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Abstract 8 

Transient scour and fill refers to the general scour and fill in a riverbed due to flood passage. It 9 

was given much attention in times of Leopold and Maddock (1953) and Colby (1964) from records 10 

of outstanding case studies. Field data from a station in a contracted, long reach of the large sand-11 

bed Pilcomayo River –1192 newly typed in forms– are presented, with sediment concentration in 12 

the database up to 60 kg/m3, mostly wash load. Water surface rises and falls during a flood event, 13 

whereas streambed evolves in reverse (it renders the analogy to an accordion). Streambed scouring 14 

accounts for 36% of the change in flow area in floods and data reveal scouring up to 4 m from the 15 

streambed elevation when flood starts. Velocity data display large hysteresis loops inexplicable by 16 

unsteady flow alone. Once streambed starts to fall, river bed scour is self-sustaining. Water depth 17 

gradient appears to be a crucial variable in a novel equation for transient scour and fill derived 18 

from Exner equation. It turns out that flow non-uniformity is relevant to explain transient scour 19 

and fill in contrast to flow unsteadiness, which is not. Quasi-steady gradually varied flow equation 20 

solved along the contracted reach is the base for a model that captures well the recorded bed 21 

evolution. The model explains most of the transient scour and fill by the downstream expansion, 22 

but the non-uniform flow and the bed material suspended load play a role. The model fails on the 23 

days of highest sediment concentrations. 24 

1. Introduction 25 

General scour usually refers to the streambed elevation change. In other words, it is the 26 

scour (and, usually, the corresponding fill) that naturally occurs in a river bed, irrespective of any 27 

man-made structure (Melville and Coleman, 2000). Long-term general scour, alias streambed 28 

degradation, is a process through which a river can approach or recover equilibrium after a 29 

disturbance [Galay, 1983; Martín-Vide et al., 2010]. It usually develops along decades and should 30 
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be distinguished from short-term general scour associated with floods. “Transient scour” is used 31 

herein as a digest of the general scour and fill of the streambed during the passage of a flood. 32 

Strikingly, such a paramount phenomenon in alluvial rivers (transient scour), with 33 

implications for river crossings and bridges, is seldom highlighted in recent literature. References 34 

in the context of Geomorphology describe transient fluctuations in streambeds of large rivers –the 35 

most important based on ancient USGS gage measurements. For instance, the San Juan, Colorado, 36 

Rio Grande and East Fork River in the United States [Lane and Borland, 1953; Leopold and 37 

Maddock, 1953; Leopold et al., 1964, Andrews, 1979], the Yellow River and others in China [Lane 38 

and Borland, 1953; Wan and Wang, 1994; Wang et al., 2013] and the Fraser River in Canada 39 

[Hickin, 1995]. In the context of river engineering practice, references are focused on design 40 

methods [Bettess, 2002; Lauchlan and May, 2002; Melville, 2000] but they often lack a clear 41 

physical meaning of the process at hand. Some advances on bed adjustments due to width 42 

variations [Repetto et al., 2002; and Wu et al.,2011] do not address specifically the issue of 43 

transient scour and fill. We suspect transient scour is paid little attention nowadays because past 44 

researches claimed the phenomenon had been incorrectly posed. 45 

The empirical observations enabled Leopold and Maddock [1953] to stress the influence 46 

of sediment load on transient scour: “the observed changes in the stream bed resulted from changes 47 

in the sediment load brought into the reach from upstream”. Their data were obtained in cross 48 

sections with approximately constant width in spite of large discharge variations. Lane and 49 

Borland [1953] stated that transient scour does not occur universally –i.e. in all extension of an 50 

alluvial river– but it does in relatively narrow, primarily straight segments of mildly sloping rivers, 51 

customary characteristics of gauging stations. Indeed, to the authors’ knowledge there are no 52 

examples of transient scour in wide sections or in steep beds. The interpretation by Leopold and 53 
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Maddock [1953] cited above was refuted by his discussers on the same lines from the very 54 

beginning. Colby [1964] complained about the lack of acknowledgement on the inherent stability 55 

of sand beds elevation and noted problems in interpreting observations of scour and fill. The 56 

problems are: a) there are too few points to deduce an average position of the streambed at a cross 57 

section; b) not an average scour depth is observed but the maximum instantaneous scour depth 58 

because of the passage of bed forms and c) the scour and fill in a stream reach cannot be determined 59 

from observations in one or few cross sections. He used the principles of sediment continuity and 60 

bed material transport of sand to demonstrate that transient scour only exists in narrow cross 61 

sections. In the end, Colby [1964] may have contributed to current understanding of transient scour 62 

and fill as a mere artefact at gauging stations.  63 

The current understanding of dynamic equilibrium at a contraction needs to be related to 64 

transient scour. Width-integrated sediment transport rate fed into a narrow reach equals the same 65 

rate transported out of the narrow reach through the wide reach downstream [Bolla-Pitaluga et al., 66 

2014]. The argument for the role of narrow cross sections as the only possible mechanism 67 

producing transient scour and fill [Colby, 1964], and thus considered as a minor particularity of 68 

streambeds, may have concealed other contributing factors to transient scour such as the sediment 69 

load. This paper reconsiders the topic of transient scour and fill with new data. Our data and those 70 

reported for the Yellow River [Wang et al., 2013] may delineate a separate topic of rapidly varying 71 

cross sections in large alluvial rivers with high suspended sediment load (with a large share of 72 

wash load). Apart from new evidence of the phenomenon, the objective is to investigate its causes. 73 

In view of the state-of-the-art, the objective is more precisely to check if Colby [1964] explains 74 

the phenomenon or, otherwise, rapidly varying cross sections require new explanations such as 75 

incorporating the sediment load following Leopold and Maddock [1953]. The paper is divided in 76 
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two parts, empirical (sections 2-5) where data and empirical analysis are presented and analytical 77 

(sections 6-9), where new equations are sought for a physically based explanation that allows to 78 

build a predictive model. 79 

2. Field site and methods 80 

The Pilcomayo River flows south-eastwards from the Bolivian Andes across the Chaco 81 

plains, setting the border between Argentina and Paraguay (Figure 1a) in a very flat landscape 82 

with an average slope of S0 ≈ 0.03%. The particular geomorphology of the Pilcomayo has been 83 

handled elsewhere [Martín-Vide et al., 2012]. This paper shows field data from a gauging station 84 

of the river with a contributing area of 96,000 km2. The station is located in a 2,500 m long, fairly 85 

straight contracted reach bounded by artificial levees with a high discharge capacity before spilling 86 

(Figure 1d). This channelized reach is stable in planform, contrary to the very dynamic upstream 87 

and downstream wider reaches, with rapid meander migration and collapse (Figure 1b). During 88 

floods, the average width for the contracted reach is b = 160 m and for the wide reach is B ≈ 500 89 

m. The streambed is composed of fine sand (median diameter D50 ≈ 0.2 mm, sediment density ρs 90 

≈ 2,600 kg/m3) and the prevailing mode of transport is suspension (bedload transport is between 91 

3% and 5% of the total sediment load transport [Amarilla and Amsler, 2005]). The riverbed at the 92 

gauging station is rapidly changing. 93 

Since 1960, the work in this gauging station has consisted in measurements for river runoff 94 

computations with a daily frequency under normal conditions and twice a day when relevant 95 

hydrologic events occur. The main goal is the production of data for a fair distribution of water 96 

between the two lowland countries, Argentina and Paraguay. The hydrological regime is quite 97 
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regular –a wet season from November to April with high discharges often exceeding the 1,200 98 

m3/s and a dry season from May to October with low discharges of around 5 m3/s.  99 

 100 

Figure 1.a Location map of the gauging station on the Pilcomayo River, named Misión La Paz 101 

(Argentina) and Pozo Hondo (Paraguay); b aerial satellite image of the region where the station is 102 

located (latitude -22.38ºN longitude -62.52ºE); c photograph of the station with the stadia rods and 103 

the cable way; d close-up view of the contracted transition reach; the station is located 500 m 104 

downstream of the inlet transition and 2,000 m upstream of the outlet transition, i.e. one-fifth and 105 

four-fifths respectively of the total length of the contracted reach (2,500 m). 106 
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The database consists of 1,192 original handwritten forms available from the Trinational 107 

Commission for the Development of the Pilcomayo River Basin (http://www.pilcomayo.net/). 108 

Common data are flow velocities and discharge from velocity integration, cross-section geometries 109 

and elevations (streambed and water surface). There are 734 forms completed with suspended 110 

sediment concentrations C (in kg/m3) and the remaining 458 include water surface slopes Ss 111 

(between two stadia rods 310 m apart) (Table 1) 112 

 113 

Table 1. Available information in number of forms by hydrological year (September to 114 
August) 115 

 year Q, cross-section C Ss Comments 
72-73 308 308 - all year round 
79-80 118 - 118 from Jan to Apr (1980) 
80-81 118 - 118 from Nov (1980) to Feb (1981) 
81-82 222 - 222 from Oct (1981) to Apr (1982) 
85-86 10 10 - Nov (1985) 
89-90 344 344 - all year round 
90-91 72 72 - from Jan to Mar (1991) 
Totals 1192 734 458  

