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ABSTRACT 14 

Numerous studies have shown that adding steel fibers to the concrete mixture improves both the shear 15 

strength and ductility of reinforced concrete beams. Most current shear design formulations for steel 16 

fiber reinforced concrete beams are empirically based and their predictions provide acceptable results 17 

when compared with tests results, but only in limited ranges of the parameters involved. On the other 18 

hand, many shear theoretical models suggested in the literature are derived by extending previous 19 

formulations for conventional reinforced concrete beams, just introducing the stresses transferred across 20 

the critical shear crack. Since the effects of steel fibers on the others shear resisting mechanisms are not 21 

accounted for, “adjusting” empirical factors must be used to fit the experimental results. There is, 22 

therefore, the need for developing mechanical models capable to rationally account for the effects of 23 

steel fibers on the global shear strength and on each shear resisting mechanisms. 24 

In this paper, the previously derived and validated Multi Action Shear Model for RC elements is 25 

extended to steel fibers reinforced concrete beams without stirrups. The effects of steel fibers on each 26 

resisting mechanism have been identified and incorporated in the formulation of each shear component 27 

and in the Multi-Action Shear Model equilibrium equations. The residual tensile stresses of fibrous 28 
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concrete, obtained through a simple formulation, has been used to: capture the enhancement of the 29 

compression chord contribution; the shear transferred by bridging effect of the fibres along the critical 30 

shear crack and by dowel action. 31 

The proposed model is shown to properly estimate the shear resistance of a large set of available test 32 

data, being able to account for most influencing parameters, like fibers types and amounts, concrete 33 

strength, longitudinal reinforcement ratios and beams geometry. 34 
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1. INTRODUCTION 38 

The brittle behavior of plain concrete in tension leads to achieve a shear failure in reinforced concrete 39 

(RC) beams without transversal reinforcement in rapid manner and without any warning. The lack of 40 

post-cracking ductility in tension is a characteristic of concrete, thus several researchers pointed out the 41 

tensile strength of material as a key parameter to predict the shear failure of RC beams without stirrups. 42 

Many codes connect the tensile strength with the shear strength though the equations are usually derived 43 

in a semi-empirically way. 44 

Over the past decades, there has been a wide interest in using Steel Fiber Reinforced Concrete (SFRC) 45 

to improve the performance of RC beams, especially in tension and shear. The presence of fibers in the 46 

mixture of concrete helps to delay crack initiation and to control the post-cracking behavior in tension 47 

of the new material. Then, these mechanical properties of the new composite material, enhanced by steel 48 

fibers, lead to largely improve the shear strength of RC beams. 49 

Many experimental results reported in the literature confirm these beneficial effects in terms of shear 50 

strength due to steel fibers [1], as also shown in the database recently constructed by Lantsoght [2]. In 51 

most of the available studies, the effect of the parameters that influence the shear resistance of SFRC 52 

beams, as well as the fiber amount and characteristics, have been largely investigated in small and 53 

medium scale specimens. 54 

In the last ten years, the attention has moved to study the size-effect in SFRC beams, and several 55 

investigations with large-scale specimens have been carried out by different researchers [3–6]. They 56 

provided a series of interesting information in investigating the shear behavior of SFRC beams. 57 

Zarrinpour and Chao [6] conducted an experimental campaign to identify the shear-enhancement and 58 

failure mechanisms behind the ultimate shear strength of SFRC full-scale slender beams by using the 59 

full field-deformation-measuring capability of Digital Image Correlation (DIC) technology. By the 60 

analysis of their experimental results, they observed that the greater shear strength in SFRC beams was 61 

due to the fiber bridging effect, which delays the propagation of the cracks into the compression zone, 62 

whose shear strength is enhanced by the compressive stresses induced by the higher load. Furthermore, 63 

according to their interpretation, the slow progression of the cracks keeps the compression zone depth 64 
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large, thereby enabling it to contribute to a higher shear resistance [6]. This is in partial contrast with 65 

most of the existing models for predicting the shear resistance of SFRC beams, which are usually based 66 

on existing models for RC beams by introducing only the shear contribution of SFRC residual tensile 67 

stress across the shear critical crack. Moreover, only the simple sum of each single shear contributions 68 

(concrete matrix in tension and steel fibers across the crack) is usually proposed in the updated equations 69 

for SFRC specimens [3, 7, 8], especially in code formulations [9, 10]. 70 

More recently, some deep theoretical models, able to take into account the interaction between the 71 

various resistant mechanisms (concrete matrix in tension, in compression, and bridging stress along the 72 

critical crack), originally proposed to predict the shear strength of conventional RC beams, have been 73 

updated to the case of SFRC specimens through the addition of the fiber component to the shear 74 

resistance of RC beams. These kind of formulations are based on sophisticated theory, as the Modified 75 

Compression Field Theory (MCFT) [11–13], the plasticity equations for concrete [14–17], and the 76 

critical shear band concept [18]. 77 

In this context, Marí et al. [19] developed a conceptual model for the prediction of the shear-flexural 78 

strength of slender RC beams with and without transverse reinforcement, namely Multi-Action Shear 79 

Model (MASM). The model incorporates the contributions to shear strength provided by the un-cracked 80 

compressed concrete chord (Vc), by the diagonally cracked web (Vcw), including the residual stresses 81 

transferred along the crack’s length by fracture energy of concrete, by the stirrups crossing the critical 82 

shear crack (Vs), if they are present and, in that case, by the longitudinal reinforcement (Vl). After the 83 

development of the first branch of the critical shear crack, failure is considered to occur when the stresses 84 

at any point of the concrete compression chord reach the assumed biaxial stress failure envelope, as 85 

proposed by Kupfer [20].  86 

The MASM, and a subsequent simplification of it, called the Compression Chord Capacity Model 87 

(CCCM) [21], have proved to adequately predict the shear strength of reinforced and Prestressed 88 

Concrete (PC) beams, with and without stirrups, having rectangular, T and I cross section shapes [22] 89 

[23], being slender or non-slender beams [24], and even reinforced with Fibre Reinforced Polymers 90 

(FRP) [25]. In this paper, the MASM has been extended to allow capturing the shear strength of SFRC 91 

beams, which is briefly summarized in the following sections. Note that a preliminary adaptation of the 92 
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CCCM for its use for SFRC beams had been already presented [21], but in this case the model was just 93 

adapted by introducing a shear contribution of SFRC residual tensile stress across the shear critical 94 

crack. The adaptation proposed in this paper of the MASM clearly improves the previous works thanks 95 

to its strong mechanical background. 96 

The ability of SFRC to maintain a residual tensile stress after cracking has been the key to model 1) the 97 

reduction of damage in the compression chord, by suitably estimating the neutral axis depth, 2) the 98 

bridging effect of the fibres across the critical shear crack and, 3) the enhancement of the dowel action 99 

in the longitudinal reinforcement. 100 

In order to adequately modelling the effects of fibres on the residual tensile strength of the hardened 101 

composite, the residual tensile stress is evaluated in a simple manner by using the drop-down constant 102 

tensile stress model as proposed by Lim et al. [22] and adapted by Spinella et al. [15]. This simplified 103 

approach allows to avoid some cumbersome calculations, thus resulting in a more suitable method for 104 

design purposes. 105 

2. CHARACTERIZATION OF THE RESIDUAL TENSILE STRESS OF SFRC 106 

2.1. Post-cracking tensile behavior of SFRC 107 

The addition of steel fibers in the range up to 1.5% by volume fraction to concrete (Vf), as normally used 108 

in SFRC structural beams, provides residual tensile stresses at large displacements without significantly 109 

improving the tensile strength. This constitutive behavior depends on the mechanical properties of 110 

