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Abstract

Sand roughness is now accessible to measurement. Incorporating this parameter into sand models using the discrete element method
(DEM) is known to improve bulk small strain response. In this work we explore the effect on problems where particle crushing takes
place. A well-established DEM particle crushing model and a rough Hertzian contact model are here combined to incorporate both
effects in a single contact model. Including contact roughness results in stronger particles whilst all other material parameters being equal.
The model is then used to simulate high pressure oedometric compression tests on a strong silica sand. It is shown that including realistic
values of surface roughness enables to correctly capture both load-unload behaviour and particle size distribution evolution while using
realistic values of elastic bulk properties for the sand grains. Roughness is then a model refinement that may result in simpler, more
objective DEM calibrations.
� 2021 Production and hosting by Elsevier B.V. on behalf of The Japanese Geotechnical Society. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The discrete element method (DEM) is widely applied
for modelling granular materials. In soil mechanics DEM
is now systematically used at specimen scale to explore in
detail many fundamental aspects of soil behaviour, like
particle crushing (Hanley et al., 2015), interface effects
(Zhang and Evans, 2018), fabric effect on liquefaction
(Wang et al., 2016), debonding (Shen et al., 2019), etc.
DEM is also increasingly used to analyze large scale prob-
lems of direct engineering relevance (Ciantia et al., 2016;
Zhang et al., 2019; Garcia and Bray, 2018; Butlanska
et al., 2018; Kawano et al., 2018; Ciantia et al., 2019a;
Zhang et al., 2021). A singular advantage of DEM models
is their potential to incorporate grain scale information in
https://doi.org/10.1016/j.sandf.2021.03.002
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the formulation of element behaviour and/or element inter-
actions. This feature may lead to greatly simplified model
calibration, bypassing the perennial soil mechanics prob-
lem of obtaining and testing representative samples. Within
this perspective, the question is then to identify and incor-
porate into discrete models measurable grain scale features
of geotechnical significance, like grain strength (Ciantia
et al., 2015) or grain shape.

When considering grain shape, a scale-based separation
of relevant descriptors is frequently used. Barret (1980)
defined shape as the combination of three aspects: form,
measured at particle scale, roundness, measured at an
intermediate scale, and surface texture, measured at small
scale. A large amount of work has been devoted to repre-
sent grain shape features in DEM models, but most of it
has focused on the larger scale features that correspond
to form and roundness (Coetzee, 2016; Rorato et al.,
2021) and far less attention has been paid to roughness.
Japanese Geotechnical Society.
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Nomenclature

AF contact area between particles
Cv coefficient of variation
d particle size
d0 reference size of sphere
d50 median d

dav average particle diameter
dc comminution limit
dmax maximum d assumed for the limit distribution
dmin minimum d assumed for the limit distribution
e void ratio
E1, E2 Young’s modulus of particle
F1 contact force in asperity-dominated regime
F2 contact force in transition regime
F3 contact force in Hertzian regime
Flim limit contact force
Flim,av average limit contact force
Fn normal contact force
FnT1, FnT2 threshold normal inter-particle contact force
f(var) effect of variability of particle strength
G shear modulus
IG grading state index
kn normal contact stiffness
ks shear contact stiffness
L(Fn) limit breakage condition
LA(Fn) L(Fn) in asperity-dominated regime
LT(Fn) L(Fn) in transition regime
LH(Fn) L(Fn) in Hertzian regime
M (L<d) mass of particles smaller than d

MT total mass of sample
N� particle numbers
n1, n2 coefficients
p0 mean effective pressure
q deviatoric pressure
r1, r2 radius of contacting spheres
rH radius of contact area
Sq particle surface roughness
var coefficient of variation
v1, v2 Poisson’s ratios
X0,1 random number sampled from standard normal

distribution
Zm mechanical coordination number
ez axial strain
evol volumetric strain
r0 effective confining pressure
rlim limit strength of material
r
�
lim mean strength for a sphere of diameter d

rlim,0 r
�
lim for a sphere at the reference size d0

rSD normally distributed limit strength of material
rz vertical stress
d contact overlap
d1, d2 dimensional constants
dT1, dT2 threshold contact displacements
a fractal dimension of the limit grading
l coefficient of inter-particle friction
g q/p0, pressure obliquity
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Experiments show, however, that particle roughness, by
itself, strongly modifies basic engineering properties of
granular materials, like stiffness, frictional strength or lim-
iting densities. Those effects have been unequivocally iden-
tified through careful testing of simple granular materials
like steel balls or glass beads (Santamarina and Cascante,
1998; Sharifipour and Dano, 2006; Cavaretta et al., 2010;
Otsubo et al., 2015; Otsubo and O’Sullivan, 2018).

Considering natural sands the situation is more com-
plex. Particle surface roughness can be now accurately
characterized and quantified, most typically using optical
interferometry (Table 1). Nardelli and Coop (2019) demon-
strated that particle roughness does have a major effect on
interparticle contact properties, such as friction and stiff-
ness. However, it is difficult to experimentally isolate the
effects of grain roughness on macroscopic behavior, sepa-
rating them from those of larger scale shape features. On
the other hand, such experimental difficulties can be over-
come when using the discrete element method, as it allows
to switch on and off different microscale features.

It appears then that incorporating particle surface
roughness may be important for discrete models of granu-
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lar materials. This is done advantageously through modifi-
cation of the contact model, and several proposals have
been presented to investigate that effect (Cavarretta et al.,
2010; Otsubo et al., 2017a; Zhao et al., 2018; Nadimi
et al., 2019). The benefits of that approach were clear in
the work of Otsubo and O’Sullivan (2018), who showed
that the model by Otsubo et al. (2017a) was able to capture
well the experimental pressure-dependency of small-strain
stiffness in glass beads.

