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Abstract A goal-oriented a-posteriori error estimator

is developed for transient coupled Thermo - Hydro -

Mechanical (THM) parametric problems solved with

a reduced basis approximation. The estimator assesses

the error in some specific Quantity of Interest (QoI).

The goal-oriented error estimate is derived based on

explicitly-computed weak residual of the primal prob-

lem and implicitly-computed adjoint solution associ-

ated with the QoI. The time-dependence of the coupled

THM system poses an additional complexity as the aux-

iliary adjoint problem evolves backwards in time. The

error estimator guides a greedy adaptive procedure that

constructs progressively an optimal reduced basis by

smartly selecting snapshot points over a given paramet-

ric training sample. The reduced basis obtained is used

to drastically reduce the coupled system spatial degrees

of freedom by several orders of magnitude. The compu-

tational gain obtained from the developed methodol-

ogy is demonstrated through applications in 2D and

3D parametrized problems simulating the evolution of

coupled THM processes in rock masses.
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Campus Nord UPC, 08034 Barcelona, Spain

S. Zlotnik · P. Dı́ez
International Centre for Numerical Methods in Engineering
(CIMNE) Barcelona, Spain

Keywords Model reduction · Reduced basis method ·
Goal-oriented error estimation · Adjoint problem ·
Coupled system · THM coupling

1 Introduction

Numerous studies have been conducted on coupled THM

systems related to the behavior of geological forma-

tions for investigating the safety, performance and de-

sign optimization of underground nuclear waste reposi-

tories [1–7]. Over the years, some approaches started fo-

cusing on developing numerical models addressing these

processes to support laboratory and in-situ tests vali-

dation [8–15]. These large-scale numerical models face

the challenge of dealing with systems of high dimen-
sionality related to large and complex geometrical dis-

cretizations, nonlinearity, a number of uncertain field

parameters and prolonged time evolution. This issue

becomes even more critical for certain types of prob-

lems requiring fast and multiple queries, for instance

inverse identification problems. The standard finite el-

ement based solvers are computationally demanding

and consequently, different high performance comput-

ing strategies are used to alleviate the computational

burden [16–18].

Despite being widely used in many engineering fields

for several years, there are very few studies that ex-

plored model order reduction applications to coupled

geomechanical problems [19–21]. Model reduction tech-

niques aim at reducing the dimensionality of a system

by projecting the reference full order model to a low-

dimensional subspace while preserving key information

up to an acceptable level of accuracy. In the present

contribution, we focus our attention on the reduced ba-

sis (RB) method - an enrichment-based class of model
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order reduction that requires an adaptive strategy to

construct a low-dimensional subspace spanning solu-

tions of a system under parametric variation. Given a

training sample that describes the parametric variation,

it is desired to accurately approximate the reference so-

lution at a much lower computational cost for any pa-

rameter inside the training set. The construction of this

low-dimensional subspace mainly involves the assembly

and post-processing of so-called ‘snapshots’ that refer

to full order solutions evaluated at specific parameter

values in the training sample.

An efficient a-posteriori error estimator is crucial to

optimally select snapshots inside the parametric train-

ing sample. The efficiency of an error estimator is char-

acterized by its rigor, sharpness and computational cost.

Many of the error estimation techniques exploit the re-

lationship between the residual and the error approxi-

mation of the system. This class of techniques is based

on the post-processing of the residual, which can be

done either explicitly by integration of residuals, or

implicitly by solving local problems using residuals as

source terms [22]. In recent years, several research ef-

forts have been devoted to residual-based a-posteriori

error estimators in the context of reduced basis appli-

cations for different types of PDE problems [23–28].

In this contribution, we develop a goal-oriented a-

posteriori error estimator for time-dependent coupled

THM systems which assesses the error in specific fea-

tures of the solution, termed as ‘Quantity of Interest’

(QoI). The time-dependence of the coupled THM sys-

tem poses an additional complexity as it involves the

computation of the auxiliary adjoint problem evolving

backwards in time. Various implementations of goal-

oriented error estimation for time-dependent problems

have been investigated in [29–36]. Similar to the method-

ology presented in [30–32], the error estimates for the

coupled THM system are derived based on the explicitly-

computed weak residual of the primal problem and on

the implicitly-computed adjoint solution associated with

the QoI. The error estimates are fed to the greedy-based

adaptive strategy to optimally select the snapshots and

certify the RB-projected solutions. For computational

efficiency, the implicitly-computed adjoint is evaluated

only once and reused to obtain the error estimates for

the entire parametric training sample.

The rest of the paper is organized as follows. In Sec-

tion 2, we describe the model problem governing equa-

tions and present the notations for the discretized cou-

pled THM system in full order and in reduced order

form. In Section 3, a greedy adaptive strategy is pro-

posed to optimally select the snapshot set used in the

construction of the low-dimensional RB subspace. We

derive the formulation of the backward-in-time evolv-

ing dual problem corresponding to the coupled THM

system and develop the goal-oriented error estimation

scheme in Section 4. Finally in Section 5, numerical ex-

amples for a regional model of glacier advance in 2D and

3D are presented in order to demonstrate the accuracy

of the optimally built RB-approximation and the com-

putational gain achieved with the proposed methodol-

ogy.

2 Problem Statement

2.1 Governing Equations and Discretization of THM

Coupled Systems

The coupled system for a fully-saturated porous ge-

omaterial includes the three equations describing the

deformation of the linearly-elastic body, the flow of the

fluid phase and the heat conduction. The mechanical

behavior is governed by poroelastic constitutive equa-

tions, while the hydraulic and thermal responses are

governed by Darcy’s law and Fourier’s law, respectively.

