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Abstract

This paper introduces the Flexible Periodic Vehicle Routing Problem (FPVRP) where a carrier
has to establish a distribution plan to serve his customers over a planning horizon. Each customer
has a total demand that must be served within the horizon and a limit on the maximum quantity
that can be delivered at each visit. A fleet of homogeneous capacitated vehicles is available to
perform the services and the objective is to minimize the total routing cost. The FPVRP can be
seen as a generalization of the Periodic Vehicle Routing Problem (PVRP) which instead has fixed
service frequencies and schedules and where the quantity delivered at each visit is fixed. Moreover,
the FPVRP shares some common characteristics with the Inventory Routing Problem (IRP) where
inventory levels are considered at each time period and, typically, an inventory cost is involved in
the objective function. We present a worst-case analysis which shows the advantages of the FPVRP
with respect to both PVRP and IRP. Moreover, we propose a mathematical formulation for the
problem, together with some valid inequalities. Computational results show that adding flexibility
improves meaningfully the routing costs in comparison with both PVRP and IRP.

Keywords: Periodic Vehicle Routing; Inventory Routing; Service Frequency; Flexibility.



1 Introduction

Vehicle Routing Problems (VRPs) (Toth and Vigo, 2014) deal with the definition of a distribution
plan where a fleet of vehicles is used to deliver (or pick-up) goods to a set of customers. These
problems involve a single-period plan, meaning that the delivery operations start at the beginning
of the period and should terminate within the end of it when all customers are served. However,
several real–world applications deal with periodic delivery operations over a given time horizon. For
example, periodic delivery service may be found in delivery of groceries or collection of waste. We
refer to Francis et al. (2008) for a more exhaustive list of periodic service applications. The Periodic
Vehicle Routing Problem (PVRP) (Campbell and Wilson, 2014) is a vehicle routing problem where
the service to the customers has to be provided over multiple periods. It is assumed that customers
must be served with a certain frequency and according to a given schedule and they should receive
a fixed quantity at each visit. The problem is to choose the visit schedule for each customer and to
organize vehicle routes. Another broad class of routing problems dealing with multi-period plans
is the class of Inventory Routing Problems (IRPs) (Bertazzi and Speranza, 2012, 2013; Coelho
et al., 2013). IRPs differ from PVRPs in that they do not fix the service frequency nor the quantity
delivered to each customer at each visit. Instead, each customer has a predefined rate of goods
consumption per period, and the inventory level is calculated at each time period. The distribution
plan has to be such that each customer must be able to satisfy his consumption rate at each time
period.

In this paper, we present a new problem which deals with periodic demand without resorting
to inventories. We call this problem the Flexible Periodic Vehicle Routing Problem (FPVRP). In
the FPVRP, customers are assigned to a total demand that has to be satisfied within the end of
the planning horizon. The quantity delivered at each visit should not exceed the customer capacity,
which is typically lower than the total demand. Thus, multiple visits to each customer are performed
over the planning horizon. The FPVRP can be seen as an extension of the PVRP where no fixed
frequency schedule is set. Instead, if the customer capacity corresponds to the ratio between the total
demand and the frequency established in the PVRP, then the FPVRP becomes a generalization
of the PVRP where each customer must be visited a number of times which is at least equal to
the PVRP frequency. Moreover, the quantity delivered at each visit has to be defined. This clearly
increases the flexibility with respect to the PVRP setting and may produce cost savings.

The FPVRP is also related to the IRP, where no fixed frequency is set for the customer visits
and the delivered quantity is a decision variable. However, contrary to the IRP, no inventory level is
considered in the FPVRP. Again, this gives the FPVRP a higher flexibility with respect to the IRP
which may result in cost savings.

The main contributions of the paper are the following. We introduce the FPVRP, which is a
new and challenging problem dealing with flexibility in periodic delivery operations. We show that,
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theoretically, the FPVRP can produce arbitrarily large improvements with respect to both the PVRP
and the IRP when considering the routing cost. Indeed, such improvements come at the expenses of
introducing additional decisions to the problem related to defining when the customers should be
visited and how much should be delivered at each visit. This clearly increases the complexity of the
problem, as will become evident in the computational results. We then propose a mathematical
formulation of the FPVRP based on commodity flow variables, which we call load-based formulation.
This choice is consistent with recent works on other VRP variants for which load-based formulations
have been proposed (Letchford and Salazar-González, 2015; Archetti et al., 2014). We also present
a load-based formulation for the PVRP and for the IRP, which we use for the computational
experiments, as they are quite effective and they do not require the use of sophisticated techniques
(like branch-and-cut or column generation) for their implementation.

