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A physically consistent approach is introduced to simulate dynamics of droplets in contact 
with solid substrates. The numerical method is developed by introducing the molecular–
kinetic model within the framework of the level-set/enriched finite element method and 
including the theoretically resolved sub-elemental hydrodynamics. The level-set method 
is customized to comply fully with the model acquired for the moving contact-line. The 
consistency of the proposed method is verified by comparing the simulation results with 
the theoretical predictions. In order to further validate the method, the spreading of 
a droplet is numerically modeled and compared rigorously with the experimental data 
reported in the literature. The proposed method is also employed to capture the evolution 
of a droplet trapped in a conical pore. All test-cases are simulated on three-dimensional 
computational domains.

© 2021 The Author(s). Published by Elsevier Inc. This is an open access article under the 
CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Accurate modeling of liquid spreading on a solid surface [1] is of a fundamental importance in the analysis of multi-
phase flows in micro-channels [2,3] as well as porous [4] and fibrous [5] media, which are encountered in a wide range 
of industrial applications. One such application, that motivated the developments of the present work, is the water-air 
transport in the gas channels and fibrous diffusion layer of polymer electrolyte membrane fuel cells (PEMFCs) [6,7] that is 
an essential factor in the determination of the performance of the cell [8,9].

In the modeling of phenomena associated with the multi-phase flow in the presence of a solid substrate, one of the 
major challenges is to deal with the moving boundary of the three-phase (gas/liquid/solid) interface, the so-called contact-
line, using an appropriate condition [10,11]. Theoretical investigations of the movement of the contact-line [12,13] imply 
that the classical continuum-level hydrodynamics along with the conventional no-slip condition at the solid surface lead to 
an unbounded velocity gradient and consequently a singularity in the stress at the contact-line. The conventional approach 
to alleviate this singularity is to take into account a slip condition in the vicinity of the contact-line [14,15], for which there 
is also some evidence from molecular dynamics simulations [16–18].

Employing the slip condition in the context of the continuum hydrodynamics allows for a theoretical solution for the 
viscous bending phenomenon and leads to the well-established Cox’s relation [19], which gives a correlation between the 
apparent macroscopic contact-angle and the microscopic contact-angle. More recently, it was shown that alleviating the 
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stress singularity can result in a complement to the hydrodynamic theory; Zhang and Mohseni [20] explored the possibil-
ity of integrating the singular stress in the close vicinity of the contact-line in order to obtain a model for the dynamic 
microscopic contact-angle.

Besides the hydrodynamic theory that focuses on the phenomena at the continuum level, molecular–kinetic theory [21]
has also been acquired to derive a model for the moving contact-line. It was shown that the resulting model is consistent 
with the results of the molecular dynamics simulations [22,23]. Both the Cox’s relation and the molecular–kinetic model 
have been examined by fitting the experimentally observed correlation between the contact-angle and the contact-line 
velocity [24–26].

It had been revealed that depending on the features of the set of experiments, one model or another provides a better 
match [27–29]. This can be explained as a result of the fact that the hydrodynamic theory accounts for the viscous dissipa-
tion while the molecular–kinetic theory focuses on the energy dissipation in a very close vicinity of the contact-line [26]. 
Thus, depending on the flow configuration and the velocity of the contact-line, either of these mechanisms is dominant and 
the behavior can be better characterized with the respective model. Based on the experimental results, due to the ambiguity 
in determining the underlying physics and the lack of a systematic approach to determine constitutive parameters [30,20], 
it is not a straightforward task to decide which theory (and the resulting) model should be employed. Therefore, in or-
der to exploit the pros of both the theories, combined models were proposed [31–35], in which the frictional contact-line 
slip is taken into account as well as the viscous dissipation. Recently, utilizing a series of molecular dynamics simulations, 
Fernández-Toledano et al. [36] stated that the hydrodynamic theory is a reliable means for correlating the apparent (ex-
perimentally measurable) contact–angle and the microscopic contact–angle, while the molecular–kinetic theory governs the 
dynamic microscopic contact–angle. This confirms the rationale of developing combined models like the one proposed by 
Petrov and Petrov [31].

In the context of the numerical modeling of the dynamics of the contact-line, the utilization of the generalized Navier-
slip condition [37–39] is a viable choice [40]. Being based on the combination of the Navier-slip condition on the solid 
substrate and the frictional movement of the contact-line due to the unbalanced Young stress, it is consistent with the 
molecular dynamics simulations [37,39] and the thermodynamic principles [30,41] for modeling the wetting phenomena. 
The generalized Navier-slip condition has so far been applied in the numerical simulation of various cases involving moving 
contact-line [42–45]. A numerically different, but fundamentally similar approach is the direct imposition of a friction force 
at the contact-line along with the standard Navier-slip condition [46]. In the numerical modeling, it is also possible to im-
pose the no-slip condition on the solid surface while the force singularity is circumvented by modifying the conventional 
formulation [39]; as a notable choice, diffusion can be introduced as the mechanism underlying the contact-line move-
ment [47] similar to the diffuse interface methods [48–50]. Nevertheless, this approach is out of the scope of the present 
paper and will not be further discussed here.