The classical conservation laws together with the con-

stitutive relationships yield the governing equations for

the time-dependent coupled THM system [37], result-

ing in an initial boundary value problem that reads: find

temperature T (x, t), displacement u(x, t) and pressure

p(x, t) with x ∈ Ω̄ ⊂ Rd and t ∈ (0, tf ] such that

kc∇2T − ρcpṪ +Q = 0

GD∇ · (∇u) + (GD + λ)∇(∇ · u)

−α∇p− 3KDαs∇T = 0

− k

µf
∇ · (∇p) + α∇ · u̇ +

1

M
ṗ

−[φ3αf + (α− φ)3αs]Ṫ = 0

in Ω × (0, tf ]

(1)

with Neumann boundary conditions,

−kc∇nT = gN

σijnj = τNi

k

µf
∇np = υN

on ∂ΓN × (0, tf ] (2)

Dirichlet boundary conditions,

T = TD

u = uD

p = pD

on ∂ΓD × (0, tf ] (3)

and initial conditions

T = T0

u = u0

p = p0

in Ω × {t = 0} (4)
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where the notation of physical parameters in the system

of equations are listed in Table 1.

We approximate the solution to the problem in (1)

-(4) by the standard finite element (FE) method. The

system is spatially discretized by associating the ap-

proximation to a mesh of characteristic size H in the

functional space ZH ⊂ H1
0(Ω), WH ⊂ H1

0(Ω), QH ⊂
H1

0(Ω):

T (x, t) ≈ TH(x, t) =

nnodes∑
i=1

Ti(t)Ni(x) = NTT

u(x, t) ≈ uH(x, t) =

nnodes∑
i=1

ui(t)Ni(x) = ÑTU

p(x, t) ≈ pH(x, t) =

nnodes∑
i=1

pi(t)Ni(x) = NTp

(5)

where U ∈ Rd×nnodes , nnodes is the number of nodes dis-

cretizing the field inΩ, while N and Ñ are compact sup-

port shape functions. In the case of a 2D domain, N and

Ñ are expressed as N := [N1(x) N2(x) ...Nnnodes(x)]T

and Ñ :=[
N1(x) 0 N2(x) 0 ... Nnnodes(x) 0

0 N1(x) 0 N2(x) ... 0 Nnnodes(x)

]
.

For further use, we write the weak form of the prob-

lem (1) -(4) in a compact form as

B(T,u, p; z,w, q) = L(z,w, q)

∀z ∈ ZH ,w ∈ WH , q ∈ QH
(6)

Table 1 Notation of physical parameters of the coupled

THM system

Parameters

KD bulk modulus of drained rock
GD shear modulus of the drained rock
α Biot-Willis coefficient
M constrained specific storage coeffi-

cient
µf viscosity
k permeability
φ porosity
αs thermal expansion coefficient in the

solid phase
αf thermal expansion coefficient in the

fluid phase
cp specific heat
kc thermal conductivity
Q heat source
ρ solid density
ρf fluid density
σ traction

where

B(T,u, p; z,w, q) =

∫
Ω

∂z

∂xj
kc
∂T

∂xj
dΩ +

∫
Ω

zρcp
∂T

∂t
dΩ

+

∫
Ω

∂w

∂xj
G
∂ui
∂xj

dΩ

+

∫
Ω

∂w

∂xi
(G+ λ)

∂uj
∂xj

dΩ

−
∫
Ω

wα
∂p

∂xi
dΩ

− 3

∫
Ω

wKDαs
∂T

∂xi
dΩ

−
∫
Ω

∂q

∂xj

k

µf

∂p

∂xj
dΩ

+

∫
Ω

q
1

M

∂p

∂t
dΩ

+

∫
Ω

qα
∂

∂t
(
∂ui
∂xi

)dΩ

−
∫
Ω

q[φ3αf + (α− φ)3αs]
∂T

∂t
dΩ

(7)

for i, j = 1, 2, 3 and

L(z,w, q) =

∫
Γ

zgNdΓN +

∫
Γ

wτNi
dΓN −

∫
Γ

qυNdΓN .

(8)

The substitution of the approximation (5) in the

weak form (6) leads to the discrete matrix form,

K U + C U̇ = F (9)

KH 0 0

KT KU CP

0 0 KP


︸ ︷︷ ︸

K

T
U
p


︸ ︷︷ ︸

U

+

CH 0 0

0 0 0

CT CT
P CM


︸ ︷︷ ︸

C

 Ṫ

U̇
ṗ


︸ ︷︷ ︸

U̇

=

FT

Fu

Fp


︸ ︷︷ ︸

F

(10)

where K contains the stiffness and conductivity matri-

ces, C contains the capacity (time-dependent) matrices

and F contains the corresponding vectors to L(·).
For the time discretization, a time-discrete frame-

work in the interval I ≡ (0, tf ] is considered such that

the subintervals are denoted as {0 = t0 < t1 < ... <

tl < .... < tL = tf} for l = 1, 2, ...,L. For notation

purposes, let ∆tl be the characteristic time step of the

time-discrete framework, measured as ∆tl = tl − tl−1.

To perform the time integration, an Euler-Backward

scheme is used and the space-time discrete problem is

written as

∆tlKU l + C U l = C U l−1 +∆tlF l

∀l ∈ 1, 2, ...,L
(11)
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Due to a lack of inf-sup condition, the coupled THM

system can show oscillating solution patterns when tem-

perature, displacement and pore pressure are approxi-

mated by the same set of basis functions [38–40]. We

therefore use Taylor-Hood finite element spaces, assign-

ing quadratic basis functions for displacement and lin-

ear basis functions for pore pressure and temperature,

to avoid instability in the coupled THM system [37,41,

42].

