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Summary

In this work, an active control law for base-isolated buildings is proposed. The
crucial idea comes from the observation that passive base-isolation systems are
hysteretic. Thus, an hysteretic active control strategy is designed in a way that
the control force is smooth and limited by a prescribed bound. Furthermore,
given a specific actuator with a physically limited maximum force and maximum
rate of change, it is proven that the design parameters in the contributed control
law can be chosen such that the control signal inherently satisfies the actua-
tor constraints. Eight different ground-acceleration time-history records and a
model of a 5-story building are used to study and compare the performance of
a passive pure friction damper alone, with the addition of the proposed active
control. Numerical analysis demonstrates that our control strategy effectively
mitigates base displacement and shear without an increase in superstructure
drift or acceleration.
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1 INTRODUCTION

Civil structures are affected by several kinds of dynamic excitations such as earthquakes; winds; or, in the case of bridges,
traffic loading. In this regard, base isolation has been extensively considered as an adequate technology to protect flex-
ible building structures producing a dynamic decoupling of the structure from its foundation.1-3 However, the resulting
base displacement may be excessive. Consequently, the combination of active or semiactive systems installed along with
passive base-isolation bearings may alleviate the negative effects of such loads. An excellent state-of-the-art review of
structural control systems is given in Saaed et al,4 where these systems are classified into four main groups: passive;
semiactive; active; and hybrid systems, based on their operational mechanisms. Two more reviews are also proposed
in Casciati et al5 and Basu et al,6 the last one being focused on recent approaches in civil structural control across
Europe.

The traditional passive base-isolation approaches can suppress the seismic responses of the upper structure, but, at
the same time, they can induce substantial deformation of the base-isolation device.7 An excessive base drift may cause
the degradation and even the damage of the base-isolation system. Therefore, supplemental control devices can be
implemented in the common base-isolation system to construct hybrid control systems and reduce the base drifts of
structures.

Semiactive control of base-isolated structures has received in the last few years an enormous attention, as they consume
less power than active devices but allow controllability over passive systems.8 In fact, the combination of base-isolated
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structures with complementary variable damping devices has been successful in reducing the base-isolator displacements
without increasing the building superstructure response when subjected to earthquake loads. It is noteworthy the amount
of work dedicated to semiactive structural vibration control of base-isolated buildings using magnetorheological dampers
thanks to its self-adaptability and high-authority controllability. For example, in Oliveira et al,9 the control law combines a
force tracking integral action with a clipped on–off adaptation rule that changes the magnetorheological damping in real
time; in Li et al,10 the development and characterization of a magnetorheological elastomer-based adaptive seismic isolator
is proposed; in Vu et al,11 a new semiactive control based on nonlinear inhomogeneous optimal control is proposed; and
in Gu et al,12 a semiactive control of magnetorheological elastomer base-isolation system utilizing learning-based inverse
models is proposed.

Hybrid techniques combining passive and active devices have been also developed. For example, in Djedoui et al,13

a hybrid control with a base isolator and an active tuned mass damper is reported, where the active control force is
calculated within a feedback loop by the mean of the linear quadratic controller designed to penalize the displacement
and the velocity of the floor on which the active tuned mass damper is installed; in Yamamoto and Sone,14 the behavior of
an active mass damper installed in a high-rise building during the 2011 earthquake off Pacific coast of Tohoku is studied.
In this work, we propose a hybrid control system, where the active control force is supplied by an appropriate actuator
taking care of the saturation problem and rate limits. Every physical actuator is prone to saturation because of its limited
capacities in amplitude and speed.15 Actuator amplitude limitation or rate limitation constitutes an important constraint
on linear and nonlinear control design. Generally, actuator saturations are protection systems whose main objective is to
avoid operating an actuator with violent control actions (which can be produced by a failure or a low quality of the control
law implemented) and also avoid damaging the actuator and/or the structure (or object) it manipulates.16-18 Controllers
that ignore actuator limitations may cause the closed-loop system performance to degenerate or even make the closed-loop
system unstable and decrease the actuators lifetime.

The main contribution of this work comes from the observation that passive base-isolation systems are hysteretic.19-22

It is well known that these systems are dissipative, and their energy dissipation comes from the hysteresis effect of these
devices.19-22 But being passive, they lack the benefits of active control. The contribution of this work is precisely to take
advantage of an hysteretic energy dissipator but increasing its efficiency with its active realization. The controller is
designed in such a way that (a) the force that is applied to the structure is bounded by a prescribed quantity—so that the
control force is not beyond the capabilities of the actuator—and (b) the rate of change of the active control force is also
limited, thus providing an smooth control action.

Simulation results demonstrate the ability of the design method—which is by nature bounded and with a smoothed
rate of change—to attenuate the effects of seismic excitation.

The remainder of this paper is structured as follows. Section 2.2 presents the hysteretic control law, along with the
system description and proofs of stability, and parameter tuning; in Section 3, the numerical results are discussed; and
conclusions are drawn in Section 4.