Besides the utilized slip condition, one of the fundamental issues with the computational methods applied to the moving 
contact-line problem is the mesh-dependence of the results [51,52]. A physical and a numerical factor, at least partially, 
responsible for this issue are the unresolved sub-grid hydrodynamics and the interfacial force smoothing, respectively. 
In the vicinity of the contact-line, hydrodynamic mechanisms act at a small length-scale which, even being far beyond 
the molecular–scale, cannot be adequately resolved unless a prohibitive refinement of the computational mesh is per-
formed [53]. The hydrodynamic theory is a means to circumvent the need for such refinement [54] and helps improving the 
mesh-independence of the numerical results [55–57]. On the other hand, conventional numerical methods typically utilize 
a numerically smooth representation of the physically localized surface tension [58–60] following the so-called “continuum 
force approach” [61]. In the presence of the moving contact-line, the unbalanced Young stress is also smoothed out to act 
similar to a body force centralized at the contact-line [62,45]. This approach is associated with an artificial thickness of the 
interface, which is usually set equal to the length of a few computational cells for the best performance. Therefore, fixing 
the ratio of this smoothing length to the cell size [45], a highly refined mesh is necessary in the vicinity of the interface and 
the contact-line in order to minimize the error. A remedy to this issue is to utilize a computational mesh that is fitted to 
the liquid-gas interface, e.g. [63,64,46]. However, such an approach may result in severely deformed meshes and requires a 
frequent remeshing, which dramatically increases the computational costs, particularly in 3D. Moreover, in case of a severe 
topological change in the liquid phase, this class of approaches may lead to ambiguities in the recognition of the liquid 
boundary.

In this work, a numerical method is presented that by alleviating the above mentioned issues, provides reasonably ac-
curate results on rather coarse meshes. The previously introduced pressure-enriched finite element/level-set model for the 
two-phase flows [65] is further developed by incorporating the requirements of the moving contact-line problems. The 
simplified form of the molecular–kinetic model is implemented along with the Navier-slip condition that acts on the solid 
substrate. Following the methodology presented by Buscaglia and Ausas [66], the implementation of the moving contact line 
condition is done by revising the variational formulation of the method. In order to make the overall numerical algorithm 
consistent, the level-set smoothing procedure [65] is also modified by introducing a boundary condition that is compatible 
with the contact line condition. To account for the sub-elemental hydrodynamics, the simplified form of Cox’s relation [19]
is used under the condition of a small capillary number. In addition, this relation is applied only once the contact angle 
reaches the value within a threshold of the equilibrium contact angle. This ensures that the contact line velocity is lim-
ited and consequently, the Reynolds number is small. Nevertheless, in order to remove these limitations, a more general 
hydrodynamic model [67,54] should be acquired that is a subject of future developments. In this work, an element split-
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ting procedure [65] is performed at each step, which enables representing interface with zero-thickness. Consequently, the 
terms associated with the moving contact-line model are integrated along the curve representing the contact-line while the 
surface tension acts locally at the interface. It must be noted that such domain splitting is fully exploited by incorporating 
an enriched finite element space, which enables pressure (gradient) discontinuity within an element.

In the following section, the governing equations including the contact-line condition are first discussed and then imple-
mented in the variational form. Then, the customized version of the level-set method is briefly described and the additional 
boundary condition required for the smoothing procedure is introduced. The performance of the present method is verified 
by comparing the result with the theoretical relation between the footprint radius and the contact angle of a droplet spread-
ing with a spherical-cap shape [68] at a small Bond number [69]. The results are further validated against the experimental 
data published by Seveno et al. [26] for a droplet of liquid squalane that is spreading on a solid silica substrate. The degree 
of mesh-(in)dependence of the results is shown for both test-cases. All simulations presented in this work are conducted 
for three-dimensional computation domains.

2. Numerical method

The momentum and mass conservation equations for a fluid system can be written as

ρ

(
∂u

∂t
+ u · ∇u

)
= ρb + ∇ · σ in �, (1)

and

∂ρ

∂t
+ ∇ · (ρu) = 0 in �, (2)

respectively. It should be noted that in this work, the homogeneous fluid domains (liquid and gas) are considered to be 
incompressible and consequently, Eq. (2) reduces to ∇ · u = 0 in each phase. The fluid domain, � ⊂ R

d , is bounded by 
boundary ∂� ⊂ R

d−1, where d defines the number of spatial dimensions. This set of equations is subject to the initial 
condition

u(x,0) = u0 in �, (3)

Dirichlet

u(x, t) = uD on ∂�D , (4)

and Neumann

T(x, t) = TN on ∂�N , (5)

boundary conditions. The traction vector is calculated as T = n · σ with the total stress tensor, σ , being obtained from the 
Newtonian constitutive equation

σ = −pI+ μ
(
∇u + ∇uT

)
. (6)

Here, n is a unit vector normal to ∂� and pointing to the outside of �.

2.1. Multi-phase flow

Let us consider a system consisting of two immiscible fluids and a solid substrate (see Fig. 1). Then, the domain � can 
be separated into �1 and �2 with � = (�1 ∩ �2) and � = (�1 ∪ �2). The separating interface � is a constituent part of 
both ∂�1 and ∂�2, while it coincides with the solid substrate only at the contact-line ∂� = (∂� ∩ �), where the three 
phases (both fluids 1 and 2 along with the solid substrate) come into contact and three surface tensions, γ , γ1s , and γ2s , 
act simultaneously on the fluid 1-fluid 2, fluid 1-solid, and fluid 2-solid interfaces, respectively (see Fig. 2).

Being internal to the fluid domain �, the interfacial conditions can be interpreted as a jump in the traction due to the 
surface tension

�T(x, t)� = −γ κnint on �, (7)

and continuity of the velocity field

�u(x, t)� = 0 on �, (8)

where nint is the normal to the interface, �, and for any variable A the jump operator reads �A� = A1 − A2 with subscripts 
1 and 2 denoting the value in the corresponding phase domains.
3
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Fig. 1. Schematic of the fluid domain � = �1 ∪ �2.