Including roughness in the contact model has implica-
tions for other aspects of discrete soil models. All the rough
contact models mentioned above take Hertzian smooth
contact theory as a starting point. In that theory the elastic
properties of the material forming the grains, i.e. shear
modulus, G, and Poisson ratio, t, control contact stiffness.
In principle, this should be beneficial for DEM calibration,
as elastic properties for many basic minerals are well
known. For instance, tabulated G values for quartz range

from 27.9 GPa to 32.3 GPa (see https://www.azom.com/

properties.aspx?ArticleID = 1114). In practice, much
smaller G values than those of the mineral are frequently
calibrated when DEM is used to reproduce experimental

https://www.azom.com/properties.aspx%3fArticleID
https://www.azom.com/properties.aspx%3fArticleID


Table 1
Experimentally measured roughness statistics.

Source Sand Method N� dav/mm Mean roughness /lm Roughness range/lm Stdv/lm

Alshibli and Alsaleh (2004) F sand
(Ottawa F-75)

Optical interferometry 120 0.22 0.98 0.31–3.1 0.61

Alshibli and Alsaleh (2004) M sand Optical interferometry 120 0.55 1.08 0.39–3.1 0.66
Alshibli and Alsaleh (2004) C sand Optical interferometry 120 1.6 1.23 0.77–2.9 0.52
Cavarretta et al. (2010) LBS Optical interferometry 10 1.5 0.3 – –
Senetakis et al (2013) LBS Optical interferometry 50 2.36 0.38 – 0.19
Nardelli and Coop (2019) LBS Optical interferometry 20–30 2.36 0.29 – –
Yao et al (2018) LBS Optical interferometry 50 2 0.42 0.34–0.55 0.054
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behaviour (Xu et al., 2015; Salazar et al., 2015; Irazábal
et al., 2017). Lower G values have the advantage of reduc-
ing the computational cost, as larger timesteps may be
employed in simulation (Otsubo et al., 2017b). However,
by calibrating particle moduli on macroscale responses,
the physical meaning of the parameters becomes obscure.
Harkness et al (2016), working with ballast, noted that
low G values also achieved better match with experimental
responses for monotonic loading, but the opposite was true
for load –unload cycles. They went on to modify the Hert-
zian contact model to represent asperity crushing – a fea-
ture with close similarity to roughness- and solved this
apparent contradiction.

This difficulty in selecting appropriate values of particle
elastic stiffness is increased when particle breakage is also
modelled. Particle breakage plays a fundamental role in
some important geotechnical applications, e.g. pile shaft
friction (Tamura et al., 2012; Yang et al., 2014). Although
other methods may be applied, DEM studies of particle
breakage gain predictive power if based on the particle
replacement method (Lobo-Guerrero and Vallejo, 2005;
Ciantia et al., 2015; Hanley et al., 2015).

When using the particle replacement method and Hert-
zian contact there is, again, disagreement on the values of
G to use. Some researchers (Ciantia et al., 2015, Chaudry
et al., 2018; Liu et al., 2019; Wang et al., 2019, Ciantia
and O’Sullivan, 2020) use values that are way below exper-
imental material values. Others (Hanley et al., 2015; de
Bono and McDowell, 2018; Zhou et al., 2020) use realistic
material values. Part of the motivation for using low G val-
ues is related to computability: particle replacement
quickly increases the number of particles in simulation
and increasing the time step may compensate for it. The
alternative is to use a large computer – as done by
Hanley et al. (2015) or Zhou et al. (2020)- or to reduce
the number of initial particles in simulation –the case of
De Bono and McDowell (2014). But there are also more
fundamental reasons to use a reduced stiffness value. These
are linked to the effect that contact stiffness has on particle
breakage: high contact stiffness typically increases particle
breakage, affecting mechanical responses and grain size
evolution.

A possible way out of these difficulties is explored here.
It is hypothesized that, by incorporating roughness in a
contact model description, the use of more realistic values
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of contact stiffness is possible, without losing the ability to
obtain a good reproduction of high stress phenomena dom-
inated by breakage. Although the link between crushing
and large-scale particle shape features -form, roundness-
has been explored before using DEM models (Fu et al.,
2017; Ma et al., 2019) this is not the case for the connection
between roughness and crushability, which is the focus of
this work.

In the following sections we first describe how a contact
model including particle surface roughness for crushable
particles is established. Contact model parameters are then
recalibrated for a discrete analogue of a representative
quartz sand and some simulation results obtained to vali-
date the new model are presented and discussed.

2. Contact model for rough crushable particles

2.1. Model description: roughness effect on normal contact

For a standard Hertzian contact model, the normal
force-displacement relationship for a smooth contact
between two spheres is given as (Thornton, 2015)

F n ¼ 4

3
E0 ffiffiffiffir0p

d1:5 ð1Þ

where, Fn is the normal contact force, d is the contact over-
lap and E0 and r0 are given by

E0 ¼ 1� v21
E1

þ 1� v22
E2

� ��1

ð2Þ

r0 ¼ 1

r1
þ 1

r2

� ��1

ð3Þ

The subscripts ‘10 and ‘20 refer to the two contacting par-
ticles. Ei, vi and ri are the Young’s modulus, the Poisson’s
ratio and the radius of particle i, respectively. Inspired by
Greenwood and Tripp (1967), Otsubo et al. (2017a) gener-
alized the Hertzian model proposing a three-stage Fn-d
relationship for rough contact (Fig. 1). In the Otsubo
et al. (2017a) formulation when

F n < F nT1 ¼ SqE0 ffiffiffiffiffiffiffiffiffiffi
2r0Sq

p ð4Þ
asperities, characterized by the roughness parameter Sq,
dominate the Fn-d relationship and the contact is more
compliant than when
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Fig. 1. Schematic illustration of rough surface contact model (Otsubo
et al., 2017a).
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F n > F nT2 ¼ 100F nT1 ð5Þ
which is the threshold force above which the contact starts
to behave in agreement with the standard Hertzian model.
The ratio 100 between FnT2 and FnT1 originates from exper-
iments on rough hard materials (Greenwood and Tripp,
1967; Cavarretta et al., 2010).