2 CONTROL DESIGN

2.1 System description
Consider a hysteretic base-isolated building structure as shown in Figure 1. The equation of motion of a seismically excited
structure with multiple degrees of freedom that is controlled by a single active force acting on the base can be described
as follows23-25:

Mẍ + Cẋ + Kx = −M𝚪ẍg − 𝚲𝑓 + 𝚲u, (1)

where ẍg is the absolute ground acceleration; x = [xb, x1, x2, · · ·, xn]T ∈ Rn represents the horizontal displacement of the
base and each floor of the structure with respect to the ground; n is the number of floors; ẋ and ẍ are the n + 1 dimensional
vectors of the velocities and accelerations of the base and the floors of the structure; and M,C, and K are (n + 1) × (n + 1)
mass, damping, and stiffness matrices, respectively, and have the following form24,25:

M =
⎡⎢⎢⎢⎣

mb 0 · · · 0
0 m1 · · · 0
⋮ ⋮ ⋱ ⋮
0 0 · · · mn

⎤⎥⎥⎥⎦
, (2)
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FIGURE 1 Base-isolated structure with an active control

C =

⎡⎢⎢⎢⎢⎣

cb + c1 −c1 · · · 0 0
−c1 c1 + c2 · · · 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 · · · cn−1 + cn −cn
0 0 · · · −cn cn

⎤⎥⎥⎥⎥⎦
, (3)

K =

⎡⎢⎢⎢⎢⎣

kb + k1 −k1 · · · 0 0
−k1 k1 + k2 · · · 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 · · · kn−1 + kn −kn
0 0 · · · −kn kn

⎤⎥⎥⎥⎥⎦
. (4)



4 of 18 POZO ET AL.

The mass, damping, and stiffness of the ith story are denoted by mi, ci, and ki, i = 1, … ,n, respectively. The base
isolation is described as a single degree of freedom with horizontal displacement xb. It is assumed to exhibit a linear
behavior characterized by mass, damping, and stiffness mb, cb, and kb, respectively, plus a nonlinear behavior represented
by a hysteretic restoring force f, which can be represented by the Bouc–Wen model26 in the following form:

𝑓 = 𝛼z, (5)

ż = −𝛾|ẋb|z|z|𝜈−1 − 𝛽ẋb|z|𝜈 + Aẋb, (6)

where z is the evolutionary variable that provides information on the history dependence of the response and the param-
eters 𝛾, 𝛽, 𝜈, and A govern the linearity and smoothness of the transition from elastic to plastic response. Finally, u is the
control force supplied by an appropriate actuator, 𝚪 is the influence coefficient matrix of size (n + 1) × 1, and 𝚲 is the
vector of size n + 1 that specifies the placement of the base isolator and the active control force. 𝚲 and 𝚪 are defined as
follows:

𝚲 =
[

1 0 · · · 0
]T ∈ R

n+1, 𝚪 =
[

1 1 · · · 1
]T ∈ R

n+1. (7)

2.2 Hysteretic control
2.2.1 Control objective and design
We seek for an active control strategy showing the following features:

(i) to be a bounded active control in the sense that the control force that is applied to the structure is limited by a
prescribed magnitude;

(ii) to be a smooth controller in the sense that the rate of change of the control force is restricted;
(iii) to be an active control using only local velocity information between the points where the device supplying the

active force is connected;
(iv) to guarantee the boundedness of all the trajectories of the closed-loop system when the ground motion is striking

the building; and
(v) to be an admissible controller in the sense that when the ground motion is not present, the closed-loop system is

asymptotically stable.

To this end, we propose an active control strategy with the following structure:

u = −𝜌 · g(ẋb), (8)

where the coefficient 𝜌 is a positive real number and ẋb the relative velocity of the base of the structure with respect to
the ground. The use of just local velocity as input should not be considered as a severe restriction but an initial idea for a
simple control law. On one hand, when g(ẋb) = ẋb, the controller is equivalent to the classical proportional velocity control
equivalent to a linear damper. On the other hand, when g(ẋb) is the signum function of the velocity, that is, g(ẋb) = sgn (ẋb),
the controller is equivalent to a pure friction damper. This strategy has already been reported in the literature. For instance,
the control strategy in Equation 8 when g(ẋb) = sgn (ẋb) is satisfactorily applied to a benchmark base-isolated building
both as an active control3,27 or as a semiactive control strategy.28 A different function is considered in Pozo et al29 and Pujol
et al,30 where g(ẋb) is defined as the product of two hyperbolic functions in the following form:

g(ẋb) = sech
(

ẋb

𝜔

)
· tanh

(
ẋb

𝜔

)
, (9)

where 𝜔 is a positive design parameter. In the first case,29 the active control is applied to the same benchmark structure
as in Pozo et al,3 but a semiactive control implementation is also introduced. In the second case,30 the active control is
applied to a benchmark highway bridge proposed by the American Society of Civil Engineers Committee on structural
control.31-33 An interesting characteristic of the reported functions g(ẋb) = ẋb, g(ẋb) = sgn (ẋb), and the function in
Equation 9 is that all of them are passive in the sense that

g(ẋb) · ẋb ≥ 0, g(0) = 0.