Fig. 2. Schematic of a droplet contacting a solid surface. Liquid-gas, liquid-solid, and gas-solid surface tensions with respective coefficients of γ , γ1s , and 
γ2s are depicted in this figure.

At the contact–line for the equilibrium state [70] (θ = θY ), Young’s relation [71] states that [10,72]

γ cos(θY ) + γ1s = γ2s. (9)

Therefore, one can simply write cos(θY ) = (γ2s −γ1s)/γ . In case the configuration deviates from the equilibrium, the unbal-
anced Young stress (force per unit length) is defined as [32,50]

τY = γ [cos(θY ) − cos(θ)] . (10)

Here, τY can be interpreted as the net (effective) tension that acts parallel to the solid substrate at the contact-line and is 
responsible for its movement. Based on the molecular–kinetic theory [21], the movement of the contact-line is associated 
with an energy dissipation that is usually referred to as a friction force acting on a moving contact-line [33,39,50]. Denoting 
the slip–velocity associated with the movement of the contact–line with uslip , this underlying mechanism can be represented 
by [25,36]

uslip = 2k0λ sinh

(
λ2τY

2kB T

)
on ∂�, (11)

where parameters k0 and λ are the characteristic frequency and the average distance of the (random thermal) molecular 
displacements in the vicinity of the contact–line, respectively. In Eq. (11), kB is the Boltzmann constant and T denotes the 
absolute temperature. In its simplest form, if the argument of sinh in Eq. (11) is small, the formula of the molecular–kinetic 
theory reads

τY = ζuslip on ∂�, (12)

with ζ = kB T /k0λ3 representing the coefficient of friction at the contact–line [26]. Furthermore, in order to avoid the 
singularity in the vicinity of the contact-line [73], the no-slip condition on the solid substrate is substituted by the Navier-
slip boundary condition that can be formulated as [39,66,74]

ns · u = 0 on ∂�s, (13)

and

Is · T = −βIs · u = −βu on ∂�s, (14)

where ns is the normal to solid substrate ∂�s , and Is = (I− ns ⊗ ns) denotes the surface unit tensor with I being the 
identity tensor. In this work, the slip condition (13) is implemented using the local rotation of the unknown velocities at 
solid surface ∂�s as discussed in [75].
4
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Fig. 3. Schematic of the computationally reproduced and the physically expected interface.

It is worth mentioning that the combination of (12) and (14) is essentially equivalent to the so-called “generalized Navier 
boundary condition” [39]. Another important point to mention is that so far, no systematic approach has been introduced 
for a priori determination of parameters β and ζ to be used in a numerical simulation [45]. In section 3.2, it is shown that 
for the present method, ζ can be set according to the corresponding parameter obtained by fitting the experimental data 
by a comparable model (e.g. see [26]).

2.1.1. Sub-element hydrodynamics
Considering the practical difficulties in computationally resolving the hydrodynamics in the vicinity of the contact-line 

with micrometer length-scales [76,53,77], the well-established hydrodynamic theory is utilized to incorporate the sub-
element variation of the contact angle that occurs due to the so-called “viscous bending” phenomenon [25,1] (see Fig. 3). 
In this work, the formulation is based on the simplified linear form [68] of the asymptotic solution to the hydrodynamic 
theory [19] as

θ3 = (
θnum)3 − 9Ca ln(

he

lmicro
), (15)

where the capillary number is defined as Ca = uclμ/γ and lmicro is the microscopic slip length-scale. If he is considered to be 
equal to the length-scale associated with the conventional experimental measurements of the contact-angle, ln(he/lmicro) ∼
10 would be expected [25,68]. It is worth noting that the simultaneous incorporation of Eqs. (12) and (15) leads to the 
simplified form of the combined molecular–kinetic/hydrodynamic model proposed by Petrov and Petrov [31,26].

The original Cox’s relation [19] is valid for Ca 	 1 and small Reynolds number while its simplified form in Eq. (15)
can be utilized in cases of a small contact angle, θ < 3π/4, with a vanishing viscosity ratio, μ2/μ1 	 1 (considering 
μ2 for the surrounding fluid �2) [68]. For the test-cases solved in this paper, Eq. (15) is applied only for Ca < 0.3 and 
θnum − θY < 2π/10. The latter condition prevents the application of Eq. (15) in situations that a large difference between 
the dynamic contact-angle and θY leads to a rather large contact-line velocity and consequently, a fairly large Reynolds 
number. In order to alleviate this condition, one can follow the approach presented in [67]; however, in order to keep the 
simplicity of the formulation, it is not implemented in this work.

Although it is known that the microscopic length-scale lmicro is in the order of one nanometer, it is generally obtained 
by performing a proper data-fitting [26,68]. In this sense, lmicro is added to the list of unknown model parameters [35]
along with β and ζ . For the cases considered in this work, microscopic length-scale is set to lmicro = 10−9 m that gives 
ln(he/lmicro) ∼ 10 for the employed computational meshes. Numerical simulations also show that slight variation of lmicro
does not lead to any significant changes in the results. Combining Eq. (15) with the generalized Navier condition, Yamamoto 
et al. has also reported that lmicro ∼ 10−9 m led to the most satisfactory results in their capillary rise simulations [56].