cement matrix, the amount (Vf) and the characteristics of fibers added, like length (Lf), diameter (df) and 111 

steel yield strength (σsy). 112 

The parameters characterizing the SFRC in tension are usually obtained by means of flexural tests, to 113 

avoid large scatter typical of pure axial tensile test. However, the obtained stress values cannot be 114 

directly considered the tensile stress transferred across the critical shear crack, and they need to be 115 

transformed by theoretical or empirical equations [23–25]. 116 

For example, the Model Code 2010 (MC2010) [25] suggests two simplified stress-crack opening 117 

constitutive laws (plastic rigid or linear post-cracking behavior) depending by fFts and fFtu, which are the 118 

tensile stress levels representative of Service (SLS) and Ultimate Limit State (ULS), respectively. 119 
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According to EN 14651, the post-cracking tensile stress can be determined as a function of the residual 120 

flexural tensile strength corresponding to Crack Mouth Opening Displacement (CMOD) = 0.5 and 2.5 121 

mm (fR1 and fR3, respectively) measured on a three-points bending test [25]. 122 

Similarly, the ASTM 1609 [26] proposes three-point bending tests, without notch mouth, to estimate the 123 

flexural tensile strength of SFRC. Dinh et al. [3] suggested a procedure to determine the average residual 124 

tensile stress from ASTM 1609 tests, which is limited to ASTM 1609 beams exhibiting a single flexural 125 

crack (i.e., deflection softening behavior), by modelling the specimen as two rigid blocks rotating an 126 

angle with respect to each other. 127 

Some analytical models to reproduce the tensile stress constitutive behavior are also available in the 128 

literature. 129 

Voo and Foster [27] proposed the Variable Engagement Model (VEM), which assumes that slip between 130 

fibers and concrete matrix occurs before the full bond stress is developed, and the fibers fracture 131 

themselves before being pulled out across a crack. Then, some slip between the matrix and the fibers 132 

must occur before the anchorage is engaged. The VEM has been adopted in previous works to estimate 133 

the shear strength of slender SFRC beams by plasticity approach [15], and also to reproduce the overall 134 

response-behavior of SFRC beams by Non-Linear Finite Element Analysis (NLFEA) [13]. 135 

Lee et al. [28, 29] proposed the Diverse Embedment Model (DEM), which is derived with consideration 136 

given to all possible fiber orientations and embedment lengths and is influenced by the member’s finite 137 

dimensions. The model considers the frictional bond behavior, mechanical anchorage effects of fibers 138 

and the influence of finite member dimensions. 139 

These analytical models are able to provide detailed information about the constitutive behavior of 140 

SFRC under uniaxial tensile stress, but require itemized information about matrix, fibers and, mostly, 141 

their interaction behavior. Moreover, to use one of these analytical constitutive laws, the knowledge of 142 

the crack width growth is needed. 143 

In fact, in SFRC beams before the shear failure, the tensile force transferred across the critical diagonal 144 

crack through fiber tension depends on the shear crack width. In order to estimate the magnitude of this 145 

force, the use of a constant tension stress would be a handy tool, rather than calculating its overall 146 

distribution. 147 
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Therefore, in this work, a simple analytical equation for the estimation of the average residual tensile 148 

stress (σtu), constant along the shear crack, is used [15, 22]. 149 

2.2. Estimation of the average residual tensile stress of SFRC 150 

As known, the post-cracking tensile stress of SFRC is, in general, proportional to the term Vf (Lf/df), 151 

being Lf and df the fiber length and diameter, respectively, and Vf the volumetric fraction of fiber. 152 

Accounting for bond effects by means of a bond factor βτ which depends on the type of fiber (i.e., 153 

straight, hooked, crimped, etc.), the fiber factor Fτ is obtained as: 154 

𝐹𝐹𝜏𝜏 = 𝛽𝛽𝜏𝜏𝑉𝑉𝑓𝑓
𝑙𝑙𝑓𝑓
𝑑𝑑𝑓𝑓

           (1) 155 

Usually, the βτ value has an empirical origin. In this work, though, the fiber bond factor has a physical 156 

meaning: βτ = τf/fct is the ratio between the mean fiber-matrix shear stress and the strength under direct 157 

tension of the concrete matrix [15]. The shear stress τf is calculated as function of concrete matrix tensile 158 

strength (fct), shape of fiber (hooked, plain or other), and type of matrix (concrete or mortar) as suggested 159 

by Voo and Foster [27]. In the typical case of concrete matrix, τf adopts the value 2.5 fct for hooked 160 

fibers and 1.2 fct for straight fibers [27]. 161 

The formulation of the average residual tensile stress for fibrous concrete in tension is derived by the 162 

constitutive law proposed by Lim et al. [22]. In that model, the post-cracking behavior follows a 163 

horizontal branch, and the ultimate tensile strength (σtu) can be estimated as: 164 

𝜎𝜎𝑡𝑡𝑡𝑡 = 2𝜂𝜂0𝜂𝜂𝑙𝑙𝑉𝑉𝑓𝑓
𝐿𝐿𝑓𝑓
𝑑𝑑𝑓𝑓

          (2) 165 

Introducing the fiber factor of Eq. (1) in Eq. (2), σtu becomes: 166 

𝜎𝜎𝑡𝑡𝑡𝑡
𝑓𝑓𝑐𝑐𝑡𝑡

= 2𝜂𝜂0𝜂𝜂𝑙𝑙𝐹𝐹𝜏𝜏           (3) 167 

where η0 = 0.405 is the fiber orientation factor, ηl is the length efficiency factor for fiber, which depends 168 

on the critical length lc = (σsy df) / (2 τf). If the fiber length, Lf, is less or equal to lc then ηl = 0.5, else 169 

ηl = 1 - lc / (2 Lf). 170 

It should be observed that the maximum allowable value of Eq. (3) is 1, then the fiber factor cannot be 171 

over than (2η0ηl)-1 [16]. Furthermore, the residual tensile strength of fibrous concrete depends on the 172 
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tensile strength of plain concrete (fct), which, according to Spinella [16] should be evaluated as 0.45 fcm
0.4 173 

(in MPa), and being fcm the average value of the plain concrete compressive strength. 174 

One of the goals of this research work is to provide a mechanically-based model for shear strength of 175 

SFRC without stirrups that can be used in daily engineering design as an alternative to empirically-based 176 

formulations provided by current codes. Then, for the sake of consistency with European codes, the 177 

mean value of the tensile strength of plain concrete given by the MC2010 [30] is used in this work 178 

(fct = 0.3 fck
2/3 for fck ≤ 50 MPa and fct = 2.12 ln[1 + 0.1(fck + 8 MPa)] for fck > 50 MPa). Therefore, the 179 

value of the average residual tensile stress given by Eq. (3) has to be adapted to consider a different 180 

formulation of fct, with respect to the one used in [16] and originally proposed by Bentz [30]. This is 181 

done by multiplying factor βτ = τf/fct by the ratio between the tensile strength proposed by Bentz and by 182 

MC2010, which is, approximately, 0.58 (for fck > 10 MPa). Then, to use the plain concrete strength 183 

formulation of MC2010 in the proposed shear model, the fiber bond factor value is herein modified and 184 

calculated as βτ = τf/fct ≅ 0.58 × 2.5 = 1.45, and = 0.58 × 1.2 ≅ 0.70 for hooked and straight fibers, 185 

respectively. 186 

In Figure 1, the numerical non-dimensional tensile stress-crack opening curves, calculated by the 187 

Variable Engagement Model (VEM), the MC2010, and the Eq. (3) are plotted for specimen NSC2-FRC1 188 

