
 
  

 
 

  
 
 
 

Analysis of seismic pounding of moderate-height 
RC buildings with aligned slabs 

 
Alireza Kharazian 

 
 
ADVERTIMENT La consulta d’aquesta tesi queda condicionada a l’acceptació de les següents 
condicions d'ús: La difusió d’aquesta tesi per mitjà del r e p o s i t o r i  i n s t i t u c i o n a l   
UPCommons (http://upcommons.upc.edu/tesis) i el repositori cooperatiu TDX  
( h t t p : / / w w w . t d x . c a t / )  ha estat autoritzada pels titulars dels drets de propietat intel·lectual 
únicament per a usos privats emmarcats en activitats d’investigació i docència. No s’autoritza 
la seva reproducció amb finalitats de lucre ni la seva difusió i posada a disposició des d’un lloc 
aliè al servei UPCommons o TDX. No s’autoritza la presentació del seu contingut en una finestra 
o marc aliè a UPCommons (framing). Aquesta reserva de drets afecta tant al resum de presentació 
de la tesi com als seus continguts. En la utilització o cita de parts de la tesi és obligat indicar el nom 
de la persona autora. 

 
 

ADVERTENCIA La consulta de esta tesis queda condicionada a la aceptación de las siguientes 
condiciones de uso: La difusión de esta tesis por medio del repositorio institucional UPCommons  
(http://upcommons.upc.edu/tesis) y el repositorio cooperativo TDR (http://www.tdx.cat/?locale-
attribute=es) ha sido autorizada por los titulares de los derechos de propiedad intelectual 
únicamente para usos privados enmarcados en actividades de investigación y docencia.  No 
se autoriza su reproducción con finalidades de lucro ni su difusión y puesta a disposición desde 
un sitio ajeno al servicio UPCommons No se autoriza la presentación de su contenido en una 
ventana o marco ajeno a UPCommons (framing). Esta reserva de derechos afecta tanto al 
resumen de presentación de la tesis como a sus contenidos. En la utilización o cita de partes 
de la tesis es obligado indicar el nombre de la persona autora. 

 
 

WARNING On having consulted this thesis you’re accepting the following use conditions: 
Spreading this thesis by the i n s t i t u t i o n a l  r e p o s i t o r y  UPCommons   
(http://upcommons.upc.edu/tesis) and the cooperative repository TDX (http://www.tdx.cat/?locale-
attribute=en)  has been authorized by the titular of the intellectual property rights only for private 
uses placed in investigation and teaching activities. Reproduction with lucrative aims is not 
authorized neither its spreading nor availability from a site foreign to the UPCommons service. 
Introducing its content in a window or frame foreign to the UPCommons service is not authorized 
(framing). These rights affect to the presentation summary of the thesis as well as to its contents. 
In the using or citation of parts of the thesis it’s obliged to indicate the name of the author. 

http://upcommons.upc.edu/tesis
http://www.tdx.cat/
http://www.tdx.cat/?locale-attribute=es
http://www.tdx.cat/?locale-attribute=es
http://upcommons.upc.edu/tesis
http://www.tdx.cat/?locale-attribute=en
http://www.tdx.cat/?locale-attribute=en


 
 

 
Acta de qualificació de tesi doctoral Curs acadèmic: 2017 - 2018 

Nom i cognoms Alireza Kharazian 

Programa de doctorat Enginyeria Sísmica i Dinàmica Estructural 
 

Unitat estructural responsable del programa Departament d'Enginyeria Civil i Ambiental 
 

 
 
Resolució del Tribunal 
 
Reunit el Tribunal designat a l'efecte, el doctorand / la doctoranda exposa el tema de la seva tesi doctoral titulada 

Analysis of seismic pounding of moderate-height RC buildings with aligned slabs 

Acabada la lectura i després de donar resposta a les qüestions formulades pels membres titulars del tribunal, aquest 

atorga la qualificació: 

 NO APTE      APROVAT  NOTABLE  EXCEL·LENT 

 

(Nom, cognoms i signatura) 
 
 
 
 
President/a 

(Nom, cognoms i signatura) 
 
 
 
 
Secretari/ària 

(Nom, cognoms i signatura) 
 
 
 
 
Vocal 

(Nom, cognoms i signatura) 
 
 
 
 
Vocal 

(Nom, cognoms i signatura) 
 
 
 
 
Vocal 

 
 
Barcelona, ______________________, _______ d'/de __________________ de _______________ 
 
 

 

El resultat de l’escrutini dels vots emesos pels membres titulars del tribunal, efectuat per l’Escola de Doctorat, a 

instància de la Comissió de Doctorat de la UPC, atorga la MENCIÓ CUM LAUDE: 

 SÍ  NO 

 

(Nom, cognoms i signatura) 
 
 
 
 
 
President de la Comissió Permanent de l’Escola de Doctorat 

(Nom, cognoms i signatura) 
 
 
 
 
 
Secretari de la Comissió Permanent de l’Escola de Doctorat 

 

Barcelona, _______ d'/de ____________________ de _________ 

  



 
 

“Success usually comes to those who are too busy to be looking for it” 
Henry David Thoreau 
  



 
 

 
 
 
 
 
 

 
 
 
 
 
 
 

Analysis of seismic pounding of 
moderate-height RC buildings with 

aligned slabs 
 
 
 
 
 
 
 

Alireza Kharazian 
 
 

 
  
 



 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
To my father, my mother, and my sisters 
 

 
 



 
 
 

i 
 

CONTENTS 
 
Acknowledgements ....................................................................................................................... v 

Resumen ....................................................................................................................................... vi 
Summary ..................................................................................................................................... vii 
List of Figures .............................................................................................................................. ix 

List of Tables .............................................................................................................................. xiv 

List of symbols ........................................................................................................................... xvi 
1 INTRODUCTION ................................................................................................................ 1 

1.1 Background and motivation .......................................................................................... 1 

1.2 Objectives ...................................................................................................................... 2 

1.2.1 Main objective ....................................................................................................... 2 

1.2.2 Specific objectives ................................................................................................. 2 

1.3 Methodology ................................................................................................................. 2 

1.4 Organisation of this document ...................................................................................... 4 

2 STATE OF THE ART .......................................................................................................... 5 

2.1 Earthquake-Resistant Design Methods ......................................................................... 5 

2.1.1 Earthquake-resistant design based on spectra ...................................................... 6 

2.1.2 Absolute acceleration response spectra .............................................................. 10 

2.1.3 Relative displacement response spectra .............................................................. 15 

2.1.4 Input energy response spectra ............................................................................. 17 

2.1.5 Performance-based earthquake-resistant design ................................................ 22 

2.1.6 Nonlinear static analyses (“push-over”) ............................................................ 25 

2.1.6.1 Capacity curves ........................................................................................... 25 

2.1.6.2 Target displacement .................................................................................... 26 

2.1.6.3 Obtaining the response reduction factor ..................................................... 31 

2.1.6.4 Limitations of the push-over analyses ......................................................... 32 

2.1.7 Dynamic analyses ................................................................................................ 33 

2.1.8 Incremental dynamic analyses ............................................................................ 34 

2.2 Model of seismic pounding ......................................................................................... 36 

2.2.1 General consideration ......................................................................................... 36 

2.2.2 Classical impact theory ....................................................................................... 36 

2.2.2.1 Axial vibration of an elastic bar .................................................................. 36 

2.2.2.2 Elastic impact analysis ................................................................................ 37 

2.2.3 Kelvin-Voigt model (linear viscoelastic model) .................................................. 40 

2.2.3.1 Normal Kelvin-Voigt model ......................................................................... 40 

2.2.3.2 Modified Kelvin-Voigt model ...................................................................... 41 

2.2.4 Nonlinear viscoelastic model .............................................................................. 42 

2.2.5 Hertzdamp model ................................................................................................ 42 



ii 
 

2.2.6 Sears model ......................................................................................................... 43 

2.2.7 Concluding remarks ............................................................................................ 43 

2.3 Pounding simulation with software codes ................................................................... 43 

2.3.1 Initial explanation ............................................................................................... 43 

2.3.2 Simplified commercial codes ............................................................................... 43 

2.3.3 Scientific codes .................................................................................................... 44 

2.3.4 Advanced codes ................................................................................................... 45 

2.3.5 Concluding remarks ............................................................................................ 46 

2.4 Literature review ......................................................................................................... 46 

2.4.1 Initial explanation ............................................................................................... 46 

2.4.2 Observed damage from pounding ....................................................................... 46 

2.4.3 Particular and parametrical studies ................................................................... 48 

2.4.4 Testing on pounding ............................................................................................ 50 

2.4.5 Input effect ........................................................................................................... 52 

2.4.6 Influence of soil-structure-interaction (SSI) ........................................................ 53 

2.4.7 Mitigation ............................................................................................................ 53 

2.4.8 Review ................................................................................................................. 54 

2.4.9 Base Isolation ...................................................................................................... 55 

2.4.10 Bridges ................................................................................................................ 56 

3 PROPOSED FORMULATION FOR ESTIMATING THE DAMPING OF THE KELVIN-
VOIGT MODEL ......................................................................................................................... 57 

3.1 Description of study .................................................................................................... 57 

3.2 Proposed formulation for estimating the damping of the Kelvin-Voigt model ........... 58 

3.2.1 General remarks .................................................................................................. 58 

3.2.2 Modal analysis of two buildings during impact .................................................. 59 

3.2.3 Closed-form solution of the equation of motion .................................................. 61 

3.2.4 Impact duration ................................................................................................... 62 

3.2.5 Determination of the damping parameter ........................................................... 64 

3.2.6 Proposed algorithm for selecting the damping parameter.................................. 65 

3.3 Comparison with the previous formulation ................................................................. 65 

3.3.1 Description of the comparing parametric study .................................................. 65 

3.3.2 Colliding frames and selection of the parameters values in the parametric study
 66 

3.3.3 Numerical results of the parametric study .......................................................... 67 

3.3.4 Concluding remarks ............................................................................................ 69 

3.4 Criteria for selecting vl and vr ...................................................................................... 70 

3.5 Numerical examples on two multi-storey multi-bay frames ....................................... 71 

3.5.1 Colliding frames .................................................................................................. 71 

3.5.2 Application of the proposed formulation ............................................................. 72 

3.5.3 Numerical results ................................................................................................ 73 



 
 
 

iii 
 

3.6 Numerical simulation of testing on colliding buildings .............................................. 75 

3.6.1 Experiment .......................................................................................................... 75 

3.6.2 Numerical simulation .......................................................................................... 75 

3.6.3 Numerical results ................................................................................................ 76 

4 PARAMETRIC STUDY .................................................................................................... 79 

4.1 Description of study .................................................................................................... 79 

4.2 Seismic inputs considered in the parametric study ..................................................... 79 

4.2.1 Selection criteria ................................................................................................. 79 

4.2.2 Selected inputs ..................................................................................................... 80 

4.2.3 Responses spectra ............................................................................................... 81 

4.3 Representative prototype buildings ............................................................................. 86 

4.3.1 Selection criteria ................................................................................................. 86 

4.3.2 Selected buildings ................................................................................................ 86 

4.3.3 Foundation .......................................................................................................... 90 

4.4 Numerical modelling ................................................................................................... 91 

4.4.1 Numerical model of the buildings ....................................................................... 91 

4.4.2 Numerical model of pounding ............................................................................. 93 

4.4.3 Time integration .................................................................................................. 94 

4.4.4 Examples ........................................................................................................... 100 

4.4.5 Soil-structure-interaction .................................................................................. 103 

4.4.5.1 General consideration ............................................................................... 103 

4.4.5.2 Soil-structure-interaction for the isolated foundation ............................... 103 

4.4.5.3 Soil-structure-interaction for mat foundation ........................................... 111 

4.4.5.4 Concluding remarks .................................................................................. 121 

4.4.6 Pushover analyses ............................................................................................. 121 

4.5 Parameters of the study ............................................................................................. 124 

4.6 Performance indices .................................................................................................. 127 

4.7 Results of the study ................................................................................................... 127 

4.7.1 Results for the impact forces ............................................................................. 127 

4.7.2 Main results ....................................................................................................... 132 

4.7.3 Results for energy .............................................................................................. 174 

4.8 Discussion of the results ............................................................................................ 177 

4.8.1 General observation .......................................................................................... 177 

4.8.2 Influence of the parameters of the building ....................................................... 178 

4.8.3 Influence of the parameters of the impact model .............................................. 179 

4.8.4 Influence of the parameters of the inputs .......................................................... 179 

4.8.5 Influence of SSI .................................................................................................. 180 

5 SUMMARY, CONCLUSIONS, AND FUTURE INVESTIGATIONS .......................... 182 

5.1 Summary ................................................................................................................... 182 



iv 
 

5.2 Conclusions ............................................................................................................... 182 

5.3 Future Investigations ................................................................................................. 184 

Appendix A AXIAL PRESSURE WAVES........................................................................... 193 

Appendix B MATLAB SCRIPT FOR THE PROPOSED ALGORITHM ............................ 203 

Appendix C CALCULATION OF CONFINEMENT FACTOR .......................................... 205 

Appendix D AFTER-IMPACT DAMPED FREE RESPONSE OF A SDOF SYSTEM ...... 207 

Appendix E PUBLICATIONS GENERATED DURING THIS RESEARCH ..................... 209 

 



 
 
 

 v 
 

Acknowledgements 
First, the author wants to express special thanks to his thesis supervisor, Dr. Francesc López 
Almansa, without whose valuable guidance and encouragement, this thesis work would not have 
been accomplished. From whom, the author learned how to do research and fulfil scientific 
collaboration. As well, the strong help from his tutor, Dr. Lluís G. Pujades, is gratefully 
acknowledged. 

Thanks to the people who accompanied the author, offered their help in different ways on the road 
and offered their hands. This author gratitude to all friends, Peyman Pouyan, Saeed Ghasemi, 
David Domínguez, Edgar Segués, Sebastiá Miquel, Carlos Mario Piscal and Bashar Alfarah. 

Last but foremost, the author wholeheartedly wishes to thank his parents, Dr. Seyed Reza 
Kharazian & Dr. Parvin Khavarinezhad, his sisters Dr. Nasim Kharazian and Dr. Navaz Kharazian 
for their years of help and support.  

 

  



vi 
 

Resumen 

La colisión entre edificios adyacentes es relevante, ya que las enormes fuerzas de impacto 
generadas modifican significativamente su comportamiento dinámico. La separación requerida 
por la normativa suele ser suficiente para evitar el impacto; sin embargo, incluso en edificios 
recientes, éste puede ocurrir debido al no cumplimiento de los códigos y la subestimación de la 
sismicidad. Dada la importancia de esta problemática, el principal objetivo de este trabajo es 
proporcionar herramientas de simulación eficientes y estudiar la relevancia, en las situaciones 
más comunes, del impacto debido a la acción sísmica. Este trabajo presenta un resumen de los 
desarrollos teóricos, discute la utilidad de los programas de ordenador más comunes, proporciona 
una visión general de las investigaciones anteriores, ofrece recomendaciones a los investigadores 
que deseen adentrarse en este campo, e identifica las necesidades más perentorias de 
investigación. Se introduce una nueva formulación para estimar el amortiguamiento del modelo 
de Kelvin-Voigt; éste se estima liberando una de las hipótesis de las formulaciones anteriores, 
más concretamente, se considera la influencia de las estructuras de los edificios que chocan. Se 
realiza un estudio paramétrico simplificado orientado a investigar el rendimiento de la 
formulación propuesta, y se proporcionan criterios para seleccionar sus parámetros de entrada. Se 
presentan ejemplos numéricos sobre el impacto entre dos edificios de hormigón armado de varios 
pisos y varios vanos y se simula numéricamente, con la formulación propuesta, un experimento 
en un simulador de terremotos (mesa vibratoria). En esta Tesis se presenta un estudio paramétrico 
sobre el impacto sísmico entre edificios de pórticos de hormigón de baja a media altura; estos 
edificios tienen forjados situados a la misma altura. Dicha condición ha sido elegida por ser 
común, principalmente en países en desarrollo; se analizan dos edificios de 3 y 5 plantas. Estos 
edificios se dimensionan para sismicidad elevada. El estudio consiste en analizar la respuesta 
dinámica de los edificios sometidos a una serie de acelerogramas fuertes representativos. Estas 
excitaciones se seleccionan en base al tipo de suelo y a la existencia de impulsos de velocidad. El 
impacto se describe mediante un modelo lineal de Kelvin-Voigt; su coeficiente de amortiguación 
se obtiene a partir del coeficiente estimado de restitución siguiendo la formulación tradicional y 
la nueva estrategia propuesta. El comportamiento de los edificios se representa con modelos de 
elementos finitos de barras; las no linealidades se concentran en rótulas plásticas situadas en los 
extremos de cada elemento estructural (plasticidad concentrada); sus diagramas momento-
curvatura están representados por modelos de fibra. Aparte de las características de los propios 
edificios, los parámetros del estudio son: el tipo de suelo, la presencia de impulsos en los 
acelerogramas, los coeficientes de amortiguación y rigidez del modelo de impacto, la separación 
entre los acelerogramas, y la interacción entre el suelo y la estructura. Los índices de desempeño 
son: la deriva máxima entre pisos, la aceleración absoluta y la fuerza de corte en pisos, y la energía 
histerética acumulada. Los resultados obtenidos ponen de relieve la relevancia del impacto; se 
discute la influencia de los parámetros antes mencionados.  
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Summary 
Collision between adjoining buildings is relevant, since the huge impact forces significantly 
modify the buildings dynamic behaviour. The separation required by the regulations avoids 
pounding; however, even in recent buildings, impact can occur due to not fulfilment of codes and 
seismicity underestimation. Given the importance of this issue, the main objective of this work is 
to provide efficient simulation tools and to study the relevance of seismic pounding into the most 
common situations. This work presents a summary of the theoretical developments, discusses the 
most common simulation software, provides an overview of the previous research, offers 
recommendations to researchers, and identifies research needs. A new formulation is introduced 
to estimate the Kelvin-Voigt model damping parameter; it is selected by releasing one of the 
assumptions of the previous formulations, i.e. considering the influence of the colliding building 
structures. A simplified parametric study oriented to investigate the performance of the proposed 
formulation is performed; as well, criteria for selecting their input parameters are provided. 
Numerical examples on pounding between two multi-storey multi-bay RC buildings are 
presented, and a shaking table pounding experiment is numerically simulated with the proposed 
formulation. This Thesis presents a parametrical study on seismic pounding between adjoining 
short-to-mid height RC framed buildings with aligned slabs. Such condition has been chosen for 
being highly widespread, mainly in developing countries; two 3 and 5-storey buildings are 
selected. The buildings are designed for high seismicity. The study consists of analysing the 
dynamic response of the colliding buildings to a number of representative strong seismic inputs. 
The inputs are selected based on the soil type and the existence of velocity pulses. Pounding is 
described by a Kelvin-Voigt linear model; its damping coefficient is derived after the estimated 
coefficient of restitution by following traditional and more advanced formulations. The behaviour 
of the buildings is simulated with frame finite element models; nonlinearities are concentrated in 
plastic hinges located at the ends of each element (concentrated plasticity) whose moment-
curvature law is represented by fibre models. Apart from the buildings themselves, the parameters 
of the study are the soil type, the presence of pulses in the inputs, the damping and stiffness 
coefficients of the impact model, the separation between the buildings, and the soil-structure 
interaction. The performance indices are the maximum inter-storey drift, the absolute acceleration 
and storey shear force, and the cumulated hysteretic energy. The obtained results highlight the 
relevance of pounding; the influence of the aforementioned parameters is discussed. 
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1 INTRODUCTION 

1.1 Background and motivation 

Impact between adjacent buildings under high seismic events is a relevant issue, since the huge 
forces that are generated during the collision significantly modify their dynamic behaviour. In 
some occasions, the impact effect might be beneficial, mainly concerning the inter-storey drift; 
conversely, in numerous situations, pounding is detrimental, particularly in terms of absolute 
acceleration. Collapses and non-structural damages of buildings due to seismic pounding have 
been reported. Although adequate separation can avoid a collision, and the design codes routinely 
require this gap, the impact can anyway occur because of seismicity underestimation, loose 
requirements of past regulations, and non-fulfilment of code prescriptions. Noticeably, in some 
cases, the code instructions are observed during design but not during construction. Therefore, 
the seismic pounding of buildings is a relevant issue, mainly in developing countries.  

Collision between adjoining buildings can be classified into slab-to-slab and slab-to-column (or 
slab-to-wall) impact; such situations correspond to aligned and unaligned slabs, respectively. The 
second type is by far more dangerous since the impact of a rigid and massive slab on a column 
(or even on a wall) is most likely to lead to collapse. However, the first type is not free of danger 
(conversely to a particular common belief) and is considerably more frequent, since adjoining 
buildings with unaligned slabs are regularly avoided. Moreover, the numerical simulation of slab-
to-slab impact is challenging, since it involves stress travelling waves, high-frequency behaviour, 
and significant local effects. The concern of this researcher for this subject arises from his former 
consultancy activities in Iran and the aforementioned inherent importance and complexity of this 
issue. As a holder of Master’s degree in structural engineering from the Islamic Azad University 
of Najafabad in Iran (February 2008), looking for improving his knowledge about the earthquake-
resistant design of buildings and other constructions, the author of this document started his 
Doctoral studies in September 2012 under the supervision of Prof. López Almansa. 

As discussed in the previous paragraph, this work focuses on seismic pounding between adjoining 
buildings with aligned slabs. The conducted research can be broadly classified into three parts.  

The first part of this research presents a summary of the existing theoretical developments, 
discusses the most common simulation software, provides an overview of the previous researches, 
offers recommendations to researchers, and identifies research needs. 

The second part of this research proposes a new formulation to estimate the damping parameter 
of the Kelvin-Voigt model by releasing one of the assumptions the previous researches are based 
on, i.e. considering the influence of the colliding building structures. A simplified parametric 
study oriented to investigate the performance of the proposed formulation is conducted. As well, 
criteria for selecting their input parameters are provided. Examples on pounding between two 
multi-storey multi-bay RC buildings are presented. Moreover, the numerical simulation of a 
shaking-table test on the seismic pounding between two reduced-scale laboratory models of RC 
same-height 2-storey single-bay building frames, are performed.  
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The third part of this research describes a parametrical numerical study on seismic pounding 
between adjoining moderate-height RC framed buildings with aligned slabs. As discussed 
previously, such condition has been chosen for being highly widespread, mainly in developing 
countries; two 3 and 5-storey buildings are selected to represent the most common situations. The 
buildings are designed for high seismicity; their structure consists in square columns, deep 
rectangular beams, and flat slabs. The study consists in analysing the dynamic response of the 
colliding buildings to a number of representative strong seismic inputs. The inputs are selected 
based on the soil type and the relevance of velocity pulses. Pounding is described by a Kelvin-
Voigt linear model; its damping coefficient is derived after the estimated coefficient of restitution 
by following the traditional formulation and the more advanced described in the second part of 
this work. The behaviour of the buildings is simulated with frame finite element models; the 
nonlinearities are concentrated in plastic hinges located at the ends of each element (concentrated 
plasticity) whose moment-curvature law is represented by fibre models. Apart from the buildings 
themselves, the parameters of the study are the soil type, the presence of pulses in the inputs, the 
damping and stiffness coefficients of the impact model, the separation between the buildings, and 
the soil-structure interaction. The performance indices are the maximum inter-storey drift, 
absolute acceleration, storey shear force, and the cumulated hysteretic energy. The obtained 
results highlight the relevance of pounding. The influence of the above parameters is discussed. 

1.2 Objectives 

1.2.1 Main objective 

The main goal of this study is TO PROVIDE AN EFFICIENT SEISMIC POUNDING 
SIMULATION TOOL, AND TO STUDY THE POUNDING RELEVANCE IN THE MOST 
COMMON SITUATIONS. As well, it is expected that the obtained conclusions might be 
incorporated into the design codes. 

1.2.2 Specific objectives 

To reach the aforementioned main goals, these specific targets are pursued: 

 To review previous researches on seismic pounding between buildings with aligned slabs. 
 

 To propose an alternative formulation leading to a new estimation of the Kelvin-Voigt 
damping parameter. 

 To compare the proposed formulation with the previous one. 
 To verify the obtained numerical results with experimental ones. 

 
 To select some representative prototype buildings. 
 To develop numerical models of the structural pounding behaviour of such prototype 

buildings. 
 To carry out parametric studies using the above numerical models. 
 To define a number of meaningful performance indices. 
 To show the main results obtained from the parametric study. 
 To issue overall conclusions on the relevance of seismic pounding on the behaviour of the 

prototype buildings. 
 To identify future research needs. 
 
This list is organized according the three parts this work is divided in. 

1.3 Methodology 

This section describes in more detail the investigation carried out to achieve each of the above 
specific objectives. 
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Review of previous researches. A critical examination of the most applicable previous 
theoretical developments is introduced. Then, the most widely recognised simulation 
programming are evaluated. Moreover, some recommendations are offered to new researchers, 
and new research needs are identified. 

An alternatative estimation of the Kelvin-Voigt damping parameter. A new formulation is 
introduced, where the Kelvin-Voigt damping parameter is selected after the target coefficient of 
restitution, by considering, during the impact duration, the influence of the stiffness and damping 
of the colliding structures. The effect of input is neglected because it is random and has proven 
limited in all the analysed situations. The proposed formulation leads to a simple algorithm; it 
requires input parameters dealing with the building structures and with the velocities at the 
beginning of impact. Consequently, criteria for selecting the desired input impact velocities are 
provided. 

Comparison between the proposed and previous formulations. A simplified parametrical 
study on two single-storey single-bay frames is carried out; its objective is to investigate the 
performance of the proposed formulation, mainly in comparison with the previous one. Examples 
on pounding between pairs of multi-storey multi-bay RC frames under seismic excitation are also 
presented.  

Validating the numerical results with experiment ones. A numerical simulation of an 
experiment on the seismic pounding between two adjacent reduced-scale RC frames (same-height 
2-storey single-bay) is performed.  

Selection of prototype buildings. Four housing or administrative prototype buildings have been 
selected to represent the vast majority of situations. All buildings have RC structures with square 
columns, two-way solid slabs and rectangular cast-in-situ beams joining the columns. Buildings 
have uniformity in elevation and symmetry in the plan. There are six frames (five bays) in a 
direction parallel to the joint between the buildings (y); in the other direction (x) the number of 
bays of each building ranges in between two and five to account for the differences in mass 
between both buildings. Along this study, N represents the number of storeys and b is the number 
of bays in a direction orthogonal to the joint between the buildings; every building is denoted by 
N × b. The storey height is 3.2 m, and the span length is 5 m in both directions. The beams section 
is 40 × 50 cm2, and the slabs are 15 cm deep. Inside each storey, all the columns are alike, even 
the reinforcement.  

Numerical models of the structural impact behaviour of the prototype buildings. The 
pounding is described by a Kelvin-Voigt linear model; its damping coefficient is derived after the 
estimated coefficient of restitution by following two formulations: the traditional approach and a 
more recent one (developed in the second part of this work). The nonlinear dynamic behaviour of 
the buildings is simulated with frame finite element models; nonlinearities are concentrated in 
plastic hinges located at the ends of each element (concentrated plasticity) whose moment-
curvature behaviour is represented by fibre models. The soil-structure interaction (SSI) proves to 
be relevant and is represented by two simplified models corresponding to isolated and mat 
foundation, respectively.  

Parametric study. A number of nonlinear dynamic analysis are carried out to investigate the 
pounding behaviour of the prototype buildings. Apart from the buildings themselves, the 
parameters of the study are the soil type (soft and stiff), the presence of pulses in the inputs (near 
and far-fault records), the damping and stiffness coefficients of the impact model, the separation 
between the buildings, and the soil-structure interaction (no SSI and SSI for isolated / mat 
foundation). The values of the parameters are selected as to cover the most representative 
situations and to provide the required information.  
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Performance indices. A number of criteria (performance indices) are established to investigate 
the consequence of seismic pounding between adjoining buildings with aligned slabs. The 
performance indices include three maximum quantities: inter-storey drift, storey shear force, and 
absolute acceleration; the first two report on the pounding effect in terms of structural damage, 
and the third one refers to the non-structural damage. As well, the hysteretic energy is considered; 
it represents the total cumulated structural damage. These indices are intended to quantify the 
analyses results. 

Main results. After performing a comprehensive parametric study on the influence of the selected 
parameters, the main results of this study are presented in terms of the aforementioned four 
performance indices. Beyond the above major indices, other magnitudes provide relevant 
information on impact severity: the maximum value of contact force, the impact duration, the 
relative velocity at impact and the momentum.  

Conclusions. Both overall and particular conclusions are issued. 

Further research. Taking profit of the results of this research, new research needs are identified 
and discussed. 

1.4 Organisation of this document 

This document is organised into five chapters and five appendices, where the first chapter is this 
introduction. The second chapter contains the state-of-the-art, which comprises a review of the 
seismic design methodologies, the most relevant impact models of seismic pounding, discussing 
the most common simulation software, and a critical global overview of the most relevant 
previous researches. The third chapter describes the proposed formulation for estimating the 
damping of the Kelvin-Voigt model. The fourth chapter presents the parametric study and 
discusses main results. Chapter 5 depicts the overall conclusions of the research and the future 
intended investigation. A list of the consulted bibliography is included after chapter five. 
Appendix A describes fundamental issues of axial pressure waves. Appendix B shows the 
MATLAB script used for the algorithm that is proposed in the chapter three. Appendix C contains 
an example of confinement factor calculations for a square column section. Appendix D presents 
the after-impact damped free response of a SDOF, and appendix E lists the publications generated 
during this research. 
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2 STATE OF THE ART 

2.1 Earthquake-Resistant Design Methods 

This section presents a brief introduction and a concise historical review of earthquake-resistant 
design strategies of structures. Although this study has a general context, it is especially applicable 
for the buildings subjected to horizontal seismic inputs. Formulations for other situations (e.g. 
vertical inputs or structures other than buildings) are basically similar. 

The first seismic analysis methods appear in the year 1923 in Japan (after the earthquake in Kanto 
[Ohashi 1993]) and can be included within the package of so-called Earthquake Analysis Methods 
Based on Resistance. These procedures were intended to provide buildings with lateral 
(horizontal) resistance; it was believed that if the structure of the building had enough lateral 
resistance it should be capable of surviving the design earthquake. This resistance is guaranteed 
by designing the structure to be able to withstand horizontal forces applied at each floor level and 
in each direction of the building (usually two orthogonal directions). Figure 2-1 illustrates this 
concept. 

 
Figure 2-1. Lateral forces that are equivalent to a seismic input 

In Figure 2-1, F is the sum of the forces acting at each floor level; in other words, the horizontal 
interaction force between the ground and the building. F is also known as base shear. Obviously, 
the value of F quantifies the severity of the earthquake effect on the building. 

In the firstly developed earthquake-resistant design methods, the horizontal forces represented in 
Figure 2-1 were obtained by multiplying the weight of each floor by a constant coefficient. This 
ratio between the horizontal and vertical forces was called seismic coefficient and in the first 1923 
Japanese seismic code [Ohashi 1993] it was estimated as 0.1. This value gradually increased as it 
was experienced that structures designed with this resistance value failed when an earthquake 
stronger than expected occurred. This ratio took to the values of 0.10, 0.15, and 0.20 until, thanks 
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to the development of computers and by having more and more seismic experiences, it was 
concluded that structures that had been designed with a certain lateral resistance, did not reach 
collapse but could suffer damage in the case of a larger earthquake. After that, resistance was not 
the primary goal and everybody started paying more attention to the ductility; it can be roughly 
defined as the ability of a given structure to resist after the onset of damage. The ductility of a 
given building can be estimated from observed damages or by numerical simulation. The 
regulations began to introduce the concept of ductility by quantifying it with a response reduction 
factor, which reduces the equivalent lateral forces (Figure 2-1); it was mentioned in the 1957 
American design code [Housner 1990]. Thus, this approach has been incorporated into the current 
worldwide regulations. In summary, most of the earthquake-resistant regulations require 
providing buildings with a certain level of lateral resistance. This resistance is obtained by 
dividing the resistance that a given building should have to remain in the elastic range under the 
design input by the aforementioned response reduction factor. This factor should obviously be 
equal to or greater than the unity. This coefficient is represented by different symbols in each 
standard; in the case of Spain [NCSE-02 2002] it is termed μ, in the European standard [EN-1998 
2005] it is named q, and in the United States [IBC 2000] it is known as R. It is remarkable that, 
in fact, this ratio does not take into account only the ductile behaviour of the structure but also 
includes the over-resistance of the building due to the conservative considerations that are 
regularly considered (safety factors, among others) and the increase of the material resistance 
under dynamic inputs (strain rate effect). 

In any case, it should be kept in mind that in these methods the effect of the earthquake on the 
structure is characterised by means of equivalent static forces (Figure 2-1); they are determined 
as those that generate a lateral displacement equal to the maximum one that would occur along 
the duration of the earthquake. However, another possible strategy is to represent the seismic 
action by a much more direct way: as input accelerograms. In this case, the dynamic analysis must 
be performed to determine the time-history responses; then, the maximum values will be selected, 
they would represent the design demands. This formulation is often referred to as earthquake-
resistant design based on dynamic calculations. This strategy seems appropriate and has 
apparently shown to be quite capable of simulating the actual seismic behaviour of structures with 
great accuracy and reliability; however, there are some drawbacks that hinder the use of such 
formulations: (1) the information about the earthquakes that may occur in a particular structure 
during its lifetime is limited, which severely impairs the accuracy of the study, (2) for economic 
reasons, structures are designed to behave nonlinearly during the design earthquake (the most 
severe earthquake expected with a reasonable probability) and, hence, nonlinear dynamic 
analyses are a must. Dynamic analyses in the nonlinear regime are much more complex than the, 
already complex, dynamic linear calculations. Currently, the most common way of characterising 
the dynamic effect of earthquakes is by equivalent static forces (or other non-dynamic quantities, 
e.g. not forming part of a dynamic calculation) obtained from elastic response spectra. Next 
section explains how to determine these values using response spectra. 

2.1.1  Earthquake-resistant design based on spectra 

In general terms, these methods are based on estimating the equivalent static forces (which 
characterise the effect of the seismic action) in terms of the fundamental period of the structure. 
This is done by using response spectra; they are plots whose ordinates are certain response 
magnitudes and whose abscissas are the natural periods of SDOF systems that represent the 
structure. Up to date, three types of spectra have been basically proposed: absolute acceleration, 
relative displacement, and energy spectra. In the absolute acceleration spectra, the ordinates are 
the ratio between the maximum absolute acceleration in the top of the building and the maximum 
input acceleration in the base of the building. In the relative displacement spectra, the ordinates 
are the ratio between the maximum relative displacement between the top and the base of the 
building and the maximum input relative displacement. In the energy spectra, the ordinates are 
the input energy introduced by the seismic input in the building. These three types of spectra are 
described next in this subsection; applications to earthquake-resistant design are described in the 
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three following subsections, respectively. It is noteworthy that each of these three spectra 
considers a meaningful response magnitude: the relative displacement is an indicator of the 
apparent structural damage level (i.e. not cumulative), the absolute acceleration is related the 
human perception of the motion and the damage to the facilities (and, more generally, to all the 
non-structural elements), and the energy reports on the accumulated structural damage. 

The energy spectra are usually expressed in terms of equivalent velocity, which is the square root 
of the ratio between the double of the input energy and the mass. 

Linear spectra plot the ratio between the maximum values of the response of an elastic single-
degree-of-freedom system and of the input acceleration. Figure 2-2 shows an elastic model of a 
single-degree-of-freedom system undergoing a horizontal ground motion xg; Figure 2-2.a displays 
a single-story building (highly suited to be represented with a SDOF model) and Figure 2-2.b 
presents its mechanical model. 

 

 

 

 

 

 

 

 

(a) Single-story building (b) Mechanical model 

Figure 2-2. Elastic single-degree-of-freedom system 

In Figure 2-2, m, c, and k are the mass, damping, and stiffness coefficients, respectively, x is the 
relative displacement between the mass and the base (degree-of-freedom) and xg is the 
displacement of the ground. Yet this formulation is commonly applied to horizontal motion, can 
be also considered for vertical vibrations. 

The equation of motion of the system described in Figure 2-2 can be written in any of these forms: 

𝑚𝑚 �̈�𝑦 + 𝑐𝑐 �̇�𝑥 + 𝑘𝑘 𝑥𝑥 = 0 𝑚𝑚 �̈�𝑥 + 𝑐𝑐 �̇�𝑥 + 𝑘𝑘 𝑥𝑥 = −𝑚𝑚 �̈�𝑥g (2-1) 

By dividing both sides by m, relation (2-1) becomes 

�̈�𝑥 + 2 ζ ω0 �̇�𝑥 + ω02 𝑥𝑥 = −�̈�𝑥g (2-2) 

In this relationship, ω0 is the undamped natural frequency of the system and ζ is the critical 
damping factor. These coefficients are given by 

ω0 = �𝑘𝑘
𝑚𝑚

 ζ =
𝑐𝑐

2𝑚𝑚ω0
 (2-3) 
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The damped natural frequency ω𝑑𝑑 is related to ω0 and to ζ by  

ωd = ω0�1 − ζ2 
(2-4) 

It is remarkable that, unless the damping ζ takes extremely high values, ω0 and ωd are nearly 
coincident.  

The acceleration, velocity, and displacement spectra are obtained, for each input xg(t), as the 
maximum values of the absolute acceleration �̈�𝑦 (where �̈�𝑥 = �̈�𝑦 − �̈�𝑧g), relative velocity �̇�𝑥 and 
relative displacement x. They depend on the natural period T (T = 2 π/ ω0) and on the damping 
factor ζ. These quantities are obtained by the following linear relationships [Clough, Penzien 
1993; García Reyes 1998; Chopra 2012]: 

𝑥𝑥 = −
1
ωd

� �̈�𝑥g(τ) sinωd(𝑡𝑡 − τ) 𝑒𝑒−ζ ω0 (𝑡𝑡−τ) 𝑑𝑑τ
𝑡𝑡

0
 (2-5) 

�̇�𝑥 = −� �̈�𝑥g

𝑡𝑡

0
(τ) cosωd(𝑡𝑡 − τ) 𝑒𝑒−ζ ω0 (𝑡𝑡−τ) 𝑑𝑑τ

+
ζ

�1 − ζ2�
½ � �̈�𝑥g

𝑡𝑡

0
(τ) sinωd(𝑡𝑡 − τ) 𝑒𝑒−ζ ω0 (𝑡𝑡−τ) 𝑑𝑑τ 

(2-6) 

�̈�𝑦 = −2 ζ ω0 �̇�𝑥 − ω02 𝑥𝑥

= 2 ζ ω0 � �̈�𝑥g
𝑡𝑡

0
(τ) cosωd(𝑡𝑡 − τ) 𝑒𝑒−ζ ω0 (𝑡𝑡−τ) 𝑑𝑑τ +

1 − 2 ζ2 

�1 − ζ2�
½ ω0 � �̈�𝑥g

𝑡𝑡

0
sinωd(𝑡𝑡

− τ) 𝑒𝑒−ζ ω0 (𝑡𝑡−τ) 𝑑𝑑τ 

(2-7) 

 

 
Figure 2-3. Relative displacement spectra  
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Figure 2-3, Figure 2-4, and Figure 2-5 show relative displacement, relative velocity, and absolute 
acceleration spectra, respectively. Such spectra correspond to the accelerogram registered in the 
ICA2 station (E-W component) during the Pisco earthquake, 15 August 2007. 
 

 
Figure 2-4. Relative velocity spectra  

 

 
Figure 2-5. Absolute acceleration spectra  

 

Figure 2-3, Figure 2-4, and Figure 2-5 show that the spectral ordinates decrease with the 
increasing damping ratio; this shows that damping has a beneficial effect since it contributes 
reducing relevant response magnitudes (relative displacement, relative velocity, and absolute 
acceleration). Moreover, the spectrum corresponding to zero damping exhibits sharper peaks than 
the spectra for non-zero damping; it means damping contributes to smoothen the spectra, e.g. 
making it less sensitive to small period changes. 
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It has been demonstrated [Chopra 2012] that for small values of damping and not too long periods 
(under 10 seconds), the velocity spectra are obtained by multiplying the acceleration spectra by 
T / 2π and that the displacement spectra are obtained in the same way from the velocity ones: 

Sv = Sa  (T / 2 π) Sd = Sv  (T / 2 π) = Sa (T / 2 π)2 (2-8) 

 
These relationships among the three types of spectra allow an easy shifting among them. At this 
point it should be clarified that, in fact, in order to satisfy these relationships, it is necessary to 
modify slightly the spectra of velocity and acceleration; hence, they should be termed in a correct 
way pseudo-velocity and pseudo-acceleration spectra [Clough, Penzien 1993; García Reyes 1998; 
Chopra 2012]. In this thesis, we will usually replace these names by velocity and acceleration 
spectra. 

Figure 2-3, Figure 2-4, and Figure 2-5 correspond to the spectrum of a single input and 
consequently are not applicable for the earthquake-resistant design of a particular structure as it 
would not be reasonable to design it only to support that single input. In fact, different 
accelerograms should be considered and then the spectrum envelope should be taken. The 
earthquake-resistant design standards propose different spectra whose shape is similar to those of 
Figure 2-3, Figure 2-4, and Figure 2-5, although they are significantly smoother. As an example, 
the spectrum of the Spanish code [NCSE-02 2002] is shown in Figure 2-6. 

2.1.2 Absolute acceleration response spectra  

As discussed in the previous subsection, the absolute acceleration response spectra are curves that 
represent, in ordinates, the ratio between the maximum values of the absolute acceleration of the 
SDOF system that represents the dynamic behaviour of the structure in a given vibration mode 
and the ground acceleration. The design spectra are smoothed envelopes obtained from a number 
of individual records. 

Figure 2-6 shows, the design spectrum of the Spanish regulation [NCSE-02 2002]. 

 

Figure 2-6. Design acceleration spectrum [NCSE-02 2002] 

The spectrum is shown in Figure 2-6 consists of three branches: a linearly increasing one (e.g. 
with exponent 1), a constant one (e.g. with exponent 0), and a hyperbolically decreasing one (e.g. 
with an exponent −1). Periods TA and TB depend on the characteristics of the soil, being higher as 
it has less stiffness; in some codes, the spectral ordinate (e.g. the height of spectrum) also grows 
as the flexibility of the soil does. The interpretation of each of these branches in terms of the effect 
of the earthquake on the structure is quite clear: (1) short-period structures are very rigid (usually 
they are low-rise) and tend to behave as the surrounding soil, but its motion is amplified as its 
rigidity decreases, (2) in the medium period range, the ground motion reaches its highest 
amplification inside the building, and (3) in the long periods range, structures are flexible enough 
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so that its stiffness is not capable of overcoming the high inertia forces. This interpretation helps 
us to understand the influence of the soil stiffness in TA and TB: for stiff soil, the range of building 
periods whose motion is highly amplified (in between TA and TB) is narrow, while this range 
widens and encompasses higher rise buildings as the soil becomes less stiff. 

This spectrum is commonly presented in dimensionless form (the ordinates Sa are dimensionless); 
in this way the base shear is determined as the product of the weight of the building (W), the soil 
coefficient (S), the importance factor (ρ), and the peak ground acceleration (amax) divided by the 
ductility factor R: 

F = Sa(T1) W S ρ amax / R (2-9) 

In this relation W is the weight of the building; obviously, it depends on the percentage of live 
load that is simultaneous with the design earthquake, each code specifies this percentage in terms 
of the use of the building. S is the soil coefficient; for hard soil (rock and stiff soil) its value is 
usually 1 and it takes higher values for softer soils (S rarely reaches values greater than 1.50, 
except on very soft soils). The importance factor ρ is a coefficient that quantifies the severity of 
the consequences of the collapse of the building; in buildings of normal importance (such as 
residential constructions) is ρ = 1 and for more important buildings is ρ > 1. amax is the design 
peak ground acceleration expressed in “g”. The values of amax are specified by the seismic design 
codes; usually, each country is divided into distinct zones, each of them with its own value of 
amax. In the Spanish seismic regulations, the values of amax range from 0.04 g (minimum 
considered value) and 0.25 g (for some municipalities in the province of Granada). The Spanish 
regulations quantify amax as the expected seismic acceleration on stiff soil (not rock) for an 
earthquake with 500 years return period. It is remarkable that this criterion does not coincide with 
those considered in most countries; normally it is considered as the expected seismic acceleration 
in rock for a return period of 475 years. Finally, the response reduction factor R (ductility 
behaviour factor) represents the ability of the structure to undergo plastic deformation until 
failure; in other words, it represents the safety margin of the structure after the onset of 
plastification. The current design standards estimate the values of R in a rather empirical way; 
these values basically depend on the type of structure and of the structural detailing, especially 
the connections among members. In the Spanish code [NCSE-02 2002], this coefficient is denoted 
by μ and four situations are considered: μ = 1 (no ductility), μ = 2 (low ductility), μ = 3 (high 
ductility), and μ = 4 (very high ductility); other codes often consider higher values for this 
coefficient. Figure 2-6 shows that Sa(0) = 1; replacing this result in equation (2-9) we conclude 
that for structures of high horizontal stiffness when S = ρ = 1, the equivalent static force is equal 
to amax W / R. Consequently, since the acceleration in the base and the top of this type of structures 
should be virtually alike regardless of ductility, it follows that R should tend to 1 when T 
approaches zero. 

In multi-storey buildings, F represents the sum of the forces acting on each floor; in other words, 
it is the horizontal interaction force between the ground and the building (Figure 2-1). This force 
has to be distributed among the floors proportion to their masses and modal amplitudes (for the 
considered vibration mode of the building). The forces acting at each level represent the 
equivalent seismic effect; hence, they can be used to obtain the lateral resistance to be provided 
to the building. 

In single-degree-of-freedom systems (typically, used to describe single-storey buildings), the 
interpretation of the abscissa of the spectrum is very clear, as it represents the natural period of 
the system. In actual structures (typically multi-storey buildings), multi-degree-of-freedom 
models should be considered. In this case, the application of this method is carried out usually in 
modal coordinates; in each i-th mode, its natural period Ti is considered. The structure should be 
decomposed in different vibration modes, the maximum response for each mode is calculated and 
then such responses are combined by using empirical rules (SRSS “Square Root of the Sum of 
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the Squares”, CQC “Complete Quadratic Combination” [NCSE-02 2002], among others). 
Typically, the combinations are set in terms of the shear forces on each floor, in other words, the 
sum of shear forces on the columns and walls of each floor. For each mode, the situation is similar 
to that described in Figure 2-1; the main difference is that the interaction force F has to be 
distributed among the different floors in proportion to their masses and modal amplitudes 
corresponding to the considered mode. The regulations usually specify the number r of modes to 
be included in the calculation, two types of criteria are generally provided: empirical ones and 
criteria that are more complex and are based on the distribution of equivalent modal masses 
[Clough, Penzien 1993; García Reyes 1998; Chopra 2012]. The empirical criteria often link the 
value of r with the fundamental period of the building and its plan symmetry; r generally ranges 
from 1 (for symmetrical buildings of small to medium height) and 4 (for high-rise buildings 
asymmetric). The criteria based on the equivalent mass of each mode often recommends a value 
of r such that the sum of the equivalent masses of the modes included in the combinations reach 
at least 90% of the total mass of the building, in some cases [EN-1998 2005] also reports that 
should include all modes whose equivalent modal mass exceed 5% of the total mass of the 
building. 

 
Figure 2-7. Design acceleration response spectrum [NSR-98 1998] 

 

It should be emphasised that equation (2-9) represents, with minor modifications, the approach 
suggested by almost all the current earthquake-resistant regulations.  

Figure 2-7 shows another example of design acceleration spectrum, obtained from the Colombian 
standard [NSR-98 1998]. Figure 2-7 shows, similarly to Figure 2-6, a typical absolute acceleration 
spectrum, which is divided into four segments: (1) short periods (T < T0), the spectrum presents a 
linearly increasing branch, (2) medium periods (T0 < T < TC), the spectrum shows a horizontal 
branch (commonly known as plateau), (3) long periods (TC < T < TL), the spectrum usually 
decreases hyperbolically (with exponent -1), and (4) very long periods (TL < T), the spectrum is 
again horizontal but with lower height than the medium periods plateau. Similarly to what 
happens in Figure 2-6 with periods TA and TB, the values of the periods T0, TC and TL depend on 
the characteristics of the soil, being higher as the soil is more flexible. In the very long periods, 
the reduction of the spectral ordinate is interrupted not to minimise in excess the effect on tall 
buildings. 
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It is remarkable that in some cases [EN-1998 2005], in the very long periods, instead of levelling 
the height of the spectrum (as shown in Figure 2-7 for periods longer than TL), there is a sharper 
decrease of the spectral ordinate. This fact is shown in Figure 2-8. In the two decreasing branches 
in Figure 2-8 (i.e. between TC and TD periods and beyond period TD) the exponents usually take 
values close to − 1 and − 2, respectively (hence, the branch between TC and TD periods is 
hyperbolic).  

 

Figure 2-8. Design acceleration response spectrum [EN-1998 2005] 

The spectral ordinates grow as the damping of the structure decreases; this is consistent with 
Figure 2-3, Figure 2-4, and Figure 2-5 with the interpretation that damping reduces the response 
of the structure. The spectra proposed by the codes correspond generally to damping 5% since 
most of the buildings correspond to this level of damping. The regulations generally incorporate 
correction coefficients for other levels of damping; for example, the Spanish standard includes a 
coefficient given by ν = (5 / Ω)0.4 where Ω is the damping factor expressed in percentage and the 
European standard [EN-1998 2005] includes a similar expression given by η = [10 / (5 + ζ)]0.5 
where ζ is the damping factor expressed in percentage. For example, for a damping factor 4%, 
the Spanish legislation proposes a coefficient ν = (5 / 4)0.4 = 1.09 and European standard proposes 
a coefficient η = [10 / (5 + 4)]0.5 = 1.054; for a damping factor of 6%, ν = (5 / 6)0.4 = 0.93 y η = 
[10 / (5 + 6)]0.5 = 0.953. It is remarkable that, since the damping exerts a beneficial effect of 
reducing the structural response, the adoption of damping factors greater than 0.05 needs adequate 
justification. 
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Figure 2-9. Design acceleration response spectra for different values of damping 

The damping correction of the design spectra is usually done by multiplying it by the 
corresponding coefficient (ν or η in the above examples) but keeping the initial value Sa = 1 for 
T = 0 (what is consistent with Figure 2-5). Figure 2-9 shows the spectrum of Figure 2-6 with the 
adjusted values of damping above and below 5%. 

 

Figure 2-10. Nonlinear Design Acceleration Spectrum 

The codes consider the ductility by reducing the force F, it is divided by the ductility coefficient 
(response reduction factor). In some cases, this operation is carried out of the spectrum, as shown 
in equation (2-9), but often it is incorporated into the spectrum by dividing their ordinates by that 
coefficient. In that way, there are two types of spectra, those in which the ordinates are not divided 
by any factor and those in which they have been divided by it. The first types are termed linear 
(or elastic) spectra and the second spectra are termed nonlinear. Obviously, the spectra shown in 
Figure 2-3 to Figure 2-9 are linear; Figure 2-10 shows a nonlinear spectrum obtained essentially 
dividing the spectrum of Eurocode 8 in Figure 2-8 by the ductility coefficient (q). 

Remarkably, since the normalised spectral ordinate of the plateau is usually equal to 2.5, if the 
ductility factor is higher than that value, the initial branch is decreasing instead of increasing; this 
fact is reflected in the spectrum of Figure 2-10. 

It should be noted that the absolute response acceleration spectra characterise the dynamic effect 
of a group of earthquakes in terms of forces (as represented in Figure 2-6 to Figure 2-10). This 
involves several drawbacks, first of all (and possibly one of the most important) the quantification 
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of the severity of an earthquake in terms of the force F is only meaningful when the structure is 
maintained in elastic regime, since the more severe the earthquake, the greater the response 
acceleration and the internal forces; therefore, this is directly related to the resistance that must 
be provided to the structure. However, when the structure yields, the lateral force F is maintained 
essentially constant, hence, the internal forces are kept constant; therefore, the force ceases to be 
a valid parameter to characterise the dynamic effect of the earthquake. For example, even if the 
peak ground acceleration and/or the duration of a given input accelerogram is several times larger 
and/or longer than another one, if both earthquakes are severe enough to induce an inelastic 
response of the structure, both will produce approximately the same lateral force on the structure, 
while the response in terms of maximum displacements and damage can be completely different. 
The more severe the earthquake, the higher the structural damage and the maximum 
displacements; therefore, the damage cannot be characterised in terms of forces. In other words, 
there is a more direct correlation between damage and displacement comparing to the existing 
correlation between damage and force. The following subsection describes the relative 
displacement spectra discussing how avoiding this drawback. 

2.1.3 Relative displacement response spectra 

The dynamic effect of the seismic action is characterised through relative displacement spectra. 
As discussed previously, they consist of representations of maximum relative displacement of a 
SDOF system that represents the response of the structure in a given vibration mode (in ordinates) 
as a function of its period (in abscissas). Equation (2-8) indicates that these diagrams can be 
obtained from the absolute acceleration spectra by multiplying them by (T / 2 π)2. Figure 2-11 
shows an example of design displacement spectra obtained from the reference [Priestley, Calvi, 
Kowalski 2007] and corresponding to the acceleration spectrum of the European code [EN-1998 
2005]. The horizontal axis contains the natural period of the mode under consideration and the 
vertical axis contains the relative displacement between the mass of the equivalent SDOF system 
and its base. These spectra correspond to the envelope of the maximum values of equation (2-5) 
for the expected accelerograms. In other words, they are the envelopes of individual spectra as 
those represented in Figure 2-3. The comparison with Figure 2-8 confirms that these spectra can 
be obtained by multiplying the acceleration spectra by (T / 2 π)2. Equation (2-5) shows that the 
displacement spectra are dependent on damping, as the acceleration spectra (as described in the 
preceding paragraph). 
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Figure 2-11. Design displacement spectra [Priestley, Calvi, Kowalski 2007] 

This strategy (based on displacements) constitutes an advance compared to the methods based on 
forces since beyond the linear range, it is more reasonable to quantify the input as an imposed 
motion than as an equivalent force. To characterise the effect of the seismic action through forces 
is appropriate as long as the structure remains elastic, but is no longer valid as the structure yields. 

While the behaviour of the structure is linear (in other words, there is no any damage) the force 
is a fairly reliable index of the damage. However, once the structure yields, it rapidly loses its 
rigidity and the displacement increase significantly faster than the forces (assuming a positive 
post-yield stiffness), so that a small variation of forces can generate a significant change in 
displacement and therefore in structural damage. Since there is a strong correlation between the 
displacement and the damage, “Displacement-Based Design” is usually identified with 
“Performance-Based Design” (described in subsection 2.1.5) [Priestley, Calvi, Kowalski 2007]. 

The nonlinear behaviour of structures can be represented in terms of an equivalent viscous 
damping coefficient. Alternatively, similarly to the seismic design methods based on forces, a 
ductility coefficient can be considered. Figure 2-12 represents displacement spectra for different 
values of the displacement ductility factor μ (ratio between the maximum displacement dmax and 
the yielding displacement dy: µ = dmax / dy). It is remarkable that the influence of μ is not linear; 
the reference [Priestley, Calvi, Kowalski 2007] provides procedures to quantify it. 
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Figure 2-12. Design displacement spectra for different levels of ductility [Priestley, Calvi, Kowalski 2007] 

2.1.4 Input energy response spectra 

The equation of motion of a SDOF system subjected to a horizontal ground motion in Figure 2-13 
is given by the following ordinary differential equation: 

𝑚𝑚 �̈�𝑥 + 𝑐𝑐 �̇�𝑥 + 𝑄𝑄(𝑥𝑥) = −𝑚𝑚 �̈�𝑥g (2-10) 

Where m is the mass, c is the viscous damping coefficient, Q(x) is the restoring force, x is the 
displacement relative to the ground, and �̈�𝑥g is the ground acceleration. Corresponding to the same 
system but with linear behaviour only in the term Q(x) that corresponds to the restoring force and 
that replaces the elastic term k x. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2-13. Nonlinear SDOF system 

The balance of the energy introduced into the system at a specific instant t is obtained by 
multiplying equation (2-10) by dx and integrating between the initial time t = 0 and the current 
time t: 

𝑚𝑚� �̈�𝑥 �̇�𝑥𝑑𝑑𝑡𝑡
𝑡𝑡

0
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+ � 𝑄𝑄(𝑥𝑥) 𝑥𝑥 ̇ 𝑑𝑑𝑡𝑡

𝑡𝑡

0
= −� 𝑚𝑚 �̈�𝑥g �̇�𝑥 𝑑𝑑𝑡𝑡

𝑡𝑡

0
 (2-11) 

Each term in equation (2-11) can be interpreted in terms of energy: 

𝐸𝐸k(𝑡𝑡) = 𝑚𝑚� 𝑥𝑥 ̈ 𝑥𝑥 ̇ 𝑑𝑑𝑡𝑡
𝑡𝑡

0
=
𝑚𝑚 �̇�𝑥2(𝑡𝑡)

2
 (2-12) 

m 

c 
Q(x) 

y 

xg 
 

x 



Analysis of seismic pounding of moderate-height RC buildings with aligned slabs 
 

18 
 

𝐸𝐸a(𝑡𝑡) = � 𝑄𝑄(𝑥𝑥)�̇�𝑥𝑑𝑑𝑡𝑡
𝑡𝑡

0
 (2-13) 

𝐸𝐸ξ(𝑡𝑡) = 𝑐𝑐 � �̇�𝑥2𝑑𝑑𝑡𝑡
𝑡𝑡

0
 (2-14) 

𝐸𝐸I(𝑡𝑡) = −� 𝑚𝑚 �̈�𝑥g �̇�𝑥 𝑑𝑑𝑡𝑡
𝑡𝑡

0
 (2-15) 

The meanings of these terms are: 

𝐸𝐸k(𝑡𝑡): Kinetic energy (relative). 
𝐸𝐸a(𝑡𝑡): Energy absorbed by the spring (both elastic and plastic). 
𝐸𝐸ζ(𝑡𝑡): Energy dissipated by the inherent damping. 
𝐸𝐸I(𝑡𝑡): The energy introduced into the system by the accelerogram.  