 116 

From a cableway system, a propeller current-meter measured flow velocity and water depth 117 

at equidistant verticals (generally 10 m apart but sometimes 5 m apart) so we can obtain an 118 

adequate representation of the streambed to avoid problems a) too few points and b) maximum 119 

scour, previously mentioned by Colby (1964) and defined above. The six-tenths method (velocities 120 

are obtained at 0.6 of the depth from the water surface) or the three-point method (velocities are 121 

recorded at 0.2, 0.6 and 0.8 of the depth from the water surface) are typically used to calculate 122 

mean velocities at each vertical, although the float method is used in rough conditions (e.g. great 123 
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amount of debris). From simultaneous data obtained with a propeller and a float, a correction factor 124 

of 0.9 is applied to velocities acquired from a float to calculate mean flow velocities.  125 

From the same cableway, suspended sediment was sampled with a US D-49 depth-126 

integrating sampler of 1/8-inch diameter nozzle. Samples were obtained at three verticals (0.25, 127 

0.5 and 0.75 of the width from the left bank). Bulk samples were taken from the river bank if the 128 

sampler was inoperative. Since 1993 suspended sediment samples have been sieved to obtain the 129 

percentage of fines (<0.062 mm).  130 

Suspended sediment load in the Pilcomayo River is one of the largest in the world with a 131 

yearly average transport of 140·106 tons, mostly wash load from upland Andes. Although the 132 

maximum concentration of sediment in suspension in the database is as high as 60 kg/m3, it is far 133 

from hyperconcentrated conditions [Wan and Wang, 1994]. The database comprises both wet and 134 

dry seasons, as well as rising and falling limbs of hydrographs. Therefore, it provides exhaustive 135 

at-a-station hydraulic geometry relationships of fine-grained sand rivers with high suspended 136 

sediment concentration and is useful to illustrate the dynamics of rapidly changing cross sections. 137 

Above all, it will be devoted here to investigate the dynamics of transient scour and fill. 138 

3. Description of field data 139 

The dynamics of the channel cross section at the gauging station is better conveyed by an 140 

animation of the flow area development on a day-to-day basis (online supplementary material 141 

ready for download at Journal of Hydrology). Discrete measured streambed points are connected 142 

to define a polygon (i.e. channel cross section) whose upper edge is the free water surface. A fixed 143 

coordinate system and details on the time of the day of the measurements allow for a correct 144 

spatial-temporal representation. Key frames from the animation are illustrated in Figure 2. They 145 
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represent the initial stage (white), an intermediate rising stage (light grey and solid edge), the peak 146 

stage (dark grey), an intermediate falling stage (light grey and dashed line) and the final stage 147 

(black). We include a boundary area, 180 m wide and 10 m high, which is the envelope for all the 148 

cross sections in the database. The flow area moves within these boundaries, expanding and 149 

shrinking. 150 

 151 

Figure 2. Selected cross sections from hydrologic year 1980-81 and the envelope for all database 152 

(1192 cross sections). Each cross section has the same format -colour and outline- of its centre of 153 

gravity (small circles). The inset shows the hydrograph between 1 November 1980 and 31 August 154 

1981. The animation of the dynamics of the cross section is accessible online as supplementary 155 

material. 156 

Initially, water free surface rises and the streambed drops. Later, this motion is present in 157 

reverse. It is conceptualized with the name of transient scour and, in addition, renders the analogy 158 

to an accordion (one hand pulling the free surface, the other hand the bed). Thus, the flood rise and 159 

fall are accompanied by scour and fill, respectively. However, there are exceptions and also the 160 

streambed rise and drop is uneven in the cross section. The deepening is not proportional to the 161 
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initial depth and there is a change in the outline −driving the centre of gravity with it− and a shift 162 

in the thalweg. At any rate, scouring is mainly vertical and scarcely lateral (the distortion in Figure 163 

2 must not be misleading). The initial and final stages are similar in the same fashion as the two 164 

intermediate stages and no streambed degradation is observed at the end of the year. However, the 165 

transient scour in the annual flood with a peak on 31 January 1981 amounted to more than 3 m. 166 

The five largest hydrologic events in terms of peak discharge Q (hereafter simply events) 167 

from the fraction of the database with measured suspended sediment concentration C are selected 168 

for the analysis of transient scour (Figure 3). Events 1 and 2 and events 4 and 5 are consecutive in 169 

the same high flow season of 1973 and 1991, respectively. Event 3 falls at the end of the low flow 170 

season of 1985. The combination of the free surface elevation h with either the thalweg η or the 171 

mean streambed elevation z distinctly depicts the accordion (with an extent described by the 172 

evolution of the mean flow depth y = h − z). The latter (z) is preferred because it is based upon the 173 

area of scour or fill between two consecutive cross section measurements defined as the net 174 

scoured area ∆Az (Figure 4). 175 
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 176 

Figure 3. Evolution of flow discharge Q (m3/s), suspended sediment concentration C (kg/m3), free 177 

surface elevation h (m), thalweg η (m) and mean streambed elevation z (m) for each of the events 178 

listed in the inset table, which are the largest floods in the database. There are 3 ordinate axis: 179 



Confidential manuscript submitted to Journal of Hydrology 

 12 

datum (h, η, z) on the right, and Q and C on the left. The US D-49 depth-integrating sampler was 180 

used in events 1, 2 and 3; samples from the river bank in events 4 and 5. The flow area A for 181 

selected days is displayed in the bottom right corner, for events 1 (a) and 3 (b). The A sequence is: 182 

grey-filled area, black full line, grey dashed line (only in event 3), and black dashed line.  183 

 184 

Figure 4. Diagram for the definition of the mean streambed elevation z (m). If z(t) is the mean 185 

streambed elevation at day t, z(t+∆t) = z(t) + ∆z after ∆t days where ∆z = ∆Az/bz. The A sequence 186 

is grey-filled area after dotted line. The initial streambed elevation is defined as the free surface 187 

minus the hydraulic mean depth.  188 

A remarkable feature in all events is a pattern of high C on the first days, events 1 and 2 189 

standing out among the others. In particular, C peaks two days in advance of the maximum Q in 190 

event 2; and the stream rises at the same time as the maximum C = 56.5 kg/m3 is recorded at the 191 

beginning of event 1. Both features resemble the main example in Leopold and Maddock [1953]. 192 

Because C is weakly correlated with Q, plots C−Q reveal clockwise and counterclockwise loops, 193 

single valued and figure eight relations [Williams, 1989; Fan et al., 2012; Yang and Lee, 2018]. 194 

The fall of η is smaller (events 1 and 2), approximately the same (event 4) or bigger (events 3 and 195 

5, η sinks nearly 4 m) than the rise of h. In general, z drop is nearly the same or smaller than that 196 

of η. Therefore, |∆z| ≤ |∆η| where ∆f is the variation between two consecutive measurements, 197 

generally separated by 1 day, of any variable f. 198 
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4. Empirical analysis of the amount of transient scour 199 

The purpose of this section is the correlation of the field data to infer the most advantageous 200 

lines of analysis. The net scoured area ∆Az (m2) (>0 for scour and <0 for fill) and the concurrent 201 

change in flow area ΔA (m2) are compared in Figure 5. The two variables are selected because they 202 

are comparable quantities (∆Az is just a part of the ΔA) and they rely solely on the field-measured 203 

data. The plot shows the share of the streambed scour/fill ∆Az in the change of the flow area ΔA. 204 

 205 

Figure 5. Net scoured area ∆Az against the change in flow area ΔA. I: still surface case; II: rigid 206 

bed case; III: trend line for ∆Az −ΔA (equation [1]) pairs from the selected events. Dashed lines are 207 

two hyperbolas encompassing the gross scour (up) and gross fill (down). As black squares, the 208 

selected events constitute 53 pairs ∆Az−ΔA; as grey circles, data with Q>350 m3/s constitute 398 209 

pairs ∆Az −ΔA  in the wet season (November to April), while low discharge periods (dry season, 210 

May to October) do not exhibit significant changes in flow or scoured area and thus have been 211 

excluded from the analysis. 212 

Data located in the first/third quadrant of Figure 5 are consistent with what may be expected 213 

during the rising/falling limb of the hydrograph if the transient scour analogy to an accordion is to 214 
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be accepted. There are some measurements in the second and fourth quadrants but the majority are 215 

located near the origin in the graph, where both ∆A and ∆Az are small. The identity line ∆Az = ∆A 216 