2.2. Variational formulation

The variational form of the momentum equation (1) can be written for the whole fluid domain as [65]∫
�

ρ

(
∂u

∂t
+ u · ∇u

)
· wd� =

∫
�

ρb · wd� +
∫
�

p∇ · wd�

−
∫
�

μ
(
∇u + ∇uT

)
: ∇wd� +

∫
∂�

T · wd(∂�), (16)

where w is a test function in 
[
H1(�)

]d
that vanishes at the Dirichlet boundary conditions. For separate incompressible fluid 

domains, �1 and �2, the variational form of the continuity equation (2) becomes
5
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Fig. 4. Schematic of a possible cut in a tetrahedral element. The interface, �e , is shaded by yellow and the matching faces are marked with the same color. 
(For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)∫

�

qρ (∇ · u)d� = 0, (17)

with q being a test-function in L2(�). The boundary integral term 
∫
∂�

T · wd(∂�) on the right–hand–side of Eq. (16)
essentially includes the Neumann boundary (5), interfacial (7), and Navier-slip (14) conditions as well as the surface tension 
along with the molecular–kinetic model (11) acting at the contact line. Considering unit vectors tint and ts being tangential 
to the interface and the solid substrate, respectively (as shown in Fig. 2), one has Is · tint = − cos(θ)ts and consequently, the 
molecular–kinetic model (11) can be rewritten as

(γ2s − γ1s)ts + γ Is · tint − 2kB T

λ2
sinh−1

( uslip

2k0λ

)
ts = 0 on ∂�. (18)

Substituting the corresponding relations into Eq. (16), one obtains∫
�

ρ

(
∂u

∂t
+ u · ∇u

)
· wd� =

∫
�

ρb · wd� +
∫
�

p∇ · wd�

−
∫
�

μ
(
∇u + ∇uT

)
: ∇wd� +

∫
∂�N

TN · wd(∂�)

−
∫

∂�s

βu · wd(∂�) −
∫
�

γ κnint · wd�

+
∫
∂�

[(γ2s − γ1s)ts + γ Is · tint

−2kB T

λ2
sinh−1

( uslip

2k0λ

)
ts

]
· wd(∂�). (19)

Here, the slip–velocity at the contact–line reads uslip = ts · u. Simplifying the molecular–kinetic model (11) to its linear 
form (12), one obtains∫

∂�

2kB T

λ2
sinh−1

( uslip

2k0λ

)
ts · wd(∂�) =

∫
∂�

ζ(ts · u)ts · wd(∂�). (20)

For the sake of simplicity and in order to facilitate comparisons with the references chosen in the present work (where ζ is 
provided), the linear approximation (Eq. (20)) is used if not mentioned otherwise.

It must be noted that a similar variational formulation for the contact line dynamics has been derived by Buscaglia 
and Ausas [66] using the principle of virtual work. Conventionally, the variational formulation is derived by smoothing the 
surface tensions based on the continuum force approach (see [42] for example).

In this work, the accurate integration of the terms appearing in the variational formulation (19) is done by splitting 
of the cut elements. In Fig. 4, this procedure is schematically shown for a sample element cut by the interface. Elemental 
integration domains �e,cut

1 and �e,cut
2 are split into tetrahedra to facilitate the integration. The integration of the terms 

associated with the elemental interface (�e ), contact-line (∂�e), and solid substrate (∂�e
s ) are performed by utilizing the 

quadrature points as schematically illustrated in Fig. 5. By employing a high–order (two points for line-segments, three 
points for triangles, and four points for tetrahedra) Gaussian quadrature, one can assure that the integration procedure does 
not introduce further error to the solution (i.e. the number of Gauss points is sufficient for the integration of functions up to 
third–order). The conventional alternative to the element splitting procedure is the incorporation of a smoothed numerical 
6
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Fig. 5. Schematic of a possible cut in a tetrahedral element contacting the solid surface. ∂�e is marked with a red solid line and quadrature points are 
represented by black dots.

approximation of the delta function; in the continuum force approach, this is essentially needed to formulate the surface 
tension and the contact–line model. In the present approach, due to the employment of the splitting methodology, such an 
approximation is not required and the associated errors are alleviated.

The presented formulation is implemented withing the framework of the stabilized pressure enriched finite element 
method proposed in [65]. Within element e, the standard finite element approximation of the flow variables reads

u(x, t) =
∑

I∈N e

uI (t)Ne
I (x), (21)

and

p(x, t) =
∑

I∈N e

pI (t)Ne
I (x), (22)

where N e denotes the set of associated nodes and Ne
I is the shape function corresponding to node I . However, using 

the standard finite element approximation, it is impossible to capture the intra-element discontinuity in the presence of 
material interfaces; in the context of multi-phase flows [65], this is the source of the so-called “spurious currents”. In order 
to resolve this issue, the pressure approximation within an element cut by the interface can be enriched by accounting for 
a “jump” as

p(x, t) =
∑

I∈N e,cut

pI (t)Ne,cut
I (x) +

∑
I∈N e,cut

pe,cut
I,enr (t)Ne,cut

I,enr (x), (23)

with enriched nodal pressure pe,cut
I,enr being local to the cut element.

In this work, enriched shape function NI,enr is constructed based on standard continuous shape function NI as

NI,enr(x) =
{

NI (x) if (xI ∈ �1 and x ∈ �2) or (xI ∈ �2 and x ∈ �1)

0 else
(24)

Using this set of enriched shape functions, both the jump in the pressure and discontinuity in its gradient can be cap-
tured within a cut element. After introducing the enrichment terms, the variational multiscale methodology with the 
well–established algebraic sub-grid scale stabilization [78] along with a special small–cut treatment approach is utilized 
to stabilize the method as proposed in [65]. The momentum equation is then linearized using the generalized Newton’s 
method and solved along with the mass conservation equation in a fully implicit monolithic manner. One of the remark-
able features of this enrichment procedure is that upon the creation of the local elemental system of equations, pressure 
condensation procedure [65] is performed at the elemental level, thus, omitting the introduction of the additional enriched 
pressure degrees of freedom. Therefore, the degrees of freedom, and consequently, the size of the assembled global system 
of equations is the same as that of the standard finite element method.

