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1 Introduction 

The optimal design of lightweight structures subjected to instabili-
ties is a relevant issue, given that, in this type of structures, the sec-
ond order effects can be relevant. On the other hand, the geometri-
cally non-linear analyses are computationally costly. Therefore, 
simplified and computationally efficient formulations are strongly 
required. It is remarked that this work is part of a wider research on 
optimization of pallet racks.  

This paper presents special techniques for the improvement of sta-
bility on structures subjected to relevant second order effects. The 
research starts from similar work having been performed at [1]. In 
this paper, an iterative procedure is set up for gradually shifting the 
material from the “strongest” part (less impact on structural stabil-
ity) of the structure to its “weakest” part (highest impact on struc-
tural stability), while keeping the structural weight roughly con-
stant. Regarding this sensitivity of stability with respect to the 
design parameters, the works by Perelmuter [2] and Szalai [3] have 
also been studied. Such methodologies might be useful to find inno-
vative solutions and to determine the cost sensitivity with respect 
to the design parameters [4].  

In the present work, analytical indicators are used to quantify the ef-
fect on the structural stability of the modification of a given struc-
tural parameter (i.e. sectional stiffness); these indicators are aimed 
to assess the design. Additionally, a simple mathematical expression 
is determined as an approximation of the linear critical load factor 
(in terms of the design parameters). . 

Previous to the FEM-oriented formulation, a simple example is 
worked analytically, using the closed form of the governing ODE 
(Ordinary Differential Equation) and illustrative cost-minimizing-

based criteria. It is remarked that, in this research, the external loads 
are considered to be not dependent on the stiffness. This is because 
the study is focused on structures that present a low self-weight if 
compared to the external gravity loads. Critical load gradient for 
stability improvement 

The structural stability is quantified in terms of the dimensionless 
critical load factor, being defined as the ratio between the critical 
and the demanding loads: αcr = Pcr / PEd. 

The critical load of a given structure never decreases when a single 
stiffness parameter grows. As a result, such structure has no relative 
maximums in terms of linear stability. Nonetheless, when the critical 
load factor is greater than 10, the Eurocode 3 [5] permits the 
designer to perform a linear analysis. This is because it is considered 
that, under these circumstances, the second order effects are not 
relevant. Thus, it is concluded that a design strategy based on the 
improvement of the linear stability makes sense when the critical 
load factor is less than 10. On the other hand, when that factor is 
smaller or equal than 1, the structure is unstable, and such factor 
needs to be improved (increased) until finding a design minimum 

value of α = α( ).  

As consequence of the above considerations, if the critical load 
factor is low and it is improved by modifying the structural 
parameters, the lateral displacement of the structure will be 
decreased, and the structural moments will be less affected by the 
second order effects (i.e. will be lower too). This justifies that a good 
prediction of the increment of the critical load factor between two 
solutions can be useful for design purposes. The objective is to find 
an expression that helps the engineer to choose what structural 
element is better to change (modify) when a global analysis fails 
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(non-convergence, structural or displacement check fails, etc.). The 
gradient of α  with respect to the design parameters (stiffness) is 
the maximum slope of the function α . The gradient vector ∇α  can 
be used to predict the critical load value of nearby solutions, where 
few structural variations are made. This can be used as a guide for 
the structural design when these conditions are found: (i) α < 10, 
so second order effects are relevant, (ii) the nodal lateral 
displacements are excessive, and (iii) the bending moments of the 
columns are too high. 

2 Illustrative example 

A simple example is analytically worked out next to facilitate the 
understanding of the proposed concept. It is assumed that the cost 
of the structural elements increases linearly with respect to the 
design parameters. 

The example consists on a single freestanding column that has a 
linear rotational spring connected to its bottom section (Figure 1). 
The column length (L) and the material Young modulus (E) are 
known. The design parameters (unknowns) are the stiffness of the 
linear rotational spring (k) and the column moment of inertia (I). The 
column is submitted to a constant axial force ( ) only; in other 
words, as to perform a buckling analysis, no transverse loads are 
considered. On the other hand, the column is assumed to be straight 
and vertical, i.e., no geometrical imperfections are considered. 