The paper is organized as follows. In Section 2, a review of the related literature is presented.
Then, Section 3 provides a formal definition of the FPVRP. The worst case ratio between the
optimal values of the PVRP and the FPVRP and the optimal values of the IRP and the FPVRP
are analyzed, respectively, in Section 4. Load-based mathematical programming formulations for
the FPRVP, the IRP, and for the PVRP are proposed in Section 5. In order to strengthen the
formulation and improve the computing times, several families of valid inequalities are introduced
for the FPVRP in Section 6. Computational experiments and the analysis of numerical results are
shown in Section 7. Finally, some concluding remarks and future work are given in Section 8.

2 Literature Review

Vehicle Routing Problems (Toth and Vigo, 2014) are focused on finding an optimal design of routes
in which a fleet of vehicles departs from a given depot to satisfy the demand of a set of customers.
VRPs were introduced by Dantzig and Ramser (1959) and are NP–Hard (Garey and Johnson, 1979)
because they generalize the well-known Traveling Salesman Problem (TSP) (Shmoys et al., 1985).
Recently, different variants have been proposed to solve real–world applications. The book by Toth
and Vigo (2014) overviews a good number of them. Specific applications require to handle periodic
delivery operations and service flexibility to attend the customers demands over a given time horizon.
The two main classes of routing problems dealing with periodic delivery operations are PVRPs and
IRPs.

PVRPs were introduced by Beltrami and Bodin (1974), a formal definition and the first
mathematical formulation were given by Russell and Igo (1979) and Christofides and Beasley (1984),
respectively. Different studies in which these problems are addressed can be found in Francis et al.
(2006), Baldacci et al. (2011), and Hemmelmayr et al. (2009). Recent studies on the PVRP are
mainly devoted to the development of heuristic algorithms (Vidal et al., 2012; Cacchiani et al., 2014;
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Michallet et al., 2014; Escobar et al., 2014; Rahimi-Vahed et al., 2015). For a recent survey on the
PVRP the reader is refereed to Campbell and Wilson (2014).

The IRP was introduced by Bell et al. (1983). An extensive review of the IRP literature, including
different inventory policies, is given in Coelho et al. (2013) and in two recent tutorials (Bertazzi and
Speranza, 2012, 2013).

Apart from the two main classes of problems discussed above, there are many recent contributions
dealing with problems which extend or combine the IRP and the PVRP to deal with flexibility
issues. Some related literature is discussed in the following section.

Finally, we note that the FPVRP, the PVRP and the IRP share the following common char-
acteristic: customers can be visited more than once in the optimal solution. In the three above
mentioned problems, multiple visits to a customer are due to the need of visiting a customer more
than once in the considered planning horizon. However, it may be convenient to have multiple visits
to customers also when considering a single period, as shown by the studies on the Split Delivery
Vehicle Routing Problem (SDVRP). SDVRP is a generalization of the classical VRP where multiple
visits to customers are allowed. It has attracted a lot of attention in the recent years. For a recent
survey on the problem the reader is refereed to Archetti and Speranza (2012).

2.1 Flexibility in Periodic Routing Problems

There are several works where service flexibility is studied. The first one we report is strictly related
to the PVRP and is called the PVRP with Service Choice (PVRP–SC). The PVRP–SC is a variant
of the PVRP in which the visit frequency is a decision variable. In particular, it allows to visit
customers more often than their predefined frequency or, at least, at the same frequency. The amount
of product to deliver at each visit depends on the assigned schedule and the selected delivery strategy.
A profit that affects the objective function is associated with the visit frequency decision variable.
The aim is to minimize the total travel cost minus the service benefit. An Integer Programming (IP)
formulation for this problem was given by Francis et al. (2006) and a continuous approximation
model was provided by Francis and Smilowitz (2006). Table 1 shows the main differences among the
PVRP, the PVRP–SC and the IRP.
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Problem Periodicity Delivered Quantity Objective

