength. As for fibre types, the database contains

SFRC beams with hooked, crimped, straight smooth,

mixed (hooked ? straight), fibres with a flat end, flat

fibres, round fibres, mill-cut fibres, fibres of straight

mild steel, brass-coated high strength steel fibres,

chopped fibres with butt ends, recycled fibres, and

corrugated fibres [29].

Regarding the parameter values in the original

database, these cover a very wide range, even outside

the scope of practical applications in some cases.

Therefore, in this study, the following filtering criteria

were applied to the database in order to obtain a better

match between the tested beams and practical SFRC

applications:

1. Concrete classes between C12 and C120 were

considered (mean compressive strengths between

20 and 128 MPa);

2. Only beams with a longitudinal reinforcement

ratio smaller than 4% were considered;

3. Only beams with a clear shear span-to-effective

depth ratio larger than 2.0 were considered.

Criterion (1) was applied as classes C12 and C120

are the lower and upper concrete classes as defined by

MC2010 [23]. As those refer to the characteristic

compressive strength fck, beams were excluded based

on the reported mean concrete strength fcm = fck-
? 8 MPa, i.e. beams with fcm below 20 and above

128 MPa were excluded. This reduced the number of

beams from 488 to 477 (11 excluded).

Criterion (2) was introduced as some of the beams

had very large reinforcement ratios unrepresentative

of practical applications, as well as because EC2 [22]

limits ql to 4%. This criterion further reduced the

number of beams from 477 to 443 (34 excluded).
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Finally, av/d was limited to values above 2 because

a different resisting mechanism is activated in these

cases, consisting in the direct transfer of load to the

support for values below 2 (following the EC2

procedure, in such cases the shear strength is multi-

plied by av/(2�d)). However, in this research, those

cases were filtered from the database to restrict the

analysis to the standard cases of Eq. (1). This finally

reduced the number of beams from 443 to 332 (111

excluded). Therefore, it is concluded that the strictest

criterion was (3). The ranges of parameter values for

the filtered database are provide in Table 1 under the

‘‘Filtered database’’ heading and histograms for the

main parameters of the filtered database are shown in

Fig. 1.

The distribution of parameters shown in Fig. 1

reveals that the majority (91.0%) of beams were

normal strength concrete (fcm\ 70 MPa) with effec-

tive depths between 100 and 500 mm (87.0%). The

longitudinal reinforcement ratios were relatively

large, mostly between 1.0 and 3.5% (94.6%). The

fibre volume fraction of 329 out of the 332 beams

(99%) was below 2.0% (160 kg/m3) and for 296

beams (89%) it was below 1.5% (120 kg/m3). The

latter volume fraction could be the lower bound

beyond which strain—hardening composites are

obtained. Finally, the fibre aspect ratios were mostly

between 50 and 100 (74.7%), also typical for steel

fibres.

2.2.2 Model uncertainty

The experimental values of residual strengths fR1 and

fR3 were not provided in the database compiled by

Lantsoght [29] since, most probably, these were only

partially reported in the original sources. Conse-

quently, Lantsoght estimated the values of fRi (where

i is 1 or 3) by resorting to the formulation experimen-

tally calibrated by Thomas and Ramaswamy [41] for

assessing the modulus of rupture (MOR) of SFRCs

prisms (100 9 100 9 500 mm) tested according the

standard IS: 516 BIS [42]. This approach can be

assumed as valid as a first approximation since the

specimen is subjected to flexure, this leading to the

activation of the fibres once cracking occurs; however,

it must be remarked that MOR and fRi have different

physical meanings—and refer to different crack

widths—and that the test configuration and procedure

also differ.