(line I, still-surface) denotes an increase/decrease in ∆A at the expense of an increase/decrease of 217 

only ∆Az, and therefore h stands still. The x-axis ∆Az = 0 (line II, rigid-streambed) describes a 218 

stationary streambed despite the increase/decrease in ΔA that would occur at the expense of a 219 

rise/fall of only h. The data are predominantly in the sector delimited by both line I (still-surface) 220 

and line II (rigid-streambed). The relationship ∆Az−∆A by simple linear regression (line III) for 221 

data with Q>350 m3/s is 222 

 ∆Az = 0.36 · ∆A [1] 

Only the regression coefficient is significant and the R-squared is 0.75. On average, the net scoured 223 

area accounts for the 36% of the change in flow area. 224 

The two components of ∆Az, the gross scour and the gross fill, are represented by its 225 

envelope in Figure 5. They reveal the unevenness in the cross section variations. The 226 

bigger/smaller ΔA is, the closer to the fitting equation the gross scour/fill gets. In other words, data 227 

scatter concentrates around low absolute values of ∆Az and ΔA. If we dismiss data located in the 228 

second and fourth quadrants (24% of the data with Q>350 m3/s) from the analysis since they 229 

violate the accordion hypothesis the simple linear regression model results in ∆Az = 0.39 · ∆A and 230 

an R-squared of 0.86. 231 

Because a design hydrograph is usually an input to estimate general scour, a simple linear 232 

regression of ∆Az against ΔQ instead of ΔA would be more appealing as a predicting tool. 233 

Unfortunately, such a regression lessens R-squared to 0.59 as it involves flow characteristics of 234 

the alluvial channel (i.e. whatever the relation ΔA−ΔQ or stage-discharge relation is), which are 235 
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dealt with next. Furthermore, a simple linear regression for the relationship ∆Az−Δ(C·Q) 236 

minimizes the R-squared to 0.32 corroborating the weak correlation between Q and C. 237 

5. Brief analysis of field data 238 

In this section, a basic analysis of resistance to flow, hysteresis and sediment transport is 239 

provided. The Manning coefficient n (s/m1/3), worked as n = v-1·Rh
2/3·Ss

1/2 where v is the mean flow 240 

velocity (m/s), Rh is the hydraulic radius (m) and Ss is the surface slope (-), is restrained between 241 

0.011 and 0.025, with most data ranging from 0.014 to 0.021 (Figure 6). Measured Ss are restrained 242 

between 0.02% and 0.04% similar to bed slope S0, with a trend to have lower Ss for higher Q. The 243 

relationship n−Q is modelled by simple linear regression for data with Q>350 m3/s and, at 95% 244 

confidence level, the relationship n−Q is not significant for data with Q>350 m3/s. Thus, n = 0.018 245 

can be regarded as a constant. 246 

 247 

Figure 6. Manning roughness coefficient n against discharge Q. The trend line (dashed line) only 248 

considers data with measured surface slope Ss and Q>350 m3/s. 249 

However, for the selected events, n is computed with Ss = S0 ≈ 0.03% and there is not a 250 

random scatter around the mean 0.018 (Figure 6). The lower threshold n = 0.011 agrees with a 251 
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grain roughness of 0.2 mm in the Strickler formula n = D50
1/6/21. We may in principle attribute 252 

higher n values to bedforms and to the effect of high C. In the context of high concentration C of 253 

fine sediment, only small bedforms are expected [Best, 2005; Fredsoe and Deigaard, 1992; Wan, 254 

1985]. In addition, Julien [2002] predicts washed-out dunes for n between 0.014 to 0.025 for C 255 

ranging from 1 to 4 kg/m3 (i.e. C one order of magnitude smaller than in the events in Figure 3). 256 

In conclusion, transient scour measured in the Pilcomayo should not be linked to passing bedforms, 257 

not only because field measurements are not maximum but average scour, but because low n values 258 

do not warrant their presence. 259 

Field data reveal loop rating curves (typically in the curve h−Q). Observed hysteresis is 260 

more pronounced in the plot v−Q, especially in events 3 and 5 (Figure 7a, concomitant with a great 261 

transient scour). The rising stage exhibits higher v than the falling stage, thus generating a 262 

clockwise loop. The plot C−y (Figure 7b) also displays clockwise loops with higher/lower 263 

concentrations during rising/falling limbs, respectively. Then, at a given Q, there is a decrease of 264 

C concomitant with a decrease in v and an increase in y, although it does not necessarily imply a 265 

cause-effect relation. This statement agrees with Leopold and Maddock [1953] if a constant width 266 

b is assumed. The significance of the variation of b with time is studied in following sections.  267 

 268 

Figure 7. Broad hysteresis for events 3 and 5. a v−Q; b C−y; and c b/y−Q, dealt with later. 269 
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Regarding sediment transport, Amarilla and Amsler [2005] determined that the Engelund 270 

and Hansen [1967] equation (EH) is satisfactory to characterize the bed material transport of the 271 

Pilcomayo by comparing the outcome from several equations with 10 years of data. The sediment 272 

load was separated into sand (>0.062 mm and 11% of the total load in average) and fine sediment 273 

(<0.062 mm and 89% of the total load in average); sand was assigned to bed material load and fine 274 

sediment to wash load. Engelund-Hansen equation reads: qt=K·v2·τ3/2 where qt is unit bed material 275 

transport, v is velocity, τ is shear stress and K is the constant 0.05·g -2·ρ3/2·R -2D50 
-1, where g=9.81 276 

m/s2, ρ is water density, R is (ρs-ρ)/ρ with ρs sediment density and D50 is median grain size. 277 

6. Analytical approach: mass conservation 278 

After new evidence on transient scour and fill, the analytical research on its causes starts. 279 

We extend the empirical equation [1] (obtained from daily measurements) to a continuous change 280 

in time by replacing dA = b·dy and dAz =   ̶bz·dz  to obtain: 281 

 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = −0.36 ·

𝑏𝑏
𝑏𝑏𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑  [2] 

where b is the surface width and bz is the width of the streambed affected by two consecutive 282 

measurements (Figure 4). Note that the negative sign in [2] indicates that bed scoring (dz/dt < 0) 283 

occurs when water depth increases –accordion analogy. Equation [2] is site-specific because b/bz 284 

depends on the cross-section shape and the coefficient 0.36 is only valid for this site. As such, it 285 

should replicate the streambed evolution of the river. The imperfect fitting of Equation [2] for 286 

b/bz=1 (see Figure 8 later on) announces the difficulty of scour and fill prediction in the selected 287 

events. Indeed, the large scatter for Q > 350 m3/s in Figure 5 anticipates the disagreement in Figure 288 

8. For events 3, 4 and 5 the bed scours more than the replicated (then, a ratio b/bz higher than 1 289 
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could slightly improve the results). The fitting is especially poor in the first days of events 1 and 2 290 

(and, to a lesser extent, first days of event 5) where channel bed aggrades contrary to the replicated.  291 

An equation akin to [2] seems the ideal predicting tool, yet with the coefficient varying 292 

with the relevant variables instead of being a site-specific constant, i.e. 0.36 for the Pilcomayo. 293 

The differential equation of sediment mass conservation is used to obtain [3] (details on its 294 

derivation and the proof that the wash load does not change the streambed elevation are given in 295 

Appendix 1). Equation [3] is written as per unit width to be applied to the narrow reach of uniform 296 

width, while the wide channel downstream will set its boundary condition (for a general cross-297 

section see Appendix 1). It reads: 298 

 𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑 · (1− 𝜆𝜆) = −

𝜕𝜕
𝜕𝜕𝑑𝑑

(𝛼𝛼 · 𝐶𝐶 · 𝑑𝑑) −
𝜕𝜕𝑞𝑞𝑑𝑑
𝜕𝜕𝜕𝜕 ≈ −

𝜕𝜕𝑞𝑞𝑑𝑑
𝜕𝜕𝜕𝜕   [3] 

where qt is the bed material transport (bedload and suspended load excluding wash load), α the 299 

fraction of bed material in the total depth-averaged, volumetric suspended sediment concentration 300 

C (α = 0.11 after Amarilla and Amsler [2005], see §5), and λ a constant bed porosity (assumed 301 

0.4). With measured data qt = α·C·v·y. Unfortunately for the ideal equation, the local term (time 302 

variation) of the right-hand side of [3] only amounts to 0.2% of the total variation with our data, 303 

far from the 36% on average according to [1]. Cui et al. [2005] also argue against the importance 304 

of the local term. Therefore, the spatial term (convective derivative) on the right-hand side of [3] 305 

is dominant in explaining how bed elevation changes in time. To sum up, the depth variation at 306 

the gauging station ∂y/∂t seems not to be a good indicator of the capacity of a flood to scour the 307 

bed, contrary to [2], when the mass conservation in differential form is used. The counter-example 308 

of an increasing depth in stagnant water is telling to reject an equation akin to [2]. 309 
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7. Spatial variation versus unsteadiness 310 

The role of the spatial variation in the transient scour can be further investigated with 311 

simple differential analysis. First, the bed material transport qt in [3] can be equalled to a sediment 312 

transport capacity equation. The EH formula, that suits to the Pilcomayo as stated above, is chosen. 313 