In the expression (2-12) it has been assumed that at the instant t = 0 the relative velocity is zero 
(�̇�𝑥(0) = 0). By substituting expressions (2-12) through (2-15) in (2-11) we have the following 
energy balance relationship: 

Ek + Eζ + Ea = EI (2-16) 

In equation (2-16), the strain energy Ea can be decomposed into Es, the elastic term (energy that 
can be recovered once the earthquake ends) and the term representing EH, the irrecoverable 
hysteretic energy (e.g. Contributing to the structural damage): 

Ea =Es + EH (2-17) 

The elastic energy Es is given by 

𝐸𝐸s(𝑡𝑡) = 𝑘𝑘� 𝑥𝑥 �̇�𝑥 𝑑𝑑𝑡𝑡
𝑡𝑡

0
=
𝑘𝑘 𝑥𝑥2(𝑡𝑡)

2
 (2-18) 

In equation (2-18), k is the initial rigidity of the system. It is assumed that at the initial time t = 0 
the relative displacement is zero: 𝑥𝑥(0) = 0. The sum of Ek, kinetic energy, and Es, elastic strain 
energy is termed as Ee, elastic vibrational energy, e.g. the energy generated by the vibration of the 
structure that can be recovered up on termination of the earthquake: 

𝐸𝐸𝑒𝑒(𝑡𝑡) = 𝐸𝐸k(𝑡𝑡) + 𝐸𝐸s(𝑡𝑡) =
𝑚𝑚�̇�𝑥2(𝑡𝑡)

2
+
𝑘𝑘𝑥𝑥2(𝑡𝑡)

2
 (2-19) 

It is remarkable that Ee, the vibrational energy vanishes once the structure stop moving after the 
seismic action unless it has some permanent deformation. Substituting equation (2-17) and (2-19) 
in equation (2-16), the energy balance relation becomes: 

Ee + Eζ + EH = EI (2-20) 

Equation (2-20) states that the energy from the earthquake (EI) is transformed into (Eζ) vibrational 
elastic energy, (Eζ) energy dissipated by the inherent damping, and (EH) hysteretic energy. The 
difference between energy introduced by the input (EI) and the energy dissipated by the damping 
of the structure (Eζ) was named by Housner [Housner 1956] as energy that contributes to the 
damage (ED): 

ED = EI − Eζ (2-21) 

The energy Ee practically vanishes when the structure stops vibrating; shortly after the end of the 
ground motion, therefore, the expression (2-20) shows that in practice hysteretic energy can be 
identified as the energy that contributes to damage: 

ED ≈ EH (2-22) 
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In summary, the two most important energy quantities are (EI) the energy introduced by 
earthquake and (ED) energy that contributes to the damage. Typically, both energies are expressed 
in terms of equivalent velocity and are normalised with respect to m, the mass of the structure: 

𝑉𝑉E = �2𝐸𝐸I
𝑚𝑚

 𝑉𝑉D = �2𝐸𝐸D
𝑚𝑚

 (2-23) 

Since at the formulation the relative displacement is considered, the energies EI and EK also 
defined as “relative”. In the reference [Uang, Bertero 1990] a different formulation is considered, 
which leads to absolute magnitudes, the corresponding energies in that studies are called EI,abs 

(absolute input energy) and Ek,abs (absolute kinetic energy).The difference between EI and EI,absis 
the effect of rigid body translational (rigid body) of the structure. If these energies are evaluated 
at the end of the ground motion, their values coincide. In the case that EI and EI, abs are taken as 
the maximum values evaluated through the whole ground motion duration, it is found [Uang, 
Bertero 1990] that these peaks are quite similar in the range of periods of interesting earthquake 
engineering (from about 0.3 to 5 seconds). Further, in nonlinear damped systems with period T 
within this range subjected to ground motions distinct from near-fault earthquakes, the maximum 
value of EI takes place at the end of the ground motion duration. Moreover, it should be 
emphasised that the energies Eξ and EH are defined in the same way in the “relative” and 
“absolute” formulations, i.e. their values match in both cases. Once EI is determined through 
design energy input spectra, the energy contributing to damage ED can be estimated through the 
ratio ED / EI. For convenience, ED / EI can be expressed in terms of the equivalent velocities by 
VD / VE. Past studies [Akiyama 1985; Kuwamura, Galambos 1989; Kuwamura et al. 1994; Fajfar, 
Vidic 1994; Manfredi 1995; Lawson, Krawinkler 1995; Teran-Gilmore 1996; Decanini, Mollaioli 
2001; Benavent et al. 2002 and 2010] show that VD / VE depends mainly on damping and ductility, 
and put forth empirical expressions of the ratio VD / VE in terms of damping and ductility 
parameters. Figure 2-14 shows an example of energy spectra in terms of equivalent velocity. 

 

Figure 2-14. Examples of design energy spectra (in terms of velocity) proposed for Japan, Greece, 
Spain, and Iran 

Most of the spectra that are represented in Figure 2-14 are bilinear with an initial branch starting 
from the origin and a horizontal branch; as well, in some spectra decreasing branches are observed 
for long periods. Comparing the bilinear spectra represented in Figure 2-14 with the design 
acceleration spectrum in Figure 2-6 confirms that, except in the short period range, these spectra 
(velocity) may be obtained approximately by multiplying the acceleration by T / 2π, as indicated 
by equations (2-8). In this case, the period TB in Figure 2-6 corresponds to the intersection between 
both branches. In fact, the increasing branch between T = 0 and T = TA in the velocity spectrum 
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corresponds to a parabolic segment, but in practice, it resembles a straight line, whereby the 
energy spectra in terms of velocity generally have a linearly increasing branch in the range of 
periods between 0 and TB. Moreover, comparing the spectra with decreasing branches represented 
in Figure 2-14 with the acceleration spectrum in Figure 2-8 shows that these branches correspond 
to the periods higher than TD in Figure 2-8. Figure 2-14 illustrates the energy levels in terms of 
equivalent velocity (the left equation (2-23)) for different soil types: type I corresponds to hard 
rock or very hard conglomerates where the shear velocity vs is higher than 750 m/s, type II 
corresponds to hard packed sand and gravel with 375 ≤ vs < 750 m/s, type III corresponds to 
intermediate soils like sands and gravels semi-compact with 175 ≤ vs < 375 m/s, and type IV is 
soft soil with vs < 175 m/s. The characterisation of very soft ground (with vs < 175 m/s) requires 
special studies as there are important differences among the existing types. The seismic input is 
not characterised in terms of forces (as in the methods based on acceleration spectra) nor in terms 
of displacement (as in the methods based on displacement spectra) but in terms of the product of 
both quantities (force per displacement), in other words, in terms of energy. 

The main advantages of the methods based on energy spectra are: 

 The ability to quantify the amount of energy that the design earthquake introduces in a 
given structure provides conceptual clarity and allows representing the effect of the 
seismic input by a simple scalar quantity. 

 We can define from the design stage how do we want the structure dissipates the energy: 
deforming plastically, storing it temporarily (along the input duration) as elastic vibration 
energy and then allowing it to dissipate by the natural damping of the structure or by a 
combination of both. 

 Damage can be quantified in the structure after an earthquake, by means of cumulated 
plastic deformation energy. 

The methods based on energy balance (also known as methods based on the energy balance- 
Housner-Akiyama) have their origins in the work of George Housner [Housner 1956], Tanahashi 
[Tanahashi 1956], Berg and Thomaides [Berg, Thomaides 1960], Kato and Akiyama [Kato, 
Akiyama 1975], Housner and Jennings [Housner, Jennings 1977], Uang and Bertero [Uang, 
Bertero 1988; Uang, Bertero 1990], McCabe and Hall [McCabe , Hall 1989], Fajfar et al. [Fajfar 
et al. 1992], Zhu and Tsu [Zhu, Tsu 1992], Wang and Bruneau [Bruneau, Wang 1996], Chapman 
[Chapman 1999], Chou and Uang [Chou, Uang 2000], and among others. Housner died in 2008, 
having been one of the most productive and successful researchers in earthquake engineering, 
especially in energy methods. The wrong idea that Housner's concept of energy was inherited by 
Veletsos and Newmark [Veletsos, Newmark 1960] has hindered the development of energy-based 
methods. During many years, it was wrongly understood that the concept of energy proposed by 
Housner had been continued in the work of Veletsos and Newmark. However, Veletsos and 
Newmark were not interested in calculating the energy that an earthquake introduced into the 
structure, they used the energy stored/dissipated by elastic/elastoplastic SDOF systems under 
monotonic loading up to the maximum displacement (not the total energy input during the cyclic 
loading reversals), to relate the maximum displacements in a given range of periods. 

One of the greatest contributions to this methodology is due to Professor Hiroshi Akiyama, whose 
investigations are an important part of its current theoretical framework. Akiyama [Akiyama 
1985] showed that the amount of energy introduced by an earthquake in a given structure is a 
highly stable quantity with respect to the structural resistance, the distribution of its rigidity and 
mass, the damping level, and the hysteretic behaviour of the structural elements; it depends 
basically on the fundamental period of vibration of the structure and its mass. This conclusion has 
also been verified experimentally by dynamic tests on earthquake simulators [Uang, Bertero 
1990]. Moreover, the dependence of the energy on the mass is proportional; in consequence, the 
energy expressed in equivalent velocity (VE) is independent of the mass, as expressed by the 
relationship (2-23). These circumstances provide a significant advantage when interpreting the 
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effect of the earthquake on the structure in terms of energy instead of forces; the advantage is that 
the problem of assessing the seismic force induced by the earthquake and the problem of 
estimating the resistance of the structure (the term resistance is understood in a broad sense) can 
be uncoupled, in other words, can be treated separately. 

However, it should be noted that the independence between the energy EI and the properties of 
strength, stiffness, damping, and hysteretic behaviour of the structure has some exceptions, among 
these, are the quasi-harmonic motion, in other words, a narrow frequency content. For example, 
the energy introduced by a harmonic motion in an undamped system can reach infinite values if 
the frequency of excitation corresponds to the natural frequency of the structure (in this case, 
resonance occurs if the duration of excitation is sufficient); consequently, it is strongly dependent 
on the damping of the structure. In summary, in narrow-band inputs (typical of soft soil) the 
energy introduced by the earthquake EI depends heavily on the properties of the structure. This is 
a limitation of the seismic design methods based on energy.  

In the seismic design methodology based on energy balance, the effect of the earthquake on the 
structure is expressed in terms of the energy introduced by the earthquake and the strength of the 
structure is measured by its limit capacity for energy absorption Wu. The condition for the 
structure to survive the earthquake can be written as follows: 

Wu > EI  (2-24) 

This relationship is the basic criterion of energy balance for checking the suitability of the 
structure to withstand the design earthquake by accepting a certain level of damage. However, it 
should be noted that in fact, it is not true that a certain structure has a single value of energy 
dissipation capacity; in fact, it depends on the type of excitation and, especially, on the history of 
loading [Chai 1995; Chai 2004; Erberik, Sucuoğlu 2004; Sucuoğlu, Erberik 2004; Benavent 
2007]. This makes the evaluation of the ultimate energy dissipation capacity of structures a 
cumbersome issue that, for design purposed, can be addressed by using lower bound values. On 
the other hand, obviously, the energy absorption capacity of a structure depends on its general 
characteristics, and consequently analyses for different types of most common structural systems 
(concrete frames, concrete walls, steel frames, steel braced frames, masonry buildings, wooden 
buildings, buildings with base isolation, energy dissipation buildings, etc.) must be carried out. 
The usual strategy [Akiyama 1999] is first, to define the regions of the structure where plastic 
strain energy is expected to be released (plastic hinges), second, to determine the capacity of each 
floor and, third, to analyse the distribution of damage among the different floors. The third part is 
the most important and cumbersome one, and at the same time one of the main advantages of 
energy-based seismic methods, because the susceptibility of a structure to damage concentration 
in given storeys can be addressed, controlled and foreseen. For this purpose, a damage 
concentration coefficient n is defined, in the reference [Akiyama 2003] it is described the 
calculation of this coefficient from dynamic analyses. The applicability of this study is limited 
because it is based on an excessively low number of earthquakes. For the purpose of further 
studies, the hysteretic models described in references [Erberik, Sucuoğlu 2004; Sucuoğlu, Erberik 
2004] can be useful as they relate the degradation of stiffness and strength to the energy 
consumption. 

The capacity of each floor (or the whole structure) can be estimated mainly in two ways: from its 
hysteretic behaviour (subsection 2.1.6.4), or from the results of nonlinear dynamic analyses of the 
structure under seismic actions. The first procedure is described in [Akiyama 1985] and basically, 
consists of identifying the damage with the cumulated ductility η. The second procedure is based 
on determining the values of damage indices that quantify the damage to the structure; the values 
of these indices are obtained from the dynamic analyses. Different indices to assess structural 
damage have been proposed in the literature [Lybas, Sozen 1977; Banon, Veneciano 1982; Park, 
Ang 1985; Soo et al. 1989]. Among them, the Park & Ang index [Park, Ang 1985] is one of the 
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most used for reinforced concrete structures and has the advantage of being calibrated 
experimentally, so that the values adopted may be related to damage levels observed in real 
structures. The index of Park & Ang damage referred to a particular structural component is 
defined by the following expression: 

𝐷𝐷 =
δM

δu
+

β
𝑄𝑄yδu

�𝑑𝑑𝐸𝐸H (2-25) 

δM is the maximum strain response (in absolute value) and δu is the ultimate deformation capacity 
under monotonic forces. Qy is the yield strength and β is an empirical calibration factor ranging 
between 0.03 and 1.2, with an average value of 0.15. In the reference [Cosenza et al. 1990], it is 
shown that β = 0.15 provides a good correlation with other indices of damage. Importantly, the 
term δM of the above formula includes the elastic deformation. Accordingly, in cases where the 
structural element is kept within the elastic domain (i.e. without structural damage) the index 
value of Park & Ang can be different from zero. The index of Park & Ang of a part or of all the 
structure can be estimated by the weighted average of the damage indices of the components: 

𝐷𝐷 = ∑λi𝐷𝐷i  (2-26) 

The summation extends along all the involved structural components. Di is the damage index of 
the structural component i and λi is a weighting factor defined as the ratio of the plastic energy in 
the structural component i and the plastic energy in all the structural components of the storey or 
in the whole structure. The index of Park & Ang damage has been calibrated by many researchers 
from the observation of damage to actual structures under past earthquakes [Park et al. 1987; 
Gunturi 1992; Stone, Taylor 1994] and its correlation with these are indicated in Table 2-1. 

Table 2-1 Correlation between the Park & Ang index and the observed damage 

Observed damage Damage index Park & Ang 
Small damage 0.1 – 0.2 

Medium damage 0.2 – 0.5 
Severe damage 0.5 – 1 

Collapse > 1 

In general, the collapse of the structure is defined as the state in which one of the structural 
elements (mainly beam or column) loses its restoring force. One of the main shortcomings of the 
Park and Ang indexes of damage is that they do not consider the influence of the loading path 
(i.e. history of loading) followed by the structure. An alternative index that takes into account the 
loading path was proposed by Benavent-Climent [Benavent-Climent 2007] in the context of steel 
structures. 

2.1.5 Performance-based earthquake-resistant design 

The objective of the current seismic design codes is to prepare the structure to resist the design 
seismic input only under ultimate limit state; in other words, the structure is intended to resist the 
design earthquake with an acceptable level of serious damage but without collapse (in other 
words, avoiding at all costs the loss of human lives). Remarkably, that approach does not include 
any requirement about the behaviour under seismic actions with lower or higher level of severity; 
this contrasts with the usual strategy against another type of actions (gravity, for example) where 
two types of limit states (ultimate and service) are considered. This approach is broadly valid and 
has been used for decades but was in shortage especially after the Northridge earthquake in 1994 
and Kobe in 1995; after these highly severe earthquakes it was found that some structures, even 
those relatively new and that had been designed to the latest seismic standards, did not collapse 
(and in them there were no human casualties), but the damage to buildings (both structural and 
non-structural) was very serious. In the Kobe earthquake, some hospitals had been so intensely 
reinforced that effectively its structure did not collapse but absolute accelerations in the building 
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were so high that it damaged the installations and were unusable at the time of greatest need (a 
few hours after the earthquake). After these events, the earthquake engineering was directed not 
only to prevent loss of human lives but also to quantify, reduce, and prevent the damage. 
Depending on the damage, we are able to accept when an earthquake occurs, different solutions 
can be proposed. This strategy is commonly known as “Performance Based Design”; it is mainly 
described in these references [SEAOC 1995; EERC 1995; Bertero et al. 1996; Hamburger 1998; 
FEMA 350 2000; FEMA 356 2000; FEMA 349 2000; ATC-58 2002]. These documents present 
different seismic design methodologies oriented to control and to quantify the level of structural 
damage due to seismic action and to design structures that do not exceed the corresponding level. 

Based on the structural and non-structural damage the following four levels of performance 
(“Performance States”) [SEAOC 1995] are defined: 

 Fully Operational. Uninterrupted service. Negligible structural and non-structural damage. 

 Operational. Most of the activities can be resumed immediately. The structure is safe and 
can be inhabited. The essential activities are maintained while the non-essential ones are 
interrupted. Repairs are necessary to resume the non-essential activities. Slight damage. 

 Life Safe. Moderate damage, the structure remains safe. Some elements or components of 
the building may be protected to avoid damage. The risk of loss of life is low. The building 
may need to be evacuated after the earthquake. The repair is possible but can be economically 
unfeasible. 

 Near Collapse. Severe damage, but without risk of collapse. Possible fall of non-structural 
elements. 

More recently, another similar classification is considered [ATC-40 1996; FEMA 350 2000; 
FEMA 356 2000; FEMA 349 2000]: 

 Immediate Occupancy. Occupants’ safety. Important services are not uninterrupted. 
Negligible structural damage. The global damage is minor. The period of lack of functionality 
(“down time”) is about 14 hours. 

 Damage Control. Slight structural damage. Achievable occupants’ safety. The essential 
activities are repairable. Moderate overall damage. The period of lack of functionality (“down 
time”) is about 2 or 3 weeks. 

 Life Safety. Probable structural damage but no collapse. No risk from falling non-structural 
elements. The evacuation of the occupants can be done without risk. The possibility of the 
irreparable building. 

 Collapse Prevention. Severe structural damage, with the risk of collapse. Likely fall of non-
structural elements. The evacuation of the occupants may involve risk. Building likely 
irreparable. 

These four levels are often represented by their initials: IO, DC, LS, and CP. The three levels IO, 
LS, and CP are the most commonly used for seismic design; Figure 2-15 presents a graphical and 
easily understandable way, the practical significance of these levels and their relationship with 
the percentage of damage. The case “operational” in this case refers to a building without any 
damage 

For each structural type, more precise definitions of these levels have been developed depending 
on the type of experienced structural damage. 
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Figure 2-15. Damage levels [Hamburger 1998] 

 
Regarding the seismic action, four levels of severity are defined as specified in Table 2-2. 

Table 2-2 Severity levels of the seismic inputs  

Design Earthquake Return Periods 
(years) Probability of Occurrence  

Frequent 43 50% in 30 years 

Occasional 72 50% in 50 years 

Rare 475 10% in 50 years 

Very rare 970 10% in 100 years 

Table 2-2 shows that the severity of the earthquakes is quantified in terms of their return period; 
it is understood as the average of the elapsed time among earthquakes with the same magnitude 
or, almost equivalently, as the inverse of the probability of occurrence in one year. In some cases, 
seismic actions more severe than those contained in Table 2-2 are considered; the so-called MCE 
(“Maximum Considered Earthquake”) [Malhotra 2006] corresponds to a return period of about 
2475 years. The relationship between the return period T and the probability pn of being exceeded 
n years is given by the expression 𝑇𝑇 = −𝑛𝑛/ln(1 − 𝑝𝑝n); it is often used to indicate the severity of 
an earthquake by the probability p50 to be exceeded in 50 years, for example, in the case of MCE 
is 𝑝𝑝50 = 1 − 𝑒𝑒−

50
2475 = 0.02 and in the case of an earthquake “Rare” is 𝑝𝑝50 = 1 − 𝑒𝑒−

50
475 = 0.10. 

Table 2-3 shows the demand levels regarding the each performance levels previously described 
[SEAOC 1995] for the earthquakes that have the probability of occurrence specified in Table 2-2. 

Table 2-3 shows three levels of protection (expressed by the three represented diagonals): less 
intense for systems of moderate importance (“Basic Facilities”), more intense for major facilities 
(“Essential / Hazardous Facilities”), and even more intense for crucial facilities (“Safety Critical 
Facilities”). For example, in “Essential / Hazardous Facilities” (diagonal terms) it is required that 
for an earthquake of return period of 75 years the building remains fully operational, for an 
earthquake of return period of 475 years the building keeps operating in its major functions and 
for a return period of 970 years the building is able to preserve the lives of its occupants. 
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Table 2-3 Required levels of protection for each severity level of the seismic action [SEAOC 1995] 

Levels of the expected 
earthquake Level of required behaviour 

 Full 
Functionality Functionality Life Safety Near 

Collapse 

Frequent (43 years) 
 

 
Unacceptable Behaviour 

Occasional (72 years) 
 

 

Rare (475 years) 
 

   

Very Rare (970 years)     

 
2.1.6 Nonlinear static analyses (“push-over”) 

2.1.6.1 Capacity curves 

The method of earthquake-resistant design based on nonlinear static analyses consists basically 
of comparing the capacity of the structure, characterised by a capacity curve representing its 
behaviour under pushing incremental forces, with the effect of the design earthquake, 
characterised by a demanding spectrum. The intersection between both curves is termed as 
“target drift” (or target displacement) or “performance point”; in other words, that point indicates 
the effect produced by the earthquake on the structure [ATC-40 1996]. The capacity curve is 
usually expressed by representing on the vertical axis (ordinates) the interaction force F between 
the building and the base (base shear, Figure 2-1) and on the horizontal axis (abscissae) the 
displacement of the top floor [Kircher et al. 1997; Krawinkler 1998] relative to the base. The 
analysis that generates this curve is static, monotonic, and obviously is nonlinear, being 
commonly known as push-over. Figure 2-16 shows an example of a capacity curve obtained from 
a push-over analysis. 
 

 

Figure 2-16. Capacity curve obtained from push-over analyses [ATC-40 1996] 

In Figure 2-16, V represents the interaction force between the building and the ground (base shear 
force) and D is the displacement of the upper floor. The correspondence between the values of D 
and the aforementioned performance levels (IO, LS, CP) is also indicated. 

In the push-over analyses, the base shear force is distributed along the floors according to certain 
patterns; the most commonly used are the first modal shape, uniform or linear (“triangular”) 
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distributions. The push-over analyses are made incrementally, in other words, the lateral forces 
are increased progressively. For small values of F, the behaviour of the structure is linear and as 
F increases, the structure is becoming gradually more damaged; the stiffness of the structure 
decreases and its capacity curve becomes more flat. The smallest slope of the capacity curve with 
the increasing displacement illustrates clearly the elongation of the natural period of the structure. 

Some researchers [Fajfar, Fischinger 1988; Bracci et al. 1997; Gupta, Kunnath 2000] have 
proposed techniques to modify the distribution of the lateral forces among the floors to take into 
account the variation of the modal properties (mainly the first mode modal vector) by the 
increasing degradation of the structure. Other studies have proposed techniques to take into 
account the contribution of the higher modes [Paret et al. 1996; Sasaki et al. 1998; Gupta, Kunnath 
2000; Kunnath, Gupta 2000; Matsumori et al. 2000], also [Chopra 2012; Goel, Chopra 2002; 
Chintanapakdee, Chopra 2003] have proposed a new formulation known as Modal Push-Over 
Analysis. 

 

Figure 2-17. Acceleration spectra vs. displacement spectra 

2.1.6.2 Target displacement 

The demand is characterised by the design spectrum for the considered level of seismic action 
(Table 2-2); to be able to intersect it with the capacity curve, it is represented as the absolute 
acceleration spectrum Sa (vertical axis) vs. the relative displacement spectrum Sd (horizontal axis). 
This type of representation is commonly known as “Acceleration-Displacement Response 
Spectra” (SARD). Figure 2-17 shows a spectrum from Figure 2-9 plotted using these coordinates. 

The methods mostly used to obtain the target displacements are: 

 Capacity spectrum method [ATC-40 1996]. 
 

 Displacement coefficient method [FEMA 356 2000]. 
 

 Equivalent linearization method [FEMA 440 2005]. 
 

 Modified displacement coefficient method [FEMA 440 2005]. 
 

 Modified capacity spectrum [ATC-40 1996]. 
 
Capacity Spectrum Method 

In order to intersect the curves as shown in Figure 2-15 and Figure 2-16, they must be represented 
in the same coordinates. In this strategy [ATC-40 1996], the capacity curve is modified as (Figure 
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2-15): the ordinate is divided by the part of the building mass that corresponds to its first mode 
(in other words, the equivalent modal mass divided by the total mass) [Clough, Penzien 1993; 
García Reyes 1998; Chopra 2012] and the abscissa is multiplied by the modal participation factor 
of the first mode [Clough, Penzien 1993; García Reyes 1998; Chopra 2012]. The capacity curve 
expressed in these coordinates is usually termed as a capacity spectrum. Obtaining a target 
displacement for each level of damage (characterised by design displacement, the horizontal axis 
of the spectrum of Figure 2-17) is performed in an iterative way according to the following 
process: 

 To select the desired value for the design displacement and to find the corresponding 
acceleration determined by the spectrum in Figure 2-17. 
 

 To determine, from the capacity curve, the horizontal force (on the vertical axis) that 
corresponds to the selected displacement. An equivalent bilinear plot will replace the curve 
between the origin and this point. The first branch of this plot coincides with the linear part 
of the capacity curve (from the origin) but extends beyond it. The second branch of this plot 
is similar to the actual capacity curve; it is selected with the provision that the areas bounded 
by the bilinear plot and the actual capacity curve (until the design displacement) are equal. 
Figure 2-18 shows an example of this process. Once the bilinear plot is generated, the 
equivalent viscous damping ζeq is determined; ζeq is selected (as usual, [Clough, Penzien 
1993; García Reyes 1998; Chopra 2012]) by equalling the areas of the hysteresis loops for 
the bilinear plot and with viscous damping. This damping is added to the inherent damping 
in the structure, whose value is usually 5%. 
 

 The acceleration-displacement spectrum is corrected to fit the value of ζeq obtained in the 
previous stage. The intersection between the corrected spectrum and the capacity curve (in 
the coordinates according to the formulation given in [ATC-40 1996]) is determined. If the 
abscissa of this intersection is close to the selected displacement (with a predetermined 
tolerance), the point corresponds to the target displacement. Otherwise, the process has to be 
repeated iteratively until a sufficient approximation is reached. 

 

 

Figure 2-18. Bilinear approximation of the capacity curve [ATC-40 1996] 
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Figure 2-19. Obtaining the target displacement [ATC-40 1996] 

Figure 2-19 describes the iterative process for obtaining the target displacement. 

Displacement Coefficient Method 

This method uses the following empirical formula for calculating the target displacement: 

g
π4

δ 2

2
e

a3210t
TSCCCC=  (2-27) 

Te is the effective fundamental period of the equivalent SDOF system, calculated using the 
bilinear approximation of the capacity curve (Figure 2-20): 

e

i
ie K

KTT =  (2-28) 

Ti is the fundamental period calculated by an elastic dynamic analysis and Ki is the lateral stiffness. 
Ke is the effective lateral stiffness that is taken as the secant stiffness corresponding to a base shear 
force equal to 60% of the effective yield strength of the structure. 

 
(a) Positive post-yielding slope (b) Negative post-yielding slope 

Figure 2-20. Idealised force–displacement curves [FEMA 356 2000] 

C0 is a coefficient that relates the displacement of an equivalent single-degree-of-freedom system 
with the displacement on the roof of the building. Table 2-4 presents a way to obtain the values 
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of C0 [FEMA 356 2000] as a function of the number of storeys of the structure, the building type, 
and variation of the forces through the height obtained from the push-over analysis. 

Table 2-4 Values for the modification factor C0 [FEMA 356 2000] 

 
 
In equation (2-27) C1 is a modification factor that relates the expected inelastic displacements 
with those calculated for the linear elastic response: for Te ≥ Ts is C1 = 1 and for Te ≥ Ts is C1 = [1 
+ (R – 1)TS ⁄ Te] ⁄ R. Ts is the characteristic period of the response spectrum (transition between 
the branches of constant acceleration and constant velocity) and R is the ratio between the elastic 
and inelastic demands calculated by R = [Sa / (Vy ⁄ W) / Cm] where Vy is the yield strength obtained 
from the idealized capacity curve, W is the weight of the building, and Cm is the equivalent modal 
mass participation factor of the first mode; alternately [FEMA 356 2000] proposes a table (“Table 
3.1”) with approximate values 

In equation (2-27) C2 is a modification factor representing the effect of the shape of the hysteresis 
loops. Table 2-5 presents the values of C2 [FEMA 356 2000] depending on the level of damage, 
the type of frame, and the fundamental period of the building. 

Table 2-5 Values for the modification factor C2 [FEMA 356 2000] 

 
 

In equation (2-27) C3 is a modification factor that represents the increment of displacement due 
to the second order effects. For buildings with positive post-yield stiffness (Figure 2-20(a)), C3 is 
equal to 1 and for buildings with negative post-yield stiffness (Figure 2-20 (b)) C3 is calculated 
as C3 = 1 + [|α| (R – 1)3/2] / Te. α is the ratio of post-yield stiffness to the effective elastic rigidity, 
with the relation of force-displacement (capacity curve) represented by a bilinear approximation 
(Figure 2-20). 

These operations must be carried out iteratively: 
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 Estimate a (Δ) value for the displacement. Make a bilinear approximation. Get Ke, Te, and the 
ductility factor µ. 
 

 Check the response spectra Sa (for a damping factor 5%) with the period Te. 
 

 From Sa obtain H(m, Sa) and the displacement Δ. 
 

 Get factors C1, C2, and C3 and the scaled displacement Δ C1 C2 C3. 
 

 Compare the scaled displacement Δ with its initial value, the iteration should continue until 
both are equal (with a prescribed tolerance). 

 
Figure 2-21. Iterative operations in the displacement coefficient method 

Figure 2-21 describes the iterative process in the displacement coefficient method.  

Linearization Method 
The following operations should be performed iteratively (Figure 2-22): 

 Estimate an initial value (Δ) for the displacement. Make a bilinear approximation. Get Ke, Kh, 
Te, and the ductility factor µ. 
 

 From Ke, Kh, Te, and µ obtain the effective stiffness Keff, the effective period Teff, and the 
damping factor Beff. 

 
 Obtain the Sa ordinate of the response spectrum with the period Te and the damping Beff. 
  
 From Sa obtain H (m Sa) and displacement Δ. 

 
 Compare the scaled displacement Δ to the initial value; the iteration should continue until 

both are equal (with a prescribed tolerance). 
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Figure 2-22. Iterative operations in the method of linearization 

Figure 2-22 describes the iterative process in the linearization method.  

Modified Displacement Coefficient Method 

In modification of the displacement coefficient method [FEMA 440 2005], new expressions are 
proposed for the coefficients C1 and C2 and the coefficient C3 is eliminated and replaced with a 
limitation of the maximum value of the resistance to avoid dynamic instability. 

Modified Capacity Spectrum 

The improved capacity spectrum method [ATC-40 1996] determines the equivalent linear 
parameters, effective period Teff and effective damping Beff, by a statistical analysis that minimises 
the extreme differences among the maximum response of an actual single-degree-of-freedom 
inelastic system and their equivalent linear counterpart [Guyader, Iwan 2006]. 

2.1.6.3 Obtaining the response reduction factor  

In the earthquake-resistant design method based on forces (through absolute acceleration response 
spectra) the values of the design equivalent horizontal forces (Figure 2-1) are obtained by dividing 
the elastic forces Fe by a reduction coefficient provided by the linear design response spectra, 
usually represented by R (Figure 2-10). This subsection describes the determination of this 
coefficient from capacity curves. 

Early studies [Veletsos, Newmark 1960] proposed to determine the value of R from the 
displacement ductility μ (obtained from the capacity curves). Their proposal consists of three 
expressions: R = 1 for T = 0, 𝑅𝑅 =  �2 𝜇𝜇 − 1 for 0 ≤ T < 0.5 s, and R = µ for T ≥ 0.5 s. The first 
expression arises from the obvious consideration that the static response should not be affected 
by the ductility, the second expression comes from finding that energies in this range of periods 
corresponding to elastic and inelastic behaviour are basically the same and the third expression is 
obtained assuming that the maximum displacements of elastic and inelastic systems are basically 
the same (“Equal displacement approach”). The dependence of the coefficient of reduction of the 
overall ductility and the structural period has prevailed in the design codes, although recent 
research has shown that applying these factors is unsafe for low periods and excessively 
conservative for intermediate and long periods, [Ordaz, Pérez-Rocha 1998]. 
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Figure 2-23. Factors contained in the response reduction factor [FEMA 450 2003] 

The capacity curves usually show an ultimate strength greater than the yield value Fy (Figure 
2-16). This on-resistance is usually quantified by an over-strength dimensionless coefficient Ω, 
the ratio of ultimate strength to yield strength (Ω = Fu / Fy); in actual structures, the values of this 
coefficient usually range between 1 and 2. By using this ratio, the response reduction factor is 
usually expressed as 

R = Rd Ω = (Fe / Fu) (Fu / Fy) = Fe / Fy (2-29) 

Figure 2-23 illustrates the meaning of this expression. Some relevant studies related to the 
response reduction factor are [Newmark, Hall 1973; Miranda, Bertero 1994] and among others. 

2.1.6.4 Limitations of the push-over analyses 

The main limitations of earthquake design methods based on displacement are described next. 
The push-over analysis characterise the nonlinear dynamic behaviour of the structure by means 
of increasing static forces. The main drawback of this strategy is that the response of the structure 
to a given input is not incremental but cyclical and the push-over analyses cannot take into account 
the accumulated plastic strain, in other words, the cumulated damage. Therefore, we cannot 
establish a clear relationship between the maximum displacement of the structure and the energy 
stored during plastic deformation cycles. When the structure enters the inelastic range, 
deterioration occurs by the accumulation of plastic incursions; that can produce the complete 
breakdown of structural elements for deformations smaller than those that could be resisted under 
monotonic forces. This type of failure is called low cycle fatigue or plastic fatigue [Teran-
Gilmore, Jirsa 2007] (as opposed to the fatigue caused by a high number of cycles, which does 
not involve plastic deformations). Fajfar [Fajfar 1992] proposed a method to take into account the 
effect of cumulated damage in which the ductility of the structure is reduced by a dimensionless 
parameter that represents a normalisation of the energy. Recently, Teran-Gilmore and Jirsa 
[Teran-Gilmore, Jirsa 2005] have used the correlation between energy and the response reduction 
factor, R, to propose two simple calculation procedures for low cycle fatigue; the energy demand 
is indirectly controlled through the concept of ductility. However, the disadvantages of the 
calculation procedures based on forces already have been previously pointed out; those 
disadvantages are closely related to the fact that equivalent forces representing the effect of the 
input depending on the elastic and plastic characteristics of the structure, which in its own turn 
regulate the structural strength. This coupling between the effect of the earthquake and strength 
of the structure makes the seismic calculation more complex and cumbersome. Furthermore, the 
concept of ductility allows determining only indirectly the cumulative fatigue damage for a low 
number of cycles and requires the use of large numbers of empirical parameters. The main reason 
to address indirectly the accumulated damage through the concept of equivalent ductility factor 
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is that it provides a calculation process that can adapt easily to the current codes and practices. 
Since designers are reluctant to change radically their state of practice, new procedures are more 
likely to be accepted if they represent only a small change in a concept, such as ductility factor, 
which is well understood and has been widely used in practice. The calculation procedures based 
on displacements solve several of the drawbacks of the procedures based on forces, but are also 
incapable of dealing with the effects of cumulated damage in a simple and satisfactory manner. 

Another drawback of the earthquake design strategy based on displacements is that the hysteretic 
behaviour is interpreted as an equivalent viscous damping (ζeq); this introduces a relevant error, 
especially for significant levels of damping. Moreover, such identification is not based on any 
physical principle that justifies, in inelastic systems, the existence of a direct relationship between 
the energy corresponding to the maximum displacement and the equivalent viscous damping. 

Another strategy to bypass that the push-over analysis cannot take into account the cumulated 
deformations is to use energy spectra. The main motivation that has inspired its development is 
that the plastic deformation energy is fairly accurate to quantify the damage in the structure. These 
procedures exploit the difference between ductility μ, which expresses essentially the relationship 
between maximum deformation δmax, the yield deformation δy, and the accumulated η ductility. 
The meaning of μ and η is described in Figure 2-24 [Benavent-Climent et al. 2001]. 

 

Figure 2-24. Meaning of the coefficients of ductility μ and η [Benavent-Climent et al. 2001] 
 
Figure 2-24 shows that the ductility μ is defined as the average of the positive and negative values 
of displacement δ; each of them is calculated as the ratio between the maximum displacement (in 
other words, measured from the beginning of the yield) and the yielding displacement δy. The 
cumulative ductility η is also defined as the average of the values corresponding to positive and 
negative displacements; each of them is calculated by dividing the sum of the displacements of 
each plastic branch (horizontal in Figure 2-24) and the yielding displacement δy. 

The limitations and disadvantages of earthquake-resistant design methods based on displacements 
are avoided in energy-based methods, which are described in the following subsection. Moreover, 
these procedures are quite appropriate in buildings with energy dissipation devices. 

2.1.7 Dynamic analyses 

This procedure evaluates the effect of earthquakes on buildings based on determining the dynamic 
response (commonly known as “time history”) to the expected accelerograms. The most relevant 
response quantities are the maximum relative displacements (along the duration of the 
earthquake) in between consecutive floors (inter-storey drifts) and the maximum absolute 
accelerations thereof; the maximum relative displacements report about the experienced level of 
structural damage and the maximum absolute accelerations are directly correlated with the non-
structural damage (for facilities and non-structural elements) and the human comfort conditions. 
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Since the dynamic calculations take into account the performance of buildings under seismic 
inputs in a more direct way than in the methodologies based on response spectra, in general, the 
dynamic analyses are able to provide more accurate results. In particular, the comparison between 
the nonlinear static methods (push-over) and the nonlinear dynamic methods is clearly favourable 
to them because, besides being more accurate in general, they have two important advantages: (i) 
by considering the cyclical behaviour they are able to reproduce the accumulated plastic damage 
and (ii) the consideration of the effect of damping (both the present in the undamaged structure 
and the generated for increasing damage) is more direct. 

The considered inputs are selected from the available information on the seismicity in the intended 
location and may consist of either records of historical earthquakes or in accelerograms generated 
artificially. Given the considerable uncertainty about the characteristics of the expected input, one 
must consider several accelerograms and then determine the average of the responses of the 
structure to each of them; in fact, in the earthquake-resistant design methodologies based on 
spectra equivalent operations have been done since the design spectra are smoothed, in other 
words, have been obtained as averaged envelopes of a group of spectra corresponding to 
individual accelerograms, as shown in Figure 2-3, Figure 2-4, and Figure 2-5. These figures show 
that the maximum response to each record is highly sensitive to the fundamental period of the 
building, particularly for low values of damping; therefore, considering an excessively low 
number of accelerograms generate a false information since the fit (or proximity) between the 
fundamental period of the building and any spectral peak will predict a structural response that is 
abnormally large. To avoid such problems, the seismic design codes generally require considering 
at least five [NCSE-02 2002] or seven [ASCE 7-05 2005; NBCC 2005; NSR-10 2010] 
accelerograms; the response that is used for the earthquake-resistant design of the structure is 
determined as an average of the corresponding responses to each of such accelerograms. Some 
codes [ASCE 7-05 2005; NSR-10 2010] allow using only three accelerograms, but in that case, 
the maximum response to them has to be considered. 

The registers from historic events should be scaled to adjust its characteristics to the seismicity of 
the zone; since only the ordinates (acceleration) but not the abscissa (time) are changed, the 
frequency content is not modified. Usually, this operation is done by comparing the design 
spectrum (specified in the regulations of the zone) with the response spectrum of the considered 
register, in the codes [EN-1998 2005; ASCE 7-05 2005] the comparison criteria is often 
described. These criteria usually indicate sets of minimum values for the spectral ordinates at 
periods near to the fundamental period of the structure. Furthermore, the synthetic accelerograms 
are generated so that its frequency content corresponds to the design spectrum and that its duration 
and other temporal characteristics match those of the expected records. 

In zones of medium or high seismicity, buildings are often designed by accepting a given level of 
structural damage under the design earthquake (see Table 2-2). Accordingly, in these cases the 
dynamic analyses should be nonlinear, in other words, must be able to reproduce the behaviour 
of the structure when it been damaged and therefore has experienced significant reductions in its 
strength and rigidity. Moreover, second-order analyses may be necessary because of the 
significant relative horizontal displacements, this being another source of complexity and 
increased computational cost. Although the nonlinear dynamic analyses are increasingly used in 
the earthquake-resistant design of important structures, this procedure is rarely used in the design 
of ordinary structures, this is due to the high computational cost involved and to the effort required 
to properly interpret a large amount of generated information. 

The results of dynamic and push-over analyses can be compared. If the dynamic analyses are 
performed with accelerograms, either actual or synthetic, whose response spectra fit the one 
considered in the push-over analysis, the conclusions of both formulations should be similar. In 
[Powell 2007] the similarities and differences to be expected are discussed. 

2.1.8 Incremental dynamic analyses 
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With the main purpose of alleviating the problem derived from the fact that the push-over analysis 
cannot take into account the accumulated plastic strain, the so-called incremental dynamic 
analysis (IDA, Incremental Dynamic Analysis) has been proposed [Vamvatsikos, Cornell 2001; 
Vamvatsikos, Cornell 2002; Vamvatsikos 2002]. The reference [Vega del Rey, Alarcón 2009] 
proposes a method to investigate the impact of bridge decks against the abutments. This strategy 
consists of determining the dynamic response of the structure to one or more inputs scaled with 
increasing factors; in this way, capacity curves are obtained similarly to the push-over analyses. 
If the incremental dynamic analysis is performed for a single record, such analysis is usually 
called dynamic push-over analyses (DPO, Dynamic Push-Over). It is remarkable that the 
incremental dynamic analyses require making several nonlinear dynamical calculations, which 
are expensive in computational time; on the other hand, it may be necessary to perform second-
order analyses. However, the incremental dynamic analyses, especially when applied to several 
earthquakes, constitute powerful formulations, which may provide greater and more useful 
information than the rest of approaches that have been described in this section. 

The results of these procedures are usually represented by the so-called IDA curves. These 
representations consist of capacity curves similar to the result of the push-over analyses; on the 
horizontal axis, an index related to the magnitude of the response is usually represented and the 
vertical axis usually contains an index related to the severity of excitation. Figure 2-25 shows the 
results of this kind; Figure 2-25 (a) corresponds to a single record and Figure 2-25 (b) corresponds 
to multiple (30) records. In both representations, the severity of the seismic action is quantified 
by the ordinate of acceleration response spectrum for the first mode Sa(T1, 0.05) and the magnitude 
of the response is quantified by the maximum value (along the duration of the earthquake) of the 
relative displacement between floors (inter-storey drift). Figure 2-25 (a) shows both increases and 
decreases of the damage on the upper floors with increasing severity of excitation, this effect is 
obviously due to the “protection” provided by the lower floors. None of the other methods 
described in this section are able to predict this phenomenon so clearly. Figure 2-25 (b) shows the 
remarkable variability in the response of a determined structure to records that have, in first 
approximation, a comparable level of severity. 

 

(a) Single Register 

 

(b) Thirty Registers 

Figure 2-25. Examples of IDA curves [Vamvatsikos, Cornell 2002] 

Usually the damage thresholds IO, LS, and CP are related to certain values of the index that 
quantify the magnitude of the excitation (ordinate in Figure 2-25); in this way, performance-based 
analyses can be made from incremental dynamic calculations. 

It is remarkable that FEMA [FEMA 350 2000] has recently adopted these strategies as the 
reference method for assessing the earthquake-resistant capacity of structures. 
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2.2 Model of seismic pounding 

2.2.1 General consideration  

As outlined in the Introduction, a collision between two building slabs is a complex phenomenon. 
The most natural approach is the classical impact theory, is based on the solution of the 3-D 
continuum partial derivative equations of motion (distributed-parameter models). In some 
geometrically simple cases, such equations can be solved exactly; the ensuing closed-form 
solutions can be useful when the required simplifying assumptions are feasible. Going to 
numerical formulations, sophisticated continuum mechanics-based models are available, but they 
are extremely time-consuming and are therefore unsuitable for extensive use in actual structures. 
Therefore, the use of concentrated models has been suggested; they are intended to be used with 
infinitely rigid slabs models. The simplest one is the stereo mechanical [Goldsmith 1960]; the 
colliding slabs are represented by concentrated masses connected by a spring with infinitive 
stiffness and the plasticity is modelled by a coefficient of restitution. The linear spring model is 
similar, although incorporates also a linear spring with finite stiffness. These two models can be 
considered as oversimplified; the simplest but useful approach is the Kelvin-Voigt model, also 
known as linear viscoelastic. It is the most spread formulation and is widely described herein, 
together with the modified Kelvin-Voigt model. Other more complex models (Nonlinear 
viscoelastic, Hertzdamp) are also described. The Sears model is also discussed, it combines 
distributed and lumped elements. 

2.2.2 Classical impact theory 

2.2.2.1 Axial vibration of an elastic bar 

This subsection presents an analytical study of damped axial vibrations of elastic uniform 
(constant-section) straight bars; deeper analyses can be found in [Goldsmith 1960; Graff 1975; 
Stronge 2004] and Appendix A. Only waves progressing in a single direction are considered. 
Figure 2-26 displays a vibrating bar (Figure 2-26.a) and a differential segment of it (Figure 
2-26.b). In Figure 2-26.a, L is the bar length, E is the equivalent elastic deformation modulus, and 
A is the cross-section area; in Figure 2-26.b, N is the internal axial force (tension positive) and x 
is the longitudinal coordinate. 

 
 
 
 
 

 
 
 
 
 
 
 
 

(a) Vibrating bar (b) Differential segment 

Figure 2-26. Axial vibration of an elastic bar 
 
The damped equation of motion in x direction of the slice displayed in Figure 2-26.b is given by 
the following partial derivatives differential relation 

𝐸𝐸
ρ�

 
𝜕𝜕2 𝑢𝑢
∂ 𝑥𝑥2 

=
∂2 𝑢𝑢
∂ 𝑡𝑡2 

+
𝑐𝑐

𝐴𝐴 ρ� 𝑑𝑑𝑥𝑥 
 
∂ 𝑢𝑢
∂ 𝑡𝑡 

 (2-30) 

In equation (2-30), t is time, u is the axial displacement, c is the damping coefficient, and ρ� is the 
equivalent density, given by  ρ� = ρ + 𝑚𝑚�0

𝐴𝐴
, where ρ is the density and 𝑚𝑚�0 is the part of external 

mass per unit length that is mobilized during the axial vibrations. In rather slender rods, plane 
stress conditions can be assumed. Conversely, in wide building slabs or bridge decks the 
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transverse stress waves cannot alleviate instantaneously the transverse compression and the 
concrete behaves basically as confined, e.g. in plane strain conditions.  

Modal analysis can be performed by separation of variables, e.g. searching solutions of equation 
(2-30) given by the product of two functions depending only on x and on t: u(x, t) = φ(x) q(t). In 
that case, u” = φ” q, �̇�𝑢 =  φ �̇�𝑞, and �̈�𝑢 =  φ �̈�𝑞, then 𝐸𝐸

ρ�
 φ´´
φ

= �̈�𝑞
𝑞𝑞 

+ 𝑐𝑐
𝐴𝐴 ρ� 𝑑𝑑𝑑𝑑 

 �̇�𝑞
𝑞𝑞 

. Since first/second terms 

depend only on x/t, it is obvious that both are constant, namely − ω2. Therefore, partial derivatives 
equation (2-30) can be split into two ordinary linear differential space-dependent and time-
dependent equations: 

𝐸𝐸
ρ�

 φ′′+ ω2 φ = 0 �̈�𝑞 + 2 ω ζ �̇�𝑞 + ω2𝑞𝑞 = 0 (2-31) 

In the right equations (2-31), damping ratio ζ is given by ζ = 𝑐𝑐
2 ω 𝐴𝐴 ρ� 𝑑𝑑𝑑𝑑 

. The general solutions of 
equations (2-31) are respectively given by 

φ(𝑥𝑥) = 𝐴𝐴 cosλ 𝑥𝑥 + 𝐵𝐵 sinλ 𝑥𝑥 (2-32) 

𝑞𝑞(𝑡𝑡) = 𝑒𝑒−ω ζ t �𝐶𝐶 cosω �1 − ζ2 𝑡𝑡 + 𝐷𝐷 sinω �1 − ζ2 𝑡𝑡� (2-33) 

In equation (2-32), λ = ω �ρ�
𝐸𝐸
�
1/2

. Undamped natural frequencies (ω) and eigen modes (given by 
φ) depend on the boundary and initial conditions. Noticeably, although this type of vibration is 
the most natural that can be experienced by the bar, can be generated only starting from initial 
conditions that are compatible with its configuration. For instance, the impact between two 
colliding bars impose completely different initial conditions since, at the collision instant, velocity 
of all points of both bodies is equal to the one before impact but the velocity of the colliding ends 
is different. This generates a discontinuity in the velocities that is not present in the modal 
conditions. Next subsection discusses more deeply this issue. 

2.2.2.2 Elastic impact analysis 

This subsection describes the internal behaviour of colliding elastic bodies. The impact is assumed 
to be elastic; e.g. there is no energy loss. The analysis of the impact starts from the general solution 
of the equation of motion (2-30) by the d’Alembert method. That approach considers the change 

of variables given by x – c t = ξ and x + c t = ψ, where constant c is given by 𝑐𝑐 = �𝐸𝐸
ρ�
�
1/2

 and 

represents the traveling waves (relative) velocity. Equation (2-30) becomes ∂2 𝑢𝑢
∂ ξ ∂ ψ 

= 0, see 
Appendix A; its general solution is given by  

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑓𝑓(ξ) + 𝑔𝑔(ψ) = 𝑓𝑓(𝑥𝑥 − 𝑐𝑐 𝑡𝑡) + 𝑔𝑔(𝑥𝑥 + 𝑐𝑐 𝑡𝑡) (2-34) 

In equation (2-34), f and g are any functions fulfilling the initial and boundary conditions. For 
such a pair of functions, 𝑓𝑓 �𝑥𝑥 + δ, 𝑡𝑡 + δ

𝑐𝑐
� = 𝑓𝑓(𝑥𝑥 + δ− 𝑐𝑐 𝑡𝑡 − δ) = 𝑓𝑓(𝑥𝑥 − 𝑐𝑐 𝑡𝑡) = 𝑓𝑓(𝑥𝑥, 𝑡𝑡) and 

𝑔𝑔 �𝑥𝑥 − δ, 𝑡𝑡 + δ
𝑐𝑐
� = 𝑔𝑔(𝑥𝑥 − δ + 𝑐𝑐 𝑡𝑡 + δ) = 𝑔𝑔(𝑥𝑥 + 𝑐𝑐 𝑡𝑡) = 𝑔𝑔(𝑥𝑥, 𝑡𝑡), where δ is a displacement; 

therefore, f and g represent constant velocity waves traveling to the right and to the left, 
respectively. Their shape depends on the initial and boundary conditions.  

Figure 2-27 describes the collinear impact between two elastic bodies with different length and 
axial stiffness, although with the same equivalent mass density ρ�. In Figure 2-27, vl and vr, Ll and 
Lr, and EAl and EAr, are the travelling velocity, length, and axial stiffness of left/right colliding 
body, respectively. The mass of the rods is 𝑚𝑚l =  ρ� 𝐴𝐴l 𝐿𝐿l and 𝑚𝑚r =  ρ� 𝐴𝐴r 𝐿𝐿r, respectively. It is 
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assumed that Ll ≤ Lr but 2 Ll ≥ Lr. Using a Lagrangian formulation, x is the coordinate with respect 
to the contact interface (right/left end sections of left/right body, respectively). F is the contact 
force in the interface between both bodies. A thorough description of Figure 2-27.a through Figure 
2-27.h is given next; more expanded explanation is in Appendix A. 
 
 Figure 2-27.a displays the colliding bodies prior impact. 
 Figure 2-27.b and Figure 2-27.c represent the beginning and the initial instants of impact, 

respectively. At impact, the velocity of the interface shifts instantaneously from vl to vc (joint 
velocity, during the impact duration, of the interface between both bodies and the adjoining 
strained segments); this change generates a discontinuity. After contact, two stress (and strain) 
waves propagate outwards to the interface with constant velocity c. 

 Figure 2-27.d through Figure 2-27.f depict the peak and the second part of the impact. Once 
the wave reaches the free end of the bar, it reflects, and the end segment is being progressively 
unstrained. After-impact velocities v’l and v’r refer to the unstrained segments of the left and 
right bodies, respectively.  

 Figure 2-27.g shows the condition of bodies at the end of impact, e.g. when the returning 
wave of the left body has reached the interface and all its length is unstrained. The impact 
duration is equal to the axial vibration period of the shorter rod [Malhotra 1998]; noticeably, 
this interval is extremely short.  

Figure 2-27.h refers to any further instant when the left body travels unstrained with constant 
velocity while the right has some longitudinal vibrations affecting energy conservation. 
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(a) Before the impact (t < 0)  (b) Onset of impact (t = 0) 
 
 
 
 
 
 
 
 
 

 

(c) First half of impact (0 ≤ t ≤ Ll / c)  (d) Peak of impact (t = Ll / c) 
 
 
 
 
 
 
 
 
 

 

 

(e) Fully strained long body (t = Lr / c) (f) Second half of impact (Lr / c ≤ t ≤ 2 Ll / c) 
 
 
 
 
 
 
 
 
 

 

(g) End of impact (t = 2 Ll / c) (h) After the end of impact (t > 2 Ll / c) 
Figure 2-27. Two colliding elastic bodies 

The momentum conservation principle shows that 𝑣𝑣c =  𝑚𝑚l𝐿𝐿r𝑣𝑣l+𝑚𝑚r𝐿𝐿l𝑣𝑣r
 𝑚𝑚l𝐿𝐿r+ 𝑚𝑚r𝐿𝐿l

; analogously, it is obtained 
that v’l = 2 vc – vl and v’r = 2 vc – vr. The impact force F can be obtained by equalling the difference 
of momentum between Figure 2-27.b and Figure 2-27.d and the impulse; after some algebra it is 
concluded that 𝐹𝐹 = 𝑐𝑐 𝑚𝑚l𝑚𝑚r(𝑣𝑣r−𝑣𝑣l)

 𝑚𝑚l𝐿𝐿r+ 𝑚𝑚r𝐿𝐿l
. The momentum conservation principle shows that, after the 

impact, the weighted average velocity v”2 in the right body is constant, being given by 𝑣𝑣r´´ = 𝑣𝑣r +
 2 𝑚𝑚l𝐿𝐿l(𝑣𝑣l−𝑣𝑣r)

 𝑚𝑚l𝐿𝐿r+ 𝑚𝑚r𝐿𝐿l
 (see Appendix A). 

The coefficient of restitution r is commonly defined as the ratio between the post-impact and 
initial relative velocities between the colliding bodies; given that the right slab has residual 
vibration, it can be defined in any of these forms: 
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𝑟𝑟 =
𝑣𝑣′r − 𝑣𝑣′l
 𝑣𝑣l −  𝑣𝑣r

 𝑟𝑟′ =
𝑣𝑣"r − 𝑣𝑣′l
 𝑣𝑣l −  𝑣𝑣r

 (2-35) 

The coefficient of restitution ranges between 0 and 1, corresponding to fully plastic and elastic 
impact, respectively. In the elastic impact, r = 1 and r´ = Ll / Lr. 

2.2.3 Kelvin-Voigt model (linear viscoelastic model)  

2.2.3.1 Normal Kelvin-Voigt model 

The Kelvin-Voigt model is a zero-length element consisting of the parallel combination of a linear 
spring and a linear dash-pot, as displayed in Figure 2-28.a. In Figure 2-28.a, d is the gap size, and 
k and c are the stiffness and damping coefficients, respectively. Figure 2-28.c represents a strained 
state of the Kelvin-Voigt model; noticeably, if xl − xr > d, there is virtual penetration between both 
slabs. Figure 2-28.b displays the distribution of the Kelvin-Voigt models in the adjoining 
pounding buildings. 