Table 1 Parameter ranges of the SFRC beam database

Parameter Original database [29] n = 488 Filtered database n = 332

Min Max Min Max

bw (mm) 50 610 50 610

h (mm) 100 1220 100 1220

d (mm) 85 1118 85 1118

lspan (mm) 204 7823 459 7823

a/d (–) 0.46 6.00 2.22 6.00

av/d (–) 0.20 5.95 2.00 5.95

ql (%) 0.37% 5.72% 0.37% 3.70%

fy (MPa) 276 900 276 610

fcm (MPa) 9.8 215.0 20.2 111.5

Vf (%) 0.2% 4.5% 0.2% 4.5%

k (–) 25 191 25 191

fuf (MPa) 260 4913 260 4913

lspan—clear span of the beam, a/d—shear span-to-effective depth ratio measured from left side of loading plate to left side of support

av/d—clear shear span-to-effective depth ratio measured from face of loading plate to face of support, fy—yield strength of steel

reinforcement

Vf—fibre volume fraction, k—fibre aspect ratio (ratio of fibre length to diameter)

fuf—tensile strength of fibres
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Alternatively, in this research the values of fRi were

estimated by using the regressions presented in Fig. 2a

(for fR3) and b (for fR1). These were derived from a

statistical analysis of an extensive database consisting

of EN 14651:2005 [39] tests of SFRC notched-beams

(150 9 150 9 600 mm) reported by Venkateshwaran

et al. [43], Tiberti et al. [44], Moreno et al. [45], as well

as other experimental programs conducted at the

Laboratori de Tecnologia d’Estructures i Materials

(LATEM) of Universitat Politècnica de Catalunya

(UPC). This database includes a large variety of

concrete mixes, covering a range of compressive

strength (fcm) 15–117 MPa, volume fraction of fibers

(Vf) 0.33–2.52%, fiber aspect ratios (k) 35–110, fiber
tensile strength (fuf) 1000 to 3000 N/mm2 and fiber

modulus of elasticity (Ef) from 190,000 to 210,000 N/

mm2. From Fig. 2, a suitable fit can be seen between

the proposed linear regressions and the observed data,

the coefficients of determination (R2) being equal to

0.90 and 0.75 for predictions of fR1 and fR3,

respectively.

Considering the above-stated, it should be noted

that the error model calculated in this study does not

explicitly consider the uncertainties introduced by the

modelling of residual strengths fR1 and fR3 through the

proposed regressions.

The derived regressions were then used to calcu-

lated the model error d of the Eq. (1), defined as

d ¼ Vexperiment=Vmodel ð8Þ

For this purpose, the partial factor cc was eliminated

from Eq. (1) and mean values of material properties

were used. In other words, values of mean compres-

sive strength fcm reported in the database were used,

whereas residual strengths fR1 and fR3 were first

calculated based on the regressions in Fig. 2 and then

used to calculate fFtu based on Eq. (4). As for mean

tensile strength fct, it was calculated based on the

MC2010 expressions:

fct ¼ 0:3 � f 2=3ck ; for fck�50MPa

2:12 � ln 1þ 0:1 � fckþ 8ð Þð Þ; for fck [50MPa

	

ð9Þ

The upper limit of 2% was applied to the longitu-

dinal reinforcement ratio ql. Finally, all beams were

Fig. 1 Distribution of parameters in the filtered database, i.e., frequency relative to a concrete compressive strength, b longitudinal

reinforcement ratio, c effective depth, d clear shear span-to-effective depth ratio, e fibre volume fraction, and f fibre aspect ratio
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checked for minimum shear strength according to

Eq. (6); however, this expression was not governing in

any of the 332 cases.

The descriptive statistics of the model error on the

basis of 332 results are reported in Table 2 under the

column ‘‘All results’’. It is worth noting that Eq. (1)

provides a good estimation of experimental results

(especially considering that fRi values were computed

using a regression to experimental results) with a

magnitude of scatter similar to that obtained by other

researchers. Subsequently, a box-and-whiskers plot

was used to eliminate outliers, i.e., values of d smaller

than Q1—1.5�IQR and greater than Q3 ? 1.5�IQR
were excluded (where Q1 and Q3 are the first and third

quartile, respectively, and IQR is the ‘‘interquartile

range’’, i.e. Q3—Q1). In this way, a total of five d
values were excluded (one below the limit and four

above), leading to a new average of d of 1.075 and

CoV of 22.8%, as reported in Table 2 under the

‘‘Outliers excluded’’ column. Therefore, the outliers

have a minimal effect on the results.

