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We present a new disparity functional to measure and improve the geometric accuracy of a 
curved high-order mesh that approximates a target geometry model. We have devised the 
disparity to account for compound models, be independent of the entity parameterization, 
and allow trimmed entities. The disparity depends on the physical mesh and the auxiliary 
parametric meshes. Since it is two times differentiable on all these variables, we can 
minimize it with a second-order method. Its minimization with the parametric meshes 
as design variables measures the geometric accuracy of a given mesh. Furthermore, the 
minimization with both the physical and parametric meshes as design variables improves 
the geometric accuracy of an initial mesh. We have numerical evidence that the obtained 
meshes converge to the target geometry (unitary normal) algebraically, in terms of the 
element size, with order 2p (2p − 1, respectively), where p is the polynomial degree of the 
mesh. Although we obtain meshes with non-interpolative boundary nodes, we propose a 
post-process to enforce, if required by the application, meshes with interpolative boundary 
nodes and featuring the same order of geometric accuracy. In conclusion, we can obtain 
super-convergent orders, at least for sufficiently smooth parametric curve (surface) entities, 
for meshes of polynomial degrees up to 4 (3, respectively). In perspective, this super-
convergence might enable using a lower polynomial degree to approximate the geometry 
than to approximate the solution without hampering the required geometric accuracy for 
high-order analysis.

© 2021 The Author(s). Published by Elsevier Inc. This is an open access article under the 
CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Curved meshes represented by piece-wise polynomial parameterizations where the boundary points interpolate the 
boundary of the approximated CAD geometry are perceived accurate enough to perform finite element analysis with high-
order methods. This perception is so since when successively refining the meshes and projecting the boundary nodes onto 
the geometry boundary, the utilization of interpolative boundary points leads to a (p + 1)-order approximation to geometry, 
where p is the used polynomial degree for the mesh representation.

There are many methods [1–18] to generate curved high-order meshes with interpolative boundary nodes on top of the 
geometric entities of complex CAD models. Nevertheless, when performing a simulation using these meshes, the accuracy 
and order of convergence of the approximated solution might be insufficient in a twofold manner. First, several works [1,
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19,20] highlight the significant influence of geometric error in the accuracy of the numerical solution. Since curved meshes 
cannot reproduce, in general, the target geometries, the discretization of the target domain induces a geometric error. 
Second, the expected accuracy and order of convergence of approximation to solution are both reduced for reference frame 
formulations with parametric curved elements. This reduction becomes higher as the polynomial degree of the geometric 
approximation increases, see [21,22]. Therefore, the question arises whether it is possible to improve the accuracy and order 
of convergence of standard curved meshes with interpolative boundary nodes. In perspective, if the accuracy improvement 
is significant, it poses new possibilities. We might want to answer if it is possible to use a lower polynomial degree to 
approximate the geometry than to approximate the solution while preserving the required geometric accuracy.

The answers to these questions are essential for engineers and scientists that combine unstructured high-order methods 
[23–27] with curved meshes to perform computational analysis. This combination is well suited to tackle problems where 
the solution is highly sensitive to discretization errors, and thus, high numerical accuracy and geometrical flexibility are 
needed. This is the case of the prediction of transition from laminar to turbulent flow, where low numerical dissipation 
and dispersion, and high geometric accuracy are needed to predict where the flow transitions appear [28,29]. On the one 
hand, high-order methods converge as O(hk+1), where h is the characteristic mesh size, and k is the polynomial degree of 
the approximation to solution, and thus, they have been proved to be faster than low-order methods in several applications 
[30–38], especially in those problems where an implicit solver is required [39]. On the other hand, curved high-order meshes 
have the potential to approximate complex domains with the required accuracy to enable the advantages of high-order 
methods. Moreover, the approximation of the geometry with curved meshes features other advantages such as reducing 
the spurious numerical artifacts that may arise from a piece-wise linear approximation of the curved domain boundaries 
[1,8,19,20,40–42].

In the literature, there are several ways of computing a distance between a mesh and a manifold. For instance, the Haus-
dorff distance, the Fréchet distance [43], the area-based and Taylor-based distances introduced in [44] and [45], respectively, 
or the disparity measure introduced in [46]. These distances define a measure of the accuracy of a mesh that does not 
depend on the parameterization of the geometric entity. However, they may be difficult to compute, are not differentiable, 
require an interpolative mesh, or only take into account a single geometric entity. Thus, they cannot be used to check the 
geometric accuracy of a mesh against a geometric model composed of several entities.

In [46,47], we proposed a disparity functional directly in computational coordinates (domain coordinates for the phys-
ical and parametric meshes) and without an explicit mapping that pairs source and target points in physical coordinates 
(codomain coordinates for the physical mesh and target geometry). This expression in computational coordinates is related 
to a commutative mapping composed of three mappings. The mappings correspond to the physical mesh (from compu-
tational to physical coordinates), the parametric mesh (from computational to parametric coordinates), and the geometry 
parameterization (from parametric to physical coordinates). The functional implicitly pairs a source point with a target 
point by using the same computational coordinates. Since we directly posed a non-intrinsic functional in computational 
coordinates, it can only attain a super-convergence order of 2p − 1/2. This incomplete super-convergence order, related to 
the −1/2 term, has significant consequences for low polynomial degrees, the ones often desired by practitioners of un-
structured high-order methods to approximate curved geometry. In particular, it impedes the perspective to approximate 
with non-standard fourth-order (sixth-order) accuracy a curved target geometry with a piece-wise quadratic (cubic) curved 
mesh. Furthermore, for linear meshes, the convergence order impedes achieving an approximation to target geometry with 
standard second-order accuracy. We need to address these issues since the objective of this work is to generate curved 
high-order meshes that optimally approximate a given geometric model. To do so, we propose two main contributions.

The first main contribution of this work is to propose a novel derivation to obtain a new intrinsic disparity measure 
expressed in physical coordinates. Furthermore, we also prove that the disparity is independent of the mesh geometry pa-
rameterization, and we show numerical evidence that it super-converges with an order of 2p. Specifically, we first pose 
a disparity functional in terms of a new mapping that explicitly pairs source points with target points in physical coordi-
nates. This setting corresponds to a commutative diagram with four mappings, containing the additional pairing mapping 
in physical coordinates not considered in our previous papers. Then, from that intrinsic functional, we derive the expression 
of the new disparity in computational coordinates. This new derivation allows us to prove that the disparity measure is 
independent of the geometry parameterization.

The second main contribution is to pose an optimization problem to compute and improve the disparity value. The 
selection of the design variables determines the goal of the optimization. To compute the disparity value, we select the 
parametric nodes as design variables. To improve the disparity value of a given mesh, we select the physical and parametric 
nodes as design variables. The result of the latter optimization is a non-interpolative mesh. We use the same second-order 
optimization implementation of our previous papers to obtain the results, but now using the value, first derivative, and 
second derivative for the new disparity functional. The obtained results provide numerical evidence that the new disparity 
super-converges with an order of 2p for the checked degrees. It also permits the possibility of increasing the geometric 
accuracy of linear meshes while achieving second-order accuracy. Finally, it enables the compelling perspective to use low 
polynomial degrees to approximate curved geometries since it features a non-standard super-convergent accuracy of order 
2p.

To obtain interpolative meshes, we also propose a post-process of the optimal non-interpolative mesh that relocates 
the nodes onto the geometric model. This post-process only involves evaluating the position of the mesh nodes through a 
mapping. Therefore, it is less computationally expensive than performing the actual orthogonal projection for each node of 
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the mesh. Although the post-processed mesh is less accurate than the optimal one, we show numerical evidence that it also 
super-converges to the target geometry with a convergence order of 2p. Thus, in this work, we show that it is possible to 
approximate a geometric model with high accuracy using either interpolative or non-interpolative meshes.

It is important to point out that the contributions of this work are to check and to improve the geometric accuracy of a 
curved high-order mesh. Thus, mesh quality is out of the scope of this article. Nevertheless, in [47] we have used a disparity 
measure in a mesh quality framework in order to generate curved high-order meshes that are optimal both in the sense of 
element quality and geometric accuracy.