 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 

 
(a) Unstrained Kelvin-Voigt model 

 

(b) Distribution of Kelvin-Voigt models (c) Strained Kelvin-Voigt model during 
impact 

Figure 2-28. Lumped Kelvin-Voigt models for simulation of pounding between adjoining buildings 
with aligned slabs 

The constitutive law of the Kelvin-Voigt model is given by 

𝐹𝐹 = 𝑘𝑘 (𝑥𝑥l − 𝑥𝑥r − 𝑑𝑑) + 𝑐𝑐 (�̇�𝑥l − �̇�𝑥r) if 𝑥𝑥l − 𝑥𝑥r > 𝑑𝑑 (2-36) 𝐹𝐹 = 0 if 𝑥𝑥l − 𝑥𝑥r ≤ 𝑑𝑑 

In past studies [Anagnostopoulos 1988; Anagnostopoulos, Spiliopoulos 1992; Maison, Kasai 
1992; Pantelides, Ma 1998; Watanabe, Kawashima 2004; Komodromos et al. 2007; Khatiwada, 
Chouw 2014; Guo et al. 2015], the Kelvin-Voigt model stiffness has been considered to have little 
influence on the displacement response and be strongly dependent on many randomly varying 
parameters [Anagnostopoulos 1988]. Therefore, only loose criteria for selecting it have been 
provided. [Anagnostopoulos 1988; Khatiwada, Chouw 2014] suggest using significantly higher 
values than the lateral stiffness of the colliding buildings, [Anagnostopoulos, Spiliopoulos 1992] 
recommends that the local periods of the mass-impact springs keep below the lowest translational 
periods of the pounding buildings, [Maison, Kasai 1992] proposes considering the axial stiffness 
of the floor slabs, [Watanabe, Kawashima 2004] refers also to the axial stiffness of the slabs but 
check also higher and lower values, and finally, [Liu et al. 2014] proposes an expression 
depending on Hertz stiffness for spherical contact, and on maximum penetration. All the studies 
recommend that the stiffness of the Kelvin-Voigt model be considerably higher than the lateral 
stiffness of the buildings. 

In the distributed parameter model formulation (subsection 2.2.2), the impact force is constant 
during the collision duration; conversely, using the concentrated Kelvin-Voigt model, the impact 
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force is not constant which is given by equation (2-36). Therefore, it is not possible to obtain any 
exact equivalence between both formulations. This fact had been already pointed out in [Cole et 
al. 2009; Cole et al. 2011]. 

Conversely to stiffness, damping is universally recognised as a more relevant parameter, 
significantly affecting virtually all relevant response parameters; therefore, more attention has 
been paid to this issue. The physical meaning of the coefficient of restitution is more obvious than 
the one of the damping parameter; therefore, [Anagnostopoulos 2004] derives a closed-form 
expression of damping in terms of r. In this work, the influence of the structures of the colliding 
buildings and of the seismic excitation during impact are neglected. These assumptions are based 
on the higher stiffness and damping of the Kelvin-Voigt model compared to those of the buildings, 
and on the input randomness, given the extremely short impact duration. After these 
simplifications, Anagnostopoulos performed a modal analysis of the ensuing two-degree of 
freedom system (Figure 2-28.a) and derived closed-form solutions of the uncoupled scalar 
equations of motion in modal coordinates. The first mode involves only rigid-body motion and 
has no stiffness and no damping; the natural frequency (ω) and the damping ratio (ζ) of the second 
mode are given by 

ω = �𝑘𝑘 
𝑚𝑚l +  𝑚𝑚r

𝑚𝑚l 𝑚𝑚r
 ζ =

𝑐𝑐
2

  � 
𝑚𝑚l +  𝑚𝑚r

𝑘𝑘 𝑚𝑚l 𝑚𝑚r
 (2-37) 

The aforementioned closed-form solution is determined, for the second mode, after their 
parameters in equation (2-37). Then the impact duration (t) is obtained, and later the coefficient 
of restitution is calculated from equation (2-35): 

𝑡𝑡 =
π

ω �1 − ζ2�
1/2 ζ =

−ln𝑟𝑟
√π2 + ln2𝑟𝑟

 (2-38) 

The right equation (2-38) shows that, if r = 0, ζ = 1 and if r = 1, ζ = 0; in intermediate cases, ζ 
tend to be significantly smaller than 1. Regarding the left equation (2-38), is convenient to 
highlight the extremely short impact duration (as mentioned in subsection 2.2.2.2), given that the 
stiffness k is rather high. 

To summarise, this approach consists in estimating initially the coefficient of restitution r, 
obtaining damping ratio ζ with the right equation (2-38) and then the damping parameter c with 
the second equation (2-37). The accuracy of this strategy can be evaluated by obtaining the actual 
value of r and comparing with the target one; obviously, the closer, the higher the accuracy. This 
very simple and widely used model has been compared with more complicated solutions and has 
proven to provide comparable or even better accuracy [Mavronicola et al. 2015; Mavronicola et 
al. 2016; Mavronicola 2017]. Chapter 3 proposes an alternative formulation leading to a different 
estimation of the Kelvin-Voigt damping parameter; better accuracy is obtained. 
 

2.2.3.2 Modified Kelvin-Voigt model 

The normal Kelvin-Voigt model is simple and accurate; its only inconsistency is a negative value 
of the pounding force F occurring just before separation. In the modified model, this conflict is 
eliminated by removing the damping term when the relative velocity is negative. Therefore, 
first equation (2-36) is modified as 

𝐹𝐹 = 𝑘𝑘 (𝑥𝑥l − 𝑥𝑥r − 𝑑𝑑) + 𝑐𝑐 (�̇�𝑥l − �̇�𝑥r)       if    �̇�𝑥l − �̇�𝑥r ≥ 0 (2-39) 

 𝐹𝐹 = 𝑘𝑘 (𝑥𝑥l − 𝑥𝑥r − 𝑑𝑑)         if    �̇�𝑥l − �̇�𝑥r < 0 
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The relation between the damping ratio and the coefficient of restitution (equation (2-38)) is 
accordingly modified; two alternative expressions are provided: ζ = 1

π
1−𝑟𝑟2

𝑟𝑟
 and ζ = 1−𝑟𝑟2

𝑟𝑟 (𝑟𝑟(π−2)+2). 
Then, the performance of the model is checked in a number of comparative analyses, including 
numerical simulation of pounding involved response, as well as comparison with the results of 
impact experiments and shaking table experiments concerning pounding between two steel towers 
excited by harmonic waves. The study [Mahmoud, Jankowski 2011] demonstrates that the results 
obtained through the modified model without the tension force are similar to those of the linear 
viscoelastic model. The works [Komodromos et al. 2007; Kun et al. 2009a; Pant et al. 2010; 
Barros et al. 2013] propose other modifications of the Kelvin-Voigt model. 

2.2.4 Nonlinear viscoelastic model 

The nonlinear viscoelastic model was proposed by [Jankowski 2005] to simulate the structural 
pounding force more precisely, by expanding the Hertz contact law into the viscoelastic domain. 
This model adds a nonlinear viscous damper to the nonlinear elastic model. As in the Modified 
Kelvin-Voigt model, the damper is active only when the masses approach each other, and thus 
the uniform damping and tensile force in the linear viscoelastic model are removed; equation 
(2-39) is modified as: 

𝐹𝐹 = 𝑘𝑘 (𝑥𝑥l − 𝑥𝑥r − 𝑑𝑑)
3
2 + 𝑐𝑐 (�̇�𝑥l − �̇�𝑥r)    if         �̇�𝑥l − �̇�𝑥r ≥ 0                              (2-40) 

 𝐹𝐹 = 𝑘𝑘 (𝑥𝑥l − 𝑥𝑥r − 𝑑𝑑)
3
2         if         �̇�𝑥l − �̇�𝑥r < 0      

Damping is given by 𝑐𝑐 = 2 ζ �𝑘𝑘 �𝑥𝑥l − 𝑥𝑥r − 𝑑𝑑 𝑚𝑚l 𝑚𝑚r
𝑚𝑚l + 𝑚𝑚r

, where ζ is the damping ratio being related 

to the coefficient of restitution by ζ = 9 √5
2

1−𝑟𝑟2

𝑟𝑟 (𝑟𝑟(9 π−16)+16)  [Jankowski 2006a]. The objective of 
this model is to eliminate the jumps at the beginning and the end of the contact that appear in the 
modified Kelvin-Voigt model, but the transition from deformation to restitution phase of contact 
is not smooth. Such discontinuities are avoided in the Hertzdamp model presented next. In 
[Khatiwada et al. 2011] a modification of this model is proposed; it consists basically in assuming 
that the nonlinear behaviour of the colliding buildings can be represented by a perfect elastic-
plastic model (i.e. without strain hardening) and incorporating it in the lumped model. 

2.2.5 Hertzdamp model 

This model aims to reproduce the elastoplastic behaviour during contact and was proposed for 
pounding simulation in the reference [Muthukumar, DesRoches 2006] although had been 
previously considered for multi-body systems [Lankarani, Nikravesh 1990]. This model tries to 
overcome most of the limitations of the following previously proposed lumped models; it consists 
in the parallel combination of a nonlinear Hertzian spring and a nonlinear viscous damper (dash-
pot): 

𝐹𝐹 =  𝑘𝑘 (𝑥𝑥l − 𝑥𝑥r − 𝑑𝑑)3/2 + ζ (�̇�𝑥l − �̇�𝑥r) (𝑥𝑥l − 𝑥𝑥r − 𝑑𝑑)3/2      if  𝑥𝑥l − 𝑥𝑥r ≥ 𝑑𝑑          (2-41) 

 𝐹𝐹 = 0                                             if   𝑥𝑥l − 𝑥𝑥r < 𝑑𝑑    

 Equating the energy loss to the energy dissipated by the damper, an expression for ζ can be found: 
ζ = 3 𝑘𝑘 �1−𝑟𝑟2�

4 (�̇�𝑑l−�̇�𝑑r) . Replacing r = 0 in this equation, ζ ≠ ∞ is obtained; for this inconsistency, [Kun et 

al. 2009b] provided this modified version: ζ = 8 𝑘𝑘 (1−𝑟𝑟)
5 𝑟𝑟 (�̇�𝑑l−�̇�𝑑r). Noticeably, this result, although being 

coherent, does not come from any consistent theoretical base. Then, [Khatiwada et al. 2014b] 

provided the following relation: 1 + 𝑟𝑟 = 𝑘𝑘
ζ (�̇�𝑑l−�̇�𝑑r) ln

𝑘𝑘
ζ ��̇�𝑥l−�̇�𝑥r�

+1
𝑘𝑘

ζ ��̇�𝑥l−�̇�𝑥r�
−𝑟𝑟

. 
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2.2.6 Sears model 

Papers [Khatiwada et al. 2013b; Khatiwada, Chouw 2014] propose using the Sears formulation 
[Sears, 1912] for pounding simulation. This approach is based on a series combination of lumped 
and distributed models, being initially developed for impact between circular bars with rounded 
ends. This model can overcome limitations of lumped and distributed ones. However, more 
experimental work is needed to calibrate the concentrated stiffness parameter. In its current 
version, the model does not include any damping; the theoretical development in subsection 2.2.2 
might be useful. 

2.2.7 Concluding remarks 

The considerations in the previous subsections, highlight that, regarding the lumped impact 
models, the normal Kelvin-Voigt model is sufficient for most purposes; the modified Kelvin-
Voigt model is more complex and does not provide any significant improvement. The models 
based on the Hertz contact law are not adequate, since that law was derived from elastic contact 
between balls; this situation being very different than the impact between slabs with straight ends. 
The Sears model looks promising, although further development is necessary. Concerning the 
distribution of the impact models along the building height, in most of the occasions, a single 
impact model in the top colliding level is sufficient, since impacts in the lower stories are rare. In 
general, such impacts are more frequent when the buildings are not separated (d = 0). In any case, 
it is recommended to check this circumstance before making the final choice. Regarding this 
issue, the work [Polycarpou et al. 2014] presents a methodology where the “a priori” 
determination of the contact points is not required. 

One of the most relevant observations is the extremely short impact duration; this circumstance, 
together with the fact that the collision is mainly produced only at a single storey, generates an 
important higher mode excitation. Therefore, the dynamic analyses require a short time step; this 
being emphasised by the nonlinearity of most of the analyses.  

2.3 Pounding simulation with software codes 

2.3.1 Initial explanation  

Given the importance and complexity of the seismic pounding between adjoining buildings with 
aligned slabs, there are several software codes that formally can simulate pounding; however, the 
use of any software for this purpose is not a straightforward task at all, requiring usually several 
months for initial learning. It is worth mentioning that although apparently there are wide sources 
of help (forums, blogs, support systems, among others), in reality, it is not easy to obtain useful 
information for a given specific problem, given that pounding simulation is a complicated and not 
highly common task. The aforementioned inherent difficulty of this issue and this abundance of 
information might require a discussing the most common simulation software.  

2.3.2 Simplified commercial codes 

This denomination refers to codes that are commonly used in earthquake engineering, mainly for 
professional use, i.e. designing and analysing constructions in seismic areas. Although it is 
apparent that these programs are not research-oriented, they have been extensively used for that 
purpose, given that they are user-friendly, robust, and reliable. Since this type of software is highly 
result-oriented, for research purposes they constitute an almost full black box; therefore, research 
use requires deep knowledge of the employed code. It is estimated that the learning time is 
approximately one month for an average non-experienced user. Since these codes (Etabs, GSA, 
Staad, Tekla, Risa, Robot, SAP, among others) are rather similar, only the Etabs code [Wilson et 
al. 1979] is discussed here.  

Etabs. At a first glimpse, this software holds the capacity of simulating seismic pounding; 
however, a deeper review highlights several limitations. The most serious one is that, although 
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the provided gap model can be series connected with the Kelvin-Voigt model (made by parallel 
connection of a spring and a dashpot), in nonlinear time history analysis, damping cannot be used 
in the gap model. Regarding the nonlinear behaviour of the colliding buildings, it can be simulated 
with plastic hinges, both considering concentrated and distributed plasticity (fibre) models. If the 
behaviour of the buildings near collapse is of interest, this software is not adequate since not all 
the failure modes are adequately accounted for [Alfarah et al. 2017]; in other words, the provided 
capacity can be grossly overestimated. About the time discretization, any short time step (although 
constant) can be selected. Since it is not possible to modify the time step during the calculation 
time, nonlinear analyses are highly time-consuming. Another relevant limitation is that non-zero 
initial conditions cannot be imposed; this prevents, for example, analysing the free damped 
response of any structure. In brief, this software is adequate for analysis of linear pounding, but 
is not for nonlinear pounding. 

2.3.3 Scientific codes 

This category includes software packages that have been developed inside Universities or 
Research Centres and, therefore, are oriented to teaching and (mainly) research. Noticeably, one 
of their main distinctive characteristics is that, for non-profit use, they are free. Although a wide 
number of codes exist (SeismoStruct, OpenSees, Ruaumoko, ZeusNL, IDARC, among others), 
only the first two are considered herein, being apparently the most spread ones. Given the research 
orientation of these programs, the “black box” part is significantly smaller than in the commercial 
codes. 

SeismoStruct. This program belongs to the family SeismoSoft [SeismoSoft 2016], having been 
developed in the EU Center (University of Pavia, Italy). Although this software is able to simulate 
pounding, some relevant limitations must be cared about, as discussed next. The element “Link 
Element” can be used for describing the Kelvin-Voigt model by defining the behaviour as “Gap_ 
hk”; noticeably, the stiffness needs to be defined for each of the six degrees of freedom, regardless 
the fact that the gap is actually uniaxial. Regarding this, some recommendations are provided for 
the selection of the stiffness in the other directions; such criteria are empiric (e.g. in between 100 
and 200 times higher than the axial stiffness of the colliding slabs), and no further justification is 
provided. Conversely, only a single value is required for damping. Hertzdamp model can be 
introduced manually. In the nonlinear time-history analysis, the influence of gravity loads is 
automatically accounted for. Regarding the time step, it cannot be reduced beyond a limit imposed 
by the size of the output files; this being in some cases a serious restriction.  It is worth mentioning 
that in the newer versions (2016 Release 6), the output files corresponding to previous versions 
cannot be completely read, thus preventing most of the post-processing operations. On the 
simulation of the buildings nonlinear behaviour, plastic hinges as basically treated as in Etabs, 
although there are more capacities. Although this program is not commercially-oriented, pre and 
post-processing are as user-friendly as in Etabs. As well, like in Etabs, non-zero initial conditions 
cannot be imposed. In a few words, this software holds most of the required capacities, although 
the relevance of the aforementioned limitations in each particular case should be accounted for. 
The learning time is about two months for an average non-experienced user.  

OpenSees. This program (Open System for Earthquake Engineering Simulation) [PEER 2017] is 
an object-oriented software being developed by the PEER (Pacific Earthquake Engineering 
Research Centre), belonging to the University of California at Berkeley. One of the main 
advantages is the “Open” characteristic, this meaning the possibility of programming the issues 
that are not available and even modifying the existing ones. Nonetheless, there is a wide and 
active community working in and developing the OpenSees code, this offering extensive support 
and help. Another relevant advantage lies in the inherent scientific nature of this software, being 
clearly research-oriented. Conversely, pre and post-processing are not as user-friendly as in 
commercial codes; obviously, some parallel software can be used for this purpose. Going into 
details, although there is no any specific element for the Kelvin-Voigt model, it can be generated 
by combining spring, dashpot, and gap elements; this can be rather cumbersome. As well, 
Hertzdamp model can be also created in a similar way. For time integration, any short time step 
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(although constant along the calculation duration) can be selected. The required learning time is 
longer than for SeismoStruct. Quickly, introducing into pounding simulation using this software 
can be a long and hard task; however, this effort can pay in most cases. 

This paragraph discusses some comparisons between OpenSees and SeismoStruct. Both codes 
can process force-based or displacement-based elements; since in the first case mesh refinement 
does not improve the accuracy, a single element per member can be used. Conversely, in the 
displacement-based elements mesh refinement yields better accuracy, thus finer meshes might be 
worth using. In general, OpenSees is faster than SeismoStruct, unless the option of showing the 
results during the analysis is deactivated. Another relevant advantage of OpenSees is its superior 
ability for describing the nonlinear building behaviour; when pounding is expected to generate 
high damage, this feature can be conclusive. 

2.3.4 Advanced codes 

This group comprises some software codes (Abaqus, Ansys, Diana, Nastran, among others) that 
are commonly recognised as advanced; regarding structural analysis, their capacities include 
continuum mechanics-based approaches and use of implicit and explicit formulations for 
performing time integration. The implicit strategy is commonly implemented in simplified 
programs, for both static and dynamic analyses; it consists basically in inverting the stiffness 
matrix to obtain the structural response. In linear static analysis this operation is performed only 
one time; in the nonlinear static analysis, iterations are required. In dynamic analysis, these 
operations are performed at each discretization instant. It is apparent that nonlinear dynamic 
analyses can be highly time-consuming, both because of the iterations and the need of considering 
short time steps to guarantee convergence and accuracy. The explicit strategy is only considered 
for dynamic analysis; the stiffness matrix is not inverted, but the mass one is, this operation being 
significantly cheaper in terms of computational effort. At each time step the acceleration vector 
is obtained in terms of the velocity and displacement vectors at that instant through the equation 
of motion; then the velocity and displacement vectors at next instant are determined by numerical 
integration and derivation. Even if the analysis is nonlinear (i.e. the stiffness matrix is not 
constant), there is no need for iteration; conversely, for a proper accuracy, the time step needs to 
be shorter than in the implicit case. In spite of this, in general, the explicit formulation is faster 
than the implicit one because there is no need for repeated and cumbersome matrix inversions and 
there are no iterations, this largely compensating the shorter time step. The explicit formulation 
can be recommended for pounding since the time step must be short anyway, given the relevant 
participation of high modes and the extremely brief impact duration, but it should be kept in mind 
that this formulation can be considered as dangerous since the solution is always obtained, but it 
is unclear that it is correct. Noticeably, the explicit formulation can be also implemented in 
OpenSees. 

Although these codes are somehow research-oriented, the fact that they are more powerful than 
the previous ones implies also a bigger black box. Regarding the learning time, it ranges between 
three to four months for an average non-experienced user. The application of the two mostly used 
software packages (Abaqus [Hibbett et al. 1998] and Ansys [ANSYS 2016]) for pounding 
simulation is discussed next. 

Abaqus. There is one element for the normal Kelvin-Voigt model, being termed “Axial Element”. 
This element can be used in both linear and nonlinear analyses; noticeably, this possibility is a 
relevant advantage compared to Etabs and similar codes. Another interesting feature is that the 
discretization period can be variable along the calculation time. This option is useful for better 
convergence in the nonlinear analysis; in pounding simulation, the time step can be significantly 
shortened during impact. Regarding this, the impact can be anticipated and then the time step is 
automatically reduced. The analysis can be interrupted and continued after the previous final state 
as many times as needed. Concerning the simulation of the nonlinear behaviour of the colliding 
building, all the common formulations (plastic hinges described with concentrated and distributed 
plasticity, fibre models, continuum mechanics) can be implemented. Some issues can be 
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programmed and implemented by the user, although more limitations than in OpenSees apply. In 
short, the use of this software for pounding simulation is recommended. 

Ansys. The situation is similar to Abaqus; with all their relevant capacities being also active. The 
element “Combine 14” is useful for simulating the Kelvin-Voigt model.  Currently (early 2017), 
two versions of Ansys code are available, namely APDL and Workbench; they are better suited 
for research and commercial uses, respectively. Apparently, Workbench is being more promoted, 
with frequent updates and enhanced capacities. To sum up, the use of this software is also 
recommended. 

2.3.5 Concluding remarks 

This subsection summarises the previous ones, aiming to provide advice on the most suitable 
software for each occasion. This decision is not straightforward, since several months are usually 
required for initial learning. As well, it is worth mentioning that forums, blogs, and other help 
sources are not always useful, since pounding simulation is a complicated and rather unusual task. 

The herein provided recommendations refer to the pounding simulation using lumped models. 
Regarding distributed models, the axial vibrations (subsection 2.2.2) can be simulated by fine 
discretization of each slab using virtually any software. Obviously, in this case, the rigid 
diaphragm effect should not be imposed.  

Given the aforementioned limitation of Etabs (damping cannot be incorporated in nonlinear time 
history analysis), its use is sufficient in pounding simulation only if the behaviour of the building 
remains linear. Apparently, this limitation does not hold for Robot.  

Regarding OpenSees, its high reliability and “open” character is extremely useful. As well, there 
is a wide and highly active community of users and developers, thus leading to continuous 
improvements.  

The use of the advanced software is only recommended either for previously experienced users 
or for those requiring high accuracy. The system requirements (RAM, CPU etc.) should be also 
taken into consideration. 

Regarding the use of user-developed software codes in pounding simulation, the main difficulty 
does not lie in the pounding itself, but on the nonlinear behaviour of the buildings. Therefore, if 
such a software is available, the programming of any of the models described in subsection 2.2 is 
quite affordable. Noticeably, a considerable number of the published researches use their own 
codes. 
 
2.4 Literature review 

2.4.1 Initial explanation  

This subsection presents a critical review of the technical literature on seismic pounding between 
RC buildings with aligned slabs. The discussed papers are grouped into several categories: 
observed damage, particular and parametrical studies, testing, input effect, the influence of soil-
structure interaction, mitigation, and review. Some papers on pounding between bridge slabs or 
between an isolated building and the moat wall are also discussed, given their interest in the 
subject under consideration. 

2.4.2 Observed damage from pounding  

 [Rosenblueth 1960]. This work is entitled “Effects of Chilean earthquakes of May 1960 on 
buildings and other structures”. Contains a description of damaged buildings under pounding 
effect caused by Chilian earthquakes.  
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 [Rosenblueth 1986]. This paper is entitled “The 1985 earthquake: causes and effects in 
Mexico City”. The most significant manifestation of pounding hazard was reported in Mexico 
City, due to the 1985 Mexico earthquake where 15% of all cases led to collapse, although this 
statement was later revised, and pounding was estimated to have led to significant damage or 
collapse of 3% to 4.5 % of total buildings that suffered such damages [Anagnostopoulos & 
Karamaneas, 2008]. This publication has often been cited as the turning point for the 
accelerated research in building pounding, though some studies had been published prior to 
the 1986 article by Rosenblueth and Meli. The study raised the awareness in the engineering 
community for the need to assess the pounding forces, so as to better design new buildings 
and retrofit the older constructions to withstand a possible seismic collision with adjoining 
structures. 

 [EERI 1989]. This work is entitled “Loma Prieta earthquake. October 17, 1989, Preliminary 
reconnaissance report”. The part that is relevant to this thesis is mainly chapter 4, 
“Buildings”. This chapter discusses major issues about engineered buildings such as damaged 
caused by pounding. The pounding of adjacent buildings in downtown San Francisco and 
elsewhere are also described.  

 [EQE 1994]. This work is entitled “The January 17, 1994. Northridge, California 
earthquake, EQE summary report”. The part that is relevant to this thesis is mainly chapter 
titled “Commercial structures”. This chapter discusses major issues about damages caused 
by pounding on some structures such as Oviatt Library located at California State University. 
A large (about 90-by-90-m), 1970s-vintage, reinforced concrete building. The current library 
apparently consists of an original central building, which was subsequently expanded by 
symmetrical east and west additions, and earthquake damage was primarily caused by 
pounding between these structures. Several sections of the cantilever roof, over the entrance 
and elsewhere, collapsed.  

 [Comartin et al. 1995]. This work is entitled “The Hyogo-Ken Nanbu Earthquake. Great 
Coast Hanshin Earthquake Disaster, January 17, 1995. Preliminary reconnaissance report”. 
This report summarises the effects of the Kobe earthquake, one of the costliest natural 
disasters in history. Immediately after the main shock, an earthquake reconnaissance team 
from EQE went to the affected region to evaluate the effects of the earthquake and to assess 
the extent and causes of the damage to the structures and the infrastructure before critical 
evidence was removed. The information presented in this report was collected over the two 
months following the earthquake. The statements and conclusions made are based strictly on 
the author’s preliminary findings and assessments. The impact between buildings occurred 
often in Kobe’s residential areas. This interaction usually involved the lateral collapse of a 
traditional housing unit impinging upon a neighbouring structure. The impact of the heavy 
roof from one collapsing house often caused the destruction of neighbouring buildings that 
probably would have otherwise survived the earthquake. 

 [Kasai, Maison 1997]. This paper is entitled “Building pounding damage during the 1989 
Loma Prieta earthquake”. This work shows a review of building pounding caused by the 
1989 Loma Prieta earthquake explaining the distribution of pounding damage in the specific 
areas, types of pounding damage, and examples of pounding damage involving major multi-
storey buildings. The survey database contains more than 200 pounding occurrences 
involving more than 500 building structures. 

 [Weinni 2000]. This work is entitled “Chi-Chi Taiwan earthquake. Event report”. This report 
describes the Chi-Chi earthquake and geologic effects, on the residential and commercial 
buildings and infrastructural impacts.  

 [DOĞAN, GÜNAYDIN 2009]. This work is entitled “Pounding of adjacent RC buildings 
during seismic loads”. Adjacent buildings that are not properly separated from each other, are 
under pounding risk. Although gap size requirements are given in Turkish Earthquake Code, 
adjacent buildings are still constructed with insufficient gap sizes. In this paper; results of 
pounding and effects of pounding to the structural elements of the buildings are theoretically 
studied and compared with observed damage. It is concluded that pounding forces are not 
completely absorbable because of their high values, but their effects on the structure can be 
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reduced by placing elastic materials between adjacent buildings or by reinforcing structural 
systems with cast-in-place reinforced concrete walls. 

 [Cole et al. 2012]. This paper is entitled “Building pounding damage observed in the 2011 
Christchurch earthquake”. This work shows the damages observed in the February 2011 
Christchurch earthquake. Generally, the pounding was observed to be a secondary effect. 
However, over 6% of the total surveyed buildings were observed to have significant or greater 
pounding damage. Significant pounding damage was observed in low-rise unreinforced 
masonry buildings with no building separation. Modern buildings were also endangered by 
pounding when building separations were infilled with solid materials. It is found that 
pounding-prone buildings can be identified with reasonable accuracy by comparing 
configurations to characteristics previously noted by researchers. However, detailed pounding 
damage patterns cannot currently be precisely predicted by these methods. 

 [Chouw, Hao 2012]. This paper is entitled “Pounding damage to structures in the 2011 
Christchurch earthquake”. This paper addresses the damage to buildings and bridges 
resulting from relative movements between adjacent structures observed by the authors from 
building inspections and in-the-field investigations in Christchurch and surroundings carried 
out two weeks after the devastating earthquake of 22 February 2011. The relative structural 
response is often initiated by the different dynamic characteristic of the participating 
structures. Pounding induced damage might occur when the closing relative response is larger 
than the gap between adjacent structures. In the central business district city, many adjacent 
buildings have inadequate gaps between them or in many cases even no gap. Consequently, 
a large number of buildings, already weakened by the previous main shock of 4 September 
2010 and its several thousand aftershocks, suffered further damage due to the strong February 
aftershock.  

 [Shakya, Kawan 2016]. This paper is entitled “Reconnaissance based damage survey of 
buildings in Kathmandu valley: An aftermath of 7.8 Mw, 25 April 2015 Gorkha (Nepal) 
earthquake”. This paper refers to the recent high-intensity 2015 Gorkha (Nepal) earthquake, 
which has caused not only a substantial death toll and huge economic losses, but also heavy 
damage to many public residential buildings. RC buildings are mainly destroyed in this 
Gorkha earthquake because of the poor construction trend. This earthquake showed that the 
construction technology in Nepal is very poor. Moreover, it has been observed that one of the 
main causes of failure among others, was pounding of adjacent structures.  

 [Kagermanov et al. 2017]. This paper is entitled “Seismic performance of RC buildings 
during the MW 7.8 Muisne (Ecuador) earthquake on April 2016: field observations and case 
study”. Field observations are presented on the seismic performance of reinforced concrete 
buildings. This study shows that the seismic pounding between adjacent buildings is a 
relevant phenomenon.  

These studies highlight the relevance of this issue, since damages are severe, being responsible 
for a significant percentage of the observed collapses.   

2.4.3 Particular and parametrical studies 

 [Anagnostopoulos 1988]. This paper is entitled “Pounding of buildings in series during 
earthquakes”. This paper describes a parametrical study on pounding amongst arrays of 
adjoining buildings. It is shown that the end structures experience almost always substantial 
increases in their response while for ‘interior’ structures the opposite often happens. This 
statement matches with the observed damage. 

 [Anagnostopoulos, Spiliopoulos 1992]. This paper is entitled “An investigation of 
earthquake induced pounding between adjacent buildings”. This paper investigates the 
response of adjacent pounding buildings. The buildings are idealised as lumped-mass, shear 
beam type, multi-degree-of-freedom (MDOF) systems with bilinear force-deformation 
characteristics, and with bases supported on translational and rocking spring-dashpots. 
Collisions between adjacent masses can occur at any level and are simulated by means of 
viscoelastic impact elements. Using five real earthquake motions the effects of the following 
factors are investigated; building configuration and relative size, seismic separation distance, 
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and impact element properties. It is found that pounding can cause high over stresses, mainly 
when the colliding buildings have significantly different heights, periods or masses. The 
authors show that the coefficient of restitution ranges between 0.5 and 0.75.  

 [Maison, Kasai 1990]. This paper is entitled “Analysis for type of structural pounding”. This 
paper analyses the pounding between an actual 15-storey building and a shorter and rigid 
adjacent building. It is concluded that the effect in the storeys above the pounding location is 
significant. 

 [Maison, Kasai 1992]. This paper is entitled “Dynamics of pounding when two buildings 
collide”. This paper investigates the floor-to-floor pounding between two 15 and 8-storey 
buildings. The influence of building separation, relative mass, and contact location properties 
are assessed. Apart from the remarks in subsection 2.2.3, it is concluded that the drifts in the 
taller buildings are increased while are decreased in the shorter one, except in the storeys in 
the vicinity of the impact. Regarding the mass ratio, the higher the difference, the more the 
adverse effect on the less massive building. 

 [Papadrakakis et al. 1996]. This paper is entitled “Three-dimensional simulation of 
structural pounding during earthquakes”. This paper studies the three-dimensional pounding 
between two or more buildings. The effects of various in-plan configurations are investigated 
for two real earthquake motions. It is concluded that pounding affects the stiffer structure and 
reduces the demand on the flexible one, particularly when the excitation is near the resonance 
of the flexible building. 

 [Pantelides, Ma 1998]. This paper is entitled “Linear and nonlinear pounding of structural 
systems”. The structural response of SDOF models with either elastic or inelastic structural 
behaviour is analysed. Pounding is modelled as a Hertz impact force. Numerical simulations 
have shown that the pounding response is not highly sensitive to the impact stiffness 
parameter. For colliding structures with different periods, similar earthquake excitations can 
produce different responses. 

 [Jeng, Tzeng 2000]. This paper is entitled “Assessment of seismic pounding hazard for Taipei 
City”. This paper analyses the pounding vulnerability of actual buildings in Taipei.  Dynamic 
analyses are also conducted to obtain the storey shear amplification. From the computed 
storey shear amplification, the measured gap, and the relative position of the buildings, a 
damage index is assigned for each building and compared with a proposed damage criterion 
based on storey shear amplification to define its damage level. It is concluded that pounding 
mitigation is necessary for a large number of buildings. 

 [Chau, Wei 2001]. This paper is entitled “Pounding of structures modelled as non-linear 
impacts of two oscillators”. This paper analyses pounding, under harmonic excitation, 
between two structures. It is shown that, as expected, the impact velocity increases drastically 
when the difference in natural periods between the two structures increases, being relatively 
insensitive to the gap size. The maximum impact velocity can occur at an excitation period 
either between those of the two oscillators or less than both of them. 

 [Karayannis, Favvata 2005]. This paper is entitled “Earthquake-induced interaction 
between adjacent reinforced concrete structures with non-equal heights”. This paper deals 
with the interaction between RC buildings with non-equal heights and both with aligned and 
unaligned slabs. The columns ductility requirements are bigger where the gap is smaller, 
mainly in the columns of the tallest building. 

 [Jankowski 2006b]. This paper is entitled “Pounding force response spectrum under 
earthquake excitation”. This paper proposes the impact force response spectrum, e.g. peak 
pounding force vs. natural periods. It is concluded that gap, natural periods, damping, mass, 
ductility, and input time lag might have a substantial influence. 

 [Jankowski 2008b]. This paper is entitled “Earthquake-induced pounding between equal 
height buildings with substantially different dynamic properties”. This paper presents an 
investigation on pounding between two equal-height buildings with different dynamic 
properties. Results show that collisions significantly influence the lightest and more flexible 
building, whereas the heaviest and stiffest structure is affected only negligibly. 

 [Bothara et al. 2008]. This paper is entitled “Seismic assessment of buildings in Wellington: 
experiences and challenges”. This paper studies the pounding vulnerability of actual 
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buildings in Wellington. The authors show that pounding has become a major issue in many 
areas of the city. 

 [Pant et al. 2010]. This paper is entitled “Seismic Pounding between Reinforced Concrete 
Buildings: A Study using two recently proposed Contact Element Models”. This paper 
simulates pounding between 8 and 10-storey framed RC buildings using the modified Kelvin-
Voigt model and modified Kelvin model. It is shown that the response of the 8-storey building 
is amplified and that response is more dependent on the input characteristics than on the gap. 

 [Boyer et al. 2012]. This paper is entitled “Effects of coefficient of restitution, structural 
yielding and gap ratios on the impact mechanics of building pounding”. The impact between 
two single-degree-of-freedom structures is analysed. Different coefficients of restitution, gap 
distances, and periods are considered. It is concluded that the impact probability increases as 
the gap decreases and the structural period differences increase. 

 [Chase et al. 2015]. This paper is entitled “Linear and Nonlinear Seismic Structural Impact 
Response Spectral Analyses”. This paper presents a pounding risk probabilistic study. It is 
shown that small gaps, different structural periods, great coefficients of restitution, and 
structural linearity lead to higher impact probability.  

 [Zhai et al. 2015]. This paper is entitled “Dimensional analysis of earthquake-induced 
pounding between adjacent inelastic MDOF buildings”. Pounding between multi-storey 
buildings with bilinear behaviour is investigated through dimensional analysis. The pounding 
effect is illustrated with three spectral regions (amplified, de-amplified, and unaffected). 
Results show that the influence of stiffness ratio is more significant for the lightest and more 
flexible building in the first spectral region, and the pounding force and the velocity is 
sensitive to the mass ratio for heaviest and stiffest building. 

  [López-Almansa, Kharazian 2014; Kharazian, López-Almansa 2017]. These papers are 
entitled “Parametric study of the pounding effect between adjacent RC buildings with aligned 
slabs” and “Study on pounding effect between short-to-mid height RC buildings with aligned 
slabs”, respectively. These works present preliminary results of pounding between 3 and 5-
storey RC frames. Pounding is modelled using the Kelvin-Voigt models. 

 [Elwardany et al. 2017]. This study is entitled “Seismic pounding behaviour of multi-story 
buildings in series considering the effect of infill panels”. This paper shows the effect of the 
infill panels on the seismic pounding response of adjacent steel structures in series. The results 
show that the existence of the infill panels can significantly change the seismic behaviour of 
the structures.  

The first remark is that pounding is serious, as concluded from subsection 2.4.2. Another relevant 
observation is that, in an array of several buildings, the end ones are the most damaged; therefore, 
the most representative and critical situation is the collision between two buildings. Regarding 
this, pounding is more severe when the buildings periods are different, given that the possibilities 
of encounters grow. Moreover, in that case, pounding behaviour becomes chaotic, even for 
harmonic excitation. Another issue that worsens the pounding is the difference in height, because 
of the whiplash effect of the protruding floors of the tallest building. Some researchers point out 
that, in collisions between buildings with different mass and stiffness, the lightest and more 
flexible building is more affected. Concerning the gap influence, obviously, beyond a certain 
value, there is no pounding; apart from this, its influence is not intense. Finally, the buildings 
nonlinear behaviour can be basically treated as a stiffness reduction. The influence of the input 
characteristics is discussed in subsection 2.4.5. 

2.4.4 Testing on pounding 

 [Van Mier et al. 1991]. This paper is entitled “Load-time response of colliding concrete 
bodies”. This paper describes a series of experiments on the impact between two concrete 
elements. It was found that all parameters for the model could be derived from static tests on 
the same contact surface geometries. The input parameters are the uniaxial compressive 
strength of the concrete, the size of the plastically deformed zone in a static test, a stiffness 
parameter for including geometrical effects, and the restitution rate. Only the last parameter 
was derived directly from the dynamic experiments, but it could be modelled with a simple 



Chapter 2 State of the art 

 

 51 
 

linear relationship with a slope, which proved to be constant for all parameter combinations. 
In all the cases a sharp-ended striker impacted on a prestressed concrete pile with the constant 
section. Detailed information is provided on the impact force time-history.  

 [Papadrakakis, Mouzakis 1995]. This paper is entitled “Earthquake simulator testing of 
pounding between adjacent buildings”. In this paper, two-storey-building RC frames have 
been designed and built in order to investigate the seismic pounding of adjacent structures 
with the same height. Two series of experimental tests are carried out using the shaking table 
simulator.  Displacement, acceleration, and input energy time histories are presented. 

 [Filiatrault et al. 1996]. This paper is entitled “An experimental study on the seismic 
pounding of buildings”. This work refers to shaking-table pounding experiments between two 
reduced-scale 3 and 8-storey steel frames. Among other results, time-histories of the impact 
force are provided. 

 [Zhu et al. 2002]. This paper is entitled “Modelling three-dimensional non-linear seismic 
performance of elevated bridges with emphasis on pounding of girders”. This paper describes 
shaking table 1-D and 2-D pounding experiments between two reduced-scale steel bridge 
decks and between a bridge deck and an abutment. Displacement time-histories are reported.  

 [Chau et al. 2003]. This paper is entitled “Experimental and theoretical simulations of 
seismic poundings between two adjacent structures”. Shaking table pounding tests between 
two steel towers with different natural frequencies, damping ratios, and separations have been 
carried out. Input harmonic waves and seismic ground motions are used. Chaotic motion 
develops when the difference between the two natural frequencies of the towers are large. 
Under sinusoidal excitations, the maximum impact velocity develops at an excitation 
frequency between both natural frequencies. Pounding amplifies the response of the stiffest 
structure but reduces that of the more flexible one. 

 [Rezavandi et al. 2007]. This paper is entitled “Experimental and numerical study on 
pounding effects and mitigation techniques for adjacent structures”. Two series of shaking 
table experiments on small-scale one-bay frames subjected to harmonic and seismic 
excitation are described. Techniques of reduction of pounding effects are presented: distance 
increase, absorbing material, and buildings connecting.  

 [Jankowski 2008a]. This paper is entitled “Comparison of numerical models of impact force 
for simulation of earthquake-induced structural pounding”. The accuracy of pounding 
models (section 2.2) is checked by comparison with an impact experiment conducted by 
dropping balls of different building materials. 

 [Jankowski 2010]. This paper is entitled “Experimental study on earthquake-induced 
pounding between structural elements made of different building materials”. The author 
compares the results of two pounding experiments between elements made of steel, concrete, 
timber, and ceramic. Results show that the coefficient of restitution depends significantly on 
the impact velocity and on the material of the colliding elements. 

 [Khatiwada et al. 2013a]. This paper is entitled “Evaluation of numerical pounding models 
with experimental validation”. This study describes shaking table pounding experiments 
between two steel frames without any seismic gap. It is observed that the pounding effect is 
more sensitive to the difference in natural periods than in mass. 

  [Khatiwada et al. 2013b]. This paper is entitled “An experimental study on pounding force 
between reinforced concrete slabs”. This paper presents experiments on pounding between 
two suspended reinforced concrete slabs. Time histories of the impact forces are reported. 
The experimental results are compared with the predictions of the most common numerical 
models. 

 [Khatiwada et al. 2014]. This paper is entitled “Influence of mass and contact surface on 
pounding response of RC structures”. The same tests described in [Khatiwada et al. 2013b] 
are discussed in this work. Experimental results are presented and commented for peak 
acceleration, coefficient of restitution, and impact force. The effects of impact velocity, mass 
ratio, and geometry of the colliding surfaces are investigated.  

 [Guo et al. 2012, 2015]. These papers are entitled “Impact stiffness of the contact-element 
models for the pounding analysis of highway bridges: experimental evaluation” and “A 
phenomenological contact-element model considering slight non-uniform contact for 
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pounding analysis of highway bridges under seismic excitations”, respectively. These papers 
describe shaking table pounding experiments between two reduced-scale steel bridge decks. 
Time-histories of acceleration, displacement, and impact forces are reported. It is observed 
that a perfect surface-to-surface contact cannot be easily achieved.  

 [Jankowski et al. 2015]. This paper is entitled “Experimental study on pounding between 
structures during damaging earthquakes”. Shaking table experiments on pounding between 
steel towers in series are described. This study shows the influence of pounding on the 
behaviour of structures in series. 

 [Sasaki et al. 2017]. This paper is entitled “Enhancement of base-isolation based on e-
defense fullscale shake table experiments: dynamic response of base-isolated building under 
impact due to pounding”. This work performs a full-scale shake table experiment of impact 
between the base-isolated building and the retaining wall. The effects of impact acceleration 
and accuracy of analysis are evaluated.  

Experimental results on concrete-to-concrete slab impact are rather scarce. Most of the researches 
highlight the difficulty of obtaining precise measurements, given the high-frequency motion 
during the impact; some studies suggest that accelerometers should be complemented with 
acoustic signal sensors and video recorders. Nowadays many open questions still remain. 
Noticeably, given the scarcity of experimental results in full-scale buildings, distributed-
parameter models can be used instead, since they provide results that are closer to reality than 
those from the most simplified methods. 

2.4.5 Input effect 

 [Dimitrakopoulos et al. 2009a, b]. These papers are entitled “Dimensional analysis of the 
earthquake-induced pounding between adjacent structures” and “Dimensional analysis of 
yielding and pounding structures for records without distinct pulses”, respectively. The 
pounding response is analysed under pulse-type and arbitrary excitations. Concerning the 
pulses, it is shown that regardless of the maximum acceleration and the duration of the pulse, 
the response spectra are similar. The study confirms the existence of three spectral regions. 
The response of the most flexible/stiffest oscillator amplifies in the low/high-frequency range. 
The study shows that pounding structures may be most vulnerable to frequencies very 
different from their natural ones. The study also unveils that the dimensionless response 
exhibits an incomplete self-similarity with respect to the mass ratio. Regarding the arbitrary 
inputs, the study proposes input selection criteria and shows that the proposed approach 
reduces drastically the scatter in the response. 

 [Yaghmaei et al. 2012]. This paper is entitled “Pounding force response spectrum for near-
field and far-field earthquakes”. The pounding force response spectrum is considered; it 
shows the value of maximum impact force as a function of the structural vibration periods. 
The effect of mass, gap, and damping on pounding response is studied under near and far-
field inputs. Some exceptions to common acceptance that the pounding force decreases with 
gap distance increase are found. 

 [Efraimiadou et al. 2013]. This paper is entitled “Structural pounding between adjacent 
buildings subjected to strong ground motions. Part II: The effect of multiple earthquakes”. 
This paper examines the effect of multiple earthquakes on the collision between planar RC 5 
and 8-storey building frames. 

 [Polycarpou et al. 2015]. This paper is entitled “Effect of the seismic excitation angle on the 
dynamic response of adjacent buildings during pounding”. The effect of the input incidence 
angle investigated. The excitation angle or angle of incidence is the angle in which the 
horizontal seismic components are applied with respect to the principal structural axes during 
a time history analysis. The results of the conducted parametric studies reveal that it is very 
important to consider the arbitrary direction of the ground motion with respect to the structural 
axes of the simulated buildings, especially during pounding, since, in many cases pounding 
becomes more pronounced for excitation angle different from 0 or 90 degrees. 

 [Mavronicola et al. 2017]. This study is entitled “Spatial seismic modelling of base-isolated 
buildings pounding against moat walls: effects of ground motion directionality and mass 
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eccentricity”. This paper performs a number of parametrical studies to investigate the effect 
of pounding on the seismic behaviour of base-isolated structures in a three-dimensional 
domain. The study shows that, considering of the input incidence angle and mass 
eccentricities are relevant issues and have a significant influence on the peak response of the 
buildings. 

These studies point out that the seismic input effect is significant. This remark is based on the 
chaotic nature of the pounding response and on the high diversity of the ground motion 
characteristics. A relevant conclusion is that any parametric study should consider the actuation 
of a wide and representative set of accelerograms. Their main features are relevance of velocity 
pulses (near-fault effects), soil type, earthquake magnitude, distance to the centre, and duration. 
In chapter 4, a parametric study on the pounding response of 3 and 5-storey RC buildings is 
conducted. Regarding the input influence, it is assumed that their most relevant characteristics are 
the importance of velocity pulses and the frequency content (represented by the soil type), see 
also subsection 4.4.5. 

2.4.6 Influence of soil-structure-interaction (SSI) 

 [Schmid, Chouw 1992]. This paper is entitled “Soil-structure interaction effects on structural 
pounding”. SSI is described with boundary and finite element solutions. It is concluded that 
SSI has a profound influence on the impact behaviour. 

 [Rahman et al. 2001]. This paper is entitled “Seismic pounding of a case of adjacent 
multiple-story buildings of differing total heights considering soil flexibility effects”. This 
paper studies pounding between RC buildings considering the soil flexibility (linear soil 
behaviour and nonlinear structural response). The pounding response is found to be highly 
sensitive to the SSI and to the characteristics and direction of the seismic excitation. 

 [Chouw 2002]. This paper is entitled “Influence of soil-structure interaction on pounding 
response of adjacent buildings due to near-source earthquakes”. This paper analyses the 
influence of soil-structure interaction on pounding response of adjacent buildings due to near-
source earthquakes. The results show that SSI and pulses have a significant effect. 

 [Chouw, Hao 2005]. This paper is entitled “Study of SSI and non-uniform ground motion 
effect on pounding between bridge girders”. This paper studies the influence of SSI and 
spatial ground motion on the pounding of two adjacent bridge frames. The authors concluded 
that both issues should be considered. 

 [Naserkhaki et al. 2012]. This paper is entitled “Earthquake induced pounding between 
adjacent buildings considering soil-structure interaction”. This paper examines pounding 
between adjacent buildings with SSI. Results indicate that the underlying soil negatively 
impacts the buildings seismic responses. 

 [Mahmoud et al. 2013]. This paper is entitled “Earthquake-induced pounding between equal 
height multi-storey buildings considering soil-structure interaction”. This paper examines 
SSI effect on pounding between two equal-height inelastic buildings. It is found that SSI 
decreases drifts, impact forces, and dissipated energy, whereas increases accelerations. 

 [Madani et al. 2015]. This paper is entitled “Dynamic response of structures subjected to 
pounding and structure–soil–structure interaction”. This paper simulates and discusses the 
effects of pounding and SSSI (Structure-Soil-Structure Interaction) between two adjacent 
steel structures. The study shows that this issue is relevant. 

A parametric study on the pounding response of 3 and 5-storey RC buildings is conducted in 
chapter 4. SSI is represented by springs and dashpots; two types of foundation are contemplated, 
namely isolated and mat; see subsections 4.4.5.2 and 4.4.5.3. These studies show that SSI cannot 
be neglected in seismic pounding simulation. 

2.4.7 Mitigation 

 [Valles, Reinhorn 1997]. This paper is entitled “Evaluation, prevention and mitigation of 
pounding effects in building structures”. This paper shows critical issues for pounding such 
as gap size, pounding effects, and pounding mitigation effects. In order to model the impact 
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behaviour, the Kelvin element has been used.  Apart from other contributions, this paper 
describes three types of elements for pounding mitigation: link, bumper, and damper. 

 [Ruangrassamee, Kawashima 2003]. This paper is entitled “Control of nonlinear bridge 
response with pounding effect by variable dampers”. This research shows the effectiveness 
of variable dampers in improving the seismic pounding response of bridges. It is concluded 
that the friction-type damping force system gives the largest reduction of the relative 
displacement between two decks and the flexural hysteretic curvature at the plastic hinge of 
a pier. Pulse-like acceleration response resulted from pounding between two decks is reduced 
extensively. 

 [Anagnostopoulos, Karamaneas 2008]. This paper is entitled “Collision Shear Walls to 
Mitigate Seismic Pounding of Adjacent Buildings”. The use of bumper shear walls to 
minimise the damage of RC buildings is investigated. Results indicate that pounding keeps 
within tolerable limits and the collision walls will suffer repairable local damage. 

 [Guo et al. 2009]. This paper is entitled “Experimental and analytical study on pounding 
reduction of base-isolated highway bridges using MR dampers”. This paper presents an 
experimental and analytical study on pounding reduction of highway bridges subjected to 
earthquake ground motions by using magnetorheological dampers with semi-active control. 
It is concluded that the dampers mitigate the pounding effect. 

 [Polycarpou et al. 2013]. This paper is entitled “A nonlinear impact model for simulating the 
use of rubber shock absorbers for mitigating the effects of structural pounding during 
earthquakes”. This work describes the incorporation of rubber bumpers between adjacent 
buildings and proposes a simulation model.  

 [Takabatake et al. 2014, 2015; Khatiwada et al. 2015]. These papers are entitled 
“Relaxation method for pounding action between adjacent buildings at expansion joint”, 
“Response to short communication on Relaxation method for pounding action between 
adjacent buildings at expansion joint”, and “Discussion on relaxation method for pounding 
action between adjacent buildings at the expansion joint”, respectively. These papers present 
an effective method for reducing the pounding damage. The method involves inserting a 
shock-absorbing material into the joint gap. Numerical and experimental results confirm the 
effectiveness of the proposed approach, although some concerns arose.  

 [Naderpour et al. 2017]. This paper is entitled “Prediction of Critical Distance Between Two 
MDOF Systems Subjected to Seismic Excitation in Terms of Artificial Neural Networks”. In 
this paper, an artificial neural network is used to estimate the required distance to prevent 
collision between structures. The accuracy of proposed formulation is numerically 
investigated.  

These investigations highlight the feasibility of using simple rubber bumpers for mitigation of 
seismic pounding between adjoining buildings as an alternative to the seismic separation 
requirements. 

2.4.8 Review 

 [Anagnostopoulos 1996]. This paper is entitled “Building Pounding Re-examined: How 
Serious a Problem is it”. A detailed review is presented. It is concluded that for buildings 
with similar heights and structural characteristics, the pounding effects are limited to some 
local damage and higher accelerations. Only when the buildings have much different masses, 
periods, and heights, can pounding be a threat to safety. When the buildings masses are 
similar, the responses of the stiffest/softest buildings will be amplified/deamplified. Bumper 
shear walls are suggested. 

 [Cole et al. 2010]. This paper is entitled “Building pounding state of the art: Identifying 
structures vulnerable to pounding damage”. Current methods of building pounding 
assessment are reviewed. Critical building weaknesses vulnerable to the pounding are 
presented. 

 [Khatiwada, Chouw 2014]. This paper is entitled “Limitations in Simulation of Building 
Pounding in Earthquakes”. Several methods have been proposed for the analysis of building 
pounding. In previous studies, some of these models have been considered in isolation, while 
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others have been studied as a specific configuration of buildings. Although the pounding force 
predicted by each model varies significantly, results from the evaluation of these models have 
been inconclusive. This leads to uncertainties in the practical applications of pounding force 
models. This study addresses the limitations in numerical and experimental simulations of 
building pounding. 

2.4.9 Base Isolation 

 [Komodromos et al. 2007]. This paper is entitled “Response of seismically isolated buildings 
considering poundings”. This paper describes seismic pounding of isolated buildings with the 
moat wall. A large number of numerical simulations with different characteristics have been 
conducted under six earthquake excitations in order to investigate the influence of various 
design parameters and conditions on the peak floor accelerations and inter-storey deflections 
during poundings. It is shown that accelerations are significantly increased, especially at the 
base floor. Higher modes of vibration are excited, thus increasing the drift in the 
superstructure. The impact model stiffness significantly affects the acceleration and has less 
effect on the displacement. It is also concluded that high isolation flexibility may generate 
pounding vulnerability. 

 [Kun et al. 2009a]. This paper is entitled “A modified Kelvin impact model for pounding 
simulation of base-isolated building with adjacent structures”. This paper examines the 
suitability of the modified Kelvin impact model for simulation of pounding of base-isolated 
buildings. In order to estimate the damage of the superstructure caused by the pounding, the 
inelasticity of the isolated superstructure is introduced. The conclusions are similar to those 
of [Komodromos et al. 2007]. 

 [Polycarpou, Komodromos 2010a, 2010b, 2011]. These papers are entitled “Earthquake-
induced poundings of a seismically isolated building with adjacent structures”, “On 
poundings of a seismically isolated building with adjacent structures during strong 
earthquakes”, and “Numerical investigation of potential mitigation measures for poundings 
of seismically isolated buildings”, respectively. These papers investigate pounding of isolated 
buildings either with the moat wall or against adjacent buildings. The simulations reveal that 
even if a sufficient gap is provided, this does not ensure that the building will not collide with 
neighbouring buildings. The use of rubber bumpers is considered. 

 [Masroor, Mosqueda 2012]. This paper is entitled “Experimental simulation of base-
isolated buildings pounding against moat wall and effects on superstructure response”. In 
this paper, a series of earthquake simulator experiments are performed to assess performance 
limit states of seismically isolated buildings under strong ground motions, including pounding 
against a moat wall. The test results indicate that the contact forces are largely dependent on 
the gap distance, the impact velocity, and the wall flexibility and, in extreme cases, pounding 
can induce yielding in the superstructure. 

 [Pant et al. 2012]. This paper is entitled “Pounding of seismically isolated reinforced 
concrete buildings subjected to near-fault ground motions”. This paper describes the effect 
of pounding on base-isolated RC buildings subjected to the velocity pulses. The influence of 
bounding values of isolator properties is clarified. 

 [Barros et al. 2013]. This paper is entitled “Influence of seismic pounding on RC buildings 
with and without base isolation system subject to near- fault ground motions”. This paper 
compares pounding of base-isolated and fixed-base buildings. The authors conclude that the 
largest impact force appears in the top storey and most of the damage corresponds also to the 
fixed-base buildings. 

 [Liu et al. 2014]. This paper is entitled “New Equivalent Linear Impact Model for Simulation 
of Seismic Isolated Structure Pounding against Moat Wall”. Based on equating energy 
dissipation and maximum collision compression deformation of the isolated structure with 
the Hertzdamp model and Kelvin-Voigt model in the process of collision, a linear impact 
model is proposed to predict impact response of seismic isolated structures. The equivalent 
linear stiffness is theoretically derived. The effectiveness of this model is verified by 
comparing the numerical results with experimental ones. 
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2.4.10   Bridges 

 [Malhotra 1998]. This paper is entitled “Dynamics of seismic pounding at expansion joints 
of concrete bridges”. The theoretical results of the first part of this paper are used to analyse 
the pounding of segments of concrete bridges. The coefficient of restitution is determined 
after recorded data. It is shown that pounding generally reduces the column forces, the large 
impact forces generated in the superstructure are not transmitted to columns and foundations, 
and pounding does not increase the longitudinal separation at hinges. 