By using the Manning equation and the water mass conservation equation, ∂y/∂t+∂q/∂x = 0, the 314 

spatial derivative of EH results: 315 

 
𝜕𝜕𝑞𝑞𝑑𝑑
𝜕𝜕𝜕𝜕 = −5 ·

𝑞𝑞𝑑𝑑
𝑞𝑞 · �

𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑 + 1.1 · 𝑣𝑣 ·

𝜕𝜕𝑑𝑑
𝜕𝜕𝜕𝜕� [4] 

Other monomial sediment transport formulas and resistance equations produce similar derivatives 316 

(e.g. the coefficient 5 would be 3 with the Meyer-Peter and Müller bed load equation, and the 317 

coefficient 1.1 would be 1 with the Chézy equation). More importantly, the local term in eq. [4] is 318 

again much smaller in absolute value than the spatial term and thus it can be neglected: we can 319 

estimate an average v = 2.3 m/s for the selected events in our database, while ∂y/∂x ≈ ±0.01%, so 320 

that the term 1.1·v·∂y/∂x amounts to ±22 m/day, much larger than ∂y/∂t (the maximum is 4 m/day). 321 

Therefore, the Exner equation is expressed as: 322 

 
𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑 · (1− 𝜆𝜆) = 5.5 ·

𝑞𝑞𝑑𝑑
𝑞𝑞 · 𝑣𝑣

𝜕𝜕𝑑𝑑
𝜕𝜕𝜕𝜕 [5] 

Equation [5] retains the dominant component in transient scour, discarding the two minor local 323 

terms ∂/∂t in [3]-[4], and can be adapted to other mild rivers by varying sediment transport capacity 324 

and resistance formulas that lead to coefficient 5.5. Ultimately, non-uniformity represented by the 325 

crucial spatial derivative ∂y/∂x, unlike flow unsteadiness, appears relevant to the transient scour.  326 

The differential analysis can be further useful. Appendix 2 proves that the unsteady flow 327 

term is not able to explain the amount of transient scour that occurs simultaneously within a flood 328 
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hydrograph. Therefore, there must be other triggering processes of the scour. Let us try to provide 329 

a physical explanation of transient scour based on the hysteretic behaviour registered in the stream 330 

gauge (Figure 7). Note in this regards that, as pointed out in Appendix 2, ∂y/∂x is precisely the 331 

term that accounts for the extent of the loops observed in Figure 7 [Henderson, 1966]. To this 332 

purpose, the analysis of the loop rating curves (y―Q or v―Q curves) is revealing. Real data plotted 333 

in these curves exhibit a large magnification of v and ∂y/∂x, which control transient scour through 334 

eq. [5], with respect to the analytical solution of the unsteady flow over a fixed bed. As said before, 335 

this suggests a triggering factor, other than flow unsteadiness, responsible for these large 336 

magnifications and large transient scour. One concurrent factor is the large suspended loads 337 

exhibiting hysteresis loops, as well (Figure 7b), but another factor is the channel width change 338 

between the gauging station and the wider regions upstream and downstream. The analysis of the 339 

second factor is what follows next. 340 

8. The role of the two channel widths 341 

The gauging station is located in a long, contracted reach (b = 160 m) bounded upstream 342 

and downstream by two wider reaches (B ≈ 500 m). Straub [1935] and Laursen [1958], as reported 343 

by Vanoni [1975] and Raudkivi [1990], studied long-term, equilibrium scour in a long transition 344 

under constant discharge. Under such steady flow, width-integrated sediment transport through the 345 

channel width (B) should be constant, i.e. ∂(B·qt)/∂x = 0. The authors found that the semi-empirical 346 

expression B·y k = constant, where k is a function of the excess of shear stress with respect to the 347 

critical one, is the long-term, steady solution that allows uniform flow to exist in both the 348 

contracted reach (its normal depth called ynb) and the wide reaches (normal depth ynB). Note that 349 
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since the exponent k is ≥1 the scoured bed area is less than the flow area lost by the contraction. 350 

Based on their solution, the formula for the long-term scour at the contracted reach is 351 

 𝛿𝛿𝑑𝑑 = −��
𝐵𝐵
𝑏𝑏
�

1/𝑘𝑘

− 1� · 𝑑𝑑𝑛𝑛𝐵𝐵 [6] 

where δz means the difference of bed elevation between reaches. Equation [6] can be extended to 352 

a continuum time, by assuming constant widths and non-changing bed elevation in the wide reach 353 

 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −��
𝐵𝐵
𝑏𝑏
�

1/𝑘𝑘

− 1� ·
𝑑𝑑𝑑𝑑𝑛𝑛𝐵𝐵
𝑑𝑑𝑑𝑑

 [7] 

To some extent, Eq. [7] is a reach-specific equation since it encompasses long distances. It 354 

resembles the site-specific equation [2] in the sense that the transient scour is related to temporal 355 

changes of one water depth, namely the normal depth at the wide reach. Eq. [7] with k =1.5 (valid 356 

for high sediment transport, Vanoni [1975]) is applied by computing the normal depth ynB for each 357 

daily discharge for the selected events. The results together with those of eq. [2] are plotted in 358 

Figure 8. Note that Eq. [7] yields predictions closer to the data, although similar to eq. [2]. The 359 

fitting is still poor in the first days of events 1 and 2.  360 

It may be surprising that the reach-specific equation [7] replicates the transient scour as 361 

well as the site-specific relation does (despite the latter is obtained by regression of a large amount 362 

of data). Indeed, this reach-specific equation is a semi-empirical formula for long-term scour under 363 

steady flow, which does not involve any variable of the gauging station but only the regional 364 

characteristics b, B and ynB. The reader may even feel that the simple equation [7] supersedes real 365 

data. Indeed, it is understandable to question both the need of field measurements and the 366 

complexities of Exner and flow equations (Appendix 1 and 2): what are they for? 367 
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 368 

Figure 8. Mean streambed elevation z: measured, eq. [2] for b/bz = 1 and eq. [7]. For clarity, all 369 

events start from a relative elevation of 0 m.  370 
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Contrary to what has been concluded in §6, it should be noted that time variation of one 371 

water depth ∂ynB/∂t does seem to be a good indicator of the capacity of a flood for scouring. 372 

Furthermore, from Figure 8 we can infer that width changes seem to trigger transient scour and 373 

that one day seems a long term regarding transient scour. Next section tries to reconcile the semi-374 

empiricism of eq. [7] with flow and Exner equations. 375 

Regarding the time variation of the width at the gauging station itself, the coefficient 5.5 376 

in eq. [5] should be replaced by (5.5 – m) where 0<m<1 (Appendix 1). Figure 7c shows the quotient 377 

b/y as function of discharge Q for two events. The higher Q the smaller b/y, i.e. the increase in b 378 

is smaller than the rise of y when Q grows. Data loop because b is larger during the rising than 379 

during the falling limb for the same Q and y.  380 

9. A physically-based explanation 381 

Once flow unsteadiness is proved negligible (§7), an explanation on the grounds of the 382 

quasi-steady gradually-varied flow equations on an erodible bed in the contracted reach with a 383 

boundary condition at the expanded reach downstream is tested. The reach is assumed prismatic, 384 

i.e. all cross-sections downstream are equal to the one at the gauging station all time. There is no 385 

alternative for this bold assumption since the field work and bed survey was limited, as 386 

customarily, to one gauging station. Appendix 3 explains the rationale of this physically-based 387 

model. It is concluded that scour is expected during the rising limb (a drawdown profile occurs) 388 

but fill during the falling limb (a backwater profile). If discharge remains constant, channel bed is 389 

bound to approach an equilibrium condition, in which the difference in bed elevations between the 390 

contracted and the wide reaches equals the difference in uniform flow depths between them, 391 

because uniform flow occurs throughout. This is the assumption supporting eqs. [6]- [7]. In this 392 

sense, the physically-based model should tend asymptotically to eq. [7] under a constant discharge. 393 
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How much time the model needs to do so is the last issue to reconcile. Appendix 4 provides a 394 

demonstration that eq. [6] can be derived from steady gradually-varied flow, so that [7] express 395 

the spatial flow variation —the main cause of transient scour— in another way. Thus, [6] is semi-396 

theoretical rather than semi-empirical, and the good performance of [7] to replicate real data 397 

becomes more comprehensible. 398 

The approximate eq. [3] and the analytical solution of the gradually-varied flow by the 399 

Bresse function [Henderson, 1966] are preferred in the physically-based model. The tabulated 400 

Bresse function retains the essence of the spatial variation in a wide prismatic channel, while 401 

avoiding numerical models too skilled for such a simplified, hypothetical geometry. Once a flow 402 

solver (the Bresse function) is included in the model, bed elevation changes at the gauging station 403 

are calculated by using the integral approach of eq. [3]. This approach does not lose resolution nor 404 

accuracy with respect to the differential approach and has the advantage of highlighting the reach 405 

length that experiences transient scour, and thus it indirectly involves a morphodynamic time scale. 406 