The layout of this paper is the following. In Section 2, we review the related work. In Section 3, we introduce several 
definitions. In Section 4, we show the problem statement and the methodology. In Section 5, we define the disparity 
measure. In Section 6, we formulate the optimization problem to improve the geometric accuracy of a curved high-order 
mesh. In Section 7, we present several examples to illustrate the features of the proposed disparity measure. Finally, in 
Section 9, we present the conclusions and the future work.

2. Related work

Let �1 and �2 be two m-dimensional manifolds in Rn , parameterized by ϕ1 and ϕ2, respectively, in such a way that

ϕ i : Ui ⊂ Rm −→ �i ⊂ Rn

u �−→ x = ϕ i(u)
, i = 1,2,

where U1 and U2 are the parametric spaces of �1 and �2, respectively. In the literature, there are several approaches to 
compute a distance measure between them. The Hausdorff distance between �1 and �2 is defined as

dH (�1,�2) = max
{

sup
x∈�1

inf
y∈�2

d(x,y), sup
y∈�2

inf
x∈�1

d(x,y)
}
, (1)

where d(x, y) is a distance between points. In [48] the authors propose a method to compute the Hausdorff distance 
between two triangular meshes (m = 2, n = 3). The main idea is to sample one of the meshes and then compute the closest 
point of each sample to the other mesh.

Note that the Hausdorff distance is commonly used to compute the distance between two sets. Thus, it does not take 
into account that �1 and �2 are parameterized manifolds. For this reason, when dealing with manifolds, it is more common 
to use the Fréchet distance defined as

dF (�1,�2) = inf
π

sup
u∈U1

d
(
ϕ1(u),ϕ2(π(u))

)
, (2)

where π is the set of all the possible orientation-preserving diffeomorphisms between U1 and U2. It can be proven that dF
defines a distance between two manifolds that does not depend on the selected parameterizations for them [43]. However, 
the calculation of dF is not straightforward, and several methods to approximate it have been proposed. For instance, in 
[43,49] the authors compute the Fréchet distance between two polygonal curves (m = 1, n = 2), and in [50] they compute 
an approximation of the Fréchet distance between two triangulated surfaces (m = 2, n = 3).

In [44], the authors define an area-based distance between two polygonal curves in the plane as the area between the 
curves. To approximate the area distance between two arbitrary curves (m = 1, n = 2), they approximate the curves using 
poly-lines and compute the area distance between the poly-lines. It is important to highlight that the authors use the area-
based distance in a minimization process to obtain a high-order mesh that approximates with high accuracy the boundaries 
of the geometry and, at the same time, obtain a valid mesh for simulation purposes. In the minimization process, the 
derivatives of the area-based distance in terms of the nodal coordinates are computed using finite differences, which may 
reduce the quadratic convergence order of Newton’s method.

Later, reference [45] introduces a Taylor-based distance for planar meshes and curves (m = 1, n = 2). Specifically, the 
Taylor distance consists in checking the difference between the tangent and curvature vectors at the interpolation points of 
the curve. For the three-dimensional case (m = 2, n = 3), the Taylor distance is the difference between the normal vectors 
of the mesh and the surface at the interpolation points. Note that the Taylor-based distance is continuously differentiable, 
both for the two- and three-dimensional case, and it is specific for interpolative meshes.

3. Preliminaries

Before introducing the problem statement and detailing the methodology, we need to detail how we represent the 
geometric model and the curved high-order mesh.

3.1. Geometric model

A compound model, � , is represented as a collection of geometric entities (i.e., vertices, edges, faces, . . . ) in such a way 
that
3
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Fig. 1. (a) A geometric model of a sphere composed of six surfaces, twelve curves and eight points; and (b) a curved high-order mesh of polynomial degree 
two that approximates the geometric model of a sphere.

� =
N⋃

k=1

�k.

Each geometric entity, �k , is located on a manifold, �k , parameterized as

ϕk : Uk ⊂ Rdk −→ �k ⊂ Rn

u = (u1, . . . , udk ) �−→ x = ϕk(u)
,

where n and dk are the dimension of the embedding space and the manifold, respectively, ϕk is the parameterization of �k , 
and Uk its parametric domain. Fig. 1a shows a geometric model of a sphere composed of six surfaces, twelve curves and 
eight points. Each entity has its own parametric domain and its own parameterization.

Our implementation needs access to a small subset of the query functions available in a standard CAD system. Specifi-
cally, the methods need access to the geometric entities that compose the model and their corresponding parameterizations. 
Furthermore, the minimization procedure, that we propose later, uses Newton’s method and thus, we also need to evaluate 
the first and second derivatives of the corresponding parameterizations.

3.2. Curved high-order mesh

A curved high-order mesh of polynomial degree p that approximates a geometric model, � , is represented as

MP =
N⋃

k=1

MP
k ,

where the curved high-order mesh MP
k approximates the geometric entity �k .

We define the mesh in terms of the isoparametric mapping, φ , in such a way that

φ : MM −→ MP ⊂ Rn

ξ = (ξ1, . . . , ξn) �−→ x = φ(ξ) =
∑

v∈MP

xv Nv(ξ) ,

where MM is the set of reference elements of mesh MP , {Nv}v∈e is a basis of shape functions of continuous element-
wise polynomials of degree p, v are the nodes of the mesh, and xv their coordinates. Each sub-mesh MP

k is defined 
by restricting the isoparametric mapping to its corresponding reference mesh, MM

k , see Fig. 1b. Since the isoparametric 
mapping is continuous, there are no gaps between the different sub-meshes that compose the curved high-order mesh.

4. Problem statement and methodology

4.1. Problem statement, input and output

We consider the problem of evaluating and optimizing the geometric accuracy of the approximation to a target geometry 
with a piece-wise polynomial mesh. Our solution optimizes an intrinsic disparity functional expressed in terms of physical 
and parametric meshes. The rest of this section describes the inputs and the outputs of the proposed method.

The input of our algorithm is a geometric model, � , defined in terms of a CAD model. In our code, we use the Open-
CASCADE [51] library to read a CAD file and interact with the associated geometric model. Moreover, we also need a curved 
high-order mesh, MP , of polynomial degree p that approximates the geometric model [52]. Although it is usual that the 
physical mesh interpolates the geometric model, this is not necessary for our algorithm. To compute the geometric accuracy, 
we also need a curved high-order mesh of polynomial degree q in the parametric domain of each geometric entity, MU

k , 
for k = 1 . . . , N . To simplify the computations, we assume that each parametric mesh has the same element connectivity as 
4
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the associated restriction of the physical mesh. Nevertheless, we allow different polynomial degrees for the representation 
of the physical and parametric meshes.

From the input data, we obtain two outputs. The first one is a measure of the geometric accuracy of the physical mesh. 
The second one is the curved high-order mesh that best approximates the geometric domain. Note that in our approach, we 
do not take into account topological changes of the physical mesh. That is, we only allow moving the mesh nodes.

4.2. Methodology

The proposed approach is composed of the following steps.

1. Compute the geometric accuracy of a curved high-order mesh. We propose a non-linear optimization problem in terms of the 
parametric meshes and the geometric model. The solution to this problem is a measure of the geometric accuracy of the 
physical mesh. The unknowns of the optimization problem are the node coordinates of the parametric meshes. To seek 
the solution, we use Newton’s method equipped with a backtracking line-search.

2. Optimize the geometric accuracy of a curved high-order mesh. To improve the geometric accuracy of the physical mesh, we 
propose a non-linear minimization problem. The unknowns of this problem are the node coordinates of the physical 
mesh and the node coordinates of the parametric meshes. To optimize this problem, we also use Newton’s method 
combined with a backtracking line-search.

3. Provide different measures of the geometric accuracy. To check different aspects of the geometric approximation, we provide 
different measures of the geometric accuracy of the physical meshes. Specifically, we show the accuracy measure pro-
posed in this work, the maximum of the point-wise distances, and a measure of the unit normals error, the latter also 
proposed in this work. The first two provide information about the distance between the curved high-order mesh and 
the geometric model. The last one provides information about the error of the derivatives of the approximation.