 [Jankowski et al. 1998]. This paper is entitled “Pounding of superstructure segments in 
isolated elevated bridge during earthquakes”. The aim of this paper is to analyse pounding 
between superstructure segments of an isolated bridge. The results of the study show that 
pounding leads to the increase or decrease of the forces acting on piers, depending on the gap 
size between superstructure segments.  

 [Ruangrassamee, Kawashima 2001]. This paper is entitled “Relative displacement response 
spectra with pounding effect”. This research investigates pounding between bridge segments. 
The results are represented in form of relative displacement response spectra. 

 [Des Roches, Muthukumar 2002]. This paper is entitled “Effect of Pounding and 
Restrainers on Seismic Response of Multiple-Frame Bridges”. This paper investigates the 
response of multiple-frame bridges considering one and two-sided pounding. The relevance 
of frame period and ground motion characteristic period is shown. It is recognised that the 
one-sided pounding amplifies the frame response of highly out-of-phase frames, mainly in 
short period structures; the two-sided pounding response has been increased in stiff frames. 

 [Li et al. 2012]. This paper is entitled “Experimental investigation of spatially varying effect 
of ground motions on bridge pounding”. This research evaluates experimentally the influence 
of spatial variation of ground motions on the pounding behaviour of three adjacent bridge 
segments. The investigation is performed using three shake tables. Results confirm that the 
spatially no uniform ground motions increase the relative displacement of adjacent bridge 
girders and pounding forces. 

 [Marin 2014]. This MSc thesis is entitled “Development and implementation of a biaxial 
contact element to analyse pounding in highway bridges with deck rotation under 
bidirectional seismic excitation”. A modified Kelvin-Voigt model where frictional forces are 
involved is developed and implemented in OpenSees. This model is experimentally validated. 

 [Chanda et al. 2016]. This paper is entitled “The Application of the most suitable Impact 
Model(s) for simulating the Seismic Response of a Straight Bridge under Impact due to 
Pounding”. This paper analyses seismic pounding between bridge segments using multi-body 
dynamics. 

Given the big differences between pounding of buildings and of bridges, the conclusions of these 
studies cannot be directly extrapolated to a collision between adjoining buildings. The most 
relevant issues refer to numerical modelling. 

Section 2.2 presents a review on the state-of-the-art of research on seismic pounding between 
buildings with aligned slabs. A summary of the theoretical developments is presented, the most 
common simulation software codes are examined, and an overview of the previous research is 
provided. The most relevant observations arising from this study are discussed next in chapter 5 
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3 PROPOSED FORMULATION FOR ESTIMATING THE DAMPING OF THE 
KELVIN-VOIGT MODEL 

3.1 Description of study 

As outlined in the introduction (chapter 1), the impact between adjacent buildings under strong 
seismic events is a relevant issue and is something to be taken into consideration. In addition, a 
collision between two building slabs is a complex phenomenon since it involves stress travelling 
waves, high-frequency behaviour and significant local effects. Sophisticated mechanics-based 
numerical models are available but they are extremely time-consuming and are therefore 
unsuitable for extensive use in actual structures. Also, the 3-D continuum partial derivative 
equations of motion (distributed-parameter models) can be solved exactly in some geometrically 
simple cases; the ensuing closed-form solutions can be useful when the required simplifying 
assumptions are feasible. Noticeably, since only few experiments in full-scale buildings have been 
fully reported, the distributed-parameter models become a useful reference since they constitute 
the most accurate simulation tool. The description of the analysed type of impact with 
concentrated models has been suggested [Watanabe, Kawashima 2004]. The most simple and 
spread one is the linear viscoelastic Kelvin-Voigt model [Anagnostopoulos 1988]. This model 
consists in the parallel combination of a spring and a dashpot, together with the consideration of 
the gap between the colliding slabs, as described in Figure 2-28.a.  

The most expanded explanation of the Kelvin-Voigt model is in the section 2.2.3.1. As can be 
seen in the Figure 2-28.a, ml and mr are the equivalent masses of the left and the right colliding 
slabs, d is gap size, and k and c are the stiffness and the damping coefficients, respectively. It 
should be emphasised that the masses ml and mr are not actually a part of the model; they have 
been included herein for further clarity. The Kelvin-Voigt model is simple, robust, and 
computationally inexpensive, providing reasonable accuracy; moreover, it is implemented in the 
most common software codes (ETABS, SeismoStruct, Opensees, among others). On the other 
hand, sound criteria for selecting damping parameter are available [Anagnostopoulos 2004], with 
regard to the stiffness, it has proven to be less relevant. 

Conversely, to these positive issues, some studies [Muthukumar, DesRoches 2006; Mahmoud, 
Jankowski 2011] have pointed out that the Kelvin-Voigt model exhibits some degree of 
inconsistency since the contact force can take negative values, despite this model being 
compression-only. With the aim of fixing this conflict, the works [Komodromos et al. 2007; Kun 
et al. 2009; Barros et al. 2013] depict modifications of the Kelvin-Voigt model; the study 
[Mahmoud, Jankowski 2011] demonstrates that their results are similar to those of the normal 
Kelvin-Voigt model. In addition, other models such as Hertzdamp [Muthukumar, DesRoches 
2006; Chau, Wei 2001], nonlinear viscoelastic [Jankowski 2005], and Hunt-Crossley [Khatiwada 
et al. 2014] have been proposed, see section 2.2. These models are computationally more 
expensive and less robust, are not implemented in the major software codes, and no 
comprehensive studies providing criteria for selecting the values of the parameters have been 
reported. Also, the aforementioned inconsistency in the Kelvin-Voigt model does not affect its 
overall performance [Khatiwada, Chouw 2014]. Therefore, the Kelvin-Voigt model is a valid and 
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practical tool for global studies on seismic pounding between buildings with aligned slabs; this 
work focuses on it. 

As stated in the previous paragraph, criteria for estimating the damping parameter of the Kelvin-
Voigt model are well established. According to work [Anagnostopoulos 2004], the damping 
parameter is selected after a simple closed-form expression providing damping in terms of a target 
value of the coefficient of restitution; this expression is derived by neglecting, during the impact 
duration, the influence of the colliding building structures and of the seismic excitation. These 
assumptions are based on the higher stiffness and damping of the Kelvin-Voigt model compared 
to those of the buildings, and on the input randomness, given the extremely short impact duration. 
Then by considering these assumptions, Anagnostopoulos performed a modal analysis of the 
ensuing two-degree of freedom system (Figure 2-28.a) and derived closed-form solutions of the 
uncoupled scalar equations of motion in modal coordinates. The first mode involves only rigid-
body motion and has no stiffness and no damping; the natural frequency (ω) and the damping 
ratio (ζ) of the second mode are given by equation (2-37). Following the section 2.2.3.1, the 
impact duration and later the coefficient of restitution are given by equation (2-38). In brief, this 
approach follows these steps;(1) estimating initially the coefficient of restitution r, (2) obtaining 
the damping ratio by second equation (2-38), (3) then obtaining the damping parameter c with the 
second equation (2-37). The accuracy of this strategy can be evaluated by obtaining the actual 
value of r and comparing with the target one. This approach has proven basically satisfactory 
[Anagnostopoulos 1988; Mahmoud, Jankowski 2011; Khatiwada, Chouw 2014; Khatiwada et al. 
2013], but further improvement is still possible.  

As discussed previously, less attention has been paid to the stiffness parameter, since it has no 
intense effect on the response of the building. More precisely, the effect on post-impact velocity, 
drift displacement, and the storey shear force is extremely weak [Anagnostopoulos 1988]; 
conversely, this work shows (Chapter 4), impact force and absolute acceleration are more 
sensitive to the stiffness of the Kelvin-Voigt model. Given these considerations and the fact that 
a considerable number of sound criteria to select the stiffness parameter have been reported 
[Watanabe, Kawashima 2004; Anagnostopoulos 1988; Khatiwada, Chouw 2014; Maison, Kasai 
1992; Liu et al. 2014], this study focusses on the damping parameter.  

This chapter presents a new formulation where the damping coefficient of the Kelvin-Voigt model 
is selected, like in the previous approach, after the target coefficient of restitution. The proposed 
formulation accounts, during the impact duration, for the influence of the stiffness and the 
damping of the colliding buildings; the effect of input is disregarded because it is random and has 
proven limited in all the analysed situations. The proposed formulation leads to a simple 
algorithm; it requires input parameters dealing with the building structures and with the velocities 
at the beginning of impact. A simplified parametrical study on two single-storey single-bay 
frames is carried out; its objective is to investigate the performance of the proposed formulation, 
mainly in comparison with the previous one. Criteria for selecting the required input impact 
velocities are provided. Numerical examples on pounding between pairs of multi-storey multi-
bay RC frames under seismic excitation are presented; the obtained results highlight the capacity 
of the proposed approach and their superior performance compared to the previous one. These 
remarks are further emphasised in the numerical simulation of shaking table pounding 
experiments on pairs of RC colliding frames. 

The final objective of this long-term research is to provide simple and efficient simulation tools 
and to study the relevance of seismic pounding in the most common situations. 

3.2 Proposed formulation for estimating the damping of the Kelvin-Voigt model 

3.2.1 General remarks 

The proposed formulation follows basically the strategy in [Anagnostopoulos 2004], although 
releasing some of the adopted assumptions. The modal analysis of the colliding buildings during 
their impact is performed considering the influence of the equivalent stiffness of each building 
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and incorporating the gap (d) inside the formulation. After these analyses, the damping ratio of 
the second mode is determined in terms of the damping parameters of the Kelvin-Voigt model 
and of the colliding buildings, similarly to equation (2-37). Then, the uncoupled scalar modal 
equations of motion are solved; the ensuing closed-form solutions allow deriving a numerical 
algorithm providing a relation between the damping ratio of the second mode and the coefficient 
of restitution. This process corresponds to the equation (2-38) in the previous formulation. For 
convenience, in the following sections, subindex A accounts for Anagnostopoulos approach.  

3.2.2 Modal analysis of two buildings during impact 

This subsection presents an analytical study on the behaviour of two colliding slabs during the 
duration of the impact (contact) between them. This study follows the procedure in 
[Anagnostopoulos 2004], although incorporating the gap (d) and considering, in a simplified way, 
the influence of the stiffness of the buildings. Figure 3-1 describes the considered mechanical 
model; Figure 3-1.a displays the initial configuration and Figure 3-1.b represents any situation 
during the impact duration. 

 
 
 
 
 
 

 

 
 
 
 

(a) Unstrained configuration (b) Strained configuration during impact 
Figure 3-1. Considered mechanical model of the impact between two aligned slabs 

In Figure 3-1.a, xl and xr, ml and mr, cl and cr, and kl and kr represent the coordinates with respect 
to the start of contact, equivalent mass, damping, and stiffness of left and right buildings, 
respectively. These equivalent values are not the actual parameters of the buildings, but those that 
had better characterised, exclusively during the impact duration, the dynamic evolution of the 
colliding slabs. Concerning stiffness, kl and kr are similar to the stiffness of the storeys that are 
adjacent to the colliding one. The corresponding equivalent undamped natural frequencies are 

given by ωl = �𝑘𝑘l
𝑚𝑚l

 and ωr = �𝑘𝑘r
𝑚𝑚r

, respectively; analogously, damping ratios are ζl = 𝑐𝑐l
2 �𝑘𝑘l 𝑚𝑚l

 

and ζr = 𝑐𝑐r
2 �𝑘𝑘r 𝑚𝑚r

. Noticeably, ωl and ωr do not correspond at all to the fundamental frequencies 

of the colliding buildings, but merely to the frequencies of the colliding slabs during impact. The 
system depicted at Figure 3-1.b has two degrees of freedom; therefore, their properties should be 
studied by means of a modal analysis. The equations of motion of the pounding slabs in physical 
coordinates shown in Figure 3-1 are 

 𝑚𝑚l �̈�𝑥l + 𝑐𝑐l 𝑥𝑥l̇ + 𝑘𝑘l 𝑥𝑥l  +  𝐹𝐹(t) = 0 (3-1)  𝑚𝑚r �̈�𝑥r + 𝑐𝑐r 𝑥𝑥ṙ + 𝑘𝑘r 𝑥𝑥r −  𝐹𝐹(t) = 0 

In equation (3-1), F(t) is the impact force at the onset of impact between two colliding bodies 
(equation (2-36)). At the onset of the impact, initial conditions are 𝑥𝑥l(0) = 𝑥𝑥0, 𝑥𝑥r(0) = 𝑥𝑥0 − 𝑑𝑑, 
�̇�𝑥l(0) = 𝑣𝑣l, and �̇�𝑥r(0) = 𝑣𝑣r. vl and vr are the velocities of masses ml and mr, respectively. 
Obviously, collision requires that vr ≤ vl, and contact is maintained until xr ≤ xl. Noticeably, vl and 
vr depend on the overall parameters of the buildings and on the input ground motion. 

The ratio between both colliding masses is defined as µ = ml / mr; provided that both colliding 
buildings belong to the same structural type, it can be reasonably assumed that both stiffness hold 
the same proportion than the mass: µ = kl / kr; therefore, ωl = ωr. As well, it can be rationally 
supposed that both buildings have the same damping ratio;  it follows immediately that µ = cl / cr. 
These considerations are the same that lead to the simplified expressions for the fundamental 
period of a given building that are contained in the major design codes. For convenience, 

xl xr 
cr cl 

k 

mr ml 

c xl xr d 

kl kr 
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dimensionless coefficients λ and γ are introduced: λ = cr / c and γ = kr / k. The damped free motion 
of the 2-DOF system depicted in Figure 3-1, can be written in matrix form as 

 𝐌𝐌 �̈�𝐱 + 𝐂𝐂 �̇�𝐱 + 𝐊𝐊 𝐱𝐱 + 𝐛𝐛 = 𝟎𝟎 (3-2) 

In equation (3-2), the displacement vector x, the constant vector b, and the mass (M), damping 
(C), and stiffness (K) matrices are given by 

𝐌𝐌 = �𝑚𝑚l 0
0 𝑚𝑚r

� 𝐂𝐂 = �
𝑐𝑐 + 𝑐𝑐l −𝑐𝑐
−𝑐𝑐 𝑐𝑐 + 𝑐𝑐r

� (3-3) 

𝐊𝐊 = �𝑘𝑘 + 𝑘𝑘l −𝑘𝑘
−𝑘𝑘 𝑘𝑘 + 𝑘𝑘r

� 𝐛𝐛 = �−𝑘𝑘 𝑑𝑑
𝑘𝑘 𝑑𝑑 �             𝐱𝐱 = �

𝑥𝑥l
𝑥𝑥r� (3-4) 

Noticeably, the stiffness matrix is singular, thus indicating the presence of zero eigenvalues and, 
therefore, the existence of rigid-body eigen modes. The modal analysis is carried out by solving 
the classical linear eigenvalue problem (K − ω2 M)φ = 0. The eigenvalues (natural frequencies) 
are determined by solving the characteristic polynomial equation det(K − ω2 M) = 0: 

   �𝑘𝑘 + 𝑘𝑘l − ω2𝑚𝑚l −𝑘𝑘
−𝑘𝑘 𝑘𝑘 + 𝑘𝑘r − ω2𝑚𝑚r

� = 0 (3-5) 

The solution of Equation (3-5) provides the two undamped natural frequencies of the first and the 
second mode, termed as ω1 and ω2:  

ω1 = ωl = ωr ω2 = ωl�
1 + µ + µ γ 

µ γ
= ωr�

1 + µ + µ γ 
µ γ

= �𝑘𝑘 
1 + µ + µ γ 

µ 𝑚𝑚𝑟𝑟
 (3-6) 

The corresponding eigenvectors are determined from the main eigenvalue problem ((K − ω2 M)φ 
= 0): 

φ1 = �1
1� φ2 = � 1

−µ� (3-7) 

Noticeably, the modal vectors are orthogonal with respect to the mass and the stiffness matrices: 
φ1

T M φ2 = 0 and φ1
T K φ2 = 0; also, the modal vectors are orthogonal with respect to damping 

matrix: φ1
T C φ2 = 0. As well, φ1

T M φ1 = ml + mr, φ2
T M φ2 = ml (1 + µ), φ1

T K φ1 = kl + kr, and 
φ2

T K φ2 = k [(1 + µ)2 + µγ (1 +µ)] . The modal matrix and its inverse are given by 

Φ = �1 1
1 −µ� Φ−1 =

1
1 + µ

�µ 1
1 −1� (3-8) 

Since the modal matrix is symmetric, then ΦT = Φ. This matrix defines the change from physical 
coordinates x to modal coordinates η according to x = Φ η: 

𝑥𝑥l = η1 + η2 𝑥𝑥r = η1 − µ η2 (3-9) 

The inverse relations are given by 

η1 =
1

1 + µ
(µ 𝑥𝑥l + 𝑥𝑥r) η2 =

1
1 + µ

(𝑥𝑥l − 𝑥𝑥r) (3-10) 

These equations show that the first mode corresponds to the rigid-body motion, in the sense that 
does not generate any strain in the Kelvin-Voigt model (η2 = 0, implies that xl = xr); this is 
consistent with the left equation (3-6). On the contrary, in the second mode, both slabs move in 
opposite directions, thus causing strains in the Kelvin-Voigt model. Comparison between the left 
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equation (2-37) and the right equation (3-6) highlights the similarity between this formulation and 
the previous one; if γ = 0, ω2 is equal to the value (ω) from Anagnostopoulos and if γ ≠ 0, ω2 is 
higher. 

By pre-multiplying the equation (3-2) with matrix ΦT and replacing the physical coordinates x 
with the modal coordinates η, the equation of motion in modal coordinates is obtained as follow: 

ΦT 𝐌𝐌 Φ η̈ + ΦT𝐂𝐂 Φ η̇ + ΦT𝐊𝐊 Φ η + ΦT 𝐛𝐛 = 0 (3-11) 

In equation (3-11), the vector ΦT b, and the mass (ΦT M Φ), damping (ΦT C Φ), and stiffness (ΦT 
K Φ) matrices in modal coordinates are given by: 

ΦT 𝐌𝐌 Φ = (1 + µ)�
𝑚𝑚l

µ
0

0 µ 𝑚𝑚r

� ΦT 𝐂𝐂 Φ =  (1 + µ) �
𝑐𝑐l
µ

0

0 µ 𝑐𝑐r + 𝑐𝑐 (1 + µ)
� (3-12) 

 

ΦT 𝐊𝐊 Φ = 𝑘𝑘 (1 + µ) �
γ 0
0 (1 + µ + µ γ)� ΦT 𝐛𝐛 =  (1 + µ) � 0

−𝑘𝑘𝑑𝑑� (3-13) 

As expected, the mass, the stiffness, and the damping matrices in the modal coordinates are 
diagonal and, therefore, the matrix equations of motion in such coordinates after some algebra 
can be separated in two uncoupled scalar damped equations: 

𝑚𝑚l η̈1 + 𝑐𝑐l η̇1 + 𝑘𝑘 µ γ η1 = 0 
(3-14) 𝑚𝑚r µ η̈2 + [𝑐𝑐 (1 + µ) + 𝑐𝑐r µ] η̇2 + 𝑘𝑘 (1 + µ + µ γ) η2 = 𝑘𝑘 𝑑𝑑 

The first equation in (3-14) confirms that the first mode damped is only contributed by the 
buildings damping; this is coherent with the aforementioned absence of strains in the Kelvin-
Voigt model. The damping ratios of the first and the second modes are given by 

ζ1 = ζl = ζr 
ζ2 = ζl

 1 + µ + µ λ 
 �(1 + µ + µ γ) µ 

�γ 
λ

= ζr
 1 + µ + µ λ 

 �(1 + µ + µ γ) µ 
�γ 
λ

=
𝑐𝑐 (1 + µ) + µ 𝑐𝑐r 

2�𝑘𝑘 (1 + µ + µ γ) µ 𝑚𝑚r
 

(3-15) 

The last relation in equation (3-15) plays the same role than second equation (2-37) in the study 
by Anagnostopoulos; more precisely, if λ = γ = 0, both expressions are alike. 

3.2.3 Closed-form solution of the equation of motion 

The closed-form solution for the depicted system in Figure 3-1.b can be obtained by solving scalar 
equations of motion in modal coordinates (3-14) and obtaining the physical coordinates (l, r) in 
terms of the modal ones (1,2) after equation (3-9). At the onset of impact, the initial conditions 
are 𝑥𝑥l(0) = 𝑥𝑥0, 𝑥𝑥r(0) = 𝑥𝑥0 − 𝑑𝑑, �̇�𝑥l(0) = 𝑣𝑣l, and �̇�𝑥r(0) = 𝑣𝑣r. In modal coordinates, these 
conditions become: 

η1(0) = 𝑥𝑥0 −
𝑑𝑑

1 + µ
 η̇1(0) =

µ 𝑣𝑣l + 𝑣𝑣r
1 + µ

 
(3-16) 

η2(0) =
𝑑𝑑

1 + µ
 η̇2(0) =

𝑣𝑣l −  𝑣𝑣r
1 + µ

 

Noticeably, since vl ≥ vr, then η̇2(0) ≥ 0. The closed-form solutions of equations (3-14) that fulfil 
these conditions are 
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 η1(𝑡𝑡) = 𝑒𝑒−ζ1 ω1 𝑡𝑡 �
η̇1(0) + ζ1 ω1 η1(0)

ω1�1− ζ1
2�

1
2

sinω1�1− ζ1
2�

1
2 𝑡𝑡 + η1(0) cosω1�1− ζ1

2�
1/2

𝑡𝑡� 

(3-17) 
 η2(𝑡𝑡) = 𝑒𝑒−ζ2 ω2 𝑡𝑡 �

η̇2(0) + ζ2 ω2 η2(0)

ω2�1− ζ2
2�

1
2

sinω2�1− ζ2
2�

1
2 𝑡𝑡 + η2(0) cosω2�1− ζ2

2�
1/2

𝑡𝑡� + 
𝑘𝑘 𝑑𝑑

ω2
2 𝑚𝑚l 

 

Then, the closed-form solutions in the physical coordinates can be easily obtained after the 
relations 𝑥𝑥l = η1 + η2 and 𝑥𝑥r = η1 − µ η2. 

3.2.4 Impact duration 

The impact initiates when xl − xr = d (t = 0) and ends when this condition is fulfilled again (t = 
timp); the coefficient of restitution can be determined by equation (2-35) where the final and initial 
velocities correspond to instants t = 0 and t = timp, respectively. From the relations 𝑥𝑥l = η1 + η2 
and 𝑥𝑥r = η1 − µ η2, can be shown that; 𝑥𝑥l − 𝑥𝑥r = (1 + µ) η2, this analysis can be conducted 
regardless of η1; the conditions of η2 for the start and end of the impact become, respectively 

η2(0) =
𝑑𝑑

1 + µ
 η2�𝑡𝑡imp� =

𝑑𝑑
1 + µ

 (3-18) 

The right equation (3-18) can be solved for timp by any standard iterative procedure, e.g. Newton-
Raphson. Equations (3-14) and (3-17) show that, since η2(0) and η̇2(0) are positive, equation 
(3-18) corresponds to a segment of a half wave of the free response of a damped SDOF system; 
therefore, the initial value of timp in the aforementioned iterative procedure can be selected as 

π

ω2 �1−ζ2
2�
1/2, since such instant corresponds to the right end of that wave. The time derivative can 

be taken from equation (3-37). These considerations show that, although equation (3-18) has 
infinite solutions, the desired one can be obtained after only a few iterations.  

When cl = cr = 0, the right equation (3-18) can be solved without iterating. In that case, equation 
(3-18) has a closed-form solution for ζ2 = 0; then, it is solved using a power series expansion. A 
power series expansion is a representation of a particular function as a sum of powers in one of 
its variables, or by a sum of powers of another (usually elementary) function. In mathematics, a 
power series (in one variable) is an infinite series of the form 

𝑓𝑓(𝑥𝑥) =  �𝑎𝑎𝑛𝑛 (𝑥𝑥 − 𝑐𝑐)𝑛𝑛 =  𝑎𝑎0 + 
∞

𝑛𝑛=0

𝑎𝑎1 (𝑥𝑥 − 𝑐𝑐) +  𝑎𝑎2 (𝑥𝑥 − 𝑐𝑐)2 + ⋯ (3-19) 

Where an represents the coefficient of the nth term and c is a constant. This series usually arises 
as the Taylor series of some known function. If a function is analytic, then the coefficients an can 
be computed as 

𝑎𝑎𝑛𝑛 =  
𝑓𝑓(𝑛𝑛)(𝑐𝑐)
𝑛𝑛!

 (3-20) 

Where  𝑓𝑓(𝑛𝑛)(𝑐𝑐) denotes the nth derivative of f at c, and   𝑓𝑓(0)(𝑐𝑐) = 𝑓𝑓(𝑐𝑐). Hence, f(x) is given by 

𝑓𝑓(𝑥𝑥) =  �  
𝑓𝑓(𝑛𝑛)(𝑐𝑐)
𝑛𝑛!

 (𝑥𝑥 − 𝑐𝑐)𝑛𝑛
∞

n=0

 (3-21) 

Then in order to solve the equation η2�𝑡𝑡imp� = 𝑑𝑑
1+µ

, the power series expansion can be written as 
follow: 
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𝑡𝑡imp�ζ2� = 𝑡𝑡imp(0) +
𝑡𝑡imp′ (0)

1!
ζ2 +

𝑡𝑡imp′′ (0)
2!

ζ2
2 + 0�ζ2

3� (3-22) 

In the equation (3-22), the derivatives are respect to the ζ2. By replacing ζ2 = 0 in the equation 
(3-17) then using the right equation (3-18), the impact duration for zero damping (timp(0)), is 
obtained: 

�
η̇2(0)
ω2

sinω2 𝑡𝑡imp(0) + η2(0) cosω2 𝑡𝑡imp(0)�+  
𝑘𝑘 𝑑𝑑

ω2
2 𝑚𝑚l 

=  
𝑑𝑑

1 + µ
 (3-23) 

 

(𝑣𝑣l −  𝑣𝑣r) (1 + µ + µ γ)
ω2 µ γ 𝑑𝑑

sinω2 𝑡𝑡imp(0) +  cosω2 𝑡𝑡imp(0)− 1 =  0 (3-24) 

So, the first term of the equation (3-22) is 

𝑡𝑡imp(0) =
2
ω2

 tan−1(β) (3-25) 

For convenience, the dimensionless parameter β is introduced, being given by β =
(𝑣𝑣l− 𝑣𝑣r) (1+µ+µ γ)

ω2 µ γ 𝑑𝑑
. The derivatives are determined by implicit derivation of the second equation 

(3-17) respect to the ζ2. The first derivative of the second equation (3-17) respect to the ζ2, is 

𝐂𝐂 cosω2�1 − ζ2
2 𝑡𝑡 + 𝐒𝐒 sinω2�1 − ζ2

2 𝑡𝑡 = 0 (3-26) 

Where the coefficients C and S are 

𝐂𝐂 = ω2

⎣
⎢
⎢
⎡
�−𝑡𝑡 − 𝑡𝑡 ′ζ2� +

⎝

⎛𝑡𝑡 ′�1 − ζ2
2 −

ζ2ω2𝑡𝑡

�1 − ζ2
2
⎠

⎞

⎝

⎛ β + ζ2

�1 − ζ2
2
⎠

⎞

⎦
⎥
⎥
⎤
 (3-27) 

 

𝐒𝐒 = ω2

⎣
⎢
⎢
⎡
�−𝑡𝑡 − 𝑡𝑡 ′ζ2�

⎝

⎛ β + ζ2

�1 − ζ2
2
⎠

⎞ −

⎝

⎛𝑡𝑡 ′�1 − ζ2
2 −

ζ2ω2𝑡𝑡

�1 − ζ2
2
⎠

⎞

⎦
⎥
⎥
⎤

+ �
βζ2 + 1

�1 − ζ2
2�

3
2�
� (3-28) 

After using equations (3-27), (3-28), and ζ2 = 0, the equation (3-26) being given by 

�
µ γ 𝑑𝑑(1−ω2𝑡𝑡imp

′ (0))
(1+µ)(1+µ+µ γ) + 𝑡𝑡imp(0)(𝑣𝑣l− 𝑣𝑣r)

(1+µ) � sinω2 𝑡𝑡imp(0) + �−µ γ 𝑑𝑑ω2𝑡𝑡imp(0)
(1+µ)(1+µ+µ γ) +

(𝑣𝑣l− 𝑣𝑣r)𝑡𝑡imp
′ (0)

(1+µ) � cosω2 𝑡𝑡imp(0) = 0  
(3-29) 

Later by using the β = (𝑣𝑣l− 𝑣𝑣r) (1+µ+µ γ)
ω2 µ γ 𝑑𝑑

 in the equation (3-29) and some algebra, the 𝑡𝑡imp′ (0) is 

𝑡𝑡imp′ (0) =
2
ω2

 
1

1 + β2
−
𝑡𝑡imp(0)

β
 (3-30) 

As observed in the equation (3-22), the third term has the second derivative of impact duration 
for damping zero. Hence, by implicit derivation of equation (3-26) respect to the ζ2, the second 
derivative of the second equation (3-17) is given by: 
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⎣
⎢
⎢
⎡
𝐂𝐂′ + 𝐒𝐒

⎝

⎛ω2(−𝑡𝑡ζ2 + 𝑡𝑡 ′(1 − ζ2
2)

�1 − ζ2
2

⎠

⎞

⎦
⎥
⎥
⎤

cosω2�1 − ζ2
2 𝑡𝑡 +

⎣
⎢
⎢
⎡
𝐒𝐒′ + 𝐂𝐂

⎝

⎛ω2(−𝑡𝑡ζ2 + 𝑡𝑡 ′(1 − ζ2
2)

�1 − ζ2
2

⎠

⎞

⎦
⎥
⎥
⎤

sinω2�1 − ζ2
2 𝑡𝑡 = 0 (3-31) 

Where the coefficients 𝐂𝐂′ and 𝐒𝐒′ considering the ζ2 = 0 and the β = (𝑣𝑣l− 𝑣𝑣r) (1+µ+µ γ)
ω2 µ γ 𝑑𝑑

 are 

𝐂𝐂′(ζ2 = 0) = ω2�−𝑡𝑡imp′ (0) + β𝑡𝑡imp′′ (0) − β𝑡𝑡imp(0)� (3-32) 

 

𝐒𝐒′�ζ2 = 0� = ω2�−2β𝑡𝑡imp′ (0)− 𝑡𝑡imp′′ (0)�+ β (3-33) 

By substituting the equations (3-27), (3-28), (3-32), and (3-33) in the equation (3-31), the 𝑡𝑡imp′′ (0) 
being given by 

𝑡𝑡imp
′′ (0)

=
2 β2 + 𝑡𝑡imp(0) ω2 β (β2 − 1)−𝑡𝑡imp

′ (0) 4  ω2 β2 + 𝑡𝑡imp(0) 𝑡𝑡imp′ (0) ω2
2 β (1 + β2) − 𝑡𝑡imp

′2 (0) ω2
2 (1 + β2)

ω2 β (1 + β2)  (3-34) 

In the particular case d = 0, the condition (3-18) becomes η2�𝑡𝑡imp� = 0; this equation has a 
closed-form solution: 

𝑡𝑡imp = π �
 µ 𝑚𝑚r

𝑘𝑘 �1−ζ2
2� (1+µ+µ γ) = π

ω2�1−ζ2
2�
1
2

= 𝑡𝑡max   (if d =0) (3-35) 

Comparison with the value from [Anagnostopoulos 2004] (π / ω �1 − ζ2�
1/2

) shows that when 
d = 0, the impact duration is shorter. 

3.2.5 Determination of the damping parameter 

The coefficient of restitution is obtained by replacing 𝑣𝑣l = �̇�𝑥l(0), 𝑣𝑣r = �̇�𝑥r(0), 𝑣𝑣l′ = �̇�𝑥l�𝑡𝑡imp�, and 
𝑣𝑣r′ = �̇�𝑥r�𝑡𝑡imp� in the equation (2-35):  

𝑟𝑟 =
𝑣𝑣′r − 𝑣𝑣′l
 𝑣𝑣l −  𝑣𝑣r

=
�̇�𝑥r�𝑡𝑡imp�  − �̇�𝑥l�𝑡𝑡imp�

�̇�𝑥l(0) −  �̇�𝑥r(0) =
η̇2�𝑡𝑡imp�
−η̇2(0)  (3-36) 

Velocities η̇2�𝑡𝑡imp� and η̇2(0) are calculated after the time derivative of the second equation 
(3-17): 

 η̇2(𝑡𝑡) = 𝑒𝑒−ζ2 ω2 𝑡𝑡 �−
ζ2η̇2(0) + η2(0) ω2

�1 − ζ2
2�

1
2

sinω2�1 − ζ2
2�

1
2 𝑡𝑡 + η̇2(0) cosω2�1 − ζ2

2�
1
2 𝑡𝑡� (3-37) 

Equation (3-36) provides r in terms of ζ2. Given that the objective of the proposed approach is 
obtaining ζ2 after the target value of the coefficient of restitution rT, the solution might be obtained 
iteratively by the Newton-Raphson method. In this iteration, the solution provided by 
Anagnostopoulos (equation (2-38)) [Anagnostopoulos 2004] can be used for the initial estimation 
of ζ2. Regarding the derivatives, since the actual derivative of ζ2 with respect to r is not available, 
the derivative of equation (2-38) can be used instead. Noticeably, given that the dependence of r 
with respect to ζ2 is monotonic and descending (e.g. negative derivative), this equation has a 
single solution and the Newton-Raphson method shall perform satisfactorily. 

In the previous formulation, equation (2-38) shows that the relation between r and ζ is 
independent on the stiffness of the model (k) and on the masses of the colliding bodies (ml and 
mr); in the proposed formulation, the relation between r and ζ2 is dependent on the ratios between 
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the damping and the stiffness of the structure and the model (λ and γ) and on the ratio between 
the masses of the colliding bodies (µ).  

In the particular case d = 0, the coefficient of restitution can be determined without any iteration; 

the obtained result is 𝑟𝑟T = 𝑒𝑒

− ζ2 π

�1−ζ2
2�
1
2
. Since this relation matches equation (2-38) (although 

replacing ζ2 with ζ), it can be concluded that the proposed algorithm coincides with the previous 
one when d = 0. Noticeably, the aforementioned difference in the impact duration has no effect 
in the relation between ζ2 and rT. 

3.2.6 Proposed algorithm for selecting the damping parameter 

As stated previously, the proposed algorithm consists in stating rT  (target coefficient of 
restitution) and obtaining ζ2 and then cp (subindex p accounts for the proposed formulation), 
similarly to equations (2-37) and (2-38) in the formulation by [Anagnostopoulos 2004]. The 
required input variables are the structural parameters ml, cl, kl, µ, γ, and d, and the initial conditions 
vl and vr; regarding x0, since the stiffness of the buildings is assumed to be constant during the 
impact, it has no influence. This algorithm consists basically in the two nested iteration loops 
described in Figure 3-2. Iterations are performed with the aforementioned Newton-Raphson 
algorithms. Once rT is stated, an initial value of ζ2 is set. Then timp is obtained by solving iteratively 
equation (3-18), where η2 is given in equation (3-17); after timp, a new value of r is determined 
from equation (3-36), where  η̇2(𝑡𝑡) is provided in equation (3-37). Once convergence is reached, 
cp can be determined after last equation (3-15). 

 
 
 
 
 
 

 
Figure 3-2. Flow chart of the proposed algorithm 

Since the inner loop aims to solve the right equation (3-18), their tolerance is set as εη =
ε0 �η2(𝑡𝑡max)− 𝑑𝑑

1+µ
�, where tmax is defined in the equation (3-35) and ε0 is a dimensionless 

tolerance ratio to be chosen significantly smaller than 1. Given that in the outer loop the iterations 
are performed with respect to the coefficient of restitution and it is dimensionless and ranges 
between 0 and 1, the tolerance of the outer loop (εr) shall be also considerably lower than 1. 

The MATLAB programming codes are available in Appendix B.  

3.3 Comparison with the previous formulation 

3.3.1 Description of the comparing parametric study 

This section presents a simplified parametric study on the collision between two single-storey 
single-bay 2-D RC frames connected with the Kelvin-Voigt model. The main objective of this 
study is to assess the influence of the input parameters of the proposed algorithm (Figure 3-2) and 
thus investigate its efficiency, mainly compared with the previous formulation.  

In this study no seismic excitation is considered; each frame is initially separated outwards 
distances al and ar, respectively. Then both frames are released and free vibration is generated; if 
al and ar are sufficiently larger than d / 2, the structures will collide where d is the gap size. Figure 
3-3 illustrates the analysed case; Figure 3-3.a represents the colliding frames and Figure 3-3.b 
describes the strained situation of such frames prior releasing them. Noticeably, in the general 

(3-15) 
cp timp ζ2 rT 

(3-17), (3-18), (3-37) 

 
(3-36), (3-37) 

ml, cl, kl, µ, γ, d, vl, vr 
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formulation described in section 3.2, any set of values of x0, vl, and vr can actually occur; 
conversely, in the cases analysed in this section, the absence of excitation and the assumption that 
the velocities of both frames are simultaneously zero (Figure 3-3.b), makes that x0 can be 
calculated after al and ar. In other words, not any collection of values of x0, al, and ar is viable. It 
is considered that this limitation does not reduce significantly the scope of the study performed 
in this section. 

 
 
 
 
 

 

 
 
 
 

(a) Analysed frames (b) Initial situation 
Figure 3-3. Colliding frames considered in the comparison parametric study 

The damping of the Kelvin-Voigt model is chosen by using the proposed formulation. The frames 
behaviour is assumed to be linear. By using ordinary static and kinematic condensation, both 
frames are modelled as SDOF systems. Under these assumptions, the free (unforced) equations 
of motion for contact and separation conditions have closed-form solutions. 

The parameters of the study are: the gap size d, the initial separations al and ar, the damping ratios 
ζl and ζr (ζl = ζr), the mass ratio µ, the stiffness ratio γ, and the target coefficient of restitution rT. 
The comparison between the previous and the proposed approaches is established in terms of the 
computed values rA and rp of the coefficient of restitution. The coefficients rA and rp are 
determined after the dynamic analyses (equation (2-35)) using the values of ζ provided by the 
Anagnostopoulos (ζA) and the proposed formulations (ζp), respectively; the closer they are to the 
target value, the better the performance of the corresponding formulation. Noticeably, no 
significant differences have been observed between rp and rT; in other words, in the conducted 
parametric study, the proposed formulation has shown to be virtually exact. This circumstance is 
expected, because, given that the behaviour of the frames is linear and there is no continuous 
excitation, the proposed approach does not contain any simplification other than the approximate 
determination of timp.  

3.3.2 Colliding frames and selection of the parameters values in the parametric study 

The geometrical and mechanical parameters of the left frame are described next; those of the right 
one are determined after ratio µ. The height is 3.2 m and the span length is 5 m. The beam section 
is 40 × 50 cm2 and the slabs are 15 cm deep. The beams are modelled as T-section members; the 
effective width is 140 cm [ACI-318-11 2011]. All the columns are 60 × 60 cm2. The columns are 
assumed to be clamped to the foundation. The moduli of deformation of concrete and steel are 
25743 MPa and 200000 MPa, respectively. The concrete cracking is taken into consideration by 
reducing the moments of inertia of beams and columns by factors 0.5 and 0.7, respectively 
[FEMA 356 2000]. The mass and stiffness parameters of the left frame are ml = 25136 kg, and kl 

= 87960 N/mm. The undamped natural frequency of each frame is ωl = ωr = �𝑘𝑘r
𝑚𝑚r

=

�87960×1000
25136

= 59.15 rad
s

, then its natural period is 2 π / 59.15  = 0.1062 s; noticeably, this value 

confirms the practical feasibility of the chosen left frame parameter values. 

The stiffness parameter of the Kelvin-Voigt model (k) is chosen, according to the aforementioned 
previous studies, referred to the axial stiffness E A / L of the left colliding slab; E, A, and L 
represent their modulus of deformation, cross section, and length, respectively. Three values of k 
are considered: 10 E A / L, E A / L, and 0.1 E A / L [Watanabe, Kawashima 2004; Anagnostopoulos 
1988]. In this frame, E A / L = 2110926 N/mm; hence, the corresponding three values of k are 
21109260, 2110926, and 211093 N/mm. They correspond to γ = 0.00417, 0.0417, and 0.417, 

al ar 

d 
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respectively. Three values of gap are taken: d = 10/20/30 mm. Two levels of damping of the 
frames are selected: ζl = ζr = 0/0.05. Regarding µ, symmetric (µ = 1) and asymmetric (µ = 2) 
situations are contemplated. Finally, also three values of the initial displacements are considered: 
al = ar = 20/30/40 mm. These values intend to represent most of the situations actually occurring 
in real cases; it is not believed necessary to select different values for al and ar, since the 
differences of masses (if µ = 2) sufficiently represent unbalanced impacts (with different 
momenta). By combining these values of µ, γ, d, and al (al =ar), 108 cases are analysed. Regarding 
the coefficient of restitution, the full range (0 − 1) is considered. In all the cases, the tolerances 
for the inner and the outer loops are ε0 = 0.01 and εr = 0.001, respectively. 

3.3.3 Numerical results of the parametric study 

This subsection summarises the results of the analyses that are described in the previous 
subsection. Figure 3-4 displays an example of the left frame displacement history. This plot 
corresponds to the initial displacement 40 mm, the gap size 10 mm, and the target coefficient of 
restitution 0.7. The horizontal dashed line corresponds to the threshold for contact (xl = d / 2); the 
values of xl above this bound correspond to aforementioned relative deformation. 

 
Figure 3-4. Time history of xl for  al = ar = 40 mm, d = 10 mm, µ = 1, γ = 0.0417, and rT = 0.7 

Figure 3-4 shows that both the duration of the consecutive impacts and the maximum penetration 
decrease significantly; as well, each free vibration segment shows the reduction caused by the 
energy absorbed in the previous impact. This is coherent with the physical behaviour of the 
system. 

Figure 3-5, Figure 3-6, Figure 3-7, and Figure 3-8 display plots of the ratio between the values of 
r obtained following the proposed formulation (rp) and the former one (rA) vs. the target 
coefficient of restitution (abscissae). In each case, only the first impact is considered. As discussed 
in the previous subsection, in this case, the value of r provided by the proposed approach is almost 
equal to the target one (rp ≈ rT); therefore, the lowest the ratio rp / rA, the biggest the difference 
between the accuracies of the proposed and Anagnostopoulos formulations. The plots in Figure 
3-5 through Figure 3-8 summarise the results of the parametric study; in Figure 3-5 and Figure 
3-6 the influence of the structural damping of the colliding frames is neglected and the ratio 
between both colliding masses equal to one and two, respectively (ζl = ζr = 0, µ = 1 and µ = 2). 
In Figure 3-7 and Figure 3-8 the damping of the colliding structures is taken into consideration 
(ζl = ζr = 0.05, µ = 1 and µ = 2). Each Figure displays plots for the three considered values of γ 
and for given values of d and al (al = ar). 
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(a) d = 10 mm, al = ar = 20 mm (b) d = 10 mm, al = ar = 30 mm (c) d = 10 mm, al = ar = 40 mm 

   
(d) d= 20 mm, al = ar = 20 mm (e) d = 20 mm, al = ar = 30 mm (f) d = 20 mm, al = ar = 40 mm 

   
(g) d = 30 mm, al = ar = 20 mm (h) d = 30 mm, al = ar = 30 mm (i) d = 30 mm, al = ar = 40 mm 

Figure 3-5. Ratio rp / rA between the proposed and the previous formulations, for ζl = ζr = 0 and µ = 1 
 
 

   
(a) d = 10 mm, al = ar = 20 mm (b) d = 10 mm, al = ar = 30 mm (c) d = 10 mm, al = ar = 40 mm 

   
(d) d= 20 mm, al = ar = 20 mm (e) d = 20 mm, al = ar = 30 mm (f) d = 20 mm, al = ar = 40 mm 

   
(g) d = 30 mm, al = ar = 20 mm (h) d = 30 mm, al = ar = 30 mm (i) d = 30 mm, al = ar = 40 mm 

Figure 3-6. Ratio rp / rA between the proposed and the previous formulations, for ζl = ζr = 0 and µ = 2 
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(a) d = 10 mm, al = ar = 20 mm (b) d = 10 mm, al = ar = 30 mm (c) d = 10 mm, al = ar = 40 mm 

   
(d) d= 20 mm, al = ar = 20 mm (e) d = 20 mm, al = ar = 30 mm (f) d = 20 mm, al = ar = 40 mm 

   
(g) d = 30 mm, al = ar = 20 mm (h) d = 30 mm, al = ar = 30 mm (i) d = 30 mm, al = ar = 40 mm 

Figure 3-7 Ratio rp / rA between the proposed and the previous formulations, for ζl = ζr = 0.05 and µ =  
1 

 

   
(a) d = 10 mm, al = ar = 

20 mm 
(b) d = 10 mm, al = ar = 

30 mm 
(c) d = 10 mm, al = ar = 

40 mm 

   
(d) d= 20 mm, al = ar = 20 

mm 
(e) d = 20 mm, al = ar = 

30 mm 
(f) d = 20 mm, al = ar = 

40 mm 

   
(g) d = 30 mm, al = ar = 

20 mm 
(h) d = 30 mm, al = ar = 

30 mm 
(i) d = 30 mm, al = ar = 

40 mm 
Figure 3-8. Ratio rp / rA between the proposed and the previous formulations, for ζl = ζr = 0.05 and µ = 

2 

3.3.4 Concluding remarks 
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Results from Figure 3-5 through Figure 3-8 show that the differences between the former 
formulation [Anagnostopoulos 2004] and the new one are significant, mainly for small values of 
rT. The separate influences of the parameters of the study are discussed next. 

 Target coefficient of restitution (rT). The plots exhibit two clear trends: (i) if the previous 
formulation is used, the obtained values of r are smaller than foreseen (rA ≤ rT), and (ii) when 
rT approaches 0/1 the ratio rp ≤ rA comes close to 0/1. The first trend means that the previous 
formulation [Anagnostopoulos 2004] overestimates the coefficient of restitution and, hence, 
underestimates the actual damping during the collision. In other words, the former approach 
would predict that damage is more spread in the full body of the colliding buildings; 
conversely, the proposed algorithm envisages that the damage will be more concentrated in 
the vicinities of the impact areas. The last tendency shows that the proposed approach takes 
more advantage (compared to the previous one) in rather plastic impacts.  

 Ratio between the stiffness of frame and of the Kelvin-Voigt model (γ). All the plots show 
that the higher γ, the bigger the difference. The explanation for this trend is obvious, since γ 
= 0 was assumed in the previous study [Anagnostopoulos 2004]. The work [Khatiwada, 
Chouw 2014] had announced that the influence of the stiffness of the main structure could be 
relevant; this statement is corroborated in this study.  

 Gap size (d). In all the plots, the difference increases with d. This is coherent with the 
previous observation that the proposed formulation and the previous one [Anagnostopoulos 
2004] are coincident for d = 0. 

 Initial separation (al = ar). In all the cases, the difference reduces as the initial separation 
increases. This can be read as less discrepancy between both formulations for stronger 
collisions. This is logical since, for more violent impacts, the neglected parameters play 
comparatively less important roles. 

 Ratio between the left and right frame mass (µ). The plots show rather little sensitivity to 
µ. This is consistent, since this parameter has been accounted for in similar ways in both 
approaches. 

 Frame damping (ζl = ζr). All the plots show that, the higher the frame damping, the bigger 
the difference. The justification for this tendency is apparent, since in the previous study 
[Anagnostopoulos 2004] frame damping was not taken into consideration. 

3.4 Criteria for selecting vl and vr  

As described in Figure 3-2, the input parameters for the proposed algorithm can be classified into 
those dealing with the structural properties (the mass ml, the damping cl, the stiffness kl, the ratios 
µ and γ, and the gap size d) and those referring to the conditions at the onset of collision (the 
impact velocities vl and vr). The parameters in the first group can be chosen directly; conversely, 
the selection of vl and vr is less obvious, since such velocities are not known in advance. This 
section presents analyses that report on the influence of vl and vr in the damping cp of the Kelvin-
Voigt model that is provided by the proposed approach. The objective is to offer criteria for 
choosing such input parameters. Figure 3-9 analyses the case when vl = − vr and Figure 3-10 
studies the influence of vl + vr; provided that µ = 1, the first case corresponds to the symmetric 
impact (i.e. opposite momenta, ml vl = − mr vr), and the second case represents the asymmetric 
impact. Figure 3-9.a through Figure 3-9.d and Figure 3-10.a through Figure 3-10.d display plots 
of cp vs. vl and vl + vr, respectively; in each Figure, the influence of the parameters µ, ζ, γ, and d 
is considered, respectively. Regarding ml and kl, such parameters are not specifically addressed 
because their influence is rather obvious since, assuming constant µ, they behave basically as 
scale factors. 
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(a) d = 10 mm, ζl = ζr = 0, γ = 0.042 (b) d = 10 mm, µ = 1, γ = 0.042 

  
(c) d = 10 mm, µ = 1, ζl = ζr = 0 (d) µ = 1, ζl = ζr = 0, γ = 0.042 

Figure 3-9. Kelvin-Voigt model damping variation with respect to vl (vl + vr = 0) according to the 
proposed formulation (rT = 0.53) 

Plots from Figure 3-9 show that the damping cp demonstrates rather little sensitivity to vl. All plots 
show that the values of cp tend to stabilise when vl grows. Figure 3-9.d points out that this 
stabilisation depends mainly on d; higher values of d generate latter stabilisation (i.e. for greater 
velocity). This trend corroborates the observations from Figure 3-5 through Figure 3-8, in terms 
of the influence of the initial separation. It is therefore recommended to select vl in the range 1.5 
to 10.5 m/s; smaller values are suggested if d is small and no violent impact is expected, and 
greater values are advised in the opposite situation. 

  
(a) d = 10 mm, ζl = ζr = 0, γ = 0.042 (b) d = 10 mm, µ = 1, γ = 0.042 

  
(c) d = 10 mm, µ = 1, ζl = ζr = 0 (d) µ = 1, ζl = ζr = 0, γ = 0.042 

Figure 3-10. Kelvin-Voigt model damping variation with respect to vl + vr according to the proposed 
formulation (rT = 0.53) 

Plots from Figure 3-10 are basically flat. It shows that the influence of vl + vr can be neglected; 
in other words, it can be assumed that vl + vr = 0. 

3.5 Numerical examples on two multi-storey multi-bay frames  

3.5.1 Colliding frames 

This section presents two examples on the impact between pairs of 2-D RC frames undergoing 
seismic excitation. The aim is to highlight the capacity of the proposed formulation to reproduce 
adequately the impact effect, in the sense of obtaining a coefficient of restitution close to its target 
value. The dynamic behaviour of the frames is assumed to be linear and is described with 
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SeismoStruct code [SeismoSoft 2016]. Figure 3-11 depicts the main characteristics of the 
colliding frames. 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

(a) 3-storey 5-bay and 3-storey 2-bay frames (b) 5-storey 2-bay and 3-storey 2-bay 
frames 

Figure 3-11. Pairs of colliding frames 

Figure 3-11 shows that in the first pair of frames, the left one has three storeys and five bays and 
the right one has three storeys and two bays; in the second pair, both frames have two bays and 
left and right ones have five and three storeys, respectively. The impact is described with the 
single Kelvin-Voigt models located at the top colliding slabs; no impacts at other levels have been 
detected. 

In all the cases, the span-length is 5 m and the storey height is 3.2 m. Each frame is assumed to 
be a part of a building with RC structure that is composed of columns, slabs, and beams in two 
directions; the separation among the frames is 5 m. These buildings have been designed for a high 
seismicity region; section 4.3 describes the properties of the selected buildings completely. The 
beams section is 40 cm × 50 cm and the slabs are 15 cm deep; the beams are modelled as T-
section members with effective width 105 cm [ACI-318-11 2011]. The columns are assumed to 
be clamped to the foundation and have rectangular cross-section; Table 4-8 displays the 
corresponding transverse dimensions. 

The characteristic value of concrete compressive strength is fck = 30 MPa and the modulus of 
deformation is 25743 MPa. The seismic weight of each frame corresponds to load combination 
D + 0.2 L, where D and L account for dead and live load, respectively; a deeper description can 
be found in section 4.3.2. Table 4-11 displays the natural periods and the modal mass ratios of the 
analysed frames; noticeably, these quantities would correspond also to the buildings the frames 
belong to. The stiffness of columns and beams refer to gross sectional parameters reduced due to 
concrete cracking [FEMA 356 2000]. Figures from Table 4-11 show a regular and expected 
behaviour; comparison among the fundamental periods of the two 3-storey buildings, confirms 
that they are little sensitive to the number of bays. 

Two ground motions are considered. Both accelerograms correspond to the Northridge 
earthquake ( January 17 ,1994(; the first one was registered in Saticoy St. station component 
USC90003 and the second one belongs to W Pico Canyon station component USC90056. In these 
inputs, PGA is 0.48 g and 0.455 g, respectively. Deeper considerations can be found in the section 
4.2. Figure 4-1 displays both accelerograms. These choices aim to obtain sound conclusions, since 
the presence of velocity pulses is relevant. 

3.5.2 Application of the proposed formulation 

For the implementation of the proposed algorithm, the equivalent mass and the stiffness of the 
colliding slabs are to be obtained. The mass is determined as in ordinary lumped-masses models. 

Kelvin-
Voigt model Kelvin-

Voigt model 

d d 
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Regarding the stiffness, the situation is more unclear, because the proposed formulation represents 
the colliding structures as SDOF systems (Figure 3-1). The detailed observation of the dynamic 
behaviour of all the storeys of the colliding frames during the impact duration (Figure 3-13.b and 
Figure 3-13.d) shows that the evolution of the deformed shape is rather similar to the first mode, 
as shown in Figure 3-12. Figure 3-12 displays plots of the frame floor displacements vs. time 
during the strongest collision; Figure 3-12.a and Figure 3-12.b refer to 3-storey 5-bay and 5-storey 
2-bay frames, respectively. 

  
(a) 3-storey 5-bay frame under Northridge 

Saticoy input  
(b) 5-storey 2-bay frame under Northridge 

W Pico Canyon input 
Figure 3-12. Time histories of relative displacements of frame storeys during the impact 

Figure 3-12 shows that the response of the colliding slab is faster, but the other storeys follow 
almost immediately. Therefore, the equivalent stiffness of each frame is obtained as the ratio 
between a single static horizontal force acting on the impact level and its lateral displacement. 

In the 3-storey 5-bay frame the mass of the third floor slab is 117598 kg and the stiffness is 49.47 
kN/mm, in the 3-storey 2-bay frame such quantities are 47632 kg and 21.86 kN/mm, and in the 
5-storey 2-bay frame the slab mass is 50029 kg and the equivalent stiffness is 22.00 kN/mm. In 
all the cases, d = 20 mm. In the case represented in Figure 3-11.a, the ratio µ is determined by 
dividing the left and right mass and stiffness; obtained results are 2.469 and 2.263, respectively. 
Given that both results are close, the aforementioned assumption that ml / mr = kl / kr holds 
approximately; the average value of µ is considered in the analysis: µ = 2.366. In the case 
represented in Figure 3-11.b, the situation is similar; the corresponding values of µ are 1.05 and 
1.00, respectively. The average value that is adopted in the analysis is µ = 1.03. Regarding the 
damping of the frames, two options are contemplated: no damping (ζl = ζr = 0) and 5% of critical 
(ζl = ζr = 0.05). As suggested in section 3.4, vl = vr is assumed; then vl is selected iteratively aiming 
to better agreement between rT and the actual coefficient of restitution obtained from the results 
of the dynamic analyses; the selected values are 2 m/s (Figure 3-11.a ζl = ζr = 0), 2 m/s (Figure 
3-11.a ζl = ζr = 0.05), 10 m/s (Figure 3-11.b ζl = ζr = 0), and 9 m/s (Figure 3-11.b ζl = ζr = 0.05). 
For both cases depicted in Figure 3-11, the stiffness of the Kelvin-Voigt model is taken as 10 E 
A / L, where E A / L = 527.7 kN/mm is the axial stiffness of the two-bay colliding slab [Watanabe, 
Kawashima 2004; Anagnostopoulos 1988]; then k = 5277 kN/mm. This corresponds to γ = 4.1 × 
10−3. Like in section 3.3, the tolerances for the inner and outer loops are ε0 = 0.01 and εr = 0.001, 
respectively. The target value of the coefficient of restitution is rT = 0.53. 

The proposed algorithm (Figure 3-2) provides, for Figure 3-11.a, cp = 5.325 × 106 kg/s and cp = 
5.258 × 106 kg/s for ζl = ζr = 0 and ζl = ζr = 0.05, respectively; for Figure 3-11.b these quantities 
are cp = 4.485 × 106 and 4.434 × 106 kg/s, respectively. The previous formulation 
[Anagnostopoulos 2004] indicates that ζ = 0.1981 (equation (2-38)) should be taken in the Kelvin-
Voigt model; in the cases described in Figure 3-11.a and Figure 3-11.b, cA = 5.299 × 106 kg/s and 
cA = 4.496 × 106 kg/s, respectively (equation (2-37)). Therefore, there are significant differences 
among the damping parameter given by the existing and the proposed formulations. 

