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ABSTRACT
Cancer evolution is often modeled by clonal trees (whose nodes are

labeled by multiple somatic mutations) or mutation trees (where

nodes are labeled by single somatic mutations). Clonal trees are gen-

erated from sequence data with different computational methods

that may produce different clone phylogenies, rendering their anal-

ysis and comparison necessary to infer mutation order and clone

origin during tumor progression. In this paper, we present a distance

metric for multi-labeled trees that generalizes the Robinson-Foulds

distance for phylogenetic trees, allows for a similarity assessment

at much higher resolution, and can be applied to trees and networks

with different sets of node labels. The generalized Robinson-Foulds

distance can be computed in time quadratic in the size of the in-

put multisets of multisets of node labels, and is a metric for clonal

trees, mutation trees, phylogenetic trees, and several classes of

phylogenetic networks.
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1 BACKGROUND
The clonal theory of cancer evolution [40] establishes that tumor

cell populations evolve from a single clone, that is, from somatic

mutation in a single cell of origin. Thus, the evolution of a tumor

cell population can be described by a multi-labeled tree, whose

nodes are labeled by the set of somatic mutations that characterize

the corresponding clone.

Recent studies provide evidence for the multi-clonal origin of

tumor cell populations, that is, for tumors that arise from somatic

mutation in two or more cells or clones of cells [41, 42]. However,

the evolution of multi-clonal tumor cell populations can still be

modeled by a set of multi-labeled trees, one for each founder clone,

or by a single multi-labeled tree rooted at an additional node for

healthy cells instead of the (multiple) founder clones.

The reconstruction of tumor evolution from bulk sequencing data

(clonal deconvolution) and from single-cell sequencing data has

received much attention over the last few years; see [3, 28, 48, 55]

for recent reviews. Under perfect phylogeny [25], that is, under the

infinite sites assumption [34, 37], by which a somatic mutation can

be gained only once and never lost during tumor evolution, these

methods infer multi-labeled trees that correspond to sets of clones.

Note that in multi-labeled trees inferred under the infinite sites

assumption, for either binary characters [5] or multi-state phylo-

genies [21], a somatic mutation cannot appear more than once.

However, tumor phylogenies inferred under more general models

of evolution correspond to multi-labeled trees with multiple occur-

rences of some somatic mutations. For example, somatic mutations

can be gained at most once but lost more than once in the Dollo

model [22], and can be gained more than once but never lost in the

Camin-Sokal model [10]. Thus, these methods infer multi-labeled

trees that correspond to multisets of clones. See [6, 7] for recent

approaches to cancer phylogeny reconstruction under these models

of evolution.

We will make the infinite sites assumption in the rest of this

paper. The multi-labeled trees that model tumor evolution under

perfect phylogeny are called tumor trees in [24], labeled trees or

mutation trees in [30], and clonal trees in [20, 32].

Definition 1.1. A clonal tree for a set 𝑋 of somatic mutations is a

rooted tree 𝑇 such that

(1) each node 𝑣 ∈ 𝑇 is labeled by a one or more mutations from

𝑋 , denoted by ℓ (𝑣),
(2) every mutation in 𝑋 labels some node of 𝑇 , and

(3) no mutation in 𝑋 appears more than once in 𝑇 .

That is, in a clonal tree 𝑇 over a set of mutations 𝑋 , we have

∅ ≠ ℓ (𝑣) ⊆ 𝑋 for all nodes 𝑣 ∈ 𝑇 ,∪𝑣∈𝑇 ℓ (𝑣) = 𝑋 , and ℓ (𝑣)∩ℓ (𝑤) = ∅
for all nodes 𝑣 ≠ 𝑤 ∈ 𝑇 .

A mutation tree is a particular case of a clonal tree whose nodes

are labeled by only one mutation. They are called mutation trees

in [1, 33] and 1-labeled trees in [30].

Definition 1.2. Amutation tree for a set𝑋 of somatic mutations is

a clonal tree𝑇 for 𝑋 in which each node is labeled by one mutation

from 𝑋 .

That is, in a mutation tree 𝑇 over a set of mutations 𝑋 , we have

|ℓ (𝑣) | = 1 for all nodes 𝑣 ∈ 𝑇 . Mutation trees model tumor evolution

at higher resolution than clonal trees. In fact, at the highest possible

resolution [20].

On the other hand, phylogenetic trees are single-labeled trees

that model the evolutionary history of a set of taxa, such as genes,

species, populations, languages, etc.

Definition 1.3. A phylogenetic tree for a set 𝑋 of taxa is a rooted

tree 𝑇 such that

(1) each leaf node 𝑣 ∈ 𝑇 is labeled by an element from𝑋 , denoted

by ℓ (𝑣),
(2) every element in 𝑋 labels some leaf node of 𝑇 ,

(3) the labels of different leaves are different, and

(4) every non-leaf node has at least two children.
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Phylogenetic networks are a generalization of phylogenetic trees

that also model reticulate evolutionary events, such as recombina-

tion, hybridization, and lateral gene transfer, in an evolutionary

history [44, 45].

Definition 1.4. A phylogenetic network for a set 𝑋 of taxa is a

directed acyclic graph 𝑁 such that

(1) each leaf node 𝑣 ∈ 𝑁 is labeled by an element from 𝑋 , de-

noted by ℓ (𝑣),
(2) every element in 𝑋 labels some leaf node of 𝑁 ,

(3) the labels of different leaves are different,

(4) every node with at least two parents has a single child, and

(5) every non-leaf node with at most one parent has at least two

children.

Recall that the cluster associated with a node in a phylogenetic

tree is the set of descendant leaf labels of the node in the tree, also

called a clade or a monophyletic group, and the cluster represen-

tation of a phylogenetic tree [50, §2.2] is the set of clades for the

nodes in the tree. In a similar vein, but moving up towards the

root instead of moving down towards the leaves, let us define the

clonal representation of a multi-labeled tree (under a given model

of evolution, in particular under perfect phylogeny) as the multiset

of sets of somatic mutations accumulated at the nodes of the tree

during tumor evolution.

Figure 1 (left) shows the set of clones of the consensus clonal tree

inferred by [24] for tumor sample CLL077 from [47]. Mutated genes

are numbered as follows: (1) BCL2L13, (2) COL24A1, (3) DAZAP1,

(4) EXOC6B, (5) GHDC, (6) GPR158, (7) HMCN1, (8) KLHDC2, (9)

LRRC16A, (10) MAP2K1, (11) NAMPTL, (12) NOD1, (13) OCA2, (14)

PLA2G16, (15) SAMHD1, (16) SLC12A1. Figure 1 (right) shows the

multiset of clusters of a phylogenetic network constructed from 21

different isolates of the yeast Cryptococcus gattii, adapted from [54].