2.2 Reduced Order Model (ROM)

Considering the physical parameter constants of the

coupled THM system appearing in (1), we assume that

the material properties depend on a set of parameter

µ = (µ1, ..., µnpar.) ∈ P ⊂ RP , npar. ≥ 1. The sys-

tem unknowns are then denoted with an additional de-

pendency on a set of material parameter (T (x, t,µ),

u(x, t,µ), p(x, t,µ)). Note that in the next part, we sim-

plify the field notations by writing them as (T (µ),u(µ),

p(µ)) instead of the full form. The problem in the para-

metric form is expressed as follows: find (T (µ),u(µ),

p(µ)) ∈ ZH ×WH ×QH such that

B(T (µ),u(µ), p(µ); z,w, q) = L(z,w, q) (12)

where

B(· ; ·) =

∫
Ω

∂z

∂xj
kc(µ)

∂T

∂xj
dΩ +

∫
Ω

zρcp(µ)
∂T

∂t
dΩ

+

∫
Ω

∂w

∂xj
G(µ)

∂ui
∂xj

dΩ +

∫
Ω

∂w

∂xi
(G(µ)

+ λ(µ))
∂uj
∂xj

dΩ −
∫
Ω

wα(µ)
∂p

∂xi
dΩ

− 3

∫
Ω

wKDαs(µ)
∂T

∂xi
dΩ

−
∫
Ω

∂q

∂xj

k(µ)

µ(µ)f

∂p

∂xj
dΩ

+

∫
Ω

q
1

M(µ)

∂p

∂t
dΩ

+

∫
Ω

qα(µ)
∂

∂t
(
∂ui
∂xi

)dΩ

−
∫
Ω

q[φ(µ)3αf (µ) + (α(µ)

− φ(µ))3αs(µ)]
∂T

∂t
dΩ

(13)

for i, j = 1, 2, 3.

The approximate solution of the ROM is based on a

standard Galerkin projection of the full order FE model

to the global approximation spaces generated from well-

chosen solutions (snapshots) evaluated at specific pa-

rameter and time values. Given a set of parameter val-

ues M = {µ1, ...,µN}, the snapshots contain the cor-

responding solutions SN = {T (µ1),u(µ1), p(µ1), . . . ,

T (µN ),u(µN ), p(µN )} where N is much smaller than

the characteristic size of the reference full order model.

It is critical that the ROM inherits the crucial prop-

erties of the reference full order model − particularly,

maintaining the numerical stability of the model to

guarantee the accuracy and convergence of the ROM.

There are numerous works dedicated to the stability of

ROM, proposing strategies to develop stability preserv-

ing models for specific types of problem [44–47]. In gen-

eral however, ensuring the numerical stability in model

reduction is still an open issue. The numerical stability

of the reduced coupled THM model is tackled similarly

as in the FE context [38–40], by using different basis

functions to approximate the displacement, pore pres-

sure and temperature fields. Snapshot solutions are also

orthonormalized to ensure algebraic stability for each

basis.

We define the global approximation (RB) spaces

separately for each of the field variable as follows:

ZHN = span{T (µn), 1 ≤ n ≤ nsnapshots} ⊂ ZH

WH
N = span{u(µn), 1 ≤ n ≤ nsnapshots} ⊂ WH

QHN = span{p(µn), 1 ≤ n ≤ nsnapshots} ⊂ QH .
(14)

To project the FE model to the set of RB spaces, the

coupled system is ‘decoupled’ such that elements of

the stiffness, conductivity and capacity matrices are

extracted and grouped into blocks based on the field

variable that it interacts with (15). Let Z,W and Q
denote the RB matrices for temperature, displacement

and pressure, respectively. Each block is projected ac-

cordingly onto its corresponding basis, i.e., KT inter-

acts with temperature and displacement fields, there-

fore it is projected to the RB space from tempera-

ture (ZHN ) and displacement (WH
N ) snapshots. Mean-

while, KP that solely interacts with pore pressure is

projected only to the RB space from pressure snapshots

(QHN ). These projected blocks are then reassembled in

the same way as the FE coupled system as seen in (15)

and (16), but the resulting blocks will have a much

smaller characteristic size of order N .KHN 0 0

KTN KUN CPN

0 0 KPN

TN

UN

pN


+

CHN 0 0

0 0 0

CTN CT
PN CMN

 ṪN

U̇N

ṗN

 =

FTN

FuN

FpN

 (15)
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KHN = ZT KH Z KTN = WT KT Z
KUN = WT KU W CPN = WT CP Q
KPN = QT KP Q CHN = ZT CH Z
CTN = QT CT Z CT

PN = QT CT
P W

CMN = QT CM Q FTN = ZT FT

FuN = WT Fu FpN = QT Fp

TN = ZT T UN = WT U
pN = QT p

(16)

Given µ ∈ P, the approximated solutions belonging to

the RB spaces (TN (µ) ∈ ZHN , uN (µ) ∈ WH
N , pN (µ) ∈

QHN ) are obtained by solving

B(TN (µ),uN (µ), pN (µ); z,w, q) = L(z,w, q)

∀z ∈ ZHN , w ∈ WH
N , q ∈ QHN

(17)

where the dimensionality of the system corresponding

to the left hand side B( · ) and right hand side L( · )

terms, as described in (15) and (16), is much lower than

the full order FE model.

3 Generation of the Reduced Basis

The computational procedure involved in generating

the reduced basis is explained in this section. The RB

is built from an assembly of snapshot solutions of the

full order model evaluated within a parametric train-

ing sample. Optimally selecting the parameters where

such snapshots are evaluated is evidently critical for ef-

ficiently building the RB. It is desired that the selected

snapshots give the most accurate approximation while

keeping the number of snapshots to a minimum. In or-

der to satisfy this requirement, we pursue an adaptive

strategy in which the criterion to select the snapshots is

driven by an a-posteriori error estimator. In turn, this

error estimator also provides certification to the RB-

approximated solution. The error estimator developed

for the coupled THM system is discussed thoroughly in

Section 4.

The adaptive strategy is implemented in a greedy-

based sampling framework to build hierarchical RB ap-

proximation spaces [19,24,25,43], in which the basis is

enriched by appending new snapshot solutions at every

enrichment step. The greedy adaptive strategy is ex-

plained by the schematic procedure below.

