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Abstract—The scattering analysis of perfectly conducting 

plates with the method-of-moment discretization of the 
Electric-Field Integral Equation has been traditionally carried 

out according to the thin-sheet approximation, which neglects 
the current contributions over the plate rims. The plate is then 
modelled as an open surface and handles a restricted number 

of unknowns as compared with the canonical modelling as a 
closed object. The thin-sheet approximation, although used in 
many practical applications, becomes inaccurate for thick 

enough plates or plates under plane wave incidence at grazing 
angles. Recently, a thick-plate approach has been presented to 
address the time-efficient and accurate scattering analysis of 

thick plates. This scheme exploits the symmetry properties of 
fields and currents thereby giving rise to two uncoupled 
problems with roughly half the number of unknowns of the 

original problem. In this paper, we extend this thick-plate 
scheme to the efficient scattering analysis of thick curved 
sheets.    

Index Terms—Integral equations, method of moments. 

I.  INTRODUCTION  

The scattering analysis of conducting (PEC) sheets with 

very small thickness is normally carried out through the thin-

sheet approximation [1], which arises from the application of 

the surface equivalence principle when the sheet width tends 

to zero. The Electric-Field Integral Equation, EFIE, leads 

then to a simplified problem where the rim currents are 

discarded, and the unknowns correspond to the sum of the 

currents over the top and bottom surfaces of the sheet [2]. 

The sheet appears modelled as an open surface – with zero 

thickness – that neglects the scattering contribution from the 

rims. Clearly, the thin-sheet approximation is advantageous 

in computational terms because of the drastic reduction of 

unknowns with respect to the full modelling of the structure 

as a closed surface. Also, the thin-sheet scheme has been 

used in many practical applications with little sacrifice of 

accuracy. However, in some cases, such as, the scattering 

analysis of PEC sheets with grazing incidences, the accuracy 

loss becomes especially evident. Recently, we have 

presented a new formulation for the efficient and accurate 

scattering analysis of plates with nonzero thickness under an 

arbitrary incidence [3]. In this paper, we extend such 

approach to the efficient scattering analysis of thick curved 

PEC sheets. 

II. THICK PLATE  

The scattering analysis of a free-standing PEC plate with 

nonzero thickness with the method-of-moment (MoM) 

discretization of the EFIE [4], leads to the following 

expression of the approximated scattered electric 
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where NE denotes the number edges arising from the 

discretization, the basis function nt  straddles 
nQ ,  the pair of 

adjacent facets sharing the n-th edge, and { }nc represents 

the set of unknown coefficients. The parameters k and η 

denote, respectively, the wavenumber and the free-space 

impedance, whereas G represents the free-space Green’s 

function. Typically, low-order divergence-conforming sets of 

basis functions are adopted; namely, RWG [5] or rooftop [6], 

for triangular or rectangular meshes, respectively. 

The EFIE relies on the application of the tangential 

electric-field boundary condition over the surface S 

enclosing the plate 
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where 
inc

E stands for the incident electric field. The 

resulting MoM-matrix system arises from testing (2) over a 

tessellation −triangular or rectangular− of S with the 

adopted set of basis functions; that is, 
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The scattering analysis of an object that is geometrically 

symmetric with respect to a plane of reference can be 

decomposed, with no accuracy loss, into two decoupled 

problems through the addition/subtraction, respectively, of 

pairs of field mirror contributions generated by the 

summation/subtraction of pairs of mirror source 

contributions [7]. The original MoM-problem in (3) is then 

converted into two mutually uncoupled matrix systems with 

roughly half the number of unknowns. Each of these 

systems captures the field or current contributions with 

either even or odd symmetry with respect to the reference 

plane.  
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The analysis of a thick plate can be referenced for 

symmetry purposes to the mid-surface SM, which lies inside 

the plate at the same distance from the top and bottom faces 

(see Fig. 1). A symmetric mesh over the enclosing surface is 

required to group the current-expansion or field-testing basis 

functions in pairs of mirror functions. A subset of basis 

functions evolves along the borderline between halves, 

thereby with no symmetric peer. These single functions, as 

we call them, may show even or odd symmetry with respect 

to the plane of reference depending on the adopted scheme 

of meshing. The set of single basis functions need then to be 

accordingly aggregated as current-expansion or field-testing 

basis functions in the corresponding even- or odd-symmetric 

system. In this paper, we call the MoM-implementation 

derived from exploiting such symmetry properties in the 

standard MoM-approach in (3) as EFIE[sym].  