Equation [3] is integrated with respect to space x and time t in a control volume of length L within 407 

the prismatic narrow reach (L < 2,000 m) and then extended to the elapsed time between two 408 

measurements Δt 409 

 ∆𝑑𝑑 · 𝐿𝐿 · (1− 𝜆𝜆) + � �𝑞𝑞𝑑𝑑(𝑑𝑑)𝐿𝐿 − 𝑞𝑞𝑑𝑑(𝑑𝑑)0�𝑑𝑑𝑑𝑑
𝑑𝑑+∆𝑑𝑑

𝑑𝑑
= 0 [8] 

where qt(t)0 and qt(t)L are the bed material transport at the gauging station (x = 0) and at a distance 410 

x = L downstream in the narrow reach, respectively. The control volume length L, not known in 411 

principle, must be commensurate with the distance travelled by the bed wave generating transient 412 

scour during the integration time (∆t ≈ 1 day). Note that the ratio L/Δt is the celerity of the bed 413 
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wave (or contains the inverse of the morphodynamic time scale). As data are only available at x = 414 

0 m, the time integral in eq. [8] is rewritten as 415 

 � �𝑞𝑞𝑑𝑑(𝑑𝑑)𝐿𝐿 − 𝑞𝑞𝑑𝑑(𝑑𝑑)0�𝑑𝑑𝑑𝑑
𝑑𝑑+∆𝑑𝑑

𝑑𝑑
= (𝛽𝛽 − 1) · � 𝑞𝑞𝑑𝑑(𝑑𝑑)0𝑑𝑑𝑑𝑑

𝑑𝑑+∆𝑑𝑑

𝑑𝑑
 [9] 

where β encompasses the gradually-varied flow within distance L and is defined as the ratio 416 

between bed material transport capacities at x = L m and x = 0 m. It is derived from the tabulated 417 

Bresse function. The trapezoidal rule is applied to the time integral of qt and, finally, eq. [9] is 418 

substituted into eq. [8] to obtain: 419 

 ∆𝑑𝑑 · (1 − 𝜆𝜆) = −
∆𝑑𝑑
𝐿𝐿 · (𝛽𝛽 − 1) ·

𝑞𝑞𝑑𝑑(𝑑𝑑)0 + 𝑞𝑞𝑑𝑑(𝑑𝑑 + ∆𝑑𝑑)0

2  [10] 

 𝛽𝛽 =
1
2 · �

𝑞𝑞𝑑𝑑(𝑑𝑑)𝐿𝐿
𝑞𝑞𝑑𝑑(𝑑𝑑)0

+
𝑞𝑞𝑑𝑑(𝑑𝑑+ ∆𝑑𝑑)𝐿𝐿
𝑞𝑞𝑑𝑑(𝑑𝑑+ ∆𝑑𝑑)0

� [11] 

where β  has been averaged between two measurements one day apart (∆t ≈ 1). The solution of eq. 420 

[10] is implicit and spatial derivatives are fully avoided. Except for β and the length L controlling 421 

the speed of the bed wave, all other quantities in eq. [10] are variables present in the database. 422 

Only to be consistent with the Bresse function solver, the EH formula is used in eq. [11] for both 423 

qt(-)L and qt(-)0 at any time. 424 

The parameter β is a function of L and the differences in bed elevations (δz) and normal 425 

depths (δyn) between the contracted and wide reaches. In addition, total energy losses are neglected 426 

between the narrow and the wide sections at the outlet of the contracted reach. For successive 427 

steps, δyn changes according to Q so the comparison between δz and δyn induces a drawdown (β > 428 

1, the flow accelerates) or a backwater (β < 1, the flow slows down) (§Appendix 3). The streambed 429 

change ∆z is assumed completed at each ∆t, and thus a volume ∆z·L is scoured (or filled), and δz 430 
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is updated every ∆t. Equation [10] is a robust convergence model for the database. As it converges 431 

to an equilibrium scour for a constant Q, δz at the beginning of the computation (day 1) is obtained 432 

by using eq. [10] with the event’s first day Q but extended for a long time (i.e. long-term scour). 433 

10. Results and discussion of scour and fill 434 

The integration length L is selected after a sensitivity analysis. Figure 9 shows the evolution 435 

of z for event 3 modelled with eq. [10] (with measured qt and α = 0.11, see §6) and a range of L 436 

between 50 m and 1,950 m (< 2,000 m separating the gauging station from the downstream 437 

transition). Note that the smaller the L the less dynamic the transient scour and vice versa. 438 

  439 

Figure 9. Integration length sensitivity analysis for the event 3 (L ranges between 50 m and 1950 440 

m) by using equation [10] with measured qt (α = 0.11). Black dashed-line represents the actual 441 

streambed evolution.  442 

Modelled z for all selected events is obtained from eq. [10] with L = 1,950 m in three ways shown 443 

in Figure 10. If measured data are used, qt is computed with α = 0.11 and α = 0.33, and is called 444 

replication; if no measured data are used, the EH formula is used to obtain qt and is called 445 

prediction. The increase in bed material load in the measured suspension load by using α = 0.33 446 
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instead of the average α = 0.11, means that part of the assumed wash load is no longer wash load 447 

but interacts with the bed, and thus enhances the dynamics of scour and fill.  448 

 449 
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Figure 10. Mean streambed elevation z: measured and modelled with equation [10]. The 450 

integration length is L=1950 m. For clarity, all events and model results start from a relative 451 

elevation of 0 m.  452 

Discussion of the reach- and site-specific (Fig.8) and physically based model (Fig.10) follows: 453 

1. The physically based model traces fairly well the streambed evolution, capturing the 454 

order of magnitude and the sign (i.e. the analogy to an accordion) of the transient scour and fill. 455 

However, modelled scour is smaller than measured in events 4 and 5, slightly smaller in event 3, 456 

and sometimes larger in events 1 and 2. Although this may be deemed a poor performance for a 457 

model, a number of assumptions and simplifications (e.g. flow, prismatic geometry and control 458 

volume) led to equation [10]. 459 

2. Bed evolution is more dynamic for α = 0.33 than in the other cases. It gets closer to the 460 

measured data in events 3, 4 and 5, yet farther in events 1 and 2. It follows that the definition of 461 

wash load based upon the separation of sand and finer sediment (at size 0.062 mm) may not be 462 

satisfactory for the phenomena of transient scour and fill. Obviously, parameter α provides a 463 

means of tuning the model results, which would be arbitrary without a deeper knowledge of the 464 

physics of suspended sediment transport. 465 

3. Both prediction and replication results have the same relative success. The choice of an 466 

appropriate sediment transport formula (EH in this research) may be credited for this success.  467 

4. Differences between sediment supply and transport at-capacity conditions do not explain 468 

the disagreement between model results and data. Instead, they are the cause of the little difference 469 

between replication and prediction. Although the so-called non-equilibrium conditions (supply ≠ 470 
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capacity) entail scour and fill, the observed shortage of sediment load in event 5 makes little 471 

difference in the results (see Figure A1c). 472 

5. Results from equations [2] and [7] are very similar (Figure 8) although the latter 473 

exaggerates the scour displayed by the former, especially in event 3. Again, scour is smaller than 474 

data in events 4 and 5 and the performance is poor in events 1 and 2. Overall, equation [7] is not 475 

worse than equation [2] as a replication of the streambed data. 476 

6. The discrepancy between equation [2] and equation [7] in event 3 and not as much in 477 

other events may be attributed to their dates (1973, 1985 and 1991). The Pilcomayo is changing 478 

over time [Martín-Vide et al., 2012]. Planform changes in downstream reaches modify the stage-479 

discharge relationship that affects ynB. Moreover, ynB is not allowed to change over time in the 480 

model. If the wide region downstream aggrades while the contracted region scours, backwater is 481 

promoted in the contracted reach, and thus a more rapid recovery from scour. Event 5, on the 482 

contrary, clearly displays how the model is struggling to recover from scour.  483 

7. The success of equation [7] in replicating field data highlights the change in width from 484 

b to B as the main cause and triggering factor of the transient scour and fill. The widening 485 

downstream explains most of the transient scour and fill within the contracted reach. At low flow, 486 

the two channel widths are probably similar but, as the flow rises, they may start to differ and thus 487 

to trigger bed scouring. This point fully supports the assertion by Colby [1964]. 488 

8. Equations [2] and [7] fail when C is maximum (first days of events 1 and 2) and when 489 

C peaks in advance of the maximum Q (event 2 and to a certain extent the first days of event 5) 490 

because they produce large scours whereas the actual bed slightly fills or scours. The physically 491 

based model improves results, and so it is postulated that large sediment loads are another cause 492 

of transient scour and fill, superimposed on the expansion downstream. This second cause is in 493 
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accordance with Leopold and Maddock [1953] as quoted in the Introduction. Examples of the 494 