The non-dimensionless slenderness coefficient is defined by λ =
/  . The lateral displacement function depending on the vertical 

coordinate (x) is w(x). The general governing stability differential 
equation of such free standing column submitted to a constant axial 
force is: + λ = 0. The equation is solved under the 
appropriate boundary conditions; once resolved, it is concluded that 
the critical load must satisfy the following condition 

 
  (  ) − λ cos(  λ) = 0  (1) 

The solution of this equation shows that the corresponding 

deformed shape is ( ) = cos(λ ) − 1 −   sin(λ ) . Note that 

the clamped-free column situation corresponds to / → ∞, and it is 

found that =  
 

 and ( ) = [cos(λ ) − 1] as expected 

(Figure 1.a). The pinned free beam case is found by imposing / →
0 and it is shown that → 0 and ( ) = , which also makes 

sense, as this system have zero lateral stiffness without the need of 
any vertical load; and the mode corresponds to the rotation of the 
beam along the pin (Figure 1.b). For any other value of / ∈ (0, ∞) 
the critical loads ( , ) must verify the condition (1) and ( ) =

cos(λ ) − 1 −   sin(λ )  (Figure 1.c). In other words, Figure 1 

displays three cases: (a) the rotational spring is much stiffer than the 
column, (b) the opposite situation, and (c) an intermediate situation 
(both stiffness are comparable). 

 

 

 

 

 

 

 

=
π  
4 

 → 0  
  λ sin(  λ)

+ λ cos(  λ) = 0 

 
 
 
 
 
 
 
 

( ) = [cos(λ ) − 1] 

 
 
 
 
 
 
 
 

( ) =  

 
 
 
 
 
 
 

( )

= cos(λ ) − 1 −
  λ

sin(λ )  

(a) / → ∞ (b) / → 0 (c) / ∈ (0, +∞) 

Figure 1 Example of a freestanding column 

 

As the condition 
  (  ) + λ (  λ) = 0 is nonlinear, the 

explicit expression of λ( , ) is, in general, not possible to find. 
Nonetheless, it is possible to derivate the expression with respect to 

I and k  (  and ) and to isolate such results, thus providing: 

=
( +  ) ( λ) + ( − 2 ) ( λ) λ

(3 +  ) ( λ) + ( − 2 ) ( λ) λ
 

(2) 

=
2 ( λ)

( +  3 ) ( λ) + ( − 2 ) ( λ)λ 
 

The following values of the known parameters are assumed: I = 
1·106 mm4, k = 6·108 N/mm, E = 210000 N/mm2, L = 1000 mm, P = 

2.946·105 N. For such values, the partial derivatives result in =

0.16 and = 2.244 · 10 . The cost for an increment of one unit of 

moment of inertia and joint stiffness are respectively: =
 1.25 m. u./mm  and =  1200 m. u./( ) . It is concluded that 

/ < / . Thus, it is deduced that, under these 

circumstances, improving the bottom spring stiffness is a better 
decision than increasing the moment of inertia of the profile, since it 
provides cheaper benefits. 

3 Derivation of the stability factor gradient in FEA 

In the previous paragraph an analytic example of the linear stability 
gradient determination and use has been shown. In this chapter, a 
formulation for a finite element analysis is developed. For this 
paragraph, the design parameters are: member moments of inertia 
I  and joint rotational stiffness . For simplicity, these parameters 

are referred as = (ψ , … , ψ ), the global stiffness matrix of the 
single column model can be written in as: 

 = ( ) + ∑ ψ,⋯,
( )   (3) 

where ( ) includes the assembled terms of the linear stiffness 
matrix that do not depend on the design parameters, namely the 
cross-section area of the members (which are not considered to 
contribute to the lateral stiffness); and ( ) can be easily derived for 
each finite element (upright, beam or rotational stiffness). On the 
other hand, the internal forces of the structure are directly obtained 
from the external loads. Thus, the geometric stiffness matrix  can 
be assumed to be constant. 

The gradient of the stability factor can be obtained from the 
derivative with respect the design parameters ψ  of the following 
expression obtained from [3]:  
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( + α ) =0 

 ( + α ) =  =   (4) 

Due to the linear nature of the relationship between the design 
parameters and the terms in equation (4), its derivation becomes 
straightforward and results in:  

  ∇α = ⋯     (5) 

where: 

=  ( ) 
  

    (6) 

In equation (6), b is the buckling mode (vectors whose components 
describe the shape of the structure when buckling). 