Top-half functions

Bottom-half functions

Single functions

 

    Fig. 1.  Symmetric grouping of basis functions 

 

Our thick-plate formulation [3] applies the standard 

tangential-electric condition of (2) over the NR pairs of 

facets sharing mesh edges that lie inside the plate rim or that 

match the outer boundary line of the rim (see Fig. 2). We 

then index { }1,..., RNt t  ( { }1,..., EN⊂ t t ) as the subset of 

basis functions required for testing purposes over the rim 

mesh (see Fig. 2). On the other hand, unlike the standard 

MoM-scheme in (3), in our thick-plate approach no field 

conditions are imposed over the top and bottom plate faces. 

Instead, the following electric-field conditions are applied 

over the mid-surface SM 
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and SM lies on the xy plane, inside the plate. We test the 

field conditions in (4) and (5) with the set of basis functions 

{ }1 ...
M

M M

Nt t  associated with the NM interior edges of the 

mesh at SM, a translated copy of the meshes over the top- 

and bottom-faces (see Fig. 2).  Overall, the resulting MoM-

system yields 
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                                              1 Rr N≤ ≤ ,   1 Mm N≤ ≤     

where 
M

mQ  represents the duplet of facets (rectangular or 

triangular) that share the m-th edge inside the mesh at SM. 

Pair of mirror rim functions
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Fig. 2.  Thick-plate implementation for a plate with rectangular grid: (a) Rim 

Testing; (b) Mid-surface testing.   

In the expansion of the current, hence, each basis 

function in the top half of the plate has a mirror function at 

the bottom half (see Fig. 1). We then rearrange these 

symmetric basis functions into two sets, which arise from 

either summing or subtracting the symmetric pairs of basis 

functions. These sum and difference source sets appear 

exclusively coupled with the field conditions (7) and (8), 

respectively. Also, they appear only associated with the 

outcome of adding or subtracting, respectively, the field 

condition (6) over symmetric pairs of top- and bottom rim 

testing functions (see Fig. 2). Our thick-plate scheme, 

EFIE[thick], leads to two mutually uncoupled matrix 

systems, in an analogous manner as EFIE[sym]. Both 

EFIE[sym] and EFIE[thick] schemes turn out more efficient 
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than the standard MoM-solution of (3), especially for 

problems with a large amount of unknowns, and are easily 

amenable to parallelization. However, the process of matrix 

generation and manipulation appears more elaborate and 

awkward in the scheme EFIE[sym] than in EFIE[thick]. 

Indeed, EFIE[sym] assumes the search and reordering of the 

basis functions in pairs of mirror basis functions over the 

top-face and bottom-face meshes. This becomes 

computationally demanding for plates with electrically large 

faces, especially, as it often happens, if the mesh is 

generated by another party. In contrast, EFIE[thick] 

circumvents the management of two meshes, over the top 

and bottom faces, through the adoption of one single mesh, 

over the mid-surface (see Fig. 2), where the top-face and 

bottom-face mirror source contributions can be 

automatically assigned and where the field tests (7) or (8) 

are applied. 

III. THICK CURVED SHEET  

Consider the scattering analysis of a free-standing curved 

sheet with nonzero thickness under an incident plane wave. 

We model the curved sheets such that (i) the rims of the thick 

sheet impinge perpendicularly on the top and bottom 

surfaces of the sheet, and (ii) the top and bottom surfaces are 

parallel (see Fig. 3). Just like in the thick-plate approach, the 

mid-surface of the curved sheet lies inside the structure and 

is equidistant to the top and bottom surfaces (see Fig. 3-(b)).  

In the analysis of thick curved sheets, we explore the 

application of the schemes EFIE[sym] and EFIE[thick], 

successfully implemented for the scattering analysis of thick 

plates [3]. Pairs of mirror source or testing basis functions 

can be also defined in the thick curved-sheet analysis, in an 

analogous manner as done in the thick-plate schemes. 