PVRP Predefined schedule
Same quantity at each

visit
Minimize routing cost

PVRP-

SC

Predefined schedule, visit

frequency modeled as a

decision variable

Depends on the selected

schedule and the delivery

strategy at each customer

Minimize the total travel

cost minus service benefit

IRP

No predefined schedule

and unconstrained

number of visits

Modeled as a decision

variable. Depends on the

replenishment policy

Minimize holding and

routing costs

Table 1: Comparisons among PVRP, PVRP–SC and IRP

As can be seen in the table and as stated by Francis et al. (2006) and Francis and Smilowitz
(2006), the PVRP-SC relaxes the fixed frequency constraint of the PVRP and thus allows a higher
degree of flexibility. The FPVRP, which is the focus of this study, further increases the degree
of flexibility by relaxing the fixed schedule and the fixed quantity constraint. They can thus be
seen as different strategies to handle periodic routing problems. Concerning the IRP, the degree
of flexibility is similar to the one of the FPVRP, i.e., no fixed frequency or schedule or quantity.
However, inventory constraints have to be taken into account.

Additional studies related to periodicity in routing problem are analyzed in the following.
Rusdiansyah and Tsao (2005) integrate IRP and PVRP with Time Windows (PVRPTW)

features to solve a real–world application in the field of delivery of products in vending–machine
supply chains. They develop a mathematical formulation that combines both inventory and periodic
routing, the flexibility criterion is applied by considering service frequency as a decision variable.
The objective function attempts to minimize routing, holding and visit frequency costs. They
propose different heuristic algorithms for the solution of the problem. Francis et al. (2007) develop
a Tabu Search (TS) heuristic for the PVRP–SC that incorporates different measures to analyze
the trade-off between operational flexibility and operational complexity (the ability to modify
operating conditions). Hemmelmayr et al. (2009) propose several solution approaches based on IP
and Variable Neighborhood Search (VNS) to evaluate delivery strategies for blood products supplies
which combine IRP and PVRP features. Pacheco et al. (2012) present a Mixed–Integer Linear
Programming (MILP) formulation and a two–phase solution method, which allow flexibility in the
delivery dates, for a real–world problem of a bakery company in Spain. Aksen et al. (2012) propose
two different MILP formulations that combine PVRP and IRP characteristics for a waste vegetable
oil collection problem. The aim is to minimize the sum of collection, inventory and purchasing costs.
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Archetti et al. (2015) study a routing problem with due dates where flexibility is related to the time
at which each customer can be visited.

Flexibility in routing problems has been analyzed also concerning different issues with respect
to frequency or delivery schedule. Some examples are provided by the works in Hashimoto et al.
(2006), where delivery in time windows is analyzed, García Calvillo (2010), where the focus is on the
analysis of the flexibility on delivery dates, and Há et al. (2014) who study the benefits of flexibility
on fleet size.

3 Problem Definition

In this section we first give a formal definition of the FPVRP as described in the previous sections.
For the sake of completeness, we recall afterwards the definition of the PVRP and of the IRP,
respectively. These definitions will be used in Section 4 to show the potential savings of the FPVRP
with respect to them.

3.1 The Flexible Periodic Vehicle Routing Problem

Consider a complete and directed graph G = (N,A) with set of nodes N = {0} ∪C where 0 denotes
the depot and C = {1, . . . , n} the set of customers. Let T = {1, . . . ,H} be a discrete set of time
periods. Each customer i ∈ C has a total demand Wi over T and a storage capacity wi. The quantity
qti delivered at each visit cannot be greater than wi and the sum of the quantities qti over T must
be equal to Wi. A fleet of vehicles K = {1, . . . ,m}, with a homogeneous capacity Q is available to
perform the service. A cost cij ≥ 0 is associated with each arc (i, j) ∈ A and is paid every time a
vehicle traverses the arc. The FPVRP is defined as the problem of finding the set of routes which
minimizes the total routing costs satisfying customer demands.