The Robinson-Foulds (RF) distance [46], a widely used metric for

comparing phylogenetic trees, has been extended to phylogenetic

networks [17] and can be computed very quickly on both phyloge-

netic trees [18, 43] and phylogenetic networks [2]. It was originally

defined as the cardinality of the symmetric difference between the

sets (or multisets) of clusters of the phylogenetic trees (or networks,

respectively). When normalized to the unit interval, it is the Jaccard

distance [29] on these sets or multisets: we recall its definition, for

multisets, in Definition A.2 in the Appendix at the end of the paper.

Definition 1.5. Let 𝐶 (𝑇 ) be the set of clusters in a phylogenetic

tree 𝑇 . The (normalized) Robinson-Foulds distance between two

phylogenetic trees 𝑇1 and 𝑇2 is the Jaccard distance between their

sets of clusters, that is,

𝑑 (𝑇1,𝑇2) =
|𝐶 (𝑇1) \𝐶 (𝑇2) | + |𝐶 (𝑇2) \𝐶 (𝑇1) |

|𝐶 (𝑇1) ∪𝐶 (𝑇2) |
The Jaccard distance was shown to be a metric on sets in [36, 38].

See [26] for other distance metrics on sets.

Note that, in the RF distance between two phylogenetic trees,

the distance between a cluster in one tree and a cluster in the other

tree is either 0 (when the two trees share the cluster) or 1 (when

the cluster belongs to only one of the two trees). In this paper,

we generalize the RF distance by taking into account the overlap

between each cluster in one tree and each cluster in the other tree.

We extend the definition to multisets of multisets of node labels,

thus the generalized RF distance can be applied to clonal trees and

mutation trees (which we show below to be characterized by the set

of clones of ascendant node labels), to phylogenetic trees (which are

known to be characterized by the set of clusters of descendant node

labels), and to some classes of phylogenetic networks (which are

known to be characterized by the multiset of clusters of descendant

node labels).

The following result was proved for subsets in [23], but a close

analysis of the proof shows that it also holds for sub-multisets.

Theorem 1.6. Let 𝑑 : 𝑋 × 𝑋 → R be a distance metric on a non-
empty set𝑋 , and letM(𝑋 ) be the set of all non-empty finite multisets
on 𝑋 . Let 𝐷𝑑 : M(𝑋 ) ×M(𝑋 ) → R be the function defined, for each
𝐴 and 𝐵 in M(𝑋 ), as

𝐷𝑑 (𝐴, 𝐵) =
∑
𝑎∈𝐴

∑
𝑏∈𝐵\𝐴 𝑑 (𝑎, 𝑏)

|𝐴 ∪ 𝐵 | · |𝐴| +
∑
𝑎∈𝐴\𝐵

∑
𝑏∈𝐵 𝑑 (𝑎, 𝑏)

|𝐴 ∪ 𝐵 | · |𝐵 |
where in each sum, each element is counted with its multiplicity in
the corresponding multiset. Then, 𝐷𝑑 is a distance metric onM(𝑋 ).

Notice that if 𝑑 : 𝑋 × 𝑋 → R is the trivial metric

𝑑 (𝑥,𝑦) =
{

0 if 𝑥 = 𝑦

1 if 𝑥 ≠ 𝑦

then

𝐷𝑑 (𝐴, 𝐵) =
|𝐴| · |𝐵 \𝐴|
|𝐴 ∪ 𝐵 | · |𝐴| +

|𝐴 \ 𝐵 | · |𝐵 |
|𝐴 ∪ 𝐵 | · |𝐵 | =

|𝐴 △ 𝐵 |
|𝐴 ∪ 𝐵 |

is the Jaccard distance onM(𝑋 ).
In this paper we shall be concerned with the following instantia-

tion of this metric.

Definition 1.7. Let 𝑋 be a non-empty set, let M(𝑋 ) be the set of
all non-empty finite multisets on 𝑋 , and let 𝑑 𝐽 : M(𝑋 ) ×M(𝑋 ) →
R be the Jaccard distance on multisets. The generalized Robinson-
Foulds distance 𝐷 onM(𝑋 ) is 𝐷𝑑 𝐽

.

In other words, for every pair of multisets 𝐴, 𝐵 of multisets of

elements of 𝑋 ,

𝐷 (𝐴, 𝐵) =
∑
𝑎∈𝐴

∑
𝑏∈𝐵\𝐴 ( |𝑎 △ 𝑏 |/|𝑎 ∪ 𝑏 |)
|𝐴 ∪ 𝐵 | · |𝐴|

+
∑
𝑎∈𝐴\𝐵

∑
𝑏∈𝐵 ( |𝑎 △ 𝑏 |/|𝑎 ∪ 𝑏 |)
|𝐴 ∪ 𝐵 | · |𝐵 |

where the union and difference operations, as well as the cardinali-

ties, are understood to be of multisets.

Therefore, it can be used for comparing clonal trees andmutation

trees (sets of clones), phylogenetic trees (sets of clusters), and some

classes of phylogenetic networks (multisets of clusters). As a matter

of fact, it can be used to compare any labeled structures that are

characterized by sets or multisets of sets or multisets of labels.

The generalized RF distance can be computed in time quadratic

in the size of the input, using simple algorithms and data structures

that can be easily implemented in any modern programming lan-

guage. In the following proof, we assume that the input consists

of two sorted lists (multisets) of sorted lists (multisets). Sorting a

list of lists 𝐴 involves sorting each of the inner lists 𝑎 ∈ 𝐴 and then

sorting the outer list 𝐴, which takes time∑
𝑎∈𝐴

𝑂 ( |𝑎 | log |𝑎 |) +𝑂 ( |𝐴|2) = 𝑂 ( |𝐴|2)



1,6,11,15

3,4,5,13,14,16

9

2,7,8,10

12 3

1 2

4 5


{1, 2, 6, 7, 8, 10, 11, 12, 15}, {1, 2, 6, 7, 8, 10, 11, 15},
{1, 3, 4, 5, 6, 11, 13, 14, 15, 16},
{1, 3, 4, 5, 6, 9, 11, 13, 14, 15, 16}, {1, 6, 11, 15}



{1}, {1, 2, 3, 4, 5}, {1, 2, 3, 4, 5},
{1, 3}, {2}, {2, 4, 5}, {3}, {3},
{4}, {4, 5}, {5}


Figure 1: Set of clones of a clonal tree (left) and multiset of clusters of a phylogenetic network (right).

using comparison sort, but only𝑂 ( |𝐴|) time when the elements are

integers in the range [1, |𝐴|], using radix sort.

Lemma 1.8. The generalized Robinson-Foulds distance𝐷 (𝐴, 𝐵) can
be computed in 𝑂 ( |Supp(𝐴) | · |𝐵 | + |Supp(𝐵) | · |𝐴|) time.