In this work, a different function g is proposed that is based on an evolutionary variable 𝜂 as follows:

g(ẋb) = 𝜂, (10)
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�̇� = 𝜑
{
−𝜂 + bsgn

[
cẋb + asgn (𝜂)

]}
, (11)

where 𝜑 is a positive real number and a, b, and c—also positive—are the hysteresis loop parameters shown in Figure 2.
It is worth noting that this is a bounded-input bounded-output stable system based on the hysteretic system previously
proposed in Tutivén et al.34 In the current approach, the system proposed in Tutivén et al34 is modified by adding c, a third
hysteresis loop parameter that multiplies the velocity. The transition speed between b and −b or viceversa is controlled
by the positive parameter 𝜑, whereas b is an upper bound on the magnitude of 𝜂(t), that is, |𝜂(t)| ≤ b, t ≥ 0.

For the sake of clarity, Figure 3 represents the hysteretic loop obtained by the input ẋb = 10 sin(t) with parameters
a = b = c = 1 and 𝜑 = 10.

The following assumption is specified for the system in Equations 1-7.

Assumption 1. The ground acceleration ẍg in Equation 1 is unknown but bounded. That is, there exists a known
constant G such that ||ẍg(t)|| ≤ G, t ≥ 0.

The boundedness of the earthquake motion in Assumption 1 is quite standard in structural control applications.35,36

Additionally, Ikhouane et al37, theorem 1 guarantee the existence of an upper bound Z on the evolutionary variable z(t)
in Equation 6, that is, |z(t)| ≤ Z, t ≥ 0. This upper bound, Z, is computable and independent of the boundedness of the
base displacement xb(t) or velocity ẋb(t).

The next theorem states the main contribution of this work with respect to the control design.

FIGURE 2 Hysteretic behavior of the system described in Equation 11
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FIGURE 3 Simulation results: −𝜂(t) versus xb(t) = 10 sin(t)
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Theorem 1. Consider the nonlinear system in Equations 1-6 subject to Assumption 1. Then, the control objective is
achieved by the following control law:

uh = −𝜌h𝜂, (12)

�̇� = 𝜑
{
−𝜂 + bsgn

[
cẋb + asgn (𝜂)

]}
, (13)

where a, b, c, 𝜑, and 𝜌h are positive design parameters. Moreover, the maximum control force is bounded by 𝜌hb, that is,

|uh| ≤ 𝜌hb.

Proof. The boundedness of uh comes directly from the boundedness of the evolutionary variable 𝜂 in
Equations 10-(11). The proof of the stability, as in Pozo et al,29 is based on the boundedness of the ground accelera-
tion, the evolutionary variable z in Equation 6, and the control law uh in Equations 12-13. Due to the base isolation,
it is generally accepted that the movement of the superstructure is very close to the one of a rigid body.38 Therefore, it
is assumed that the superstructure is perfectly rigid so that the mass of the base mb is replaced with the total mass m
of the structure:

m = mb +
5∑

i=1
mi.

The equation of motion of the base can be rewritten in the form3,39

mẍb + cbẋb + kbxb = −𝑓 − mẍg + u
= −𝛼z
⏟⏟⏟

−𝑓

− mẍg + uh .

Applying the Laplace transform to the equation of motion of the base, we obtain

xb(s)
[
ms2 + cbs + kb

]
= −𝛼z(s) − mẍg(s) + uh(s),

where xb(s), z(s), ẍg(s), and uh(s) are the Laplace transforms of the signals xb(t), z(t), ẍg(t), and uh(t), respectively. The
direct transfer function between the control force uh, the ground motion ẍg, the hysteretic variable z, and the controlled
base displacement xb is

xb(s) =
1

ms2 + cbs + kb
uh(s) +

−m
ms2 + cbs + kb

ẍg(s)

+ −𝛼
ms2 + cbs + kb

z(s)

= T1(s)uh(s) + T2(s)ẍg(s) + T3(s)z(s).

For the sake of clarity, a block diagram of this system is represented in Figure 4. The three transfer functions
T1(s),T2(s), and T3(s) are stable. Therefore, the boundedness of the input signals uh(t), ẍg(t), and z(t) guarantees the
boundedness of the output signal xb(t), that is, the base displacement.

FIGURE 4 Because the transfer functions T1(s),T2(s), and T3(s) are stable, the boundedness of the input signal uh, ẍg, and z guarantees the
boundedness of the output signal x1
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Proposition 1. Given a particular actuator that is able to produce a maximum force umax and a maximum rate of
change vmax, if 𝜑, b, and 𝜌h in Equations 12-13 are chosen in such a way that

𝜑 ≤
vmax

2umax
(14)

and

𝜌hb ≤ umax, (15)

then the control law in Equations 12-13 inherently satisfies the actuator physical constraints. That is,

|uh| ≤ umax,

and |||| d
dt

uh
|||| ≤ vmax.

Proof. On one hand, because the evolutionary variable 𝜂 in Equation 13 is bounded by b, then

|uh| = | − 𝜌h𝜂| ≤ 𝜌hb ≤ umax.