3.5.3 Numerical results 
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As discussed previously, the dynamic behaviour of the colliding frames is simulated with the 
software SeismoStruct [SeismoSoft 2016]. For comparison purposes, two types of analysis are 
carried out: in the first type the damping parameter of the Kelvin-Voigt model is determined 
according to the proposed formulation and in the second one it is set after the previous approach 
[Anagnostopoulos 2004]. Time discretization is ∆t = 0.0005 s; this value has been selected mainly 
based on the extremely short duration of impact (Figure 3-13.b and Figure 3-13.d). The deeper 
description can be found in subsection 4.4.3. Damping of frames is described with tangent 
stiffness-proportional Rayleigh formulation. Given the rather moderate-height of the colliding 
frames, P-∆ effects are not taken into consideration. 

Figure 3-13 displays time histories of impact force corresponding to the dynamic analyses when 
the damping parameter of the Kelvin-Voigt model is obtained after the proposed formulation. 
Figure 3-13.a and Figure 3-13.c refer to Figure 3-11.a and Figure 3-11.b, respectively. Figure 
3-13.b and Figure 3-13.d contain zoom views of the strongest impacts of Figure 3-13.a and Figure 
3-13.c, respectively. 

 
  

(a) Impact force time-history for 3-storey 5-
bay and 3-storey 2-bay frames  

(b) Strongest impact time-history for 3-
storey 5-bay and 3-storey 2-bay frames  

 
 

 
 

(c) Impact force for 5-storey 2-bay and 3-
storey 2-bay frames 

(d) Strongest impact time-history for 5-
storey 2-bay and 3-storey 2-bay frames  

Figure 3-13. Impact force time history for ζl = ζr = 0 

Figure 3-13.a and Figure 3-13.c show that, as expected, the collisions are rather scarce and 
extremely short. In Figure 3-13.b, the impact duration is 0.0085 s (between instants 10.8485 s and 
10.8570 s) and in Figure 3-13.d, these values are 0.0075 s (7.3260 s − 7.3335 s). The predicted 
impact duration according to the previous formulation [Anagnostopoulos 2004] from the left 
equation (2-38) is 0.0081 s and 0.00689 s. The impact durations foreseen by the proposed 
formulation are timp = 0.00802 s (Figure 3-13.b) and timp = 0.00684 s (Figure 3-13.d). Figure 3-13.b 
and Figure 3-13.d show that the time histories of the impact forces are basically shaped as 
segments of damped sinusoidal waves; this is coherent with equations (2-36), (3-17), and (3-37).  

After the conducted dynamic analyses, the actual values of the coefficient of restitution 
corresponding to the strongest impacts are determined with equation (2-35). Table 3-1 displays 
the obtained results. 
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Table 3-1 Coefficient of restitution obtained according to previous and proposed formulations (rT = 
0.53) 

Formulation 
3-storey 5-bay and 3-storey 2-bay 

frames 
5-storey 2-bay and 3-storey 2-bay 

frames 
ζl = ζr = 0 ζl = ζr = 0.05 ζl = ζr = 0 ζl = ζr = 0.05 

rA 0.54015 0.53316 0.52041 0.50238 
rp 0.53754 0.53155 0.52345 0.50412 

Results from Table 3-1 show that the values of the coefficient of restitution determined after the 
dynamic analyses using the proposed approach (rp) are closer to the target factor (rT) than those 
using the previous formulation (rA) [Anagnostopoulos 2004]. As discussed previously after 
Figure 3-5 through Figure 3-8, this circumstance can be read as a more satisfactory performance 
of the offered algorithm. 

3.6 Numerical simulation of testing on colliding buildings 

3.6.1 Experiment  

This section presents the numerical simulation of a shaking-table test on the seismic pounding 
between two reduced-scale laboratory models of RC same-height 2-storey single-bay building 
frames with the following material characteristic strengths: concrete 22 MPa, and reinforcement 
400 MPa [Papadrakakis, Mouzakis 1995]. The left frame is designed to be stiffer and lighter than 
the right one. This is achieved by reducing the column’s cross-sectional area and increasing the 
thickness of the slab at the first level of the flexible test frame; their fundamental periods are 0.139 
s and 0.243 s, respectively. The test frames are fixed on the shaking-table and there was no initial 
separation between both frames (e.g. zero-gap separation). The test frames are designed to remain 
elastic under an excitation with an acceleration design spectrum of 1.0 g. Rigid slab response is 
assumed at each floor. The experiments consisted in exciting the pair of frames in two situations: 
without and with pounding. In both cases, the input is the same, being a harmonic wave whose 
amplitude is modulated by a half-sinus wave with 12 s period; hence, the input duration is 6 s. 
The maximum amplitude is 0.08 g and the period of the harmonic wave is 0.244 s; this value has 
been selected to generate resonance in the right (flexible) frame. A deeper description of this 
experiment and the obtained results can be seen in [Papadrakakis, Mouzakis 1995].  

3.6.2 Numerical simulation 
The experiment is simulated with SeismoStruct [Seismosoft 2016] by considering a pair of 2-
D frames, Figure 3-14. The structural behaviour is assumed to be linear. The structure is 
discretized with elastic 2-node frame elements. The damping ratio for each frame is 0.05. The 
span-length of the left and right frame are 1.7 m and 1.6 m, respectively. The height of each 
floor in both frames is 2.6 m. the characteristics of the beams and the column regarding the 
each floor are described in Table 3-2.  
 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 3-14. Pairs of colliding frames 

 

d 

Kelvin-
Voigt model 
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Table 3-2 Characteristics of the beams and the column 

No.  
Left frame (stiff) Right frame (flexible) 

Beam Column Beam Column 
EI (Nm2) EA (N) EI (Nm2) EA (N) EI (Nm2) EA (N) EI (Nm2) EA (N) 

Level 1 0.157 2.035 × 105 4.624 × 107 3.513 × 109 0.149 1.985 × 105 1.155 × 107 1.877 × 109 
Level 2 0.149 1.985 × 105 3.272 × 107 2.486 × 109 0.149 1.985 × 105 8.042 × 106 1.307 × 109 

In Table 3-2, the characteristic value of concrete compressive strength and the modulus of 
deformation are 22 MPa and 22045 MPa, respectively. Table 3-2 shows that the left frame is 
stiffer than the right one as discussed before in subsection 3.6.1. In Figure 3-14, pounding is 
described with two zero-gap (d = 0) Kelvin-Voigt models. Their stiffness is selected equal to the 
axial one of the left colliding beam (α = 1). The damping coefficient of the impact model is 
selected after the Anagnostopoulos and the proposed formulations using equations (2-37) and 
(3-15), respectively. The target coefficient of restitution is rT = 0.527; then, ζA = 0.2 (equation 
(2-38)) and ζp = 0.2 (Figure 3-2). Noticeably, the coincidence between ζA and ζp arises from the 
absence of seismic gap (section 3.2.5). The damping coefficients cA and cp are obtained after 
equation (2-37) and equation (3-15), respectively. In the top Kelvin-Voigt model, cA = 5385 kg/s 
and cp = 5796 kg/s; in the bottom model, cA = 3440 kg/s and cp = 10129 kg/s. 

As mentioned in subsection 3.6.1, the input is to be assumed a harmonic wave whose amplitude 
is modulated by a half-sinus wave with 12 s period; hence, the input duration is 6 s. The maximum 
amplitude is 0.08 g and the period of the harmonic wave is considered the same as the frequency 
of the flexible frame. This value has been selected to generate resonance in the right (flexible) 
frame. Figure 3-15 shows the acceleration time history considered as an input for this simulation.  

 

 
Figure 3-15. Acceleration time history considered as an input 

The time integration is performed with the Newmark algorithm using constant acceleration 
interpolation (γ = 0.5 and β = 0.25) [Chopra 2012]. The time step is 0.001 s. Damping matrix is 
generated, from classical Rayleigh model; and the damping ratio for each frame is 0.05.  

3.6.3 Numerical results 

The values of the coefficient of restitution according to the Anagnostopoulos and the proposed 
formulations are determined by applying equation (2-35) to the numerical results: rA = 0.5799 
and rp = 0.5435, respectively. Therefore, rp is closer to rT than rA is. 

Table 3-3 displays the maximum numerical and experimental top floor relative displacement. 

Table 3-3 Maximum top storey displacement of the colliding frames (mm) 

Frame 
Without pounding With pounding 

Experimental/Numerical Experimental/Num. proposed/Num. 
Anagnostopoulos 

Left (stiff) 2.60/2.97 5.80/5.99/6.16 
Right (flexible) 25.50/27.11 12.40/13.77/16.43 

Comparison between numerical and experimental results in Table 3-3 shows a satisfactory 
agreement. In the simulations with pounding, Table 3-3 shows also that the numerical results 
obtained after the proposed formulation are closer to the reality than those determined with the 
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Anagnostopoulos approach. These circumstances further highlight the superior performance of 
the proposed approach. 
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4 PARAMETRIC STUDY 

4.1 Description of study 

As depicted in previous chapters, the impact between contiguous buildings under strong seismic 
events is a relevant issue and complex phenomenon. Given the importance and complexity of 
seismic pounding between adjoining buildings with aligned slabs, a significant research effort has 
been undertaken worldwide; therefore, a considerable number of papers, books, and reports have 
been published so far, see section 2.2. Particularly, in section 2.4.3 a number of parametric studies 
aiming to clarify the effects of buildings collision have been reported. Conversely, given that, the 
pounding numerical simulation is far from obvious, and that phenomenon is rather chaotic, many 
open questions still remain. This chapter is intended to contribute to clarify this hot issue by 
conducting a parametric study of seismic pounding between the most common types of colliding 
buildings in developing countries; two 3 and 5-storey buildings are selected. 

The chosen buildings are structurally designed for a high seismicity zone following the US 
regulations. Their structure is framed and consists in square columns, rectangular deep beams in 
both directions and two-way flat slabs. The parametric study presented in this chapter consists of 
analysing the nonlinear dynamic response of the colliding buildings to a number of unidirectional 
representative strong seismic inputs. Such accelerograms are selected based on two major issues: 
the soil type and the presence of velocity pulses (near-fault effects). Four inputs are selected by 
combining soft and stiff soil with near and far-field condition. The pounding is described by a 
Kelvin-Voigt linear model; its damping coefficient is derived after the estimated coefficient of 
restitution by following two formulations: the traditional approach proposed in [Anagnostopoulos 
2004] and a more recent formulation developed in chapter 3. The nonlinear dynamic behaviour 
of the buildings is simulated with frame finite element models; nonlinearities are concentrated in 
plastic hinges located at the ends of each element (concentrated plasticity) whose moment-
curvature is represented by fibre models. The soil-structure interaction (SSI) proves to be relevant 
and is represented by two simplified models corresponding to isolated and mat foundation, 
respectively. Apart from the buildings themselves, the parameters of the study are the soil type 
(soft and stiff), the presence of pulses in the inputs (near and far-fault), the damping and stiffness 
coefficients of the impact model, the separation between the buildings, and the soil-structure 
interaction (no SSI, SSI for isolated / mat foundation). The performance indices include three 
maximum quantities: inter-storey drift, storey shear force, and absolute acceleration; the first two 
report on the pounding effect in terms of structural damage, and the third one refers to the 
nonstructural damage. As well, the hysteretic energy is considered; it represents the total 
cumulated structural damage. 

4.2 Seismic inputs considered in the parametric study 

4.2.1 Selection criteria 
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This chapter is oriented to provide general remarks on the seismic pounding of buildings under 
strong ground motions; therefore, the inputs should be representative of the actual conditions in 
any type of high seismicity regions. The inputs are selected based on the forward-directivity (near-
fault) effects and the soil type. The near-source effects are represented by the presence (near-
fault) and absence (far-fault) of velocity pulses. Velocity pulses are relevant since the sudden 
delivery of input energy in a short time interval magnifies the damage potential of input [Zhai et 
al. 2013]. Regarding the soil type, it has a direct effect on the frequency content of the 
accelerogram [Wakabayashi, 1986]. 

4.2.2 Selected inputs 

Given the considerations in subsection 4.2.1, four representative inputs are selected; are obtained 
combining the presence or absence of velocity pulses and stiff / soft soil conditions. Table 4-1 
depicts the most relevant characteristics of the four chosen representative inputs [PEER 2017]. In 
Table 4-1, IA is the Arias Intensity [Arias 1970] given by 𝐼𝐼A = π

2 𝑔𝑔 ∫ �̈�𝑥g
2 𝑑𝑑𝑡𝑡 where �̈�𝑥g is the input 

ground acceleration; the Arias intensity is an estimator of the input severity. PI is the pulse index 
[Baker 2007], which takes values between 0 and 1; records with scores above 0.85 and below 
0.15 are classified as pulses and non-pulses, respectively. Ep is the relative pulse energy [Zhai et 
al. 2013], representing the portion of the total energy of the ground motion that corresponds to 
the pulse. The pulse is extracted by the peak-point method [Dickinson, Gavin 2010]. Values of 
Ep greater than 0.3 correspond to pulse-like records and values equal to or below 0.3 are 
ambiguous. The Trifunac duration is defined as the time between the 5% and the 95% of the Arias 
Intensity IA [Trifunac, Brady 1975]. The hypocentral distance corresponds to the straight 
separation between the hypocentre and the recording station. The closest distance corresponds to 
the shortest way to the rupture surface [PEER 2017]. vs,30 is the average shear wave velocity in 
the top 30 m. The soil type corresponds to the classification of the Eurocode 8 [EN-1998 2005].  

Observing values of PI and Ep, Table 4-1 shows clearly that first two inputs (Northridge Sylmar-
Olive and W Pico Canyon) are Pulse-like and that last two inputs (Victoria Cerro Prieto and 
Northridge Saticoy St) are not Pulse-like. Next, in this work, four inputs listed in Table 4-1 are 
termed P B, P C, NP B and NP C, respectively. In this notation, “P” and “NP” account for Pulse 
and Non-Pulse, respectively, and “B” and “C” refer to soil type. 

Table 4-1 Selected input records 

Earthquake 
/ Year / Mw 

Hypo-
center 
depth 
[km] 

Station Comp. PGA 
[g] 

IA 
[m/s] PI Ep 

Trifunac 
duration 

[s] 

Hypo-
central / 
closest 

distance 
[km] 

Soil 
type 

(EC8) 
/ vs,30 
[m/s] 

Name 

Northridge / 
1994 / 6.7 17.5 Sylmar - 

Olive View  CDMG24514 0.84 5.01 1.0 0.61 5.32 24.24 / 
5.3 

B / 
440.5 P B 

Northridge / 
1994 / 6.7  17.5 Newhall - 

W Pico  UCS90056 0.42 1.54 1.0 0.78 6.25 27.76 / 
5.48 

C / 
285.9 P C 

Victoria / 
1996 / 6.3 11 Cerro Prieto UCSD6604 0.64 1.99 0.0062 0.17 8.25 35.48 / 

14.37 
B / 

471.5 NP B 

Northridge / 
1994 / 6.7 17.5 Saticoy St USC90003 0.46 4.63 0.0104 0.21 10.62 17.83 / 

12.09 
C / 

280.9 NP C 

To highlight the major characteristics of the four selected ground motion records, Figure 4-1 
displays their time histories. 
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(a) Northridge Sylmar-Olive (P B) (b) Northridge W Pico Canyon (P C) 

  
(c) Victoria Cerro Prieto (NP B) (d) Northridge Saticoy St (NP C) 

Figure 4-1. Considered input accelerograms 

Observation of accelerograms displayed in Figure 4-1 confirms that Figure 4-1.a and Figure 4-1.b 
are obviously Pulse-like, while Figure 4-1.c and Figure 4-1.d are not. As well, Figure 4-1.a and 
Figure 4-1.c, exhibit higher high-frequency contents than Figure 4-1.b and Figure 4-1.d, this being 
coherent with soil type. 

4.2.3 Responses spectra 

To point out the period-dependent characteristics of the four selected accelerograms, their 
absolute acceleration and input energy response spectra are computed. Figure 4-2 and Figure 4-3 
display acceleration and input energy spectra, respectively. Acceleration spectra are determined 
using software SeismoSignal v5.1 [Seismosoft 2016]. Input energy spectra are computed, for a 
SDOF nonlinear system, by performing calculation 𝐸𝐸I = −∫ 𝑚𝑚 �̈�𝑥g

𝑡𝑡
0 �̇�𝑥𝑑𝑑𝑡𝑡 where xg is the input 

ground motion, x is the output relative displacement corresponding to 5% damping ratio and m is 
the equivalent mass. In this calculation, structural behaviour is assumed to be linear. Noticeably, 
according to Housner-Akiyama theory [Akiyama 1985], input energy is roughly independent on 

constitutive law. Then, input energy is expressed in terms of equivalent velocity as 𝑉𝑉E = �2 𝐸𝐸I
𝑚𝑚

. 
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(a) Northridge Sylmar-Olive (P B) (b) Northridge W Pico Canyon (P C) 

  
(c) Victoria Cerro Prieto (NP B) (d) Northridge Saticoy St (NP C) 

Figure 4-2. Absolute acceleration response spectra of the considered inputs 

 

  
(a) Northridge Sylmar-Olive (P B) (b) Northridge W Pico Canyon (P C) 

  
(c) Victoria Cerro Prieto (NP B) (d) Northridge Saticoy St (NP C) 

Figure 4-3. Input energy response spectra of the considered inputs 

Spectra in Figure 4-2 confirm considerations stated after accelerograms in Figure 4-1. 
Comparison among top plots in both Figures shows that the periods of the highest peaks 
(approximately 0.34 and 0.88 s in Figure 4-2.a and Figure 4-2.b, respectively) match the basic 
shapes of corresponding pulses displayed in Figure 4-1.a and Figure 4-1.b. Comparison among 
spectra in Figure 4-2 and Figure 4-3 show that spectra corresponding to the same input exhibit 
peaks for the same periods, although those of energy spectra are higher for higher periods. This 
is coherent with the broad similarity among energy and velocity spectra. 
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As discussed in section 2.1.4, the VD spectrum is commonly obtained by multiplying the VE 
spectrum by a convenient value of the VD / VE ratio; such ratio depends mainly on the damping 
factor ζ, the displacement ductility µ (i.e. the ratio between the maximum and yield 
displacements), and the building fundamental period TF. References [Yazgan 2012; López-
Almansa et al. 2013] contain linear regression studies providing average expressions VD / VE = a 
TF + b where coefficients a and b depend on ζ and µ. In this study, it is assumed that ζ = 0.05; 
then available values of a and b in terms of µ are listed next. For µ = 2, a = − 0.042, b = 0.67, for 
µ = 3, a = − 0.045, b = 0.77, for µ = 5, a = − 0.049, b = 0.84, for µ = 10, a = − 0.054, b = 0.88, 
for µ = 15, a = − 0.055, b = 0.88, for µ = 20, a = − 0.052, b = 0.87. For µ = 1, obviously VD / VE 
= 0, i.e. a = 0, b = 0. For values of µ in between, interpolation can be used. For values of µ ≥ 2, 
linear interpolation provide enough accuracy. Conversely, for values of µ between 1 and 2, linear 
interpolation would deliver too small VD / VE ratios; alternative interpolation criteria [Yazgan 
2012, López-Almansa et al. 2013] are suggested instead. Table 4-2, Table 4-3, and Table 4-4 
display values of VD / VE ratio for the four selected inputs (Table 4-1) and the four chosen 
buildings (Table 4-8); Table 4-2 corresponds to non-consideration of Soil-Structure Interaction, 
Table 4-3 corresponds to Soil-Structure Interaction with isolated foundation (subsection 4.4.5.2), 
and Table 4-4 corresponds to Soil-Structure Interaction with mat foundation (subsection 4.4.5.3). 
Table 4-5, Table 4-6 and Table 4-7 display values of VD, VE, EH, and EI for the same cases 
considered in Table 4-2, Table 4-3, and Table 4-4,respectively. EH is the hysteretic (damaging) 

energy, linked to equivalent velocity VD by 𝑉𝑉D = �2 𝐸𝐸H
𝑚𝑚

. In Table 4-2, Table 4-3, and Table 4-4, 

yield displacements are obtained after the capacity curves (Figure 4-36, Figure 4-37, Figure 4-38 
, Table 4-35, Table 4-36, and Table 4-37) derived from pushover analyses (subsection 4.4.6). 
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Table 4-2 VD / VE ratio in terms of displacement ductility and period for the considered buildings without SSI (subsection 4.4.5) 
 Building 3 × 5 Building 3 × 2 Building 5 × 5 Building 5 × 2 

Record µ a b VD / VE µ a b VD / VE µ a b VD / VE µ a b VD / VE 
P B  1.511 −0.041 0.621 0.606 0.996 - - 0 1.823 −0.042 0.652 0.625 1.733 −0.041 0.643 0.617 
P C 0.353 - - 0 0.290 - - 0 0.737 - - 0 0.619 - - 0 

NP B 0.479 - - 0 0.373 - - 0 1.046 −0.039 0.575 0.549 0.842 - - 0 
NP C  0.529 - - 0 0.415 - - 0 1.300 −0.040 0.600 0.573 1.213 −0.040 0.591 0.566 

 
Table 4-3 VD / VE ratio in terms of displacement ductility and period for the considered buildings with SSI and isolated foundation (subsection 4.4.5) 

 Building 3 × 5 Building 3 × 2 Building 5 × 5 Building 5 × 2 
Record µ a b VD / VE µ a b VD / VE µ a b VD / VE µ a b VD / VE 

P C 0.421 - - 0 0.310 - - 0 0.804 - - 0 0.726 - - 0 
NP C  0.726 - - 0 0.479 - - 0 1.350 −0.040 0.605 0.577 1.073 −0.040 0.577 0.551 

 
Table 4-4 VD / VE ratio in terms of displacement ductility and period for the considered buildings with SSI and mat foundation (subsection 4.4.5) 

 Building 3 × 5 Building 3 × 2 Building 5 × 5 Building 5 × 2 
Record µ a b VD / VE µ a b VD / VE µ a b VD / VE µ a b VD / VE 

P C 0.441 - - 0 0.266 - - 0 0.808 - - 0 0.663 - - 0 
NP C  0.741 - - 0 0.438 - - 0 1.373 −0.040 0.607 0.580 1.215 −0.0398 0.592 0.566 

 
Table 4-5 Input and hysteretic energy of the considered buildings without SSI (subsection 4.4.5) 

 Building 3 × 5 Building 3 × 2 Building 5 × 5 Building 5 × 2 

Record VE 
(m/s) 

VD 
(m/s) 

EI 
(kNm) 

EH 
(kNm) 

VE 
(m/s) 

VD 
(m/s) 

EI 
(kNm) 

EH 
(kNm) 

VE 
(m/s) 

VD 
(m/s) 

EI 
(kNm) 

EH 
(kNm) 

VE 
(m/s) 

VD 
(m/s) 

EI 
(kNm) 

EH 
(kNm) 

P B  1.960 1.190 726.22 266.70 2.000 0 311.11 0 1.430 0.894 632.34 247 1.460 0.901 270.1 102.82 
P C 0.397 0 29.79 0 0.411 0 13.14 0 0.645 0 128.65 0 0.618 0 48.39 0 

NP B 1.124 0 238.83 0 0.992 0 76.54 0 1.050 0.576 340.92 102.75 1.204 0 183.68 0 
NP C 1.735 0 569.06 0 1.517 0 179 0 2.100 1.203 1363.68 447.74 2.198 1.244 612.15 196.11 
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Table 4-6 Input and hysteretic energy of the considered buildings with SSI and isolated foundation (subsection 4.4.5) 
 Building 3 × 5 Building 3 × 2 Building 5 × 5 Building 5 × 2 

Record VE 
(m/s) 

VD 
(m/s) 

EI 
(kNm) 

EH 
(kNm) 

VE 
(m/s) 

VD 
(m/s) 

EI 
(kNm) 

EH 
(kNm) 

VE 
(m/s) 

VD 
(m/s) 

EI 
(kNm) 

EH 
(kNm) 

VE 
(m/s) 

VD 
(m/s) 

EI 
(kNm) 

EH 
(kNm) 

P C 0.350 0 23.158 0 0.388 0 11.709 0 0.712 0 156.76 0 0.640 0 51.90 0 
NP C 2.390 0 1079.83 0 1.844 0 264.47 0 2.025 1.168 1268 422.16 2.070 1.141 543 164.83 

 
Table 4-7 Input and hysteretic energy of the considered buildings with SSI and mat foundation (subsection 4.4.5) 

 Building 3 × 5 Building 3 × 2 Building 5 × 5 Building 5 × 2 

Record VE 
(m/s) 

VD 
(m/s) 

EI 
(kNm) 

EH 
(kNm) 

VE 
(m/s) 

VD 
(m/s) 

EI 
(kNm) 

EH 
(kNm) 

VE 
(m/s) 

VD 
(m/s) 

EI 
(kNm) 

EH 
(kNm) 

VE 
(m/s) 

VD 
(m/s) 

EI 
(kNm) 

EH 
(kNm) 

P C 0.349 0 23.030 0 0.408 0 12.950 0 0.683 0 144.25 0 0.619 0 48.55 0 
NP C 2.402 0 1091 0 1.600 0 199.11 0 2.022 1.173 1264.26 425.30 2.170 1.238 596.65 191.14 
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4.3 Representative prototype buildings  

4.3.1 Selection criteria  

The main characteristics of the selected buildings are described in this section. Prototype 
buildings have been selected aiming to its representativeness, mainly in developing countries 
(where pounding is more feasible). Noticeably, the main objective of this research is to analyse 
pounding between pairs of buildings, not to study the behaviour of single buildings; therefore, 
representativeness should be placed within this context. 

The buildings are assumed to be correctly designed for high-seismicity regions; conversely, their 
gap is insufficient. This situation is frequent in developing countries, since the design commonly 
fulfils all the legal requirements (to obtain the construction permits) but the construction control 
is not completely strict. Only buildings with plan symmetric and uniformity along height are 
considered. The reason is that most of the actual buildings fulfil such regularity conditions; 
moreover, the irregular situations are difficult to categorize. This regularity implies that the 
columns are uniformly distributed and are not interrupted (continuous down to foundation), and 
that the storey height is the same in all the floors. The cooperation of the masonry infill walls is 
not taken into consideration because of its lack of reliability, and because frequently the walls are 
separated from the main frame to allow for relative motion. Since the vast majority of buildings 
in developing countries have only moderate-height, only short to mid-height buildings are 
considered. Regarding the use, most of the buildings are intended for housing and administrative 
use; certainly, other close uses (commercial, school, sanitary facilities, among others) are also 
possible. 

4.3.2 Selected buildings 
Four housing or administrative prototype buildings have been selected to represent the most 
common situations. All buildings have RC structure with square columns, two-way solid slabs 
and rectangular cast-in-situ beams joining the columns, see Figure 4-4. 
 

 
 

(a) Three-storey two-bay building (3 × 2) (b) Five-storey two-bay building (5 × 2) 

 
 
 
 
 
 
 
 
 
 

 

(c) Three-storey five-bay building (3 × 5)  (d) Five-storey five-bay building (5 × 5) 

Figure 4-4. Prototype buildings 

y 
x 

z 
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As shown in Figure 4-4, the buildings have uniformity in elevation and symmetry in plan, with 
rectangular plan layout. There are no basements. There are six frames (five bays) in the direction 
parallel to the joint between the buildings (y); in the other direction (x) the number of bays of each 
building ranges in between two and five to account for the differences in mass between both 
colliding buildings. Along this study, N represents the number of storeys and b is the number of 
bays in the direction orthogonal to the joint between the buildings (x, Figure 4-4); each building 
is denoted by N × b. The storey height is 3.2 m and the span length is 5 m in both directions. The 
beams section is 40 × 50 cm2 and the slabs are 15 cm deep. Inside each storey, all the columns 
are alike, even the reinforcement; Table 4-8 depicts the storey heights, the cross sections of the 
columns, the fundamental periods, and the weight of representative buildings. 

Table 4-8 Representative buildings 

Building Height 
(m) 

1st floor 
columns 

(cm) 

2nd floor 
columns 

(cm) 

3rd floor 
columns 

(cm) 

4th floor 
columns 

(cm) 

5th floor 
columns 

(cm) 

Fundamental 
periods (s) 

Weight 
(kN) 

3 × 5 9.6 60 × 60 55 × 55 50 × 50 - - 0.374 3709 
3 × 2 9.6 60 × 60 55 × 55 50 × 50 - - 0.359 1526 
5 × 5 16 60 × 60 55 × 55 50 × 50 45 × 45 40 × 40 0.667 6067 
5 × 2 16 60 × 60 55 × 55 50 × 50 45 × 45 40 × 40 0.642 2486 

The characteristic values of the concrete compressive strength and of the steel yielding point are 
f’c = 30 MPa and fy = 400 MPa, respectively. The buildings are designed according to the ACI 
and ASCE codes [ACI-318-11 2011; ASCE/SEI 7-10 2010]. Dead loads: self-weight + flooring 
+ partitioning = 8 kN/m2, roof self-weight + flooring + partitioning = 6.8 kN/m2, cladding 3 kN/m2 
(front and rear façades) and 2.6 kN/m2 (side façades). Live loads: floors 2 kN/m2, roof 1.5 kN/m2, 
stairs 3.5 kN/m2. The loading combination is 1.2 D + 1.6 L. The seismic design is performed for 
0.4 g design acceleration, corresponding to 475 years return period (10% probability of being 
exceeded in 50 years). The soil can be either stiff or soft, with shear wave velocity in between 
360 and 800 m/s or 180 and 360 m/s, respectively; they correspond to types C and D according 
to ASCE classification [ASCE/SEI 7-10 2010] and to types B and C according to the EC-8 
classification [EN-1998 2005]. Given that softer soil leads to more demanding forces, it has been 
considered for design. For design purposes, the structure of the buildings is modelled as a 3D 
frame of beams and columns with rigid connections among them; the columns are assumed to be 
clamped to the foundation. The beams are modelled as T-section members; the effective width is 
105 cm for the inner beams and 70 cm for the side beams [ACI-318-11 2011]. The concrete 
cracking is taken into account by reducing the moments of inertia of beams and columns by 
factors 0.4 and 0.7, respectively [FEMA 356 2000]. The contribution of the staircases, infill walls, 
and other elements to the lateral resistance of the building is neglected. The seismic design is 
carried out through the equivalent static analysis. For serviceability conditions, the drift limit is 
0.02 H for the 3-storey building and 0.025 H for the 5-storey building. The fundamental periods 
of the buildings are estimated from the empirical expressions contained in the ASCE code; for 
the 3 and 5-storey buildings, it is initially assumed that TF = 0.3 s and 0.5 s, respectively. The 
assumed damping factor is 5%. The buildings are considered of normal importance (Risk 
Category II), therefore, seismic importance factor is Ie = 1. The response reduction factor is 5, 
corresponding to “intermediate reinforced concrete moment frames” according to the ASCE code. 
The contributing mass of the slab is uniformly distributed among all the frames. The site 
seismicity for 4975 years return period (1% probability of being exceeded in 50 years) 
corresponds to coefficients SS = 2.098 g, S1 = 0.994 g (spectral response acceleration parameters), 
Fa = 1, Fv = 1.5 (site coefficients based on SS and on S1, respectively). In the design spectrum, the 
left and right abscissae of the plateau are T0 = 0.142 s and TS = 0.711 s, respectively. The assumed 
risk category and seismicity determine seismic design category D. 

The fundamental periods are obtained using the classic linear eigenvalue analysis by discretizing 
the buildings incorporating the classical lumped masses models. As it will be discussed in 
subsection 4.4, buildings are merely represented by single 2D frames; accordingly, Table 4-9 
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displays the masses of each storey (including the corresponding masses of columns and other 
vertical elements) for the lone buildings. Figures from Table 4-9 correspond to D + 0.2 L. 

Table 4-9 Mass (kg) of each frame of the individual 
buildings 

Storey No. Building 
3 × 5 3 × 2 5 × 5 5 × 2 

1 127239 52452 127239 52452 
2 124762 51214 124762 51214 
3 117598 47632 122392 50029 
4 - - 120180 48923 
5 - - 115386 46526 

Table 4-10 displays the computed fundamental periods of the individual and coupled buildings; 
in Table 4-10, “coupled buildings” refers to the joint behaviour of a pair of buildings moving 
together during their contact. 

Table 4-10 Natural periods (s) of the individual and coupled buildings 

Mode 
No. 

Building Pairs of buildings 

3 × 5 3 × 2 5 × 5 5 × 2 3 × 55 
× 2 

5 × 55 × 
2 

5 × 53× 
2 5 × 23× 2 

1 0.374 0.359 0.667 0.642 0.499 0.655 0.604  0.539 
2 0.128 0.120 0.249 0.235 0.277 0.244 0.259 0.256 
3 0.075 0.069 0.151 0.140 0.138 0.147 0.148 0.137 
4 - - 0.106 0.098 0.113 0.104 0.109 0.105 
5 - - 0.084 0.079 0.079 0.084 0.084 0.079 

Periods in Table 4-10 agree reasonably well with the values from empirical expressions in the 
major design codes [ASCE/SEI 7-10 2010; EN-1998 2005]. Noticeably, most of the omitted pairs 
of the buildings in Table 4-10 (e.g. 3 × b3 × b, 5 × b 5 × b) correspond to two alike buildings, 
without relevant pounding. 

Table 4-11 displays the natural periods and modal mass ratios of the individual buildings. Given 
that pounding is described as a 2D phenomenon (subsection 4.4), only translational modes in x 
direction (Figure 4-4) are considered. Table 4-11 shows regular behaviour, with well-separated 
periods and the clear predominance of the first mode. 

Table 4-11 Natural periods (s) and modal mass ratios of the individual buildings 

Mode No. 
Building 

3 × 5 3 × 2 5 × 5 5 × 2 
T mi* / m T mi* / m T mi* / m T mi* / m 

1 0.374 0.8277 0.359 0.8214 0.667 0.7688 0.642 0.7663 
2 0.128 0.1207 0.120 0.1254 0.249 0.1251 0.235 0.1262 
3 0.075 0.0516 0.069 0.0532 0.151 0.0482 0.140 0.0487 
4 - - - - 0.106 0.0304 0.098 0.0306 
5 - - - - 0.084 0.00 0.079 0.00 

Figure 4-5 displays the modal vectors of the individual buildings. Sketches from Figure 4-5 show 
a regular and expected behaviour. 
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(a) Three-storey two-bay building (3 × 2) (b) Five-storey two-bay building (3 × 5) 

          
(c) Three-storey five-bay building (5 × 2) (d) Five-storey five-bay building (5 × 5) 

Figure 4-5. Modal shapes of the prototype buildings 

Figure 4-6 displays several representative views of the beams and columns of the prototype 
buildings. Figure 4-6.a and Figure 4-6.b show a cross-section and a side view of a beam and 
Figure 4-6.c contains similar sketches regarding a column. 

  

(a) Beam cross-section  

 
 

(b) Beam side view (c) Column elevation and section 

Figure 4-6. Details of prototype buildings 

Table 4-12 through Table 4-15 display reinforcement details of the prototype buildings (Table 
4-8). Diameters and separations are in mm. The cover is 50 mm in all cases. Basic transverse 
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reinforcement of both beams and columns consists of hoops with a diameter of 10 mm at a spacing 
of 150 mm. As structures are “intermediate moment frames”, the objective is avoiding premature 
shear failure by using this separation along beams and columns [ACI-318-11 2011]. On the 
beams, at both ends along 1.50 m, hoops spacing is halved (φ10@75 mm). In the columns, such 
length is 1 m. In the columns, ties are arranged (Figure 4-6.c) as providing 15.24 cm clear distance 
between laterally supported and not supported longitudinal bars [ACI-318-11 2011]. 

Longitudinal reinforcement of the columns consists of 25 mm diameter bars that are uniformly 
distributed along the section perimeter. Longitudinal reinforcement of the beams consists of 25 
mm diameter bars, first / second numbers indicate bars in top / bottom positions, respectively. In 
the beams, 16 mm diameter bars are located at both sides of the section, and have no structural 
significance. 

Table 4-12 Reinforcement of building 3 × 5 
Floor 
No. 

Columns Beams (central section) Beams (end sections) 
Longitudinal Transverse Longitudinal Transverse Longitudinal Transverse 

1 24φ25 φ10@150 (6 + 5)φ25 & 4φ16 φ10@150 (5 + 6)φ25 & 4φ16 φ10@75 
2 24φ25 φ10@150 (6 + 5)φ25 & 4φ16 φ10@150 (5 + 6)φ25 & 4φ16 φ10@75 
3 20φ25 φ10@150 (6 + 5)φ25 & 4φ16 φ10@150 (5 + 6)φ25 & 4φ16 φ10@75 

 
Table 4-13 Reinforcement of building 3 × 2 

Floor 
No. 

Columns Beams (central section) Beams (end sections) 
Longitudinal Transverse Longitudinal Transverse Longitudinal Transverse 

1 24φ25 φ10@150 (6 + 5)φ25 & 4φ16 φ10@150 (5 + 6)φ25 & 4φ16 φ10@75 
2 24φ25 φ10@150 (6 + 5)φ25 & 4φ16 φ10@150 (5 + 6)φ25 & 4φ16 φ10@75 
3 20φ25 φ10@150 (6 + 5)φ25 & 4φ16 φ10@150 (5 + 6)φ25 & 4φ16 φ10@75 

 
Table 4-14 Reinforcement of building 5 × 5 

Floor 
No. 

Columns Beams (central section) Beams (end sections) 
Longitudinal Transverse Longitudinal Transverse Longitudinal Transverse 

1 24φ25 φ10@150 (6 + 5)φ25 & 4φ16 φ10@150 (5 + 6)φ25 & 4φ16 φ10@75 
2 24φ25 φ10@150 (6 + 5)φ25 & 4φ16 φ10@150 (5 + 6)φ25 & 4φ16 φ10@75 
3 20φ25 φ10@150 (6 + 5)φ25 & 4φ16 φ10@150 (5 + 6)φ25 & 4φ16 φ10@75 
4 16φ25 φ10@150 (6 + 5)φ25 & 4φ16 φ10@150 (5 + 6)φ25 & 4φ16 φ10@75 
5 12φ22 φ10@150 (6 + 5)φ25 & 4φ16 φ10@150 (5 + 6)φ25 & 4φ16 φ10@75 

 
Table 4-15 Reinforcement of building 5 × 2 

Floor 
No. 

Columns Beams (central section) Beams (end sections) 
Longitudinal Transverse Longitudinal Transverse Longitudinal Transverse 

1 24φ25 φ10@150 (6 + 5)φ25 & 4φ16 φ10@150 (5 + 6)φ25 & 4φ16 φ10@75 
2 24φ25 φ10@150 (6 + 5)φ25 & 4φ16 φ10@150 (5 + 6)φ25 & 4φ16 φ10@75 
3 20φ25 φ10@150 (6 + 5)φ25 & 4φ16 φ10@150 (5 + 6)φ25 & 4φ16 φ10@75 
4 16φ25 φ10@150 (6 + 5)φ25 & 4φ16 φ10@150 (5 + 6)φ25 & 4φ16 φ10@75 
5 12φ22 φ10@150 (6 + 5)φ25 & 4φ16 φ10@150 (5 + 6)φ25 & 4φ16 φ10@75 

 
4.3.3 Foundation 

Since there are no basements, the soil quality is assumed to be good, and the buildings height is 
rather moderate, the foundation is assumed to be shallow (direct). Given that the soil type can be 
either soft or stiff (section 4.4.5) and that there is no direct correlation between soil type and 
bearing capacity, it is necessary to assume several levels of soil strength. Two levels are 
considered: poor soil (bearing capacity 0.15 MPa) and good soil (allowable stress 0.4 MPa).  

For strong soil, the foundation consists in isolated (pad or spread) footings connected with ties. 
The ties are intended to avoid horizontal relative displacements between footings generated by 
the spatial variation of the seismic action. As well, ties will provide a recentering effect on pads; 
this being particularly convenient for eccentric footings. This layout will prevent completely the 
risk of local uplift at some footings. Each footing (except the eccentric ones) is 3 m × 3 m × 1.5 
m. The structural parameters (concrete and steel strength and reinforcement amount) are not 
detailed herein because they are not relevant to the objectives of this work.  
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For poor soil, mat (slab) foundation is considered, since, with isolated footings, digging would 
affect more than half of building plan, thus making this solution impractical. Slab depth is 1 m. 
As in the isolated footings solution, the structural parameters are not detailed. 

4.4 Numerical modelling 

4.4.1 Numerical model of the buildings 

In this work, pounding is described as a 2-D phenomenon, without accounting for torsion effects. 
Therefore, buildings are represented by single 2-D frames. Given that all parallel frames are alike 
(Figure 4-4), this assumption describes adequately pounding between buildings provided that one-
sixth of building mass is assigned to each frame (Table 4-9). 

The nonlinear dynamic structural behaviour of the frames is described with 2-node frame finite 
element models (Figure 4-7.a); each member (e.g. beam or column) is represented by a single 
element. Nonlinearities are concentrated in plastic hinges located at the ends of each element 
(concentrated plasticity, Figure 4-7.b). This choice reduces the analysis time and avoids 
localization issues, e.g. dependency on the number of Gauss points [(SeismoSoft 2016; Scott, 
Fenves 2006]. The moment-curvature behaviour of each hinge is depicted by fibre models 
SeismoStruct [Seismosoft 2017] with 300 fibres in each section. The length of the hinges is 
established according to the well-known empirical criterion proposed in [Paulay & Priestley 
1992]. 

 

 

(a) Frame discretization and plastic 
hinge locations (b) Fibre model 

Figure 4-7. Finite element modelling 

The nonlinear concrete behaviour is represented by a constant-confinement concrete model 
[Mander et al. 1988; Martínez-Rueda, Elnashai 1997; Madas 1993]; the confinement effect is 
described by an effective confinement stress which depends on the longitudinal and transverse 
reinforcement. This model proposes a unified stress-strain approach for confined 
concrete for both circular and rectangular transverse reinforcement: 

σc =
𝑓𝑓cc 

, 𝑥𝑥 𝑟𝑟
𝑟𝑟 − 1 + 𝑥𝑥𝑟𝑟

 (4-1) 

In equation (4-1), σ𝑐𝑐 is concrete stress and 𝑓𝑓cc
,  is compressive strength of confined concrete. 

Coefficient 𝑥𝑥 = 𝜀𝜀c
𝜀𝜀cc

, where 𝜀𝜀c is concrete strain and 𝜀𝜀cc is strain at peak stress related to 𝑓𝑓cc
, : 𝜀𝜀cc =

𝜀𝜀c0 �1 + 5 �𝑓𝑓cc
,

𝑓𝑓c0
, − 1��; in this expression, 𝜀𝜀c0 and 𝑓𝑓c0

,  are strain and unconfined concrete strength, 

respectively. Coefficient 𝑟𝑟 = 𝐸𝐸c
𝐸𝐸c − 𝐸𝐸sec

, where 𝐸𝐸c and 𝐸𝐸sec are the initial and secant concrete 
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deformation modulus; 𝐸𝐸sec = 𝑓𝑓cc
,

𝜀𝜀cc
. It can be shown [Mander et al. 1988] that the confined 

compressive strength is related to the unconfined one by 𝑓𝑓cc
, = 𝑓𝑓c0

,  𝐾𝐾, where K is a confinement 
factor given by: 

𝐾𝐾 = −1.254 + 2.254�1 +
7.94𝑓𝑓l

,

𝑓𝑓c0
, − 2

σl
,

𝑓𝑓c0
,  (4-2) 

Where, σl
,  is effective lateral confining pressure given by σl

, = 𝑘𝑘eσl where 𝑘𝑘e and σl are 
confinement effectiveness coefficient and lateral confining pressure, respectively. Confinement 
coefficient is defined as ratio 𝑘𝑘e = 𝐴𝐴e

𝐴𝐴cc
, where 𝐴𝐴e = (𝑏𝑏c𝑑𝑑c − 𝐴𝐴i) �1 − 𝑠𝑠,

2 𝑏𝑏c
� �1 − 𝑠𝑠,

2 𝑑𝑑c
� and  

𝐴𝐴cc = 𝑏𝑏c𝑑𝑑c − 𝐴𝐴st. In these expressions, 𝑏𝑏c and 𝑑𝑑c are core dimensions of confined (rectangular) 
area, s’ is clear separation between consecutive transverse reinforcement bars, Ast is longitudinal 

reinforcement area, and 𝐴𝐴𝑖𝑖 = ∑ �𝑤𝑤𝑖𝑖
2

6
�𝑛𝑛

𝑖𝑖=1  where wi represents clear separation between consecutive 
tied longitudinal reinforcement bars and n is the number of such bars. Figure 4-8 illustrates the 
meaning of geometrical parameters 𝑏𝑏c, 𝑑𝑑c, s’, and wi. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4-8. Geometrical parameters characterizing Mander model for confined concrete [Mander et al. 
1988] 

Lateral confining pressure is assumed to be uniformly distributed over concrete surface; in x and 
y direction, it is given by σlx = ρx𝑓𝑓yh and σly = ρy𝑓𝑓yh, respectively. In these expressions, ρ𝑑𝑑  and 
ρ𝑦𝑦 refer to transverse reinforcement amounts in x and y direction (Figure 4-8), respectively. 
Noticeably, ρ𝑑𝑑  and ρ𝑦𝑦 include hoops and ties. 𝑓𝑓yh is yield point of transverse reinforcement. 

Since this model can experience numerical instabilities under large displacements, the 
modifications suggested by [Martínez-Rueda, Elnashai 1997] are considered; the therefrom-
arising model can predict the strength and stiffness degradation under cyclic motion. Tensile 
concrete strength is neglected. The reinforcement steel behaviour is described by uniaxial bilinear 
constitutive laws with 5‰ kinematic strain hardening; the hardening rule for the yield surface is 
a linear function of the increment of plastic strain. Figure 4-9 displays the assumed constitutive 
models for concrete and steel. Figure 4-9.a depicts concrete constitutive laws for three cases: 
unconfined, intermediately confined, and strongly confined. These three cases are based on the 
aforementioned Mander model for concrete; the relevant parameter is K (confinement factor). In 
the intermediate confinement case, the section is 60×60 cm2 with 24φ15 longitudinal bars and a 
single hoop (φ10@150mm) and four ties in the transverse direction; the confinement factor is K 
= 1.29 (see Appendix C). For the strong case, the section and longitudinal reinforcement are the 
same although in the transverse direction there are triple hoops (φ10@75mm) and four ties; the 
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confinement factor; is K = 1.62 (see Appendix C). In the case of unconfined concrete, K is equal 
to 1. Plots from Figure 4-9.a show that confinement intensely affects concrete behaviour. Figure 
4-9.b depicts steel constitutive law. 

  
(a) Concrete (b) Steel 

Figure 4-9. Constitutive laws 

Figure 4-10 displays examples of moment-rotation laws of the plastic hinges obtained after 
integrating constitutive laws in Figure 4-9 according to the fibre models depicted in Figure 4-7.b; 
calculations have been performed using XTRACT software [Chadwell, Imbsen 2004]. Figure 
4-10.a refers to an end section of a beam (Table 4-12 through Table 4-15). In Figure 4-10.a, laws 
for the positive and negative moments are shown; since top reinforcement amount (6φ25) is higher 
than bottom one (5φ25), strength and stiffness for the negative moment are superior. Figure 4-10.b 
presents plots for 60 × 60 cm2 column with longitudinal reinforcement 24φ25 uniformly 
distributed along the perimeter; each plot corresponds to different values of axial compressive 
force. In Figure 4-10.b, the dimensionless coefficient a is defined as N = a f’c Ag where N is the 
demanding axial force, f’c is the characteristic value of concrete compressive strength, and Ag is 
the gross sectional area. Figure 4-10.b shows that small and moderate axial forces provide strength 
increase (like prestressing effect) and bigger forces lead to strength reduction. Noticeably, in all 
the cases, initial stiffness is higher when a ≠ 0; this is due to the primary absence of cracking.  

  
(a) End section of a beam (b) Column 60 × 60 cm2 

Figure 4-10. Moment-rotation laws 

In the global analysis, a force-based formulation is considered, without approximation of shape 
interpolation functions [Neuenhofer, Filippou 1997]. The diaphragm effect of the floor slabs is 
taken into account by imposing rigid constraints among all the joints belonging to the same slab. 
A second order analysis is carried out; i.e., P-∆ effects are taken into account in SeismoStruct, 
through the employment of a total corrotational formulation [Correia, Virtuoso 2006]. 

4.4.2 Numerical model of pounding 

Pounding effect is described with the concentrated linear Kelvin-Voigt models (parallel 
combination of a spring and a dashpot). Figure 2-28.a displays such a model; ml and mr represent 
the lumped colliding masses, xl and xr refer to their displacements, and k and c are the stiffness 
and damping coefficients of the model, respectively. The gap d represents the initial separation 
between the frames. Figure 2-28.c shows a strained configuration of the model. In this analysis, 
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the Kelvin-Voigt models are placed in each pounding storey; Figure 2-28.b depicts an example 
of two 3 and 5-storey colliding frames. The constitutive law of the Kelvin-Voigt model is given 
by equation (2-36) in section 2.2.3.1. As outlined in section 2.2.3.1, by performing a modal 
analysis [Ananostopoulos 1988] of the 2-DOF system described in Figure 2-28.a, the natural 
frequency (ω) and the damping ratio (ζ) of the second mode are given by equation (2-37). The 
stiffness coefficient k is selected proportional to the axial stiffness of the colliding slabs as k = α 
(E A / L), where E, A, and L are the modulus of elasticity (concrete), cross-section area, and length 
of the longest colliding slab, respectively; α is a dimensionless coefficient (α > 1) [Muthukumar, 
Des Roches 2006] that accounts for the higher influence of the slab segments that are closer to 
the impact point. 

The damping coefficient c has proven extremely high influence in the impact simulation. It is 
commonly selected after the coefficient of restitution r, being defined as the ratio between the 
post-impact and initial relative velocities between the colliding masses, equation (2-35). In 
equation (2-35), vl and vr are the initial velocities of the left and right slabs, respectively; v’l and 
v’r are the corresponding after-impact velocities. Equation (2-35) shows that r ranges between 0 
(plastic impact) and 1 (elastic impact). The physical meaning of the coefficient of restitution is 
more obvious than the one of the damping parameter; therefore, commonly it is preferred to start 
the process by selecting the value of r. In this study, two approaches are considered, the traditional 
formulation of [Anagnostopoulos 2004] and a more recent one in chapter 3. As mentioned in 
section 2.2.3.1, the traditional approach is based on neglecting, during impact, the influence of 
the structures of the colliding buildings, and of the seismic excitation. The relations between r 
and ζ are obtained in equation (2-38). Given the right equation (2-38), as suggested in 
[Anagnostopoulos, Spiliopous 1992], r = 0.527 (ζ = 0.2) and r = 0.729 (ζ = 0.1) is considered; in 
this study, also r = 0.855 (ζ = 0.05) and r = 0.372 (ζ = 0.3) are contemplated. This formulation 
has been used by many researches, showing repeatedly its efficiency. 

4.4.3 Time integration  

Time integration is carried out using Newmark algorithm with γ = 0.5 and β = 0.25 (constant 
average acceleration method) [Chopra 2012]. Inside each time step, convergence is verified; 
convergence criterion is based on the displacement and the rotation. Maximum values (along all 
the corresponding degrees of freedom) of ratios between the increments of displacement and 
rotation and prescribed tolerances, should be ≤ 1. The displacement tolerance is 10-4 m and the 
rotation tolerance is 10-5 rad. In each time step, the maximum number of iterations is 300. 
Damping matrix is generated, from classical Rayleigh model, as proportional to the tangent 
stiffness [Petrini et al. 2008]; as discussed in subsection 4.3, the damping ratio is 5%. 

In any nonlinear analysis, time step selection is a key issue, since usual criteria for linear analysis 
do not apply, and instabilities might arise, even in allegedly unconditionally stable Newmark 
method. In pounding analysis, this issue is still more crucial, since pounding generates sudden 
changes in extremely short time intervals, thus leading to important accelerations and involving 
higher modes response. In this research, time increment is selected starting with a coarse time 
discretization (∆t = 0.01 s) and then refining it progressively (i.e. taking smaller values of ∆t) until 
obtaining similar results regardless of the considered sampling period. Satisfactory performance 
has been achieved with ∆t = 0.0005 s. These proofs are conducted by determining the dynamic 
response of colliding pairs of frames (see Table 4-10) to the seismic inputs described in section 
4.2. Table 4-16 displays, for the third storey, maximum values of relative velocities at impact 
instants, and maximum impact forces and impact duration; these magnitudes have been selected 
for being highly relevant to the objectives of the research. Figures in Table 4-16 correspond to 
the collision of two pairs of frames (5 × 2 | 3 × 2 and 3 × 5 | 5 × 2) under the Northridge Saticoy 
St (NP C) input (Table 4-1); for both cases, the model parameters are α = 5, ζ = 0.1 and d = 2 cm. 
under these conditions, Figure 4-11, Figure 4-12, Figure 4-13, and Figure 4-14 display, for each 
storey, major results of 5 × 2, 3 × 2, 3 × 5, and 5 × 2 buildings (Table 4-8) under the selected 
inputs (Table 4-1). Black/grey plots correspond to cases with/without pounding, respectively. 
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Figure #.a and Figure #.b represent the maximum drift angles. Figure #.c and Figure #.d display 
the maximum storey shear force. Figure #.e and Figure #.f show the hysteretic energy. Figure #.g 
and Figure #.h show the maximum absolute accelerations. As in Table 4-16, these magnitudes are 
selected for being highly relevant to the objectives of the research. Results in Table 4-16, Figure 
4-11, Figure 4-12, Figure 4-13, and Figure 4-14 for ∆t = 0.001 s and ∆t = 0.0005 s are highly 
similar; since analogous considerations can be formulated after other performed simulations, ∆t 
= 0.0005 s is adopted in this work for all the analyses. Noticeably, in the cases considered in Table 
4-16, Figure 4-11, Figure 4-12, Figure 4-13, and Figure 4-14, no impacts are observed in the lower 
floors. Moreover, it should be emphasized that the adoption of a bigger sampling period could 
have led to important errors; even in the existence of impacts between both colliding buildings. 

Table 4-16 Maximum relative impact velocities, impact forces and durations in the third storey. k = 
5614 kN/mm (α = 5); ζ = 0.1 (r = 0.729); d = 2 cm. NP C 

∆t (s) 
Relative impact velocity 

(m/s) Impact force (kN)  Impact duration (s) 

5 × 2 | 3 × 2 3 × 5 | 5 × 2 5 × 2 | 3 × 2 3 × 5 | 5 × 2 5 × 2 | 3 × 2 3 × 5 | 5 × 2 
0.01 0.935 0.445 3494 3575 0.030 0.020 

0.001 0.877 0.567 8329 4360 0.008 0.016 
0.0005 0.873 0.568 8562 4414 0.0075 0.0155 
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(a) Maximum drift angle in the 5 × 2 building (left) (b) Maximum drift angle in the 5 × 2 building 
(left) 

    

(c) Maximum shear force in the 5 × 2 building (left) (d) Maximum shear force in the 5 × 2 building 
(left) 

    

(e) Hysteretic energy in the 5 × 2 building (left) (f) Hysteretic energy in the 5 × 2 building (left) 

   

(g) Maximum absolute accel. in the 5 × 2 building 
(left) 

(h) Maximum absolute accel. in the 5 × 2 building 
(left) 

Figure 4-11. Responses of with / without pounding. 5 × 2 | 3 × 2; k = 5614 kN/mm (α = 5), ζ = 0.1 (r = 
0.729); d = 2 cm. Northridge (Non Pulse, soil type C, ∆t = 0.01, 0.001, 0.0005 s) (Table 4-1) 
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(a) Maximum drift angle in the 3 × 2 building 
(right) 

(b) Maximum drift angle in the 3 × 2 building 
(right) 

    

(c) Maximum storey shear force in the 3 × 2 
building (right) 

(d) Maximum storey shear force in the 3 × 2 
building (right) 

    

(e) Hysteretic energy in the 3 × 2 building (right) (f) Hysteretic energy in the 3 × 2 building (right) 

    

(g) Maximum absolute acceleration in the 3 × 2 
building (right) 

(h) Maximum absolute acceleration in the 3 × 2 
building (right) 

Figure 4-12. Responses with / without pounding. 5 × 2| 3 × 2; k = 5614 kN/mm (α = 5), ζ = 0.1 (r = 
0.729); d = 2 cm. Northridge (Non Pulse, soil type C, ∆t = 0.01, 0.001, 0.0005 s) (Table 4-1) 
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(a) Maximum drift angle in the 3 × 5 building (left) (b) Maximum drift angle in the 3 × 5 building 
(left) 

    

(c) Maximum storey shear force in the 3 × 5 
building (left) 

(d) Maximum storey shear force in the 3 × 5 
building (left) 

    

(e) Hysteretic energy in the 3 × 5 building (left) (f) Hysteretic energy in the 3 × 5 building (left) 

    
(g) Maximum absolute acceleration in the 3 × 5 

building (left) 
(h) Maximum absolute acceleration in the 3 × 5 

building (left) 
Figure 4-13. Responses with / without pounding. 3 × 5 | 5 × 2; k = 5614 kN/mm (α = 5), ζ = 0.1 (r = 

0.729); d = 2 cm. Northridge (Non Pulse, soil type C, ∆t = 0.01, 0.001, 0.0005 s) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 2 building 
(right) 

(b) Maximum drift angle in the 5 × 2 building 
(right) 

    

(c) Maximum storey shear force in the 5 × 2 
building (right) 

(d) Maximum storey shear force in the 5 × 2 
building (right) 

    

(e) Hysteretic energy in the 5 × 2 building (right) (f) Hysteretic energy in the 5 × 2 building (right) 

    
(g) Maximum absolute acceleration in the 5 × 2 

building (right) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-14. Responses with / without pounding. 3 × 5 | 5 × 2; k = 5614 kN/mm (α = 5), ζ = 0.1 (r = 

0.729); d = 2 cm. Northridge (Non Pulse, soil type C, ∆t = 0.01, 0.001, 0.0005 s) (Table 4-1) 
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4.4.4 Examples 

This subsection presents some examples that have been obtained using the model described in 
subsections 4.4.1, 4.4.2, and 4.4.3. The objective of this subsection is to confirm the ability of the 
derived model to reproduce the most significant issues that are involved in the problem under 
consideration.  