Proof. Assume the input consists of two sorted lists (multisets)

of sorted lists (multisets). Computing the generalized RF distance

between them requires the computation of the Jaccard distance

𝑑 (𝑎, 𝑏) for each 𝑎 ∈ 𝐴 and 𝑏 ∈ 𝐵. Now, each such 𝑑 (𝑎, 𝑏) can be

computed in 𝑂 ( |𝑎 | + |𝑏 |) time by simultaneous traversal of the

two sorted lists to compute their multiset union and their multiset

difference, with an overall asymptotic contribution of∑
𝑎∈𝐴

∑
𝑏∈𝐵

( |𝑎 | + |𝑏 |) = |Supp(𝐴) | · |𝐵 | + |Supp(𝐵) | · |𝐴|

to the running time. Computing the multiset of multisets union

𝐴 ∪ 𝐵 takes 𝑂 ( |𝐴| + |𝐵 |) time, again by simultaneous traversal of

the two sorted lists of sorted lists. □

Notice that

∑
𝑎∈𝐴

∑
𝑏∈𝐵 ( |𝑎 | + |𝑏 |) = 𝑂 (𝑚3) on clonal or mutation

trees for𝑚 mutations. The largest value is reached at trees with a

clonal representation of the form [[1], [1, 2], . . . , [1, 2, . . . ,𝑚]] and
size 1 + 2 + · · · +𝑚 = 𝑚(𝑚 + 1)/2 = 𝑂 (𝑚2) and, in this case, the

sum equals𝑚2 (𝑚 + 1) = 𝑂 (𝑚3).

1.1 Related Work
The comparison of phylogenetic trees and networks, on the one

hand, has been studied for several decades now; see [31] for a

recent review. To the best of our knowledge, there is only one other

generalization of the RF metric for the comparison of phylogenetic

trees [4, 8]. Like the generalized RF distance we present in this

paper, it does count not only identical but also overlapping clusters

in the phylogenetic trees under comparison. However, computing

it is an NP-hard problem, while the generalized RF distance can be

computed in polynomial time.

On the other hand, several metrics have been proposed for

the comparison of clonal trees and mutation trees in the last few

years [1, 20, 32], including another generalization of the RF met-

ric [30] into a set of distance metrics (the Bourque and 𝑘-Bourque

distances) for comparing mutation trees. The Bourque distance

coincides with the RF distance on clonal or mutation trees for the

same set of mutations. We compare the generalized RF distance

with other previous distances in Section 3.6. Studying the resolution

of the 𝑘-Bourque distances is an interesting line of future work.

2 METHODS
We give below a series of simple and efficient algorithms to obtain

the set or multiset of sets or multisets of node labels in a clonal

or mutation tree, in a phylogenetic tree, and in a phylogenetic

network. We also give simple and efficient algorithms to perform

some set-theoretical operations on multisets of multisets of node

labels, based on a simple representation of a multiset of node labels

as a sorted list of pairs of node label and multiplicity, and a multiset

of multisets of node labels as a sorted list of pairs of multiset of

node labels and multiplicity. These basic algorithms allow us to

compute the generalized RF distance in time quadratic in the size

of the input sorted lists of sorted lists of node labels.

Notice that the set union operations in the pseudocode of the

algorithms are actually list append operations that only take 𝑂 (1)
time, as the clone or cluster and the node labels to append are

always disjoint. Sorting the output of these algorithms using radix

sort restores the simple multiset representation mentioned above.

2.1 Set of Clones of a Clonal or Mutation Tree
The set of clones (sets of ascendant node labels) of a clonal or

mutation tree can be obtained by accumulating the sets of node

labels in the ascendant nodes of each node, in time linear in the size

of the tree, during a preorder traversal of the tree, see Algorithm 1.

2.2 Set of Clusters of a Phylogenetic Tree
The set of clusters (sets of descendant node labels) of a phylogenetic

tree can be obtained by accumulating the sets of node labels in the

descendant nodes of each node, in time linear in the size of the tree,

during a postorder traversal of the tree, see Algorithm 2.

2.3 Multiset of Clusters of a Phylogenetic
Network

The multiset of clusters (sets of descendant node labels) of a phylo-

genetic network can be obtained by accumulating the sets of node



Algorithm 1 Set 𝐶 of clones of a clonal or mutation tree 𝑇

function SetOfClones(𝑇 )

for all nodes 𝑣 of 𝑇 do
𝐶 [𝑣] = set of labels of 𝑣 in 𝑇

SetOfClones(𝑇 ,root of 𝑇 ,𝐶)

return 𝐶

procedure SetOfClones(𝑇 ,𝑣 ,𝐶)
for all children𝑤 of 𝑣 in 𝑇 do

𝐶 [𝑤] = 𝐶 [𝑤] ∪𝐶 [𝑣]
SetOfClones(𝑇 ,𝑤 ,𝐶)

Algorithm 2 Set 𝐶 of clusters of a phylogenetic tree 𝑇

function SetOfClusters(𝑇 )

for all nodes 𝑣 of 𝑇 do
if 𝑣 is a leaf in 𝑇 then

𝐶 [𝑣] = {label of 𝑣 in 𝑇 }
else

𝐶 [𝑣] = ∅
SetOfClusters(𝑇 ,root of 𝑇 ,𝐶)

return 𝐶

procedure SetOfClusters(𝑇 ,𝑣 ,𝐶)
for all children𝑤 of 𝑣 in 𝑇 do

SetOfClusters(𝑇 ,𝑤 ,𝐶)

𝐶 [𝑣] = 𝐶 [𝑣] ∪𝐶 [𝑤]

labels in the descendant nodes of each node, in time linear in the

size of the network, during a bottom-up traversal [52, §3.4] of the

network. A simple and efficient algorithm is based on the idea of

repeatedly deleting a vertex of in-degree zero to obtain a topolog-

ical order of a directed acyclic graph [35, §2.2.3], but simulating

the deletion of a vertex of out-degree zero instead, to perform a

bottom-up traversal of a phylogenetic network. See Algorithm 3.

Algorithm 3Multiset 𝐶 of clusters of a phylogenetic network 𝑁

functionMultisetOfClusters(𝑁 )

let 𝑄 be an empty queue of nodes

for all nodes 𝑣 of 𝑁 do
outdeg[𝑣] = number of children of 𝑣 in 𝑁

if outdeg[𝑣] = 0 then
𝐶 [𝑣] = {label of 𝑣 in 𝑁 }
enqueue(𝑄, 𝑣)

else
𝐶 [𝑣] = ∅

while 𝑄 is not empty do
𝑣 = dequeue(𝑄)
for all parent 𝑢 of 𝑣 in 𝑁 do

𝐶 [𝑢] = 𝐶 [𝑢] ∪𝐶 [𝑣]
outdeg[𝑢] = outdeg[𝑢] − 1

if outdeg[𝑢] = 0 then
enqueue(𝑄,𝑢)

return 𝐶

2.4 Set-Theoretical Operations on Multisets
Computation of the generalized RF distance in time quadratic in the

size of the input sorted list of sorted lists of node labels, requires

the efficient computation of some set-theoretical operations on

multisets of multisets.