Finally, the model error d (with excluded outliers)

distribution was checked using Q–Q plots against the

normal and log-normal distributions, Fig. 3. It can be

seen from Fig. 3 that d is better approximated by a

normal distribution in the range d[ 1.6, whilst for

d\ 1.0, the lognormal distribution provides a better

estimation. Since the latter range is the most relevant

for partial factor calibration, the lognormal distribu-

tion was found to be the most representative for this

purpose.

3 Calibration of the FRC partial factor for shear

design

3.1 Design set

To assess the achieved reliability index of the model

described in Sect. 2.1, a set of design cases was

defined and an approach similar to the one adopted by

Zeng et al. [46] was followed. The set should provide a

range of design parameters representative of the

intended applications. In this research, it was consid-

ered that the target applications of the FRC beam

without transversal reinforcement are building and

bridge-deck slabs, beams, footings, and mat founda-

tions, among others. The typical range of thicknesses

of these elements lies within 200 to 1000 mm, while

normal to high strength concrete classes, and rein-

forcement ratios can be used. The values of the design

variables considered in the design set are shown in

Table 3.

Notice that the cross-section width b was consid-

ered fixed at 300 mm as the model depends linearly on

b, i.e. any variation of this parameter would produce a

proportional variation on the predicted strength.

Therefore, the probability of failure is insensitive to

variations of b. Similarly, the effective concrete cover

(d’) was taken as 50 mm in all cases; hence, the

effective depth being d = h - d’ = h - 50 mm. The

variables in Table 3 produce 140 combinations of

Fig. 2 Correlations used to assess fR3 (top) and fR1 (bottom) of

the SFRC

Table 2 Summary statistics of the model error d

All results

n = 332

Outliers excluded

n = 327

Mean, l 1.081 1.075

Standard deviation, r 0.258 0.245

CoV (%) 23.8 22.8
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geometry, longitudinal reinforcement and concrete

class.

The design loads for each element of the design set

were obtained through the procedure summarized in

Fig. 4, in order to have design loads that are consistent

with each specimen geometry and the practical

applications of FRC without shear reinforcement.

Each type of specimen is assessed for a set of five load

levels, within a suitable range of values. The first step

is to compute the minimum and maximum load level

for each geometry, and combination of material

properties of Table 3. In order to make sure that the

selected range of values is representative of the actual

applications, the element capacity according to the

current code provisions is taken as reference, with an

associated lower and upper residual flexural capacity;

taken as fR3k,min = 3 MPa and fR3k,max = 10 MPa,

respectively. The corresponding value of fR1k was

estimated by means of the regression developed in

Fig. 2b. Further, the reference minimum and

maximum design loads of the range are computed

using the current code model, described in Sect. 2.1,

and the current code safety factor cc = 1.50. It must be

remarked that fR3k larger than 10 MPa is rarely found

in practice for the structural elements that are intended

to be covered in this analysis.

The range was further divided, so that five design

loads were obtained for each case. Considering the 5

design loads, a total of 700 design cases (140 9 5)

were generated. The histogram of the design load, in

terms of average shear stress vd = Vd/(b�d), is shown in
Fig. 5. The design shear stresses vary between 0.5 and

2.7 MPa, with an average value of 1.5 MPa.

3.2 Probability analysis

The reliability of each design case was assessed by

means of the reliability index b, which is related to the
probability of failure (Pf) through Eq. (10), whereU is

the cumulative standard normal distribution. FORM

Fig. 3 Q–Q plots for the model error d considering the normal (left) and lognormal (right) distributions

Table 3 Range of variables

in the design set
Parameter Values of parameters in the design set

b (mm) 300

h (mm) 200 400 600 800 1000

ql (–) 0.002 0.005 0.010 0.015 0.020 0.025 0.030

fck (MPa) 30 50 70 90
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[47, 48] was selected to estimate the reliability index

as this method provides an adequate balance between

precision and computation cost for small values of

probability of failure, as is the case in ultimate limit

state situations.

b ¼ �U�1 Pfð Þ ð10Þ

A design failure is identified when a negative value

is found in the limit state function (G) shown in

Eq. (11).