Given a parametric training sampling space discretiza-

tion Ξtrain ⊂ nsample, with Ξtrain = span {µ1, µ2. . . ,

µnsample}, a stopping tolerance for estimated error ε, and

a maximum number of enrichment steps Nmax, initiate

the greedy strategy at N = 0 with empty snapshot ma-

trices SNT , S
N
u , S

N
p and a pre-selected initial parameter

value µ∗ = µn

while N < Nmax and δN > ε

N ← N + 1

[T,u, p] = FE(µ∗)

SNT = [SN−1T ; T ], SNu = [SN−1u ; u], SNp = [SN−1p ; p]

VT = POD(SNT ), Vu = POD(SNu ), Vp = POD(SNp )

for µ ∈ Ξtrain
∆(µ) = ERROR ESTIMATE(VT ,Vu,Vp,µ)

end

µ∗ = arg max
µ⊂Ξtrain

∆(µ)

δN = max
µ⊂Ξtrain

∆(µ)

end

In the first enrichment step, a full order space-time

FE solution is evaluated at a pre-selected parameter

value and denoted as a snapshot. To construct the basis

for each field, the snapshot is separated (SNT , S
N
u , S

N
p )

and orthonormalized with the Proper Orthogonal De-

composition (POD) technique. The modes are trun-

cated by prescribing a tolerance that corresponds to

their energy contribution relative to the contribution of

the first mode. The same tolerance level is prescribed

for temperature, displacement and pore pressure fields,

which results in a number of truncated modes that can

vary accordingly, reflecting the different features of each

snapshot field (see Figure 6).Using the truncated and

orthonormalized matrices as projection bases, the er-

ror estimator selects the point in the training sample

which gives the worst (least accurate) approximation
in the current RB space. The next step is to generate

snapshot solutions at this worst point and append it to

the RB space to improve its approximation. The enrich-

ment procedure is repeated until the stopping criteria

are satisfied.

The most critical ingredient in the RB generation

strategy is to ensure that the error estimator gives a

good approximation of the exact error, while being com-

putationally inexpensive. Particularly for cases where

the training sample is very large, estimating the error

at every set of parameter value is an exhaustive proce-

dure.

4 Goal-Oriented Error Estimation

4.1 Error-Residual Representation

Residual-based a-posteriori error estimators are typi-

cally employed to certify reduced order models built
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from projection-based techniques. In goal-oriented er-

ror estimation, we focus on specific features of the so-

lution (QoI) and assess the error in these features. The

error in the QoI is estimated by relating the primal

residual to an appropriate adjoint solution of a dual

problem [30,34–36]. The ideas introduced in [30–32], in

which an implicitly-solved adjoint is directly injected

into the weak primal residual of a parabolic PDE, are

followed to develop an a-posteriori goal-oriented error

estimator for the coupled THM system.

We represent the error in the the temperature, dis-

placement and pore pressure fields between the refer-

ence FE and RB-projected solution as

e = (eT , eu, ep) = (T − TN ,u− uN , p− pN ). (18)

Recalling the weak form of the model problem (6)

we define the residual as

R(z,w, q) = B(eT , eu, ep; z,w, q)

= L(z,w, q)−B(TN ,uN , pN ; z,w, q)

∀z ∈ ZH ,w ∈ WH , q ∈ QH .
(19)

Denoting the QoI as J(·), we introduce a corre-

sponding dual problem. Let Tadj ∈ ZH , uadj ∈ WH ,

padj ∈ QH be the set of adjoint solutions to the dual

problem such that

B( · ;Tadj ,uadj , padj) = J( · ). (20)

It is aimed to evaluate the QoI, J(T,u, p), with-

out having to explicitly compute the primal solution

(T,u, p). The QoI is estimated by relating the source

term of the primal problem to the adjoint solution of

the dual problem.

J(T,u, p) = L(Tadj ,uadj , padj) (21)

and consequently, we can write the error in the QoI as

an adjoint-residual representation

J(eT , eu, ep) = R(Tadj ,uadj , padj)

= L(Tadj ,uadj , padj)

−B(TN ,uN , pN ;Tadj ,uadj , padj).

(22)

The implementation of adjoint-residual error repre-

sentation is simple once the adjoint solution and weak

residuals are computed− the adjoint solution is directly

plugged in to the residual at every time step, adapting

the space-time grid. Particularly for weak residuals R(·)
which are explicitly evaluated, the computational cost

is minimal even if solved for each parameter value in the

training sample. In contrast, computing the backward-

in-time-evolving adjoint solution of the dual problem is

more involved and computationally expensive.

4.2 Backward-in-Time Evolving Adjoint Solution of a

Dual Problem

For the QoI, we consider a general functional output

that accounts for the behavior of the solution evolving

over time

J(T,u, p) =

∫ tf

0

∫
Ω

f̄T (x, t)T dΩ dt

+

∫ tf

0

∫
Ω

f̄u(x, t)u dΩ dt

+

∫ tf

0

∫
Ω

f̄p(x, t)p dΩ dt

(23)

For the sake of simplicity, we normalize the terms to

have consistent units with contributions from the tem-

perature, displacement and pore pressure fields result-

ing to a scalar QoI bearing the unit of the chosen field.

By choosing the QoI to have the unit of displacement

field, we introduce the following characteristic factors

derived from norms of a previously solved primal prob-

lem

γ̂ = ‖u‖/‖T‖; T̂ = γ̂T (24)

δ̂ = ‖f̄u‖/‖f̄T ‖; f̂T = δ̂f̄T (25)

α̂ = ‖u‖/‖p‖; p̂ = α̂p (26)

β̂ = ‖f̄u‖/‖f̄p‖; f̂p = β̂f̄p. (27)

Making use of the arbitrary characteristic factors,

the QoI in (23) is expressed as

Ĵ(T,u, p) = γ̂

∫ tf

0

∫
Ω

f̄T (x, t)T dΩ dt

+

∫ tf

0

∫
Ω

f̄u(x, t)u dΩ dt

+ α̂

∫ tf

0

∫
Ω

f̄p(x, t)p dΩ dt.