The following algorithms are based on the idea behind the merge

algorithm [39, §5.2] of the simultaneous traversal of two sorted

lists or arrays. The union of two multisets of node labels, or two

multisets of multisets of node labels, can both be computed in time

linear in the size of the input, see Algorithm 4.

Algorithm 4 Union 𝐶 = 𝐴 ∪ 𝐵 of two multisets of 𝐴 and 𝐵

functionMultisetUnion(𝐴, 𝐵)

𝐶 = ∅
𝑖 = 1

𝑗 = 1

while 𝑖 ⩽ |𝐴| and 𝑗 ⩽ |𝐵 | do
if fst(𝐴[𝑖]) < fst(𝐵 [ 𝑗]) then

𝐶 = 𝐶 ∪𝐴[𝑖]
𝑖 = 𝑖 + 1

else if fst(𝐴[𝑖]) = fst(𝐵 [ 𝑗]) then
𝐶 = 𝐶 ∪ (fst(𝐴[𝑖]),max(𝑠𝑛𝑑 (𝐴[𝑖]), 𝑠𝑛𝑑 (𝐵 [ 𝑗])))
𝑖 = 𝑖 + 1

𝑗 = 𝑗 + 1

else fst(𝐴[𝑖]) > fst(𝐵 [ 𝑗])
𝐶 = 𝐶 ∪ 𝐵 [ 𝑗]
𝑗 = 𝑗 + 1

while 𝑖 ⩽ |𝐴| do
𝐶 = 𝐶 ∪𝐴[𝑖]
𝑖 = 𝑖 + 1

while 𝑗 ⩽ |𝐵 | do
𝐶 = 𝐶 ∪ 𝐵 [ 𝑗]
𝑗 = 𝑗 + 1

return 𝐶

The input sorted lists of node labels (for multisets) or sorted lists

of sorted lists of node labels (for multisets of multisets) are assumed

to be in the aforementioned simple format of sorted lists of pairs of

node label and multiplicity (for multisets) or sorted lists of pairs of

multiset of node labels and multiplicity (for multisets of multisets).

In a similar way, the difference of two multisets of node labels,

or two multisets of multisets of node labels, can be computed in

time linear in the size of the input, see Algorithm 5.

Using these algorithms, the generalized RF distance can be com-

puted in time quadratic in the size of the input multisets of multisets

of node labels, in a straightforward way.

3 RESULTS
We show below that the clonal representation of a clonal tree (the set

of clones of ascendant node labels) and, in particular, of a mutation

tree, characterizes, up to isomorphism, the tree, in much the same

way as the cluster representation of a phylogenetic tree (the set of

clusters of descendant node labels) or a phylogenetic network (the

multiset of clusters of descendant node labels) characterizes, up to

isomorphism, the tree or network.



Algorithm 5 Difference 𝐶 = 𝐴 \ 𝐵 of two multisets of 𝐴 and 𝐵

functionMultisetDifference(𝐴, 𝐵)

𝐶 = ∅
𝑖 = 1

𝑗 = 1

while 𝑖 ⩽ |𝐴| and 𝑗 ⩽ |𝐵 | do
if fst(𝐴[𝑖]) < fst(𝐵 [ 𝑗]) then

𝐶 = 𝐶 ∪𝐴[𝑖]
𝑖 = 𝑖 + 1

else if fst(𝐴[𝑖]) = fst(𝐵 [ 𝑗]) then
if snd(𝐴[𝑖]) > snd(𝐵 [ 𝑗]) then

𝐶 = 𝐶 ∪ (fst(𝐴[𝑖]), 𝑠𝑛𝑑 (𝐴[𝑖]) − 𝑠𝑛𝑑 (𝐵 [ 𝑗]))
𝑖 = 𝑖 + 1

𝑗 = 𝑗 + 1

else fst(𝐴[𝑖]) > fst(𝐵 [ 𝑗])
𝑗 = 𝑗 + 1

while 𝑖 ⩽ |𝐴| do
𝐶 = 𝐶 ∪𝐴[𝑖]
𝑖 = 𝑖 + 1

return 𝐶

We also show experimental results on all clonal trees for a given

set of somatic mutations and a given number of nodes, all mutations

trees for a given set of somatic mutations, all phylogenetic trees

with a given set of leaf labels, and all phylogenetic networks with

a given set of leaf labels. These results confirm the claim that the

generalized RF distance is a generalization of the RF distance. As a

matter of fact, for each value taken by the RF distance, the pairs of

trees or networks at that distance value are split into many different

values of the generalized RF distance, that is, the latter has a much

higher resolution.

3.1 Clonal Representation
Let 𝑋 be a set of somatic mutations, let 𝑇 = (𝑉 , 𝐸) be a clonal tree,
and let ℓ : 𝑉 → P(𝑋 ) be an injective mapping such that different

nodes have assigned disjoint subsets of mutations. We denote by

ℓ (𝑣) ∈ P(𝑋 ) the mutations of a node 𝑣 ∈ 𝑉 . In every rooted tree 𝑇 ,

for every node 𝑣 ∈ 𝑉 there is only one path from the root, 𝑟 , to 𝑣 .

We denote this path by 𝑝𝑣 = (𝑢0, . . . , 𝑢𝑘 ). where 𝑢0 = 𝑟 , 𝑢𝑘 = 𝑣 , and

(𝑢𝑖 , 𝑢𝑖+1) ∈ 𝐸 for every 𝑖 = 1, . . . , 𝑘 − 1. The nodes 𝑢𝑖 ∈ 𝑝𝑣 are the

ancestors of 𝑣 . We denote by A(𝑣) the set of ancestors of 𝑣 . That is,
A(𝑣) = {𝑢 ∈ 𝑉 | 𝑢 ∈ 𝑝𝑣}. We define the clone of every node 𝑣 ∈ 𝑉 ,

and we denote it by 𝑐𝑙 (𝑣), as
𝑐𝑙 (𝑣) = ∪𝑢𝑖 ∈A(𝑣) {ℓ (𝑢𝑖 )} ⊆ 𝑋 .

We denote by 𝐶 (𝑇 ) = {𝑐𝑙 (𝑣) | 𝑣 ∈ 𝑉 } ⊆ P(𝑋 ) the clonal represen-
tation of 𝑇 .

Proposition 3.1. The following properties hold:
(1) If 𝑢 ≠ 𝑣 ∈ 𝑉 , then 𝑐𝑙 (𝑢) ≠ 𝑐𝑙 (𝑣).
(2) For every 𝑢, 𝑣 ∈ 𝑉 , ∅ ≠ 𝑐𝑙 (𝑢) ∩ 𝑐𝑙 (𝑣) = 𝑐𝑙 (𝑤), where𝑤 is the

lowest common ancestor of 𝑢 and 𝑣 in 𝑇 .
(3) 𝑐𝑙 (𝑢) ⊆ 𝑐𝑙 (𝑣) if, and only if, 𝑢 ∈ A(𝑣).
(4) If (𝑢1, 𝑢2) ∈ 𝐸, then 𝑐𝑙 (𝑢1) ⊆ 𝑐𝑙 (𝑢2) and there is no 𝑣 ∈ 𝑉

such that 𝑐𝑙 (𝑢1) ⊆ 𝑐𝑙 (𝑣) ⊆ 𝑐𝑙 (𝑢2).
Now, we have the following result:

Figure 2: Pairwise RF and generalized RF distances on the
225 clonal trees for 5 mutations with 3 nodes (left) and the
640 clonal trees for 5 mutations with 4 nodes (right).