G ¼ VR � VS ð11Þ

VR ¼ d�VR;model ð12Þ

In Eq. (12), d is the model error, Eq. (8); VR,model is

the shear resistance predicted by the model (i.e. VR is

the shear resistance based on the model prediction and

model error); and VS is the applied shear load (load to

be resisted).

Considering G a function of random variables, the

probability of failure is computed as the probability of

obtaining a negative value of G, see Eq. (13).

Pf ¼ P G\0ð Þ ¼ P d�VR � VS\0ð Þ ð13Þ

VR,model was selected as the same model described

in Sect. 2.1, without the safety factor and using the

observed values of the materials and geometry vari-

ables. By applying Eqs. (14)–(16), the VR,model for

elements without axial forces can be computed for a

given realization of design random variables.

VR;model ¼ sR � bw þ Dbð Þ � d þ Ddð Þ ð14Þ

sR ¼ 0:18 � k � 100 � ql � 1þ 7:5 � f Ftu
f ct

� �
� f c

� �1=3
� 0:035

ffiffiffiffiffiffiffiffi
k3f c

q
ðMPaÞ

ð15Þ

k ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

200

d þ Ddð ÞðmmÞ

s
� 2:0 ð16Þ

The set of random variables and the corresponding

distribution functions used are summarized in Table 4.

The model error d was selected as lognormal dis-

tributed according to the recommendations of the Joint

Committee on Structural Safety (JCSS) [49]. In

Sect. 2.2.2, this distribution was shown to provide

better approximation to the values of d\ 1 than for a

normal distribution. The mean and CoV values

imposed were those found in Sect. 2.2.2.

Fig. 4 Summary of procedure for obtaining the design loads for each element of the design set

Fig. 5 Histogram of design load shear stress vd = Vd/

(b�d) (MPa)
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Similarly, the concrete compression, tension, and

the residual tensile strengths were represented by

lognormal distributions (without negative values of

the variables) following the recommendations of the

JCSS [49]. The mean value of the compression and

tension strength were computed, for the different

concrete classes in the design set, according to current

code provisions. The CoV of compression strength

was selected to maintain the relationship fcm = fck ?

8 MPa (see Table 4), using a log-normal distribution.

Concretely, the CoV values used for the values of fck
30, 50, 70, and 90 MPa were 13.8%, 8.8%, 6.5%, and

5.1%, respectively. The value of fFtu was defined as in

Eq. (4). As for fR1 and fR3, the relationships between

the mean and characteristic values of those are

dependent on both the type and amount of fibres;

nevertheless, the different databases and reports

converge in that a 20% of CoV can be representative

of the dispersion of these variables [45, 50]. The

relationship between the average and characteristic

values of fRi were computed consistently with this

CoV. Nevertheless, since CoV of fRi is a relevant

parameter for both quality control and design of FRC

elements, the results of a sensitivity analysis carried

out to quantify the effect of CoVfRi on b and cc are
presented in Sect. 3.4.

Finally, geometry errors were modelled by impos-

ing deviations of the section width (Db) and effective

depth (Dd) according the tolerances accepted in the

codes. These errors were assumed to be normally

distributed with an average and CoV defined by the

JCSS [49].

3.3 Resistance partial factor

Safety factors can be calibrated based on a uniform

target reliability index imposed in a design set. Several

authors, such as Melchers [47], Madsen et al. [48],

Casas [51], and Bairan and Casas [52] already applied

successfully this approach.

To establish the relationship between cc and b, the
required fFtu has to be designed for each element

belonging to the design set of Sect. 3.1, for different

values of cc. For this purpose, the design equation

Eq. (17) was imposed, where VRd corresponds to the

resistance equation described in Sect. 2.1 and VSd is

the design shear load. The reliability index of each

element is then computed, as described in Sect. 3.2.