Figure 4-15 and Figure 4-16 display output hysteretic behaviour of plastic hinges located in end 
sections of representative beams and columns; Figure 4-15 corresponds to the lone buildings (e.g. 
without pounding) and Figure 4-16 refers to the same members although colliding with another 
building (with pounding). In Figure 4-15 and Figure 4-16 beams and columns are numbered left 
to right. In Figure 4-16, chosen parameters of the gap model are the stiffness k = 5614 kN/mm (α 
= 5), the damping factor ζ = 0.1 (r = 0.729), and the gap size d = 2 cm (subsection 4.4.2). In the 
beams, positive sign of moment and of rotation corresponds to positive moment, i.e. compression 
in the top fibres; in the columns, right/left fibres are compressed/tensioned.  

 

  
(a) Building 3 × 2. Left end of 1st storey 

beam. P B input (Table 4-1) 
(b) Building 3 × 2. Bottom end of 2nd storey 

column. P B input (Table 4-1) 

  

(c) Building 5 × 2. Left end of 2nd storey 
beam. P C input (Table 4-1) 

(d) Building 5 × 2. Bottom end of 2nd storey 
column. P C input (Table 4-1) 

Figure 4-15. Output moment-rotation plots of plastic hinges of lone buildings (without pounding) 

 

Plots from Figure 4-15 and Figure 4-16 show a regular behaviour, with certain energy dissipation; 
this confirms that hinges have exceeded linear range. Comparison among loops in Figure 4-15 
and Figure 4-16 shows that pounding reduces the maximum values and encompassed area 
(dissipated energy). 
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(a) Building 3 × 2 (pounding with 5 × 2). 

Left end of 1st storey 2nd beam. P B input 
(Table 4-1) 

(b) Building 3 × 2 (pounding with 5 × 2). 
Bottom end of 2nd storey 2nd column. P 

B input (Table 4-1) 

  

(c) Building 5 × 2 (pounding with 3 × 5). 
Left end of 2nd storey 2nd beam. P C input 

(Table 4-1) 

(d) Building 5 × 2 (pounding with 3 × 5). 
Bottom end of 2nd storey 2nd column. P 

C input (Table 4-1) 
Figure 4-16. Output moment-rotation plots of plastic hinges of pounding buildings 

This subsection presents also time-history results in terms of the displacements (relative to the 
building base) and the absolute accelerations. Relative displacements report about structural 
damage (and to some types of non-structural damage, such as cracking of brittle infills) while 
absolute accelerations are directly correlated to non-structural damage (subsection 4.6). Figure 
4-17 and Figure 4-18 display the time histories of relative displacements and Figure 4-19 and 
Figure 4-20 contain plots of the absolute accelerations. Figure 4-17 trough Figure 4-20 correspond 
to the pounding between 5 × 2 and 3 × 2 buildings under the Northridge Saticoy St. input (NP C, 
see Table 4-1). This case is chosen as to provide representative and meaningful results. Figure 
4-17.a and Figure 4-19.a, correspond to the fifth storey of the left building (5 × 2) and Figure 
4-17.b and Figure 4-19.b, correspond to the fourth storey of the same building (5 × 2). Figure 
4-18.a and Figure 4-20.a refer to the left building (5 × 2) and Figure 4-18.b and Figure 4-20.b, 
correspond to the right building (3 × 2). In Figure 4-17 and Figure 4-19 parameters of the gap 
model are the stiffness k = 5614 kN/mm (α = 5), the damping factor ζ = 0.1 (r = 0.729), and the 
gap size d = 2 cm (subsection 4.4.2); each figure displays the superposition of the same situation 
with and without pounding. In Figure 4-18 and Figure 4-20 parameters are k = 2246 / 11230 
kN/mm (α = 2 / 10), ζ = 0.1 (r = 0.729), and d = 2 cm (subsection 4.4.2); each figure displays the 
superposition of the same situation for α = 2 and α = 10. 

Figure 4-17 shows the presence of permanent displacements in the case with pounding, thus 
indicating nonlinear behaviour. Figure 4-18 shows that the displacements for α = 2 and α = 10 
are rather similar. Figure 4-19 shows that the accelerations with and without pounding are rather 
similar. Comparison with bounds indicated in [FEMA/HAZUS-MH/MR4 2003] shows that 
accelerations are large enough to cause non-structural damage. 
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(a) Left building, fifth storey (b) Left building, fourth storey 

Figure 4-17. Displacement time history. 5 × 2 | 3 × 2; k = 5614 kN/mm (α = 5); ζ = 0.1 (r = 0.729); d = 2 
cm. Northridge Saticoy St. (NP C) (Table 4-1) 

 
 

  
(a) Left building, fifth storey (b) Right building, third storey 

Figure 4-18. Displacement time history. 5 × 2 | 3 × 2; k = 2246 / 11230 kN/mm (α = 2 / 10); ζ = 0.1 (r = 
0.729); d = 2 cm. Northridge Saticoy St. (NP C) (Table 4-1) 

 

  
(a) Left building, fifth storey (b) Left building, fourth storey 

Figure 4-19. Acceleration time history. 5 × 2 | 3 × 2; k = 5614 kN/mm (α = 5); ζ = 0.1 (r = 0.729); d = 2 
cm. Northridge (Non Pulse, soil type C) (Table 4-1) 

 

  
(a) Left building, third storey (b) Right building, third storey 

Figure 4-20. Acceleration time history. 5 × 2 | 3 × 2; k = 2246 / 11230 kN/mm (α = 2 / 10); ζ = 0.1 (r = 
0.729); d = 2 cm. Northridge Saticoy St. (NP C) (Table 4-1) 

Figure 4-18 and Figure 4-20 show that the stiffness of the gap model has no significant effect on 
the displacement, but affects notably the maximum acceleration, respectively. Subsection 4.7.1 
discusses that the acceleration peaks correspond to the impact instants; since they are rather short, 
the effect on the displacement should be rather moderate, as shown in Figure 4-18. 
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4.4.5 Soil-structure-interaction 

4.4.5.1 General consideration 

Soil-Structure Interaction (SSI) is relevant to this study, as discussed in section 2.4.6. Since results 
of pounding with and without accounting SSI are significantly different. The objective of this 
section is to investigate preliminary the need of considering SSI in this study. Subsections 4.4.5.2 
and 4.4.5.3 describe the considered models of Soil-Structure Interaction (SSI) for spread footings 
and mat foundations, respectively. In both cases, SSI is represented by linear models. Subsection 
4.4.5.4 summarizes the most relevant observations. 

4.4.5.2 Soil-structure-interaction for the isolated foundation  

SSI is represented by an uncoupled spring model [FEMA 356 2000] that represents its effect by 
the parallel combination of elastic springs and dashpots linking the foundation (pad) footings and 
the underlying soil, as depicted in Figure 4-21. In this context, term “uncoupled” refers to the lack 
of consideration of the relation between stiffness and damping of springs and dash-pots 
corresponding to the different degrees of freedom (directions). In the assumed model, the 
foundation members stiffness is infinitely higher compared to soil. 

 
Figure 4-21. Uncoupled spring model for isolated footing [FEMA 273 1997] 

Given that this study is 2-D, each spring has horizontal, vertical, and rotational (rocking) stiffness 
coefficients; according to the [FEMA 356 2000], such coefficients are given by 𝑘𝑘h =
𝐺𝐺 𝐵𝐵
2−ν

 �3.4 �𝐿𝐿
𝐵𝐵
�
0.65

+ 1.2�, 𝑘𝑘v = 𝐺𝐺 𝐵𝐵
1−ν

 �1.55 �𝐿𝐿
𝐵𝐵
�
0.75

+ 0.8�, and 𝑘𝑘θ = 𝐺𝐺 𝐵𝐵3

1−ν
 �0.4 �𝐿𝐿

𝐵𝐵
� + 0.1�. In 

these expressions, G and ν are the shear modulus and the poisson ratio of the soil, respectively 
and B and L are the horizontal dimensions (B = L = 3 m). According to the [FEMA 273 1997], it 
is assumed that ν = 0.35. G is selected as proportional to the initial static shear modulus G0 

[ASCE/SEI 7-10 2010]; G0 is given by 𝐺𝐺0 = γ 𝑣𝑣s,30
2

𝑔𝑔
 where γ is the soil unit weight and vs,30 is the 

shear wave velocity  (Table 4-1). Vertical stiffness refers to the axial compression; under tension 
forces, vertical stiffness is zero, as to simulate uplift. Noticeably, this difference between the 
tension and the compression stiffness, means that analysis is actually nonlinear, despite the model 
is commonly termed as linear (since the soil behaviour is assumed to be linear). 

The soil damping is represented by the aforementioned dashpots. Hysteretic soil damping is 
disregarded since the soil behaviour is taken as linear; therefore, only radiation damping is 
considered. The horizontal, vertical, and rotational (rocking) damping coefficients are selected 
according to the [Gazetas 1991]: 𝑐𝑐v = ρ 𝑉𝑉La 𝐴𝐴b �̃�𝑐v, 𝑐𝑐h = ρ 𝑉𝑉s 𝐴𝐴b �̃�𝑐h, and  𝑐𝑐θ = ρ 𝑉𝑉La 𝐼𝐼b �̃�𝑐θ.  In 
these expressions, ρ is mass per unit volume, VLa is Lysmer analog wave velocity, Ab and Ib are 
the area and the moment of inertia of the actual soil-foundation contact surface, respectively, and 
�̃�𝑐𝑣𝑣, �̃�𝑐ℎ, and �̃�𝑐θ are the dimensionless damping factors which depend on the input frequency, the 
dimensions of foundation, and the shear wave velocity; reference [Gazetas 1991] provides 
empirical values of �̃�𝑐v, �̃�𝑐h, and �̃�𝑐θ. The Lysmer wave velocity is similar to the shear wave velocity 
(vs,30); their differences account for changes in the propagation velocity of the shear waves in 
horizontal and radial direction. Gazetas suggests using 𝑉𝑉La = 3.4

𝜋𝜋 (1−ν) 𝑣𝑣s,30. 
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Table 4-17 displays soil parameters, stiffness, and damping coefficients for three soil types. The 
first soil type (C) corresponds to the average (in terms of shear wave velocity) of the soft soils in 
Table 4-1. The second and the third soil types correspond to the third and the first (stiff) soil types 
in Table 4-1, respectively. 

Table 4-17 Soil and stiffness and damping parameters for SSI analysis for isolated footings 
Soil 
type  

vs,30 
(m/s) 

γ 
(kN/m3) 

G0 
(MPa) 

G 
(MPa) 

kh 
(kN/mm) 

kv 
(kN/mm) kθ (kN m) ch 

(kNs/mm) 
cv 

(kNs/mm) 
cθ (kNs 

m) 

C 283.4 19 152.6 52 434.91 564 1080×103 4.362 7.264 605.34 
B 659.6 22 956 660 5520 7158.46 13700×103 11.761 19.593 3265.52 
B 440.5 22 430 295 2467.27 3199.62 6127×103 7.849 13.079 1089.99 

Table 4-18 through Table 4-21 display results of modal analyses of the prototype buildings (Table 
4-8), including SSI effects. Each Table presents the natural periods of the first five/three modes 
for 5/3 storey buildings, respectively. Periods are obtained for four cases: without SSI and with 
SSI for each soil type in Table 4-17, respectively. In all cases, the first mode shape with SSI is 
close to the one without SSI, i.e. no relevant rocking motion is observed, although there is some 
small horizontal displacement at ground level; noticeably, this similarity is even higher for the 
other modes. 

Table 4-18 Natural periods (s) of building 5 × 5 with isolated footings 

Mode No. Without SSI SSI. Soil C SSI. Soil B (659.6 m/s) SSI. Soil B (440.5 m/s) 

1 0.667 0.689 0.669 0.671 
2 0.249 0.255 0.250 0.250 
3 0.151 0.154 0.151 0.151 
4 0.106 0.125 0.106 0.107 
5 0.084 0.118 0.087 0.091 

 

Table 4-19 Natural periods (s) of building 5 × 2 with isolated footings 

Mode No. Without SSI SSI. Soil C SSI. Soil B (659.6 m/s) SSI. Soil B (440.5 m/s) 

1 0.642 0.666 0.644 0.647 
2 0.235 0.239 0.235 0.236 
3 0.140 0.142 0.140 0.140 
4 0.098 0.114 0.098 0.098 
5 0.079 0.100 0.082 0.085 

 

Table 4-20 Natural periods (s) of building 3 × 5 with isolated footings 

Mode No. Without SSI SSI. Soil C SSI. Soil B (659.6 m/s) SSI. Soil B (440.5 m/s) 

1 0.374 0.394 0.376 0.378 
2 0.128 0.134 0.129 0.129 
3 0.075 0.095 0.075 0.076 
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Table 4-21 Natural periods (s) of building 3 × 2 with isolated footings 

Mode No. Without SSI SSI. Soil C SSI. Soil B (659.6 m/s) SSI. Soil B (440.5 m/s) 

1 0.359 0.380 0.360 0.363 
2 0.120 0.126 0.121 0.121 
3 0.069 0.089 0.069 0.069 

Figures from Table 4-18 through Table 4-21 correspond to the regular and expected behaviour: 
SSI generates period elongation, this effect is more intense for the softer soil, the shorter (stiffer, 
then) buildings, and the lower modes. Regarding the relation between the building height and the 
period elongation, the work [NIST 2012] shows that the higher the ratio H / TF, the greater the 
period elongation. In this case, in the buildings 5 × 5 and 3 × 5, this ratio is 16 / 0.667 = 23.99 
and 9.6 / 0.374 = 25.67; the period elongation for the soil C is 0.689 / 0.667 = 1.033 and 0.394 / 
0.374 = 1.054, respectively. In the buildings 5 × 2 and 3 × 2, this ratio is 16 / 0.642 = 24.92 and 
9.6 / 0.359 = 26.74; the period elongation for the soil C is 0.666 / 0.642 = 1.039 and 0.380 / 0.359 
= 1.059, respectively. Therefore, this property holds. 

Table 4-22 displays the natural periods of the first five modes for the coupled buildings 5 × 23× 
2. Results in Table 4-22 show also the regular and expected behaviour. 

Table 4-22 Natural periods (s) of coupled buildings 5 × 23× 2 with isolated footings 

Mode No. Without SSI SSI. Soil C SSI. Soil B (659.6 m/s) SSI. Soil B (440.5 m/s) 

1  0.539 0.558 0.541 0.543 
2 0.256 0.262 0.256 0.257 
3 0.137 0.140 0.137 0.138 
4 0.105 0.113 0.105 0.106 
5 0.079 0.108 0.082 0.085 

Figure 4-22 through Figure 4-25 display the time histories of the top floor inter-storey drift and 
the absolute acceleration of the lone buildings 3 × 2 and 5 × 2 for the inputs P C and NP B (Table 
4-1). Each figure contains two plots, by considering and neglecting the soil-structure interaction, 
respectively. 

   
(a) Top floor inter-storey drift  (b) Top floor absolute acceleration 

Figure 4-22. Time-history responses with/without SSI for lone building 3 × 2 with isolated footings. 
Northridge (Pulse, soil type C, ∆t = 0.001) (Table 4-1) 
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(a) Top floor inter-storey drift  (b) Top floor absolute acceleration 

Figure 4-23. Time-history responses with/without SSI for lone building 5 × 2 with isolated footings. 
Northridge (Pulse, soil type C, ∆t = 0.001) (Table 4-1) 

 

   
(a) Top floor inter-storey drift  (b) Top floor absolute acceleration 

Figure 4-24. Time-history responses with/without SSI for lone building 3 × 2 with isolated footings. 
Victoria (Non Pulse, soil type B, ∆t = 0.001) (Table 4-1) 

 

   
(a) Top floor inter-storey drift  (b) Top floor absolute acceleration 

Figure 4-25. Time-history responses with/without SSI for lone building 5 × 2 with isolated footings. 
Victoria (Non Pulse, soil type B, ∆t = 0.001) (Table 4-1) 

Plots from Figure 4-22 through Figure 4-25 show that the responses of the lone buildings for the 
stiff soil (NP B, vs,30 = 659.6 m/s) with and without SSI are highly similar; conversely, cases for 
the soft soil (P C) exhibit higher discrepancies. These observations are expected, since neglecting 
SSI is equivalent to assume the infinite soil stiffness. Beyond these remarks obtained by visual 
inspection, a quantified comparison among responses with and without SSI is presented next to 
provide a more objective evaluation on the influence of SSI. 

The similarity among plots in Figure 4-22 through Figure 4-25 should be judged in terms of 
relevant quantities regarding the structural responses. Those quantities are mainly the most 
significant peaks of the drift and acceleration time histories. Noticeably, the possible simultaneity 
among those peaks is not relevant; in other words, phase angle among compared plots is not of 
high interest. To highlight this issue, Figure 4-26 presents a more detailed view of the plots 
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displayed in Figure 4-22. Time-histories in Figure 4-26 are displayed only along the most relevant 
interval, i.e. the Trifunac duration of the input (Table 4-1). 

   
(a) Top floor inter-storey drift  (b) Top floor absolute acceleration 

Figure 4-26. Time window (input Trifunac duration) of the time-history responses in Figure 4-22  

Plots from Figure 4-26 show that the response with SSI is significantly delayed. This time lag can 
be explained by the influence of the SSI model damping. Moreover, comparison among the 
different peaks shows that such time delay is not constant; in other words, the compared plots 
cannot be superposed by mere horizontal translation. This circumstance is due to the overall 
dependency of the phase angle on the ratio between input and structural frequencies. Therefore, 
the comparison among the time-histories should be made on the values of the peaks, without 
caring for the precise instant when they appear; also the influence of the highest peaks should be 
more weighted than the one of the lowest peaks. In this context, the likeness between both sets of 
peaks is evaluated by treating them as multidimensional vectors; their dissimilarity is quantified 
as the norm of the difference between both vectors, normalized by the sum of their norms. By 
representing these vectors with x and y, this index is given by 

β(𝒙𝒙,𝒚𝒚) =
‖𝒙𝒙 − 𝒚𝒚‖
‖𝒙𝒙‖+ ‖𝒚𝒚‖

 (4-3) 

This definition holds provided that x and y vectors are not simultaneously 0. This index can be 
considered as a normalized distance; β is termed as “normalized difference index”. The classical 
properties of distance, other than triangular inequality, are fulfilled: (i) β(x, y) ≥ 0, (ii) β(x, y) = 0 
if and only if x = y (positive definite), and (iii) β(x, y) = β(y, x) (symmetry). Moreover, β ranges 
between 0 and 1; β = 0 corresponds to identical vectors (β(x, x) = 0) and β = 1 corresponds to 
opposed vectors (β(x, −x) = 1) or to (β(x, 0) = 1). The triangular inequality condition shows that 
β(x, y) = 1 implies that x = −y or that x = 0 or y = 0. Furthermore, β(a x, a y) = β(x, y), where a is 
any real number; this property is relevant since it states that β can be obtained regardless of the 
units of x and y vectors. 

Table 4-23 displays the normalized difference index for the time histories shown in Figure 4-22 
through Figure 4-25. For each pair of responses, two values of β have been obtained: the left one 
is determined along the full duration of the input (Table 4-1) and takes into consideration all the 
instants (not only those corresponding to peaks) and the right one is calculated as described 
previously (by considering only the peaks inside the Trifunac interval, and not accounting for 
their simultaneity). Noticeably, in the left values, the difference index is obtained by comparing 
pairs of response quantities that correspond to the same instant; therefore, these indexes are 
influenced by the aforementioned time delay generated by SSI. In other words, the left values of 
the index describe the difference between both signals, conversely, the right values provide a 
more meaningful information, constrained to the most significant interval and having eliminated 
the perturbation caused by the time delay. 
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Table 4-23 Normalized β difference indexes for responses of lone buildings with isolated foundation 
with and without SSI (total duration, simultaneous / Trifunac interval, delayed) 

Quantity (top floor) Building 3 × 2 
P C 

Building 5 × 2 
P C 

Building 3 × 2 
NP B 

Building 5 × 2 
NP B 

Drift 0.4253 / 0.195 0.3854 / 0.2773 0.0572 / 0.0559 0.0951 / 0.1024 
Acceleration 0.6431 / 0.368 0.3354 / 0.2030 0.0573 / 0.0556 0.0781 / 0.0836 

Table 4-23 shows that the differences among responses with and without SSI are significant. This 
indicates the necessity of considering SSI in the cases without pounding when the involved 
buildings have isolated foundation. The differences between the values of β for “total duration, 
simultaneous” and “Trifunac interval, delayed” are relevant; this circumstance highlights that the 
consideration of the whole interval and, mainly, the lack of consideration of the delay, leads to 
important errors. For instance, the huge β index for acceleration in building 3 × 2 under P C input 
(0.6431) reduces significantly after correcting the influence of time delay (0.368). Figure 4-27 
and Figure 4-28 display the time histories for the colliding buildings 3 × 2 and 5 × 2 under the 
inputs P C and NP B (Table 4-1), respectively. Plotted magnitudes are the top floor inter-storey 
drift, the shear force, the absolute acceleration, and the impact force. Regarding the impact force, 
Figure 4-27.g and Figure 4-28.g contain time histories along the whole duration, and Figure 
4-27.h and Figure 4-28.h present a more detailed view on the time interval where most of the 
peaks occur. Each figure contains two plots with and without soil-structure interaction, 
respectively. 
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(a) Third floor inter-storey drift in the 3 × 2 
building (left) 

(b) Fifth floor inter-storey drift in the 5 × 2 
building (right) 

    
(c) Third floor shear force in the 3 × 2 building 

(left) 
(d) Fifth floor shear force in the 5 × 2 building 

(right) 

    

(e) Third floor absolute acceleration in the 3 × 
2 building (left) 

(f) Fifth floor absolute acceleration in the 5 × 2 
building (right) 

   

(g) Third floor impact force (whole duration) (h) Third floor impact force (time window) 

Figure 4-27. Time-history responses with / without SSI. 3 × 2 | 5 × 2 with isolated footings; k = 5614 
kN/mm (α = 5), ζ = 0.1 (r = 0.729); d = 2 cm. Northridge (Pulse, soil type C, ∆t = 0.001) (Table 4-1)  
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(a) Third floor inter-storey drift in the 3 × 2 
building (left) 

(b) Fifth floor inter-storey drift in the 5 × 2 
building (right) 

    

(c) Third floor shear force in the 3 × 2 building 
(left) 

(d) Fifth floor shear force in the 5 × 2 building 
(right) 

    

(e) Third floor absolute acceleration in the 3 × 
2 building (left) 

(f) Fifth floor absolute acceleration in the 5 × 2 
building (right) 

   
(g) Third floor impact force (whole duration) (h) Third floor impact force (time window) 

Figure 4-28. Time-history responses with / without SSI. 3 × 2 | 5 × 2 with isolated footings; k = 5614 
kN/mm (α = 5), ζ = 0.1 (r = 0.729); d = 2 cm. Victoria (Non Pulse, soil type B, ∆t = 0.001) (Table 4-1)  

Plots from Figure 4-27 and Figure 4-28 show that the colliding frames responses for the stiff soil 
(NP B, vs,30 = 659.6 m/s) with and without SSI are rather similar; conversely, cases for the soft 
soil (P C) exhibit higher discrepancies. These remarks are expected, since neglecting SSI is 
equivalent to assume the infinite soil stiffness. Regarding the stiff soil (Figure 4-28), the greater 
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differences are observed for the impact force. For the soft soil (Figure 4-27), the same 
circumstance holds; even, if SSI is disregarded, there is no pounding. 

Similarly to Table 4-23, Table 4-24 displays the normalized difference index for the time histories 
in Figure 4-27 and Figure 4-28. For each pair of responses, two values of β have been obtained: 
the left one is determined along the full duration of the input (Table 4-1) and takes into 
consideration all the instants (not only those corresponding to peaks) and the right one is 
calculated as described previously (by considering only the peaks inside the Trifunac interval, 
and not accounting for their simultaneity). Noticeably, in the left values, the difference index is 
obtained by comparing pairs of response quantities that correspond to the same instant; therefore, 
these indexes are influenced by the aforementioned time delay generated by SSI. In other words, 
the left values of index describe the difference between both signals, conversely, the right values 
provide a more meaningful information, constrained to the most significant interval and having 
eliminated the perturbation caused by the time delay. 

Table 4-24 Normalized β difference indexes for responses of colliding buildings 3 × 2 | 5 × 2 with 
isolated foundation with and without SSI (total duration, simultaneous / Trifunac interval, delayed) 

Quantity Building 3 × 2 
P C 

Building 5 × 2 
P C 

Building 3 × 2 
NP B 

Building 5 × 2 
NP B 

Drift 0.3476 / 0.2060 0.4060 / 0.2474 0.1056 / 0.1089 0.0885 / 0.0956 
Shear force 0.3381 / 0.1587 0.3588 / 0.1253 0.1142 / 0.1180 0.0805 / 0.0853 

Acceleration 0.3461 / 0.4114 0.3589 / 0.1931 0.3557 / 0.3644 0.0808 / 0.0857 
Impact force 0.999 / 0.999 0.4848 / 0.1295 

Table 4-24 provides similar conclusions than Table 4-23; i.e. the differences among responses 
with and without SSI are significant. This indicates the necessity of considering SSI in the cases 
with pounding when the involved buildings have an isolated foundation. The major differences 
correspond to the impact forces, the last row in Table 4-24 shows that β is extremely close to 1, 
thus indicating that, either both time histories are opposed or that one of them is close to zero.  In 
this case, the vectors cannot be opposed because this difference would be eliminated in the 
“Trifunac interval, delayed” calculation, i.e. after comparing the peaks regardless of their lack of 
simultaneity. Therefore, the values of β that are extremely close to 1 are due to the lack of 
pounding in one of the compared cases; Figure 4-27.g shows that this happens in the non-SSI 
case. Similarly to Table 4-23, the differences between the values of β for “total duration, 
simultaneous” and “Trifunac interval, delayed” are relevant; this circumstance highlights that the 
consideration of the whole interval and, mainly, the lack of consideration of the delay, leads to 
important errors. For instance, the huge β index for acceleration in building 3 × 2 under P C input 
(0.3461) increases significantly after correcting the influence of time delay (0.4114).  

4.4.5.3 Soil-structure-interaction for mat foundation  

Unlike to isolated foundation, SSI is represented by a coupled spring model [Harden 2005] that 
simulates its effect by the parallel combination of discrete elastic springs and dashpots linking 
slab and underlying soil, as described in Figure 4-29. Distribution of springs and dashpots along 
foundation strip is not uniform, e.g. separation between consecutive devices is not constant. In 
this context, term “coupled” refers to indirect consideration of rotational stiffness by increasing 
corresponding parameter of springs located at slab ends. In the assumed model, the foundation 
slab stiffness is infinitely higher compared to the soil one (rigid mat). 

Since in this study, the building behaviour is represented by 2-D models, it is necessary to 
consider the equivalent width of foundation slab that actually cooperates with a frame. The 
equivalent width is determined according to the [ACI-318-11 2011] as 1.5 h at both column sides, 
where h is the slab depth; therefore, the strip width is 1.5 × 2 + 0.6 = 3.60 m. This value is used 
next for selecting parameters of SSI model. 
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(a) 2-bay building. Plan view (b) 5-bay building. Plan view 

 
 

(c) 2-bay building. Elevation (d) 5-bay building. Elevation 
Figure 4-29. Layout of the coupled spring model for mat foundation [Harden 2005]  

Given that this study is 2-D, each spring might have horizontal, vertical, and rotational (rocking) 
stiffness coefficients. According to the [FEMA 356 2000], initial global equivalent coefficients 

are given by 𝐾𝐾h = 𝐺𝐺 𝐵𝐵
2−ν

 �3.4 �𝐿𝐿
𝐵𝐵
�
0.65

+ 1.2�, 𝐾𝐾v = 𝐺𝐺 𝐵𝐵
1−ν

 �1.55 �𝐿𝐿
𝐵𝐵
�
0.75

+ 0.8�, and 𝐾𝐾θ =
𝐺𝐺 𝐵𝐵3

1−ν
 �0.47 �𝐿𝐿

𝐵𝐵
�
2.4

+ 0.034�. In these expressions, G and ν are the shear modulus and the Poisson 
ratio of the soil, respectively and B and L are the effective width and length of the slab, 
respectively; B = 3.60 m and L = 10 / 25 m for 2 / 5 bay buildings, respectively. According to the 
[FEMA 273 1997], it is assumed that ν = 0.35. G is selected as proportional to the initial static 

shear modulus G0 [ASCE/SEI 7-10 2010]; G0 is given by 𝐺𝐺0 = γ 𝑣𝑣s,30
2

𝑔𝑔
 where γ is the soil unit 

weight and vs,30 is the shear wave velocity (Table 4-1). The vertical stiffness refers to the axial 
compression; under tension forces, vertical stiffness is zero, as to simulate the uplift. Noticeably, 
this difference between tension and compression stiffness means that analysis is actually 
nonlinear, despite the model is commonly termed as linear (since the soil behaviour is assumed 
to be linear). 

Previous values of horizontal, vertical, and rotational stiffness (Kh, Kv, Kθ) of each spring represent 
the global stiffness values of the whole strip. Intensity (local) vertical and rotational stiffness 
values (kv, kθ) are determined as kv = Kv / B L and kθ = Kθ / Iy, where Iy = B L3 / 12. Noticeably, kv 
and kθ have the same units and can be compared; whether kv and kθ differ significantly, the 
distribution of the vertical stiffness along the strip length should be non-uniform. In this case, 
strip length is divided into two types of regions: end and the middle one. The rotational stiffness 
is indirectly taken into consideration by increasing the vertical stiffness in the end regions. The 

length of each end region is [Harden 2005] 𝐿𝐿e = 𝐿𝐿
2

 − 𝐿𝐿 �1
8

 �1 − 𝐶𝐶R−VK ��
1
3, where 𝐶𝐶R−VK  is the 

rotational stiffness deficit ratio given by (kθ − kv) / kθ. The vertical stiffness intensity in the middle 
region is given by kmid = kv = Kv / B L; at the end regions, the vertical stiffness intensity is given 
by 𝑘𝑘end = 𝑘𝑘mid + 𝑘𝑘θ 𝐶𝐶R−VK . 

The soil damping is represented by dashpots. Hysteretic soil damping is disregarded since the soil 
behaviour is taken as linear; therefore, only radiation damping is considered. As in the springs, 
rotational damping coefficient is indirectly taken into consideration in the vertical dashpots. The 

Kmid
Kend

Kmid Kmid Kmid Kmid Kmid Kmid Kmid

Kend
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horizontal damping coefficients are neglectable compared to the internal damping of the slab. The 
vertical damping coefficients are selected according to the [Gazetas 1991]: 𝑐𝑐v = ρ 𝑉𝑉La 𝐴𝐴b �̃�𝑐v.  In 
this expression, ρ is the mass per unit volume, VLa is Lysmer analog wave velocity, Ab is the area 
of the actual soil-foundation contact surface, and �̃�𝑐𝑣𝑣 is the dimensionless damping factor which 
depends on the input frequency, the dimensions of foundation, and the shear wave velocity; 
reference [Gazetas 1991] provides empirical value of �̃�𝑐v. 

The distribution of the springs and dampers along the strip length [Harden 2005] is not a crucial 
issue, because results are not very sensitive to the layout criteria. Both uniform and non-uniform 
rules can be considered; in the non-uniform case, the higher density of springs (e.g. smaller 
separation) might be more necessary at the end regions. In this study, only one spring is located 
at the outer end of each end region. In the middle region, springs will be distributed almost 
uniformly; Figure 4-29 describes the distributions for 2 and 5 bay buildings. 

Table 4-25 displays the stiffness and damping coefficients for the three soil types considered in 
this work (Table 4-1). The first and second soil types (C) correspond to the average (in terms of 
shear wave velocity) of the soft soils in Table 4-1 for L = 10 / 25 m for 2 / 5 bay buildings, 
respectively. The third and fourth soil types correspond to the third (stiff) soil type Table 4-1 for 
L = 10 / 25 m for 2 / 5 bay buildings, respectively. The fifth and sixth soil type correspond to the 
first (stiff) soil types in Table 4-1 for L = 10 / 25 m for 2 / 5 bay buildings, respectively. 

Table 4-25 Stiffness and damping parameters for SSI analysis for mat foundation 
Soil 

type / 
L (m)  

Kh 
(kN/mm) 

Kv 
(kN/mm) Kθ (kN m) kv 

(N/mm3) 
kθ 

(N/mm3) 𝐶𝐶R−VK  Le (m) kmid 
(N/mm3) 

kend 
(N/mm3) 

cv 
(kNs/mm) 

C / 10 883.55 1188.24 2.05×107 0.0330 0.0680 0.52 1.074 0.0330 0.0682 33.906 

C / 25 1492.26 2135.26 1.83×108 0.0237 0.0390 0.39 1.919 0.0237 0.0391 113.02 

B / 10 11260.54 15143.68 2.61×108 0.4207 0.8690 0.52 1.074 0.4207 0.8688 91.43 
B / 25 19018.32 27213.16 2.34×109 0.3024 0.4990 0.39 1.919 0.3024 0.4986 250.35 
B / 10 5016.06 6745.83 1.16×108 0.1874 0.3870 0.52 1.074 0.1874 0.3870 61.02 
B / 25 8471.81 12122.24 1.04×109 0.1347 0.2220 0.39 1.919 0.1347 0.2221 210.68 

Table 4-26 through Table 4-29 display results of modal analyses of the prototype buildings (Table 
4-8), including SSI effects. Each Table presents the natural periods of the first five / three modes 
for 5 / 3 storey buildings, respectively. Periods are obtained for four cases: without SSI and with 
SSI for each soil type in Table 4-25, respectively. In all the cases, the first mode shape with SSI 
is close to the one without SSI, i.e. no relevant rocking motion is observed, although there is some 
small horizontal displacement at the ground level; noticeably, this similarity is even higher for 
the other modes. 

Table 4-26 Natural periods (s) of building 5 × 5 with mat foundation 

Mode No. Without SSI SSI. Soil C SSI. Soil B (659.6 m/s) SSI. Soil B (440.5 m/s) 

1 0.667 0.681 0.669 0.670 
2 0.249 0.254 0.250 0.250 
3 0.151 0.154 0.151 0.151 
4 0.106 0.137 0.106 0.107 
5 0.084 0.110 0.089 0.094 
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Table 4-27 Natural periods (s) of building 5 × 2 with mat foundation 

Mode No. Without SSI SSI. Soil C SSI. Soil B (659.6 m/s) SSI. Soil B (440.5 m/s) 

1 0.642 0.652 0.644 0.643 
2 0.235 0.238 0.235 0.237 
3 0.140 0.142 0.140 0.140 
4 0.098 0.115 0.098 0.097 
5 0.079 0.100 0.082 0.085 

 

Table 4-28 Natural periods (s) of building 3 × 5 with mat foundation 

Mode No. Without SSI SSI. Soil C SSI. Soil B (659.6 m/s) SSI. Soil B (440.5 m/s) 

1 0.374 0.396 0.376 0.378 
2 0.128 0.137 0.129 0.130 
3 0.075 0.108 0.075 0.076 

 

Table 4-29 Natural periods (s) of building 3 × 2 with mat foundation 

Mode No. Without SSI SSI. Soil C SSI. Soil B (659.6 m/s) SSI. Soil B (440.5 m/s) 

1 0.359 0.367 0.361 0.368 
2 0.120 0.125 0.121 0.122 
3 0.069 0.076 0.069 0.070 

Figures from Table 4-26 through Table 4-29 correspond to the regular and expected behaviour: 
SSI generates period elongation, this effect is more intense for the softer soil, the shorter (stiffer, 
then) buildings and the lower modes. Regarding the relation between the building height and the 
period elongation, the work [NIST 2012] shows that the higher the ratio H / TF, the greater the 
period elongation. In this case, in the buildings 5 × 5 and 3 × 5, this ratio is 16 / 0.667 = 23.99 
and 9.6 / 0.374 = 25.67; the period elongation for the soil C is 0.681 / 0.667 = 1.021 and 0.396 / 
0.374 = 1.059, respectively. In the buildings 5 × 2 and 3 × 2, this ratio is 16 / 0.642 = 24.92 and 
9.6 / 0.359 = 26.74; the period elongation for the soil C is 0.652 / 0.642 = 1.015 and 0.367 / 0.359 
= 1.022, respectively. Therefore, this property holds. Comparison among Table 4-26 through 
Table 4-29 and Table 4-18 through Table 4-21 (corresponding to the isolated footings) shows that 
the fundamental periods are shorter for the mat foundation. This circumstance can be justified by 
the higher stiffness generated by the foundation slab. As expected, this effect is limited to the first 
mode, since higher modes are less influenced by the base stiffness. 

Table 4-30 displays the natural periods of the first five modes for the coupled buildings 5 × 23× 
2. Results in Table 4-30 show also regular and expected behaviour. Comparison with Table 4-22 
provides same conclusions than in the previous paragraph; i.e. the fundamental periods for the 
mat foundation are shorter. 

Table 4-30 Natural periods (s) of coupled buildings 5 × 23× 2 with mat foundation 

Mode No. Without SSI SSI. Soil C SSI. Soil B (659.6 m/s) SSI. Soil B (440.5 m/s) 

1  0.539 0.543 0.541 0.542 
2 0.256 0.258 0.256 0.257 
3 0.137 0.138 0.137 0.137 
4 0.105 0.107 0.105 0.105 
5 0.079 0.106 0.081 0.084 

Figure 4-30 through Figure 4-33 display the time histories of the top floor inter-storey drift and 
the absolute acceleration of the lone buildings 3 × 2 and 5 × 2 for the inputs P C and NP B (Table 
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4-1) with the mat foundation. Each figure contains two plots, by considering and neglecting the 
soil-structure interaction, respectively. 

   
(a) Top floor inter-storey drift  (b) Top floor absolute acceleration 

Figure 4-30. Time-history responses with/without SSI for lone building 3 × 2 with mat foundation. 
Northridge (Pulse, soil type C, ∆t = 0.001) (Table 4-1)  

   
(a) Top floor inter-storey drift  (b) Top floor absolute acceleration 

Figure 4-31. Time-history responses with/without SSI for lone building 5 × 2 with mat foundation. Northridge 
(Pulse, soil type C, ∆t = 0.001) (Table 4-1)  

   
(a) Top floor inter-storey drift  (b) Top floor absolute acceleration 

Figure 4-32. Time-history responses with/without SSI for lone building 3 × 2 with mat foundation. Victoria (Non 
Pulse, soil type B, ∆t = 0.001) (Table 4-1)  
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(a) Top floor inter-storey drift  (b) Top floor absolute acceleration 

Figure 4-33. Time-history responses with/without SSI for lone building 5 × 2 with mat foundation. Victoria (Non 
Pulse, soil type B, ∆t = 0.001) (Table 4-1)  

Plots from Figure 4-30 through Figure 4-33 show that the lone buildings responses for the stiff 
soil (NP B, vs,30 = 659.6 m/s) with and without SSI are highly similar; conversely, cases for the 
soft soil (P C) exhibit higher discrepancies. These observations are expected, since neglecting SSI 
is equivalent to assume the infinite soil stiffness. Comparison among Figure 4-22 through Figure 
4-25 and Figure 4-30 through Figure 4-33 shows that, as expected, SSI provides deeper changes 
for the buildings with isolated foundation. 

Similarly to Table 4-23, Table 4-31 displays the normalized difference index for the time histories 
in Figure 4-30 through Figure 4-33. For each pair of responses, two values of β have been 
obtained: the left one is determined along the full duration of the input (Table 4-1) and takes into 
consideration all the instants (not only those corresponding to peaks) and the right one is 
calculated as described previously (by considering only the peaks inside the Trifunac interval, 
and not accounting for their simultaneity). Noticeably, in the left values, the difference index is 
obtained by comparing pairs of response quantities that correspond to the same instant; therefore, 
these indexes are influenced by the aforementioned time delay generated by SSI. In other words, 
the left values of the index describe the difference between both signals, conversely, the right 
values provide a more meaningful information, constrained to the most significant interval and 
having eliminated the perturbation caused by the time delay. 

Table 4-31 Normalized β difference indexes for responses of lone buildings with mat foundation with 
and without SSI (total duration, simultaneous / Trifunac interval, delayed) 

Quantity (top floor) Building 3 × 2 
P C 

Building 5 × 2 
P C 

Building 3 × 2 
NP B 

Building 5 × 2 
NP B 

Drift 0.3463 / 0.2013 0.1912 / 0.1751 0.0598 / 0.0553 0.0977 / 0.0918 
Acceleration 0.6168 / 0.1739 0.1838 / 0.0591 0.0606 / 0.0560 0.0876 / 0.0822 

Table 4-31 provides similar conclusions than Table 4-23 and Table 4-24; i.e. the differences 
among responses with and without SSI are significant. This indicates the necessity of considering 
SSI in the cases without pounding when the involved buildings have mat foundation. The 
differences between the values of β for “total duration, simultaneous” and “Trifunac interval, 
delayed” are relevant; this circumstance highlights that the consideration of the whole interval 
and, mainly, the lack of consideration of the delay, leads to the important errors. For instance, the 
huge β index for the acceleration in the building 3 × 2 under the P C input (0.6168) reduces 
significantly after correcting the influence of time delay (0.1739). 

Table 4-32 displays the values of β index obtained from time histories in Figure 4-22 through 
Figure 4-25 and Figure 4-30 through Figure 4-33 (lone buildings). Displayed values refer to the 
comparison among corresponding responses with mat and isolated foundations. 
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Table 4-32 Normalized β difference indexes for responses of lone buildings with mat and isolated 
foundations with SSI (total duration, simultaneous / Trifunac interval, delayed) 

Quantity (top floor) Building 3 × 2 
P C 

Building 5 × 2 
P C 

Building 3 × 2 
NP B 

Building 5 × 2 
NP B 

Drift  0.2580 / 0.0990 0.3025 / 0.1724 0.0648 / 0.0616 0.1293/ 0.1009 
Acceleration 0.6097 / 0.0875 0.2697 / 0.1342 0.0660 / 0.0635 0.1199 / 0.0947 

Table 4-32 shows that, for the lone buildings, the differences among responses with mat and 
isolated foundations are significant. This indicates the necessity of considering the type of 
foundation in the cases without pounding. The differences between the values of β for “total 
duration, simultaneous” and “Trifunac interval, delayed” are relevant; this circumstance 
highlights that the consideration of the whole interval and, mainly, the lack of consideration of 
the delay, leads to the important errors. For instance, the huge β index for the acceleration in the 
building 3 × 2 under the P C input (0.6097) reduces significantly after correcting the influence of 
time delay (0.0875). 

Figure 4-34 and Figure 4-35 display, similarly to Figure 4-27 and Figure 4-28, the time histories 
for the colliding buildings 3 × 2 and 5 × 2 under the inputs P C and NP B (Table 4-1) with mat 
foundation. Plotted magnitudes are the top floor inter-storey drift, the shear force, the absolute 
acceleration, and the impact force. Regarding the impact force, corresponding plots are omitted 
in Figure 4-34, since there is no pounding in that case. Figure 4-35.g contains the time histories 
of impact force along the whole duration, and Figure 4-35.h presents a more detailed view on the 
time interval where most of the peaks occur. Each figure contains two plots with and without soil-
structure interaction, respectively. 
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(a) Third floor inter-storey drift in the 3 × 2 
building (left) 

(b) Fifth floor inter-storey drift in the 5 × 2 
building (right) 

    

(c) Third floor shear force in the 3 × 2 building 
(left) 

(d) Fifth floor shear force in the 5 × 2 building 
(right) 

    
(e) Third floor absolute acceleration in the 3 × 

2 building (left) 
(f) Fifth floor absolute acceleration in the 5 × 2 

building (right) 
Figure 4-34. Time-history responses with / without SSI. 3 × 2 | 5 × 2 with mat foundation; k = 5614 kN/mm 

(α = 5), ζ = 0.1 (r = 0.729); d = 2 cm. Northridge (Pulse, soil type C, ∆t = 0.001) (Table 4-1)  
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(a) Third floor inter-storey drift in the 3 × 2 
building (left) 

(b) Fifth floor inter-storey drift in the 5 × 2 
building (right) 

    

(c) Third floor shear force in the 3 × 2 building 
(left) 

(d) Fifth floor shear force in the 5 × 2 building 
(right) 

    
(e) Third floor absolute acceleration in the 3 × 

2 building (left) 
(f) Fifth floor absolute acceleration in the 5 × 2 

building (right) 

   

(g) Third floor impact force (whole duration) (h) Third floor impact force (time window) 
Figure 4-35. Time-history responses with / without SSI. 3 × 2 | 5 × 2 with mat foundation; k = 5614 kN/mm 

(α = 5), ζ = 0.1 (r = 0.729); d = 2 cm. Victoria (Non Pulse, soil type B, ∆t = 0.001) (Table 4-1)  

Plots from Figure 4-34 and Figure 4-35 show that the colliding frames responses for the stiff soil 
(NP B, vs,30 = 659.6 m/s) with and without SSI are rather similar; conversely, cases for the soft 
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soil (P C) exhibit higher discrepancies. These remarks are expected, since neglecting SSI is 
equivalent to assume the infinite soil stiffness. Regarding the stiff soil (Figure 4-35), the greater 
differences are observed for the impact force. For the soft soil (Figure 4-34), the same 
circumstance holds; even, if SSI is disregarded, there is no pounding. 

Similarly to Table 4-24, Table 4-33 displays the normalized difference index for the time histories 
in Figure 4-34 and Figure 4-35. The omitted values of SSI in the last row (impact forces) 
correspond to the absence of pounding. For each pair of responses, two values of β have been 
obtained: the left one is determined along the full duration of the input (Table 4-1) and takes into 
consideration all the instants (not only those corresponding to peaks) and the right one is 
calculated as described previously (by considering only the peaks inside the Trifunac interval, 
and not accounting for their simultaneity). Noticeably, in the left values, the difference index is 
obtained by comparing pairs of response quantities that correspond to the same instant; therefore, 
these indexes are influenced by the aforementioned time delay generated by SSI. In other words, 
the left values of the index describe the difference between both signals, conversely, the right 
values provide a more meaningful information, constrained to the most significant interval and 
having eliminated the perturbation caused by the time delay. 

Table 4-33 Normalized β difference indexes for responses of colliding buildings 3 × 2 | 5 × 2 with mat 
foundation with and without SSI (total duration, simultaneous / Trifunac interval, delayed) 

Quantity Building 3 × 2 
P C 

Building 5 × 2 
P C 

Building 3 × 2 
NP B 

Building 5 × 2 
NP B 

Drift  0.2728 / 0.1698 0.2126 / 0.1029 0.0827 / 0.0840 0.1004 / 0.0937 
Shear force 0.2740 / 0.1674 0.2057 / 0.0578 0.0878 / 0.0895 0.0792 / 0.0746 

Acceleration 0.2739 / 0.1675 0.2059 / 0.0576 0.4482 / 0.4580 0.0799 / 0.0755 
Impact force - 0.5991 / 0.1055 

Table 4-33 provides similar conclusions than Table 4-23, Table 4-24, Table 4-31, and Table 4-32; 
i.e. the differences among responses with and without SSI are significant. This indicates the 
necessity of considering SSI in the cases with pounding when the involved buildings have mat 
foundation. The differences between the values of β for “total duration, simultaneous” and 
“Trifunac interval, delayed” are relevant; this circumstance highlights that the consideration of 
the whole interval and, mainly, the lack of consideration of the delay, leads to the important errors. 
For instance, the huge β index for the impact force under the NP B input (0.5991) reduces 
significantly after correcting the influence of time delay (0.1055). Figure 4-35.h shows that peaks 
are rather similar, although not simultaneous. 

Table 4-34 displays the values of β index obtained from the time histories in Figure 4-27 and 
Figure 4-28, Figure 4-34 and Figure 4-35 (colliding buildings). Displayed values refer to the 
comparison among corresponding responses with mat and isolated foundations. The values of β 
equal to 1 (equation (4-3) and subsection 4.4.5.2) in the last row correspond to a comparison 
between the zero vector (mat foundation) and the non-zero one (isolated foundation). 

Table 4-34 Normalized β difference indexes for responses of colliding buildings 3 × 2 | 5 × 2 with mat 
and isolated foundations with SSI (total duration, simultaneous / Trifunac interval, delayed) 

Quantity Building 3 × 2 
P C 

Building 5 × 2 
P C 

Building 3 × 2 
NP B 

Building 5 × 2 
NP B 

Drift   0.2018 / 0.0943 0.3223 / 0.1897 0.1081 / 0.1095 0.0936 / 0.0762 
Shear force 0.1917 / 0.0775 0.2923 / 0.1468 0.1203 / 0.1228 0.1030 / 0.0779 

Acceleration 0.2039 / 0.3959 0.2929 / 0.1452 0.5352 / 0.5471 0.1046 / 0.0807 
Impact force 1.0 / 1.0 0.7000 / 0.1479 

Table 4-34 provides similar conclusions than Table 4-27: for the colliding buildings, the 
differences among the responses with mat and isolated foundations are significant. This indicates 
the necessity of considering the type of foundation in the cases with pounding. As well, the 
differences among the values of β for “total duration, simultaneous” and “Trifunac interval, 
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delayed” are relevant; this circumstance highlights that the consideration of the whole interval 
and, mainly, the lack of consideration of the delay, leads to important errors. For instance, the 
huge β index for the impact force under the NP B input (0.7000) reduces significantly after 
correcting the influence of time delay (0.1479). 

4.4.5.4 Concluding remarks 

The analyses conducted in this subsection show that SSI cannot be neglected because the results 
with and without taking it into consideration the SSI are different. Major differences are observed 
for the soft soil. 

4.4.6 Pushover analyses 

The objective of this subsection is to perform static nonlinear analyses of the prototype buildings 
(Table 4-8) in order to characterize their seismic capacity, mainly in terms of yield displacement. 
The capacity curves are calculated by considering and neglecting SSI; comparison among the 
corresponding results will provide further information on the influence of the SSI. This subsection 
presents capacity curves of the prototype buildings (Table 4-8) in the direction of collision. The 
curves have been obtained after nonlinear static analyses using the numerical models described 
in subsection 4.4.2. Two criteria are considered for the variation of the pushing forces along the 
building height: (i) proportional to the mass and height of each storey, thus providing an almost 
triangular distribution, and (ii) proportional to the mass of each storey, thus providing an almost 
uniform distribution [EN-1998 2005; FEMA 273 1997]. Figure 4-36 displays the capacity curves 
that are obtained without considering SSI; the vertical axes contain the base shear coefficient 
(ratio between the base shear V and seismic weight W) and the horizontal axes plot the drift angle 
(ratio between the lateral displacement ∆ of the top floor and building height H). 

  
(a) Building 3 × 5 (b) Building 3 × 2 

  
(c) Building 5 × 5 

 
(d) Building 5 × 2 

 
Figure 4-36. Capacity curves of the prototype buildings without SSI  

Curves in Figure 4-36 show a regular and expected behaviour: for both triangular and uniform 
distributions, initial linear elastic branches are followed by branches that deteriorate smoothly. 
After reaching the peak, extended slightly descending branches indicate high ductile behaviour. 
Final failure arises from a series of abrupt dropping branches; they are generated by total hinging 
of one or several plastic hinges. Usually, when in a hinge, the moment drops to zero, the ensuing 
moment redistribution leads also to the failure in the other hinges; for this reason, some dropping 
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branches are particularly deep (e.g. curves for triangular distribution in Figure 4-36.c and Figure 
4-36.d). Comparison with the moment-rotation curves in Figure 4-10, shows that the overall 
structural behaviour (e.g. capacity curves) can be considered as the result of integrating the local 
behaviour (e.g. moment-rotation curves) along the whole structure. Comparison between the 
curves for the triangular and uniform distribution shows also regular and expected behaviour: the 
initial slope and the force capacity are higher for triangular distribution while the balance for final 
ductility is unclear. This last circumstance is expected, since ductility depends on the collapse 
mechanism, which is randomly dependent on many issues. 

The yield displacement ∆y is obtained after a bilinear approximation of the actual curves plotted 
in Figure 4-36: the initial branch has the same slope as the first segment of the curve, and the 
plastic branch crosses collapse point and its slope is determined according to the equal area 
criterion [ATC-40 1996]; ∆y is the abscissa of the intersection between the initial and the plastic 
branches. Noticeably, the plots for uniform and triangular distribution provide almost the same 
values of ∆y. The obtained results for uniform distribution are ∆y = 0.0397, 0.0482, 0.0746, and 
0.0808 m for buildings 3 × 5, 3 × 2, 5 × 5, and 5 × 2, respectively (see Table 4-35). These scores 
confirm that the ratio ∆y / H (drift angle) is rather constant for all the prototype buildings (Table 
4-8). Table 4-35 displays the aforementioned values of the top floor yield displacements (relative 
to the base) of each lone prototype building for the pushover analyses (Figure 4-36) and the 
maximum top floor displacements for the nonlinear time-history analyses for the selected inputs 
(Table 4-1). These yield and maximum displacements provide the displacement ductility µ in 
Table 4-2. 

Table 4-35 Maximum and yield top floor displacement relative to the base (m) without SSI 

Building Yield displacement (m) Input 
P B P C NP B NP C 

3 × 5  0.0397 0.060 0.014 0.019 0.021 
3 × 2 0.0482 0.048 0.014 0.018 0.020 
5 × 5 0.0746 0.136 0.055 0.078 0.097 
5 × 2  0.0808 0.140 0.050 0.068 0.098 

 

  
(a) Building 3 × 5. Soil C (b) Building 3 × 2. Soil C 

  
(c) Building 5 × 5. Soil C (d) Building 5 × 2. Soil C 

Figure 4-37. Capacity curves of the prototype buildings by considering SSI (isolated foundation) and 
uniform distribution of the pushing forces  
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Figure 4-37 displays the capacity curves of buildings 3 × 5, 3 × 2, 5 × 5, and 5 × 2 (Table 4-8) by 
considering the influence of SSI for soft (C) soil (Table 4-1) with the isolated foundation 
(subsection 4.4.5.2); the variation of the pushing forces along the building height is uniform. Stiff 
soil (B) is not considered because the effect of SSI is less intense; results for triangular distribution 
are not included since they provide similar conclusions. Each figure contains the curves generated 
by both assuming and neglecting the soil-structure interaction. Plots from Figure 4-37 provide the 
following remarks: 

 In the linear elastic branches, SSI reduces the building stiffness, as expected. However, the 
influence of SSI is only moderate (being even smaller for stiff soil). 

 In the nonlinear branches, the SSI influence is more unclear. With SSI, the onset of yielding 
corresponds to significantly smaller forces but, in some cases, the maximum capacity is only 
slightly reduced. These effects are generated by the higher demanding internal forces in the 
members in the non SSI case, due to the softening effect of SSI. 

Similarly to Table 4-35, Table 4-36 displays the values of the top floor yield displacements 
(relative to the base) of each lone prototype building for the pushover analyses (Figure 4-37) and 
the maximum top floor displacements for the nonlinear time-history analyses for the selected 
inputs (Table 4-1). These yield and maximum displacements provide the displacement ductility 
µ in Table 4-3. 

Table 4-36 Maximum and yield top floor displacement relative to the base (m) with isolated foundation 

Building Yield displacement (m) Input 
P C NP C 

3 × 5  0.0468 0.0197 0.0340 
3 × 2 0.0564 0.0175 0.0270 
5 × 5 0.0837 0.0673 0.1130 
5 × 2  0.0937 0.0680 0.1005 

 

  
(a) Building 3 × 5. Soil C (b) Building 3 × 2. Soil C 

  
(c) Building 5 × 5. Soil C (d) Building 5 × 2. Soil C 

Figure 4-38. Capacity curves of the prototype buildings by considering SSI (mat foundation) and uniform 
distribution of the pushing forces  
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Similarly to Figure 4-37, Figure 4-38 displays the capacity curves of buildings 3 × 5, 3 × 2, 5 × 
5, and 5 × 2 (Table 4-8) by considering the influence of SSI for soft (C) soil (Table 4-1) with the 
mat foundation (subsection 4.4.5.3); the variation of the pushing forces along the building height 
is uniform. Stiff soil (B) is not considered because the effect of SSI is less intense; results for the 
triangular distribution are not included since they provide similar conclusions. Each figure 
contains the curves generated by both assuming and neglecting the soil-structure interaction. Plots 
from Figure 4-38 provide similar conclusions than Figure 4-37, although the effect of SSI is much 
less intense. This difference can be explained by the highest stiffness inherent to the mat 
foundation. 