Proposition 3.2. Let 𝑋 be a set of labels, and let 𝑇 = (𝑉 , 𝐸) be a
rooted tree with all its nodes injectively labeled on P(𝑋 ). Then, the
Hasse diagram of (𝐶 (𝑇 ), ⊆) is a directed acyclic graph 𝐻 = (𝑉𝐻 , 𝐸𝐻 )
such that 𝜑 : 𝑇 → 𝐻 , defined by 𝜑 (𝑣) = 𝑐𝑙 (𝑣), is an isomorphism.

Proof. 𝜑 : 𝑇 → 𝐻 is an isomorphism if it is a bijective function

such that (𝑢1, 𝑢2) ∈ 𝐸 (𝑇 ) if and only if (𝜑 (𝑢1), 𝜑 (𝑢2)) ∈ 𝐸𝐻 . Since

𝑇 is a rooted tree with all its nodes injectively labeled on P(𝑋 ), the
mapping 𝜑 : 𝑇 → 𝐻 defined by 𝜑 (𝑣) = 𝑐𝑙 (𝑣) is clearly a bijective

function. Now, by the properties in the above proposition we have

that (𝑢1, 𝑢2) ∈ 𝐸 if and only if 𝑐𝑙 (𝑢1) ⊆ 𝑐𝑙 (𝑢2) and there is no any

𝑣 ∈ 𝑇 such that 𝑐𝑙 (𝑢1) ⊆ 𝑐𝑙 (𝑣) ⊆ 𝑐𝑙 (𝑢2) if and only if 𝑐𝑙 (𝑢1) ⊆
𝑐𝑙 (𝑢2) and there is no any 𝑌 ∈ 𝐶 (𝑇 ) such that 𝑐𝑙 (𝑢1) ⊆ 𝑌 ⊆ 𝑐𝑙 (𝑢2)
if and only if (𝑐𝑙 (𝑢1), 𝑐𝑙 (𝑢2)) ∈ 𝐸𝐻 . □

The previous results entail that the clonal representation charac-

terizes, up to isomorphism, a clonal tree.

Proposition 3.3. If 𝑇1 and 𝑇2 are clonal trees on a set of somatic
mutations 𝑋 such that 𝐶 (𝑇1) = 𝐶 (𝑇2), then 𝑇1 and 𝑇2 are isomorphic
clonal trees.

Proof. Let 𝑇1 and 𝑇2 be clonal trees on a set of somatic muta-

tions 𝑋 and let 𝐻1 and 𝐻2 be the Hasse diagram of (𝐶 (𝑇1), ⊆) and
(𝐶 (𝑇2), ⊆), respectively. If 𝐶 (𝑇1) = 𝐶 (𝑇2) then, 𝐻1 = 𝐻2 and the

previous proposition entails that𝑇1 and𝑇2 are isomorphic trees. As

far as the nodes labels goes, they are uniquely determined by the

fact that the label of the root is its clone, which is the minimum set,

and if (𝑢, 𝑣) ∈ 𝐸 then ℓ (𝑣) = 𝑐𝑙 (𝑣) \ 𝑐𝑙 (𝑢). □

3.2 Clonal Trees
There are

{
𝑚
𝑘

}
partitions of a set 𝑋 = {1, . . . ,𝑚} into 𝑘 non-empty

subsets, and there are 𝑛𝑛−1 rooted labeled trees with 𝑛 nodes [51].

Thus, there are

∑𝑚
𝑛=1

{
𝑚
𝑛

}
𝑛𝑛−1 clonal trees with 𝑛 nodes for a set

𝑋 of𝑚 mutations. We generated all the clonal trees for a set 𝑋 =

{1, . . . ,𝑚} of somatic mutations and 𝑛 ⩽ 𝑚 nodes, for𝑚 = 3, 4, 5, 6

and 𝑛 = 2, 3, . . . ,𝑚.

As can be seen in the pairwise distance plots in Figure 2, the

generalized RF distance has a much higher resolution than the RF

distance. As a matter of fact, there are only 2, 3, 4, 5, and 6 different

values for the RF distance, but 2, 39, 752, 11,225, and 14,002 different

values for the generalized RF distance on clonal trees for 6mutations

with 2, 3, 4, 5, and 6 nodes, respectively.



Table 1: Number of clonal trees for𝑚 somatic mutations with 𝑛 nodes

𝑚 𝑛

2 3 4 5 6 7 8 9 10

2 2

3 6 9

4 14 54 64

5 30 225 640 625

6 62 810 4,160 9,375 7,776

7 126 2,709 22,400 87,500 163,296 117,649

8 254 8,694 108,864 656,250 2,068,416 3,294,172 2,097,152

9 510 27,225 497,280 4,344,375 20,575,296 54,353,838 75,497,472 43,046,721

10 1,022 83,970 2,182,720 26,578,125 177,502,752 691,776,120 1,572,864,000 1,937,102,445 1,000,000,000

Figure 3: Pairwise RF and generalized RF distances on the 64
mutation trees for 4 mutations (left) and the 625 mutation
trees for 5 mutations (right).

Figure 4: Pairwise RF and generalized RF distances on the
105 phylogenetic trees with 5 labeled leaves (left) and the
945 phylogenetic trees with 6 labeled leaves (right).

3.3 Mutation Trees
Mutation trees are clonal trees with𝑚 nodes for a set𝑋 of𝑚 somatic

mutations. Thus, there are𝑚𝑚−1
mutation trees for a set 𝑋 of𝑚

somatic mutations. We generated all the mutation trees for a set

𝑋 = {1, . . . ,𝑚} of somatic mutations, for𝑚 = 3, 4, 5, 6.

As can be seen in the pairwise distance plots in Figure 3, the

generalized RF distance has a much higher resolution than the RF

distance. As a matter of fact, there are only 3, 4, 5, and 6 different

values for the RF distance, but 12, 142, 2,363, and 14,002 different

values for the generalized RF distance on mutation trees for 3, 4, 5,

and 6 mutations, respectively.

3.4 Phylogenetic Trees
Wegenerated all the fully-resolved phylogenetic treeswith𝑛 labeled

leaves, for 𝑛 = 3, 4, 5, 6, using the algorithm described in [53, §5.3.3],

as implemented in Bio::Phylo [15, 56], and computed the RF distance

and the generalized RF distance between each pair of phylogenetic

trees with the same number of labeled leaves.