[1]. A volumetric percentage of 0.38% of steel fibers was used in the concrete mixture, and they were 189 

hooked with an aspect ratio (Lf/df) equal to 1. As reported by the authors of the test, the tensile stress 190 

levels at SLS and ULS, experimentally obtained by bending test, were fFts = 1.17 MPa and fFtu = 0.84 191 

MPa, respectively. 192 



 

9 
 

 193 

Figure 1. Numerical non-dimensional tensile stress-crack opening curves obtained for specimen 194 

NSC2-FRC1 [1]. 195 

3. GENERAL OVERVIEW OF THE MULTI-ACTION SHEAR MODEL (MASM) 196 

It is generally agreed that as the load increases in a RC member failing in shear, damage concentrates 197 

around a critical shear crack, originally a flexural crack. A first branch of this crack develops inclined 198 

across the web and until the neighborhood of the flexural neutral axis (Fig. 2). Under incremental 199 

loading, a second branch of the crack develops inside the un-cracked concrete chord, which will connect 200 

the first branch of the crack and the load application point, producing failure.  201 

 202 

Figure 2. Critical shear crack evolution [19]. 203 

The main assumption of the MASM, backed by the empirical observation of many authors [31–33] is 204 

that when the second branch of the critical crack develops, the load does not significantly increase, as 205 

softening of the concrete in the compression zone initiates. During the crack propagation inside the 206 

flexural compression zone, redistribution of internal forces may occur, affecting the relative importance 207 

of the different shear resisting actions. 208 

First branch 

Second branch 

Neutral axis depth 
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To associate the initiation of the shear failure to the propagation of the second branch of the critical 209 

crack results in a significant simplification of the problem, since it allows formulating a failure criterion 210 

expressed in terms of concrete stresses in the compression chord (Kupfer’s biaxial failure envelope 211 

[20]), (Fig. 3). This failure criterion depends on the compression and tensile strength of concrete, which 212 

have less scatter than other parameters associated to kinematical failure criteria.  213 

 214 

Figure 3. Kupfer’s failure envelope [19].  215 

The MASM [19] proposes explicit equations for the different shear transfer actions considering that the 216 

tip of the shear critical crack has propagated until the flexural neutral axis. The shear strength, Vu in 217 

Eq. (4), is the sum of the shear resisted by the transverse reinforcement, if it exists, Vs, and by the shear 218 

resisted in the un-cracked compression chord, Vc, the shear transferred across web cracks, Vw, and the 219 

dowel action in the longitudinal reinforcement, Vl (Fig. 4). 220 
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 221 

Figure 4. Shear strength components in a RC beam according to MASM. 222 

Table 1 shows the dimensionless equations (shear force divided by fct b d) governing each contributing 223 

component. Detailed information related to these equations, factors, and parameters can be found in 224 

Cladera et al. [34]. 225 

𝑉𝑉𝑡𝑡 = (𝑉𝑉𝑐𝑐 + 𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑙𝑙) + 𝑉𝑉𝑠𝑠 = 𝑓𝑓𝑐𝑐𝑡𝑡𝑏𝑏𝑏𝑏 [(𝑣𝑣𝑐𝑐 + 𝑣𝑣𝑐𝑐𝑐𝑐 + 𝑣𝑣𝑙𝑙) + 𝑣𝑣𝑠𝑠]     (4) 226 

In order to derive Vc, shear, normal and principal stresses distributions inside the un-cracked concrete 227 

chord are adopted in the model. Since the shear failure takes place for moderate stresses in the critical 228 

section (placed where the critical crack reaches the flexural neutral axis), a linear distribution of 229 

compression stresses is assumed (Fig. 5). Furthermore, the shear stresses along the critical shear crack 230 

concentrate near the crack tip, where crack opening is lower, and decrease as the load increases. For this 231 

reason, it is assumed that shear stresses are fully concentrated in the un-cracked concrete chord, having 232 

a parabolic distribution with zero values at its top and bottom fibers.  233 
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 234 

Figure 5. Stresses distributions in the compression chord, according to MASM. 235 

Furthermore, based on experimental observations made by the authors and summarized by Marí et al. 236 

[19] and Cladera et al. [35], the horizontal projection of the first branch of the flexural-shear critical 237 

crack is considered to be equal to 0.85d, where d is the effective depth of the beam. 238 

Based on the above assumptions, Vc is obtained by relating forces and stresses in the compression chord 239 

when failure takes place, according to Kupfer’s criterion, and setting the equilibrium between forces, 240 

moments and the shear resisting components in the portion of the beam placed above the first branch of 241 

the critical crack (see Figure 4). The solution of the resulting equation for Vc can be very well approached 242 

by Eq. (5) in Table 1. 243 

The shear resisted in the web, Vcw, is obtained by integrating the residual tensile stresses transferred 244 

across the critical crack, derived by fracture mechanics in function of the strain in the longitudinal 245 

reinforcement, among other factors. Given its reduced magnitude compared to Vc, a value of Vcw 246 

associated to an average strain at the reinforcement at shear failure (around εsb = 0.0009) is adopted, see 247 

Eq. (6) in Table 1. 248 

The shear transferred by the longitudinal reinforcement, Vl, is neglected in beams without stirrups, due 249 

to the low capacity of the plain concrete cover to resist the push-off force due to shear. In case of the 250 

presence of stirrups, the longitudinal bars are considered fixed on them and subjected to a differential 251 
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imposed vertical movement due to shear deformations. Then, Vl depends on the number and diameter 252 

of the longitudinal bars, stirrups spacing and other factors, but, again, its value is very reduced in 253 

comparison with Vc. Therefore, a simple formula [Eq. (7b)] which depends on the longitudinal 254 

reinforcement ratio, is adopted. 255 

The shear resisted due to the shear reinforcement, Vs, is given by Eq. (8), derived considering the vertical 256 

force of the stirrups intersected by the first branch of the critical crack.  257 

 258 

Table 1. Summary of dimensionless shear contributing components for slender beams and factors used 259 

(MASM) 260 

Shear resisting action Dimensionless equations  

Compression chord 𝑣𝑣𝑐𝑐 = ξ �(0.88 + 0.7𝑣𝑣𝑠𝑠) 𝑥𝑥
𝑑𝑑

+ 0.02�  (5) 

Cracked concrete web 𝑣𝑣𝑐𝑐 = 167 𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐
𝐸𝐸𝑐𝑐

�1 + 2𝐺𝐺𝑓𝑓𝐸𝐸𝑐𝑐
𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐2 𝑑𝑑

�   (6) 

Longitudinal reinforcement 𝑖𝑖𝑓𝑓 𝑣𝑣𝑠𝑠 > 0 → 𝑣𝑣𝑙𝑙 = 0.23 𝑛𝑛·𝜌𝜌𝑙𝑙
1−𝑥𝑥/𝑑𝑑

  (7a) 

𝑖𝑖𝑓𝑓 𝑣𝑣𝑠𝑠 = 0 → 𝑣𝑣𝑙𝑙 = 0  (7b) 

Shear reinforcement 𝑣𝑣𝑠𝑠 = (𝑏𝑏 − 𝑥𝑥) cot𝜃𝜃 𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑦𝑦𝑠𝑠
𝑠𝑠𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐𝑏𝑏·𝑑𝑑

  (8) 

Struts crushing 𝑉𝑉𝑚𝑚𝑚𝑚𝑥𝑥 = 𝛼𝛼𝑐𝑐𝑐𝑐𝑏𝑏𝑏𝑏𝜈𝜈1𝑓𝑓𝑐𝑐𝑚𝑚
𝑐𝑐𝑐𝑐𝑡𝑡𝑐𝑐

1+𝑐𝑐𝑐𝑐𝑡𝑡2𝑐𝑐
≈ 0.225𝑓𝑓𝑐𝑐𝑚𝑚𝑏𝑏 𝑏𝑏  (9) 