5. Definition of the disparity measure

5.1. The disparity measure and geometric error for one geometric entity

Let �1 and �2 be two geometric entities defined over the manifolds �1 and �2, respectively. We define the disparity 
measure of �1 with respect to �2 as

d
(
�1,�2

)
:= inf

π∈�

⎛⎜⎜⎜⎜⎜⎝

∫
�1

‖x − π(x)‖2 dx

∣∣�2
∣∣2

⎞⎟⎟⎟⎟⎟⎠

1/2

, (3)

where 
∣∣�2

∣∣= ∫
�2 1 dx is the measure of �2, and

� =
{
π ∈ H1(�1,�2) such that π is a diffeomorphism between �1 and �2

}
.

We define the geometric error between a source approximation �1 and a target domain �2 as

⎛⎜⎜⎜⎜⎜⎝

∫
�1

‖x − �(x)‖2 dx

∣∣�2
∣∣2

⎞⎟⎟⎟⎟⎟⎠

1/2

,

where � is the projection that maps a source point to the closest point in the target geometry. It is a measure of the 
geometric error since it averages the point-to-point distance between the source and target domains.

The disparity measure is an upper bound of the geometric error. To show this, given a source point x we know that

‖x − �(x)‖ ≤ ‖x − π(x)‖ , ∀π ∈ �,

since �(x) is the closest target point. This inequality holds for all the source points and diffeomorphisms in �. Hence, we 
have the inequality
5
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Fig. 2. Diagram of mappings to compute the disparity measure of a single geometric entity.⎛⎜⎜⎜⎜⎜⎝

∫
�1

‖x − �(x)‖2 dx

∣∣�2
∣∣2

⎞⎟⎟⎟⎟⎟⎠

1/2

≤ inf
π∈�

⎛⎜⎜⎜⎜⎜⎝

∫
�1

‖x − π(x)‖2 dx

∣∣�2
∣∣2

⎞⎟⎟⎟⎟⎟⎠

1/2

= d
(
�1,�2

)
.

Consequently, the measure of the geometric error, left term, is smaller than the disparity measure, right term.
If the disparity converges to zero, it means that we have a sequence of source domains and pairing mappings π where 

the average length of the lines connecting source and target points converges to zero. Furthermore, taking into account the 
previous upper bound, if the disparity converges to zero with a specific order, then the geometric error converges to zero at 
least with that order.

5.2. Computation of the disparity measure and properties

To compute the disparity, we rewrite the integral of Equation (3) in terms of the corresponding parameterizations of �1

and �2, ϕ1 and ϕ2, respectively,

d
(
�1,�2

)
= inf

π∈�

⎛⎜⎜⎜⎜⎜⎝

∫
U1

∥∥∥ϕ1(u) − ϕ2 ◦ π̃(u)

∥∥∥2 | J |du

∣∣�2
∣∣2

⎞⎟⎟⎟⎟⎟⎠

1/2

, (4)

where

| J | =
√

det
((

Dϕ1
)T Dϕ1

)
and π̃ = (ϕ2

)−1 ◦ π ◦ ϕ1 is the expression of π in the local coordinates induced by the parameterizations of the geometric 
entities. Since π is a diffeomorphism, then π̃ defines a diffeomorphism between the parametric spaces U1 and U2. Fig. 2
shows the maps involved to compute the disparity measure of a single geometric entity.

The disparity measure is invariant by rotations, translation, and symmetries of the geometric entities. Moreover, if the 
geometric entities are scaled by a factor, the disparity measure is also scaled by the same factor. It is only necessary to take 
into account that the Euclidean norm of vectors satisfies these properties.

Note that Equation (3) seems to be an intrinsic definition of the disparity measure since it is not posed in terms of the 
entity parameterizations. However, to compute the value of the disparity, it is necessary to take parameterizations for both 
domains and compute the integral using Equation (4). Accordingly, we need to check that the disparity measure is well 
defined, in the sense that its value does not depend on the selected parameterizations of the geometric entities.

Proposition 1. Let �1 and �2 be two geometric entities. We consider two different parameterizations for �1, ϕ1 and α1 , and for �2 , 
ϕ2 and α2 . Let

dϕ = inf
π∈�

⎛⎜⎜⎜⎜⎜⎝

∫
Uϕ

∥∥∥ϕ1 − ϕ2 ◦ π̃
∥∥∥2 | Jϕ |du

∣∣�2
∣∣2

⎞⎟⎟⎟⎟⎟⎠

1/2

,

6
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Fig. 3. Two geometric entities with two different parameterizations, and the two optimal diffeomorphisms with the corresponding expression in local 
coordinates.

dα = inf
π∈�

⎛⎜⎜⎜⎜⎜⎝

∫
Uα

∥∥α1 − α ◦ π̃
∥∥2 | Jα |du

∣∣�2
∣∣2

⎞⎟⎟⎟⎟⎟⎠
1/2

.

Then, dϕ = dα .

Proof. To prove Proposition 1, we can show that dα ≤ dϕ and dα ≥ dϕ . By symmetry, we only need to detail the proof 
that dα ≥ dϕ . To this end, let us use the diagram of mappings shown in Fig. 3. Let πα and πϕ be the diffeomorphisms 
that achieve the infimum value in dα and dϕ , respectively. Moreover, let φ1 = (

α1
)−1 ◦ ϕ1 and φ2 = (ϕ2)−1 ◦ α2 be the 

corresponding change of parameterization of the geometric entities �1 and �2, respectively. Then,

(dα)2 =

∫
Uα

∥∥∥α1 − α2 ◦ π̃α

∥∥∥2 | Jα |du

∣∣�2
∣∣2 =

∫
Uϕ

∥∥∥ϕ1 − α2 ◦ π̃α ◦ φ1
∥∥∥2 | Jα || Jφ |du

∣∣�2
∣∣2 ,

where we have applied the change of coordinates induced by φ1. That is, instead of integrating in the parametric domain 
Uα , we integrate in the parametric domain Uϕ . By using that | Jα || Jφ | = | Jϕ |, directly derived from the properties of the 
determinant and the chain rule, and α2 = ϕ2 ◦ φ2, we have that

(dα)2 =

∫
Uϕ

∥∥∥ϕ1 − ϕ2 ◦ φ2 ◦ π̃α ◦ φ1
∥∥∥2 | Jϕ |du

∣∣�2
∣∣2 .

Since φ2 ◦ π̃α ◦ φ1 is a diffeomorphism that belongs to �, we can conclude that

(dα)2 =

∫
Uϕ

∥∥∥ϕ1 − ϕ2 ◦ φ2 ◦ π̃α ◦ φ1
∥∥∥2 | Jϕ |du

∣∣�2
∣∣2 ≥

∫
Uϕ

∥∥∥ϕ1 − ϕ2 ◦ π̃ϕ

∥∥∥2 | Jϕ |du

∣∣�2
∣∣2 = (dϕ)2. �

As a direct consequence of Proposition 1, if a mapping π is a minimizer of Functional (3) for a given parameterization of 
the geometric entity, then π is a minimizer for all the possible parameterizations of the geometric models. This consequence 
is so since dα = dϕ and thus, πϕ is the mapping that achieves the disparity value for parameterization ϕ , but also for 
parameterization α.

5.3. The disparity measure for geometric models

Let �1 and �2 be two geometric models composed of several geometric entities (i.e. vertices, edges and faces) in such a 
way that
7
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�i =
N⋃

k=1

�i
k.

We define the disparity measure of �1 with respect to �2 using the disparity measures of each geometric entity. Specif-
ically,

d
(
�1,�2

)
:= inf

πk∈�k

⎛⎜⎜⎜⎜⎜⎜⎝
N∑

k=1

∫
�1

k

‖x − πk(x)‖2 dx

∣∣�2
k

∣∣2
⎞⎟⎟⎟⎟⎟⎟⎠

1/2

, (5)

where

�k =
{
πk ∈ H1(�1

k ,�2
k ) such that π is a diffeomorphism between �1

k and �2
k

}
.