As can be seen in the pairwise distance plots in Figure 4, the

generalized RF distance has a much higher resolution than the RF

distance. As a matter of fact, there are only 1, 2, 3, and 4 different

values for the RF distance, but 1, 12, 149, and 1,406 different values

for the generalized RF distance on phylogenetic trees with 3, 4, 5,

and 6 labeled leaves, respectively.

3.5 Phylogenetic Networks
Several classes of phylogenetic networks have a unique, up to

isomorphism, representation as a multiset of clusters, including

binary galled trees [12], tree-child time-consistent phylogenetic

networks [11, 16, 17], and semi-binary tree-sibling time-consistent

phylogenetic networks [14]. Notice that more general classes of phy-

logenetic networks do not have such a unique representation [13].

We generated all the fully-resolved tree-child time-consistent

phylogenetic networks with 𝑛 labeled leaves, for 𝑛 = 3, 4, using the

algorithm described in [53, §8.3.3], as implemented in Bio::Phylo [15,

56], and computed the RF distance and the generalized RF distance

between each pair of phylogenetic networks with the same number

of labeled leaves. We also downloaded from [14, Suppl.] all the

semi-binary tree-sibling time-consistent phylogenetic networks

with 𝑛 labeled leaves, for 𝑛 = 3, 4, and computed the RF distance

and the generalized RF distance between each pair of phylogenetic

networks with the same number of labeled leaves.

As can be seen in the pairwise distance plots in Figure 5, the

generalized RF distance has a much higher resolution than the

RF distance. As a matter of fact, there are only 2 and 20 different

values for the RF distance, but 6 and 546 different values for the

generalized RF distance on fully-resolved tree-child time-consistent

phylogenetic networks with 3 and 4 labeled leaves, respectively.

Also, there are only 9 and 47 different values for the RF distance,

but 17 and 9,059 different values for the generalized RF distance

on semi-binary tree-sibling time-consistent phylogenetic networks

with 3 and 4 labeled leaves, respectively.



Table 2: RF and generalized RF distances on clonal trees for𝑚 somatic mutations with 𝑛 nodes