Thus, the Fn-d relationship is thus described by three
expressions, corresponding to three successive contact
regimes: asperity-dominated, Eq. (6), transitional, Eq. (7)
and Hertzian, Eq. (8).

F n ¼ F nT1
d
dT1

� �c

d 6 dT1 ð6Þ

F n ¼ F nT2
d� d1
dT2 � d1

� �b

dT1 < d < dT2 ð7Þ

F n ¼ 4

3
E0 ffiffiffiffir0p

d� d1 � d2ð Þ1:5 dT2 6 d ð8Þ

dT1 and dT2 are threshold contact displacements that
correspond to contact forces equal to FnT1 and FnT2 respec-
tively. b and c are constants that ensure slope continuity for
the overall Fn-d relation and depend only on two model
parameters d1 and d2. As shown in Fig. 1, the values of
d1 and d2 would correspond to contact displacements
obtained if unloading from the transitional and Hertzian
regime, respectively. However, following Otsubo et al.
(2017a), no separate unloading branches are employed in
the model and a single loading–unloading curve, with no
residual displacement, is used instead. The values of d1
and d2 are both function of Sq and are expressed as:

d1 ¼ n1Sq ð9Þ
and

d2 ¼ n2Sq ð10Þ
where n1 and n2 are model parameters. These model
parameters might be calibrated against the results of single
grain contact force–displacement experiments. When
Sq = 0, the standard Hertzian theory is recovered.
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In the model, particle surface roughness is represented
by the parameter Sq. Roughness generally refers to asperi-
ties at the surface of granular materials such as sands,
which can be precisely quantified through different labora-
tory procedures, although for sand particles optical inter-
ferometry is most often employed (Yao et al., 2018). A
variety of surface roughness parameters result from such
measurements. Two often used in soil mechanics oriented
testing (Altuhafi et al., 2016) are Sq, which is the root mean
square of the elevations of data points relative to a refer-
ence surface i.e:

Sq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n

Xn
i¼1

Z2
i

� �s
ð11Þ

and Sa, which is the mean of the absolute values of the ele-
vations from a reference surface:

Sa ¼ 1

n

Xn
i¼1

Zij j ð12Þ

Each of these measures has certain statistical signifi-
cance, for instance Sq has the format of a standard devia-
tion, while Sa is a mean deviation. The inherent
analytical advantages of standard deviation may explain
why most recent work is based on Sq (Otsubo et al.,
2015; Yao et al., 2018). Regardless of the definition
adopted, the experimental contact behavior will not
change. There would always be an asperity dominated
region, a transition zone and finally region not affected
by roughness. This is what the model represents and is
independent of the particular procedure employed to mea-
sure roughness.

The effect of roughness that is incorporated in the model
does only affect contact stiffness. Although there is also
some recent evidence on roughness effects on inter-
particle friction for sands (Nardelli and Coop, 2019) this
aspect was left aside in the current work. Therefore, the
friction coefficient is considered to be roughness-
independent in the model.

2.2. Model description: roughness effect on crushing limit

Particle crushing imposes a limit to the contact normal
force acting on a particle. Following Ciantia et al. (2015)
such limit can be expressed as:

F n 6 rlimAF ð13Þ
where rlim is the limit strength of the particle and AF is the
contact area. As detailed in Ciantia et al. (2015) the expres-
sion above follows from work of Russell et al. (2009)
based, in turn, on a bi-parametric strength criteria
(Christensen, 2000); as such, the limit strength rlim is differ-
ent from the uniform tensile stress that is frequently used to
interpret particle crushing experiments (Nakata et al.
1999). Expressing the failure criteria in this way allows
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for a clear separation of the effects of particle strength (rlim)
and contact area, (AF).

� Particle strength, rlim:

A stochastic model of particle strength is employed. For
fixed particle diameter the limit strength is normally dis-

tributed with mean value given by r
�
lim and standard devia-

tion given by rSD ¼ var r
�
lim. The coefficient of variation of

these distributions, ‘var’, is a material parameter and is
assumed independent of particle size. On the other hand,
to take into account that smaller particles are stronger,

the mean value r
�
lim is size-dependent. Size effects on parti-

cle strength are formulated following McDowell et al.
(2013),

r
�
lim ¼ rlim;0

d
d0

� ��3=m

ð14Þ

where, m is a material parameter and rlim,0 is the mean
value of the limit strength at the reference diameter d0 (in
this work chosen as 2 mm). In the simulation the limit
strength value for any particle, rlim is initialized sampling
from the normal distribution that corresponds to its size.
The full expression is

rlim ¼ r
�
limf varð Þ ¼ r

�
lim 1þ varX0;1ð Þ ð15Þ

where, X0,1 is a random number sampled from the standard
normal distribution.