Factors Expressions  

Size and slenderness effects ξ = 2

�1+ d0
200

�d
a
�
0.2

≮ 0.45   d 𝑎𝑎𝑎𝑎𝑏𝑏 𝑏𝑏0 𝑖𝑖𝑎𝑎 𝑚𝑚𝑚𝑚  (10) 

Neutral axis depth 𝑥𝑥
𝑑𝑑

= αρ �−1 + �1 + 2
nρ
� ≈ 0.75(αρ)1/3  

(11) 

Crack inclination cot𝜃𝜃 = 0.85𝑑𝑑
d−𝑥𝑥

= 0.85
1−𝑥𝑥𝑑𝑑

≤ 2.5  (12) 

   
 261 

Struts crushing [Eq. (9)] may occur in cases when a large contribution of Vs exists, so this check is 262 

necessary. For this cases, the formulation of current EC-2 [36], derived from plasticity models was 263 

adopted, but assuming that the angle of the compression strut is equal to the angle of the critical crack. 264 

A combined size and slenderness factor is defined by Eq. (10) and includes the size effect factor 265 

proposed by the ACI Committee 44, as proposed by Bazant et al. [37]. 266 

The flexural relative neutral axis depth x/d to be used in the MASM equations is obtained assuming zero 267 

tensile strength of concrete and linear behavior of concrete in compression, and is given by Eq. (11). It 268 
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depends mainly on the homogenized longitudinal reinforcement ratio nρ and, therefore, the angle of 269 

inclination of the crack, given by Eq. (12), depends on x/d. As the longitudinal ratio increases, x/d 270 

increases and also cotθ, thus increasing the contribution of the shear reinforcement Vs and also the 271 

contribution of the un-cracked concrete chord, Vc. 272 

For the determination of fct using the EC-2 equations, the characteristic concrete compressive strength 273 

fck shall not be taken greater than 60 MPa. This limitation is provided due to the larger observed 274 

variability in shear strength of High Strength Concrete (HSC) members. 275 

In the case of deep beams, in which the shear span – to effective depth ratio (a/d) is less than 2.5, the 276 

shear strength is enhanced due to arch effect. This is taken into account in the MASM by incorporating 277 

the differential aspects of the observed structural behavior of non-slender beams with respect to slender 278 

beams, on its formulation [38]. As a result, the value of the neutral axis depth x/d, and the shear 279 

component Vc have been modified, becoming functions of a/d, as follows: 280 

𝑥𝑥1
𝑑𝑑

= 𝑥𝑥
𝑑𝑑

+ �1 − 𝑥𝑥
𝑑𝑑
� �1 − 0.4 𝑚𝑚

𝑑𝑑
�
2
≤ 1  (12) 281 

  𝑉𝑉𝑐𝑐1 = 𝑉𝑉𝑐𝑐 �1 + �2.5− 𝑚𝑚
𝑑𝑑
�
2
� (13) 282 

4. PROPOSED MODEL FOR THE SHEAR STRENGTH OF SFRC BEAMS WITHOUT STIRRUPS 283 

4.1.  Influence of steel fibers on the considered shear resisting mechanisms 284 

The capacity of SFRC to resist a residual tensile stresses affects the three shear resisting mechanisms 285 

adopted by the MASM for beams without stirrups. 286 

4.1.1. Shear resisted along the critical shear crack. 287 

The bridging effect of the steel fibers allows transferring tensile stresses across the critical shear crack, 288 

providing a resultant force Tf, whose component in the direction normal to the beam axis is the shear 289 

force Vcf. Force Tf is considered normal to the critical shear crack since, due to the increment of shear 290 

strength provided by the steel fibers, the crack width at ULS is large enough to considerably reduce the 291 

aggregate interlock, as experimentally observed by Zarrinpour and Chao [6]. In this work, according to 292 

section 2.1, a constant tensile stress σtu extended along the whole first branch of the critical crack is 293 
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used, which is considered representative of the residual tensile strength at failure (Fig. 6). Such value is 294 

determined by means of Eq. (3), without the need of tensile characterization tests, what is a great 295 

practical advantage. Then, the non-dimensional shear strength vcf can be obtained by Eq (14):  296 

  𝑣𝑣𝑐𝑐𝑓𝑓 = 𝑉𝑉𝑐𝑐𝑓𝑓
𝑓𝑓𝑐𝑐𝑡𝑡 𝑏𝑏 𝑑𝑑

= 0.85d 𝜎𝜎𝑡𝑡𝑡𝑡𝑏𝑏
𝑓𝑓𝑐𝑐𝑡𝑡 𝑏𝑏 𝑑𝑑

= 0.85  𝜎𝜎𝑡𝑡𝑡𝑡
𝑓𝑓𝑐𝑐𝑡𝑡 

 (14) 297 

 298 

 299 

Figure 6. Contribution of steel fibers to the shear resisted in the web and by dowel action. 300 

4.1.2. Dowel action in the longitudinal reinforcement  301 

In beams without stirrups, the vertical displacement of the longitudinal reinforcement outwards the beam 302 

is constrained only by the concrete in contact to the longitudinal reinforcement. In conventional RC 303 

beams, the resistance offered by the plain concrete to prevent the outwards displacement of the 304 

longitudinal reinforcement is small. Furthermore, once the tensile strength is reached at any point, a 305 

quick propagation of a horizontal crack takes place driving to a brittle failure. 306 

However, in the case of SFRC, the ductile post-cracking behavior allows developing residual tensile 307 

stresses normal to the reinforcing bar, in a certain length, providing a non-negligible shear resistance. In 308 

this work, the constant tensile residual strength σtu is considered to develop in a length lcr equal to the 309 

distance from the critical shear crack to the support (see Fig 7). 310 
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 311 

Figure 7. Dowel action in the longitudinal reinforcement of SFRC beam 312 

According to the MASM, the critical shear crack initiates where, for the load producing the ultimate 313 

shear force Vu, the bending moment law reaches the cracking moment, Mcr. Therefore, the contribution 314 

of SFRC to the non-dimensional shear resisted by dowel action in the longitudinal reinforcement can be 315 

determined by Eq. 15: 316 

𝑣𝑣𝑙𝑙 = 𝑉𝑉𝑙𝑙
𝑓𝑓𝑐𝑐𝑡𝑡 𝑏𝑏 𝑑𝑑

= 𝑙𝑙𝑐𝑐𝑐𝑐𝜎𝜎𝑡𝑡𝑡𝑡𝑏𝑏
𝑓𝑓𝑐𝑐𝑡𝑡 𝑏𝑏 𝑑𝑑

= 𝜎𝜎𝑡𝑡𝑡𝑡
𝑓𝑓𝑐𝑐𝑡𝑡 

𝑙𝑙𝑐𝑐𝑐𝑐
𝑑𝑑

=  𝜎𝜎𝑓𝑓
𝑓𝑓𝑐𝑐𝑡𝑡 

𝑀𝑀𝑐𝑐𝑐𝑐
𝑉𝑉𝑡𝑡𝑑𝑑

≅ 0.2
𝑣𝑣𝑡𝑡

𝜎𝜎𝑡𝑡𝑡𝑡
𝑓𝑓𝑐𝑐𝑡𝑡 

       (15) 317 

Where a value d = 0.9h has been assumed, so the cracking moment results Mcr ≅ 0.2 fct·b·d2, and vu is 318 

the non-dimensional shear strength of the beam. Observe that vl depends on the total shear resisted vu, 319 

which is not known “a priori”, so an iterative procedure should be necessary to calculate it. 320 

4.1.3. Shear resisted by the un-cracked compression concrete chord. 321 

In addition to the direct contribution of fibers to the shear resisted in the web Vcf, and by dowel action 322 