However, now, as shown clearly in Fig. 3, unlike the thick 

plate, the mid-surface and curved-sheet top or bottom 

surfaces are not translated copies (their radii of curvature are 

slightly different). In consequence, the crucial symmetry 

properties that justify the decomposition of the original 

MoM-problem into two decoupled systems, with reduced 

number of unknowns, strictly speaking do not appear valid 

anymore.  Some loss of accuracy is then expected for the 

thick curved sheet analysis with the EFIE[sym] or 

EFIE[thick] schemes. As a matter of fact, the thick plate 

contains surfaces with infinite radius of curvature. Therefore, 

intuitively speaking, it appears reasonable that the observed 

inaccuracy in the thick curved sheet analysis decreases as the 

radii of curvature of the involved surfaces grow or as the 

thickness of the curved sheet diminishes. In both cases, the 

top and bottom surfaces differ less, and therefore approach 

better the top-bottom symmetry paradigm.  

The thick curved-sheet approach follows the guidelines 

described in (6)−(8) for the thick plate, which results in the 

following matrix system 
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where n denotes the normal coordinate, defined locally over 

each facet belonging to the m-th testing facet-duplet 
M

mQ   

(see Fig. 3-(b)).  
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Fig. 3.  Thick curved sheet discretization:  (a) Symmetric grouping; (b) Rim 

and Mid-surface testing  

IV. RESULTS 

In Figs. 5 and 6, we show RCS results computed with 

the schemes EFIE[sym] and EFIE[thick] for several curved 

sheets with nonzero thickness. For comparison purposes, we 

display also MoM-results obtained from the full modelling 

of the object, as a closed surface, EFIE[full], or through the 

thin-sheet approximation, EFIE[thin], which assumes zero 

thickness. The types of thick curved sheets adopted in Figs. 

5 and 6 are spherical caps with outer radii of 2m or 4 m and 

aperture angles of 40o and 30o, respectively (see Fig. 4). The 

thickness of both spherical caps is 0.02 m. The impinging 

plane wave is x-propagating and z-polarized in all cases. 

The working wavelength is 1m. 
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Fig. 4.  Spherical caps with radii of curvature and aperture angles, 

respectively, of 4λ and 300 (top) and 2λ and 400 (bottom). The triangular 

meshes adopted contain 4290 facets (top) or 1386 facets (bottom). The 

thickness is 0.02 m in both cases. 

In view of Figs. 5 and 6, the implementations EFIE[sym] 

and EFIE[thick] show good match with the full MoM-

solution. Under the adopted grazing incidence (see Fig. 4), 

the thin-surface approximation EFIE[thin] shows evident 

inaccuracies.   

 

Fig. 5.  RCS cut over the H-plane computed for several EFIE-

implementations and an impinging z-polarized plane wave for a spherical 

cap with outer radius of 2 λ, aperture angle of 40º and thickness of 0.02 m. 

 

 
Fig. 6.  RCS cut over the E-plane computed for several EFIE-

implementations and an impinging z-polarized plane wave for a spherical 

cap with outer radius of 4λ, aperture angle of 30º and thickness of 0.02 m. 

The computational load in the full MoM-solution 

involves 2079 and 6435 unknowns, respectively, for the 

tested spherical caps with radii 2λ and 4λ. In contrast, the 

thin-surface approach reduces the problem down to 819 and 

2717 unknowns, respectively. The schemes EFIE[thick] and 

EFIE[sym] offer good accuracy after solving two concurrent 

systems of 1071 and 1008 unknowns  for the 2λ-case or of 

3289 and 3146 unknowns for the 4λ-case. 

V. CONCLUSIONS 

Our thick-surface implementation shows competitive 

accuracy with respect to the full MoM EFIE-solution for the 

tested thick slightly curved sheets (spherical caps) under 

grazing incidence angles, where the thin-surface approach 

fails. The thick-surface solutions require the computation of 

two systems with half the number of unknowns of the 

original MoM-problem. Our thick-surface implementation 

simplifies the matrix generation and manipulation through 

the testing over a reference surface inside the curved sheet. 

As expected, our tests confirm that good accuracy is obtained 

for sheet thicknesses rather smaller than observed in the 

accurate scattering analysis of thick plates [3].  
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