As discussed in the previous Section, these partial derivatives with 
respect to the different parameters can be used to know which 
member is the best to replace to improve the critical load of the 
structure. The following parameter is defined to quantify the 
influence of changing a specific member [4] (modifying their 
parameters, in fact): 

  = 100
∑

= 100  ( ) 
∑  ( ) 

  (7) 

where  is the Parameter Sensitivity Indicator corresponding to 
a given member i  expressed in percentage (the summation in the 
denominator includes all the members, but not the joints). A similar 
parameter can be defined for the rotational springs:  

  = 100
∑

= 100  ( ) 
∑  ( ) 

   (8) 

In equation 8, kr are the rotational spring coefficients,  is the 
Parameter Influence Indicator corresponding to rotational stiffness 
i (the summation in the denominator includes all the joints, but no 
the members). The members and joints are treated separately 
because the moments of inertia and the rotational springs have 
different dimensional units. In the design, the  and  
parameters can be very useful to the designer to understand the 
global behavior of a structure and the evolution of its design 
towards the best solution. 

4 Critical load factor approximation using FEM 

The second-order Taylor approximation of α ( ) is used to 
determine the critical load factor:  

α ≈ = α ( ) + ∇α ( − ) + ( − )   ( − ) (9) 

where:  is the vector of design parameters corresponding to a 
solution with a known stability factor,  is the vector of design 
parameters corresponding to another solution, and H is the Hessian 
matrix, its components being: 

= = 2
 ( )    

  
    (10) 

The derivate of the buckling mode with respect to the considered 
design parameter is given by 

= ( − α ) − ( ) −   (11) 

From the computation point of view, the calculation of the stability 
factor trough equation (9) for all the possible solutions (or for a given 
selected group of possible solutions) is much less time-consuming 
than solving equation (1). It is noted that this prediction of the 
critical load factor for any structure is possible without generating 
and assembling the stiffness matrix at each iteration, since the value 
of ( ) is calculated with a simple formula.  

5 Use of the sensitivity parameters 

The techniques described in sections  3 and 4  might be used for the 
following purposes: i) to determine the design parameter whose 
change best improves the stability (highest value of  for 
member moments of inertia and  for rotational spring stiffness) 
ii) to find a quadratic expression that approximates the value of the 
critical load with respect to the design parameters ( )  iii) to obtain 
the most economically efficient structural change in terms of 

stability (highest value of  
∆

∆
≈ ∆

∆
 ). The latter parameter is 

possibly the most interesting in a design algorithm, since it 
maximizes the increment of stability while minimizes the cost 

increment. It is seen that this parameter (
∆

∆
) has been used in 

section 2 in an analytic (rather than FEA) context. 

The proposed design algorithm starts from the less expensive (and 
thus, less stable) possible solution. The stability is improved by 
upsizing the structural element (member or connection) whose 

change maximizes  
∆

∆
.  The process is repeated until the structural 

requirements are fulfilled.  

6 Conclusions 

A simplified stability-based method design technique is presented. 
The proposed strategy is significantly faster than the conventional 
design approaches since the member and joint indicators help the 
designer to detect the elements that best contribute to the global 
stability. As well, an approximate expression of the critical load is 
provided. The proposed approach might be useful for sensitivity 
analyses. 

Further research includes applications to stability design of racking 
systems, given their high sensitivity to such issue. 

Symbols and acronyms 

0: Initial value (first iteration), as super index 
A: Amplitude (transverse displacement) 
C: Cost  
cr: Critical 
E: Steel modulus of deformation (Young), demand 
d: Design 
FEA, FEM: Finite Element Analysis, Finite Element Method 
H, Hij: Hessian matrix containing the derivatives of the Critical Load 

Factor with respect to the design parameters, coefficient of 
the Hessian matrix 

i, j: Subindexes, number of iteration (as superindexes)  
I, L: Moment of inertia and length of a member (bar) 
k: Rotational spring stiffness 
K, K G: Stiffness matrix, Geometric Stiffness matrix 
m, r: Member, rotational spring 
n: Number of elements 
P: Axial compressive force 
Q: Quadratic approximation 
SIm: Parameter Influence Indicator corresponding to member 

stiffness 
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SIr: Parameter Influence Indicator corresponding to rotational stiff-
ness 

w, x: Transverse displacement, coordinate along the length of a bar 
αcr: Critical Load Factor (ratio between the critical and the 

demanding loads, Ncr / NEd) 
b: Buckling mode (shape) 
: Slenderness coefficient ( = /  ) 

, i: Vector of Design Parameters, Design Parameter 
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