2.3. Level-set

In the present method, the evolution of the interface is captured using the level-set method [79], which is based on 
the introduction of the continuous function φ that represents the signed distance to the interface. The level-set function is 
convected according to the velocity field by solving

∂φ

∂t
+ u · ∇φ = 0 in �. (25)

In the present work, this pure convection equation is stabilized following the methodology proposed by Codina [80]. The 
level-set function gradually loses its regularity due to its deviation from a distance function [81] and high frequency noise 
7
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(oscillatory interface) [82]. The first problem can be resolved by frequent reinitialization of the level-set function in a way 
that ‖∇φ‖ ≈ 1 is satisfied [83]. Due to the hyperbolic nature of the conventional level-set reinitialization formulation, it 
is necessary to take into account the so-called “blind-spot region” in the vicinity of the solid surface [84]. Nonetheless, in 
the present work, the marching level-set reinitialization procedure proposed by Elias et al. [85] is performed for the whole 
domain once in every 50 time-steps.

Following the idea presented in [86], the high frequency oscillations can be effectively cured by solving a diffusion 
equation for the level-set function as

φ̃ − ε∇2φ̃ = φ in �, (26)

where φ̃ and φ are the smoothed (non-oscillatory) and original level-set functions, respectively. Here, ε = 5 × 103�th2
e , with 

�t being the size of the time-step and he the element size. In the absence of contact with a solid, Eq. (26) can be solved 
without introducing any specific boundary condition [86,82,65]. In the present method, a Neumann boundary condition is 
implemented on the solid substrate as

ns · ∇φ̃ = ns · ∇φ on ∂�s. (27)

Combining Eqs. (10), (12), and (15),

θnum =
{(

cos−1
[

ζ

γ
uslip + cos(θY )

])3

+ 9Ca ln(
he

lmicro
)

}1/3

, (28)

at the cut elements, boundary condition (27) is substituted by

ns · ∇φ̃ = −‖∇φ‖ cos(θnum) on ∂�e,cut
s . (29)

It should be noted that in case of the application of the full form of the molecular–kinetic model, Eq. (28) should be 
rewritten incorporating Eq. (11).

The main shortcoming of the presented level-set smoothing scheme is the probability of a slight droplet shrinkage. As 
proposed in [65], this issue can be resolved by performing a correction step as

φI = φ̃I − 1

NI

NI∑
J

(
φ̃ J − φ J

)
, (30)

where NI is the number of nodes J that are connected to node I . In this work, in order not to perturb the contact angle, 
a modified correction procedure is proposed by separating the set of nodes interior to the fluid domain from those that lie 
on the solid substrate, i.e.

J ∈
{

� \ ∂�s if I ∈ (� \ ∂�s)

∂�s if I ∈ ∂�s
(31)

Above, all the ingredients of the proposed method are detailed. The summary of the overall strategy is presented in 
Algorithm 1.

3. Results

The proposed numerical method is implemented within KRATOS Multiphysics [87] an open-source framework for multi-
physics computations. The second order backward difference (BDF2) time integration is applied to the flow equations and 
the Crank–Nicolson scheme is used for time-marching of the level-set convection equation. Algebraic multigrid library 
(AMGCL [88]) was used to solve the linear system of equations using the GMRES(m) method (with restart parameter 
m = 40). The convergence tolerance of the linear solver is set to 10−9, while a relative tolerance of 10−5 is considered 
to check the convergence of velocity and pressure.

In the following, the performance of proposed numerical method is first verified by comparing the simulation results 
with the theoretical relation obtained for the footprint radius of a liquid droplet spreading on a solid substrate at small 
Bond numbers. The method is further validated against the experimental data published in the literature for a millimeter-
sized squalane droplet spreading on a substrate of silicone wafer. In the end, the capability of the method is assessed by 
simulating a droplet trapped inside conical pores. In all cases solved in this paper, gravity g = 9.8 m/s2 acts in the negative 
z–direction, and �2 is composed of air with ρ = 1.0 kg/m3 and μ = 1.0 × 10−5 Pa s. For the sake of convenience, the 
contact-angle is reported in degrees in the rest of this paper.

Remark. Before assessing the results of the proposed method, it is worth to provide an insight of the computational costs 
associated with its application: using a mesh with ∼ 500 K elements, the total run–time per time–step is around 62 s, of 
which almost 80% corresponds to the two-phase flow solver, 4% to the level–set convection, 8% to the level–set smoothing 
procedure, and about 8% is consumed for the level–set re-initialization procedure.
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Algorithm 1: Summary of the proposed method.
Input: u0, uD , TN , and φ0

Output: uI , pI , and φI ; node I ∈ �

1 n = 1
2 t = 0
3 while t < run-time do

4 solve Eq. (25) for φ(n+1/2)
I with half time-step

5 if n = {50,100,150, . . .} then
6 reinitialize φ

7 do smoothing according to Eqs. (26) and (30) with conditions (27) and (29)
8 calculate curvature
9 for all elements e do

10 if e ∩ � =∅ then
11 do element splitting
12 calculate contact angle

13 create elemental system of equations

14 do assembling the Linear System of Equations (LSE)

15 solve LSE for 
[

u(n+1)
I , p(n+1)

I

]
16 solve Eq. (25) for φ(n+1)

I with half time-step
17 update n = n + 1
18 update t = n�t

Fig. 6. Schematic of the initial configuration of the liquid droplet inside a solid box.