Vl, the horizontal component of force Tf (= Vcf tanθ) increases the compression force in the un-cracked 323 

chord, due to equilibrium of forces and moments, thus increasing the neutral axis depth, and, therefore, 324 

the shear capacity of the un-cracked concrete chord. 325 

In order to calculate the neutral axis depth in SFRC, xf > x, a flexural analysis of a section is performed, 326 

assuming plane section deformation and a constant value of the residual tensile stress of SFRC in the 327 

cracked zone (Fig. 6). By setting the equilibrium of forces and moments a four degree polynomial 328 

equation on xf/d is derived and solved numerically. Due to the presence of fibers, equilibrium equations 329 
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are coupled, so xf/d depends on the moment M at the section placed at abscissa ξcrit (Fig. 6). Figure 8 330 

shows the solution for xf/d, for the case of M = 2 Mcr. The theoretical solution can be very well 331 

approached (with an error less than 3%) by the following equation: 332 

𝑥𝑥𝑓𝑓
𝑑𝑑

= 𝑥𝑥
𝑑𝑑

+ 0.42𝑀𝑀𝑐𝑐𝑐𝑐
𝑀𝑀

(1 − 1.66 𝑎𝑎𝑛𝑛) 𝜎𝜎𝑡𝑡𝑡𝑡
𝑓𝑓𝑐𝑐𝑡𝑡

        (16) 333 

 334 

 335 

Figure 8. Non-dimensional neutral axis depth for SFRC beam, in function of σtu/fct and ρ, for 336 

M = 2 Mcr 337 

Once the neutral axis depth is known, the shear resisted by the compression chord is obtained by 338 

integration of the shear stresses. For this purpose, the maximum shear resisted at the critical point and 339 

the distribution of the shear stresses inside the compression chord must be determined. 340 

According to the Mohr’s circle for stresses, the principal tensile (σ1) and compressive (σ2) stresses 341 

produced by the state of normal (σx) and shear (τ) stresses at any point of the concrete compression 342 

chord are: 343 

𝜎𝜎1,2 = 𝜎𝜎𝑥𝑥
2

± ��𝜎𝜎𝑥𝑥
2
�
2

+ 𝜏𝜏2         (17) 344 

Based on experimental observations [39], it is assumed that shear strength in RC beams without stirrups 345 

is associated to the tensile shear failure at a critical shear section close to the support. Then, solving 346 
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Eq. (17), the shear stress, τ, at any point of the compression chord, can be estimated in function of the 347 

normal and principal tensile stresses as: 348 

𝜏𝜏 = 𝜎𝜎1�1− 𝜎𝜎𝑥𝑥
𝜎𝜎1

           (18) 349 

The critical point where failure of the compression chord is considered to occur, is assumed to be placed 350 

at the critical section, defined as the section where the critical shear crack reaches the neutral axis. The 351 

critical point belongs to such section and is assumed to be placed at a distance y = 0.425x from the 352 

neutral axis. Such position, which depends on the normal and shear stresses distributions, was 353 

determined by Mari et al [19] as the point where Kupfer’s failure envelop is first reached. 354 

Previous research works have studied the effects of adding steel fibers on the multiaxial stress strength 355 

of SFRC [40]. Even though the steel fibers increment the strength of SFRC in a biaxial compression 356 

stress state, not a relevant influence of the strength branch on the compression-tension branch has been 357 

found in the literature. Since failure in the compression chord is mainly produced in this branch, 358 

Kupfer’s biaxial failure envelope will be used also for SFRC members when predicting the shear failure 359 

according to the MASM. 360 

The compression-tension branch of Kupfer’s failure envelope is considered a straight line when the 361 

principal compressive stress σ2 is less than 80% of the uniaxial compression concrete strength (see 362 

Fig. 6), given by Eq. (19): 363 

𝜎𝜎1
𝑓𝑓𝑐𝑐𝑡𝑡

+ 0.8 𝜎𝜎2
𝑓𝑓𝑐𝑐𝑐𝑐

= 1          (19) 364 

Then, the principal tensile stress of the critical point in the compression chord can be obtained as: 365 

𝜎𝜎1 = �1 − 0.8 𝜎𝜎2
𝑓𝑓𝑐𝑐𝑐𝑐
� 𝑓𝑓𝑐𝑐𝑡𝑡 = 𝑅𝑅𝑡𝑡   𝑓𝑓𝑐𝑐𝑡𝑡          (20) 366 

Where Rt is the tensile strength reduction factor due to the presence of the compressive principal stress, 367 

σ2. By substituting Eq. (20) into Eq. (18), the maximum shear stress τu that can be resisted is: 368 

𝜏𝜏𝑡𝑡 = 𝑅𝑅𝑡𝑡𝑓𝑓𝑐𝑐𝑡𝑡�1− 𝜎𝜎𝑥𝑥
𝑅𝑅𝑡𝑡𝑓𝑓𝑐𝑐𝑡𝑡

          (21) 369 

Once the value of τu  and its position along the compression chord are known, it is possible to define the 370 

equation of the parabolic distribution of the shear stresses inside the un-cracked chord. Then, the shear 371 
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resisted by the un-cracked concrete chord is obtained by integrating the shear stresses inside it, resulting 372 

the following expression in non-dimensional terms: 373 

𝑣𝑣𝑐𝑐 = 𝑉𝑉𝑐𝑐
𝑓𝑓𝑐𝑐𝑡𝑡 𝑏𝑏 𝑑𝑑

= ∫ 𝜏𝜏(𝑦𝑦)𝑏𝑏𝑑𝑑𝑦𝑦𝑥𝑥
0
𝑓𝑓𝑐𝑐𝑡𝑡 𝑏𝑏 𝑑𝑑

≅ 0.682 𝑥𝑥
𝑑𝑑
𝑅𝑅𝑡𝑡�1− 𝜎𝜎𝑥𝑥

𝑅𝑅𝑡𝑡𝑓𝑓𝑐𝑐𝑡𝑡
       (22) 374 

where the integration factor 0.682 corresponds to the above defined position of the critical point (if the 375 

point was placed at y = 0.5x, the integration factor had been 2/3). 376 

4.2. Modification of the MASM equations for SFRC beams 377 

The shear resisted by the compression chord, Vc [Eq (22)] is expressed in terms of stresses, while for 378 

design purposes it should be expressed in terms of internal forces. For this purpose, the equilibrium of 379 

forces and moments of the portion of beam placed above the first branch of the critical shear crack are 380 

set (Fig. 6), thus allowing to express the internal forces in function of the stress resultants, as follows: 381 

∑𝐹𝐹ℎ = 0   →    𝐶𝐶 = 𝑇𝑇𝑙𝑙 + 𝑉𝑉𝑐𝑐𝑓𝑓𝑡𝑡𝑎𝑎𝑎𝑎𝜃𝜃        (23) 382 

∑𝐹𝐹𝑣𝑣 = 0   →    𝑉𝑉 = 𝑉𝑉𝑐𝑐 + 𝑉𝑉𝑐𝑐𝑓𝑓 + 𝑉𝑉𝑙𝑙         (24) 383 

∑𝑀𝑀𝐴𝐴 = 0 →   𝐶𝐶(𝑏𝑏 − 𝑥𝑥𝑓𝑓
3

) = 𝑀𝑀𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑐𝑐  0.85𝑏𝑏 + 𝑉𝑉𝑐𝑐𝑓𝑓 0.425𝑏𝑏(1 + 𝑡𝑡𝑎𝑎𝑎𝑎2𝜃𝜃)    (25) 384 