Yellow river in the hyperconcentrated flow domain [Wan and Wang, 1994] show large bed fills 495 

under huge sediment loads, in an almost chaotic way. Sediment loads in the Pilcomayo, although 496 

much lower than those in the Yellow river, may be on the verge of a similar behaviour in events 1 497 

and 2, different from current understanding of scour and fill according to Colby [1964].  498 

9. As well as the good performance of [7], the ability of the system to approach rapidly any 499 

scour or fill stage was also striking. One day is a long enough time for the bed to adjust to changes 500 

in flow. This suggests that the morphodynamic time scale of bed change is similar to the time scale 501 

at which the flow is changing. Figure 9 and Figure 10 prove that the contracted reach length is 502 

commensurate with the distance travelled by the bed wave of the transient scour and fill in one 503 

day. The celerity of such a scour or fill wave (of a magnitude of meters) is then about 2 km/day. 504 

This figure is similar to 3.6 km/day obtained from the approximation of the celerity of a bed 505 

disturbance in the differential analysis of the flow equations with Exner, under all the assumptions 506 

of shallow water flow [De Vries, 1975, Garde and Ranga Raju, 1985]. For the selected events, it 507 

is computed as  𝑎𝑎 · 𝑣𝑣 · 𝑞𝑞𝑑𝑑 �𝑞𝑞 · (1− 𝜆𝜆) · (1− 𝐹𝐹𝐹𝐹2)�⁄ , where a = 5 is the exponent in the EH function 508 

(𝑞𝑞𝑑𝑑 ∝ 𝑣𝑣𝑎𝑎), Fr ≈ 0.3 is the Froude number, 𝑞𝑞𝑑𝑑 𝑞𝑞⁄ ≈ 0.02 and v ≈ 2.3 m/s. 509 

10. The results of the physically-based model and eq. [7] are comparable, apart from events 510 

1 and 2 where the model performs better. This is discouraging because flow profile, sediment 511 

transport and time, included in the physically-based model, are not necessary to predict transient 512 

scour and fill, actually. The expansion from b to B appears to override all other factors. The 513 

similarities between these results not only confirm the support to Colby [1964] but also mean that 514 

the expansion is necessarily acting through the intermediate mechanisms of flow profile, sediment 515 

transport and time. 516 
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11. Conclusions 517 

New field data showcasing rapidly varying cross sections in a long contracted sand-bed 518 

reach from a gauging station draining 96,000 km2 in the Pilcomayo River is presented. The 519 

maximum recorded suspended sediment load and streambed scour in one day are 60 kg/m3 and ~4 520 

m, respectively. The objective is to check whether the often-narrow gauging stations explain the 521 

transient scour and fill (as asserted by Colby [1964], reinforced by Vanoni [1975] and currently 522 

understood) or the changes in sediment supply are the cause of the observed scour and fill (as 523 

asserted by Leopold and Maddock [1953]).  524 

Exner equation, elaborating on its convective term, leads to equation [5] for transient scour 525 

and fill, which can be generalized to other rivers. Water depth gradients ∂y/∂x during a flood are  526 

crucial in the phenomenon. Indeed, large differences in ∂y/∂x between the rising and falling limb 527 

are observed in the data, thus displaying large hysteresis loops. On the contrary, the analytical 528 

solution in unsteady flow produces a negligible transient scour yet having the correct sign. Then, 529 

the unsteadiness cannot explain the transient scour, in spite of occurring simultaneously.  530 

Once river bed starts to fall, scouring is self-sustaining in the sense that the change in ∂y/∂x 531 

and the scour or fill explain each other by the flow equations. The remaining question is the 532 

triggering factor that starts either the scour or the increase in ∂y/∂x. Incidentally, suspended 533 

sediment concentration data loop simultaneously with flow variables, as described by Leopold and 534 

Maddock [1953]. However, this does not imply a cause-effect relation. In fact, the self-sustaining 535 

scour does not need suspended sediment load in the explanation. 536 

The quasi-steady gradually varied flow in a long contraction (with a boundary condition 537 

downstream) coupled with the sediment mass conservation in a control volume leads to equation 538 

[10]. This model is consistent with the equilibrium scour in long transitions. The increase/decrease 539 
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in discharge determines a drawdown/backwater profile, which in turn determines bed elevation 540 

changes, i.e. scour/fill. The term (β −1), multiplied by the total bed material load, has a different 541 

sign for drawdown and backwater conditions and is null in uniform flow conditions. Non-542 

uniformity, not pure unsteadiness, is relevant to transient scour.  543 

The results prove that the expansion downstream of the long, contracted reach explains 544 

most of the transient scour and fill through non-uniform flow and bed material suspended load. 545 

However, as this fails on days of highest concentrations (>40 kg/m3) when the physically-based 546 

model results are better, it is postulated that large sediment loads are another cause of transient 547 

scour and fill, superimposed on the expansion downstream. It should be noted that equilibrium 548 

scour in long transitions (equation [7]) fully supports Colby [1964]. 549 

Lastly, Leopold and Maddock [1953] raised coincidental observations to causal statements. 550 

Although their observations are confirmed by our new data, we adhere to the refutation by Colby 551 

[1964] with new arguments. Narrow sites cause transient scour, even in long transitions such as in 552 

the Pilcomayo. This is intimately connected with flow and sediment transport (as eq. [10] accounts 553 

for, unlike eq. [7]). The large sediment load as another cause of transient scour and fill is not a 554 

vindication of the main contents of Leopold and Maddock [1953]. This postulate cannot be more 555 

precise at this point except for: a) it does not have to do with the non-equilibrium conditions 556 

(supply ≠ capacity), and b) it does not have to do with the total suspended load partitioned between 557 

wash load (not interacting with the bed) and bed material load. 558 
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Appendix 1: The use of the sediment load conservation (Exner) equation  559 

In rivers carrying a load coming from the streambed (bed material load), the mass 560 

conservation equations for each transport mode, bedload and suspended load, per unit width read 561 

respectively [Parker, 2004; Paola and Voller, 2005] 562 

 𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑 +

𝜕𝜕𝑞𝑞𝑏𝑏
𝜕𝜕𝜕𝜕 = 𝐷𝐷 − 𝐸𝐸 [A1] 

 𝜕𝜕(𝐶𝐶𝑏𝑏 · 𝑑𝑑)
𝜕𝜕𝑑𝑑 +

𝜕𝜕𝑞𝑞𝑠𝑠
𝜕𝜕𝜕𝜕 = 𝐸𝐸 − 𝐷𝐷 [A2] 

with z = z·(1−λ) the streambed elevation, positive upwards, embodying a constant void ratio (λ), 563 

qb and qs (m2/s) the unit bedload and suspended load, Cb (m3/m3) the depth-averaged bed material 564 

suspended concentration, E the entrainment of bed material into suspension and D the deposition 565 

of suspended sediment. The sum of  [A1] and [A2] is 566 

 𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑 +

𝜕𝜕(𝐶𝐶𝑏𝑏 · 𝑑𝑑)
𝜕𝜕𝑑𝑑 +

𝜕𝜕𝑞𝑞𝑑𝑑
𝜕𝜕𝜕𝜕 = 0 [A3] 

with qt = qb + qs the total bed material transport (i.e. excluding the wash load). Wash load is the 567 

load of very fine material controlled by the basin, carried in suspension at the same velocity as the 568 

water and not interacting with the streambed at a reach scale (D = 0, E = 0). The total sediment 569 

transport, including wash load, is qT = qt + W·q, where W (m3/m3) is the wash load concentration  570 

and q (m2/s) the unit discharge. If wash load is added, a new total suspended sediment 571 

concentration C replaces Cb and total load qT replaces bed material load qt . A case of interest is if 572 

the sediment load consists entirely of wash load (C = W), reducing [A1] [A2] to 573 

 𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑 = 0          and          

𝜕𝜕(𝑊𝑊 · 𝑑𝑑)
𝜕𝜕𝑑𝑑 +

𝜕𝜕(𝑊𝑊 · 𝑞𝑞)
𝜕𝜕𝜕𝜕 = 0 [A4] 
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Operating and introducing the water conservation equation 𝜕𝜕𝑑𝑑/𝜕𝜕𝑑𝑑+ 𝜕𝜕𝑞𝑞/𝜕𝜕𝜕𝜕 = 0 574 

 𝑑𝑑𝑊𝑊
𝑑𝑑𝑑𝑑 =

𝜕𝜕𝑊𝑊
𝜕𝜕𝑑𝑑 + 𝑣𝑣

𝜕𝜕𝑊𝑊
𝜕𝜕𝜕𝜕 = 0 [A5] 

where d/dt is the total derivative. Equation [A5] describes mathematically the wash load as a 575 

conservative matter (no interaction with the bed) carried by water in pure convection (its diffusion 576 

is not considered). Consequently, the transit of such a load through the river does not change the 577 

streambed elevation. For the general case:  578 

 𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑 +

𝜕𝜕(𝐶𝐶 · 𝑑𝑑)
𝜕𝜕𝑑𝑑 +

𝜕𝜕𝑞𝑞𝑑𝑑
𝜕𝜕𝜕𝜕 +

𝜕𝜕(𝑊𝑊 · 𝑞𝑞)
𝜕𝜕𝜕𝜕 = 0 [A6] 

where C includes sediment from the streambed and the basin (it is the actual measured quantity). 579 