𝑇1 𝑇2 Robinson-Foulds Generalized RF

𝑚 𝑛 𝑚 𝑛 min max count min max count

3 3 3 2 0.7500 1.0000 2 0.4444 0.9583 12

4 2 3 2 0.6667 1.0000 2 0.3889 1.0000 4

4 2 3 3 0.7500 1.0000 2 0.4444 1.0000 12

4 3 3 2 0.3333 1.0000 3 0.1667 1.0000 20

4 3 3 3 0.5000 1.0000 3 0.2500 0.9778 56

4 3 4 2 0.7500 1.0000 2 0.4444 1.0000 13

4 4 3 2 0.8000 1.0000 2 0.4750 0.9750 25

4 4 3 3 0.2500 1.0000 4 0.1250 0.8472 97

4 4 4 2 0.8000 1.0000 2 0.4750 1.0000 26

4 4 4 3 0.6000 1.0000 3 0.3000 0.9583 190

5 2 3 2 0.6667 1.0000 2 0.3889 1.0000 4

5 2 3 3 0.7500 1.0000 2 0.4444 1.0000 12

5 2 4 2 0.6667 1.0000 2 0.3889 1.0000 4

5 2 4 3 0.7500 1.0000 2 0.4444 1.0000 12

5 2 4 4 0.8000 1.0000 2 0.4750 1.0000 27

5 3 3 2 0.3333 1.0000 3 0.1667 1.0000 20

5 3 3 3 0.5000 1.0000 3 0.2500 1.0000 59

5 3 4 2 0.3333 1.0000 3 0.1667 1.0000 20

5 3 4 3 0.5000 1.0000 3 0.2500 1.0000 59

5 3 4 4 0.6000 1.0000 3 0.3000 1.0000 234

5 3 5 2 0.7500 1.0000 2 0.4444 1.0000 13

5 4 3 2 0.5000 1.0000 3 0.2500 1.0000 55

5 4 3 3 0.2500 1.0000 4 0.1250 0.9861 286

5 4 4 2 0.8000 1.0000 2 0.4750 1.0000 26

5 4 4 3 0.2500 1.0000 4 0.1250 1.0000 307

5 4 4 4 0.4000 1.0000 4 0.1900 0.9750 952

5 4 5 2 0.8000 1.0000 2 0.4750 1.0000 26

5 4 5 3 0.6000 1.0000 3 0.3000 1.0000 233

5 5 3 2 0.8333 1.0000 2 0.4944 0.9833 72

5 5 3 3 0.4000 1.0000 4 0.2000 0.9111 526

5 5 4 2 0.8333 1.0000 2 0.4944 1.0000 74

5 5 4 3 0.6667 1.0000 3 0.3333 0.9733 611

5 5 4 4 0.2000 1.0000 5 0.0950 0.8750 1,745

5 5 5 2 0.8333 1.0000 2 0.4944 1.0000 74

5 5 5 3 0.6667 1.0000 3 0.3333 0.9905 728

5 5 5 4 0.5000 1.0000 4 0.2350 0.9625 2,647

6 2 3 2 0.6667 1.0000 2 0.3889 1.0000 4

6 2 3 3 0.7500 1.0000 2 0.4444 1.0000 12

6 2 4 2 0.6667 1.0000 2 0.3889 1.0000 4

6 2 4 3 0.7500 1.0000 2 0.4444 1.0000 12

6 2 4 4 0.8000 1.0000 2 0.4750 1.0000 27

6 2 5 2 0.6667 1.0000 2 0.3889 1.0000 4

6 2 5 3 0.7500 1.0000 2 0.4444 1.0000 12

6 2 5 4 0.8000 1.0000 2 0.4750 1.0000 27

6 2 5 5 0.8333 1.0000 2 0.4944 1.0000 73

𝑇1 𝑇2 Robinson-Foulds Generalized RF

𝑚 𝑛 𝑚 𝑛 min max count min max count

6 3 3 2 0.3333 1.0000 3 0.1667 1.0000 20

6 3 3 3 0.5000 1.0000 3 0.2500 1.0000 59

6 3 4 2 0.3333 1.0000 3 0.1667 1.0000 20

6 3 4 3 0.5000 1.0000 3 0.2500 1.0000 59

6 3 4 4 0.6000 1.0000 3 0.3000 1.0000 234

6 3 5 2 0.3333 1.0000 3 0.1667 1.0000 20

6 3 5 3 0.5000 1.0000 3 0.2500 1.0000 59

6 3 5 4 0.6000 1.0000 3 0.3000 1.0000 234

6 3 5 5 0.6667 1.0000 3 0.3333 1.0000 684

6 3 6 2 0.7500 1.0000 2 0.4444 1.0000 13

6 4 3 2 0.5000 1.0000 3 0.2500 1.0000 55

6 4 3 3 0.2500 1.0000 4 0.1250 1.0000 289

6 4 4 2 0.5000 1.0000 3 0.2500 1.0000 55

6 4 4 3 0.2500 1.0000 4 0.1250 1.0000 307

6 4 4 4 0.4000 1.0000 4 0.1900 1.0000 1,050

6 4 5 2 0.8000 1.0000 2 0.4750 1.0000 26

6 4 5 3 0.2500 1.0000 4 0.1250 1.0000 307

6 4 5 4 0.4000 1.0000 4 0.1900 1.0000 1,054

6 4 5 5 0.5000 1.0000 4 0.2350 0.9938 3,851

6 4 6 2 0.8000 1.0000 2 0.4750 1.0000 26

6 4 6 3 0.6000 1.0000 3 0.3000 1.0000 233

6 5 3 2 0.6000 1.0000 3 0.3000 1.0000 167

6 5 3 3 0.4000 1.0000 4 0.2000 0.9905 984

6 5 4 2 0.8333 1.0000 2 0.4944 1.0000 74

6 5 4 3 0.4000 1.0000 4 0.2000 1.0000 1,037

6 5 4 4 0.2000 1.0000 5 0.0950 0.9833 4,396

6 5 5 2 0.8333 1.0000 2 0.4944 1.0000 74

6 5 5 3 0.6667 1.0000 3 0.3333 1.0000 732

6 5 5 4 0.2000 1.0000 5 0.0950 0.9938 4,821

6 5 5 5 0.3333 1.0000 5 0.1533 0.9760 9,960

6 5 6 2 0.8333 1.0000 2 0.4944 1.0000 74

6 5 6 3 0.6667 1.0000 3 0.3333 1.0000 732

6 5 6 4 0.5000 1.0000 4 0.2350 1.0000 3,874

6 6 3 2 0.8571 1.0000 2 0.5079 0.9881 174

6 6 3 3 0.5000 1.0000 4 0.2500 0.9417 1,514

6 6 4 2 0.8571 1.0000 2 0.5079 1.0000 184

6 6 4 3 0.7143 1.0000 3 0.3571 0.9815 1,588

6 6 4 4 0.3333 1.0000 5 0.1583 0.9236 5,346

6 6 5 2 0.8571 1.0000 2 0.5079 1.0000 185

6 6 5 3 0.7143 1.0000 3 0.3571 0.9931 1,812

6 6 5 4 0.5714 1.0000 4 0.2679 0.9750 9,261

6 6 5 5 0.1667 1.0000 6 0.0767 0.8972 21,278

6 6 6 2 0.8571 1.0000 2 0.5079 1.0000 186

6 6 6 3 0.7143 1.0000 3 0.3571 1.0000 1,836

6 6 6 4 0.5714 1.0000 4 0.2679 0.9889 11,915

6 6 6 5 0.4286 1.0000 5 0.1957 0.9667 50,668

3.6 Comparison with Previous Distances
We have compared the generalized RF distance with the RF dis-

tance [46], the parent-child distance [24], the ancestor-descendant

(AD) distance [24], and the clonal distance [24] on mutation trees.

For each of them, we computed the 30,229,200 pairwise distances

between the 7,776 mutation trees for 6 mutations.

As can be seen in the frequency distribution plots in Figure 6,

there are 10 and 7 different values for the AD and the generalized



Figure 5: Pairwise RF and generalized RF distances on the
105 fully-resolved tree-child time-consistent phylogenetic
networkswith 4 labeled leaves (left) and the 444 semi-binary
tree-sibling time-consistent phylogenetic networks with 4
labeled leaves (right).

Table 3: RF and generalized RF distances on phylogenetic
trees with 𝑛 labeled leaves

𝑇1 𝑇2 Robinson-Foulds Generalized RF

𝑛 𝑛 min max count min max count

3 3 0.0000 0.3333 2 0.0000 0.2000 2

4 3 0.2857 0.6667 3 0.2286 0.5066 12

4 4 0.0000 0.4444 3 0.0000 0.3095 13

5 3 0.4444 0.7273 3 0.3644 0.6301 47

5 4 0.2222 0.6667 4 0.1810 0.5261 137

5 5 0.0000 0.5000 4 0.0000 0.3741 157

6 3 0.5455 0.7692 3 0.4558 0.7040 161

6 4 0.3636 0.7143 4 0.3017 0.6205 592

6 5 0.1818 0.6667 5 0.1498 0.5398 1,859

6 6 0.0000 0.5333 5 0.0000 0.4174 1,440

Table 4: Pearson correlation of the generalized RF distance
and the RF, parent-child (PC), ancestor-descendant (AD),
and clonal distances, on mutation trees for𝑚 mutations

𝑚 RF PC AD Clonal

3 0.95390660 0.29923048 0.97841199 0.81210677

4 0.93688530 0.40083128 0.97104421 0.79317898

5 0.90482204 0.37799780 0.96466932 0.75599857

6 0.86370536 0.32511976 0.96041726 0.71490774

RF distances, respectively, and only 5 for the other distances. The

generalized RF distance stands out with a different distribution.

Also, the generalized RF distance has a strong Pearson correla-

tion with the RF and ancestor-descendant distances, and a weaker

Pearson correlation with the parent-child and clonal distances on

the mutation trees for 3 ⩽ 𝑚 ⩽ 6 mutations, as shown in Table 4.

4 DISCUSSION
In this paper, we consider the generalized RF distance as a metric

for different models of evolution. Namely, for clonal trees, muta-

tion trees, phylogenetic trees, binary galled trees, tree-child time-

consistent phylogenetic networks, and semi-binary tree-sibling

Figure 6: Frequency distribution of pairwise RF, parent-
child, ancestor-descendant, clonal, and generalized RF dis-
tances on the 7,776 mutation trees for 6 mutations.

time-consistent phylogenetic networks. The fact that the general-

ized RF distance is a metric on multisets of multisets, provides a

distance metric for every evolution model where the elements are

uniquely determined by multisets of multisets (which includes sets

of sets, sets of multisets, and multisets of sets), as in the case of the

aforementioned models. In addition, whenever a function is defined

on any evolution model that assigns a multiset of multisets to every

element of the model, the generalized RF distance can be equally

defined and used to compare elements because, despite the sepa-

ration condition, the symmetry and triangle inequality still hold.

Hence, it is a pseudo-metric that can be used under more general

models of evolution of clonal trees than perfect phylogeny, as well

as for the comparison of multi-labeled trees in phylogenetics [27].

We performed an all-against-all computation of the generalized

RF distance on a number of clonal trees, mutation trees, phylo-

genetic trees, and phylogenetic networks. Beside allowing for a

similarity assessment at much higher resolution than the RF dis-

tance, the generalized RF distance has the additional advantage

that it makes it possible to compare labeled structures of different

size. Tables 2 and 3 show the minimum value, maximum value, and

number of different values taken by the RF and the generalized RF

distances on pairs of clonal trees and phylogenetic trees of different

size. As in the case of clonal trees, mutation trees, phylogenetic

trees, and phylogenetic networks of the same size, the generalized

RF distance also has much higher resolution than the RF distance

when comparing clonal trees and phylogenetic trees of different

size. Since the generalized RF distance seems to be a suitable metric

for many evolution models, its analytical analysis (including the

study of the minimum and maximum values it takes) as well as

its statistical analysis, as it has been done for the RF distance [9],

remain an interesting line of future work.