� Contact area, AF:

The expression for contact area AF is given by Otsubo
et al. (2017a) as:

AF ¼ pr2H ¼ pr0d ð16Þ
Where rH is the radius of contact area between particles

and the contact overlap, d, can be obtained from Eqs. (6)–
(8). Contact stiffness will affect the way AF evolves with Fn

since, for a given contact force, the contact area will be lar-
ger or smaller depending on the particle stiffness (slope of
the Fn-d curve).

As shown in the Appendix, combining the normal force
vs normal displacement expressions of the rough contact
model (Eqs. (6)-(8)) with the particle failure criterion
expressed by Eqs. (13)–(16) it is possible to obtain three dif-
ferent equations for the limiting breakage condition, L(Fn)

one appropriate to each contact regime. In the asperity-
dominated regime, when Fn < FnT1

LA F nð Þ ¼ F n � rlimpr0
F n

SqE0 ffiffiffiffiffiffiffiffiffiffi
2r0Sq

p
 !1

c

1

100

� �1
b 300SqE0 ffiffiffiffiffiffiffiffiffiffi

2r0Sq

p
4E0 ffiffiffiffir0p

 !2
3

þ n2Sq

2
4

3
5þ n1Sq

8<
:

9=
; 6 0 ð17Þ
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in the transitional regime, when FnT1 � Fn < FnT2

LT F nð Þ ¼ F n � rlimpr0

F n

100SqE0 ffiffiffiffiffiffiffiffiffiffi
2r0Sq

p
 !1

b
300SqE0 ffiffiffiffiffiffiffiffiffiffi

2r0Sq

p
4E0 ffiffiffiffi

r0
p

 !2
3

þ n2Sq

2
4

3
5þ n1Sq

8<
:

9=
; 6 0 ð18Þ

and in the Hertzian regime, when FnT2 � Fn

LH ðF nÞ ¼ F n � rlimpr
0 ½ð 9F 2

n

16E
0 2
r0
Þ
1
3

þ n1Sq þ n2Sq� � 0 ð19Þ

These limiting breakage conditions, which are implicit
on the normal force, are explored later. For the moment
is worth noting that as the value of roughness Sq tends to
zero so do FnT1 and FnT2, i.e. the force values that mark
the boundary between the different contact regimes. The
only surviving limiting condition is then that of the Hert-
zian regime, LH, which, when Sq = 0 reduces to that used
in the smooth contact model.

Other aspects of the particle breakage model remain
identical to those presented by Ciantia et al. (2015). Once
a limit condition is reached, a particle is replaced by 14
smaller inscribed tangent spheres. This 14-sphere configu-
ration was adopted balancing two fundamental computa-
tional aspects: accuracy and cost. The spawned fragments
inherit the velocity and material parameters of the original
particle apart from the intrinsic strength rlim that is ran-
domly sampled from the corresponding size distribution.
A fraction of the broken particle volume is lost upon
breakage; it is assumed that the material lost corresponds
to fines that are accounted for in the determination of
the material grading. This is a highly simplified representa-
tion of breakage events, justified because network induced
effects of breakage are far more important (Wang and
Arson, 2018) and are well captured by the model (Ciantia
et al., 2019b).

As the number of fragments spawned in a breakage
event increases, the amount of volume lost at each break-
age reduces, but the computational cost increases. A
numerically motivated comminution limit, dc, is imposed
to stop crushing of smaller particles. The grading state
index IG, introduced by Muir Wood (2007) to quantify
grading by means of a scalar quantity (Fig. 2), is computed
as the area ratio of the current grading to a limit grading.
The limit grading is given by a fractal distribution with a
fractal dimension a = 2.6; this distribution can be
expressed as (Einav, 2007)

M L<dð Þ
MT

¼ d3�a � d3�a
min

d3�a
max � d3�a

min

ð20Þ

where, MT is the total mass of the sample, M (L<d) is the
mass of particles smaller than d, dmax and dmin are, respec-
tively, the maximum and minimum particle sizes assumed
for the limit distribution. The same limit distribution for-
mula, but now with dmax given by the smallest particle cre-
ated during the crushing event, is used during post-



Fig. 2. Grading index IG definition (Muir Wood, 2007).
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processing to assign a size distribution to the volume lost at
each crushing event.
2.3. Numerical implementation

The newly proposed contact model for rough particles
was implemented in the commercial code PFC3D V5
(Itasca, 2017) by means of a C++ coded user defined con-
tact model (UDCM). When roughness is not present the
UCDM includes as a subset the breakable particle model,
which in previous work (Ciantia et al., 2015) had been
implemented using higher level FISH-language algorithms.
The main difference between the FISH and UDCM imple-
mentations is that a time-consuming loop through all the
contacts is required in the FISH implementation, but not
in the UDCM. In fact, in PFC5, during the execution of
force–displacement law, there is a loop over all the con-
tacts, regardless of the type of selected contact model. Dur-
ing one step, the UDCM collects the information of
particles that meet the crushing criterion into a signal.
The signal is then emitted to call another FISH function
that performs the 14-ball replacement for these particles.
Using the smooth contact model, Ciantia et al. (2017) dis-
cussed the computational efficiency gains derived from
using the UDCM to detect particle breakage.
Fig. 3. Validation of the PFC3D implementation of the contact model
(UDCM): (a) ball-ball contact, (b) ball-wall contact.
2.4. Validation

To validate the correct implementation of the rough
contact crushable model, the analytical expressions for
ball-ball contact and ball-wall contact forces were indepen-
dently evaluated for some elementary configurations and
the results compared with those obtained from the UDCM.
The results obtained are illustrated in Fig. 3 and the
parameters adopted for this check are listed in Table 2.
Two tests are considered: the compression of two identical
spheres and the compression of a sphere between two rigid
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walls. In the figure F1, F2 and F3 represent contact forces in
asperity-dominated (purple thick line), transition (blue
medium thick line) and Hertzian (green thin line) regimes,
respectively. The black dotted line Flim indicates the analyt-
ical limit crushing force, while the black square marks the
‘failure’ point of the UDCM response (red line). The good
agreement between the analytical curves and the UDCM
validates the numerical implementation of the contact
model. The dotted line labelled Sq = 0, corresponding to
a Hertzian smooth contact model with crushing inhibited,
is included for reference. As expected, the rough contact
model results in larger contact overlap than the smooth
model. The difference increases with the value of Fn.