Similarly to Table 4-35 and Table 4-36, Table 4-37 displays the values of the top floor yield 
displacements (relative to the base) of each lone prototype building for the pushover analyses 
(Figure 4-38) and the maximum top floor displacements for the nonlinear time-history analyses 
for the selected inputs (Table 4-1). These yield and maximum displacements provide the 
displacement ductility µ in Table 4-4. 

Table 4-37 Maximum and yield top floor displacement relative to the base (m) with mat foundation 

Building Yield displacement (m) Input 
P C NP C 

3 × 5  0.0433 0.0191 0.0321 
3 × 2 0.0516 0.0137 0.0226 
5 × 5 0.0791 0.0639 0.1086 
5 × 2  0.0839 0.0556 0.1019 

4.5 Parameters of the study 

A number of nonlinear dynamic analyses are carried out to investigate the pounding behaviour of 
the prototype buildings (subsection 4.3) under the excitation of the selected inputs (subsection 
4.2); this subsection describes the parameters of the study and their selected values. The 
parameters are: 

 Buildings. The four representative prototype buildings are described in Table 4-8; they are 3 
× 5, 3 × 2, 5 × 5, and 5 × 2. As described previously, the first and second labels represent the 
number of the storeys and of the bays, respectively. With these four buildings, ten pairs can 
be considered, namely the six combinations and the four twosomes constituted by a given 
building and itself. Among these pairs, those four that are formed by two alike buildings are 
disregarded in this study, since in that case there is no pounding. This circumstance has been 
verified by numerical analyses and can be explained because the dynamic evolution of two 
equal structures excited with the same input are parallel. Among the six remaining cases, the 
pairs 3 × 5 | 3 × 2 and 5 × 5 | 3 × 5 are also omitted herein; the justification follows. The pair 
3 × 5 | 3 × 2 is not considered because the provided conclusions are similar to those of 5 × 5 
| 5 × 2, given that both colliding buildings have the same number of storeys and that this case 
can be more demanding due to the higher number of storeys. The pair 5 × 5 | 3 × 5 is also 
disregarded as the provided conclusions are similar to those of 5 × 5 | 3 × 2, given that in both 
cases the pounding buildings have the same number of storeys and that this case can be more 
demanding due to the higher difference between the number of bays. 

 Input. The seismic inputs are depicted in section 4.2.2 (Table 4-1). Each input is characterised 
by the relevance of the near-source effects and by the soil type. Both parameters are discussed 
next. 

− Near-fault effects. Two cases are possible, namely pulse-like records (Pulse) or Non 
Pulse. 

− Soil type. Two major soil types are considered, being termed as B (stiff) and C (soft) 
[EN-1998 2005]. With the previous parameter (Near-fault effect), four cases can be 
selected by combining options Non Pulse / Pulse and Soil B / Soil C; these cases are 
termed as NP B, NP C, P B, and P C, respectively. 
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 Impact model. The impact model is described in subsection 4.4.2. It is characterised by three 
major parameters: stiffness coefficient (α), damping ratio (ζ) and gap size (d). Those 
parameters are discussed next. 

− Stiffness coefficient (α). α (> 1) represents the higher influence of the slab segments 
that are closer to the impact point. The values of this parameter have been selected 
from a previous simplified survey aiming to investigate the sensitivity of pounding 
to α. Three values are selected, α = 2, α = 5, and α = 10. For further clarification, for 
instance, in the 5-bay building, selecting α = 5 means that the equivalent axial 
stiffness of the slab is equal to the one of a single bay. 

− Damping ratio (ζ). ζ is defined in the right equation (2-37); the right equation (2-38) 
describes its relation with the coefficient of restitution (r). As suggested in 
[Anagnostopoulos, Spiliopoulos 1992], the values of, r = 0.729 (ζ = 0.1) and r = 
0.527 (ζ = 0.2) are considered. In this study, also r = 0.855 (ζ = 0.05) and r = 0.372 
(ζ = 0.3) are contemplated.  

− Gap size (d). The importance of the separation between the colliding buildings is 
obvious and has been highlighted in numerous studies (section 2.4). A previous 
simplified survey in this work has shown that values higher than 2 cm correspond, in 
most of the occasions, to the absence of pounding. In this study, d = 0, 2, and 4 cm is 
considered. 

 SSI analysis. Soil-Structure Interaction issues are discussed in subsection 4.4.5. Three 
situations are contemplated: absence of soil-structure interaction analyses (NO SSI), SSI with 
isolated foundation (subsection 4.4.5.2), and SSI with mat foundation (subsection 4.4.5.3). 

Table 4-38 displays the cases that are analysed; they are characterised by the colliding buildings 
(Table 4-8), the input (Table 4-1), the parameters of the gap model (subsection 4.4.2), and the 
consideration of SSI (subsection 4.4.5). 

The values of the parameters in Table 4-38 are selected as to cover the most representative 
situations and to provide the sought after information. A more detailed explanation follows. 

Buildings. The importance of the characteristics of the colliding buildings can be evaluated by 
comparing threesomes 2-3-4 with 23-24-25 (apart from the effect of the buildings orientation), 
and 7-8-9 with 16-17-18, 27-28-29 and 37-38-39. Also, the case 22 can be compared with 32, as 
well as 26 with 33 and 31 with 40. 
Buildings orientation. The importance of the orientation of the colliding buildings can be 
evaluated by comparing the cases 13 and 14. Comparison between 22 and 23 can provide some 
illustration of the orientation effect, although the inputs are different. Noticeably, the cases 23, 
24, and 25 although with input P C exhibit no pounding. 
Near-fault effects. The importance of the presence of velocity pulses is investigated by 
comparing threesomes 2-3-4 with 7-8-9, 10-11-12 with 19-20-21, and 23-24-25 with 27-28-29; 
noticeably, in each of these sets, the only difference lies in the relevance of pulses (apart from SSI 
or building orientation).  
Soil type. The importance of the soil type is analysed by comparing the cases 6 with 7, and 13 
with 19. 
Stiffness coefficient (α). The importance of the stiffness coefficient of the pounding model is 
investigated by comparing the cases 1-2-5, 26-27-31 and 33-37-40; noticeably, in each of these 
sets, the only difference lies in α. In any of these three groups, the three possible cases of SSI are 
considered. Both pulse (1-2-5) and non-pulse inputs (26-27-31 and 33-37-40) are included. The 
parameter α is seemingly more sensitive to the number of bays than to the number of storeys. The 
influence of α is discussed in subsection 4.7.1 (Figure 4-40). 

Damping ratio (ζ). The importance of the damping ratio of the pounding model is investigated 
by comparing the cases 33, 34, 35, and 36; noticeably, in each of these sets, the only difference 
lies in ζ. The influence of ζ is discussed in subsection 4.7.1 and subsection 4.7.2 (Figure 4-40). 
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Table 4-38 Parameters of the performed analyses 
Buildings Input Impact model SSI Notation No. Near-fault effects Soil type α ζ d (cm) 

3 × 5 | 5 × 2 

Pulse C 2 0.1 2 NO P C / 2 / 0.1 / 2 1 

Pulse C 5 0.1 2 

NO 

P C / 5 / 0.1 / 2 
2 

ISOL. 3 
MAT 4 

Pulse C 10 0.1 2 NO P C / 10 / 0.1 / 2 5 
Non Pulse B 5 0.1 2 NO NP B / 5 / 0.1 / 2 6 

Non Pulse C 5 0.1 2 

NO 

NP C / 5 / 0.1 / 2 
7 

ISOL. 8 
MAT 9 

5 × 5 | 5 × 2 

Pulse C 5 0.1 0 

NO 

P C / 5 / 0.1 / 0 
10 

ISOL. 11 
MAT 12 

(+) Non Pulse(*) B 5 0.1 0 NO NP+ B / 5 / 0.1 / 0 13 
(−) Non Pulse(*) B 5 0.1 0 NO NP− B / 5 / 0.1 / 0 14 

Non Pulse C 5 0.1 4 NO NP C / 5 / 0.1 / 4 15 

Non Pulse C 5 0.1 2 

NO 

NP C / 5 / 0.1 / 2 
16 

ISOL. 17 
MAT 18 

Non Pulse C 5 0.1 0 

NO 

NP C / 5 / 0.1 / 0 
19 

ISOL. 20 
MAT 21 

5 × 5 | 3 × 2 

(+) Pulse(*) B 5 0.1 2 NO P+ B / 5 / 0.1 / 2 22 

(−) Pulse(*) C 5 0.1 2 

NO 

P− C / 5 / 0.1 / 2 
23 

ISOL. 24 
MAT 25 

Non Pulse C 2 0.1 2 NO NP C / 2 / 0.1 / 2 26 

Non Pulse C 5 0.1 2 

NO 

NP C / 5 / 0.1 / 2 
27 

ISOL. 28 
MAT 29 

Non Pulse C 5 0.1 0 ISOL. NP C / 5 / 0.1 / 0 30 
Non Pulse C 10 0.1 2 NO NP C / 10 / 0.1 / 2 31 

5 × 2 | 3 × 2 

Pulse B 5 0.1 2 NO P B / 5 / 0.1 / 2 32 
Non Pulse C 2 0.1 2 NO NP C / 2 / 0.1 / 2 33 
Non Pulse C 2 0.2 2 NO NP C / 2 / 0.2 / 2 34 
Non Pulse C 2 0.3 2 NO NP C / 2 / 0.3 / 2 35 
Non Pulse C 2 0.05 2 NO NP C / 2 / 0.05 / 2 36 

Non Pulse C 5 0.1 2 

NO 

NP C / 5 / 0.1 / 2 
37 

ISOL. 38 
MAT 39 

Non Pulse C 10 0.1 2 NO NP C / 10 / 0.1 / 2 40 

(*) ± means that the input is multiplied by + 1 or − 1; this represents opposite orientations of the frames 
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Gap size (d). The importance of the separation between the colliding buildings is investigated by 
comparing the threesomes 16-17-18 with 19-20-21, the case 15 with 16, and the case 28 with 30; 
noticeably, in each of these sets, the only difference lies in d. Remarkably, another case being 
equal to 15 although with d = 6 cm has been analysed; since there has been no pounding, it is not 
included here. The influence of d is discussed in subsection 4.7.1 (Figure 4-39). 
SSI analysis. The influence of Soil-Structure Interaction is investigated by comparing the 
threesomes 2-3-4, 7-8-9, 10-11-12, 16-17-18, 19-20-21, 23-24-25, 27-28-29, and 37-38-39; 
noticeably, in each of these sets, the only difference lies in SSI. In all these cases the soil type is 
C (soft), since it has been previously concluded that SSI is more significant for the soft soil 
(subsection 4.4.5). There are trios in all the four pairs of colliding buildings; in each pair, inputs 
with and without pulses are considered. The influence of the parameters of the impact model is 
not analysed through the threesomes. 

4.6 Performance indices  

Since the major objective of this research is to investigate the seismic pounding consequences, it 
is necessary to establish a number of criteria (performance indices) for appraising each case. 
These indices are intended to quantify the analyses results. Four major magnitudes are selected: 

 Maximum drift angle. Ratio between inter-storey drift displacement and storey height. This 
index provides information, for each storey, on the damage of structural members (beams and 
columns) and infill walls.  

 Maximum shear force. Reports, as the drift, on the structural damage at each storey. The 
shear force is directly correlated to risk of brittle shear failure of columns. In the first floor, 
the shear force represents the horizontal demanding force on the foundation. 

 Hysteretic energy. Input energy minus the energy absorbed by the initial structural damping; 
therefore, represents the damaging part of the input energy. Reports on the structural damage 
in terms of cumulated values (plastic excursions). 

 Maximum absolute acceleration. Provides information on the damage to the non-structural 
components. This index is correlated to debris fall risk and other similar effects, such as out-
of-plane failure of infill walls. 

Noticeably, all these indices can be determined for each storey. Moreover, the addition of the 
hysteretic energy for all the storeys yields the energy for the whole building (subsection 4.7.3). 
Subsection 4.7.2 contains a comprehensive parametric study on the influence of the selected 
parameters; the results of this study are presented in terms of the aforementioned four 
performance indices. Subsection 4.8 presents a thorough discussion on the results presented in 
subsection 4.7.2. 

Beyond the above major indices, other magnitudes might provide relevant information on the 
local impact severity: the maximum value of the contact force, the impact duration, and the 
relative velocity of colliding slabs. These quantities report on the severity of impact, being 
correlated with the difference between cases with and without pounding. Subsection 4.7.1 
presents a study based on these magnitudes. 

4.7 Results of the study 

4.7.1 Results for the impact forces  

This subsection presents results of the local impact magnitudes. There are Figures that display 
time histories of the contact force in the gap model and there are Tables showing the maximum 
values of the contact forces, the impact durations, the relative velocities of colliding slabs, and 
the momentum. Figure 4-39 and Figure 4-40 display the contact force time histories for the pairs 
of frames 5 × 5 | 5 × 2 and 5 × 2 | 3 × 2, respectively. Figure 4-39 displays plots corresponding to 
the fourth and fifth storeys, while Figure 4-40 refers only to the top (third) storey of the 3 × 2 



Analysis of seismic pounding of moderate-height RC buildings with aligned slabs 
 

128 
 

frame. Figure 4-39 deals with cases 15, 16, and 19 and Figure 4-40 refers to the cases 35, 36, 37, 
and 40 (Table 4-38). 

  
(a) d = 2 cm, fifth storey (case 16 Table 4-38) (b) d = 4 cm, fifth storey (case 15 Table 4-38) 

  
(c) d = 0, fifth storey (case 19 Table 4-38) 

 
(d) d = 0, fourth storey (case 19 Table 4-38) 

 
Figure 4-39. Impact force time history. 5 × 5 | 5 × 2; k = 2246 kN/mm (α = 5), ζ = 0.1 (r = 0.729), 

Northridge Saticoy St. (NP C) (Table 4-1) 

Figure 4-39 reports on the gap size effect. Comparison among the plots from Figure 4-39.a (d = 
2 cm), Figure 4-39.b (d = 4 cm), and Figure 4-39.c (d = 0 cm), shows that, as expected, the lower 
the gap size, the more the number of impacts. Conversely, the influence of d in the maximum 
impact force is unclear. Comparison between Figure 4-39.c (the fifth storey) and Figure 4-39.d 
(the fourth storey) shows that, as expected, the impact forces in the fourth level are significantly 
smaller; noticeably, they are not zero. 

  
(a) α = 2 / ζ = 0.05 (case 36 Table 4-38) (b) α = 2 / ζ = 0.3 (case 35 Table 4-38) 

  
(c) α = 5 / ζ = 0.1 (case 37 Table 4-38)  (d) α = 10 / ζ = 0.1 (case 40 Table 4-38) 

Figure 4-40. Impact force time history in the third floor. 5 × 2 | 3 × 2, d = 2 cm, Northridge Saticoy St. (NP 
C) (Table 4-1) 
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Figure 4-40 reports on the influence of the stiffness (α) and the damping (ζ) of the impact model. 
Regarding the damping (ζ), comparison between plots from Figure 4-40.a (ζ = 0.05) and Figure 
4-40.b (ζ = 0.3), shows that, as discussed previously, the influence of damping is relevant. 
Regarding the impact model stiffness (α), comparison among Figure 4-40.a (α = 2), Figure 4-40.c 
(α = 5), and Figure 4-40.d (α = 10), shows that, as expected, the impact forces are higher for the 
stiffer impact models.   

Figure 4-39 and Figure 4-40 show that the contact intervals are extremely short. Comparison 
between Figure 4-40 (Figure 4-40.a and Figure 4-40.d) and Figure 4-20 shows that, as expected, 
the acceleration peaks correspond to the impact instants. 

Table 4-39 displays, in the cases considered in Table 4-38, the maximum impact forces in each 
storey. The impact forces at the top colliding floors are highlighted. Noticeably, the maximum 
impact forces in each storey corresponding to the same case can be non-simultaneous. 
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Table 4-39 Maximum impact forces (kN) in each floor 

Buildings SSI Notation 
(input / α / ζ / d) No. 

Floor No. 
1 2 3 4 5 

3 × 5 | 5 × 2 

NO P C / 2 / 0.1 / 2 1 0 0 788 - - 
NO 

P C / 5 / 0.1 / 2 
2 0 0 1290 - - 

ISOL. 3 0 0 2124 - - 
MAT 4 0 0 1580 - - 
NO P C / 10 / 0.1 / 2 5 0 0 1853 - - 
NO NP B / 5 / 0.1 / 2 6 0 0 3296 - - 
NO 

NP C / 5 / 0.1 / 2 
7 0 0 4414 - - 

ISOL. 8 0 0 5179 - - 
MAT 9 0 0 4797 - - 

5 × 5 | 5 × 2 

NO 
P C / 5 / 0.1 / 0 

10 52 153 277 369 440 
ISOL. 11 131 106 156 244 306 
MAT 12 150 308 452 590 657 
NO NP+ B / 5 / 0.1 / 0 13 153 210 368 541 771 
NO NP− B / 5 / 0.1 / 0 14 328 486 725 924 1267 
NO NP C / 5 / 0.1 / 4 15 0 0 0 0 2336 
NO 

NP C / 5 / 0.1 / 2 
16 0 0 0 0 2887 

ISOL. 17 0 0 0 0 3494 
MAT 18 0 0 0 0 3565 
NO 

NP C / 5 / 0.1 / 0 
19 308 693 790 1114 2924 

ISOL. 20 370 582 1102 1409 2829 
MAT 21 395 624 927 1178 3122 

5 × 5 | 3 × 2 

NO P+ B / 5 / 0.1 / 2 22 0 0 6566 - - 
NO 

P− C / 5 / 0.1 / 2 
23 0 0 1386 - - 

ISOL. 24 0 0 1958 - - 
MAT 25 0 0 1954 - - 
NO NP C / 2 / 0.1 / 2 26 0 0 3713 - - 
NO 

NP C / 5 / 0.1 / 2 
27 0 0 5869 - - 

ISOL. 28 0 1098 7348 - - 
MAT 29 0 0 6770 - - 
ISOL. NP C / 5 / 0.1 / 0 30 2604 5113 8324 - - 

NO NP C / 10 / 0.1 / 2 31 0 0 8353 - - 

5 × 2 | 3 × 2 

NO P B / 5 / 0.1 / 2 32 0 0 11786 - - 
NO NP C / 2 / 0.1 / 2 33 0 0 5406 - - 
NO NP C / 2 / 0.2 / 2 34 0 0 4678 - - 
NO NP C / 2 / 0.3 / 2 35 0 0 4145   
NO NP C / 2 / 0.05 / 2 36 0 0 5791   
NO 

NP C / 5 / 0.1 / 2 
37 0 0 8561 - - 

ISOL. 38 0 0 10500 - - 
MAT 39 0 0 9694 - - 
NO NP C / 10 / 0.1 / 2 40 0 0 12039 - - 

The results displayed in Table 4-39 are used only to derive conclusions regarding the relation 
between the impact forces at the top colliding floor and at the other storeys. The influence of the 
parameters of the study in the aforementioned relation can be discussed as follows: 

Buildings. Apparently, the buildings (e.g. number of storeys and bays) does not play any relevant 
role.  
Near-fault effects. Apparently, the near-source effects (e.g. the relevance of velocity pulses) does 
not play any relevant role. 
Soil type. Apparently, the soil type does not play any relevant role. 
Stiffness coefficient (α). Apparently, as expected, (apart from SSI) the stiffness of the impact 
model plays a significant role regarding the maximum impact force.  
Damping ratio (ζ). As discussed before, the damping of the impact model plays a significant role 
regarding the maximum impact force. 
Gap size (d). Apparently, the influence of the gap size is relevant, since when d ≠ 0, the impact 
forces in the storeys other than the top colliding floor are zero and, conversely, when d = 0, these 
forces are non-zero. This circumstance can be explained by the modal characteristics of the 
buildings (Table 4-11 and Figure 4-5): if d ≠ 0, since the motion is basically governed by the first 
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mode (Table 4-11) it is apparent that the impact will affect only the top colliding storeys. 
Conversely, if d = 0, if the building motion would follow exactly the modal shapes when the top 
floors displacements are zero (it is likely when the impact will occur), the displacements of the 
other floors would be also zero; therefore, the contact will affect to all the storeys. As a matter of 
fact, in that case, the impact forces (neglecting the influence of the impact duration) would be 
rather proportional to the modal amplitude of each storey (Figure 4-5). Deviations from this ideal 
comportment can be generated by the influence of the excitation and the nonlinear structural 
behaviour.  
SSI analysis. Apparently, the Soil-Structure Interaction does not play any relevant role. 

Table 4-40 displays, in the top colliding floors, the most relevant maximum impact quantities: 
relative velocity of the colliding masses at the onset of impact, peak impact force, impact duration, 
and impulse-momentum. The relative velocities are determined only after the numerical analyses; 
regarding the maximum impact forces, the impact duration, and the impulse-momentum, in 
addition to the numerical quantities, the values obtained from the analytical model are also 
included for the sake of comparison.  

Regarding the analytical maximum impact force (Table 4-40), as outlined in subsection 3.2.3, the 
closed-form solutions in physical coordinates can be easily obtained after the relations 𝑥𝑥l = η1 +
η2 and 𝑥𝑥r = η1 − µ η2. From the aforementioned relations, can be shown that; 𝑥𝑥l − 𝑥𝑥r =
(1 + µ) η2. Moreover, based on the results obtained from Appendix D, can be assumed that the 
maximum impact force is  𝐹𝐹max = 𝑘𝑘 (𝑥𝑥l − 𝑥𝑥r − 𝑑𝑑)max; in addition, it could be considered that 
the maximum impact force occurs approximately, at the middle of the time duration. (Appendix 
D shows that this assumption gives the reasonable results). Hence using 𝐹𝐹max = 𝑘𝑘 (𝑥𝑥l − 𝑥𝑥r −
𝑑𝑑)max, equation (2-38), and equation (3-17), the analytical maximum impact force becomes: 

𝐹𝐹max = (1 + µ)�𝑒𝑒

−π ζ2

2 �1−ζ2
2�
1
2  
η̇2(0) + ζ2 ω2 η2(0)

ω2�1− ζ2
2�

1
2

+ 
𝑘𝑘 𝑑𝑑

ω2
2 𝑚𝑚l 

� (4-4) 

Where µ = ml / mr, η2(0) = 𝑑𝑑
1+µ

 , η̇2(0) = 𝑣𝑣l− 𝑣𝑣r
1+µ

 , ζ2 is damping ratio of the second mode. A deep 
explanation of the parameters in the equation (4-4) can be seen in section 3.2. It should be noted 
that in the equation (4-4) the influence of the equivalent stiffness of each building is neglected. 
The numerical / analytical impact durations are derived from the numerical analyses / the left 
equation (2-38), respectively. The last two columns of Table 4-40 contain the impulse-
momentum; it has been determined by assuming that the impact force time-history is shaped as a 
half sinus wave [Anagnostopulos 1988]; the numerical / analytical values of impulse-momentum 
are determined after corresponding values of  the numerical / analytical peak impact forces and 
impact duration, respectively. Cases considered in Table 4-40 are those in Table 4-38. 
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Table 4-40 Maximum impact forces, relative velocities, impact durations, and impulse-
momentum in the top colliding floor 

Bldgs. No. 
Relative 
velocity 

(m/s) 

Impact force (kN) Impact duration (s) Impulse-momentum 
 (kN s) 

Numerical Analytical Numerical Analytical Numerical Analytical 
3 

× 
5 

| 5
 ×

 2
 

1 0.1822 788 851 0.0230 0.0204 11.54 11.06 
2 0.1821 1290 1346 0.0140 0.0129 11.50 11.06 
3 0.2915 2124 2153 0.0145 0.0129 19.61 17.69 
4 0.2219 1580 1639 0.0140 0.0129 14.08 13.47 
5 0.1822 1853 1903 0.0095 0.0091 11.21 11.03 
6 0.4569 3296 3375 0.0140 0.0129 29.38 27.73 
7 0.5679 4414 4195 0.0155 0.0129 43.56 34.47 
8 0.6765 5179 4998 0.0155 0.0129 51.10 41.07 
9 0.6697 4797 4947 0.0140 0.0129 42.75 40.65 

5 
× 

5 
| 5

 ×
 2

 

10 0.0617 440 443 0.0135 0.0125 3.78 3.53 
11 0.0426 306 306 0.0130 0.0125 2.53 2.44 
12 0.0914 657 657 0.0130 0.0125 5.44 5.23 
13 0.1036 771 744 0.0135 0.0125 6.63 5.92 
14 0.1722 1267 1236 0.0130 0.0125 10.49 9.84 
15 0.3431 2336 2463 0.0125 0.0125 18.59 19.61 
16 0.4018 2887 2885 0.0130 0.0125 23.89 22.97 
17 0.4907 3494 3523 0.0135 0.0125 30.03 28.05 
18 0.4926 3565 3537 0.0130 0.0125 29.50 28.16 
19 0.4017 2924 2884 0.0130 0.0125 24.20 22.96 
20 0.3908 2829 2806 0.0135 0.0125 24.31 22.34 
21 0.4332 3122 3110 0.0135 0.0125 26.83 24.76 

5 
× 

5 
| 3

 ×
 2

 

22 0.9204 6566 6720 0.0140 0.0127 58.52 54.36 
23 0.1943 1386 1418 0.0135 0.0127 11.91 11.47 
24 0.2675 1958 1953 0.0140 0.0127 17.45 15.80 
25 0.2664 1954 1945 0.0140 0.0127 17.42 15.73 
26 0.8303 3713 3834 0.0240 0.0201 56.73 49.08 
27 0.8346 5869 6094 0.0145 0.0127 54.18 49.30 
28 1.0146 7348 7408 0.0145 0.0127 67.83 59.92 
29 0.9512 6770 6946 0.0140 0.0127 60.34 56.19 
30 1.1358 8324 8293 0.0135 0.0127 71.54 67.08 
31 0.8341 8353 8614 0.0100 0.0090 53.18 49.38 

5 
× 

2 
| 3

 ×
 2

 

32 1.1803 11786 11496 0.0075 0.0068 56.27 49.79 
33 0.8768 5406 5401 0.0120 0.0107 41.30 36.81 
34 0.8749 4678 4650 0.0130 0.0109 38.72 32.28 
35 0.8748 4145 4016 0.0140 0.0112 36.94 28.65 
36 0.8769 5791 5825 0.0120 0.0107 44.24 39.70 
37 0.8730 8561 8503 0.0075 0.0068 40.88 36.83 
38 1.0549 10500 10273 0.0075 0.0068 50.13 44.49 
39 0.9727 9694 9473 0.0075 0.0068 46.29 41.03 
40 0.8717 12039 12006 0.0055 0.0048 42.15 36.71 

The comparison among the numerical and analytical values of the maximum impact forces, the 
impact duration, and the impulse-momentum, shows an excellent agreement; this confirms the 
solidity of the assumptions in the analytical study and the dependability of the numerical results. 
In subsection 4.8, the results displayed in Table 4-40 are used to derive conclusions regarding the 
impact severity and the influence of the parameters of the study. 

4.7.2 Main results 

This subsection presents the main results of the dynamic analyses of the cases listed in Table 4-38 
in terms of the evaluation quantities (performance indices) described in subsection 4.6. Figure 
4-41 through Figure 4-80 display, for each storey, major results for the pairs of colliding buildings 
(Table 4-8) under the selected inputs (Table 4-1). Black/grey plots correspond to cases 
with/without pounding, respectively. Figures #.a and #.b represent the maximum drift angles; “#” 
refers to any number between 41 and 80. Figures #.c and #.d display the maximum storey shear 
force. Figures #.e and #.f show the hysteretic energy. Figures #.g and #.h depict the maximum 
absolute accelerations. Plots for the left / right buildings are displayed on left / right Figures (#.a, 
#.c, #.e, #.g / #.b, #.d, #.f, #.h), respectively. In Figures #.a and #.b, positive sign corresponds to 
clockwise angle, i.e. the displacement of the above storey is bigger ( ). In Figures #.c and #.d, 
positive sign corresponds to forces generating positive shear strains (          ), as in Figures #.a and 
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#.b. In Figures #.g and #.h, positive sign corresponds to outward acceleration, i.e. elements are 
pushed to fall inward ( ). 

The results plotted in Figure 4-41 through Figure 4-80 are discussed in subsection 4.8. 
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(a) Maximum drift angle in the 3 × 5 building 
(left) 

(b) Maximum drift angle in the 5 × 2 building 
(right) 

  

(c) Maximum storey shear force in the 3 × 5 
building (left) 

(d) Maximum storey shear force in the 5 × 2 
building (right) 

  

(e) Hysteretic energy in the 3 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 3 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-41. Responses with / without pounding. 3 × 5 | 5 × 2; k = 898 kN/mm (α = 2); ζ = 0.1 (r = 

0.729); d = 2 cm (Case 1). Northridge W Pico Canyon (P C) (Table 4-1) 
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(a) Maximum drift angle in the 3 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

  
(c) Maximum storey shear force in the 3 × 5 

building (left) 
(d) Maximum storey shear force in the 5 × 2 building 

(right) 

  

(e) Hysteretic energy in the 3 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 3 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-42. Responses with / without pounding. 3 × 5 | 5 × 2; k = 2246 kN/mm (α = 5); ζ = 0.1 (r = 0.729); 

d = 2 cm (Case 2). Northridge W Pico Canyon (P C) (Table 4-1) 
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(a) Maximum drift angle in the 3 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

  
(c) Maximum storey shear force in the 3 × 5 

building (left) 
(d) Maximum storey shear force in the 5 × 2 building 

(right) 

  

(e) Hysteretic energy in the 3 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 3 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-43. Responses with / without pounding. 3 × 5 | 5 × 2; k = 2246 kN/mm (α = 5); ζ = 0.1 (r = 0.729); 

d = 2 cm Considering SSI (Isolated foundation, Case 3). Northridge W Pico Canyon (P C) (Table 4-1) 
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(a) Maximum drift angle in the 3 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

  
(c) Maximum storey shear force in the 3 × 5 

building (left) 
(d) Maximum storey shear force in the 5 × 2 building 

(right) 

  

(e) Hysteretic energy in the 3 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 3 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-44. Responses with / without pounding. 3 × 5 | 5 × 2; k = 2246 kN/mm (α = 5); ζ = 0.1 (r = 0.729); 

d = 2 cm Considering SSI (Mat foundation, Case 4). Northridge W Pico Canyon (P C) (Table 4-1) 
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(a) Maximum drift angle in the 3 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

  
(c) Maximum storey shear force in the 3 × 5 

building (left) 
(d) Maximum storey shear force in the 5 × 2 building 

(right) 

  

(e) Hysteretic energy in the 3 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 3 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-45. Responses with / without pounding. 3 × 5 | 5 × 2; k = 4491 kN/mm (α = 10); ζ = 0.1 (r = 

0.729); d = 2 cm (Case 5). Northridge W Pico Canyon (P C) (Table 4-1) 
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(a) Maximum drift angle in the 3 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

  
(c) Maximum storey shear force in the 3 × 5 

building (left) 
(d) Maximum storey shear force in the 5 × 2 building 

(right) 

  

(e) Hysteretic energy in the 3 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 3 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-46. Responses with / without pounding. 3 × 5 | 5 × 2; k = 2246 kN/mm (α = 5); ζ = 0.1 (r = 0.729); 

d = 2 cm (Case 6). Victoria (Non Pulse, soil type B) (Table 4-1) 
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(a) Maximum drift angle in the 3 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

  

(c) Maximum storey shear force in the 3 × 5 
building (left) 

(d) Maximum storey shear force in the 5 × 2 building 
(right) 

  

(e) Hysteretic energy in the 3 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 3 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-47. Responses with / without pounding. 3 × 5 | 5 × 2; k = 2246 kN/mm (α = 5); ζ = 0.1 (r = 0.729); 

d = 2 cm (Case 7). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 3 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

  

(c) Maximum storey shear force in the 3 × 5 
building (left) 

(d) Maximum storey shear force in the 5 × 2 building 
(right) 

  

(e) Hysteretic energy in the 3 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 3 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-48. Responses with / without pounding. 3 × 5 | 5 × 2; k = 2246 kN/mm (α = 5); ζ = 0.1 (r = 0.729); 

d = 2 cm Considering SSI (Isolated foundation, Case 8). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 3 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

  

(c) Maximum storey shear force in the 3 × 5 
building (left) 

(d) Maximum storey shear force in the 5 × 2 building 
(right) 

  

(e) Hysteretic energy in the 3 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 3 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-49. Responses with / without pounding. 3 × 5 | 5 × 2; k = 2246 kN/mm (α = 5); ζ = 0.1 (r = 0.729); 

d = 2 cm Considering SSI (Mat foundation, Case 9). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 5 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-50. Responses with / without pounding. 5 × 5 | 5 × 2; k = 2246 kN/mm (α = 5), ζ = 0.1 (r = 0.729); 

d = 0 (Case 10). Northridge W Pico Canyon (P C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

    

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 5 × 2 building 
(right) 

    

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

    
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-51. Responses with / without pounding. 5 × 5 | 5 × 2; k = 2246 kN/mm (α = 5), ζ = 0.1 (r = 0.729); 

d = 0 Considering SSI (Isolated foundation, Case 11). Northridge W Pico Canyon (P C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 5 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-52. Responses with / without pounding. 5 × 5 | 5 × 2; k = 2246 kN/mm (α = 5), ζ = 0.1 (r = 0.729); 

d = 0 Considering SSI (Mat foundation, Case 12). Northridge W Pico Canyon (P C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 5 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-53. Responses with / without pounding. 5 × 5 | 5 × 2; k = 2246 kN/mm (α = 5), ζ = 0.1 (r = 0.729); 

d = 0 (Case 13). Victoria Cerro Prieto (NP B) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building 
(right) 

  

(c) Maximum storey shear force in the 5 × 5 building 
(left) 

(d) Maximum storey shear force in the 5 × 2 
building (right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-54. Responses with / without pounding. 5 × 5 | 5 × 2 (inverted orientation); k = 2246 kN/mm (α = 

5), ζ = 0.1 (r = 0.729); d = 0 (Case 14). Victoria Cerro Prieto (NP B) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 5 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-55. Responses with / without pounding. 5 × 5 | 5 × 2; k = 2246 kN/mm (α = 5), ζ = 0.1 (r = 0.729); 

d = 4 cm (Case 15). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 5 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-56. Responses with / without pounding. 5 × 5 | 5 × 2; k = 2246 kN/mm (α = 5), ζ = 0.1 (r = 0.729); 

d = 2 cm (Case 16). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

    

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 5 × 2 building 
(right) 

    

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

    
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-57. Responses with / without pounding. 5 × 5 | 5 × 2; k = 2246 kN/mm (α = 5), ζ = 0.1 (r = 0.729); 

d = 2 cm Considering SSI (Isolated foundation, Case 17). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 5 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-58. Responses with / without pounding. 5 × 5 | 5 × 2; k = 2246 kN/mm (α = 5), ζ = 0.1 (r = 0.729); 

d = 2 cm Considering SSI (Mat foundation, Case 18). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 5 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-59. Responses with / without pounding. 5 × 5 | 5 × 2; k = 2246 kN/mm (α = 5), ζ = 0.1 (r = 0.729); 

d = 0 (Case 19). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 5 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-60. Responses with / without pounding. 5 × 5 | 5 × 2; k = 2246 kN/mm (α = 5), ζ = 0.1 (r = 0.729); 

d = 0 Considering SSI (Isolated foundation, Case 20). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 5 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 5 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 5 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 5 × 2 

building (right) 
Figure 4-61. Responses with / without pounding. 5 × 5 | 5 × 2; k = 2246 kN/mm (α = 5), ζ = 0.1 (r = 0.729); 

d = 0 Considering SSI (Mat foundation, Case 21). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 3 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-62. Responses with / without pounding. 5 × 5 | 3 × 2; k = 2246 kN/mm (α = 5), ζ = 0.1 (r = 0.729); 

d = 2 cm (Case 22). Northridge Sylmar-Olive (P B) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 3 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-63. Responses with / without pounding. 5 × 5 | 3 × 2 (inverted orientation); k = 2246 kN/mm (α = 

5), ζ = 0.1 (r = 0.729); d = 2 cm (Case 23). Northridge W Pico Canyon (P C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 3 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-64. Responses with / without pounding. 5 × 5 | 3 × 2 (inverted orientation); k = 2246 kN/mm (α = 

5), ζ = 0.1 (r = 0.729); d = 2 cm, Considering SSI (Isolated foundation, Case 24). Northridge W Pico 
Canyon (P C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 3 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-65. Responses with / without pounding. 5 × 5 | 3 × 2 (inverted orientation); k = 2246 kN/mm (α = 

5), ζ = 0.1 (r = 0.729); d = 2 cm, Considering SSI (Mat foundation, Case 25). Northridge W Pico Canyon (P 
C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 3 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-66. Responses with / without pounding. 5 × 5 | 3 × 2; k = 898 kN/mm (α = 2), ζ = 0.1 (r = 0.729); d 

= 2 cm (Case 26). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 3 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-67. Responses with / without pounding. 5 × 5 | 3 × 2; k = 2246 kN/mm (α = 5), ζ = 0.1 (r = 0.729); 

d = 2 cm (Case 27). Northridge Saticoy St. (NP C) (Table 4-1) 
 
 
 
 

1

2

3

4

5

-1.5 -1 -0.5 0 0.5 1 1.5

S
to

re
y

Drift Angle (%)

Without Pounding With Pounding

1

2

3

4

5

-0.4 -0.2 0 0.2 0.4

S
to

re
y

Drift Angle (%)

Without Pounding With Pounding

1

2

3

4

5

-6000 -4000 -2000 0 2000 4000 6000

S
to

re
y

Shear Force (kN)

Without Pounding With Pounding

1

2

3

4

5

-2000 -1000 0 1000 2000

S
to

re
y

Shear Force (kN)

Without Pounding With Pounding

1

2

3

4

5

0 50 100 150 200 250

St
or

ey
 

Energy (kJ)

Without Pounding With Pounding

1

2

3

4

5

0 5 10 15 20

St
or

ey
 

Energy (kJ)

Without Pounding With Pounding

1

2

3

4

5

-6 -4 -2 0 2 4

S
to

re
y

Acceleration (g)

Without Pounding With Pounding

1

2

3

4

5

-5 0 5 10 15

S
to

re
y

Acceleration (g)

Without Pounding With Pounding



Chapter 4 Parametric study 

 161 
 

  

(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 3 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-68. Responses with / without pounding. 5 × 5 | 3 × 2; k = 2246 kN/mm (α = 5), ζ = 0.1 (r = 0.729); 

d = 2 cm, Considering SSI (Isolated footing, Case 28). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 building 
(left) 

(d) Maximum storey shear force in the 3 × 2 
building (right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-69. Responses with / without pounding. 5 × 5 | 3 × 2; k = 2246 kN/mm (α = 5), ζ = 0.1 (r = 0.729); 

d = 2 cm, Considering SSI (Mat foundation, Case 29). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 building 
(left) 

(d) Maximum storey shear force in the 3 × 2 
building (right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-70. Responses with / without pounding. 5 × 5 | 3 × 2; k = 2246 kN/mm (α = 5), ζ = 0.1 (r = 0.729); 

d = 0 cm, Considering SSI (Isolated foundation, Case 30). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 5 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 5 
building (left) 

(d) Maximum storey shear force in the 3 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 5 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 5 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-71. Responses with / without pounding. 5 × 5 | 3 × 2; k = 4491 kN/mm (α = 10), ζ = 0.1 (r = 

0.729); d = 2 cm (Case 31). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 2 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 2 
building (left) 

(d) Maximum storey shear force in the 3 × 2 
building (right) 

  

(e) Hysteretic energy in the 5 × 2 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 2 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-72. Responses with / without pounding. 5 × 2 | 3 × 2; k = 5614 kN/mm (α = 5); ζ = 0.1 (r = 0.729); 

d = 2 cm (Case 32). Northridge Sylmar-Olive (P B) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 2 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 2 
building (left) 

(d) Maximum storey shear force in the 3 × 2 
building (right) 

  

(e) Hysteretic energy in the 5 × 2 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 2 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-73. Responses with / without pounding. 5 × 2 | 3 × 2; k = 2246 kN/mm (α = 2); ζ = 0.1 (r = 0.729); 

d = 2 cm (Case 33). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 2 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 2 
building (left) 

(d) Maximum storey shear force in the 3 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 2 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 2 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-74. Responses with / without pounding. 5 × 2 | 3 × 2; k = 2246 kN/mm (α = 2); ζ = 0.2 (r = 0.527); 

d = 2 cm (Case 34). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 2 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 2 
building (left) 

(d) Maximum storey shear force in the 3 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 2 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 2 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-75. Responses with / without pounding. 5 × 2 | 3 × 2; k = 2246 kN/mm (α = 2); ζ = 0.3 (r = 0.372); 

d = 2 cm (Case 35). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 2 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 2 building 
(left) 

(d) Maximum storey shear force in the 3 × 2 
building (right) 

  

(e) Hysteretic energy in the 5 × 2 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 2 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-76. Responses with / without pounding. 5 × 2 | 3 × 2; k = 2246 kN/mm (α = 2); ζ = 0.05 (r = 

0.855); d = 2 cm (Case 36). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 2 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 2 
building (left) 

(d) Maximum storey shear force in the 3 × 2 
building (right) 

  

(e) Hysteretic energy in the 5 × 2 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 2 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-77. Responses with / without pounding. 5 × 2 | 3 × 2; k = 5614 kN/mm (α = 5); ζ = 0.1 (r = 0.729); 

d = 2 cm (Case 37). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 2 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

    

(c) Maximum storey shear force in the 5 × 2 
building (left) 

(d) Maximum storey shear force in the 3 × 2 
building (right) 

    

(e) Hysteretic energy in the 5 × 2 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

    
(g) Maximum absolute acceleration in the 5 × 2 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-78. Responses with / without pounding. 5 × 2 | 3 × 2; k = 5614 kN/mm (α = 5); ζ = 0.1 (r = 0.729); 

d = 2 cm Considering SSI (Isolated footing, Case 38). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 2 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 2 
building (left) 

(d) Maximum storey shear force in the 3 × 2 
building (right) 

  

(e) Hysteretic energy in the 5 × 2 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 2 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-79. Responses with / without pounding. 5 × 2 | 3 × 2; k = 5614 kN/mm (α = 5); ζ = 0.1 (r = 0.729); 

d = 2 cm Considering SSI (Mat foundation, Case 39). Northridge Saticoy St. (NP C) (Table 4-1) 
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(a) Maximum drift angle in the 5 × 2 building (left) (b) Maximum drift angle in the 3 × 2 building (right) 

  

(c) Maximum storey shear force in the 5 × 2 
building (left) 

(d) Maximum storey shear force in the 3 × 2 building 
(right) 

  

(e) Hysteretic energy in the 5 × 2 building (left) (f) Hysteretic energy in the 3 × 2 building (right) 

  
(g) Maximum absolute acceleration in the 5 × 2 

building (left) 
(h) Maximum absolute acceleration in the 3 × 2 

building (right) 
Figure 4-80. Responses with / without pounding. 5 × 2 | 3 × 2; k = 11230 kN/mm (α = 10); ζ = 0.1 (r = 

0.729); d = 2 cm (Case 40). Northridge Saticoy St. (NP C) (Table 4-1) 
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4.7.3 Results for energy 

This subsection presents, for the cases listed in Table 4-38, the computed values of input and 
hysteretic energy. The input energy is determined as 𝐸𝐸I = −∫ �̇�𝒙𝐓𝐓t

0 𝐌𝐌 𝐫𝐫 �̈�𝑥g 𝑑𝑑𝑡𝑡 =
−∑ ∫ �̇�𝑥i

𝑡𝑡
0

N
i=1 𝑚𝑚i �̈�𝑥g 𝑑𝑑𝑡𝑡, where �̇�𝑥i, 𝑚𝑚i, �̈�𝑥g, and N are the relative velocity of each floor, the mass of 

each storey, the ground acceleration applied at the base of the buildings, and the number of floors, 
respectively. The hysteretic energy is computed by two method; the first results from the nonlinear 
dynamic analyses (parametric study) as 𝐸𝐸Hp = ∑ ∫ 𝑉𝑉i

𝑡𝑡
0

N
i=1  𝑑𝑑δi, where Vi and δi are the storey shear 

force and the drift, respectively. The second is obtained from the response spectrum, as discussed 
in subsections 2.1.4 and 4.2.3.  Table 4-41 displays the values of hysteretic energy computed from 
the response spectrum EH, the input energy EI, and the hysteretic energy obtained from parametric 
study EHp.  
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Table 4-41 Maximum input and hysteretic energy and VD / VE ratio 

Buildings SSI Notation No. 

Left building Right building 
Without pounding With pounding Without pounding With pounding 

EH 
(kNm) 

EI  
(kNm) 

EHp 
(kNm) 

EH 

(kNm) 
EI  

(kNm) 
EHp 

(kNm) 
EH 

(kNm) 
EI 

(kNm) 
EHp 

(kNm) 
EH 

(kNm) 
EI 

(kNm) 
EHp 

(kNm) 

3 × 5 | 5 × 
2 

NO P C / 2 / 0.1 / 2 1 0.00 11.58 2.65 0.00 11.40 2.15 0.00 16.49 6.81 0.00 15.42 5.93 
NO 

P C / 5 / 0.1 / 2 
2 0.00 11.58 2.65 0.00 11.30 2.11 0.00 16.49 6.81 0.00 15.45 5.97 

ISOL. 3 0.00 25.65 6.04 0.00 25.45 3.00 0.00 33.21 15.47 0.00 26.79 10.16 
MAT 4 0.00 24.31 5.33 0.00 21.90 3.45 0.00 20.11 8.60 0.00 19.01 7.40 
NO P C / 10 / 0.1 / 2 5 0.00 11.58 2.65 0.00 11.25 2.10 0.00 16.49 6.81 0.00 15.46 5.97 
NO NP B / 5 / 0.1 / 2 6 0.00 58.54 13.73 0.00 60.35 11.61 0.00 108.44 36.48 0.00 98.94 39.15 
NO 

NP C / 5 / 0.1 / 2 
7 0.00 170.61 40.76 0.00 201.59 32.78 196.00 429.31 238.78 197.68 418.23 247.71 

ISOL. 8 0.00 282.70 70.81 0.00 305.61 22.86 164.94 456.92 248.77 169.01 491.06 284.52 
MAT 9 0.00 275.52 61.44 0.00 292.32 34.65 190.91 458.38 252.62 193.33 475.53 282.60 

5 × 5 | 5 × 
2 

NO 
P C / 5 / 0.1 / 0 

10 0.00 49.48 21.27 0.00 45.89 19.97 0.00 16.49 6.81 0.00 15.41 6.92 
ISOL. 11 0.00 81.87 35.31 0.00 69.14 27.09 0.00 33.21 15.47 0.00 24.83 11.23 
MAT 12 0.00 71.76 31.08 0.00 59.95 26.42 0.00 20.11 8.60 0.00 18.29 9.41 
NO NP+ B / 5 / 0.1 / 0 13 102.56 349.51 118.17 100.89 313.41 103.84 0.00 108.44 36.48 0.00 126.63 47.26 
NO NP− B / 5 / 0.1 / 0 14 102.56 349.49 129.86 101.08 311.05 109.15 0.00 108.44 36.47 0.00 121.26 42.19 
NO NP C / 5 / 0.1 / 4 15 448.34 1049.38 618.80 448.38 1065.32 634.39 196.00 429.31 238.78 194.32 415.31 224.11 
NO 

NP C / 5 / 0.1 / 2 
16 448.34 1049.38 618.80 456.64 1094.43 651.65 196.00 429.31 238.78 190.15 420.04 207.35 

ISOL. 17 422.75 1036.24 599.83 414.24 1095.76 643.17 164.94 456.92 248.77 162.73 460.75 222.89 
MAT 18 425.27 1055.63 615.63 418.75 1116.08 654.95 190.91 458.38 252.62 184.70 443.80 216.52 
NO 

NP C / 5 / 0.1 / 0 
19 448.34 1049.38 618.80 458.71 1068.62 630.70 196.00 429.31 238.78 191.81 440.35 238.39 

ISOL. 20 422.75 1036.24 599.83 407.48 1123.20 637.48 164.94 456.92 248.77 168.38 436.96 230.29 
MAT 21 425.27 1055.63 615.63 416.95 1103.78 634.97 190.91 458.38 252.62 190.95 452.62 246.64 

5 × 5 | 3 × 
2 

NO P+ B / 5 / 0.1 / 2 22 246.72 758.42 473.24 251.94 773.77 511.03 0.00 142.74 60.14 0.00 101.04 17.29 
NO 

P− C / 5 / 0.1 / 2 
23 0.00 49.48 21.27 0.00 47.29 19.51 0.00 3.97 0.85 0.00 5.09 0.87 

ISOL. 24 0.00 81.87 35.31 0.00 72.11 28.51 0.00 8.72 2.48 0.00 10.91 1.08 
MAT 25 0.00 71.77 31.09 0.00 63.09 24.71 0.00 5.64 1.14 0.00 8.01 2.22 
NO NP C / 2 / 0.1 / 2 26 448.34 1049.38 618.80 440.20 1063.06 636.51 0.00 49.58 12.06 0.00 93.85 13.11 
NO NP C / 5 / 0.1 / 2 27 448.34 1049.38 618.80 442.24 1065.94 634.23 0.00 49.58 12.06 0.00 96.10 13.21 

ISOL. 28 422.75 1036.24 599.83 410.85 1094.27 635.92 0.00 95.18 26.56 0.00 148.39 8.53 
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Continue of Table 4-41 Maximum input and hysteretic energy and VD / VE ratio 

Buildings SSI Notation No. 

Left building Right building 
Without pounding With pounding Without pounding With pounding 

EH 
(kNm) 

EI  
(kNm) 

EHp 
(kNm) 

EH 

(kNm) 
EI  

(kNm) 
EHp 

(kNm) 
EH 

(kNm) 
EI 

(kNm) 
EHp 

(kNm) 
EH 

(kNm) 
EI 

(kNm) 
EHp 

(kNm) 

 
MAT  29 425.27 1055.63 615.63 408.00 1101.73 640.40 0.00 77.25 16.69 0.00 121.07 21.92 
ISOL NP C / 5 / 0.1 / 0 30 422.75 1036.24 599.83 397.45 1131.61 653.47 0.00 95.18 26.56 0.00 185.85 15.06 
NO NP C / 10 / 0.1 / 2 31 448.34 1049.38 618.80 442.24 1066.82 633.14 0.00 49.58 12.06 0.00 97.17 13.17 

5 × 2 | 3 × 
2 

NO P B / 5 / 0.1 / 2 32 102.90 341.17 210.64 104.38 361.48 241.42 0.00 142.74 60.14 0.00 113.94 17.84 
NO NP C / 2 / 0.1 / 2 33 196.00 429.31 238.78 190.98 416.06 222.76 0.00 49.58 12.06 0.00 79.30 11.99 
NO NP C / 2 / 0.2 / 2 34 196.00 429.31 238.78 190.98 417.14 222.58 0.00 49.58 12.06 0.00 78.69 11.48 
NO NP C / 2 / 0.3 / 2 35 196.00 429.31 238.78 190.98 416.84 223.19 0.00 49.58 12.06 0.00 78.61 11.37 
NO NP C / 2 / 0.05 / 2 36 196.00 429.31 238.78 190.98 414.21 222.26 0.00 49.58 12.06 0.00 79.31 12.35 
NO 

NP C / 5 / 0.1 / 2 
37 196.00 429.31 238.78 190.98 415.64 220.34 0.00 49.58 12.06 0.00 79.66 11.97 

ISOL. 38 164.94 456.92 248.77 161.49 457.99 256.63 0.00 95.18 26.56 0.00 117.45 4.36 
MAT 39 190.91 458.38 252.62 183.15 453.83 248.31 0.00 77.25 16.69 0.00 105.79 14.69 
NO NP C / 10 / 0.1 / 2 40 196.00 429.31 238.78 191.81 415.46 219.43 0.00 49.58 12.06 0.00 79.49 11.87 
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In Table 4-41, the input energy is obtained from the spectra displayed in Figure 4-3 and the 
hysteretic energy is determined in two procedures; the first computed from the nonlinear 
numerical analysis and the second from the response spectrum by using VD / VE ratios. These later 
calculations involve two major approximations: the energy spectra are derived by representing 
the actual building with an equivalent SDOF system (its mass is equal to the one of the building 
and its period is equal to the fundamental period of the building) and VD / VE ratios are determined 
according to an approximate empirical formulation. Therefore, the values of the hysteretic energy 
in Table 4-41, which are calculated from parametric studies, are more accurate and reliable than 
those from the spectra. Comparison between the values of the hysteretic energy obtained from the 
spectra and parametric study in Table 4-41 shows a reasonable fit.   

Table 4-2, Table 4-3, and Table 4-4 show that in some cases, the displacement ductility is less 
than one; therefore, the hysteretic energy should be, obviously, zero. Regarding the hysteretic 
energy values obtained from the nonlinear dynamic analysis (EHp), Table 4-41 contains rather 
small values (compared to the input energy), but not zero. This slight discrepancy can be 
explained for the criterion used to obtain the yield displacement and the displacement ductility; 
even if µ < 1, the actual yielding point (in the curves plotted in Figure 4-36, Figure 4-37, and 
Figure 4-38) might have been exceeded.  

4.8 Discussion of the results 

4.8.1 General observation  

Observation of Figure 4-41 through Figure 4-80 shows that it is difficult to find trends that are 
common to the drift angle, the storey shear force and the absolute acceleration; the main reason 
is that their maximum values can correspond to different instants. Even the pairs of maxima (with 
and without pounding) that belong to the same situation might be no simultaneous. Even when 
tendencies are found, and they are coherent with the expected behaviour, exceptions are observed. 
Conversely, since the hysteretic energy does not correspond to a single instant but accumulates 
the information along the whole input duration, its behaviour might be less unpredictable.  

 Drift. Globally speaking, the maximum drift is significantly affected by the pounding, 
although most of the changes are rather moderate. In most of the impacts between 
different height buildings, the drift in the protruding floors of the tallest building is 
increased; this circumstance can be explained by the well-known whiplash effect. In the 
impacts between same height buildings, the drift is only moderately affected; in most of 
the cases, the drift is reduced, except in some cases in the top floor of the less massive 
building. It would be expected that, except in the protruding floors, the maximum inward 
drifts be reduced due to pounding; conversely, this trend is not observed in all the cases. 

 Shear. Globally speaking, the maximum shear force is significantly affected by the 
pounding, although most of the changes are rather moderate. In the impacts between same 
height buildings, the shear force is only slightly affected. In all the cases, the shear force 
is highest in the first floor (base shear). 

 Energy. In most of the impacts between different height buildings, the energy in the 
protruding floors of the tallest buildings is increased by the pounding. 

 Acceleration. Pounding amplifies extraordinarily the outward absolute accelerations in 
both buildings, mainly in the colliding levels. It is observed that the heaviest buildings 
have the smallest acceleration. This fact can be explained by the assumption that the 
behaviour of the colliding slabs during the impact duration is not significantly affected 
by the rest of the structure [Anagnostopoulos 1988]; since the slab motion follows 
basically the Newton law, given that the impact force is the same for both slabs, the 
highest mass should correspond to the lowest acceleration. 

 Energy vs. drift and shear. Pounding affects more intensively the energy than the drift 
and the shear force. The reason can be that the energy is the sum of the products of force 
and drift increment; hence, it gathers the cumulated influence of the time history of both 
magnitudes.  
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 Acceleration vs. drift and shear. Pounding affects more the acceleration than the 
displacement and the shear. This tendency can be explained because high accelerations 
are generated during impact, given its short duration. 

 Shear vs. drift. Drift and shear are not highly correlated. This lack of relation can be 
caused by the aforementioned non-coincidence among the corresponding maxima. 

The observation regarding the impact severity, are derived after Table 4-40. The application of 
the momentum conservation principle to any of the colliding slabs show that the difference 
between the pre and post-impact velocities generally exceeds the relative velocity at the impact 
onset; this can be read as sever collision. As it will be discussed in subsection 4.8.2, this 
circumstance is less clear when both buildings have close fundamental periods (cases 10-21). The 
impact forces in the floors other than the top one of the shortest building (i.e. the expected 
colliding level) are neglectable in most of the cases. The only relevant exception is the collision 
between the same height buildings 5-story 5-bay and 5-story 2-bay; in this case, if the gap size is 
zero, the impact forces in the other stories can be significant.  

4.8.2 Influence of the parameters of the building 

Observation of Figure 4-41 through Figure 4-80 shows that the impact is less violent if the 
colliding buildings have similar periods. If the buildings are alike, no pounding is observed at all, 
even if there is no gap (d = 0). This observation confirms that similar buildings excited with same 
input tend to move with identical frequency and phase angle.  