VRd ¼ VSd ð17Þ

In general, the calibration process should consider

both resistance and load parameters as random vari-

ables, as considered in references [47, 48, 51, 52]. This

would produce specific sets of partial factors for

different types of loads considered. However, under

the assumption of loads and resistance as independent

random variables, it is possible to calibrate the

resistance safety factor independently, by assuming

the load as deterministic and using an adequate

sensitivity factor for the resistance random variable

(aR).
The design shear load VSd was assumed to be

deterministic; therefore, the computed reliability

index refers to the probability of reaching a shear

strength (VR) smaller than the design resistance (VRd),

Table 4 Definition and distribution of random variables

Variable Description Statistical model Mean value (l) CoV

d Model error Lognormal 1.075 0.228

fc Compression strength Lognormal f ck þ 8 MPa 0.05–0.128

fct Tensile strength Lognormal f ck � 50MPa ! 0:3f ck
2
3

f ck [ 50MPa !

2:12ln 1þ f cm
10


 �
0.182

fFtu Residual strength of CMOD = 1.5 mm Lognormal 1:412f Ftuk 0.2

Db Geometrical error in section width Normal 0:003 � b� 3 mm 4þ0:006�b� 10mm
lb

Dd Geometrical error in effective depth Normal 10 mm 1
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see Eq. (18). Consequently, the obtained resistance

reliability index is then referred as bR.

P V �VRdð Þ ¼ U bRð Þ ð18Þ

The reliability index associated to the model

proposed in the fib Model Code2010 for estimating

the shear strength capacity of FRC members without

shear reinforcement [Eq. (1)] was assessed for a range

of safety factors varying between 1.10 and 2.50 (see

Fig. 6).

As it can be observed in Fig. 6, the obtained bR vary
within 0.96 (cc = 1.10) and 4.32 (cc = 2.50), with the

bR for cc = 1.50 proposed in the fib MC2010 being

2.25.

In general, the target reliability index can be

established as a result derived from an analysis

coupling economic costs and failure consequences

for human beings. As reference, a target reliability

index for ULS verifications for a period of 50 years

and medium consequences of failure of btarget = 3.8 is

suggested in the fib Model Code 2010. Additionally,

btarget of 3.1 and 4.3 are suggested in the same code for

low and high consequences of failure, respectively, for

a period of 50 years.

It should be noticed that btarget accounts for

uncertainties associated with both resistance and

loads, as random variables, whereas bR,target includes
only those associated with the resistance. However, it

may be assumed that the btarget and bR,target are linearly
related through the resistance sensitivity coefficient

(aR), see Eq. (19).

bR;target ¼ aR � btarget ð19Þ

The resistance (aR) and load (aE) sensitivity

coefficients can be considered as 0.8 and - 0.7,

respectively, provided that the ratio of their standard

deviations satisfies the condition 0.16\ rE/rR\ 7.6

[53].

Table 5 gathers the btarget for the three reference

consequences of failure defined in MC2010, together

with the computed cc required to guarantee these btarget
in the design set. For the reference consequence of

failure (btarget = 3.8), the required cc is 1.82, which is

21% larger than that currently proposed in the code

(cc = 1.50).

An alternative approach to ensure the required

reliability avoiding the use of cc different from 1.50

(accepted in the codes and widely used) consists in

adapting the coefficient CRd,c implicitly included in

Eq. (1) as 0.18/cc, accordingly. Moreover, other

failure consequences different from moderate (refer-

enced in MC2010) may be considered by multiplying

the partial factors of the unfavourable loads by a factor

KFI, this approach being the one recommended in

Eurocode 0 [53].

The values ofCRd,c andKFI that guarantee the btarget
associated to each failure consequence class are

presented in Table 6. Based on the results of Table 7,

it can be remarked that modifying the original value of

CRd,c = 0.18/cc to 0.15/cc (for FRC elements), cc-
= 1.50 can be considered while reaching btarget
aligned with the fib MC2010 structural reliability

level. Likewise, it should be highlighted that the KFI

obtained are similar to those recommended in

Eurocode 0 [53].