On the other hand, because the magnitude sgn
[
cẋb + asgn(𝜂)

]
is upper bounded by 1, it follows that

|||| d
dt

uh
|||| = ||||−𝜌h

d
dt
𝜂
|||| = |𝜌h�̇�|

= |||𝜌h𝜑
{
−𝜂 + bsgn

[
cẋb + asgn(𝜂)

]}|||
= |||−𝜌h𝜑𝜂 + 𝜌h𝜑bsgn

[
cẋb + asgn(𝜂)

]|||
≤ |𝜌h𝜑𝜂| + |||𝜌h𝜑bsgn

[
cẋb + asgn(𝜂)

]|||
≤ 𝜌h𝜑b + 𝜌h𝜑b

= 2𝜑𝜌hb ≤ 2 vmax

2umax
umax = vmax,

which completes the proof.

Remark 1. The control strategy presented in Theorem 1 and defined by Equations 12-13 includes five design parame-
ters, a, b, c, 𝜑, and 𝜌h. On one hand, according to Proposition 1, 𝜑 is related with the rate of change of the control force,
so it can be selected correspondingly. On the other hand, the product 𝜌hb is related with the maximum force that has
to be applied to the structure. Obviously, two sets of values {𝜌h,1, b1} and {𝜌h,2, b2} that have the same product

𝜌h,1b1 = 𝜌h,2b2 (16)

will keep the same bound on the control force but, probably, with a different overall performance of the control
strategy.

Remark 2. The hysteretic model in Equations 10-11 is overparameterized as can be observed in Figure 2, where the
role of the parameters a and c is related in the sense that is the ratio 𝜅 = a∕c that defines the amplitude of the
hysteresis loop. More precisely,±𝜅 is the limit velocity that starts the transition for the evolutionary variable 𝜂 from−b
to b or from b to −b, respectively. Consequently, the overparameterization model in Equations 10-11 can be avoided
by simply dividing the expression cẋ1 + asgn(𝜂) in the sign function by a, thus resulting

g(ẋ1) = 𝜂, (17)

�̇� = 𝜑
{
−𝜂 + bsgn

[ 1
𝜅

ẋ1 + sgn (𝜂)
]}

. (18)

Therefore, the hysteresis loop parameters of the non-overparameterized model in Equations 17-18 would be the
positive real numbers 𝜑, b, and 𝜅.
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3 SIMULATION RESULTS

For assessing the performance of the proposed active control scheme, a base-isolated five-story building structure
described by Ramallo et al23 (based on a previous work by Kelly et al40) is considered. This model has been intensively
utilized by many researchers at the structural dynamics and control fields.41,42

For this setup, the mass, stiffness, and damping matrices are given as in Equations 2-4,23 where the masses, stiffness,
and damping coefficients of each floor are detailed in Table 1. The Bouc–Wen parameters in Equations 5-6 that model the
base isolator are given in Table 2. These parameters are based on the optimal lead-rubber bearing designed in Ramallo
et al,23 where the yield force Qy is defined to be the 5% of the total weight of the building.

Eight different ground-acceleration time-history records are used to excite the model of the structure. These records
include

• Sylmar, 360◦ and 90◦ components of the 1994 Northridge earthquake recorded at the Sylmar station, fault normal (FN)
and fault parallel (FP), respectively;

• Rinaldi, 228◦ and 318◦ components of the 1994 Northridge earthquake recorded at the Rinaldi station, FN and FP,
respectively;

• Ji-Ji, north-south and east-west components of the 1999 Ji-Ji earthquake recorded at the station TCU 068 (Shikhkang),
FN and FP, respectively;

• Erzinkan, north-south and east-west components of the 1992 Erzinkan earthquake, FN and FP, respectively.

These ground motions are considered to cover both moderate and severe events. More precisely, the peak ground
accelerations of these earthquakes (expressed in 𝕘, where 𝕘 = 9.80665 m/s2 is the conventional standard value of the
gravitational acceleration) can be found in Table 3.

TABLE 1 Structural model parameters23

Floor masses [[kg]] Stiffness coefficients [[kN/m]] Damping coefficients [[kN · s/m]]

mb = 6800 kb = 232 cb = 3.74
m1 = 5897 k1 = 33732 c1 = 67
m2 = 5897 k2 = 29093 c2 = 58
m3 = 5897 k3 = 28621 c3 = 57
m4 = 5897 k4 = 24954 c4 = 50
m5 = 5897 k5 = 19059 c5 = 38

TABLE 2 Bouc–Wen model parameters in Equations 5-6 of the base isolator24

Parameter Value Parameter Value

Qy = 5% building weight 17.79 kN Kyield = kb 232 kN/m
Kinitial = 6 · Kyield 1392 kN/m 𝛼 = (1 − Kyield∕Kinitial)Qy 14.83 kN
𝛽 = Kinitial∕(2Qy) 39.12 m−1 𝛾 = 𝛽 39.12 m−1

A = 2𝛽 = 2𝛾 78.24 m−1 𝜈 1

TABLE 3 PGA of the ground motions considered to
excite the model of the structure

Earthquake PGA (𝕘) Earthquake PGA (𝕘)

Sylmar (FN) 0.8749 Sylmar (FP) 0.6047
Rinaldi (FN) 0.8402 Rinaldi (FP) 0.4762
Ji-Ji (FN) 0.5118 Ji-Ji (FP) 0.3693
Erzinkan (FN) 0.5150 Erzinkan (FP) 0.4956

Note. FN = fault normal; FP = fault parallel; PGA = peak ground
acceleration.