(28)

Recalling the dual problem associated with the cou-

pled THM system,

B(z,w, q;Tadj ,uadj , padj) = J(z,w, q)

∀z ∈ ZH ,w ∈ WH , q ∈ QH
(29)

it is observed that due to the coupling terms in the sys-

tem of equations, the ensemble of units in the left hand

side B( · ) is only compatible with the right hand side

of the primal problem L( · ), and not with J(z,w, q).

It becomes critical to express the left hand side of the

dual problem (29) with normalized units in order to

satisfy compatibility with the right hand side vector of

the QoI. The dual problem bearing compatible units is

therefore written as:
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B̂(z,w, q;Tadj ,uadj , padj) = J(z,w, q) (30)

where

B̂(· ; ·) =
δ̂

γ̂

∫ T

0

∫
Ω

∂Tadj
∂x

kc
∂z

∂x
dΩdt

+

∫ T

0

∫
Ω

∂uadj
∂x

G
∂w

∂x
dΩdt

+

∫ T

0

∫
Ω

∂uadj
∂x

(G+ λ)
∂w

∂x
dΩdt

− 1

α̂

∫ T

0

∫
Ω

∂padj
∂x

αwdΩdt

− 1

γ̂

∫ T

0

∫
Ω

Tadj 3KDαs
∂w

∂x
dΩdt

− β̂

α̂

∫ T

0

∫
Ω

∂padj
∂x

κ
∂q

∂x
dΩdt

+
δ̂

γ̂

∫
Ω

Tadj(t = T )ρcpzdΩ

− δ̂

γ̂

∫ T

0

∫
Ω

zρcp
∂Tadj
∂t

dΩdt

+
β̂

α̂

∫
Ω

padj(t = T )
1

M
qdΩ

− β̂

α̂

∫ T

0

∫
Ω

q
1

M

∂padj
∂t

dΩdt

+ β̂

∫
Ω

uadj(t = T )α
∂q

∂x
dΩ

− β̂
∫ T

0

∫
Ω

∂q

∂x
α
∂uadj
∂t

dΩdt

+
β̂

γ̂

∫
Ω

Tadj(t = T )[φ3αf + (α− φ)3αs]qdΩ

− β̂

γ̂

∫ T

0

∫
Ω

q[φ3αf + (α− φ)3αs]
∂Tadj
∂t

dΩdt.

(31)

In strong compact form, the dual problem is thus writ-

ten as:

δ̂

γ̂
kc∇2Tadj +

δ̂

γ̂
ρcpṪadj = f̄T

GD∇ · (∇uadj) + (GD + λ)∇(∇ · uadj)

− 1

α̂
α∇padj −

1

γ̂
3KDαs∇Tadj = f̄u

− β̂
α̂

k

µf
∇ · (∇padj)− β̂α∇ · u̇adj

− β̂
α̂

1

M
ṗadj +

β̂

γ̂
[φ3αf + (α− φ)3αs]Ṫadj = f̄p

in Ω × (0, tf ]

(32)

with Neumann boundary conditions,

−kc∇nTadj = 0

σij,adjnj = 0

k

µf
∇npadj = 0

on ∂ΓN × (0, tf ] (33)

Dirichlet boundary conditions,

Tadj = 0

uadj = 0

padj = 0

on ∂ΓD × (0, tf ] (34)

and initial conditions

Tadj = 0

uadj = 0

padj = 0

in Ω × {t = tf}. (35)

Note that the adjoint solution of each field (Tadj ,uadj , padj)

bears the same units arising from the characteristic

factors (γ̂, δ̂, α̂, β̂) introduced in the coupled system of

equations. This allows for the adjoint to be injected into

the residual in a straightforward procedure that yields

the error estimate in the QoI,

Ĵ(eT , eu, ep) = R̂(Tadj ,uadj , padj) (36)

where R̂ contains the residuals from the temperature,

displacement and pore pressure fields normalized to

have consistent units.

The strong form of the dual problem is very simi-

lar to the primal problem differing only by the time-

dependent terms that have opposite signs − reflecting

the backward in time propagation of the adjoint solu-

tion. Evidently, the computational cost of solving the

dual problem is the same as solving the primal problem.

In this methodology, note that only one adjoint solu-

tion is needed to represent the entire parametric train-

ing sample. Further details on this assumption will be

explained in section 5.1.4.

5 Numerical Examples

5.1 2D Advancing Glacier Problem

As a first illustrative application, we consider a homo-

geneous region for a fully-saturated rock mass in a 2D

domain, see Figure 1. A 22000m by 1700m rock mass is

subjected to a glacier with non-uniform thickness ad-

vancing along the upper surface ΓTOP. The thickness
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variation of the glacier is described by the function

H(x, t) as inspired by reference [48],

H(x, t) = 21/8Hmax

(
L−X + v t

L

)1/2

. (37)

where Hmax = 3200m is the maximum height of the

glacier, L = 1329870m is the distance from the center to

the glacier front,X is the distance from the center of the

glacier (the datum point) which is related to the coordi-

nate system of the model domain byX = x+1333029m,

v is velocity of the glacier specified as 1.27 m per year.