The disparity measure for geometric models has the same properties as the disparity measure for single geometric 
entities. Specifically, it is invariant by rotations, translations, and symmetries. If the geometric models are scaled by a 
factor, the disparity measure is scaled by the same factor. Finally, using Proposition 1 and extending it to geometric models 
composed of several geometric entities, it is straightforward to prove that the disparity measure for geometric models is 
well defined in the sense that it does not depend on the chosen parameterizations of the geometric entities. Thus, we can 
express the disparity measure using the parameterizations of the geometric entities as

d
(
�1,�2

)
= inf

πk∈�k

⎛⎜⎜⎜⎜⎜⎜⎝
N∑

k=1

∫
U1

k

∥∥∥ϕ1
k (u) − ϕ2

k ◦ π̃k(u)

∥∥∥2 | Jk|du

∣∣�2
k

∣∣2
⎞⎟⎟⎟⎟⎟⎟⎠

1/2

. (6)

6. Formulation of the optimization process

6.1. Continuous optimization framework for geometric models

Given a geometric model, � , we want to characterize a new geometric model, �φ∗
, where

� =
N⋃

k=1

�k, �φ∗ =
N⋃

k=1

�
φ∗

k
k ,

and �φ∗
k is defined in terms of a parameterization φ∗

k ∈ H1(Uk, �
φ∗

k
k ), where Uk is the corresponding parametric space. 

The new geometric model has to optimally approximate � in terms of the proposed disparity measure, see (5). Thus, the 
optimal mappings φ∗

k , are the ones that satisfy{
φ∗

1, . . . ,φ
∗
N ,π∗

1, . . . ,π
∗
N

}= argmin
φk∈H1(Uk,�

φk
k )

πk∈�k

E (φ1, . . . , φN ,π1, . . . ,πN)

= argmin
φk∈H1(Uk,�

φk
k )

πk∈�k

N∑
i=1

∫
�

φk
k

‖x − πk(x)‖2 dx

∣∣�2
k

∣∣2 .

(7)

Note that the functional in Equation (7) has two sets of unknowns, φk and πk , for k = 1, . . . , N . By fixing φk and 
minimizing the functional with respect of π k , we compute the disparity measure of �φ and � . Instead, by minimizing the 
functional (7) with respect of φk and πk at the same time, we obtain the optimal geometric model, �φ∗

, that approximates 
� in the sense of the proposed disparity measure.

Functional (7) does not have, in general, a unique solution. The main reason is that we obtain a parameterization, φ∗
k , for 

each �φ∗
k . Thus, different parameterizations of the same geometric model �φ∗

are also valid minimizers of Functional (7).
k

8
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6.2. Continuous optimization framework for high-order meshes

The main objective of this work is to generate curved high-order meshes that optimally approximate a given geometric 
model. Thus, we use the functional in Equation (7) applied to a curved high-order mesh, MP , and a geometric model, 
� . The parametric domain of the physical mesh is a valid straight-sided mesh, MR , that has the same connectivity and 
number of elements as MP . The reference mesh, MR , approximates the geometric domain � in the sense that it contains 
sub-meshes MR

k that approximate the geometric entities �k . Moreover, we have a mapping φ that parameterizes the 
physical mesh from the reference mesh. The optimal mesh according to the disparity measure is defined as{

φ∗,π∗
1, . . . ,π

∗
N

}= argmin
φ∈V p

πk∈�k

E (φ,π1, . . . ,π N)

= argmin
φ∈V p

πk∈�k

N∑
i=1

∫
MP

k

‖x − πk(x)‖2 dx

∣∣�2
k

∣∣2
(8)

where

V P =
{
φ ∈

[
C0(MR)

]n
such that φ|e ∈ [P p(e)

]n
,∀e ∈ MR

}
,

where P p(e) is the space of polynomial functions in element e of degree at most p. This corresponds to the standard func-
tion space for continuous Galerkin methods, determined by element-wise polynomials of degree at most p and continuous 
at the element interfaces. Note that the functional in Equation (8) has two unknowns: the parametric mapping that defines 
the high-order mesh, and the set of diffeomorphisms π k , for k = 1, . . . , N .

Then, we write Functional (8) in terms of the parametric mapping, φ , and the parameterizations of the geometric entities, 
ϕk:

E (φ,π1, . . . ,π N) =
N∑

k=1

∫
MR

k

∥∥φk − ϕk ◦ π̃k
∥∥2 | Jk|dξ

∣∣�2
k

∣∣2 , (9)

where φk = φ|MR
k

is the restriction of the parametric mapping φ over the sub-mesh MR
k , and π̃k = (ϕk

)−1 ◦ πk ◦ φk is the 
diffeomorphism π k expressed in terms of the parametric coordinates of the physical mesh and the manifolds.

6.3. Discrete optimization framework for high-order meshes

In order to minimize Functional (9), in the discrete framework we approximate π̃k using a continuous piece-wise poly-
nomial function, ψk ∈ VU

k , where

VU
k =

{
ψ ∈

[
C0(MR

k )
]dk

such that ψ |e ∈ [Pq(e)
]dk ,∀e ∈ MR

k

}
.

Note that we approximate π̃k by element-wise polynomials of degree at most q. In general, φ and ψ are approximated 
using polynomials of different degree. Although we do not have yet a theoretical setting to select the value of q, it depends 
on the parameterization of the geometric entity, and the polynomial degree of the physical mesh, p. In our experience, if q
is high enough the resulting meshes obtain optimal convergence order.

The discretized problem consists in computing

argmin
φ∈V P

ψk∈VU
k

E
(
φ,ψ1, . . . ,ψN

)= argmin
φ∈V P

ψk∈VU
k

N∑
k=1

∫
MM

k

∥∥φk − ϕk ◦ ψk

∥∥2 | Jk|dξ

∣∣�k

∣∣2 . (10)

Since ψk is a mapping from MR
k to Uk , it defines a curved high order mesh on the parametric space of �k . Intuitively, the 

physical mesh approximates the geometric entity, while the parametric mesh aligns the points of the physical mesh with 
the parameterization of the geometric entity. Finally, note that φ and ψk depend only on the position of the physical and 
parametric nodes, respectively, and for this reason, so does Functional (10). Thus,
9
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inf
φ∈V P

ψk∈VU
k

E
(
φ,ψ1, . . . ,ψN

)= inf
x

u1,...,uN

E (x,u1, . . . ,uN ), (11)

where x denotes the coordinates of the physical mesh nodes, and uk the parametric coordinates of the nodes in the k-th 
parametric mesh.

To compute the disparity or to optimize a mesh, we consider different sets of design variables. Note that the functional 
in Equation (11) is written in terms of two sets of variables: the nodal positions of the physical meshes, and the nodal 
positions of the parametric meshes. If we optimize the functional with the parametric nodes as design variables, we obtain 
the disparity measure of the physical mesh and the target geometry. Alternatively, if we optimize the functional with the 
physical and parametric nodes as design variables, we obtain the physical mesh that approximates the target geometry with 
optimal disparity measure.

During the optimization process, we do not impose that the physical nodes have to be on the corresponding geometric 
entity. Thus, the resulting mesh approximates the target geometric model in a non-interpolative manner. Note that the in-
terpolative case can be considered in the proposed framework by imposing that each node has to slide on the corresponding 
geometric entity it belongs to, similar to [53]. However, this adds further restrictions to the optimization problem and for 
this reason, the accuracy of the optimized interpolative mesh is lower than the accuracy of the non-interpolative mesh.

6.4. Optimization approach

The optimization of the non-linear objective function (11) is globalized using a backtracking line-search iterative algo-
rithm, see [54]. That is,

y j+1 = y j + α jp j,

where y j is the set of unknowns at the j-th iteration of the line-search algorithm, and α j and p j are the step-length and 
the advancing direction, respectively. In our framework, the advancing direction, p j , is determined using Newton’s method. 
That is, p j is computed by solving the linear system

HE
(
y j
)
p j = −∇E

(
y j
)
,

where ∇E and HE are the gradient and the Hessian of E , respectively. The step length is computed by imposing the Armijo 
rule, [54]

E
(
y j + α jp j

)≤ c1α jp j · ∇E
(
y j
)
, (12)

where c1 = 10−4 according to [54]. To this end, we start with α j = 1, and divide it in half until the Armijo rule (12) is 
satisfied.