POZO ET AL. 9 of 18

The simulation results of the hysteretic control in Equations 12-13 are compiled in Tables 5, 6 for the FN and the FP
components acting in two perpendicular directions, respectively. The results of the proposed control uh are also compared
with the pure friction damper in Pozo et al3 and Pujol et al,27 defined as us = −𝜌ssgn(ẋb).

TABLE 4 Design parameters of the control uh

in Equation 12

Parameter Value Parameter Value

a 1 m/s b 0.5 N
c 1,100 𝜑 15 1/s
𝜌h 36,000

0 5 10 15 20 25 30
-10

-5

0

5

10

0 5 10 15 20 25 30
-10

-5

0

5

10

FIGURE 5 360◦ and 90◦ components of the Sylmar record of the 1994 Northridge earthquake. Fault normal (top) and fault parallel
(bottom) components
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FIGURE 6 Time-history response of the isolated building under 1.0×Rinaldi-FP excitation. Displacement of the base for both the
uncontrolled and the controlled situations
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The evaluation of the performance of the proposed strategy is described in terms of the evaluation criteria defined in
Appendix A. The eight ground-acceleration time-history records are used at the full intensity for the computation of the
evaluation criteria. Additionally, the earthquakes are also scaled to several magnitudes in the range from 0.5 to 2.0 times.
An evaluation criteria smaller than 1 indicates that the response of the uncontrolled structure is bigger than that of the
controlled structure. Contrarily, an evaluation criteria larger than 1 indicates the undesired case when the controlled
response of the structure is bigger than that of the uncontrolled case. The cases with an evaluation criteria larger than 1
in Tables 5, 6 are highlighted with a gray-colored cell background.

3.1 Performance assessment in terms of the evaluation criteria
In this section, we present the performance assessment—in terms of the evaluation criteria in Appendix A—of the control
strategy in Equations 12–13 using the control parameters given in Table 4. These parameters are not obtained through
optimization but via a trial-and-error approach. In some cases, a heuristic approach is used to select them. For instance,
the product 𝜌hb is chosen so that the peak control force is 18 kN, similar to the isolation-layer yield force Qy = 17.8 kN,
which is 5% of the weight of the structure.

15105-10
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-0.2
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0.6

0.8

1

controlled
uncontrolled

FIGURE 7 Time-history response of the isolated building under 1.5× Rinaldi-FP excitation. Displacement of the base for both the
uncontrolled and the controlled situations

151050
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FIGURE 8 Time-history response of the isolated building under 1.0× Rinaldi-FP excitation. Absolute acceleration of the base for both the
uncontrolled and the controlled situations
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The base and structural shears are reduced up to 26% in a majority of earthquakes (except {1.0, 1.5, 2.0}× Erzinkan-FP;
0.5× Ji-ji-FN; 2.0× Ji-ji-FP; 0.5× Rinaldi-FN; 1.0× Rinaldi-FP; and {0.5, 2.0}× Sylmar-FN). The reduction in base dis-
placement is between 6% and 72% in all cases with no exception. Reductions in the interstory drifts between 1% and 33%
are achieved when compared with the uncontrolled case in all earthquakes but 0.5× Erzinkan-FP; 1.5× Erzinkan-FN;
{0.5, 1.5, 2.0}× Rinaldi-FN; 0.5× Rinaldi-FP; and 0.5× Sylmar-FP. The floor accelerations are also reduced—by up to
82%—in a majority of earthquakes (except {1.0, 2.0}× Erzinkan-{FN,FP}; {0.5, 1.5, 2.0}× Ji-ji-FP; 0.5× Ji-ji-FN, and
{1.0, 1.5}× Sylmar-FN).

From a general point of view, the benefit of the active control strategy is the reduction in base displacement (J3) and shear
(J1, J2) of up to 72% without and increase in drift (J4) or acceleration (J5). The reduction in the peak base displacement J3
if the base-isolated structure is one of the most important criteria during strong earthquakes.

Although both the peak base displacement (J3) and the peak absolute floor acceleration (J5) are significantly reduced
in a majority of earthquakes, it is worth noting that their equivalent root mean square (RMS) measures (J7 and J8, respec-
tively) are remarkably reduced in all the earthquakes with a few exceptions. For instance, the reduction in RMS base
displacement is between 7% and 60%, and the reduction in RMS absolute floor acceleration fluctuates between 1% and 53%.