In addition, the normal stress at the critical point depth, σx = σc,crit, is expressed in function of the 385 

compression force C in the un-cracked chord: 386 

1
2
𝜎𝜎𝑐𝑐,𝑚𝑚𝑚𝑚𝑥𝑥𝑏𝑏𝑥𝑥𝑓𝑓 = 𝐶𝐶     →       𝜎𝜎𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡 = 0.425 𝜎𝜎𝑐𝑐,𝑚𝑚𝑚𝑚𝑥𝑥 = 0.85 𝐶𝐶

𝑏𝑏 𝑥𝑥𝑓𝑓
     (26) 387 

Being σc,max the compression stress of concrete top fiber. 388 

Then, and substituting Eq. (26) into Eq. (22), the following expression for the non-dimensional shear 389 

resisted by the un-cracked concrete chord is obtained: 390 

𝑣𝑣𝑐𝑐 = 0.682 𝑥𝑥𝑓𝑓
𝑑𝑑
𝑅𝑅𝑡𝑡�1 − 0.85 �0.2+𝑣𝑣𝑐𝑐+0.5 𝑣𝑣𝑓𝑓(1+𝑡𝑡𝑚𝑚𝑛𝑛2𝑐𝑐)�

𝑅𝑅𝑡𝑡𝑓𝑓𝑐𝑐𝑡𝑡
𝑥𝑥𝑓𝑓
𝑑𝑑 �1−

𝑥𝑥𝑓𝑓
3𝑑𝑑�

      (27) 391 

Where a non-dimensional cracking moment µcr = 0.2 and a flexural lever arm z = d - xf/3 have been 392 

adopted. Eq. (27) is a second order polynomial equation in vc, however it needs to be solved iteratively, 393 

since Rt is a function of the principal stress σ2 [Eq. (19)] that are not known a priori. The influence of 394 
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steel fibers on vc is introduced through the increment of the neutral axis depth [Eq. (16)], and through 395 

the equilibrium of moments [Eqs. (25) and (27)]. 396 

Once vc is known, the total shear resisted by a SFRC beam is obtained by adding the contributions of 397 

the different shear strength mechanisms, vu = vc+vcf+vl [Eq. (24)]. 398 

In Figure 10 the total non-dimensional shear resisted is plotted in function of the neutral axis depth x/d 399 

obtained by means of Eq. (10) - without considering the effect of fibers - for different values of σtu/fct. 400 

It can be observed the linear dependency between the neutral axis depth, so the theoretical solution is 401 

very closely approached by the following simplified equation: 402 

𝑣𝑣𝑡𝑡 = 𝑣𝑣𝑐𝑐 + 𝑣𝑣𝑐𝑐𝑓𝑓 + 𝑣𝑣𝑙𝑙 = �0.84− 0.10 𝜎𝜎𝑡𝑡𝑡𝑡
𝑓𝑓𝑐𝑐𝑡𝑡
� 𝑥𝑥
𝑑𝑑

+ 0.08 + 1.10 𝜎𝜎𝑡𝑡𝑡𝑡
𝑓𝑓𝑐𝑐𝑡𝑡

     (25) 403 

 404 

Figure 9. Total non-dimensional shear resisted by a SFRC beam in function of x/d and σtu/fct 405 

When predicting shear tests results, the size effect in the compression chord ξ, given by Eq. (9), must 406 

be included and the mean tensile strength of concrete fctm should be used. Then, the absolute value of the 407 

shear resisted is given by: 408 

𝑉𝑉𝑡𝑡 = �𝜉𝜉 �0.84− 0.10 𝜎𝜎𝑡𝑡𝑡𝑡
𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐

� 𝑥𝑥
𝑑𝑑

+ 0.08 + 1.10 𝜎𝜎𝑡𝑡𝑡𝑡
𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐

� 𝑓𝑓𝑐𝑐𝑡𝑡𝑚𝑚 𝑏𝑏 𝑏𝑏     (26) 409 

Note that, for the sake of simplicity, Eq. (26) depends on x/d, the relative neutral axis depth of an 410 

identical beams without steel fibers, and not on xf/d. Once Vu and Vcf are known through Eqs. (26) and 411 
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(14), respectively, Vl can be determined from Eq. (15) and then, Vc = Vu – (Vcf + Vl). Thus, the influence 412 

of different parameters on the contribution of each shear resisting mechanism can be studied. As a matter 413 

of examples, Figures 10 and 11 show the influence of ρ and σtu/fctm on the relative contribution of each 414 

component, respectively. 415 

 416 

Figure 10. Relative shear strength contribution of each component in function of ρ for σtu/fctm = 0.60 417 

It can be seen in Figure 10 that, for the same amount of steel fibers, as the longitudinal reinforcement 418 

increases, the relative contribution of Vc increases, while the relative contribution of the web and the 419 

dowel action slightly decrease. 420 

Figure 11 shows that, for the same amount of longitudinal reinforcement, the higher tensile residual 421 

strength relative to concrete, σtu/fct, the higher relative contribution of the web that, for a value 422 

σtu/fct = 0.40, approximately, becomes higher than Vc. The dowel action reaches a maximum for 423 

σtu/fct ≅ 0.25 and after this value slightly decreases. This is due to the fact that as σtu/fct increases, so does 424 

Vu, and length lcr decreases (Fig. 9). Therefore, the favorable effect of an increment of SFRC residual 425 

strength is balanced by the decrement of lcr. 426 
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 427 

Figure 11. Relative shear strength contribution of each component in function of σtu/fctm for 428 

ρ = 0.125% 429 

4.3. Design Equations 430 

Eq. (26) is derived based on mean values and can be used for predicting the results of shear tests. 431 

However, for design purposes, the design values of the concrete and steel strengths (characteristic values 432 

divided by materials partial factor coefficients), should be used to account for the scatter in the materials 433 

production, dimensions of the members, construction procedures, etc., and to fulfil the safety level 434 

required by the design codes. Thus the following design equation is proposed: 435 

𝑉𝑉𝑡𝑡 = �𝜁𝜁 �0.84 − 0.10 𝜎𝜎𝑡𝑡𝑡𝑡
𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐

� 𝑥𝑥
𝑑𝑑

+ 0.08 + 1.10 𝜎𝜎𝑡𝑡𝑡𝑡
𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐

�0.3 𝑓𝑓𝑐𝑐𝑑𝑑
2
3� 𝑏𝑏 𝑏𝑏     (27) 436 

Where the tensile strength is expressed in terms of the compression design strength of the concrete. 437 

In order to verify the level of safety of the formulation or to determine the suitable partial coefficients 438 

which allow fulfilling the reliability index required, a reliability analysis should be performed, that is 439 

not the objective of this paper. 440 

5. EXPERIMENTAL VERIFICATION 441 

In literature, several experimental studies about the shear behavior of SFRC beams without stirrups are 442 

available. However, many experiments do not provide a detailed description of all input parameters, 443 

and, as expected, they are not cataloged according to a common scheme. 444 
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Recently, Lantsoght [2] has compiled a database of 488 experiments reported in the literature, and the 445 

full spreadsheet is available as supplementary file in .xlsx format available in the public domain [41]. 446 

The structural parameters covered by the database vary over a wide range, however the mechanical 447 

characterization of SFRC was not reported. In fact, when experimental results about post-cracking 448 

tensile stress of SFRC are available, they are generally obtained by using different experimental 449 

protocols, then it makes difficult to homogenize the data [2]. 450 

Contestually, Cuenca et al. [23] presented a material-performance-based shear database for FRC 451 

elements. The database is composed by 93 FRC specimens with a broad range of selected parameters, 452 

and the post-cracking resistance (fR,1 and fR,3) is also given according to EN 14651 standard. 453 