3. Effect of contact roughness on single particle breakage

Introduction of roughness does not only result in a mod-
ified normal contact stiffness. Through their effect on con-
tact area, the three new parameters (i.e. surface roughness
Sq, and coefficients n1 and n2) modify the onset of particle
breakage as evidenced by the different limiting breakage



Table 2
Parameters for UDCM validation.

Parameters d/mm G/GPa v l m rlim,0/GPa Sq/lm n1 n2

Values 2 32 0.2 0.275 7.5 3 1.0 1 2
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conditions L(Fn) (Eqs. (17)-(19)) that apply in the different
contact regimes. A series of parametric analyses were per-
formed to investigate this coupling.

In the first suite of parametric analyses, PFC3D is used
to simulate crushing of a silica sand grain between flat steel
platens, a classical experimental configuration for this kind
of study (Nakata et al., 1999). To do so the moduli of silica
(E1 = 76.8 GPa, m1 = 0.2) and steel (E2 = 768 GPa,
m2 = 0.2) are used in Eq. (2) and, according to Eq. (3), r0

= r1 in Eqs. (17)–(19). The simulations are followed up
until the moment of first particle breakage, as the model
does not intend to represent post-peak particle failure
behaviour.

The reference parameter set used for this study is
reported in Table 2. This parameter set is referred to by
the shorthand ‘Base’ in Table 3, where other variant
parameter sets are listed. The solid thick line illustrated
in each subplot of Fig. 4 represents the result of the refer-
ence parameter set. Increasing either roughness (Sq) or the
Table 3
Parameter variants for parametric study of single particle crushing test
(Fig. 4).

Tests Sq/lm n1 n2

Base 1.0 1.0 2.0
Sq_0.0 0.0 1.0 2.0
Sq_2.0 2.0 1.0 2.0
Sq_3.0 3.0 1.0 2.0
n1_0.0 1.0 0.0 2.0
n1_0.5 1.0 0.5 2.0
n1_2.0 1.0 2.0 2.0
n2_0.0 1.0 1.0 0.0
n2_0.5 1.0 1.0 0.5
n2_2.0 1.0 1.0 2.0

Fig. 4. Parametric study over three new parame
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ni ratios results in less stiff contact behaviour and increased
forces at failure. Larger forces are required to crush rough
particles, since, for a given force, a more compliant contact
results in larger particle overlaps and contact areas.

A second parametric study (Fig. 5) explores the effects of
a larger range of Sq, n1 and n2 on the limiting crushing
force. For each parameter combination Fig. 5 represents
several relevant results, namely

1. The values of forces FNT1 and FNT2 that mark the
boundaries between the asperity dominated, transitional
and Hertzian contact regimes.

2. The three limiting breakage conditions for the different
contact regimes, that is LA(Fn), LT(Fn) and LH(Fn) as
given by Eqs. (17)–(19). The implicit equations, evalu-
ated using the MATLAB solver ‘fsolve’, are plotted
for all Fn values, even those beyond the contact regime
in which they apply.

3. The actual limiting breakage condition, L(Fn), which is
an envelope that results from joining LA(Fn), LT(Fn)
and LH(Fn) when these are restricted to the Fn values
of the regime in which they apply.

As a visual aid, in Fig. 5 the parameter domain corre-
sponding to each contact regime is shaded by a different
colour. Also, the L(Fn) value corresponding to the refer-
ence set is marked (‘‘base”).

The figures reflect how the frontiers between different
particle crushing regimes depend only on roughness but
not on parameters n1 and n2. Generally speaking, the effect
of those two parameters is relatively modest, not affecting
significantly the crushing contact force until they reach
rather high values – i.e. values above 1 that would imply
ters (Sq, n1, and n2) in the crushing model.



Fig. 5. Parametric study over wide ranges of the new variables (Sq, n1, and
n2). Other parameters as in the base parameter set in Table 3.

Fig. 6. Effect of particle size within the rough contact model on (a)
particle breakage force (b) nominal tensile strength. Model evaluated for
the base parameter set in Table 3.
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residual normal displacements (d1, d2) much larger than
roughness itself. The effect of roughness Sq is more signifi-
cant. The results indicate that for relatively small rough-
ness values, (say for Sq < 0.1 lm), the limiting breakage
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condition, L(Fn), is independent of roughness and failure
takes place in the Hertzian regime. As roughness increases,
the limiting breakage condition also increases and failure
takes place in the transition regime or even (for Sq > 20 lm)
in the asperity-dominated contact regime.

In Fig. 5a roughness was varied while maintaining a
constant particle diameter of 2 mm, -at the upper limit of
what may be conventionally described as sand (ISO
17689-1, 2017).