FIGURE 9 Time-history response of the isolated building under 1.0× Erzinkan excitation (fault normal). Relative displacement between
the second and the first floor (x2 − x1)
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FIGURE 10 Time-history response of the isolated building under 1.5× Erzinkan excitation (fault normal). Relative displacement between
the second and the first floor (x2 − x1)
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This means that even in a case where the peak base displacement in the controlled structure is reduced by only 6% (2.0×
Rinaldi-FN)—with respect to the uncontrolled case—the RMS base displacement is reduced by 25%. Similarly, when the
fault normal component of 1.5× Erzinkan earthquake is used to excite the structure, the peak absolute floor acceleration
is increased by 1%, whereas the equivalent RMS measure is reduced by 25%. These two RMS-related evaluation crite-
ria are somehow linked with the oscillating behavior of the structure. Therefore, low RMS-related performance indices
imply a reduction in the overall structural charges that affect the building. The bound on the control force is defined as
the product of the design parameters 𝜌h and b in Equations 12 and 13. Consequently, the performance index J6—which
is a measure of the relative control effort of the proposed strategy—lies within a range of acceptable values (2–24%).

3.2 Time-history plots
Figures 6-10 represent the time-history plots of different magnitudes for the five-story building described in Figure 1.
All these figures include the controlled response using the control strategy in Equations 12-13 (red solid lines) and the
uncontrolled response (blue solid lines) using the {1.0, 1.5}× Rinaldi-FP and {1.0, 1.5}× Erzinkan earthquakes. Figure 5

FIGURE 11 Control force under the fault normal component of the 1.0× Sylmar excitation. Note that the umax = 𝜌hb = 18kN constraint
is satisfied

FIGURE 12 Control force under the fault normal component of the 1.5× Sylmar excitation. Note that the umax = 𝜌hb = 18kN constraint
is satisfied
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FIGURE 13 Time derivative of the control force under the fault normal component of the 1.5× Sylmar excitation. Note that the force rate
limitation vmax = 2umax𝜑 = 540kN/s is satisfied

TABLE 5 Results of the controllers' evaluation criteria for the so-called FN set of ground motions

Earthquake PGA (g) Case J1 J2 J3 J4 J5 J6 J7 J8

0.5× Sylmar 0.4375 us 1.04 1.03 0.43 1.01 0.99 0.10 0.38 0.96
uh 1.05 1.01 0.51 0.90 0.76 0.10 0.42 0.89

1.0× Sylmar 0.8749 us 0.98 0.99 0.72 0.88 0.96 0.05 0.46 0.84
uh 0.96 0.99 0.75 0.88 1.17 0.05 0.48 0.78

1.5× Sylmar 1.3124 us 0.94 0.96 0.72 0.84 0.99 0.04 0.54 0.81
uh 0.93 0.95 0.75 0.87 1.03 0.04 0.57 0.75

2.0× Sylmar 1.7498 us 1.01 1.01 0.72 0.81 1.00 0.03 0.61 0.78
uh 1.01 0.99 0.74 0.86 0.99 0.03 0.64 0.79

0.5× Rinaldi 0.4201 us 1.00 0.98 0.84 1.07 0.92 0.09 0.78 1.10
uh 1.01 1.01 0.93 1.20 0.92 0.09 0.78 1.04

1.0× Rinaldi 0.8402 us 0.99 0.98 0.87 0.93 0.97 0.05 0.74 1.13
uh 0.99 0.99 0.92 0.96 0.96 0.05 0.75 0.96

1.5× Rinaldi 1.2603 us 0.99 0.98 0.88 1.09 1.01 0.03 0.73 1.07
uh 0.99 0.99 0.93 1.07 0.96 0.03 0.76 0.94

2.0× Rinaldi 1.6804 us 0.99 0.99 0.91 1.07 0.96 0.02 0.74 1.09
uh 0.98 0.99 0.94 1.03 0.98 0.02 0.75 0.97

0.5× Ji-ji 0.2559 us 1.05 1.04 0.53 0.88 0.95 0.15 0.50 0.69
uh 1.17 1.11 0.58 0.85 1.03 0.15 0.54 0.76

1.0× Ji-ji 0.5118 us 0.91 0.92 0.60 0.70 0.21 0.09 0.44 0.52
uh 0.92 0.93 0.62 0.73 0.18 0.09 0.45 0.47

1.5× Ji-ji 0.7677 us 0.79 0.77 0.65 0.70 0.33 0.06 0.57 0.61
uh 0.78 0.79 0.66 0.74 0.57 0.06 0.58 0.60

2.0× Ji-ji 1.0236 us 0.74 0.77 0.70 0.76 0.70 0.04 0.65 0.74
uh 0.74 0.74 0.71 0.79 0.50 0.04 0.66 0.66

0.5× Erzinkan 0.2575 us 0.68 0.68 0.43 0.77 0.94 0.24 0.48 0.91
uh 0.74 0.78 0.44 0.78 0.78 0.24 0.44 0.85

1.0× Erzinkan 0.5150 us 0.90 0.87 0.71 0.85 1.12 0.09 0.56 0.83
uh 0.91 0.92 0.74 0.89 1.16 0.09 0.59 0.72

1.5× Erzinkan 0.7725 us 0.86 0.87 0.79 0.80 0.72 0.06 0.65 0.82
uh 0.89 0.89 0.82 1.01 0.98 0.06 0.68 0.75

2.0× Erzinkan 1.0300 us 0.88 0.90 0.81 0.82 0.81 0.04 0.69 0.91
uh 0.93 0.94 0.83 0.83 1.10 0.04 0.71 0.79