 Difference between periods. A number of previous studies [Anagnostopoulos, 
Spiliopoulos 1992; Anagnostopoulos 1996; Pantelides, Ma 1998; Chau, Wei 2001; Des 
Roches, Muthukumar 2002; Jankowski 2006; Boyer et al. 2012; Khatiwada et al. 2013a; 
Chase et al. 2015; Zhai et al. 2015] have concluded that this is a significant parameter. 
Table 4-8 shows that the fundamental periods of the buildings are basically related to 
their number of storeys. Therefore, the observations in this paragraph are derived mainly 
after comparing the group of cases 1-9 (3 × 5 | 5 × 2) with 10-21 (5 × 5 | 5 × 2), and the 
group 10-21 (5 × 5 | 5 × 2) with 22-31 (5 × 5 | 3 × 2). More precisely, the clearer 
comparison will arise by contrasting cases the threesomes 7-8-9 with 16-17-18, and 16-
17-18 with 27-28-29. Table 4-40 shows that the higher the difference, the more intense 
are the pounding effects in terms of pounding force maximum value and duration. 
Regarding the performance indices, they are different for both colliding buildings, and 
separate comparisons should be carried out for each of them. The comparison for the 
tallest building (5-storey), shows that all the performance indices are smaller when it 
collides against another 5-storey building than when the impact is against a shorter 
building. The comparison for the shortest building is less clear, since the responses of two 
buildings with different number of storeys (3 vs. 5) need to be contrasted. The drift and 
the storey shear force are directly related to the structural damage, and the acceleration is 
linked to the non-structural damage; therefore, such indices can be compared directly. 
Conversely, the hysteretic energy, being the integral along the building height, can be 
only contrasted after normalizing by the number of storeys. Regarding the input severity, 
the clearest remark after Table 4-40 is that, as expected, the momentum is lower in cases 
10-21, where both buildings have the same fundamental periods. 

 Difference between masses. Table 4-8 shows that the masses of the buildings are 
approximately proportional to the product of their number of storeys and of bays. 
Therefore, the observations in this paragraph are derived mainly after comparing groups 
of cases that share one colliding building and differ only in the other one; moreover, the 
other parameters should be also alike. For consistency, only the results for the same 
(shared) building are compared. The following comparisons are performed: threesomes 
7-8-9 with 37-38-39 (similar mass difference, although in the first trio the shared building 
is the lightest and in the second one is the heaviest), 22 with 32, 26 with 33, threesomes 
27-28-29 with 37-38-39, and 31 with 40 (in these comparisons the shared building is 
always the less massive, and the mass difference is higher in the first compared cases). 
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The comparison between the threesomes 7-8-9 with 37-38-39 shows that the lightest 
building is more affected by pounding than the heaviest one. The other comparisons show 
that the least massive building is more affected by pounding when the mass difference 
with the heaviest one is higher. 

4.8.3 Influence of the parameters of the impact model 

 Gap. Some studies [Maison, Kasai 1990; Filiatrault et al. 1996; Chau, Wei 2001; 
Karayannis, Favvata 2005; Pant et al. 2010; Boyer et al. 2012; Chase et al. 2015] analyse 
the influence of d for different height buildings; this study contemplates also same height 
buildings. The observations in this paragraph are derived mainly after comparing the 
threesome 16-17-18 (d = 2 cm) with 19-20-21 (d = 0), case 15 (d = 4 cm) with 16, and 28 
(d = 2 cm) with 30 (d = 0). In general, the gap size not exceeding 2 cm does not show any 
relevant influence, being even smaller in the storey shear force; case 15 shows that d = 4 
cm corresponds to less impact. For d = 0 and same height buildings (cases 10-14 and 19-
21), impact generates also in other storeys than the top one.  

 Stiffness of the gap model. The observations in this paragraph are derived mainly after 
comparing the cases 1 (α = 2), 2 (α = 5), and 5 (α = 10), then 26 (α = 2), 27 (α = 5), and 
31 (α = 10), and finally 33 (α = 2), 37 (α = 5), and 40 (α = 10). Table 4-40 shows that, as 
concluded by other studies [Guo et al. 2012, 2015], the higher the stiffness, the greater 
the impact force and the shorter the impact duration; the momenta are basically the same, 
regardless of the value of α. This is coherent with the fact that in elastic pounding, the 
momentum depends only on the impact velocity. Consequently, the maximum drift, the 
maximum shear storey force, and the energy are virtually no affected, given that probably 
they do not correspond to the impact peak instant. The acceleration follows basically the 
same trends than the impact force, given that such magnitude is the time derivative of the 
velocity; therefore, its maximum value is more related to the maximum value of the force 
rather to its integral along time (i.e. the momentum). In other words, in a soft spring, the 
deformation requires only low force when contact begins, and big shortening is necessary 
to provide significant impact force; therefore the acceleration is low. These observations 
state that the stiffness of the Kelvin-Voigt model has little influence on the impact effects, 
other than the aforementioned on the absolute acceleration. The differences among the 
influence of the Kelvin-Voigt model stiffness on the examined output parameters, 
confirms that it is not possible to select a single value for any purpose; conversely, 
depending on the magnitude of interest (i.e. any of the propose performance indices), 
different values of α should be considered.  

 Damping of the gap model. The observations in this paragraph are derived after 
comparing the cases 33 (ζ = 0.1), 34 (ζ = 0.2), 35 (ζ = 0.3), and 36 (ζ = 0.05). Broadly 
speaking, as expected, the higher the damping ratio, the less intense the impact effects. 
This trend is more apparent on the acceleration. Given that the effect of the Kelvin-Voigt 
model damping is roughly the same for all the relevant output quantities, it is possible to 
select a single optimal value for any purpose. This ratifies the coherence of the proposed 
selection criteria (chapter 3) and the previous one [Anagnostopoulos 1988]. 

4.8.4 Influence of the parameters of the inputs 

 Pulses. The importance of the presence of velocity pulses is investigated by comparing 
threesomes 2-3-4 (pulse-like input) with 7-8-9 (non pulse-like input), and 10-11-12 
(pulse-like input) with 19-20-21 (non pulse-like input); noticeably, in each of these sets, 
the only difference lies in the relevance of pulses (apart from SSI). From the comparison 
above, it is apparent that the inputs with pulses show less intensive pounding effects. 
Energy is even more affected by non-pulse inputs, since they are longer.  

 Soil stiffness. The importance of the soil type is analysed by comparing cases 6 (soil B) 
with 7 (soil C), and 13 (soil B) with 19 (soil C); all these cases correspond to non pulse-
like inputs. This comparison shows that, apparently, the pounding effect is more intense 
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for the soft soil; however, this difference can be instead explained by the higher Arias 
intensity of such input (Table 4-1). Therefore, no clear tendency is observed.  

 Input orientation. The buildings orientation can be relevant, mainly for “non-symmetric 
accelerograms”. Its importance can be evaluated by comparing cases 13 and 14; 
comparison between cases 22 and 23 can provide some illustration of the influence of 
orientation, although the inputs are different. Both comparisons show relevant 
differences. Apparently, this effect is more relevant for pulse-like inputs; this is expected, 
given their highest asymmetry. This circumstance can be read as another manifestation 
of the highly chaotic nature of the impact effects. 

 General. The influence of the input is highly significant, in the sense that the results for 
the different considered inputs show high scattering. To relate these variations to the input 
characteristics is non-obvious. 

4.8.5 Influence of SSI 
 The influence of the Soil-Structure Interaction is investigated by comparing the 

threesomes 2-3-4, 7-8-9, 10-11-12, 16-17-18, 19-20-21, 23-24-25, 27-28-29, and 37-38-
39. In all these cases, the soil type is C (soft), given that SSI is more significant for soft 
soil (subsection 4.4.5). These comparisons show that the effect of SSI is significant, 
although rather moderate. As expected, in general, the impact is slightly less severe 
accounting for the SSI. 
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5 SUMMARY, CONCLUSIONS, AND FUTURE INVESTIGATIONS 

5.1 Summary 

The main goal of this study is pounding between adjoining structures with aligned slabs. This 
study presents a review on the state-of-the-art of research on this aforementioned complex issue. 
A summary of theoretical developments is presented. The most common simulation software 
codes are examined, and an overview of the previous research is provided. After this information, 
recommendations to researchers are offered. This work also proposes a new approach for 
estimating the damping parameter of the Kelvin-Voigt model, used for numerical simulation of 
seismic pounding. The proposed formulation is based on the well-known approach by 
Anagnostopoulos, although taking into consideration the gap between the colliding buildings, and 
the effect of their stiffness and damping. The result of this part of the study is an algorithm 
providing the damping parameter after estimation of a target coefficient of restitution. This 
algorithm involves two nested iteration loops; criteria for selecting their input parameters are 
provided. Examples on collision between pairs of RC frames are presented. The accuracy of the 
proposed algorithm is assessed by comparing the obtained actual value of the coefficient of 
restitution with target one. In addition, the numerical simulation of a shaking-table test on the 
seismic pounding between two laboratory RC frames is performed.  

Finally, this work presents a 2-D parametrical numerical study on seismic pounding between 3 
and 5-story RC framed buildings with aligned slabs; such buildings are designed for high 
seismicity. The study consists in analysing the pounding response of pairs of these buildings to 
four strong seismic records; such inputs represent near and far-fault conditions and soft and stiff 
soil. The pounding is described by a linear Kelvin-Voigt model, and the nonlinear behaviour of 
the colliding buildings is represented by concentrated plasticity; in the time integration, the time 
step is carefully selected. The Soil-Structure Interaction is differently modelled for isolated and 
mat foundations. The results are assessed through four story-related performance indices (drift 
angle, shear force, hysteretic energy, and absolute acceleration) and the impact momentum. This 
study is mainly oriented to provide interpretations that can bring knowledge on this complex issue. 
Next section discusses the most important conclusions of this study.  

5.2 Conclusions 

The observation of the state-of-the-art provides the following conclusions and recommendations 
to new researches, scholars, and professionals:  

 The soil-structure interaction should be taken into consideration; neglecting their effects 
can lead to significant inaccuracies. 

 If general conclusions are sought, do not consider a single seismic input; conversely, a 
representative set of inputs shall be utilized. 

 To assess the pounding relevance, all the relevant response parameters should be 
examined: drift displacement, story shear force, absolute acceleration, impact force, 
absorbed energy, etc. 

 In the numerical analyses, it is important to pay attention to the software selection; the 



Chapter 5 Summary, conclusions, and future investigations 
 

 183 
 

indications in section 2.3 can be useful. 

 In pounding simulation, it is basically suggested to utilize the normal Kelvin-Voigt 
model; this gap model is simple and inexpensive, being able to reproduce impact 
behaviour with reasonable accuracy.  

 In the time integration, it is important to use extremely short time steps, given the high 
frequencies involved in the collision. 

The observation of the proposed algorithm for estimating the damping of the Kelvin-Voigt model 
provides the following conclusions: 

 The important finding of this work is that the proposed algorithm is able to provide more 
accurate approximations of the coefficient of restitution than the Anagnostopoulos 
approach. 

 In a considerable number of cases, the difference between both formulations are 
significant; this improvement is obtained at an extremely small computational cost.  

Regarding the parametric study, the obtained results confirm and deepen some relevant 
observation from previous studies: 

 Pounding is highly chaotic, with rather unpredictable and random results. This chaotic 
nature has been observed even for harmonic driving inputs; obviously, for actual random 
seismic inputs, this behaviour is even more intense. Each situation (a given pair of 
buildings for particular soil and seismicity conditions) may require a specific study.  

 Buildings with similar period and mass tend to oscillate with the same phase and 
amplitude, and no collisions are observed.  

 The higher the difference between the periods of the buildings, the more relevant the 
pounding effects. 

 In collisions between buildings with different mass and stiffness, the weakest ones (the 
less massive and more flexible) are more affected by pounding. 

 The effect of SSI cannot be neglected. In this study, a normalized difference index is 
defined; it reflects the relevance of SSI, although is rather moderate. As expected, the 
impact tends to be slightly less severe when SSI is accounted for. 

 The gap size does not show any relevant influence, other than the obvious fact that wide 
gaps lead to absence of pounding.  

 The protruding floors (the top storeys of the tallest colliding building) are the most 
unfavourably affected by pounding, mainly in terms of inward amplification of drift.  

 The influence of the considered inputs characteristics is relevant, but no clear trends are 
observed. 

 The higher the damping ratio of the Kelvin-Voigt impact model, the less intense the 
impact effects. 

 The higher the stiffness of the Kelvin-Voigt impact model, the greater the impact force 
and the shorter the impact duration; the momenta are basically the same. The maximum 
drift, the maximum shear storey force, and the energy are virtually no affected. The 
acceleration follows basically the same trends than the impact force. 

 Pounding affects more the acceleration than the displacement and the shear. 

In addition, the parametric study provides these new conclusions:  

 The four performance indexes and the impact momentum need to be examined, since 
each one provides their own remarks. Their overall examination highlights that the 
pounding effects cannot be completely beneficial in any case; in other words, in any 
collision, both buildings are negatively affected in some way. 

 The exciting accelerograms have been carefully selected to represent their most relevant 
features, namely the relevance of velocity pulses and the frequency content (represented 
by the soil type). The results have not shown relevant sensitivity to these issues. 
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 The effect of pounding can be analysed through the hysteretic energy in the colliding 
buildings. The energy is more intensively affected than the drift and the shear force; this 
might be read as a higher effect on the cumulated damage. 

 Pounding in several storeys has been found only in equal height buildings without initial 
separation (gap size). Therefore, in any other cases, a single concentrated impact model 
can be sufficient. 

 In non-symmetric accelerograms (i.e. different maximum and negative amplitude 
characteristics), the buildings orientation can be relevant to the pounding effects. This 
circumstance further emphasizes the randomness of the impact effects. 

5.3 Future Investigations 

From the obtained results, the following further researches are envisaged:  

 Given the scarcity of fully reported experimental results, additional testing should be 
performed. Such tests must provide comprehensive information on the buildings response 
during impact. 

 Regarding the numerical simulation, empirical criteria for selecting the time 
discretization might be extremely useful. 

 Concerning the pounding relevance, because of its complexity and chaotic nature, a 
considerable number of studies about their consequences are still required. 

 Since both distributed and concentrated models have serious limitations, developing the 
Sears model can be useful. Possible extensions are the incorporation of damping and the 
derivation of better strategies for estimation of the stiffness parameter. 
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Appendix A AXIAL PRESSURE WAVES 

General considerations 

This Appendix presents an analytical study of damped axial vibrations of elastic uniform 
(constant-section) straight bars; deeper analyses can be found in [Goldsmith 1960; Graff 1975; 
Stronge 2004]. Noticeably, only waves progressing in a single direction are considered; therefore, 
the vibration of colliding plates (such as the building slabs analysed in this work) are only covered 
in this study provided that the impact arises simultaneously and uniformly along a full side. This 
study is intended to be relevant for the consideration of seismic pounding between concrete 
building slabs; therefore, the mass effect of the supported load is taken into consideration. For 
convenience, the only uniformly distributed load is considered. 

Basic formulation 

This section studies the equations that govern the damped axial dynamic behaviour of constant-
section straight bars. Noticeably, the considered elements are not discretized, but are analysed as 
distributed-parameter (continuous) systems; this applies both to mass and stiffness. 

Figure A-1 displays a differential segment of a rod under axial loading. In Figure A-1, N is the 
internal axial force (tension positive) and x is the longitudinal coordinate. 
 

 
 
 
 
 
 
 
 
 

Figure A-1. Differential segment of a bar 

The damped equation of motion in x direction of the slice displayed in Figure A-1 is given by the 
following partial derivative differential relation 

∂ 𝑁𝑁
∂ 𝑥𝑥 

 𝑑𝑑𝑥𝑥 = (ρ 𝐴𝐴 +𝑚𝑚�0) 
∂2 𝑢𝑢
∂ 𝑡𝑡2 

 𝑑𝑑𝑥𝑥 + 𝑐𝑐
𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑡𝑡

 (A-1) 

In equation (A-1), A is the area of the transverse section, 𝑚𝑚�0 is the part of external mass per unit 
length that is mobilized during the axial vibrations, and u is the displacement in x direction 
(positive to the right) relative with respect to a given point in the bar. The longitudinal strain is 
given by ε = ∂ 𝑢𝑢

∂ 𝑑𝑑 
=  𝑁𝑁

𝐸𝐸 𝐴𝐴 
, elongation positive. By assuming that plane sections remain plane, 

structural behaviour is linear (ε = 𝑁𝑁
𝐸𝐸 𝐴𝐴 

), the transverse section is constant and the transverse inertia 
effects are negligible, equation (A-1) converts into 

𝐸𝐸 𝐴𝐴 
∂2 𝑢𝑢
∂ 𝑥𝑥2 

= (ρ 𝐴𝐴 + 𝑚𝑚�0) 
∂2 𝑢𝑢
∂ 𝑡𝑡2 

+
𝑐𝑐
𝑑𝑑𝑥𝑥

𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑡𝑡

 (A-2) 

In equation (A-2), E is the equivalent elastic deformation modulus and ρ is the density (mass per 
unit volume). This equation can be written as 

N 𝑁𝑁 +
∂ 𝑁𝑁
∂ 𝑥𝑥 

 𝑑𝑑𝑥𝑥 

dx 
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𝐸𝐸
ρ�

 
∂2 𝑢𝑢
∂ 𝑥𝑥2 

=
∂2 𝑢𝑢
∂ 𝑡𝑡2 

+
𝑐𝑐

𝐴𝐴 ρ�  𝑑𝑑𝑥𝑥
𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑡𝑡

 (A-3) 

In equation (A-3), ρ� is the equivalent mass per unit weight, given by  ρ� = ρ + 𝑚𝑚�0
𝐴𝐴

. 

In rather slender rods, plane stress conditions (e.g. transverse stress is zero) can be assumed. 
Conversely, in wide building slabs or bridge decks, the transverse stress waves cannot alleviate 
instantaneously the transverse compression and concrete behaves basically as confined, e.g. in 
plane strain conditions (e.g. transverse strain is zero). In that case, the effective value of the 
modulus of elasticity is given by 𝐸𝐸eff = 𝐸𝐸 1−ν

(1+ν) (1−2ν), where ν is Poisson ratio.  

Modal analysis 

The modal analysis of a straight bar that is vibrating in the longitudinal direction can be performed 
by separation of variables, e.g. searching solutions that are given by the product of two functions 
depending only on x and on t: u(x, t) = φ(x) q(t). In that case, u” = φ” q and �̈�𝑢 =  φ �̈�𝑞, then 𝐸𝐸

ρ�
 φ´´
φ

=
�̈�𝑞
𝑞𝑞 

+ 𝑐𝑐
𝐴𝐴 ρ�  𝑑𝑑𝑑𝑑

�̇�𝑞
𝑞𝑞
. Since the first/second terms depend only on x/t, it is obvious that both are constant, 

namely − ω2; then 𝐸𝐸
ρ�

 φ´´
φ

= �̈�𝑞
𝑞𝑞 

+ 𝑐𝑐
𝐴𝐴 ρ�  𝑑𝑑𝑑𝑑

�̇�𝑞
𝑞𝑞

= −ω2. Therefore, the partial derivatives equation (A-2) 
can be split into two ordinary linear differential space-dependent and time-dependent equations: 

 
𝐸𝐸
ρ�

 φ′′+ ω2 φ = 0 �̈�𝑞 + 2 ω ζ �̇�𝑞 + ω2𝑞𝑞 = 0 (A-4) 

In the right equation (A-4), the damping ratio ζ is given by ζ = 𝑐𝑐
2 ω 𝐴𝐴 ρ� 𝑑𝑑𝑑𝑑 

. The general solutions 
of equations (A-4) are respectively given by  

 

φ(𝑥𝑥) = 𝐴𝐴 cosλ 𝑥𝑥 + 𝐵𝐵 sinλ 𝑥𝑥 (A-5) 

𝑞𝑞(𝑡𝑡) = 𝑒𝑒−ω ζ t �𝐶𝐶 cosω �1 − ζ2 𝑡𝑡 + 𝐷𝐷 sinω �1 − ζ2 𝑡𝑡� (A-6) 

In (A-5), λ = ω �ρ�
𝐸𝐸
�
1/2

. The natural frequencies (ω) and the eigenmodes (given by φ) depend on 
the boundary and initial conditions. For example, Figure A-2 represents a cantilever bar.  

 

 
 
 
 
 
 

 

Figure A-2. Cantilever bar 

The boundary conditions are u(0, t) = φ(0) q(t) = 0 and u’(L, t) = φ’(L) q(t) = 0; the first condition 
states the displacement restriction at the left end, and the second condition corresponds to zero 
stress and strain in the right free end. The first boundary condition becomes φ(0) = 0 and leads to 
A = 0. The second boundary condition becomes φ’(L) = B λ cos λ L = 0 and has infinite solutions 

E A 

x 

L 
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given by λn = (π / 2 L) (2 n − 1), where n can be any positive integer number representing the 

number of mode under consideration. Since λ = ω �ρ�
𝐸𝐸
�
1/2

, the corresponding natural frequencies 

are given by ωn = λn �
𝐸𝐸
ρ�
�
1/2

= π
2 𝐿𝐿

 (2 𝑛𝑛 − 1) �𝐸𝐸
ρ�
�
1/2

. 

The initial conditions can be u(x, 0) = φ(x) q(0) = 0; this condition states an undeformed 
configuration at the initial instant. This condition becomes q(0) = 0 and leads to C = 0. The n-th 

mode is given by 𝑢𝑢n(𝑥𝑥, 𝑡𝑡) = φ(𝑥𝑥) 𝑞𝑞(𝑡𝑡) = 𝐶𝐶n sin(λn 𝑥𝑥) 𝑒𝑒−ωn ζ t sin�ωn �1− ζ2 𝑡𝑡� =

𝐶𝐶n 𝑒𝑒−ωn ζ t sin �ωn  �ρ�
𝐸𝐸
�
1/2

𝑥𝑥� sin �ωn �1 − ζ2 𝑡𝑡� where Cn is a constant. For instance, the strain 

distribution in the case of undamped behaviour is εn(𝑥𝑥, 𝑡𝑡) = 𝑢𝑢′n(𝑥𝑥, 𝑡𝑡) = φ′(𝑥𝑥) 𝑞𝑞(𝑡𝑡) =

𝐶𝐶n ωn �
ρ�
𝐸𝐸
�
1/2

cos �ωn  �ρ�
𝐸𝐸
�
1/2

𝑥𝑥� sin[ωn 𝑡𝑡]. For n = 1, 𝑢𝑢1(𝑥𝑥, 𝑡𝑡) = 𝐶𝐶1 sin � π
2 𝐿𝐿

 𝑥𝑥� sin � π
2 𝐿𝐿

 �𝐸𝐸
ρ�
�
1/2

 𝑡𝑡� 

and ε1(𝑥𝑥, 𝑡𝑡) = 𝐶𝐶1ω1 �
ρ�
𝐸𝐸
�
1/2

cos � π
2 𝐿𝐿

 𝑥𝑥� sin � π
2 𝐿𝐿

 �𝐸𝐸
ρ�
�
1/2

𝑡𝑡�. 

Noticeably, although this type of vibration is the most natural, can be generated only starting from 
initial conditions that are compatible with its configuration. For instance, the impact between two 
colliding bars imposes completely different initial conditions since, at collision instant, the 
velocity of all points of both bodies is equal to the one before impact but the velocity of the 
colliding ends is different. This generates a discontinuity in the velocities that are not present in 
the derived modal conditions. Next section discusses more deeply this issue. 

Elastic impact analysis 

This section describes the internal behaviour of colliding elastic bodies. The impact is assumed 
to be elastic; e.g. there is no energy loss. The analysis of the impact starts from the general solution 
of the equation of motion (A-2) (or equation (A-3)) by the d’Alembert method. This approach 
considers the change of variables given by x – c t = ξ and x + c t = ψ, where constant c is given 
by 

𝑐𝑐 = �
𝐸𝐸
ρ�
�
1/2

 (A-7) 

The relevance of c lies in the fact that, as will be shown next, it represents the traveling waves 
(relative) velocity. The aforementioned change of variables expressions can be inverted, thus 
providing x and t in terms of ξ and ψ:  x = (ξ + ψ) / 2 and t = (ψ – ξ) / 2 c. The first and second 
derivatives of u with respect to x and t are obtained as then ∂ 𝑢𝑢

∂ 𝑑𝑑 
= ∂ 𝑢𝑢

∂ ξ 
 ∂ ξ
∂ 𝑑𝑑 

+ ∂ 𝑢𝑢
∂ ψ 

 ∂ ψ
∂ 𝑑𝑑 

= ∂ 𝑢𝑢
∂ ξ 

+ ∂ 𝑢𝑢
∂ ψ 

, 
∂2 𝑢𝑢
∂ 𝑑𝑑2 

= ∂2 𝑢𝑢
∂ ξ2 

 + ∂2 𝑢𝑢
∂ ξ ∂ ψ 

+ ∂2 𝑢𝑢
∂ψ  ∂ξ  

+ ∂2 𝑢𝑢
∂ ψ2 

= ∂2 𝑢𝑢
∂ ξ2 

 + 2 ∂2 𝑢𝑢
∂ ξ ∂ ψ 

+ ∂2 𝑢𝑢
∂ ψ2 

, ∂ 𝑢𝑢
∂ 𝑡𝑡 

= ∂ 𝑢𝑢
∂ ξ 

 ∂ ξ
∂ 𝑡𝑡 

+ ∂ 𝑢𝑢
∂ ψ 

 ∂ ψ
∂ 𝑡𝑡 

=

−∂ 𝑢𝑢
∂ ξ 

 𝑐𝑐 + ∂ 𝑢𝑢
∂ ψ 

 𝑐𝑐, and  ∂
2 𝑢𝑢

∂ 𝑑𝑑2 
= ∂2 𝑢𝑢

∂ ξ2 
 𝑐𝑐2 − ∂2 𝑢𝑢

∂ ξ ∂ ψ 
𝑐𝑐2 − ∂2 𝑢𝑢

∂ψ  ∂ξ  
𝑐𝑐2 + ∂2 𝑢𝑢

∂ ψ2 
𝑐𝑐2 = ∂2 𝑢𝑢

∂ ξ2 
 𝑐𝑐2 − 2 ∂2 𝑢𝑢

∂ ξ ∂ ψ 
𝑐𝑐2 +

∂2 𝑢𝑢
∂ ψ2 

𝑐𝑐2.  Then, replacement of these results into equation (A-2) yields  ∂2 𝑢𝑢
∂ ξ ∂ ψ 

= 0; the general 
solution of this partial derivative differential equation is given by  

 
𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑓𝑓(ξ) + 𝑔𝑔(ψ) = 𝑓𝑓(𝑥𝑥 − 𝑐𝑐 𝑡𝑡) + 𝑔𝑔(𝑥𝑥 + 𝑐𝑐 𝑡𝑡) (A-8) 

In equation (A-8), f and g are any functions fulfilling the initial and boundary conditions. For any 
f and g functions, 𝑓𝑓 �𝑥𝑥 + δ, 𝑡𝑡 + δ

𝑐𝑐
� = 𝑓𝑓(𝑥𝑥 + δ− 𝑐𝑐 𝑡𝑡 − δ) = 𝑓𝑓(𝑥𝑥 − 𝑐𝑐 𝑡𝑡) = 𝑓𝑓(𝑥𝑥, 𝑡𝑡) and 𝑔𝑔 �𝑥𝑥 −

δ, 𝑡𝑡 + δ
𝑐𝑐
� = 𝑔𝑔(𝑥𝑥 − δ + 𝑐𝑐 𝑡𝑡 + δ) = 𝑔𝑔(𝑥𝑥 + 𝑐𝑐 𝑡𝑡) = 𝑔𝑔(𝑥𝑥, 𝑡𝑡), where δ is a displacement; therefore, f 

and g represent constant velocity (c) waves traveling to the right and to the left, respectively. 
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Since any functions f and g fulfil equation (A-8), the shape of the travelling wave trains depends 
on the initial and boundary conditions.  

In the example of the cantilever bar (Figure A-2) the aforementioned eigenmode solutions can be 

written as 𝑢𝑢n(𝑥𝑥, 𝑡𝑡) = 𝑒𝑒−ωn ζ t 𝐶𝐶n sin �ωn
𝑐𝑐

 𝑥𝑥� sin �ωn �1 − ζ2 𝑡𝑡�; since equation (A-8) provide the 

general solution, this equation should belong to that category: 𝑢𝑢n(𝑥𝑥, 𝑡𝑡) =

𝑒𝑒−ωn ζ ψ − ξ
2 𝑐𝑐  𝐶𝐶n sin �ωn  ψ + ξ

2 𝑐𝑐
� sin �ωn �1 − ζ2  ψ − ξ

2 𝑐𝑐
�. 

Figure A-3 represents an axially flexible bar (with constant section) that is colliding against an 
infinitely rigid wall. Obviously, this situation corresponds also to the impact between two alike 
bars that travel with equal opposing velocities. 

 Figure A-3.a shows the status of the body (bar) prior to the impact; L is the length of the rod 
and v is the initial velocity. E A is the axial stiffness; if ρ� is the equivalent mass per unit 
weight, the mass of the rod is 𝑚𝑚 =  ρ� 𝐴𝐴 𝐿𝐿. The coordinate x of each point of the body is 
referred to its left end (e.g., local coordinate inside a Lagrangian relative formulation). 

 Figure A-3.b represents the beginning of impact; time is referred to this instant. The impact 
generates a sudden change in the kinematic conditions, since the velocity of the right end 
shifts instantaneously from v to 0; this change generates a discontinuity. After the first contact 
between the body and the wall, a stress (and strain) wave propagates to the left; the (constant) 
velocity of this wave is represented as c (equation (A-7)), since it has been shown (equation 
(A-8)) that c is equal to the velocity of the traveling waves. The sense of propagation is 
indicated by an empty arrow (). 

 Figure A-3.c corresponds to an intermediate instant when this wave has not yet reached the 
left end; the right shadowed part is strained (and stressed, then) while the left one is still 
undeformed and unstressed. The length of the unstrained part is L – c t; the apparently 
penetrating dashed segment (that is right to the wall) is only virtual and represents the position 
that would have occupied the bar if had kept undeformed. The axial shortening of the bar 
(length of the virtual penetrating segment) is equal to the strain (ε) times the length of the 
strained segment (c t); the minus sign corresponds to the fact that the strain is negative 
(shortening). Noticeably, in an Eulerian (absolute) formulation, the velocities of points 
belonging to the unstrained / strained segments would be v / 0, respectively; conversely, in a 
Lagrangian (relative) formulation, the velocities of points belonging to the unstrained / 
strained segments would be 0 / − v, respectively. The pushing force F can be derived from 
the strain ε: F = E A ε. 

 Figure A-3.d depicts the peak of impact when the stress wave has reached the left end of the 
bar and all its length is strained; obviously, t = L / c. Once the wave reaches the free left end 
of the bar, it reflects, and a left segment of the body is being progressively unstrained; this 
reflection is indicated by a turning arrow (). 

 Figure A-3.e represents an intermediate situation between the peak and the end of impact. 
The absolute velocities of left/right segments are – v/0, respectively; the relative velocities of 
left/right segments are 0/v, respectively. Since the strain (ε) is constant during the contact 
time, the pushing force F is the same in Figure A-3.c, Figure A-3.d, and Figure A-3.e. 

 Figure A-3.f shows the condition of the body at the end of impact, e.g. when the returning 
wave has reached the right end of the rod and all its length is unstrained. The duration of the 
impact is termed as collision period; it is equal to 2 L / c. Comparison between Figure A-3.b 
and Figure A-3.f shows that both situations are highly similar, the only difference being the 
direction of velocity. After that instant, the contact with the wall finishes and the bar travels 
in the left direction with the same absolute value than the initial velocity. Noticeably, the 
conservation of energy requires the absence of (longitudinal) vibration in the bar after the 
impact; in other words, there are no residual waves.  

 



Appendix A Axial pressure waves 
 

 197 
 

  

(c) Before the impact (t < 0) (d) Onset of the impact (t = 0) 
 
 
 
 
 
 
 
 

 

(e) First half of the impact (0 ≤ t ≤ L / c) (f) Peak of the impact (t = L / c) 
 
 
 
 
 
 
 

 

 
 
 
 
 
 
 

 
(g) Second half of the impact (L / c ≤ t ≤ 2 L / c) (h) End of the impact (t = 2 L / c) 

Figure A-3. Bar colliding against an infinitely rigid wall 

The boundary conditions (Lagrangian) of the problem depicted in Figure A-3 are given by 

 

boundary conditions 

𝑢𝑢′(0, 𝑡𝑡) = 0 0 ≤ t ≤ 2 L / c 

(A-9) 𝑢𝑢(𝐿𝐿, 𝑡𝑡) = −𝑣𝑣 𝑡𝑡  0 ≤ t ≤ L / c 

𝑢𝑢(𝐿𝐿, 𝑡𝑡) = −𝑣𝑣 �
2 𝐿𝐿
𝑐𝑐
− 𝑡𝑡� L / c ≤ t ≤ 2 L / c 

The first condition states that the strain in the left end is 0 at any time (except, instantaneously, at 
the peak of impact). The second conditions impose that the absolute displacement of the right end 
is 0 at any time; the first/second relations correspond to the first/second half of impact duration 
(Figure A-3.c and Figure A-3.e, respectively).  

The initial conditions are given by 

initial conditions 
𝑢𝑢(𝑥𝑥, 0) = 0 0 ≤ x ≤ L 

(A-10) �̇�𝑢(𝑥𝑥, 0) = 0 0 ≤ x < L 
�̇�𝑢(𝐿𝐿, 0) = −𝑣𝑣 x = L 

The initial conditions utter that the strain is zero (undeformed bar) at the onset of impact, although 
the relative velocity of the right end is – v (given that the absolute velocity is zero). 

Remarkably, given the considered formulation is Lagrangian, u is defined as the relative 
displacement between the initial position of a given point with respect to the left end of the bar 
and its final position after the axial deformation of the rod. The solution described in Figure A-3 
can be written as 
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before collision 𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 0 whole bar 0 ≤ 𝑥𝑥 ≤ 𝐿𝐿 

(A-11) 

1st half of 
collision 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 0 left segment 0 ≤ 𝑥𝑥 ≤ 𝐿𝐿 − 𝑐𝑐 𝑡𝑡 
𝑢𝑢(𝑥𝑥, 𝑡𝑡) =

𝑣𝑣
𝑐𝑐

(𝐿𝐿 − 𝑥𝑥 − 𝑐𝑐 𝑡𝑡) right segment 𝐿𝐿 − 𝑐𝑐 𝑡𝑡 ≤ 𝑥𝑥 ≤ 𝐿𝐿 

2nd half of 
collision 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) =
𝑣𝑣
𝑐𝑐

(−𝐿𝐿 − 𝑥𝑥 + 𝑐𝑐 𝑡𝑡) right segment 𝑐𝑐 𝑡𝑡 − 𝐿𝐿 ≤ 𝑥𝑥 ≤ 𝐿𝐿 
𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 0 left segment 0 ≤ 𝑥𝑥 ≤ 𝑐𝑐 𝑡𝑡 − 𝐿𝐿 

after collision 𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 0 whole bar 0 ≤ 𝑥𝑥 ≤ 𝐿𝐿 

Noticeably, the expressions of u(x, t) in the strained segments correspond to the classical 
D’Alembert solution f(x − c t) + g(x + c t) (equation (A-8)) [Goldsmith 2003] where f and g 
represent the waves that travel in the positive and negative directions, respectively. The solutions 
in (A-11) fulfil the boundary (A-9) and initial (A-10) conditions. 

The strain is given by ε = ∂ 𝑢𝑢
∂ 𝑑𝑑 

= − 𝑣𝑣
𝑐𝑐  ; this result applies to any case in Figure A-3. Therefore, the 

contact pushing force F is given by 

𝐹𝐹 = σ 𝐴𝐴 = 𝐸𝐸 ε 𝐴𝐴 = −
𝐸𝐸 𝐴𝐴 𝑣𝑣
𝑐𝑐 

 (A-12) 

In equation (A-12), the minus sign corresponds to the compression force. 

Noticeably, since the colliding bar in Figure A-3 is not a rigid body, the condition of conservation 
of momentum should include both the terms corresponding to the strained and unstrained 
segments. Result (A-12) can be obtained also by equalling the difference of momentum between 
Figure A-3.b and Figure A-3.f and the impulse: 𝑚𝑚(−𝑣𝑣) −𝑚𝑚 𝑣𝑣 = 𝐹𝐹 𝑡𝑡 = 𝐹𝐹  2 𝐿𝐿

𝑐𝑐 
. 

Figure A-4 describes the collinear impact between two elastic bodies with different length and 
axial stiffness, although with the same equivalent mass density ρ�. In Figure A-4, vl and vr, Ll and 
Lr, and EAl and EAr, are the traveling velocity, the length and axial stiffness of each colliding 
body, respectively. The mass of the rods is 𝑚𝑚l =  ρ� 𝐴𝐴l 𝐿𝐿l and 𝑚𝑚r =  ρ� 𝐴𝐴r 𝐿𝐿r, respectively. It is 
assumed that Ll ≤ Lr but 2 Ll ≥ Lr; if 2 Ll ≤ Lr, the analysis would be similar, and would provide 
the analogous conclusions. Using a Lagrangian formulation, x is the coordinate with respect to 
the contact interface (the right/left end sections of the left/right body, respectively). F is the 
contact force in the interface between both bodies. 

 Figure A-4.a shows the colliding bodies prior the impact. 
 Figure A-4.b represents the beginning of the impact; the time is referred to this instant. The 

impact generates a sudden change in the kinematic conditions, since the velocity of the 
interface shifts instantaneously from vl to vc (the joint velocity, during the impact duration, of 
the interface between both bodies and the adjoining strained segments); like in the case 
described in Figure A-3, this change generates a discontinuity. After the first contact between 
the two bodies, two stress (and strain) waves propagate outwards to the interface; the 
(constant) velocity of these waves is represented as c (equation (A-7)) and the sense of 
propagation is indicated by an empty arrow (). 

 Figure A-4.c corresponds to an intermediate instant when the wave has not reached the left 
end of the left bar; the right shadowed part is strained while the left one is still undeformed 
and unstressed. The same happens in the right bar, although the unstrained segment is longer. 
The axial shortening of the bar is equal to the strain (ε) times the length of the strained 
segment (c t); the minus sign corresponds to the fact that the strain is negative (shortening). 
Noticeably, in an Eulerian (absolute) formulation, the velocities of points belonging to the 
unstrained and strained segments of the left/right rods are vl/vr and vc, respectively. The 
pushing force F can be derived from strain ε. 

 Figure A-4.d depicts the peak of impact when the stress wave has reached the left end of the 
left bar and all is length is strained; obviously, t = Ll / c. Al that time, the wave in the right 
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body has not yet reached its end. Once the wave reaches the free left end of the left bar, it 
reflects and a left segment of the body is being progressively unstrained; this reflection is 
indicated by a turning arrow (). 

 Figure A-4.e represents a situation intermediate between the peak and the end of the impact 
when the wave in the right body has reached its end. 

 Figure A-4.f describes another intermediate situation where both bodies have returning 
waves, although none of them has reached the interface. Since strain (ε) is constant during 
the contact time, the pushing force F is the same in Figure A-4.c, Figure A-4.d, Figure A-4.e, 
and Figure A-4.f. 

 Figure A-4.g shows the condition of the bodies at the end of the impact, e.g. when the 
returning wave of the left (short) body has reached the interface and all its length is unstrained; 
obviously, t = 2 Ll / c. Hence, the collision period is 2 𝐿𝐿l/𝑐𝑐. Comparison between Figure A-4.b 
and Figure A-4.g shows that both situations are similar, the only differences being the 
velocities and the presence of a residual stress wave in the right (long) body. 

 Figure A-4.h refers to any further instant when the contact between the bodies has finished 
and the left one travels with constant velocity (e.g. is unstrained) while the right has some 
longitudinal vibrations. Noticeably, these vibrations affect the conservation of energy. 
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(a) Before the impact (t < 0)  (b) Onset of the impact (t = 0) 
 
 
 
 
 
 
 
 
 

 

(c) First half of the impact (0 ≤ t ≤ Ll / c)  (d) Peak of the impact (t = Ll / c) 
 
 
 
 
 
 
 
 
 

 

 

(e) Fully strained long body (t = Lr / c) (f) Second half of the impact (Lr / c ≤ t ≤ 2 Ll / c) 
 
 
 
 
 
 
 
 
 

 

(g) End of the impact (t = 2 Ll / c) (h) After the end of the impact (t > 2 Ll / c) 
Figure A-4. Two colliding elastic bodies 

The conservation of momentum between Figure A-4.b and Figure A-4.d states 

𝑚𝑚l 𝑣𝑣l + 𝑚𝑚r 𝑣𝑣r =  𝑚𝑚l 𝑣𝑣c + θ 𝑚𝑚r 𝑣𝑣c + (1 − θ) 𝑚𝑚r 𝑣𝑣r (A-13) 

In equation (A-13), the coefficient θ characterises the portion of the right bar that is strained at 
the peak of the impact; by neglecting the influence of strain compared to the initial length of the 
bar, θ = Ll / Lr. Then  

𝑣𝑣c =  
𝑚𝑚l 𝑣𝑣l + 𝑚𝑚r 𝑣𝑣r − (1 − θ) 𝑚𝑚r 𝑣𝑣r

 𝑚𝑚l + θ 𝑚𝑚r
=
𝑚𝑚l𝐿𝐿r𝑣𝑣l + 𝑚𝑚r𝐿𝐿l𝑣𝑣r

 𝑚𝑚l𝐿𝐿r +  𝑚𝑚r𝐿𝐿l
 (A-14) 

The conservation of momentum between Figure A-4.b and Figure A-4.e states 
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𝑚𝑚l 𝑣𝑣l + 𝑚𝑚r 𝑣𝑣r = 𝑚𝑚l  
1 − θ
θ

 𝑣𝑣′l +
2 θ− 1

θ
𝑚𝑚𝑙𝑙  𝑣𝑣c +  𝑚𝑚r 𝑣𝑣c (A-15) 

 
 

𝑣𝑣′𝑙𝑙 =  
𝑚𝑚l 𝑣𝑣l − θ 𝑚𝑚r 𝑣𝑣l + 2 θ 𝑚𝑚r 𝑣𝑣r

 𝑚𝑚l + θ 𝑚𝑚r
=
𝑚𝑚l𝐿𝐿r𝑣𝑣l + 𝑚𝑚r𝐿𝐿l(2 𝑣𝑣r − 𝑣𝑣l)

 𝑚𝑚l𝐿𝐿r + 𝑚𝑚r𝐿𝐿l
 (A-16) 

Noticeably, v’l = 2 vc – vl.  

The conservation of momentum between Figure A-4.b and Figure A-4.g states 

𝑚𝑚l 𝑣𝑣l + 𝑚𝑚r 𝑣𝑣r = 𝑚𝑚l𝑣𝑣′l + 2 (1 − θ)𝑚𝑚r 𝑣𝑣c +  (2 θ− 1) 𝑚𝑚r 𝑣𝑣′r (A-17) 

 

𝑣𝑣′r =  
2 𝑚𝑚l 𝑣𝑣l − 𝑚𝑚l 𝑣𝑣r + θ 𝑚𝑚r 𝑣𝑣r

 𝑚𝑚l + θ 𝑚𝑚r
=
𝑚𝑚l𝐿𝐿r(2 𝑣𝑣l − 𝑣𝑣r) + 𝑚𝑚r𝐿𝐿l𝑣𝑣l

 𝑚𝑚l𝐿𝐿r +  𝑚𝑚r𝐿𝐿l
 (A-18) 

Noticeably, v’r = 2 vc – vr. 

The momentum conservation principle for Figure A-4.h shows that, after the impact, the weighted 
average velocity v”r in the right body is constant, being given by 

𝑚𝑚r 𝑣𝑣r´´ = 2 (1 − θ)𝑚𝑚r 𝑣𝑣c +  (2 θ− 1) 𝑚𝑚r 𝑣𝑣′r (A-19) 

𝑣𝑣r´´ = 𝑣𝑣r +  
2 𝑚𝑚l𝐿𝐿l(𝑣𝑣l − 𝑣𝑣r)
 𝑚𝑚l𝐿𝐿r +  𝑚𝑚r𝐿𝐿l

 (A-20) 

F can be obtained by equalling the difference of momentum (between Figure A-4.b and Figure 
A-4.d) and the impulse: 

𝑚𝑚l𝑣𝑣l − 𝑚𝑚l𝑣𝑣𝑐𝑐 = −𝐹𝐹
 𝐿𝐿l
𝑐𝑐 

 𝐹𝐹 =
 𝑐𝑐
𝐿𝐿r 

 𝑚𝑚l𝑚𝑚r(𝑣𝑣r − 𝑣𝑣l)
 𝑚𝑚l + θ 𝑚𝑚r

=
𝑐𝑐 𝑚𝑚l𝑚𝑚r(𝑣𝑣r − 𝑣𝑣l)

 𝑚𝑚l𝐿𝐿r + 𝑚𝑚r𝐿𝐿l
 (A-21) 

In equation (A-21), the minus sign corresponds to the compression force.  

The coefficient of restitution r is commonly defined as the ratio between the post-impact and 
initial relative velocities between the colliding bodies; given that the right slab has residual 
vibration, it can be defined in any of these forms: 

𝑟𝑟 =
𝑣𝑣′r − 𝑣𝑣′l
 𝑣𝑣l −  𝑣𝑣r

 𝑟𝑟′ =
𝑣𝑣"r − 𝑣𝑣′l
 𝑣𝑣l −  𝑣𝑣r

 (A-22) 

The coefficient of restitution ranges between 0 and 1, corresponding to the fully plastic and elastic 
impact, respectively. In the case observed in Figure A-4, r = 1 and 𝑟𝑟´ =  𝑣𝑣"r−𝑣𝑣′l

 𝑣𝑣l− 𝑣𝑣r
 =

 2 𝜃𝜃 𝑚𝑚l− 𝑚𝑚l+ 𝜃𝜃 𝑚𝑚r
𝑚𝑚l+ 𝜃𝜃 𝑚𝑚r

=  𝐿𝐿l
𝐿𝐿r

 . 
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Appendix B MATLAB SCRIPT FOR THE PROPOSED ALGORITHM  

This appendix shows the MATLAB scripts regarding the proposed algorithm shown in Figure 3-2 
(subsection 3.2.6). The procedure contains two nested iteration loops which are performed with 
the Newton-Raphson methods. As in this script can be observed, in the first step, the value of ζ2 
is set based on the value of target coefficient of restitution, rT. Then timp is obtained by using the 
Newton-Raphson method for equation (3-18); after timp, a new value of the coefficient of 
restitution is determined from equation (3-36). When the convergence is reached, the proposed 
damping can be obtained after the last equation (3-15). For getting more information regarding 
this script please contact by email with these email addresses: 

alireza.kharazian@upc.edu, alireza.kharazian@gmail.com  

 

zeta2_i0(i,1)=zeta_anag(i,1);     

  timp_00(i,1)=pi/(q*w2*sqrt(1-zeta_anag(i,1)^2)); 
      if abs(eta2(zeta2_i0(i,1),timp_00(i,1))-
(d/(1+mio)))>0.001*abs(eta2(zeta2_i0(i,1),pi/(q*w2))-(d/(1+mio))) 
          while abs(eta2(zeta2_i0(i,1),timp_00(i,1))-
(d/(1+mio)))>0.001*abs(eta2(zeta2_i0(i,1),pi/(w2*sqrt(1-
zeta_anag(i,1)^2)))-(d/(1+mio))) 
                timp_1(i,1)=timp_00(i,1)-
((eta2(zeta2_i0(i,1),timp_00(i,1))-
(d/(1+mio)))/eta2_dot(zeta2_i0(i,1),timp_00(i,1)));  
                timp_00(i,1)=timp_1(i,1); 
          end 
     end 
  
r_i(i,j)=abs((eta2_dot(zeta2_i0(i,1),timp_00(i,1)))/eta2_dot(zeta2_i0(
i,1),t_initial)); 
  while abs(r(i,1)-r_i(i,j))>0.0001 
      zeta2_i0(i,1)=zeta2_i0(i,1)-((r(i,1)-
r_i(i,j))*(pi^2/(r_i(i,j).*(pi^2+(log(r_i(i,j))).^2)^1.5))); 
      timp_0(i,1)=pi/(q*w2*sqrt(1-zeta_anag(i,1)^2)); 
         while abs(eta2(zeta2_i0(i,1),timp_0(i,1))-
(d/(1+mio)))>0.001*abs(eta2(zeta_anag(i,1),pi/(q*w2*sqrt(1-
zeta_anag(i,1)^2)))-(d/(1+mio))) 
             timp_1(i,1)=timp_0(i,1)-
((eta2(zeta2_i0(i,1),timp_0(i,1))-
(d/(1+mio)))/eta2_dot(zeta2_i0(i,1),timp_0(i,1)));  
             timp_0(i,1)=timp_1(i,1); 
         end 
      
r_i(i,j)=abs((eta2_dot(zeta2_i0(i,1),timp_0(i,1)))/eta2_dot(zeta2_i0(i
,1),t_initial)); 
      t_first_impact(i,j)=timp_1(i,1); 
  end 
   
    
c_proposed(i,j)=(((2*zeta2_i0(i,1)*sqrt(k*(1+mio+mio*lambda)*mio*m_r))
-mio*c_r)/(1+mio))/1e6; 
 
 
 
 
 

mailto:alireza.kharazian@upc.edu
mailto:alireza.kharazian@gmail.com
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Appendix C CALCULATION OF CONFINEMENT FACTOR 

General remarks 

This Appendix describes the calculation of confinement factor for the column section 60 × 60 
cm2 (Figure 4-8). The longitudinal reinforcement is 24φ25, uniformly distributed along the 
perimeter. The transverse reinforcement is formed by hoops and ties φ10; two cases are 
considered, in the first one (intermediate confinement), the separation between consecutive 
reinforcement is 150 mm, and in the second case (strong confinement), the separation is 75 mm. 
For both cases, 𝑏𝑏c = 490 mm, 𝑑𝑑c = 490 mm. Figure 4-8 shows that one out of two bars is tied, 
therefore n =12; as well, the clear separation between consecutive tied longitudinal reinforcement 
bars is 127 mm. Hence, 𝐴𝐴i = 1

6
∑ 𝑤𝑤i2 =𝑛𝑛
𝑖𝑖=1

1
6
∑ 1272 = 32258 mm212
𝑖𝑖=1 , 𝐴𝐴st = 24 × π × 12.52 =

11781 mm2, and 𝐴𝐴cc = 𝑏𝑏c𝑑𝑑c − 𝐴𝐴st = 490 × 490− 11781 = 228319 mm2. 

Intermediately confined concrete 

In this case, 𝑠𝑠 = 150 mm, 𝑠𝑠 , = 140 mm, and 𝐴𝐴e = (𝑏𝑏c𝑑𝑑c − 𝐴𝐴i) �1 − 𝑠𝑠,

2 𝑏𝑏c
� �1 − 𝑠𝑠,

2 𝑑𝑑c
� =

[(490 × 490)− 32258] �1 − 140
2×490

� �1 − 140
2×490

� = 152700 mm2 and 𝑘𝑘e = 𝐴𝐴e
𝐴𝐴cc

= 152700
228319

=
0.6688. Regarding the transverse reinforcement, σlx = ρx𝑓𝑓yh = σly = ρy𝑓𝑓yh = 0.00427 ×
500 = 2.137 MPa and σl

, = 𝑘𝑘eσl = 0.6688 × 2.137 = 1.429 MPa. Consequently, the 

confinement factor is 𝐾𝐾 = −1.254 + 2.254�1 + 7.94 σl
,

𝑓𝑓c0
, − 2 σl

,

𝑓𝑓c0
, = −1.254 +

2.254�1 + 7.94×1.429
30

− 2 1.429
30

= 1.297. 

Strongly confined concrete 

In this case, 𝑠𝑠 = 75 mm, 𝑠𝑠 , = 65 mm, and 𝐴𝐴e = (𝑏𝑏c𝑑𝑑c − 𝐴𝐴i) �1 − 𝑠𝑠,

2 𝑏𝑏c
� �1 − 𝑠𝑠,

2 𝑑𝑑c
� = [(490 ×

490) − 32258] �1 − 65
2×490

� �1 − 65
2×490

� = 181185.5 mm2 and 𝑘𝑘e = 𝐴𝐴e
𝐴𝐴cc

= 181185.5
228319

= 0.7936. 
Regarding the transverse reinforcement, σlx = ρx𝑓𝑓yh = σly = ρy𝑓𝑓yh = 0.00855 × 500 =
4.274 MPa and σl

, = 𝑘𝑘eσl = 0.7936 × 4.274 = 3.392 MPa. Consequently, the confinement 

factor is 𝐾𝐾 = −1.254 + 2.254�1 + 7.94 σl
,

𝑓𝑓c0
, − 2 σl

,

𝑓𝑓c0
, = −1.254 + 2.254�1 + 7.94×3.392

30
−

2 3.392
30

= 1.625. 
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Appendix D AFTER-IMPACT DAMPED FREE RESPONSE OF A SDOF SYSTEM 

General remarks 

This Appendix presents an analytical study on the viscously-damped free response of a single-
degree-of-freedom system with linear behaviour. The study is constrained to the first half cycle 
of vibration starting from the initial conditions consisting of zero displacement and nonzero 
velocity; this situation is intended to represent the behaviour of a lumped (concentrated) impact 
model during the collision duration.  

The motion of the system is governed by the classical ordinary differential equation 𝑚𝑚 �̈�𝑥 + 𝑐𝑐 �̇�𝑥 +
𝑘𝑘 𝑥𝑥 = 𝑓𝑓(𝑡𝑡), where x is displacement, t is time, f is excitation force and m, c and k are mass, 
damping and stiffness, respectively. Dot represents the time derivative, therefore �̇�𝑥 and �̈�𝑥 are the 
velocity and acceleration, respectively. Starting from the initial conditions 𝑥𝑥(0) = 0 and �̇�𝑥(0) =
𝑣𝑣, the closed-form solution of the damped (c ≠ 0) and unforced (f = 0) equation of motion is given 
by 

𝑥𝑥(𝑡𝑡) =
𝑣𝑣
ωd

𝑒𝑒−ζ ω0 𝑡𝑡sinωd 𝑡𝑡 

(D-1) 
�̇�𝑥(𝑡𝑡) = 𝑒𝑒−ζ ω0 𝑡𝑡 �

−ζ 𝑣𝑣

�1 − ζ2�
1/2 sinωd 𝑡𝑡 + 𝑣𝑣 cosωd 𝑡𝑡� 

In equation (D-1), ωd is the damped natural frequency given by ωd = ω0 �1 − ζ2�
1/2

 where ω0 

is the undamped natural frequency ω0 =  �𝑘𝑘
𝑚𝑚

 and ζ is the damping factor ζ = 𝑐𝑐
2 𝑚𝑚 ω0

=  𝑐𝑐
2 √𝑘𝑘 𝑚𝑚

. 

Figure D-1 displays plots of displacement vs. time (equation (D-1)) for several values of damping 
ratio ζ ranging from ζ = 0 (no damping) to ζ = 0.5 (50% of critical damping). 

 
Figure D-1. First half cycle of the damped free response 

Plots from Figure D-1 show that, the damping affects the duration of the first cycle and influences 
more considerably the maximum displacement. These observations are confirmed and deepened 
next. Equation (D-1) shows that the duration of the first half cycle is 

𝑡𝑡 =
π
ωd 

=
π

ω0 �1− ζ2�
1/2

 
 (D-2) 

The maximum value of the displacement during the first half cycle (equation (D-1)) is determined 
after imposing �̇�𝑥(𝑡𝑡) = 0: 
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𝑥𝑥max =
𝑣𝑣
ω0

𝑒𝑒
−ζ

�1−ζ2�
1/2

 
 cos−1ζ

=
𝑣𝑣
ω0

 exp�
−ζ

�1 − ζ2�
1/2

 
 cos−1ζ� (D-3) 

Figure D-2 displays plots of equations (D-2) (Figure D-2.a) and (D-3) (Figure D-2.b) vs. damping 
ratio ζ. 

 

 

 

 
(a) Natural period elongation (b) Maximum displacement reduction 

Figure D-2. Influence of the damping ratio in the first half cycle 

Plots from Figure D-2 confirm that, the influence of damping on the period elongation can be 
neglected (unless unfeasible extraordinary higher damping exists), but its influence on the 
maximum displacement is relevant, even for moderate values of damping. Therefore, although 
the duration of impact is rather short, the damping parameter of the impact model can have a 
significant influence on the results.
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Appendix E PUBLICATIONS GENERATED DURING THIS RESEARCH 
 
This appendix lists the main publications generated during this research. 
 
Publications in Proceedings of Conferences: 
 
 F. López Almansa, A. Kharazian, “Parametric study on the effect of pounding between 

adjacent buildings with aligned slabs”. Second European Conference on Earthquake 
Engineering and Seismology (15ECEE). Istanbul, Turkey (2014). 
 
 A. Kharazian, F. López Almansa, “Study on pounding effect between short-to-mid height RC 

buildings with aligned slabs”. Sixteenth World Conference on Earthquake Engineering 
(16WCEE). Santiago, Chile (2017). 

 
Publications in Journals indexed by the Journal of Citation Reports (Web of Knowledge, former 
ISI): 
 
 A. Kharazian, F. López Almansa, “State-of-the-art of research on seismic pounding between 

buildings with aligned slabs”, Archives of Computational Methods in Engineering (2017) 
(Published). https://doi.org/10.1007/s11831-017-9242-3 
 
 F. López Almansa, A. Kharazian, “New formulation for estimating the damping parameter 

of the Kelvin-Voigt model for seismic pounding simulation”, Earthquake Engineering and 
Structural Dynamics (2017) (Under the second review). 
 
 F. López Almansa, A. Kharazian, “Parametric study of seismic pounding between RC 

buildings with aligned slabs”, Engineering Structures (2017) (Under review). 

 
 A. Kharazian, F. López Almansa, “General practical criteria for selecting seismic inputs for 

parametric studies”, Bulletin of Earthquake Engineering (2017) (Under review). 
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