It is interesting to explore the effect of varying particle
diameter while maintaining roughness constant. That is
done in Fig. 6 for a particle diameter range that goes from
fine sands (0.1 mm) to medium gravels (10 mm), with
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roughness kept constant at 1 lm. For comparison pur-
poses, a smooth case with zero roughness is also evaluated.
Other parameters are maintained as in the base case in
Table 2.

Fig. 6 shows that, affected by the inclusion of roughness,
the limiting force (Fig. 6a) and nominal strength (Fig. 6b)
increase, and that effect is nearly independent of particle
size. Therefore, the curves with roughness (Sq > 0) are sim-
ply an upward translation of the curves without roughness
(Sq = 0). The failure of larger particles starts to take place
above the Hertzian contact limit.
4. Effect of contact roughness on sand high stress behaviour

4.1. Limitations of the smooth crushable model

To evaluate the effect of roughness in specimen scale
response, this section re-examines some results presented
in a recent study by Ciantia et al. (2019c). That study
describes the effect of grain crushing on the position of crit-
ical state line of a silica sand, Fontainebleau sand. DEM
simulations were performed using the crushable particle
model described above, but always using a smooth Hert-
zian contact.

As detailed in Ciantia et al. (2019c) the model parame-
ters for the sand were calibrated and validated by repro-
ducing a variety of tests, including single particle
crushing tests and specimen-scale tests. These included a
series of oedometers on identically prepared specimens that
were subject to different maximum applied vertical stresses
(25 MPa, 50 MPa, 75 MPa and 100 MPa). After dismount-
ing each experiment the final grading index Ig was mea-
sured, thus obtaining a grading evolution path.

In DEM, the oedometer tests are simulated using a
4 mm sided cube of frictionless rigid walls filled with
10,000 spherical particles. Particle diameter ranged from
0.1 to 0.4 mm matching the PSD of Fontainebleau NE34
sand. The target void ratio before loading was attained
as 0.64. The vertical stress during the simulations adopted
the same logarithmic control of the load increment pro-
posed by Ciantia et al. (2015). The parameters calibrated
in Ciantia et al. (2019c) are recalled in Table 4 -identified
with the label ‘low G’. The simulated oedometer results –
loading-unloading response and IG evolution- using these
parameters are presented in (Fig. 7a, b).

The DEM smooth crushing model was successful in
reproducing the loading and grading evolution curves,
however the unloading paths showed far too much elastic
rebound. The work of Harkness et al. (2016) suggests that
Table 4
Calibrated parameters for Fontainebleau sand.

G/GPa v l m rlim,0/

Smooth crushable model- low G 9 0.2 0.275 10 1.9
Smooth crushable model-high G 29 0.2 0.275 10 6
Rough-crushable model 32 0.19 0.275 12 3.75
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this mismatch on unloading was likely due to the low G

employed (a value G = 9 GPa was input). This low G value
has also the inconvenient of being very different from those
expected for quartz.

In (Fig. 7c, d) the same tests are simulated again with
the smooth crushable model, but now using a higher -
although realistic for quartz-G value of 29 GPa (‘high G’
set in Table 4). The loading-unloading curve match with
the experimental data is much improved, however, a clear
discrepancy is now apparent non the IG tracking curve
especially in the low-pressure regime. The increase of con-
tact stiffness causes excessive and fast development of
crushing events. This may be avoided if surface roughness
is included in the model, as shown in the next section.
4.2. Application of the rough crushable model

The rough contact crushable model adds three new
parameters (Sq, n1 and n2) to the ‘old’ model parameters
(G, v, l, var, m and rlim,0). Broadly speaking, G, v, l, Sq,
n1 and n2 are contact parameters while var, m and rlim,0

define particle strength. Wishing to use realistic, material-
based values, G was assigned a value of 32 GPa and v a
value of 0.19, as appropriate values for SiO2 according to
an industrial database. Particle interface friction coefficient
l has the same value as that in the previous work (Ciantia
et al., 2019c). The remaining parameters (Sq, n1, n2, rlim,0,
var and m) are calibrated in a two steps:

1. Sq is set as 0.6 lm, considered as a realistic roughness
value for silica sand (Table 1). The values of n1 and n2
were set as 0.05 and 5, respectively after calibration
against the results of contact experiments on LBS frac-
tion A reported by Nardelli and Coop (2019). The cali-
bration is shown in Fig. 8.

2. Experimental data on size dependency of flat-platen sin-
gle particle crushing forces indicates the value of m

(Fig. 9a). As already noted by Ciantia et al. (2019c)
the strength size effect calibrated with this model (em-
bedded in the m value) seems far smaller than what
had been previously thought (Fig. 9b). This
dataset also indicates a likely range for rlim,0. var is cal-
ibrated fitting a normal distribution to particle size
strength variability as described in (Ciantia et al.,
2019c).

Experimental data from the literature of single particle
crushing test where values of both Flim and Sq values were
measured is reported in Table 5. In cases where both Flim
GPa var dc/d50 dmax/mm dmin/mm Sq/lm n1 n2

0.36 0.55 0.27 0.01 – – –
0.36 0.55 0.27 0.01 – – –
0.38 0.55 0.27 0.01 0.6 0.05 5



Fig. 7. Effect of particle stiffness in a crushable DEM model of Fontainebleau without roughness: (a), (b) G = 9 GPa and (c), (d) G = 29 GPa.