At t = 0, the glacier thickness function H(X) satisfies

H(0) = Hmax and H(L) = 0. For an observation pe-

riod of 6000 years, the glacier thus moves 7620m on top

of the upper surface ΓTOP of the rock mass. The load-

ΓB

ΓTOP

ΓE ΓE

z-axis

x-axis

ADVANCING
GLACIER

Fig. 1 Homogeneous rock mass subjected to glacier

loading

ing effects of glacier are treated as boundary conditions

for the governing equations of the system. These effects

are applied as traction (σN ) in the mechanical system,

and as prescribed pore pressure (pD) and temperature

(TD) on the upper surface. Additional Neumann and

Dirichlet boundary conditions are imposed on the lower

surface and edges of the rock mass, leading to

σzz(x, t) = σN = −ρfgH(x, t)

T (x, t) = TD = Tmax
H(x, t)

Hmax

p(x.t) = pD = ρfgH(x, t)

on ∂ΓTOP (38)

uz = 0;
∂p

∂z
= 0;

∂T

∂z
= 0 on ∂ΓB (39)

un = 0;
∂p

∂n
= 0;

∂T

∂n
= 0 on ∂ΓE . (40)

In this illustrative application, only changes in the

rock mass response due to small glacier advances are

investigated. Furthermore, the problem is assumed to

be linear and that the initial fields at the onset of ad-

vancing glacier (i.e. stresses due to the weight of the

Table 2 Physical parameters describing the homoge-

neous rock mass

KD 2 × 1010 Pa
GD 1.2 × 1010 Pa
α 0.70
M 3.08 × 1010 Pa
µf 1 × 10−3 Pa·s
k 1.55 × 10−19 m2

φ 0.05
αs 8.3 × 10−6 ◦C−1

αf 6.9 × 10−7 ◦C−1

cp 1.83 × 106 N m2 · K
kc 3.66 W/ m · K

glacier at its initial position, geostatic stresses, hydro-

static fluid pressure, temperature distribution from geo-

thermal heat flux, etc.) can be ignored. Zero initial con-

ditions are therefore imposed on the system.

5.1.1 Primal Problem

The FE solution to the coupled THM problem (1-4)

subjected to the glacier loading with the physical prop-

erties described in Table 2 is obtained from solving

the discrete problem in (11). For spatial discretization,

Taylor-Hood P2 − P1 elements on triangles are used -

quadratic interpolation for displacements and linear in-

terpolation for pore pressure and temperature. There

are 4398 degrees of freedom (DOF) in total and the

time grid is spaced by 100 logarithmically increasing

timesteps.

The behavior of the coupled THM system at t = tf ,

as obtained by a direct FE simulation, is described in

Figure 2. The pore pressure distribution is maximal

closer to the glacier front’s initial location as expected.

The vertical displacement of the rock mass is negative

under the glacier (compression) but exhibits positive

values outside the glacier, indicating heaving which is

typically observed with glacial loading [50]. The non-

uniform temperature distribution under the glacier in-

dicates that steady-state condition is not yet reached

after 6000 years.

5.1.2 Dual Problem

For the setup of the dual problem, we consider the QoI

as the average pressure in the domain Ω combined with

the average vertical displacement in the upper surface

ΓTOP over time t = (0, tf ],

Ĵ(T,u, p) =
1

|ΓTOP|

∫ tf

0

∫
ΓT

u dΓT dt

+ α̂
1

|Ω|

∫ tf

0

∫
Ω

p dΩ dt.

(41)
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-0.6 -0.4 -0.2 0

(a) FE Temperature, T (◦C)

-0.06 -0.04 -0.02 0

(b) FE z-Displacement, uz (m)

0 0.5 1 1.5 2

10
6

(c) FE Pore Pressure, p (Pa)

Fig. 2 Evolution of thermo-hydro-mechanical fields af-

ter 6000 years

0 1 2 3 4 5 6

10
-5

(a) |T−TN |
‖T‖max

0 1 2 3 4 5

10
-4

(b) |uz−uzN |
‖uz‖max

0 1 2 3 4 5

10
-4

(c) |p−pN |
‖p‖max

Fig. 3 Error map of FE and RB-projected coupled

THM solution. Error is expressed relative to the maxi-

mum field value of the FE solution.
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Applying the formulation for the backward-in-time evolv-

ing dual problem (32-35), we obtain the adjoint solu-

tion corresponding to the temperature, displacement

and pressure fields. The dual problem is solved with

the same spatial and time discretization as the primal

problem. Figure 4 shows the backward propagation of

the adjoint for the vertical displacement in the upper

surface with zero initial condition imposed at the final

time.

The adjoint solution is verified by showing that the

QoI estimated by relating the source term and adjoint

(21) holds. Figure 5 shows the accuracy of the source

term-adjoint estimate with respect to the spatial and

time discretization refinement. It is observed that the

time discretization of the dual problem affects the QoI

estimate convergence more dominantly than the spatial

discretization refinement in this particular case where

the QoI is chosen as a functional of field solutions in

the entire time span t : (0, tf ].

-0.08
10000

-0.06

-0.04

3

-0.02

D
is

p
la

c
e

m
e

n
t 

(m
)

Time (Years)

0

5000 2

10
4

x-coordinate (m) in 
TOP

0.02

1
0 0

-5
10000

-4

-3

3

10
-12

A
d

jo
in

t 
(m

/N
)

-2

Time (Years)

5000 2

10
4

x-coordinate (m) in 
TOP

1
0 0

Fig. 4 Vertical displacement of the primal problem

(top) and the corresponding adjoint solution (bottom)

in the upper surface of the domain ΓTOP

5.1.3 Reduced Basis Generation

This 2D coupled THM problem is parametrized by vary-

ing some of the parameters related to material proper-

10
3
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5
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v
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rr

o
r

Fig. 5 Error plot verifying J(T, u, p) =

L(Tadj , uadj , padj) with respect to mesh refinement

(top) and time step refinement (bottom)

ties. The elastic modulus and permeability correspond-

ing to the mechanical and hydraulic properties are se-

lected to vary within a range of realistic values for

a granitic type of rock; elastic modulus µ1 : [1.5 ×
1010, 4.4×1010] Pa and permeability µ2 : [1×10−24, 1×
10−18] m2. The parametric training sample is discretized

with 1050 parameter sets (nµ1 × nµ2 = 35× 30), where

each set contains the 2 material properties µn = (µ1, µ2).