6.5. Post-process of the optimized mesh

After minimizing Equation (11), we have obtained a curved high-order mesh, M∗
P , that approximates the target geometry 

in a non-interpolative manner. Nevertheless, it is possible to post-process the resulting mesh in order to obtain a new one, 
̂MP , that interpolates the geometric model. To this end, we define the post-processed mesh in terms of an iso-parametric 
mapping φ̂∗ as

φ̂∗ =
Nn∑

i=1

x̂i Ni, (13)

where Nn is the number of mesh nodes, {Ni}1=1,...,N is a Lagrangian basis of polynomial shape functions, and x̂i are the 
coordinates of the i-th node, computed as

x̂i = πk(xi) = ϕk ◦ ψk ◦ (φk)
−1(xi).

Since πk is a diffeomorphism between the physical mesh and the target geometric model, the post-processed nodes are 
located on top of the geometric entities they belong to. Thus, we obtain an interpolative mesh. Note that we are able to 
avoid solving a non-linear problem to compute the orthogonal projection of each node of the mesh. Instead, it is only 
needed to evaluate the mapping π k at the mesh nodes.

Although the post-processed mesh, ̂MP , has a higher disparity value than the optimal one, in practice, the geometric 
accuracy of both meshes is of the same order.
10
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7. Examples

The following examples show the features and capabilities of the presented formulation to check and optimize the 
geometric accuracy of a curved high-order mesh. We consider three quantities of interest: the proposed disparity measure, 
the maximum of the point-wise distances, dp , and the error of the normals, dn , defined as

dp := (E p(φ)
)1/2 = max

k=1,...,N

⎡⎣ sup
x∈MP

k

(
inf

y∈�k

‖x − y‖
)⎤⎦ (14)

and

dn := (En(φ,ψ))1/2 =

⎛⎜⎜⎜⎜⎜⎜⎝
N∑

k=1

∫
MP

k

∥∥∥nMP
k
(x) − n�k

(πk(x))

∥∥∥2
dx

∣∣�2
k

∣∣2
⎞⎟⎟⎟⎟⎟⎟⎠

1/2

, (15)

where πk are the diffeomorphisms induced by ψk , and nMP
k

and n�k
are the unit exterior normal of the physical mesh, 

MP
k , and the geometric entity, �k , respectively. In all the cases, we denote by φ and φ∗ the initial and optimized physical 

meshes, respectively, and by ψk and ψ∗
k the initial and optimized parametric meshes. Note that we do not optimize neither 

Equation (14) nor (15) in any case, we use them as alternative ways to check the accuracy of the meshes.
In order to approximate the maximum point-wise distance, we use a point sampling over the elements and take the 

maximum distance over the sampling. Note that we do not use the integration points of the optimization process to sample 
the element. Instead, we use a bigger number of sampling points than the number of integration points to obtain a fair 
result.

7.1. Implementation

The optimizer needs the parametric coordinates of the mesh nodes associated with the different curves and surfaces 
of the compound model. To meet this requirement, we have implemented the code in Python, Anaconda distribution [55], 
and we have linked it, through SWIG [56], with our hierarchical mesh generation code [57,58]. The code also features an 
implementation of Newton’s method equipped with a backtracking line-search strategy. The linear systems arising from the 
optimization are solved with the SuperLU sparse direct solver provided by SciPy [59], and NumPy [60] libraries. The first and 
second disparity derivatives are also implemented in Python and are computed by assembling element contributions. Our 
SWIG [56] wrapper to the OpenCASCADE [51] library allows importing STEP geometries and provides access to geometry 
queries. The wrapper allows querying the parameterization values and the first and second derivatives. It also allows pro-
jecting points to the corresponding geometric entities. We use nodal high-order basis functions to represent the piece-wise 
polynomial physical and parametric meshes. For segments, we use Legengre-Gauss-Lobatto interpolation point distributions. 
The tensor product of these interpolation points determines the distribution for quadrilateral elements. To approximate 
the integrals, we use Gaussian quadrature to integrate exactly polynomials of degree up to three times the degree of the 
parametric meshes.

7.2. Interpolation points: logarithmic spiral

In this example, we highlight the number of interpolation points of the initial interpolative and the final approximate 
meshes. To this end, we generate three meshes for a logarithmic spiral composed of thirteen elements of polynomial degrees 
three, four and five, see Figs. 4a, 4d and 4g, respectively. To generate these meshes, we use the standard interpolative scheme 
in which a high-order nodal distribution determines p + 1 interpolation points in each element.

To visually differentiate the mesh from the target geometry, we consider the amplified error curve. The amplified error 
curve is critical to inspect highly accurate meshes visually. It allows visualizing small geometric errors and the intersection 
points between the mesh and target geometry. We define the amplified error curve as:

eμ = ϕ ◦ ψ∗ + μe,

where e = φ − ϕ ◦ ψ∗ , and μ is the amplification factor. That is, we visualize the mesh as an amplified error displacement 
of the target geometry. Note that for μ = 1, the geometric error is not amplified, and we obtain the original mesh.

In Fig. 4, we highlight the interpolation points as the intersection of the amplified error curve (gray) with the target 
curve (black). Figs. 4b, 4e and 4h show the optimized meshes of polynomial degree three, four and five, respectively. Note 
that the optimized meshes increase the geometric accuracy by several orders of magnitude. Accordingly, the oscillations of 
the error curve for the optimized meshes have a smaller amplitude than for the initial meshes. Moreover, there are more 
11
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Fig. 4. Meshes generated for a logarithmic spiral and amplified geometric error. In columns, amplified error for the initial interpolative meshes (a), (d) and 
(g); amplified error for the optimized approximative meshes (b), (e) and (h); and final optimized meshes (c), (f) and (i). In rows, meshes of polynomial 
degree three (a), (b) and (c); polynomial degree four (d), (e) and (f), and polynomial degree five (g), (h) and (i).

oscillations that allow interpolating the target geometry in p − 1 additional points, for a total of 2p interpolation points. 
The optimization algorithm automatically computes a curve reparameterization to interpolate these additional points and, 
hence, approximate the target geometry with higher accuracy while using the same polynomial degree.

7.3. Algebraic super-convergence order: logarithmic spiral

In this example, we show that we can generate a series of meshes that super-converge algebraically to the target ge-
ometry. To this end, we use the proposed numerical method to approximate a geometric model according to the disparity 
measure. According to standard approximation theory, we should expect that the disparity converges to zero proportionally 
to hp+1, where h is a measure of the element size and p the polynomial degree of the mesh. We should also expect that the 
order of approximation to unitary normal vectors is one order less, that is hp . Remarkably, with our non-standard approach, 
we obtain higher orders of approximation to geometry, and to unitary normal vectors.

To show the properties of the proposed method, in this example we consider several cases. For each case, we approxi-
mate a logarithmic spiral parameterized as

ϕ(t) = et/10 (sin(t), cos(t)) , t ∈ [0,8]. (16)

To this end, we generate a series of meshes with polynomial degree between one and four and then we perform a conver-
gence order analysis of different quantities of interest.
12
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Fig. 5. Convergence order of the disparity measure, the maximum of the point-wise distances, dp , and the error of the normals, dn , for the initial interpola-
tive meshes.

Fig. 6. Convergence order of the disparity measure, the maximum of the point-wise distances, dp , and the error of the normals, dn , for the optimized 
approximative meshes.

Case (i): disparity measure of the initial interpolative meshes. In this example, we compute the proposed disparity 
measure of the initial interpolative meshes. Thus, we fix the physical mesh and optimize Functional (10) in terms of the 
parametric mesh. The objective of this case is to compute the disparity measure and the error of the normals of the 
initial interpolative meshes, see Fig. 5. Both the proposed disparity measure and the maximum of the point-wise distances 
converge with order p + 1, while the unit normals of the mesh converge with order p. Note that the convergence order of 
the normals is one order less than the convergence of the disparity.

Case (ii): disparity measure of the optimal non-interpolative meshes. In this case, we optimize Functional (10) with 
respect to the physical and parametric mesh. Thus, we obtain the optimal physical mesh in the sense of the proposed 
disparity measure. Fig. 6 shows the convergence order of the disparity measure, the maximum of the point-wise distances, 
and the error of the normals for the optimized non-interpolative meshes. Both the disparity and the point-wise distances 
converge with order 2p, while the normals converge with order 2p − 1. While we do not have a formal proof for the super-
convergence of the disparity measure and the normals, we have observed this behavior in other practical examples. Note 
that although the convergence order of the initial interpolative meshes is p + 1, we are obtaining a superconvergence order 
of 2p. Thus, the geometric error is reduced by several orders of magnitude just by relocating the nodes, especially when 
using high polynomial degrees.