Fig. 8. Load displacement relationship of single grain test.
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and Sq were not available in the same paper, combined
results from multiple sources on the same sand are
reported. Fig. 10 compares our calibrated crushing model
for particles of d = 1.75 mm with the experimental values
in Table 5 of particles with diameters in the range of our
theoretical curve (1.5 mm < d < 2 mm). According to our
model definition, Fig. 10 suggests that crushing of silica
sand grains of this size range mostly happens in the Hert-
zian contact regime. This result is reasonable as silica sand
is known to be a relatively strong sand, able to sustain the
high loads necessary to reach the Hertzian regime.

With this estimation of parameters (Table 4), the DEM
model for rough crushable particles is run to simulate the
oedometric compression curve (both loading and unload-
ing). The results are quite satisfactory (Fig. 11). Clearly,
the loading curve and grading evolution are as good as
those obtained using the smooth model with a low G value



Fig. 9. (a) Calibration of crushing-related parameters of the contact
model using flat-platen single-particle crushing test data. (B) effect of
roughness on ‘size effects’.(See above-mentioned references for further
information.)
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(Fig. 7a, b). The unloading curve is now captured almost as
well as with the smooth model with the high G value
(Fig. 7c).
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4.3. Further validation of the model

A further validation of the model was attempted. Luong
and Touati (1983) reported a series of high-pressure isotro-
pic (rr = 0.5, 6, 16 and 30 MPa) and triaxial compression
tests on dense Fontainebleau sand. These tests were already
reproduced by Ciantia et al. (2019c) using the ‘low-G’
parameter set with the smooth model.

Equivalent DEM simulations were now performed using
the rough crushable model (Fig. 12). In these simulations,
the same parameters as in the oedometer test were used.
Two sets of DEM simulations are presented: one with
rough particles but crushing disabled, the other with rough
particles and crushing activated. As expected the feature
808



Fig. 10. Calibrated failure criteria (d = 1.75 mm) and experimental data of
single particle crushing tests from literature on silica sand grains
(1.5 mm < d < 2 mm). Both theoretical and experimental data report
variability in terms strength. Variability of Sq is reported only for the
experimental data.

Fig. 11. Validation of crushing embedded in rough contact model via
DEM simulation of high pressure oedometric compression tests in terms
of (a) effective vertical stress vs void ratio in loading-unloading and (b)
grading index evolution.
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that is more relevant for this kind of high stress shearing
test is crushability and not roughness: when crushing is dis-
abled the brittle to ductile stress induced transition shown
by the experiments is not present. On the other hand, when
crushing is allowed, the rough crushable model reproduces
well the experimental pattern.

It is also interesting to consider these triaxial responses
from a micromechanical perspective. Fig. 13 presents the
evolution of the mechanical coordination number Zm dur-
ing the triaxial compression tests simulated with the rough
crushable model. Zm was defined by Thornton (2000) as the
coordination number computed after excluding particles
with only one or no contacts.

In Fig. 13(a), the evolution of Zm up to critical state
(CS) is plotted against mean effective stress p. At critical
states results from the rough crushable materials join a
unique relation between Zm and p, independent of grading,
that was obtained by Ciantia et al. (2019c) using the
smooth crushable model.

Note that the magnitude of reduction of Zm decreases
with the increase of initial confining pressure. As the triax-
ial path starts moving towards the critical state, the value
of the mechanical coordination number Zm falls abruptly
and the fall is enhanced by dilatancy. Such abrupt falls in
Zm have been documented before in tests with dilatant
responses (Gu et al., 2014). The onset of crushing reduces
dilatancy and, therefore, also dampens the fall in coordina-
tion number, as witnessed by the test sheared at higher con-
finement in Fig. 13(b).
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5. Discussion

The refined crushing model using measurable surface
roughness achieves a more complete consideration of soil
characteristics and is able to solve the difficulties encoun-
tered in the DEM simulations of simple tests for a repre-
sentative silica sand. However, in the simulations
presented all the particles have been assigned a unique
roughness value. This is not realistic as the experimental
data indicate a significant variability in roughness measure-
ments, with coefficients of variation (Standard deviation /
mean) around 0.5.

To explore this issue the numerical oedometer on the
rough crushable Fontainebleau model was run again, but
now roughness was assigned randomly according to a log-
normal distribution of mean value 0.6 lm and standard



Fig. 12. DEM rough particle crushing model validation: high-confinement-pressure drained triaxial compression tests by Luong and Touati (1983) were
simulated: (a) experimental; (b) numerical without crushing; (c) with crushing volumetric response; (d) experimental; (e) numerical without crushing; (f)
with crushing stress–strain response.
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deviation 0.3 lm. The variable roughness model showed
earlier yielding (Fig. 14a) than the constant roughness
one. This result indicates that roughness variability should
be taken into account. However, it is not necessary to do so
explicitly, as in this model the effect of particle roughness
variability is already implicitly represented through particle
strength variability.

There are two arguments that make plausible that
implicit representation. First, the macroscopic effect just
noted is the same effect observed by Ciantia et al.
(2014) when the variability in particle crushing was
increased. Second, the magnitude of crushing variability
in the model is large enough to contain the effect of
roughness variability.

Crushing variability is represented by the parameter var,
coefficient of variation of particle strength at the reference
size (2 mm). As indicated in Table 4, this was assigned a
value of 0.36–0.38 based on results from single particle
crushing tests (Ciantia et al., 2019c). It is possible to eval-
uate analytically the effect of the assumed roughness vari-
ability on the breakage force of 2 mm spheres. The
result, illustrated in Fig. 14b is a breakage force distribu-
tion having a coefficient of variation of 0.1, which is well
below the value given to var. The difference is due to other
important factors affecting single particle crushing test
results, like larger-scale shape features (e.g. sphericity and
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roundness) and orientation of particles (Wang and
Arson, 2016; Tedesco et al., 2019). How to combine these
different basic features with roughness in other DEM mod-
els might be an interesting topic for further study.