The formulation of the error in the QoI at a cer-

tain parameter set is equivalent to the product of the

residual and the adjoint solution evaluated in that pa-

rameter set. Recalling that the computational cost in-

volved in the solution of the dual problem is the same

as in the primal problem, if the adjoint solution is eval-

uated for each parameter set in the training sample,

(Tadj(µn), uadj(µn), padj(µn)), it is equivalent to solv-

ing the full order (FE) model 1050 times at each en-

richment step.

Ĵ(eT (µ), eu(µ), ep(µ)) : = R̂(Tadj(µ),uadj(µ), padj(µ))

= ∆(µ)

(42)
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To avoid this extremely expensive procedure, we impose

a condition based on the assumption that the adjoint

solution is not very sensitive with respect to paramet-

ric variations. We therefore solve the dual problem only

once in a selected parameter set (µ0); and this adjoint

solution is assumed to be sufficient to be reused for eval-

uating the error estimate in the entire training sample.

The enrichment procedure is stopped once the normal-

ized estimated error in QoI is below the prescribed tol-

erance level of 10−4.

In the present case, the greedy adaptive procedure

required 9 enrichment steps to reach the error level be-

low 10−4. The corresponding number of POD modes

at a truncation tolerance of 10−5 on their relative am-

plitude after each enrichment step is shown in Figure

6.
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Fig. 6 Convergence of greedy-based strategy to the

prescribed tolerance level, ∆max(µ)

Ĵ(·N )
(top) and number

of POD modes at each enrichment step (bottom)

The accuracy of the projected RB solution with re-

spect to the FE model is qualitatively assessed in Figure

3. The evolution of the temperature, displacement and

pore pressure fields after 6000 years is accurately de-

picted as shown in the error map distribution of the

THM fields in the domain. The accuracy is quantita-

Table 3 Maximum error level in the entire parametric

training sample

max [eT (µ)

T (µ)
] max [eu(µ)

u(µ)
] max [

ep(µ)

p(µ)
]

1.8 ×10−7 1.1 ×10−3 7.8 ×10−3

tively assessed in the entire parametric training sample

by looking at the global error norm in the domain in

Table 3. The error norm is computed at every parame-

ter set in the training sample and plotted in Figure 7.

With a maximum error on the order of 10−7 for tem-

perature, and 10−3 for displacement and pore pressure,

the projected RB solution is in good agreement with

the reference FE solution.
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Fig. 7 Error in the entire parametric training sample:

displacement ‖ euu ‖ (top) and pressure ‖ epp ‖ (bottom)

5.1.4 Efficiency of the Goal Oriented Error Estimator

To assess the efficiency of the goal-oriented error es-

timator, the effectivity index describing the rigor and

sharpness of the estimate is measured. The effectivity

index is computed as
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η(µ) =
J(e(µ))

∆(µ)
(43)

where ∆(µ) is the estimated error and J(e(µ)) is the

exact error evaluated in the QoI. Ideally, it is desired

to have η ≡ 1 to obtain a sharp bound for the error.

By first evaluating the effectivity index in the pa-

rameter, µ0, where the adjoint is computed (Figure

8), it is shown that the error estimator indeed yields

a sharp bound with an index value of 1.05 for the given

spatial and time discretization (Table 4).

2 4 6 8

Enrichment Step
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E
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o
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 Q

O
I

J(e)

( )

Fig. 8 Efficiency of goal-oriented error estimator with

respect to basis enrichment - assessed at parameter set

where the adjoint is evaluated (µ0)

To investigate the effect of solving the adjoint only

in one parameter set and reusing it for the entire train-

ing sample, the sensitivity of the adjoint is evaluated

by computing the effectivity indices at different points

in the training sample (Figure 9). The corresponding

effectivity indices at these points are reported in Table

4. The error estimator performs well with the maxi-

mum underestimation index less than 5 (η(µf ) = 3.83)

for the parameter sets tested. As expected, the effectiv-

ity index gets worse when the parameter set is further

from the reference adjoint parameter µ0. There is no

conclusive observation when an overestimation or an

underestimation occurs (i.e. the error is overestimated

in both cases where the permeability is lower (µg) and

higher (µb) than the adjoint’s permeability).

5.2 3D Advancing Glacier Problem

To illustrate more quantitatively the computational gain

that can be expected from the proposed methodology,

the 2D homogeneous rock mass subjected to an advanc-

ing glacier model is now extended to a more realistic 3D

Table 4 Effectivity index of error estimator within the

parameteric training sample

Point J(e(µ)) ∆(µ) η(µ)

µ0 3.4 ×10−3 3.2 ×10−3 1.05

µa 1.37 ×10−2 1.17 ×10−1 0.12

µb 1.35 ×10−2 1.16 ×10−1 0.12

µc 1.34 ×10−2 1.15 ×10−1 0.12

µd 3.2 ×10−3 3.7 ×10−3 0.87

µe 3.4 ×10−3 3.0 ×10−3 1.13

µf 6.44 ×10−5 1.68 ×10−5 3.83

µg 2.48 ×10−6 3.28 ×10−6 0.75

µh 1.75 ×10−5 2.08 ×10−5 0.84

1.5 2 2.5 3 3.5 4 4.5

1
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d
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e0

hf

Fig. 9 Selected parameters where effectivity index is

evaluated

problem.

The geometry of the 3D homogeneous rock mass (Fig-

ure 10) is taken from the topography of a valley located
in southern Andes. For the FE model, 27-node hex-

ahedral elements are used to interpolate the solution

with quadratic shape functions for displacement and

linear shape functions for pore pressure and tempera-

ture fields to ensure the stability of the coupled system.