By introducing equation [A5] into [A6]: 580 

 𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑 +

𝜕𝜕[𝑑𝑑 · (𝐶𝐶 −𝑊𝑊)]
𝜕𝜕𝑑𝑑 +

𝜕𝜕𝑞𝑞𝑑𝑑
𝜕𝜕𝜕𝜕 = 0 [A7] 

A closure linking C and W is convenient because it reduces one unknown, improving its predictive 581 

capability. In a similar fashion to Yang and Simões [2005], W = (1−α)·C and α<1 expresses the 582 

bed material fraction as a part of the total sediment concentration in suspension, so that 583 

 𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑 = −

𝜕𝜕(𝛼𝛼 · 𝐶𝐶 · 𝑑𝑑)
𝜕𝜕𝑑𝑑 −

𝜕𝜕𝑞𝑞𝑑𝑑
𝜕𝜕𝜕𝜕  [A8] 

[A8] is the fundamental equation for the transient scour as a function of the sediment load variation 584 

(eq. [3] in the main text). It is purely theoretical and based upon mass conservation only. 585 

For a general cross-section (not per unit width), the differential of the elevation dz is 586 

replaced by Bc·dz, where Bc is the active bed width (constant with time), qt is replaced by Qt and 587 

C is the total area-averaged suspended concentration. The equation equivalent to [A7] becomes 588 
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 𝐵𝐵𝑐𝑐 ·
𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑 +

𝜕𝜕[𝐴𝐴 · (𝐶𝐶 −𝑊𝑊)]
𝜕𝜕𝑑𝑑 +

𝜕𝜕𝑄𝑄𝑑𝑑
𝜕𝜕𝜕𝜕 = 0 [A9] 

where A is the cross-section area. Provided that qt is constant across the river so that Qt = Bc·qt, 589 

 𝜕𝜕𝑄𝑄𝑑𝑑
𝜕𝜕𝜕𝜕 = 𝐵𝐵𝑐𝑐 ·

𝜕𝜕𝑞𝑞𝑑𝑑
𝜕𝜕𝜕𝜕 + 𝑞𝑞𝑑𝑑 ·

𝜕𝜕𝐵𝐵𝑐𝑐
𝜕𝜕𝜕𝜕  [A10] 

The equivalent to equation [A8] with the W-C closure, neglecting local terms ∂/∂t and introducing 590 

Eq.[4] of the main text is 591 

 
𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑 = −

1
𝐵𝐵𝑐𝑐

·
𝜕𝜕(𝛼𝛼 · 𝐶𝐶 · 𝐴𝐴)

𝜕𝜕𝑑𝑑 −
𝜕𝜕𝑞𝑞𝑡𝑡
𝜕𝜕𝜕𝜕 −

𝑞𝑞𝑡𝑡
𝐵𝐵𝑐𝑐
𝜕𝜕𝐵𝐵𝑐𝑐
𝜕𝜕𝜕𝜕     ≈    5.5 ·

𝑞𝑞𝑡𝑡
𝑞𝑞 · 𝑣𝑣 ·

𝜕𝜕𝑑𝑑
𝜕𝜕𝜕𝜕 −

𝑞𝑞𝑡𝑡
𝐵𝐵𝑐𝑐
𝜕𝜕𝐵𝐵𝑐𝑐
𝜕𝜕𝜕𝜕  [A11] 

If the river is prismatic,  𝜕𝜕𝐵𝐵𝑐𝑐 𝜕𝜕𝜕𝜕⁄ = (𝑑𝑑𝐵𝐵𝑐𝑐 𝑑𝑑𝑑𝑑⁄ ) · (𝜕𝜕𝑑𝑑 𝜕𝜕𝜕𝜕⁄ ), so that combining with [A11]: 592 

 
𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑 =

𝑞𝑞𝑑𝑑
𝑞𝑞 · 𝑣𝑣 ·

𝜕𝜕𝑑𝑑
𝜕𝜕𝜕𝜕 · �5.5 −

𝑑𝑑
𝐵𝐵𝑐𝑐
𝑑𝑑𝐵𝐵𝑐𝑐
𝑑𝑑𝑑𝑑 � [A12] 

If the cross-section shape is a monomial expression Bc = ym (0<m<1 for concave), finally 593 

 
𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑 =

𝑞𝑞𝑑𝑑
𝑞𝑞 · 𝑣𝑣 ·

𝜕𝜕𝑑𝑑
𝜕𝜕𝜕𝜕 · (5.5 −𝑚𝑚) [A13] 

Appendix 2: Flow unsteadiness and transient scour 594 

During the rising limb of a flood ∂y/∂x < 0 and the situation is reverse during the falling 595 

limb. The sign of ∂z/∂t concurs with the sign of ∂y/∂x (i.e. the analogy to an accordion), according 596 

to eq. [5]. The curves y−Q in mild slope channels show a loop of hysteresis, i.e. discharge Q is not 597 

a unique function of y but also, among other terms, of ∂y/∂x. In a diffusive wave for example, the 598 

ratio of the actual Q to the uniform flow discharge equals to (1−S0
-1·∂y/∂x)1/2 [Henderson, 1966]. 599 

This function of ∂y/∂x represents the extent of the loop. In our data, the hysteresis (Figure 7a) and 600 
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the transient scour (Figure 3) are concomitant, and a large hysteresis comes with a large transient 601 

scour. Are, therefore, hysteresis and transient scour linked by a cause-and-effect relationship?  602 

The mass and momentum equations in unsteady shallow water flow are:  603 

 

 

[A14] 

The diffusive wave [Jain, 2001] is an approximation that only keeps those terms under the grey 604 

dashed lines of [A14]. The routing of the flood in a diffusive wave follows a diffusion equation. 605 

The equation needs an initial wave at the upstream end. If the initial wave is a sine curve, an 606 

analytical solution of the diffusive wave is: 607 

 𝑑𝑑(𝜕𝜕, 𝑑𝑑) = 𝑑𝑑0 +
𝑀𝑀
2 −

𝑀𝑀
2 · exp �−𝐷𝐷 · 𝑑𝑑 �

2𝜋𝜋
𝐿𝐿 �

2

� · cos �
2𝜋𝜋
𝐿𝐿 · (𝜕𝜕 − 𝑐𝑐 · 𝑑𝑑)� [A15] 

where y0 is the depth at the start of the wave and initial time (x = 0, t = 0), M (m) is the base-to-608 

peak amplitude at t=0 (i.e. the growth in depth of the wave from the base) and L (m) is the 609 

wavelength. The wave celerity c and the diffusion coefficient D are assumed constant and defined 610 

at t = 0 by averaging within one wavelength as 𝑐𝑐 = (5/3) · 𝑣𝑣 (assuming Manning coefficient is 611 

constant) and 𝐷𝐷 = 3 · 𝑐𝑐 · 𝑑𝑑/(10 · 𝑆𝑆𝑓𝑓), the bed slope S0 = 0.03% is constant and the friction slope 612 

is 𝑆𝑆𝑓𝑓 = 𝑆𝑆0 − 𝜕𝜕𝑑𝑑 𝜕𝜕𝜕𝜕⁄   according to a [A14]. The analytical routing of this flood wave, over a 613 

potentially infinite fixed bed, shows a decaying wave amplitude in space and time.  614 

Figure A1 contrasts this analytical solution with the values in the database. Events 2 and 5 615 

are selected because they resemble the sine wave (Figure A1a). The hysteresis is extremely narrow 616 
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in the analytical solution but very broad in the data (v−Q clockwise in Figure A1e and 617 

anticlockwise y−Q in Figure A1d). Thus, in the analytical solution  𝜕𝜕𝑑𝑑/𝜕𝜕𝜕𝜕  hardly changes between 618 

the rising and falling limb, whereas the change in the actual data  𝜕𝜕𝑑𝑑/𝜕𝜕𝜕𝜕  is very big. In other 619 

words, the actual gradients  𝜕𝜕𝑑𝑑/𝜕𝜕𝜕𝜕  are much exaggerated with respect to the analytical ones, 620 

almost imperceptible. Similarly, for the actual velocities v. Foreseeably, the change in streambed 621 

elevation computed with eq. [5] after introducing the analytical results of  𝜕𝜕𝑑𝑑/𝜕𝜕𝜕𝜕 therein, is only 622 

~1% of the scour in the database (Figure A1b, in which the analytical transient scour is multiplied 623 

by 70). In the end, apart from the correct sign, the flow unsteadiness explains very little (~1%) of 624 

the transient scour  𝜕𝜕𝑑𝑑/𝜕𝜕𝑑𝑑  because the change in gradient 𝜕𝜕𝑑𝑑/𝜕𝜕𝜕𝜕 is almost negligible. Numerical 625 

experiments with Saint-Venant and Exner equations using a bed load predictor over a plane, 626 

erodible bed express similar conclusions concerning the negligibility of transient scour due to 627 

unsteady flow [Medina and Bateman, 2010]. 628 
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 629 