3.1. Verification with theory

If a droplet retains its spherical-cap shape during spreading on a solid surface, one can write a correlation between 
the footprint radius and the instantaneous contact-angle based on the mass conservation of an incompressible liquid. The 
resulting correlation reads as r(t) = f (θ(t)) with [33]

f (θ) =
{

3V

π

[1 + cos(θ)] sin(θ)

[1 − cos(θ)] [2 + cos(θ)]

}1/3

. (32)

Starting from θ(0) = π/2, the ratio of the terminal radius rY to the initial radius of the droplet R0 is

rY

R0
=

{
2 [1 + cos(θY )] sin(θY )

[1 − cos(θY )] [2 + cos(θY )]

}1/3

. (33)

The basic assumption of a spherical-cap droplet is valid if the Bond number (Bo = ρ1 g R2
0/γ ) is small or equivalently the 

height of the droplet is smaller than the capillary length-scale (lc ∼ √
γ /ρ1 g) [69,33,68]. This condition indicates that gravity 

is dominated by the capillary force and therefore, has a negligible effect on the droplet dynamics. Note that this assumption 
is questionable for fluids with large viscosity, e.g. for polymeric liquids [33].

Here, a liquid droplet with an initially hemispherical shape (initial contact-angle of θ0 = 90◦) and an initial radius of 
R0 = 1.5 mm is spreading on a solid substrate. The system is confined in a box filled by air with no-slip lateral and top 
boundaries. The schematic of the whole system is shown in Fig. 6. The dimensions are L = W = 8 mm and H = 3 mm, liquid 
viscosity is μ1 = 1.0 ×10−3 Pa s, density is ρ1 = 920 kg/m3, and the liquid-air surface tension is γ = 4.26 ×10−2 N/m. This 
gives a Bo = 0.48 or equivalently a capillary length-scale of lc = 2.2 mm. The equilibrium contact-angle is set to θY = 58◦
and the results are obtained using β = 103 Pa s/m and ζ = 1.0 Pa s, noting that this example does not intent to reproduce 
any real-world experiment.
9
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Fig. 7. The effect of the mesh resolution on the time-evolution of the contact angle for a droplet spreading with Bo = 0.48 and θY = 58◦ .

Fig. 8. The effect of the mesh resolution on the time-evolution of the footprint radius of a droplet spreading with Bo = 0.48 and θY = 58◦ .

This problem is solved for four different (structured) meshes of R0/he ≈ 7.8, 11.3, 15.3, and 19.1, composed of tetra-
hedral elements with the size of he = (1/6V e)

1/3, where V e is the volume of a single element. The time evolution of the 
contact angle and the footprint (base) radius of the droplet is shown in Figs. 7 and 8, respectively. In this work, the contact-
angle is calculated as the average of θ obtained for all cut elements with �e ∩ ∂� = ∅. The reported radius is also the 
average distance of the center of the solid substrate, located at (x, y, z) = (L/2, W /2, 0), to the center of all ∂�e = �e ∩ ∂�. 
In the mentioned figures, the theoretical values of θY and rY obtained from Eq. (33) are shown for comparison. In addition, 
since the Bond number is finite, the corrected equilibrium footprint radius, in the presence of gravity is calculated based on 
the theory developed in [69] and denoted by rY ,g in the following figures.

As seen in Figs. 7 and 8, numerically obtained droplet configuration at equilibrium, i.e. (θeq, req) shows a good consis-
tency with the theoretical prediction (θY , rY ,g); while the error in θeq is around 3.1% and 2.4% for R0/he ≈ 7.8 and 11.3, 
respectively, it is reduced to below 0.5% for two finer meshes of R0/he ≈ 15.3 and 19.1. The corresponding errors in the 
footprint radius at equilibrium in comparison with rY ,g are around 5.0%, 1.1%, 0.6%, and 0.3% for R0/he ≈ 7.8, 11.3, 15.3, 
and 19.1, respectively.

For all the employed meshes, the largest deviation from the theoretical value in terms of the dynamic contact-angle and 
the evolving footprint radius of the droplet, is observed in the middle stages of the spreading. The mesh-convergence of req
is shown in Fig. 9. The equilibrium configuration of the droplet is obviously converging by increasing the mesh resolution. 
In the present test-case, the settings lead to a very small capillary number and therefore, the difference between θ and 
θnum is fairly small.

Considering the initial configuration of the droplet and fact that the height of the droplet, and consequently the effect 
of gravity is constantly decreasing during the spreading, it is expected that the spherical-cap assumption and consequently, 
Eq. (32) can also be applied to the evolution of the radius of the droplet. It is shown in Fig. 10, where the numerically 
obtained footprint radius of the droplet for R0/he ≈ 15.3 is compared to Eq. (32); the agreement is clearly seen. However, 
specially for the initial stages of the spreading, the slight deviation is expected as a result of a finite gravity and the effect 
of inertia.

It should be noted that releasing the droplet from rest with its center-of-gravity initially located above the solid substrate, 
triggers a series of oscillations in the contact-angle (see Fig. 7, it is also directly reflected in Fig. 10 for r = f (θ) curve). These 
10
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Fig. 9. Mesh convergence of the footprint radius of a droplet spreading with Bo = 0.48 and θY = 58◦ . The theoretical value of req is shown by dotted-line.