An analysis of the predictions provided by the proposal and also by different formulations available in 454 

literature for the shear strength of SFRC beams has been carried out. Both the database above described 455 

have been used. 456 

In addition to the proposal of this work, the formulation suggested by Dinh et al. [3] and two different 457 

analytical models recently included in MC2010 [25] have been used in the predictions. The choice of 458 

these formulations between the several ones available in literature is due to the fact that the model of 459 

Dinh et al. [3] is similar to the proposed one, and, as for the MC2010 models, the fiber contribution is 460 

provided by the experimental result of a bending test. Therefore, for the database of Cuenca et al. [23], 461 

the formulations are used both using the reported value of fFtu and also using the calculated value of σtu 462 

in this work [Eq. (3)]. 463 

4.2. Dinh et al. [3] 464 

This model is conceptually similar to the proposed one, indeed a SFRC beam without stirrups is assumed 465 

to fail along an idealized inclined crack line and over the compressed concrete. The inclined crack is 466 

assumed to extend from the reinforcement level up to its tip, at the neutral axis level. According to this 467 

model, the shear strength of SFRC beams can be calculated as sum of shear force across the compression 468 

region and the vertical component of the diagonal tension resistance provided by the fibers: 469 

Vu = Vc + Vcf. The dowel action contribute is neglected. The contribution of the compression region is 470 

evaluated as a function of the yielding force of longitudinal reinforcement (= 0.13 As fy), while the 471 
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contribution of fiber tension to the shear strength can be expressed as Vcf = b (d - x) σtu, extrapolating 472 

from ASTM 1609 four-point bending test the average tensile stress σtu and assuming an inclination of 473 

the shear crack equal to 45° (that is cotθ = 1) [3]. 474 

4.3. Model Code 2010 (MC1) 475 

The MC2010 recommended that the shear resistance of SFRC slender beams be calculated by the sum 476 

of the contributions of stirrups, if present, and concrete matrix-fibers mixture. The fiber component is 477 

treated as additional longitudinal reinforcement smeared over the cross-section of the beam and is 478 

adapted to the context of the EC-2 [36] model for shear in RC beams. For non prestressed elements and 479 

without transverse reinforcement, the shear strength is: 480 

𝑉𝑉𝑡𝑡 = 0.18𝑘𝑘 𝑏𝑏𝑏𝑏 �100𝑛𝑛𝑓𝑓𝑐𝑐𝑚𝑚 �1 + 7.5 𝑓𝑓𝐹𝐹𝑡𝑡𝑡𝑡
𝑓𝑓𝑐𝑐𝑡𝑡

��
1
3�        (28) 481 

where k is the size effect parameter [= 1 + (200/d)0.5 ≤ 2]. In this paper this model is referred to as the 482 

MC1 model. 483 

4.4. Model Code 2010 (MC2) 484 

An alternative formulation is suggested in the MC2010. It has been proposed by Foster [11] and it is 485 

based on the simplified MCFT [39]. The contribution of concrete matrix-fibers mixture is calculated as 486 

follows: 487 

𝑉𝑉𝑡𝑡 = �𝑘𝑘𝑣𝑣�𝑓𝑓𝑐𝑐𝑚𝑚 + 0.8𝑓𝑓𝐹𝐹𝑡𝑡𝑡𝑡𝑐𝑐𝑐𝑐𝑡𝑡𝑐𝑐�𝑏𝑏 0.9𝑏𝑏        (29) 488 

being kv = 0.4/(1 + 1500εx) × 1300/(1000 + kdg 0.9d) the strain-aggregate size parameter, derived from 489 

the MCFT and determines the capacity of the cross-section to resist aggregate interlock, with 490 

kdg = 32/(16 + dg) ≤ 0.75; and the crack angle is θ = 29° + 7000εx. 491 

Both kv and θ are estimated as function of the critical crack width (wu = 0.2 + 1000εx ≥ 0.125 mm) and 492 

of the longitudinal strain at centroid level (εx), then they must be solved simultaneously by an iterative 493 

procedure. In this study the model is notated as MC2. For further information on the derivation of this 494 

model, the reader is referred to [11, 25]. 495 
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4.5. Comparison 496 

Figure 12 presents the correlation between experimental (VExp) and the predicted (VPre) shear strength 497 

using the four considered models and the specimens in the two different databases. A tolerance of 15% 498 

has been represented in the graphs. It can be seen that the proposed rational method presents a very good 499 

correlation with tests. Table 2 summarizes the statistical results for all models considered. 500 

For Lantgsoht [2] database, the fiber contribution has been calculated by using the σtu in Eq. (3) for all 501 

formulations (fFtu is not available in this database). The most accurate model is the proposal presented 502 

in this paper [Mean = VExp/VPre = 1.15, CoV = 0.22] followed by the MC2. The less accurate method is 503 

Dinh et al. [3]. The trend is confirmed both in terms of mean and Coefficient of Variation (CoV). The 504 

CoV is a measure of precision of the model, and the proposal provides 0.22 for the full database 505 

considered. Lantgsoht [2] provided also a comparison between some code predictions. The fFtu value in 506 

MC1 was estimated as suggested by German guideline; the limitation of ρ < 0.02 was neglected; and 507 

the reduction factor β = a/2d for 0.5d ≤ a ≤ 2d was used. With these assumptions, the MC1 gives a mean 508 

of 1.24 and a CoV of 0.29 [2]. 509 

For Cuenca et al. [23] database, it should be noticed that the prestressed beams in the database are not 510 

considered in the following comparison. The fiber contribution has been calculated by using both the 511 

σtu in Eq. (3) and the fFtu value reported in this database. By introducing the average tensile strength 512 

value for SFRC calculated by Eq. (3) in all formulations, the proposal is the model which provides the 513 

best performance also for this database [VExp/VPre = 1.17 (0.24)]. The MC1 also estimates the shear 514 

strength with enough accuracy [VExp/VPre = 1.19 (0.24)]. The use of fFtu to calculate the fiber contribution 515 

to the shear strength has led to different results. The model with the mean value of the experimental-516 

numerical ratio closer to one is the MC2 [VExp/VPre = 0.99 (0.24)], but the proposal and the MC1 517 

formulations provide the best conservative prediction: 1.04 (0.22) and 1.04 (0.23), respectively. Dinh et 518 

al. [3] model gives the worst statistical results, and it could be due to the different bending test suggested 519 

to estimate the average tensile strength of SFRC and to the conservative assumption of cotθ = 1. 520 
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 521 

Figure 12. Correlation between the test value and the prediction value for the studied models and the 522 

two considered databases [2, 23]. 523 

Table 2. Comparison between experimental (VExp) and prediction (VPre) shear strength value for SFRC 524 

beams. 525 

  VExp/VPre 
Database # Proposal Dinh et al. [3] MC1 MC2 

  fFtu 
 

σtu 
Eq. (3) 

fFtu 
 

σtu 
Eq. (3) 

fFtu 
 

σtu 
Eq. (3) 

fFtu 
 

σtu 
Eq. (3) 

Cuenca 
[23] 

82 1.04 
(0.22) 

1.17 (0.24) 1.18 (0.29) 1.50 (0.33) 1.04 
(0.23) 

1.19 
(0.24) 

0.99 
(0.24) 

1.28 
(0.24) 

Lantsoght 
[2] 

488  1.15 (0.22)  1.70 (0.50)  1.58 
(0.49) 

 1.43 
(0.39) 

 526 

In Figure 13, the values of VExp/VPre for the studied models are presented as a function of σtu/fct, for the 527 

specimens of both the databases considered. It highlights that the proposal of this paper presents good 528 
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results for the two databases, and that the dispersion is very limited. By contrast, the other formulations 529 

used to predict the tests results provide too safe results and higher dispersion of the numerical results. 530 

Finally, from Figure 13 it looks that the ratio VExp/VPre is independent on the ratio σtu/fct. 531 