Note. FN = fault normal; PGA = peak ground acceleration.
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shows the ground acceleration for the 360◦ and 90◦ components of 1994 Northridge earthquake. More precisely, Figures 6
and 7 present the plots for the displacement of the base under {1.5, 2.0}× Rinaldi-FP excitation, respectively, clearly
showing the efficiency of the proposed controller. The plotted magnitude in Figure 8 is the base acceleration under 1.0×
Rinaldi-FP. Finally, the relative displacement between the second and the first floor is depicted in Figures 9 and 10 under
the fault normal component of {1.0, 1.5}× Erzinkan excitation, respectively. From these figures, it can be derived that the
controlled response magnitudes are effectively reduced when examined in contrast with the uncontrolled responses.

Three more figures are included in this section that show the relatively low control effort. The active control force that
is applied to the base of the structure under 1.0× Sylmar (FN) is illustrated in Figure 11. Similarly, Figures 12 and 13
reproduce the control effort and its time derivative, respectively, under the fault normal component of 1.5× Sylmar ground
motion. It is worth remarking from the observation of these three figures that the control force is bounded as prescribed
in section 2.2.1.

3.3 Comparison
The results of the control strategy presented in Equations 12-13 are compared with the control law

us = −𝜌ssgn(ẋb) (19)

TABLE 6 Results of the controllers' evaluation criteria for the so-called FP set of ground motions

Earthquake PGA (g) Case J1 J2 J3 J4 J5 J6 J7 J8

0.5× Sylmar 0.3024 us 0.83 0.73 0.55 1.21 1.18 0.15 1.11 1.09
uh 1.00 0.99 0.65 1.14 0.94 0.15 0.93 1.12

1.0× Sylmar 0.6047 us 0.92 0.86 0.54 0.80 1.08 0.08 0.40 0.92
uh 0.98 1.00 0.61 0.87 0.88 0.08 0.44 0.85

1.5× Sylmar 0.9071 us 0.94 0.91 0.63 0.79 0.99 0.05 0.47 0.79
uh 1.00 1.01 0.68 0.79 0.93 0.05 0.50 0.74

2.0× Sylmar 1.2094 us 0.96 0.94 0.68 0.79 0.97 0.04 0.52 0.78
uh 0.98 0.99 0.72 0.83 0.95 0.04 0.55 0.72

0.5× Rinaldi 0.2381 us 0.96 0.95 0.40 1.14 1.06 0.18 0.57 1.30
uh 0.95 0.97 0.46 1.02 0.97 0.18 0.56 1.11

1.0× Rinaldi 0.4762 us 0.99 0.97 0.43 0.63 0.74 0.09 0.36 0.93
uh 1.02 1.00 0.49 0.67 0.76 0.09 0.40 0.86

1.5× Rinaldi 0.7143 us 0.93 0.93 0.57 0.74 0.82 0.06 0.47 0.82
uh 0.94 0.94 0.61 0.74 0.68 0.06 0.50 0.79

2.0× Rinaldi 0.9524 us 0.88 0.89 0.69 0.76 0.23 0.04 0.55 0.72
uh 0.90 0.91 0.72 0.79 0.65 0.04 0.58 0.76

0.5× Ji-ji 0.1847 us 0.79 0.81 0.26 0.95 0.98 0.18 0.37 0.82
uh 0.92 0.92 0.28 0.80 1.04 0.18 0.40 1.00

1.0× Ji-ji 0.3693 us 0.91 0.94 0.73 0.95 0.68 0.08 0.68 0.89
uh 0.93 0.96 0.81 0.95 0.73 0.08 0.69 0.76

1.5× Ji-ji 0.5540 us 0.97 1.00 0.80 1.00 0.91 0.05 0.68 0.88
uh 0.99 1.00 0.85 0.99 1.55 0.05 0.70 0.76

2.0× Ji-ji 0.7386 us 0.95 1.00 0.81 0.98 1.01 0.04 0.72 0.93
uh 1.00 1.01 0.85 0.94 1.11 0.04 0.74 0.80

0.5× Erzinkan 0.2478 us 0.80 0.91 0.65 1.61 1.17 0.15 0.72 1.26
uh 0.96 1.02 0.80 1.46 0.87 0.15 0.65 1.21

1.0× Erzinkan 0.4956 us 1.08 1.09 0.47 0.84 1.08 0.07 0.44 1.06
uh 1.11 1.15 0.53 0.87 1.13 0.07 0.50 0.99

1.5× Erzinkan 0.7434 us 1.07 1.07 0.64 0.77 1.06 0.05 0.58 0.99
uh 1.09 1.09 0.65 0.79 0.97 0.05 0.59 0.87

2.0× Erzinkan 0.9912 us 1.07 1.09 0.74 0.88 1.05 0.04 0.62 1.01
uh 1.07 1.09 0.74 0.85 1.04 0.04 0.62 0.82

Note. FP = fault parallel; PGA = peak ground acceleration.
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that has been previously and satisfactorily applied to a benchmark base-isolated building both as an active control3,27 or
as a semiactive control strategy.28 The results are also summarized in Tables 5, 6. For a fair comparison, the value of the
design parameter 𝜌s in Equation 19 is selected as