Fig. 10. Time-evolution of the footprint radius of a droplet spreading with Bo = 0.48 and θY = 58◦ , in comparison with r = f (θ).

are physically expected inertial oscillations with an origin similar to what was theoretically formulated in [89] (art. 275); any 
disturbance in the shape of a droplet in the simultaneous presence of the surface tension and inertia, results in an oscillatory 
behavior. Since the initial triggering disturbance is of a spontaneous nature, these oscillations are eventually damped due to 
viscous dissipation. On the other hand, the persistent high-frequency oscillations of insignificant amplitude in the contact-
angle (particularly evident near the steady-state) occur due to the intermittent level-set re-initialization (performed every 
50 time–steps in the present work).

3.1.1. Obtuse contact–angle
In order to further analyze the performance of the proposed method for an obtuse equilibrium contact–angle, the same 

test–case of the droplet spreading is simulated here with θ0 = 159◦ and θY = 105◦ . Time–evolution of the contact–angle 
as well as the footprint radius is shown in Fig. 11. Here, despite being characterized by the same Bond number (Bo =
0.48), which corresponds to the initial radius of the droplet, the significantly larger height suggests a pronounced effect 
of gravity on the equilibrium shape of the droplet. This explains the rather large difference between rY = 1.30 mm and 
rY ,g = 1.77 mm. In addition, releasing the droplet with its center–of–gravity being initially positioned farther from the solid 
substrate (at z0 = 1.4 mm) triggers more profound inertial oscillations.

The above-presented results show that the present numerical model can successfully capture the configuration of a 
spreading droplet consistently with the theoretical predictions.

3.2. Validation against experimental data

Next, the proposed numerical method is validated by simulating the spreading of a liquid (squalane) droplet on a solid 
(silicone wafer) substrate and comparing the obtained numerical results with the experimental data reported in [26]. In this 
test, besides the time-evolution of the configuration of the droplet at the near-equilibrium stage, the initial stage of the 
droplet spreading (in which inertia also plays an important role) is taken into account. Therefore, this test allows for the 
in-depth validation of the proposed numerical method.
11
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Fig. 11. Time-evolution of (a) the contact–angle and (b) the footprint radius of a droplet spreading with Bo = 0.48 and θY = 105◦ . The solid red line and 
the dotted line correspond to the numerical result and the theoretical prediction (θY , rY ,g), respectively.

Fig. 12. Contact-angle as a function of the velocity of the contact-line; comparison of the experiment [26] with the numerical data obtained for structured 
meshes of different resolutions.

Squalane has a viscosity of μ1 = 3.14 × 10−2 Pa s, density ρ1 = 810 kg/m3, and the liquid-air surface tension γ =
3.11 × 10−2 N/m. The squalane droplet in contact with the surrounding air and the silicone wafer substrate creates an 
equilibrium contact angle of 38.8◦ . Same computational domain as the one used in section 3.1 is chosen (see Fig. 6), while 
the initial radius and contact-angle of the droplet are set to R0 = 0.9 mm and θ0 = 180◦ , respectively. Here, ζ is set to 0.7 
Pa s in order to correspond to the value calculated in [26] by performing a data fitting based on the linear Petrov model. The 
Navier-slip coefficient of β = 103 Pa s/m is chosen so to provide the best match with the experimentally obtained contact 
velocity-angle relation as shown in Fig. 12. It is observed that the experimental data can perfectly be reproduced by the 
implemented model for the moving contact-line. Numerical data are obtained by performing simulations on three different 
structured meshes of tetrahedral elements with R0/he ≈ 4.65, 6.97, and 9.30. Varying the mesh resolution has a negligible 
effect on the contact velocity-angle relation.

In Fig. 13, the experimentally obtained time-evolution of the contact-angle is compared to the numerical value for 
different mesh resolutions. Numerical results are in a good agreement with the experimental data. Mesh-convergence of 
the solution is confirmed by comparing the results obtained for R0/he ≈ 6.97, and 9.30. The mesh-convergence is further 
shown in Fig. 14 for the footprint radius of the droplet during the spreading.

In an attempt to compare the radius of the droplet with data reported in [26], correlation R = r/ cos(θ −π/2) is applied 
to the numerical data. This correlation, based on the assumption that the spreading droplet has a spherical-cap shape, is 
valid in the current test-case only during the final stage of the spreading, for which θ < 70◦ [26]. Fig. 15 illustrates the 
reproduced radius of the droplet for different mesh resolutions in comparison with the experimental data.

Upon validation of the proposed method, in the following, the performance of the method is investigated for the same 
test is simulated on an unstructured mesh. The initial radius to (average) element size ratio of R0/he ≈ 9 is set for the 
elements located on the solid surface, i.e. �e ∩ �s = ∅, while the mesh resolution is significantly coarser for internal 
elements with R0/he ≈ 4.5. Keeping parameters β and ζ unchanged, the numerically obtained contact velocity-angle relation 
12
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Fig. 13. Time evolution of the contact-angle; comparison of the experiment [26] with the numerical data obtained for structured meshes of different 
resolutions.

Fig. 14. Time evolution of the footprint radius; comparison of data obtained for structured meshes of different resolutions.