For those labeled structures that do not have a unique representa-

tion as a multiset of multisets of labels, such as clonal trees inferred

under the Dollo model [22] or the Camin-Sokal model [10], it might



be interesting to consider a combined representation as a multiset

of clones plus a multiset of clusters or, alternatively, as a multiset

of pairs of clone and cluster. Uniqueness of such a combined rep-

resentation would automatically turn the generalized RF distance

into a metric for these models of evolution as well. Therefore, the

study of this combined representation is another interesting line of

future research.
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A APPENDIX
Definition A.1. A metric space [19, 49] is an ordered pair (𝑀,𝑑),

where𝑀 is a set and 𝑑 : 𝑀 ×𝑀 → R is a metric, that is, a function

such that, for any 𝑥,𝑦, 𝑧 ∈ 𝑀 , the following holds:

Separation 𝑑 (𝑥,𝑦) = 0 if and only if 𝑥 = 𝑦,

Symmetry 𝑑 (𝑥,𝑦) = 𝑑 (𝑦, 𝑥), and
Triangular inequality 𝑑 (𝑥, 𝑧) ⩽ 𝑑 (𝑥,𝑦) + 𝑑 (𝑦, 𝑧).

When 𝑑 satisfies the symmetry and the triangular inequality, 𝑑 is a

pseudo-metric and (𝑀,𝑑) is a pseudo-metric space.

Let us fix a set 𝑋 , the meaning of whose elements will depend

on the application (somatic mutations, node labels, etc.). A sub-
multiset 𝐴 of 𝑋 , or simply a multiset if the universe 𝑋 is clear from

the context, is a mapping 𝑋 → N that assigns to each element

𝑥 ∈ 𝑋 its multiplicity in 𝐴, which we shall denote by𝑚𝐴 (𝑥). The
intuition behind this definition is that 𝐴 consists of𝑚𝐴 (𝑥) copies
of each 𝑥 ∈ 𝑋 , with𝑚𝐴 (𝑥) = 0 meaning that 𝑥 does not appear in

𝐴. A set is a multiset all whose multiplicities are ⩽ 1. The support
Supp(𝐴) of a multiset is the set of elements of 𝑋 that have positive

multiplicity in 𝐴: Supp(𝐴) = {𝑥 ∈ 𝑋 | 𝑚𝐴 (𝑥) ≠ 0}.
For instance, if 𝑋 = N, the multiset 𝐴 defined by 𝑚𝐴 (1) = 3,

𝑚𝐴 (2) = 2,𝑚𝐴 (4) = 1,𝑚𝐴 (5) = 2, and𝑚𝐴 (𝑛) = 0 for any other

𝑛 ∈ N corresponds to 𝐴 = {1, 1, 1, 2, 2, 4, 5, 5}, and its support is

Supp(𝐴) = {1, 2, 4, 5}. The standard definitions in sets are easily

translated to multisets as follows:

Equality and sub-multiset 𝐴 = 𝐵 ↔ ∀𝑥 ∈ 𝑋 [𝑚𝐴 (𝑥) =

𝑚𝐵 (𝑥)] and 𝐴 ⊆ 𝐵 ↔ ∀𝑥 ∈ 𝑋 [𝑚𝐴 (𝑥) ⩽ 𝑚𝐵 (𝑥)].
Union and intersection 𝑚𝐴∪𝐵 (𝑥) = max(𝑚𝐴 (𝑥),𝑚𝐵 (𝑥)) and

𝑚𝐴∩𝐵 (𝑥) = min(𝑚𝐴 (𝑥),𝑚𝐵 (𝑥)).
Difference 𝑚𝐴\𝐵 (𝑥) = max(0,𝑚𝐴 (𝑥) −𝑚𝐵 (𝑥)).
Symmetric difference 𝑚𝐴△𝐵 (𝑥) =𝑚𝐴\𝐵 (𝑥) +𝑚𝐵\𝐴 (𝑥).
Cardinality |𝐴| = ∑

𝑥 ∈𝑋 𝑚𝐴 (𝑥).
A multiset 𝐴 is finite when its cardinality is finite.

Moreover, multisets allow for another, specific, operation that

generalizes the union of sets: the sum𝑚𝐴+𝐵 (𝑥) =𝑚𝐴 (𝑥) +𝑚𝐵 (𝑥).
For instance, for the multisets 𝐴 = {1, 1, 1, 2, 2, 4, 5, 5} and 𝐵 =

{1, 2, 2, 2, 2, 3, 3, 5, 5, 7}, 𝐴 ∪ 𝐵 = {1, 1, 1, 2, 2, 2, 2, 3, 3, 4, 5, 5, 7}, 𝐴 +
𝐵 = {1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 3, 3, 4, 5, 5, 5, 5, 7}, 𝐴 ∩ 𝐵 = {1, 2, 2, 5, 5},
𝐴 \ 𝐵 = {1, 1, 4}, 𝐵 \ 𝐴 = {2, 2, 3, 3, 7}, 𝐴 △ 𝐵 = {1, 1, 2, 2, 3, 3, 4, 7},
|𝐴| = 8, |𝐵 | = 10, |𝐴∪𝐵 | = 13, |𝐴 +𝐵 | = 18, |𝐴∩𝐵 | = 5, |𝐴 △ 𝐵 | = 8.

The following properties hold on multisets:

(1) |𝐴 ∪ 𝐵 | = |𝐴| + |𝐵 | − |𝐴 ∩ 𝐵 |
(2) |𝐴 + 𝐵 | = |𝐴| + |𝐵 |
(3) |𝐴 \ 𝐵 | = |𝐴| − |𝐴 ∩ 𝐵 |
(4) |∅| = 0

(5) If 𝐴 ∩ 𝐵 = ∅, then 𝐴 \ 𝐵 = 𝐴 and 𝐴 ∪ 𝐵 = 𝐴 + 𝐵

(6) 𝐴 △ 𝐵 = (𝐴 \ 𝐵) + (𝐵 \𝐴) = 𝐴 ∪ 𝐵 − (𝐴 ∩ 𝐵)

Definition A.2. For every pair of multisets 𝐴, 𝐵, their Jaccard
distance is

𝑑 𝐽 (𝐴, 𝐵) =
|𝐴 △ 𝐵 |
|𝐴 ∪ 𝐵 | =

|𝐴 \ 𝐵 | + |𝐵 \𝐴|
|𝐴 ∪ 𝐵 |

For instance, for the pair of multisets𝐴, 𝐵 given above, 𝑑 (𝐴, 𝐵) =
8/13.
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