𝜌s = 𝜌hb,

where the values of both 𝜌h and b can be found in Table 4. This way, both the control uh in Equation 12 and the control
us in Equation 19 are able to provide the same maximum force. After a detailed observation of Tables 5, 6, the following
remarks can be concluded, in terms of the evaluation criteria related to several structural aspects:

• the controller us in Equation 19 is able to reduce the peak base and structure shear (J1 and J2) with more intensity than
the proposed approach in this work;

• both controllers perform similarly in reducing the peak base displacement (J3), though they are almost always slightly
better (smaller) for us;

• the proposed approach in this work, in Equations 12-13, is able to reduce or maintain the peak interstory drift (J4) with
respect to the controller us in 14 out of 32 cases;

• both controllers perform similarly in reducing the peak absolute floor acceleration (J5);
• the proposed approach in this work, in Equations 12-13, requires the same control effort (J6) than the controller us; and
• the proposed approach in this work is able to significantly reduce the RMS base displacement (J7) as the controller us;

besides, the RMS absolute floor acceleration (J8) is reduced with more intensity in 27 out of 32 cases when compared
with the controller us.

4 CONCLUDING REMARKS

An active control law with interesting features has been proposed in this work. The key idea is to actively reproduce the
goodness of hysteretic passive base isolators. Although the designed control strategy is rather simple, it not only ade-
quately reduces, in most cases, the peak base displacement and the peak absolute floor acceleration but also dramatically
diminishes their equivalent RMS measures in almost all of the studied earthquakes. On the other hand, assuming the
maximum force and the maximum rate of change of the real actuator to be used are known, they can be used to design
a control signal that inherently satisfies the actuator constraints (using Proposition 1 to select the control parameters).
Finally, a comparison study, covering fully active and pure friction damper, is performed. The response to several earth-
quake excitations is computed. Numerical simulations suggest that the proposed active control shows significant promise
in base-isolation applications, even taking into account the inherent rate limit of the control strategy. As a future work,
we would like to improve the control law by introducing acceleration feedback information.
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APPENDIX A: EVALUATION CRITERIA

The following eight evaluation criteria or performance indices are defined to assess the performance of the proposed
active control. These indices are based on both maximum and RMS responses of the building. In this sense, the term
uncontrolled refers to the base-isolated structure with no active control. These performance indices are reproduced here to
assist the reader in comprehending this work, where i is the floor number, 1, … , 5; q the earthquake number, 1, … , 16;
and t the time, 0 ≤ t ≤ Tq. These eight evaluation criteria are in line with the information typically used to design and
analyze typical civil structures.43

1. Peak base shear (isolation level) in the controlled structure normalized by the corresponding shear in the uncon-
trolled structure:

J1(q) =
maxt|Vb(t, q)|
maxt|V̂b(t, q)| =

maxt
|||mbẍb +

∑5
i=1 miẍi(t, q)|||

maxt
|||mb ̈̂xb +

∑5
i=1 mi ̈̂xi(t, q)||| .

2. Peak structure shear (at the first-story level) in the controlled structure normalized by the corresponding shear in the
uncontrolled structure:

J2(q) =
maxt|V1(t, q)|
maxt|V̂1(t, q)| =

maxt
|||∑5

i=1 miẍi(t, q)|||
maxt

|||∑5
i=1 mi ̈̂xi(t, q)||| .

3. Peak base displacement or isolator deformation in the controlled structure normalized by the corresponding
displacement in the uncontrolled structure:

J3(q) =
maxt|xb(t, q)|
maxt|x̂b(t, q)| .

4. Peak interstory drift in the controlled structure normalized by the corresponding interstory in the uncontrolled
structure:

J4(q) =
maxt,i|xi+1(t, q) − xi(t, q)|
maxt,i|x̂i+1(t, q) − x̂i(t, q)| .

https://doi.org/10.1002/stc.1875
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5. Peak absolute floor acceleration in the controlled structure normalized by the corresponding acceleration in the
uncontrolled structure:

J5(q) =
maxt,i|ẍi(t, q)|
maxt,i| ̈̂xi(t, q)| .

6. Peak force generated by all control devices normalized by the peak base shear in the controlled structure:

J6(q) =
maxt|u(t, q)|

maxt |Vb(t, q)| .
7. RMS base displacement in the controlled structure normalized by the corresponding RMS base displacement in the

uncontrolled structure:

J7(q) =
𝜎d(t, q)
�̂�d(t, q)

=

√
1

Tq
∫

Tq
0 xb(t, q)dt√

1
Tq

∫
Tq

0 x̂b(t, q)dt
.

8. RMS absolute floor acceleration in the controlled structure normalized by the corresponding RMS acceleration in
the uncontrolled structure:

J8(q) =
maxi𝜎a(t, q)
maxi�̂�a(t, q)

=
maxi

√
1

Tq
∫

Tq
0 ẍi(t, q)dt

maxi

√
1

Tq
∫

Tq
0

̈̂xi(t, q)dt
.
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