Fig. 15. Radius of the droplet; comparison of the data presented in [26] with the numerical data obtained for structured meshes of different resolutions.

is shown in Fig. 16. Despite a slight deviation, the result is completely satisfactory. The time-evolution of the contact-angle 
obtained for the unstructured mesh is shown in Fig. 17. The result obtained on the unstructured mesh shows a slight 
increase in the high-frequency oscillations comparing to that of the structured mesh during the middle stage of the droplet 
spreading. In order to explore the pressure field, the computational domain is evenly divided and the pressure contours 
are plotted on the division plane in Fig. 18. The results obtained on structured and unstructured meshes exhibit a good 
match. The isometric (three-dimensional) and side view of the droplet-air interface is presented in Fig. 19 at different 
instances. These are obtained by plotting the zero level-set (φ = 0) iso-surfaces obtained for the unstructured mesh. As seen 
in Figs. 19(g) and 19(h), the deviation from the spherical-cap shape is evident for the initial stage of the spreading.
13



M.R. Hashemi, P.B. Ryzhakov and R. Rossi Journal of Computational Physics 442 (2021) 110480
Fig. 16. Contact-angle as a function of the velocity of the contact-line; comparison between the experimental data [26] and the numerical results obtained 
for the structured and the unstructured meshes.

Fig. 17. Time evolution of the contact-angle; comparison between the experimental data [26] and the numerical results obtained for the structured and the 
unstructured meshes.

Fig. 18. Pressure contours obtained at t = 0.1s for (a) structured and (b) unstructured meshes.

3.3. Droplet trapped in conical pores

In order to assess the capability of the proposed method in a more complex case, in the following the numerical method 
is applied to the evolution of a droplet trapped inside conical pores. The settings of this test-case preclude the straight-
forward application of the conventional schemes, which are basically developed for structured meshes.

The schematic of the configuration of the pore with the initially spherical droplet of radius R0 = 0.9 mm in tangential 
contact with the cone is shown in Fig. 20. Physical parameters are set according to data reported in section 3.2 for the 
squalane droplet on the silicone wafer substrate. Here, the simulations are performed for two conical pores of α = 30◦ and 
60◦ with H = 5.5 mm and 4 mm, respectively. The computational domain is discretized with tetrahedral elements of size 
R0/he ≈ 14.3 adjacent to the solid surface and R0/he ≈ 9 inside the domain.

The evolution of the trapped droplet is shown in Fig. 21 for α = 30◦ . Starting from a perfectly spherical shape, concave 
interfaces are gradually established due to θY < π/2. As shown in Fig. 22, this leads to a reduced (negative) pressure inside 
the droplet at equilibrium. Figs. 22 and 23 present the pressure contours inside the computational domain obtained at 
different time-instances for α = 30◦ and 60◦ , respectively. It is evident that by evolving the interface from a convex to 
14
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Fig. 19. Evolution of the liquid-air interface of the squalane droplet spreading on silicone wafer.

Fig. 20. Schematic of the initial configuration of the droplet trapped in a conical pore.

Fig. 21. Evolution of the liquid-air interface of the droplet trapped inside a conical pore with α = 30◦ .

a concave shape, pressure inside the droplet varies from the maximum to the minimum value. The average value of the 
numerically obtained terminal contact-angle is θeq ≈ 43.3◦ for α = 30◦ , and θeq ≈ 43.9◦ for α = 60◦; this is consistent with 
θY = 38.8◦ set as an input parameter for simulations.

The present set of test-cases required, on average, three to four iterations to reach pressure and velocity convergence in 
each time-step, while the linear solver fulfilled the maximum tolerance condition in about 50 iterations.

4. Summary and conclusion

In order to develop a level-set/enriched finite element method with the capability of treating dynamics of the moving 
contact-line, a systematic and physically consistent methodology was proposed; the role of the molecular–kinetic theory 
and the hydrodynamic theory in the numerical modeling were elaborated along with the necessary customization of the 
boundary conditions including the contact–line dynamics. By applying the proposed method to the spreading of a droplet, 
15
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Fig. 22. Pressure contours for α = 30◦ . At t = 0.2s, the system has almost reached its equilibrium configuration.

an acceptable mesh-convergence was observed. The results were also compared for both the structured and unstructured 
meshes and a good agreement was revealed. Furthermore, the straightforward employment of the proposed method to 
simulate a droplet trapped in a (closed) conical pore, suggests the applicability of the developed numerical tool for pore-
scale multi-phase flows. It must be noted that in this work no mesh-refinement strategy was utilized to locally increase the 
resolution close to the droplet interface.

One of the interesting features of the present method was that in order to obtain physically meaningful results, the 
contact-line dissipation coefficient was set according to the corresponding parameter that was obtained by fitting the linear 
Petrov’s model into the experimental data. This alleviates the ambiguity associated with the setting of this parameter in the 
approaches rely on the generalized Navier-slip condition. However, further investigation with a wider range of liquid/solid 
materials is necessary to further support this affirmation, which would be the topic of a separate research.

Generally, during the initial stage of the droplet spreading, inertial effects are rather significant and therefore, the validity 
of the simplified model used in the present work to resolve the sub-elemental hydrodynamics becomes dubious. Therefore, 
in order to increase the accuracy while capturing the spreading with a finite inertia, a more sophisticated hydrodynamic 
model that also incorporates the terms appearing at finite Reynolds number can be acquired. This is a subject for future 
developments.
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Fig. 23. Pressure contours for α = 60◦ . At t = 0.14s, the system has almost reached its equilibrium configuration.

In order to improve the coupling between the momentum equation and the evolving interface that is represented by 
the level-set function, in this work the level-set convection equation is split in time as shown in Algorithm 1. Numerical 
simulations showed that such splitting could positively affect the accuracy of the method and alleviate the need for an 
excessive diffusive level-set smoothing to regularize the interface. Nevertheless, further investigations are needed to quantify 
this improvement.
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