6. Conclusions

This contribution documents the incorporation of parti-
cle surface roughness into a DEM model for crushable
sands. The effect of contact roughness on single particle
breakage has been investigated via parametric studies.
The model parameters for a discrete analogue of a repre-
sentative quartz sand have been recalibrated. The main
findings are:

� The parametric study shows that increasing either
roughness or the ni ratios results in larger crushing
forces and less stiff contact behaviour;

� The effect of roughness Sq is more significative than
those of the ni ratios. Generally, for relatively small
roughness values, (Sq < 0.1 lm), the crushing force Flim

is independent of roughness, while with the increase of
roughness (Sq > 0.1 lm) the crushing force Flim increases
significantly. The failure takes place in the transition
regime or even (for Sq > 20 lm) in the asperity-
dominated contact regime;



Fig. 13. Relation between mechanical coordination number Zm and (a)
mean pressure (b) stress ratio, during the triaxial compression tests on
rough-crushable material of Fig. 12.

Fig. 14. Effect of roughness variability on (a) macroscopic response of 1D
compression test (b) cumulative distribution function (CDF) of a 2 mm
diameter particle breakage force.
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� Comparing experimental data from literature and the
newly developed contact model, suggests that crushing
of silica sand grains of diameter 1.5 mm < d < 2 mm
is unlikely to happen in the roughness dominated region
but would rather occur in the Hertzian contact regime.

� The effect of contact roughness on limiting strength does
not show much dependency on particle sizes;

� The recalibrated parameters including realistic values of
surface roughness (using realistic values of elastic bulk
properties for the sand grains) enable to correctly cap-
ture both load-unload behaviour and particle size distri-
bution evolution of high pressure oedometric tests.
Roughness is then a model refinement that may result
in simpler and more objective DEM calibrations which
can then feed into constitutive model for crushable soils
(e.g. Kikumoto et al., 2010).
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Appendix A. Establishment of crushing criterion

An expression for normal stiffness can be obtained by
differentiating Fn with respect to d in Eq. (1),

kn ¼ ð6E02r
0
F nÞ

1=3 ð21Þ
Following Otsubo et al. (2015) the shear stiffness is

taken as
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ks ¼ 2ð1� vÞ
2� v

kn ð22Þ

Recall that the expressions for the threshold forces in
the rough contact model, FnT1 and FnT2 are given by

F nT1 ¼ SqE0 ffiffiffiffiffiffiffiffiffiffi
2r0Sq

p ð4bisÞ

F nT2 ¼ 100F nT1 ð5bisÞ
To these threshold forces correspond threshold displace-

ments dT1 and dT2 given by

dT2 ¼ 3F nT2

4E0 ffiffiffiffir0p
� �2=3

þ d1 þ d2 ð23Þ

dT1 ¼ F nT1

F nT2

� �1=b

ðdT2 � d1Þ þ d1 ð24Þ

Where b and c are constants chosen to ensure continuity
at the transition points of the Fn-d regimes and given by

b ¼ 1:5 � 1þ d2
dT2 � d1 � d2

� �
ð25Þ

c ¼ 100bdT1
dT1 � d1ð Þb�1

dT2 � d1ð Þb ð26Þ

Rearranging Eqs. (6)–(8), expressions for the contact
overlap are obtained for all possible values of Fn, covering
the three contact regimes. In the asperity-dominated
regime, when Fn < FnT1

d ¼ F n

F nT1

� �1
c

dT1 ð27Þ

In the transitional regime, when FnT1 � Fn < FnT2

d ¼ F n

F nT2

� �1
b

ðdT2 � d1Þ þ d1 ð28Þ

And in the Hertzian regime, when FnT2 � Fn

d ¼ ð 9F 2
n

16E02r0
Þ
1
3

þ d1 þ d2 ð29Þ

Combining Eqs. (13), (14), (15) and (16) a generic limit
expression for the normal contact force is obtained as

F n 6 rlim;0f ðvarÞ d
d0

� ��3=m

pr0d ð30Þ

In which the expressions for contact overlap (27)-(29)
appropriate to each contact regime are substituted to
obtain three different expression for the limit normal con-
tact force. In the asperity-dominated regime, when
Fn < FnT1
812
F n 6 rlim;0f ðvarÞ d
d0

� ��3
m

pr0
F n

SqE0 ffiffiffiffiffiffiffiffiffiffi
2r0Sq

p
 !

1

c
1

100

� �1
b 300SqE0 ffiffiffiffiffiffiffiffiffiffi

2r0Sq

p
4E0 ffiffiffiffir0p

 !2
3

þ n2Sq

2
4

3
5þ n1Sq

8<
:

9=
; ð31Þ

In the transitional regime, when FnT1 � Fn < FnT2

F n 6 rlim;0f ðvarÞ d
d0

� ��3
m

pr0

F n

100SqE0 ffiffiffiffiffiffiffiffiffiffi
2r0Sq

p
 !1

b
300SqE0 ffiffiffiffiffiffiffiffiffiffi

2r0Sq

p
4E0 ffiffiffiffir0p

 !2
3

þ n2Sq

2
4

3
5þ n1Sq

8<
:

9=
; ð32Þ

And in the Hertzian regime, when FnT2 � Fn

F n � rlim;0f ðvarÞð dd0

Þ
�3

m

pr
0 ½ð 9F 2

n

16E
0 2
r0
Þ
1
3

þ n1Sq þ n2Sq� ð33Þ
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