7.4. Sensitivity of the polynomial degree of the parametric meshes: circular arc

To compute the proposed disparity measure, we need to define the polynomial degree of the parametric meshes, denoted 
as q. Thus, in this example we study the dependence of the disparity measure computation on the q parameter using a 
circular arc parameterized in three different manners as

ϕ1(t) = (sin(tπ), cos(tπ)) t ∈ [0,1],
ϕ2(t) =

(
sin
(

t2/π
)
, cos

(
t2/π

))
t ∈ [0,1],

ϕ3(t) =
(

sin

(
π

e2t/π − 1

e2 − 1

)
, cos

(
π

e2t/π − 1

e2 − 1

))
t ∈ [0,1].

The first parameterization corresponds to the usual definition of a circular arc using the angular parameter. The second 
and the third parameterizations correspond to a polynomial and an exponential re-parameterization of the circular arc, 
respectively.

We generate two sets of meshes to approximate the circular arc. The first set is composed of three meshes of polynomial 
degree three with four, eight, and sixteen elements, respectively. We approximate the disparity measure of these meshes 
13
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Fig. 7. Evolution of the approximated disparity measure of the curved high-order meshes with polynomial degree three for different values of q.

Fig. 8. Evolution of the approximated disparity measure of the curved high-order meshes with four elements for different values of q.

against the three parameterizations of the circular arc using different values of q, see Fig. 7. The behavior of the evolution 
is similar in the three meshes, and it is independent of the number of elements of the physical mesh. Note, however, that 
as the number of elements increases, the disparity measure decreases. Thus, the finer mesh better approximates the target 
geometry.

The second set of meshes is composed of three meshes of four elements and polynomial degree two, three, and four, 
respectively. We again approximate the disparity measure of the curved high-order meshes against the three parameteriza-
tions of the circular arc for different values of q, see Fig. 8. As in the first case, the value of the disparity measure converges 
to a single value. However, as the polynomial degree of the physical mesh increases, higher values of q are required to 
converge the value of the disparity measure.

In this example, we have shown that the value of the q parameter depends on the parameterization of the geometric 
entity. As expected, we need more degrees of freedom to compute the correct value of the disparity measure, when the 
parameterization is more complex. Moreover, the value of q depends on the polynomial degree of the physical mesh. The 
main reason is that as the complexity of the physical mesh increases, it is also necessary additional degrees of freedom 
in the parametric spaces. Nonetheless, q does not depend on the number of elements of the mesh. Since the parametric 
meshes have the same topology as the physical mesh, when the physical mesh is refined, so are the parametric ones. Thus, 
it is not necessary to increase q in order to better approximate the value of the disparity measure, even when the physical 
mesh is more complex.

7.5. Higher geometric accuracy for the same resolution: sphere

We optimize the disparity measure for different polynomial degrees to obtain mesh approximations to a compound 
model described by a CAD boundary representation. The implementation imports a STEP file describing a trimmed sphere 
of radius one. The model is composed of four surfaces, twelve curves, and eight points. The original sphere patches are cut 
along two iso-curves parallel to the equator to obtain machine-accurate trims and, thus, negligible gaps. These negligible 
gaps ensure that a loose gap tolerance does not limit the optimization of the disparity.

We generate several meshes of the same resolution for polynomial degrees one, two, four, and eight. As we increase the 
polynomial degree, we also double the element size, and therefore, the ration h/p remains constant. Fig. 9 shows the initial 
interpolative meshes (left column) and the optimized ones (right column). We have colored the meshes according to the 
point-wise distance, defined for each point of the physical mesh, x, as

dp(x) = inf
y∈�

‖x − y‖ .

The optimized high-order meshes are more accurate than the initial ones, and they reduce the point-wise distance 
by several orders of magnitude. Note that there are oscillations in the point-wise distance even for the mesh of highest 
polynomial degree. This is because the spherical patches cannot be exactly represented using polynomials. Nevertheless, 
14
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Fig. 9. Meshes generated for a spherical surface. In columns, initial interpolating meshes (a), (c), (e) and (g); and optimized approximating meshes (b), (d), 
(f) and (h). In rows, the polynomial degrees of the physical and parametric meshes. (For interpretation of the colors in the figure(s), the reader is referred 
to the web version of this article.)

the amplitude of the oscillations is reduced as the polynomial degree is increased, and the oscillations for the mesh of 
polynomial degree eight are of the order of 10−12.

Fig. 10 shows the evolution of the disparity measure, the maximum of the point-wise distances, and the error of the 
unit normals for the initial interpolating and the optimized curved high order meshes. Note that the three quantities of 
interest present a steady descent for the optimized meshes. However, the initial interpolative meshes of polynomial degree 
four and eight approximate the geometric model with similar accuracy. It is worth noticing that the optimized meshes not 
only approximate the geometry with high-accuracy but also approximate the normals of the geometry with high-accuracy, 
see Fig. 10. This is so even we do not explicitly target the maximum of the point-wise distances or the accuracy of the 
normals.

7.6. Algebraic super-convergence order of interpolative meshes: torus

The objective of this example is to compare the geometric error obtained by the optimized approximative mesh and 
the post-processed interpolative mesh. To show that, we generate a curved high-order mesh of polynomial degree three for 
a toroidal CAD boundary representation, see Fig. 11a. The model is composed of 16 vertices, 32 curves, and 16 surfaces. 
To not limit the optimization of the disparity measure, we devised the model to present negligible gaps. In Figs. 11b and 
15
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Fig. 10. Evolution of the disparity measure (left), the maximum of the point-wise distances, dp , (center), and the error of the unit normals, dn, (right) for 
different polynomial degrees.

Fig. 11. Meshes generated for a toroidal surface: (a) initial interpolative mesh; (b) optimized approximative mesh; and (c) post-processed interpolative 
mesh.

11c, we show the optimized approximative mesh and the post-processed interpolative one, respectively. Note that both 
meshes present geometric errors of the same order, although the approximative mesh is the optimal one in the sense of the 
proposed disparity measure.

In the second part of this example, we show the convergence order of the interpolative mesh obtained by post-processing 
the optimized approximative mesh. To this end, we generate a series of meshes for the toroidal geometric model using 
polynomial degrees between one and three, see Fig. 12. The initial interpolative meshes converge to the target geometry 
with order p + 1, begin p the polynomial degree of the mesh. Both the optimized and the post-processed meshes converge 
to the target geometry with order 2p. Thus, in this example, we show that it is possible to obtain super-convergent high-
order meshes even when interpolating the geometric model.

8. Discussion and future work

After detailing the methods and results to measure and improve the geometric accuracy of high-order meshes, we 
present a discussion on many aspects related to CAD models, optimization unknowns, non-interpolative and interpolative 
meshes, super-convergence, and iso-resolution. We finalize the section with the limitations and opportunities we consider 
interesting to address shortly.
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Fig. 12. Convergence order of the disparity measure for the initial interpolative meshes, the optimized approximative meshes and the post-processed 
interpolative meshes generated for a torus.

8.1. CAD models

The goal of the proposed disparity is to measure and improve the geometric accuracy of curved high-order meshes that 
approximate a target compound model represented by a CAD model. Accordingly, we have devised the disparity measure to 
deal with:

• Dimensional hierarchies of geometric entities. Standard CAD models are composed of several entities with different topo-
logical dimensions: vertices (0D), curves (1D), surfaces (2D), and volumes (3D). Thus, to apply our disparity measure 
in standard CAD models, we have considered a definition that accounts for target compound models. In the definition, 
we have also assumed that the dimension of each geometric entity is less than the dimension of the embedding space. 
We do it so since the geometric accuracy only needs to depend on the distance between the mesh boundary and the 
entities on top of the model boundary.