VRd;F ¼ CRd;c � k � 100 � ql � 1þ 7:5 � f Ftuk
f ctk

� �
� f ck

� �1=3
þ 0:15 � rcp

( )
� bw � d

ð20Þ

3.4 Sensitivity analysis

In addition to the estimation of the reliability index,

the FORM analysis allows computing the vector of

sensitivity vectors (a) in the design point. Namely, a is

a unit length vector with one component per random

variable. The value of sensitivity factor indicates the

relative contribution of the random variable to the

failure probability.

Figure 7 shows the probability distribution function

(PDF) of the components of the sensitivity factor for

the design set considered. As it can be noticed, the

sensitivity factor component of the variable thatFig. 6 Variation of the resistance reliability index with respect

to the safety factor
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simulates the model error (d) lies within 0.88 and 0.98;
hence, this is the variable with the highest influence on

the computed reliability. The assumption of different

coefficient of variation (CoV) of d, within typical

values, shows that the sensitivity of d does not vary

significantly; being the average sensitivity factor 0.92,

0.94 and 0.96 for CoV 0.3, 0.2 and 0.1, respectively.

The other variables to which the probability of failure

shows larger sensitivity are the tensile strength (fct)

and the residual strength (fFtu).

The sensitivity factor of fct is relatively stable in the

range of - 0.25 to - 0.20. The negative values in this

case indicates that a higher value of the variable tends

to reduce the resistance, which could be expected from

the type of model in Eq. (15), where fct is in the

denominator. Figure 8 shows the PDF of the ratios of

the variable value in the design point over their

corresponding average. As can be seen in Fig. 8, value

of the fct in the design point is around 10% larger than

the average. This suggests that the use of the 5%

characteristic value of fctk in the design formulation is

not conservative, whereas using the average strength

seems more adequate. Nevertheless, for the sake of

simplicity of the formulation, it is preferred here to

keep the same type of design reference values

(characteristic) and calibrate the safety factor

accordingly.

Similarly, Fig. 7 allows stating that the contribution

of the residual strength (fFtu) to the probability of

failure varies with CoV in the opposite way as the

model error; i.e. the lower the CoV, the lower the

sensitivity factor of fFtu. Figure 8 indicates that the

values of fFtu at the design point vary between 0.75 and

0.98 of the average value. This is consistent with using

the 5% characteristic value in the design equation.

Table 7 reports the reliability index of the resistance

for different CoVs of fFtu, when designed according to

the safety format of Eq. (20) and Table 6, for moderate

failure consequences. It can be seen that the resistance

reliability index reduces by 6% when varying from

CoV of 20% to 10%, whereas it increases by 2% when

the CoV of the residual strength increases from 20 to

30%.

Although this variation might seem counterintu-

itive at a first glance, it can be explained by the lower

contribution of fFtu to reliability at the design point

when its CoV is reduced, see Fig. 7. Accordingly, the

sensitivity to the model error increases and compen-

sates the lower dispersion of fFtu. Nevertheless, the

above variation of the reliability index is small;

therefore, the recommended values of the safety

format coefficients are those given in Table 6, which

refer to a typical value of CoV of 20%.

4 Conclusions

This paper presented a comprehensive reliability-

based calibration of the partial factor cc for the shear

design of FRC members without shear reinforcement

according to the fib Model Code 2010 model. For this

purpose, a database of experimental results was used

for assessing the model error, after which a FORM

Table 5 Safety factors for the target reliability of different consequences of failure

Consequence of failure btarget
For 50 years

aR�btarget
(taking aR = 0.8)

cc

Low 3.1 2.48 1.59

Moderate 3.8 3.04 1.82

High 4.3 3.44 2.01

Table 6 Coefficients affecting the FRC shear resistance and

load factors using constant cc

Consequence of failure cc CRd,c KFI

Low 1.50 0.15/cc 0.88

Moderate 1.50 0.15/cc 1.01

High 1.50 0.15/cc 1.12

Table 7 Coefficient CRd,c by varying CoV of fFtu

fFtu CoV = 10% fFtu CoV = 20% fFtu CoV = 30%

CRd,c = 0.094 CRd,c = 0.098 CRd,c = 0.101
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analysis was conducted to calibrate the partial factor.