 532 

Figure 13. Correlation between the experimental and the numerical value for the studied models and the 533 

considered database [2, 23]. 534 

6. CONCLUSIONS 535 

In this paper, a mechanical model for predicting the shear strength of SFRC beams without stirrups, has 536 

been presented. The model is an extension of the Multi-Action Shear Model, in which the SFRC effects 537 

on each shear resistant mechanism have been identified and incorporated into the governing equations 538 

of Multi-Action Shear Model. The following main conclusions of the work done can be drawn: 539 
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1) In the proposed model, the total shear resisted by a SFRC beam without stirrups is composed 540 

by the sum of the contributions of the un-cracked concrete chord, Vc, the shear transferred across 541 

the critical shear crack Vcf, and the shear resisted by dowel action in the longitudinal 542 

reinforcement, Vl. A compact and simple formulation has been derived, including the sum of 543 

these components, each of which can be also determined separately. 544 

2) The increment of shear strength of SFRC beams with respect to conventional RC beams is 545 

essentially due to the bridging capacity of SFRC, that allows resisting a tensile residual stress 546 

σtu across a crack. Such residual stresses contribute directly to resist shear in the web and in the 547 

longitudinal reinforcement by dowel action, and indirectly to increase the shear resisted in the 548 

compression concrete chord through the increment of the neutral axis depth. 549 

3) The residual tensile stress across a crack depends on the crack width and usually needs to be 550 

determined by means of flexural beam tests. However, in this work, a uniform ultimate tensile 551 

strength σtu, not depending on the crack width, has been used, based on previous works of some 552 

of the authors. The value of σtu is a function of the aspect ratio, shape, volumetric percentage, 553 

and the plain concrete tensile strength, which are values known by the designer. 554 

4) The additional contribution of fibers to Vc is mainly due to the increment of compression force 555 

in the un-cracked chord, necessary to equilibrate the moment produced by the resultant of the 556 

tensile stresses along the critical crack. Such increment of compression force produces an 557 

increment of the neutral axis depth and, therefore, an increment of the shear resisted by the un-558 

cracked chord, Vc. 559 

5) A simple, but accurate equation to obtain the increment of the flexural neutral axis depth xf in 560 

function of the applied moment, the longitudinal reinforcement ratio and the ratio between the 561 

applied and the beam’s cracking moment has been obtained. 562 

6) The shear transferred across the crack, Vcf, is the vertical component of the force transferred by 563 

residual stresses across the whole length of the critical shear crack below the neutral axis. 564 

7) It is considered that the shear transferred by dowel action in the longitudinal reinforcement, Vl, 565 

is due to the vertical residual stresses along the horizontal crack in the interface between the 566 



 

29 
 

longitudinal reinforcement and the SFRC. The contributing length to calculate Vl, is considered 567 

the distance lcr, between the critical crack opening and the supports, which according to the 568 

Multi-Action Shear Model is where at shear failure the bending moment is equals the cracking 569 

moment (lcr = Mcr/Vu), but not higher than the shear crack spacing, assumed as 0.85d in a 570 

simplified way. 571 

8) The model has been verified by comparing its predictions with the results of shear tests included 572 

in two different already published databases: a) a large data based recently published, containing 573 

488 tests; and b) a selected database containing only those tests where SFRC post-cracking was 574 

characterized by means of flexural beam tests. The results obtained are summarized as follows: 575 

a. For the large database, the proposal presented in this paper provides good results both 576 

in terms of mean (1.15) and CoV (0.22). It can be concluded that, in spite the 577 

simplification made to determine the residual tensile strength (what has evident 578 

advantages for design), the results of the predictions are better than any of the existing 579 

models, including the MC2010 code. 580 

b. For the selected database, the results of the experimental-numerical ratio have been 581 

calculated by using both analytical (σtu) and experimental (fFtu) residual tensile strength. 582 

In the first case, the proposed model and the MC1 formulation of MC2010 give accurate 583 

predictions. In the second case, the MC2 equation of MC2010 gives the most accurate 584 

prediction (Mean = 0.99 and CoV = 0.24), but the proposed model and the MC1 585 

provide safer results (Mean = 1.04 for both; CoV = 0.22 and 0.23, respectively). 586 

9) The relative contribution of each component depends on the longitudinal reinforcement ratio, ρ 587 

and on the SFRC residual stress to the concrete tensile strength ratio σtu/fctm. The higher ρ, the 588 

higher relative value of Vc, while the higher σtu/fctm, the higher relative contribution of Vcf. 589 

10) Further investigations should be carry out by introducing a residual tensile stress of SFRC in 590 

function of the critical shear crack width, and improving the Kupfer’s failure envelope in the 591 

tension/compression branch for the case of SFRC. 592 
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NOTATIONS 709 

As, Asw  Longitudinal rebar and stirrups area 710 

C  Resultant of compression force 711 

Ec  Young modulus of plain concrete 712 

Fτ  Fiber factor 713 

Gf  Energy fracture of plain concrete 714 

Lf  Fiber length 715 

M, Mcr  Bending moment and cracking bending moment 716 

Rτ  Reduction factor 717 

Tf  Horizontal component of fiber resultant force 718 

Tl  Resultant force of longitudinal rebar 719 

VExp, VPre Experimental and predicted shear strength 720 

Vf  Volumetric percentage of fibers 721 

Vc, Vcw, Vs, Vl, Vcf Shear strength contribution: concrete, concrete web, stirrups, dowel action, and 722 

fibers 723 

Vu  Ultimate shear strength 724 

a  Shear span length 725 

b, d, h  Width, effective depth and total depth of beam cross-section 726 

df  Fiber diameter 727 

dg  Maximum aggregate size 728 

d0  Effective depth of the cross-section (d), but not less than 100 mm 729 

fck, fcm  Characteristic and average value of the plain concrete compressive strength 730 

fct  Tensile strength under direct tension of plain concrete 731 

fFts, fFtu  Tensile stress level representative of SLS and ULS 732 

fR1, fR3  Residual flexural tensile strength corresponding to CMOD = 0.5 and 2.5 mm 733 

fy, fyw  Steel rebar and steel stirrups yield strength 734 

k  Size effect parameter 735 

kdg  Average crack specimen factor 736 



 

35 
 

kv  Strain-aggregate size parameter 737 

lc  Critical fiber length 738 

lcr  Distance from shear critical crack to the support 739 

n  Homogenization factor 740 

vc, vcw, vs, vl, vcf Non-dimensional shear strength contribution: concrete, concrete web, stirrups, dowel 741 

action, and fibers 742 

vu  Non-dimensional ultimate shear strength 743 

x, xf  Neutral axis depth of plain concrete and SFRC 744 

y  Vertical abscissa from neutral axis 745 

wu  Critical crack width 746 

z  Inner lever arm 747 

β  Reduction factor 748 

βτ  Fiber bond factor 749 

εx, εsb  Average normal strain of concrete and of longitudinal reinforcement 750 

η0, ηl  Fiber orientation factor and length efficiency factor for fiber 751 

µcr  Non-dimensional cracking moment 752 

θ  Shear crack inclination angle 753 

ρ  Geometrical percentage of longitudinal reinforcement 754 

σ1, σ2  Principal tensile stresses 755 

σc,crit  Normal stress at the critical point 756 

σc,max  Normal stress at the top fiber of cross-section 757 

σsy  Steel fiber yield strength 758 

σtu  Average residual tensile stress of SFRC 759 

σx, σy  Tensile stresses along x and y direction 760 

τ, τu  Shear stress and ultimate shear stress 761 

τf  Mean fiber-matrix shear stress 762 

ξ  Size and slenderness factor 763 
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ζ  Abscissa along the longitudinal axis beam 764 
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