• Multiple entity parameterizations. We have proved that the definition of the disparity measure is independent of the 
selected parameterization of the geometric entities. This independence is an important feature since a geometric entity 
can allow different CAD parameterizations, often of low quality, which can potentially lead to different values of the 
disparity measure. In other words, we have seen that the disparity measure is an intrinsic property of the geometric 
model.

• Trimmed surfaces. The utilization of surfaces trimmed with boundary curves is a key modeling tool in modern CAD 
packages. Accordingly, we have devised the disparity to allow the utilization of trimmed surfaces once we have an 
initial straight-edged mesh matching the trimming entities. Specifically, the minimization of the disparity functional 
only involves the parameterization of the geometric entities and their derivatives, and no topological information of the 
corresponding trimming entities is required.

8.2. Optimization unknowns: physical mesh and parametric mesh

We have detailed how to optimize the disparity measure to improve the geometric accuracy of a curved high-order 
mesh. The interpretation of this optimization corresponds to an adaptive process with two different sets of unknowns: the 
physical mesh, and the parametric meshes. Each parametric mesh is an auxiliary curved high-order mesh in the parametric 
space of the corresponding geometric entity.

Each set of unknowns targets different goals. During the optimization, the physical mesh gets closer to the target mani-
folds since it tries to match the physical image of the corresponding parametric meshes. At the same time, the parametric 
meshes approximate and non-linearly track the orthogonal projection of the integration points of the physical mesh onto 
the target geometry. Hence, using parametric meshes we can avoid the costly computation of orthogonal projections (in-
verse problem) and their derivatives, since we only need to evaluate the CAD parameterizations (forward problem) and their 
derivatives.

Furthermore, the parametric meshes enable to feature the independence on entity parameterization. In practice, this 
independence is achieved if the polynomial degree of the parametric meshes is high enough, as shown in the test cases. 
Although we do not have an ideal setting to choose the polynomial degree of the parametric meshes, we have seen that it 
depends on the complexity of the parameterization of the geometric entity and the polynomial degree of the physical mesh.

8.3. Non-interpolative and interpolative boundary points

Meshes non-interpolating the domain boundary have two main advantages when compared to interpolative ones. First, 
we can obtain more accurate meshes since imposing an interpolative mesh adds additional constraints to the optimization 
problem, and thus, it leads to a less general solution. Second, since there are no additional constraints, we minimize an un-
constrained optimization problem, which is computationally more manageable than a constrained one. Accordingly, during 
the optimization process, we do not impose that the physical mesh has to interpolate the geometric model.
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Although we can optimize non-interpolative meshes to have higher geometric accuracy, we can obtain interpolative 
meshes with the same order of geometric accuracy. To this end, we have detailed a post-process to relocate the nodes of 
an optimized mesh to be on top of the target geometric model. In this post-process, we avoid computing the orthogonal 
projection of each node (expensive inverse problem). Instead, we compute the position of the new nodes by evaluating the 
diffeomorphism obtained during the optimization process (cheaper forward problem).

The main difference with the initial interpolative mesh and the post-processed one is the location of the interpolation 
points. The initial mesh interpolates the geometry at fixed points. On the contrary, the post-processed interpolative mesh 
interpolates the geometry at specific points computed using the optimization process. These interpolative points depend 
on the geometry and tend to increase the resolution in high-curvature areas and decrease the resolution in low-curvature 
areas.

8.4. Super-convergence

The examples provide experimental evidence that the proposed disparity measure converges to zero with super-
convergent order 2p, where p is the polynomial degree of the physical mesh. Furthermore, although in the minimization 
problem we do not explicitly optimize it, the maximum point-wise distance also super-converges to zero with order 2p. As 
desirable, the outer unit normal of the physical mesh super-converges, only losing one order, to the outer unit normal of 
the target boundary with order 2p − 1. While we do not have a mathematical proof for the obtained convergence order for 
the disparity measure and the outer unit normals, we have observed this behavior in all the tested geometries.

Consequently, we provide numerical evidence that the error of approximating a manifold, geometric error, converges to 
zero with order 2p. That is, the proposed super-convergent disparity measure is by construction a measure of the error of 
curved high-order mesh to approximate a target manifold. We have proved and shown that different re-parameterizations 
provide the same results. And thus, although we characterize the manifold using a parameterization, we are approximating 
the manifold and not the given parameterization.

Standard a posteriori approaches to curve straight-edged meshes with interpolative boundary nodes lead to an order of 
geometric accuracy of p + 1. That is, when curving a straight-edged mesh, with an a posteriori approach, the partition in 
straight-edged elements is chosen in advance by a linear (multi-linear) mesh algorithm considering only low-order geomet-
ric information. Then, the whole mesh is elevated to feature high-order nodes, where the boundary nodes are projected to 
be on top of the target boundary. Finally, the interior nodes are relocated to accommodate the curvature of the displaced 
boundary nodes. This a posteriori approach is equivalent to approximate a function on a fixed reference straight-edged mesh, 
but now the function to approximate is the target geometry. This is how a posteriori curved meshing leads to standard high-
order accuracy.

We want to highlight that the geometric accuracy order of p + 1 featured by standard curved meshes with interpolative 
boundary points is not in disagreement with the super-convergent order of 2p of our approach. Note that in standard mesh 
curving, the linear meshing algorithm determines in advance the partition in straight-edged elements considering only low-
order geometric information. Moreover, the distribution of the physical high-order nodes is performed by trying to replicate 
a reference distribution of high-order nodes in a reference frame. Thus, it only takes into account the element quality.

On the contrary, what enables super-convergence in our approach is to adapt the location of the physical mesh nodes, 
even though we keep the same partition into elements of the target geometry. That is, the use of interpolative or non-
interpolative meshes is not significant to feature a super-convergent order to the target geometry. In both cases we obtain 
a curved adapted mesh with finer resolution on highly variant regions and coarser resolution on lesser variant regions. 
Therefore, we are able to significantly improve the geometric accuracy.

The super-convergence results for 2D curves approximated with interpolative points, and non-interpolative points agree 
with the still unproved conjectures on super-interpolation posed in the area of computer aided geometric design [61]. The 
interpolative case follows directly from the super-interpolation conjecture, which states that it is possible to interpolate a 
2D curve in 2p points. In the non-interpolative case, the super-interpolative conjectures provide a lower bound for the order 
of super-convergence. This lower bound is so since non-interpolative meshes are more general than interpolative ones and 
hence, they have to feature at least the same order of accuracy. Although an equivalent conjecture for 3D surfaces approx-
imated with interpolative points has not been discussed in [61], an analogous reasoning derived from super-interpolation 
might be developed for 3D surfaces.

8.5. Iso-resolution

In Example 7.5, we have seen that we can significantly improve geometric accuracy for a given resolution by doubling the 
polynomial degree, doubling the element size, and optimizing the disparity. As we can see in Fig. 9, the optimized meshes 
feature significantly smaller amplitude of the oscillations than the initial interpolative meshes. Furthermore, we observe a 
higher number of oscillation valleys, where the geometric error is closer to zero, in the optimized non-interpolative mesh 
than in the interpolative one.

Intuitively, these additional valleys indicate that if we post-process the optimized non-interpolative meshes we can 
interpolate the target geometry in more points, where geometric error is equal to zero, than with standard approaches. This 
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is possible since in standard approaches the location of interpolative nodes is fixed while with our approach the location 
depends on the target geometry.

8.6. Practical aspects

We have proposed a disparity formulation that accounts for compound models described with a CAD boundary represen-
tation. However, to handle non-academic CAD models, we need to overcome the limitations of the current implementation. 
With this implementation, we show numerical results for compound surfaces described by simple CAD boundary repre-
sentations. Following, we detail the current implementation limitations and the future solutions according to CAD and 
implementation aspects:

Tolerance gaps. The definition of the disparity handles tolerance gaps in compound models. However, the maximal CAD 
tolerance limits the disparity of the optimal boundary mesh. The tolerance gaps appear around the curve interfaces between 
incident surfaces and the point interfaces between incident points. The curved mesh approximation features a hierarchy of 
elements approximating the vertices, the physical curves, and the physical surfaces. Thus, the elements adjacent to a vertex 
or a curve have a disparity ruled by the respective tolerance gaps. The influence of the gaps is smaller on those elements 
away from the surface boundary. Real CAD models have a relative gap tolerance around 10−5 that limits the mesh with 
minimal disparity.