The 3D domain is a 22000m by 10200m region with non-

uniform thickness characterizing the valley with a max-

imum elevation of +1341m and a minimum elevation of

-3985m. The discretized domain consists of 3774 hex-

ahedral elements, 34125 nodes and 115833 DOF. The

time discretization is kept the same as in the 2D case

with 100 time steps for an observation period of 6000

years.

The QoI is taken as the average of the pressure in

the whole domain and the average of the vertical dis-

placement along the upper surface. The glacier advance

on the upper surface is described by the same function

as in the 2D problem (37), imposed at zero-elevation.

The elevation profile of the glacier is extruded along the

lateral direction and enforced to conform to the rock
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Fig. 10 Homegeneous rock mass valley with non-

uniform top elevation taken from a region in southern

Andes

mass elevation (i.e., when the effective glacier thickness

is lower than the rock mass elevation at a specific point,

no loading is applied).

To build the reduced basis, the coupled system is

parametrized as in the 2D case. The ranges of values

for the elastic modulus µ1 and the permeability µ2 are

varied and discretized to 70 sets (nµ1
× nµ2

= 10× 7),

defining the parametric training sample. Implementing

the greedy adaptive strategy, it took 8 enrichment steps

to reach the tolerance level below 10−4. The reduced ba-

sis after enrichment contains 306 POD modes in total,

resulting in RB spaces with characteristic size of 48, 79

and 179 modes for temperature, displacement and pore

pressure, respectively.

The dimensionality of the coupled THM system is

thus significantly reduced − having only 306 DOF in-

stead of 115833 DOF to solve the primal problem. Com-

paring the computational costs, the FE model solution

with 115833 DOF requires 17683 seconds (4.6 hours)

in MATLAB implementation while the RB-projected

system takes 35 seconds to run which yields a compu-

tational gain of 505x speed up, see Table 5. Note that

with even more realistic (i.e. larger) problems and in-

volving more parameters, the expected speed up is even

higher.

Table 5 Computational gain with RB model in 3D

application

FE Model RB Model Gain

DOF 115 833 306 378:1

CPU Time 17 683s 35s 505xspeed up

The accuracy of the RB-projected solution is as-

sessed by comparing it to the FE model solution eval-

uated for a reference parameter set value presented in

[48] (3×1010 Pa, 1.55×10−19 m2), which is not used as

a snapshot point to build the RB. Figure 11 and Figure

12 show that the temperature, displacement and pore

pressure field distributions in the domain after 6000

years are recovered well by the RB model. The rela-

tive error norms in the QoI at 6000 years are 4.3×10−4

for pore pressure and 2.6×10−5 for displacement which

gives a good level of accuracy for the RB approxima-

tion. Further comparison of RB-projected solutions to

FE model solutions (Table 6) is performed for different

parameter set values chosen by varying parameter µ1 or

µ2 with respect to the reference parameter set which is

useful for sensitivity analysis of the parametric system.

Table 6 Relative error in the pore pressure and dis-

placement fields evaluated in the QoI domain (temper-

ature field is unaffected by µ1 and µ2)

µ1(Pa) µ2(m2)
‖e∗

p
‖

‖p∗‖
‖e∗

u
‖

‖u∗‖

3.0 × 1010 1.55 × 10−19 4.3 × 10−4 2.6 × 10−5

3.0 × 1010 6.00 × 10−18 9.3 × 10−3 4.4 × 10−4

2.4 × 1010 1.55 × 10−19 3.3 × 10−4 1.6 × 10−5

3.5 × 1010 1.55 × 10−19 4.1 × 10−4 2.5 × 10−5

3.0 × 1010 1.00 × 10−21 3.8 × 10−4 1.5 × 10−5

∗ evaluated in the QoI, at time=6000 years

6 Conclusion

We presented a strategy to solve transient coupled THM

systems in the framework of reduced basis approxima-

tion. To preserve the stability properties of the reference

FE model, the same interpolation principle is applied

in the RB projection by using three separate bases -

each basis corresponding respectively to temperature,
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(a) FE Temperature, T (◦C)

(b) FE z-Displacement, uz (m)

(c) FE Pore Pressure, p (Pa)

Fig. 11 3D Evolution of thermo-hydro-mechanical

properties after 6000 years

(a) |T−TN |
‖T‖max

(b) |uz−uzN |
‖uz‖max

(c) |p−pN |
‖p‖max

Fig. 12 Error map of FE and RB-projected coupled

THM solution. Error is expressed relative to the maxi-

mum field value of the FE solution.
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displacement and pore pressure fields. The greedy adap-

tive strategy, employed to optimally enrich the bases,

strongly relies on the error estimator that provides the

criterion to select the next snapshots and certifies the

RB-projected solutions.

We developed an efficient a-posteriori error estima-

tor for the coupled THM system which evaluates the

error in specific quantities of interest. The strength of

this goal-oriented scheme lies in the combination of im-

plicit and explicit error assessment approaches - first,

assessing the error implicitly in the dual problem and

then injecting it to the explicitly evaluated primal resid-

ual. Particularly for a time-dependent system, this er-

ror assessment enables a simplified implementation that

adapts the space-time grid such that at every time step,

the adjoint is simply plugged in to the weak residual.

For computational efficiency, it was proven for the ap-

plication examples that solving the adjoint only once

and reusing it for error evaluation in the entire training

sample is effective as evident in the sharp error esti-

mates.

The numerical examples demonstrated the ability

of the RB strategy to accurately approximate the ref-

erence FE solutions of the coupled THM system with

a significant reduction in computational costs. Further-

more, higher computational gain is foreseen for more

complex and realistic problems that feature non-linearity,

heterogeneity and higher-dimensional parametric space.

For problems that deal with much larger sets of un-

certain parameters, it is worth investigating in future

works whether the scheme of solving the dual problem

only at one parameter set can provide sufficiently sharp

error estimates. Potential strategies (e.g., interpolation

and iterative optimization procedures) that tackle such

issue are to be explored.
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