Based on the obtained results, the following conclu-

sions can be drawn:

• Themodel error of the fibMC2010 shear resistance

model for members without shear reinforcement

was determined to be lognormally distributed with

a mean of 1.075 and CoV of 22.8% based on 332

experimental results.

• Based on a probability analysis and a parametric

study of 700 individual cases, the relationship

between the target failure probability bR and

partial factor cc was determined. It was found that

bR associated with the value of cc = 1.50—

currently adopted in MC2010—is 2.25, i.e. below

the target values of aR�3.1 = 2.48; aR�3.8 = 3.04

and aR�4.3 = 3.44 associated with low, moderate

and high consequences of failure, respectively, and

a service life of 50 years, considering the resis-

tance sensitivity coefficient as aR = 0.8.

• The results of the study show that it is possible to

achieve the target values of bR by maintaining

cc = 1.50 but reducing the coefficient CRd,c in the

resistance equation from 0.18/cc to 0.15/cc. This
modification is consistent to with failure conse-

quence factors KFI for unfavourable loads equal to

0.88, 1.01 and 1.12 for low, moderate and high

consequences of failure, respectively; which is

consistent with the current values recommended in

Eurocode 0 (EN1990).

Fig. 7 PDF of the sensitivity of the components of the importance vector (the horizontal axis represents the sensitivity factor for each

variable)

Fig. 8 PDF of the ratio of value at the design point over the mean (the horizontal axis represents the variable value at the design point

divided by the variable’s mean)
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• The variable that most influences the reliability in

the design point is the model error of the design

formulation which partially compensates the vari-

ation of the CoV of the residual strength within

common typical values. Therefore, the recom-

mended values of cc = 1.50 and CRd,c = 0.15/cc
can be considered constant for the range of CoV of

fFtu between 10 and 30%.

The results of this study allow confirming that

target failure probabilities could not be achieved by

the MC2010 model for the shear resistance of FRC

members without shear reinforcement with cc = 1.50.

Therefore, calibration of the partial factor is required

for future code revisions. Nonetheless, the results of

the study are dependent on the range of parameters

considered in the experimental database used for

assessing the model error and on the choice of

parameter ranges in the probability analysis. However,

these can be considered as robust enough for drawing

general conclusions.
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(2010)

21. FIB Bulletin 85: Towards a rational understanding of shear

in beams and slabs. Lausanne (2018)

22. EN 1992-1-1: Eurocode 2: Design of Concrete Structures—

Part 1-1: General Rules and Rules for Buildings. CEN,

Brussels (2004)

23. FIB: fib Model Code for Concrete Structures 2010. Inter-

national Federation for Structural Concrete (fib), Lausanne

(2013)

24. Vecchio FJ, Collins MP (1986) The modified compression-

field theory for reinforced concrete elements subjected to

shear. J. Am. Concr. Inst. 83:219–231. https://doi.org/10.

14359/10416

25. Sykora M, Holicky M, Prieto M, Tanner P (2015) Uncer-

tainties in resistance models for sound and corrosion-dam-

aged RC structures according to EN 1992–1-1. Mater.

Struct. Constr. 48:3415–3430. https://doi.org/10.1617/

s11527-014-0409-1

26. Pacheco J, de Brito J, Chastre C, Evangelista L (2019)

Uncertainty of shear resistance models: influence of recy-

cled concrete aggregate on beams with and without shear

reinforcement. Eng Struct. https://doi.org/10.1016/j.

engstruct.2019.109905

27. Reineck KH, Kuchma DA, Kim KS, Marx S (2003) Shear

database for reinforced concrete members without shear

reinforcement. ACI Struct J 100:240–249

28. di Prisco, M., Plizzari, G. and Vandewalle, L.: MC2010:

overview on the shear provisions for FRC. In: Shear and

Punching Shear in RC and FRC elements2. International

Federation for Structural Concrete (fib), Salò, pp. 61–76
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