Figure A1. Result of the simulation for the events 2 (in grey) and 5 (in black) as diffusive waves 630 

defined and routed theoretically: a) y compared with a theoretical sine wave as depth hydrographs; 631 

b) measured z compared with the analytical solution, the latter multiplied by a factor of 70 just for 632 

clarity; c) qt measured (α = 0.11) compared with the result from the EH formula; d) loop rating 633 

curve y−Q; e) loop rating curve v−Q. A constant width of 125 m is assumed in the analytical 634 

solution (otherwise expressed as per unit width). 635 

Finally, qt computed with the EH formula for the analytical wave is compared with the 636 

actual bed material load from the database, assuming the ratio of bed material transport to total 637 

sediment transport is constant α = 0.11 (Figure A1c). On event 2, the actual sediment transport is 638 



Confidential manuscript submitted to Journal of Hydrology 

 39 

markedly larger than the computed one in the rising limb, but the difference vanishes in the falling 639 

limb; on event 5 the trend is alike for the first days, yet with a large actual shortage around the 640 

peak. Sediment supply and transport capacity (EH) are not equal. 641 

Appendix 3: Gradually-varied flow and transient scour 642 

Let us consider eq. [A14] with the local terms neglected therein. Only those terms above 643 

black dotted lines are kept. The actual flow is well portrayed by subsequent steady stages of 644 

constant Q (i.e. a quasi-steady flow). The dynamic equation, then, stands for the gradually-varied 645 

flow in the form of backwater (M1) and drawdown (M2) surface profiles in subcritical flow. A 646 

boundary condition downstream applies. The 2,500 m long contracted reach, assumed prismatic 647 

with the gauging station in it, is a long transition because the flow is controlled by friction and 648 

slope, apart from the downstream depth control. Moreover, since all changes (either scour or fill) 649 

take part of this prismatic geometry, it follows that river bed is assumed straight and parallel to the 650 

initial bed throughout the contracted reach (a single bed slope S0 thus occurs in space and time). 651 

First, a rigid bed is considered and the downstream condition is the normal depth in the 652 

wide (B) region ynB. Water depth in the contracted reach (width b) will approach its own normal 653 

depth ynb asymptotically in the upstream direction. Since b < B, the difference between normal 654 

depths δyn = ynb―ynB is δyn > 0 at any Q (δ stands for a spatial difference). Also, at different daily 655 

stages of Q separated by ΔQ (Δ stands for 1 day difference), changes in normal depths verify |Δynb| 656 

> |ΔynB|, simply because b < B again. The two surface profiles M1 and M2 allow for an initial 657 

difference δz in the streambed elevation between wide and contracted reaches (the sign δz > 0 658 

means the narrow is lower, Figure A2). A drawdown occurs if δz < δyn and a backwater if δz > δyn. 659 

In case of drawdown, flow accelerates (∂v/∂x > 0) leading to an increase in bed shear stress (∂τ/∂x 660 

> 0) and therefore in sediment transport capacity (∂qt/∂x > 0). The situation is reverse in case of 661 
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backwater. According to Exner (see eq. [A8]), channel bed scours in case of a drawdown curve 662 

(∂z/∂t < 0), whereas it is filled in case a backwater curve (∂z/∂t > 0) occurs. 663 

 664 

Figure A2. Water surface profiles and bed profiles in a long transition on an erodible bed, 665 

following Straub [1935] and Laursen [1958]. b Plan view: the gauging station is located 500 m 666 

downstream of the inlet and 2,000 m upstream of the outlet, b = 160 m, and B ≈ 500 m.  a Side 667 

view: general scour δz is smaller than δyn = ynb−ynB (dark grey dotted lines), larger than δyn (light 668 

grey dashed lines), or equal than δyn (black full lines). Changes at the transitions (inlet and outlet) 669 

are omitted in the drawing. Although following Lane’s balance analogy (Martín-Vide, 2006) there 670 

is a slope reduction in the contracted reach, S0 occurs throughout space and time and uniform flow 671 

is achieved in the wide and narrow sections if δz = δyn, as stated in the text.  672 

The erodible bed behaviour can be approached on the same lines. Whenever the surface 673 

profile prevails as a drawdown curve in a stage of Q, river bed in the contracted reach will be 674 

scoured so the difference δz increases and approaches δyn. The opposite response occurs when a 675 
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backwater curve prevails: channel bed will be filled, decreasing δz to approach δyn. Then, the 676 

quasi-steady flow is approached similarly. The drawdown curve is bound to prevail if discharge 677 

rises, ΔQ > 0, because δyn increases (i.e. Δynb > ΔynB). Conversely, the backwater curve is bound 678 

to prevail if discharge falls ΔQ < 0 because δyn decreases (i.e. |Δynb| > |ΔynB|). To sum up, scour 679 

and fill are expected during the rising and falling limbs, respectively so the analogy to an accordion 680 

is depicted. If ΔQ = 0 river bed is bound to approach an equilibrium condition with  δz = δyn  and 681 

uniform flow prevails throughout (the flow depth is ynb in the narrow reach and ynB in the wide).  682 

In the quasi-steady approach of daily changes ΔQ, actual velocities are higher than uniform 683 

velocities and |∂y/∂x| > S0 in case of a drawdown curve, which occurs if ΔQ > 0. If the water surface 684 

profile is a backwater curve, occurring when ΔQ < 0, the situation is reverse, i.e. actual velocities 685 

are lower than uniform velocities and |∂y/∂x| < S0. This property is intrinsic of gradually varied 686 

flow. Thus, depending on whether δz is bigger or smaller than δyn, the scour or fill produces a 687 

change in ∂y/∂x and v so that it feeds itself back into the transient scour, which, according to 688 

Equation [5], is proportional to the product v·∂y/∂x. In other words, the transient scour is “self-689 

sustaining”, i.e. the exaggeration of v and ∂y/∂x observed in the real hysteresis loops can be 690 

explained by transient scour itself and vice versa in a sort of feedback. 691 

Appendix 4: Derivation of Vanoni equation from gradually-varied flow 692 

It is well-known that the gradually-varied flow equation ([A14] above black dots) can also 693 

be obtained by the derivation of the Bernoulli equation, i.e. by developing the following derivative: 694 

𝑑𝑑 𝑑𝑑𝜕𝜕⁄ (𝑑𝑑 + 𝑑𝑑 + 𝑣𝑣2 2𝑔𝑔⁄ ) = 𝑆𝑆𝑓𝑓. To reconcile the semi-empirical eq. [7] with the gradually-varied 695 

flow, consider the application of the Bernoulli equation to a finite distance L between the narrow 696 

and the wide regions (Figure A3): 697 



Confidential manuscript submitted to Journal of Hydrology 

 42 

 𝑑𝑑 + 𝑑𝑑 +
𝑣𝑣2

2 · 𝑔𝑔 = 𝑍𝑍 + 𝑌𝑌 +
𝑉𝑉2

2 · 𝑔𝑔 + 𝑆𝑆𝑓𝑓 · 𝐿𝐿 [A16] 

 698 

Figure A3. Sketch for application of Bernoulli equation between the narrow and wide reach. 699 

Assume Sf = S0 throughout, set water conservation as 𝑏𝑏𝑑𝑑𝑣𝑣 = 𝐵𝐵𝑌𝑌𝑉𝑉 and combine it with 𝑏𝑏 · 𝑑𝑑1.5 =700 

𝐵𝐵 · 𝑌𝑌1.5  [Vanoni, 1975] k = 1.5, to get  𝑣𝑣2 𝑑𝑑⁄ = 𝑉𝑉2 𝑌𝑌⁄  and note that 𝑑𝑑 − (𝑍𝑍 + 𝑆𝑆0 · 𝐿𝐿) = 𝛿𝛿𝑑𝑑, so 701 

 
𝛿𝛿𝑑𝑑 = 𝑌𝑌 − 𝑑𝑑 +

𝑣𝑣2

2 · 𝑔𝑔 · �
𝑌𝑌
𝑑𝑑 − 1� = ⋯ = (𝑌𝑌 − 𝑑𝑑) · �1 +

Fr2

2 � = ⋯

= −�1 +
Fr2

2 � · ��
𝐵𝐵
𝑏𝑏�

1 1.5⁄

− 1� · 𝑌𝑌 
[A17] 

where Fr is the Froude number anywhere. Eq. [A17] is the same as eq. [6] with k=1.5 and Y the 702 

normal depth in the wide region, except for the factor �1 + Fr2 2⁄ � very slightly larger than 1.  703 

Therefore, eq. [6] can be derived from the same principle used in the physically-based model and 704 

the model is consistent with equation [7].  705 
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