Accurate trimming. If the compound model features tight gap tolerances, the method can obtain highly accurate and super-
convergent surface meshes, see Examples 7.5 and 7.6. To obtain compound models with tight trimming tolerance in current 
CAD codes, one needs to skip tolerance-based operations. There are some trimming operations limited only by machine 
accuracy, such as cutting surfaces along iso-curves. Although this workaround limits the model complexity, it allows il-
lustrating the accuracy potential of the proposed approach. For instance, in Example 7.5, we consider a sphere composed 
of four trimmed surfaces. The original sphere patches are cut along two iso-curves parallel to the equator, thus obtaining 
negligible gaps.

Degenerated edges. The method needs a hierarchical mesh that accounts for degenerated edges. The standard meshing 
workaround is to understand the degenerated edge as a vertex, and hence, have only one master point in physical coordi-
nates and one slave node in parametric coordinates. Using the hierarchical mesh, we can set design variables to approximate 
the corresponding vertex points, in this case, for the degenerated edge. In contrast, the corresponding parametric coordinates 
remain fixed.

Surface smoothness. NURBS allows providing continuous surfaces with discontinuities in the derivatives referred to as kinks. 
To deal with kinks and still obtain super-convergence, we consider two possibilities to explore soon. First, one can split the 
surface along the kink and then apply the disparity optimization in the compound surface. Second, one can embed in the 
mesh a set of edges that discretize the discontinuity line. Then, one can optimize the disparity to expect a mesh that aligns 
with the discontinuity line.

Integrated implementation. We need to integrate the optimization method with a commercial mesh generator and geometry 
kernel to deal with more complex geometries. Note that the disparity optimization needs data not available in the output 
of a standard mesh generator. Specifically, we need a linear mesh associated with the model hierarchy, a parametric mesh 
for each model entity, a one-to-one identification between parametric and physical mesh entities accounting for model 
orientation, an initial physical mesh of degree p, and an initial parametric mesh of degree q. To meet these requirements, 
we found it convenient to develop an intrusive first implementation inside our academic hierarchical mesh generation code 
[57,58]. We use the OpenCASCADE [51] geometry kernel to perform all the required forward and inverse evaluations. Shortly 
we would like to integrate the optimization method with the Pointwise mesh generator [62] and the Geode geometry kernel 
[63]. This integration will be key to optimize the disparity with CAD-based virtual geometries.

Parameterization second derivatives. Since we use second-order optimization, we only can apply the implementation to com-
pound models where all the entity parameterizations have second derivatives. We have favored a second-order optimization 
implementation since it features quadratic convergence. If we use a first-order optimization implementation, we only need 
the entity parameterizations to feature first derivatives. However, the convergence rates are slower.

Virtual geometry. The current method does not work with virtual geometry models. That is, we cannot virtually merge adja-
cent geometry entities. This limitation is so since we explicitly need a continuous piece-wise mesh composed of continuous 
piece-wise meshes. Each sub-mesh has to be associated with the parameterization of the original curves and surfaces of the 
compound model.
19



E. Ruiz-Gironés, J. Sarrate and X. Roca Journal of Computational Physics 443 (2021) 110500
8.7. Future work

We have obtained numerical evidence of disparity super-convergence for curves and surfaces that seem to agree with 
existent results on geometry interpolation. Specifically, our results for curves agree with the conjecture on curve super-
interpolation stated in [61]. The conjecture states that it is possible to interpolate in exactly 2p points a sufficiently smooth 
curve with a polynomial parameterization of degree p. The 2p interpolation points are previously undetermined and depen-
dent on the target curve. Similarly, our numerical evidence of super-convergence for surfaces would agree with an analogous 
super-interpolation conjecture but extended to surfaces. Nevertheless, the super-interpolation conjectures only indicate that 
our numerical evidence can be expected but do not provide theoretical proof. Accordingly, in the near future, we will work 
on proving the super-convergence statement evidenced by our numerical results.

It might be interesting to combine the approach herein with recently proposed methods for topology optimization on 
curved meshes [64,65]. This combined approach would potentially improve the accuracy of the physical mesh for a fixed 
number of nodes. This improvement would be so since the topology changes provide additional flexibility to align the mesh 
with the target geometry. Thus, given a group of elements defining a cavity, we should explore those topological changes 
that improve the mesh accuracy of the remeshed cavity. The curved cavity operation provides an initial approximation to 
the disparity equilibrium configuration on the disc. To obtain the optimal configuration, we need to fix the design variables 
determining the cavity boundary. Then, the equilibrium position of the interior design variables is recomputed.

In this work, we focus on measuring and optimizing the disparity of curved surface mesh approximations to target com-
pound geometry. We understand that super-accurate piece-wise polynomial meshes could provide an alternative boundary 
representation of a compound model. Furthermore, these super-accurate meshes might be relevant to bound valid curved 
volume meshes. To this end, we have already explored the combination of a disparity measure with a distortion-based mesh 
curving approach [47]. Nevertheless, we would like to extend the previous approach with the new fully super-convergent 
disparity measure. This extension might enable generating high-quality curved meshes using a lower polynomial degree 
than with standard interpolative meshes while keeping the required geometric accuracy.

For the examples considered, the number of non-linear iterations ranges from tens to hundreds of non-linear iterations. 
Each non-linear iteration corresponds to a call to the sparse-direct solver. Nevertheless, the memory and the CPU time has 
not been a problem since the example meshes are coarse, and hence, the number of degrees of freedom is also small. We 
have to highlight that in the convergence studies, the memory and CPU times have also not been an issue, although the 
degrees of freedom for surfaces (curves) scale quadratically (linearly) with the reciprocal of the element size. Shortly, we 
will consider the possibility of devising a specific-purpose solver to deal with finer and more complex meshes. The new 
implementation should reduce the required non-linear iterations, the required memory, and the CPU time. To reduce the 
number of non-linear iterations, and thus the CPU time, we are considering performing solution continuation by adding an 
external loop to sweep the polynomial degree. Furthermore, to further reduce the CPU time, we should favor the steepest 
descent direction, computationally cheaper, in the first iterations, and automatically favor Newton’s direction, more expen-
sive but with quadratic convergence order in the convergence region. To reduce the required memory, we should substitute 
the sparse-direct solver with a preconditioned iterative solver. We should consider a pre-conditioner reducing the total 
number of linear iterations and, thus, the CPU time.

9. Concluding remarks

Our numerical experiments show evidence that for 3D (2D) compound models bounded by surfaces (curves) we can 
approximate the geometry and the unit normal vectors with super-convergent orders of 2p, and 2p − 1, respectively. We 
have checked this for sufficiently smooth target surfaces (curves), and polynomial degrees up to 3 (4, respectively). Note 
that the disparity measure converges to zero with order 2p. Thus, since the disparity measure is an upper bound of the 
geometric error, we also have that the geometric error converges to zero with order 2p.

We have demonstrated that we can meet these super-convergent orders of geometric accuracy both for meshes with non-
interpolative and interpolative boundary points. To this end, the non-interpolative points of the proposed super-convergent 
mesh optimization can be cheaply relocated to be on top of the boundary manifolds, with the proposed post-process, and 
still preserve the same super-convergent order. Thus, although non-interpolative optimized meshes are in practice slightly 
more accurate, practitioners can still use interpolative meshes but now featuring super-convergent orders of geometric 
approximation.

In conclusion, it is possible to significantly increase the order of approximation to geometry for curved parametric meshes 
of a given polynomial degree. This result is of general interest in finite element analysis with curved elements, both for 
formulations in a reference and physical frame, where high accuracy is required to approximate geometry.

In perspective, with our approach, we might use a smaller polynomial degree to approximate a geometry than to ap-
proximate a solution without hampering the required geometric accuracy for high-order analysis. This is plausible since for 
the same polynomial degree (k = p > 1), the order of geometric accuracy is higher than the expected order of convergence 
p + 1 of the solution. This alternative might be critical in reference frame formulations, where practitioners prefer smaller 
polynomial degrees to represent geometry, and thus, mitigate the reduction of order of convergence of approximation to 
solution originated by using parametric curved elements.
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