3.2 The Periodic Vehicle Routing Problem

In the PVRP, as it is defined in Christofides and Beasley (1984), a set of schedules, S, is given, where
each schedule consists of a set of days in which customers receive service. Allocating a customer
to a schedule implies that the customer will be visited, receiving the same amount of product wi,
in every day of the schedule, i.e., Si = {s ∈ S : ∑t∈T ast = fi} where Si is the schedule chosen for
customer i, fi is the visit frequency for customer i and

ast =

 1 if day t ∈ T belongs to schedule s ∈ S,
0 otherwise.

Three decisions have to be taken: select a schedule for each customer, assign customers to vehicles
and generate the routes to be performed in each period of the time horizon.
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The PVRP is the problem of finding the set of routes that satisfy the periodic demand of
customers, given a selected schedule for each customer, with a minimum total routing cost.

A link between the FPVRP and the PVRP can be established by defining the storage capacity
wi as the ratio between the total demand Wi and the expected frequency of visits fi as defined in
the PVRP. Thus, wi = Wi

fi
. This way, in the FPVRP customer i has to be visited at least fi times,

the frequency defined in the PVRP. The customer may be visited more frequently if this leads to
cost savings.

3.3 The Inventory Routing Problem

The IRP is defined on the same graph G used to define the FPVRP. The only change with respect
to the FPVRP setting is that customers are no more associated with a total demand Wi. Instead,
a demand dti is defined for each customer i ∈ C at each time period t ∈ T . Moreover, a starting
inventory level I0

i is associated with each customer, together with a capacity wi. The distribution
plan has to be such that each customer is able, at each time period, to satisfy the demand dti, thus
he/she must have a sufficient quantity Iti in inventory. Moreover, the quantity delivered at each visit
plus the inventory available when the visit is performed, should not exceed the capacity wi. As done
in Archetti et al. (2014), we assume that, at each customer, the inventory level at time t ∈ T is the
inventory level at time t− 1 plus the amount delivered at time t minus the amount consumed at
time t. No shortages are allowed.

The aim of the IRP is to determine the quantity of product to deliver to each customer and the
corresponding service routes of minimum total routing cost guaranteeing that there is no shortage
at each customer in each time period.

Note that the IRP, as defined in Bertazzi and Speranza (2012, 2013) and Coelho et al. (2013),
includes inventory holding costs in the objective function and inventory constraints at the supplier.
In the following we do not consider any of these elements, in order to have a fair comparison with
the FPVRP. Henceforth, such a version of the IRP will be referred to as the FPVRP with Inventory
Constraints (FPVRP-IC).

4 FPVRP Savings: Worst-case Analysis

In this section we illustrate the potential savings that may be achieved when comparing FPVRP
with PVRP and FPVRP–IC, respectively. In particular, we show theoretically the maximum savings
that can be obtained in each case. Let z(P ) denote the optimal value to problem P .

Theorem 1. There exists no finite bound for the ratio z(PV RP )
z(FPV RP ) .

Proof. Consider the following instance of the PVRP in which |T | = 2, |K| = Q and fi = 1 for
each customer i. There are three sets of customers. The first set is composed by Q customers with
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wi = Wi = Q. In the second set there are Q customers with wi = Wi = Q − 1 and the third set
have Q customers with wi = Wi = 1. Moreover, all customers can be visited either in t = 1 or in
t = 2. Customers and depot locations are as follows. Each customer in the first set is co-located
with a customer of the second set and they are spread around a circle centered at the depot with
radius δ < 1 and a distance ε apart. Customers of the third set are spread around a circle centered
at the depot with a radius 1, perfectly aligned along the radius with the customers of the first and
second set, with a distance ε

δ apart (Figure 1a). Note that, as the fleet is composed by Q vehicles
and |T | = 2, the maximum number of routes during T is 2Q. Moreover, as the total demand of
customers is 2Q2, all vehicles must be used and fully loaded in both periods.

The optimal and only solution of the PVRP is the one where Q routes are used to serve the
customers in the first set with direct trips to the depot and the other Q routes serve one customer
in the second set and one customer in the third set each. The cost of this solution is 2Qδ + 2Q
(Figure 1b).

The optimal solution of the FPVRP is the following (Figure 1c). In t = 1 one route is used to
serve all customers in the third set. There remains Q − 1 routes in t = 1 and Q routes in t = 2.
They are constructed as follows. Without loss of generality, choose one customer of the second set
as the first customer. Number all customers in a clockwise direction as i1, ..., i|Q| if they belong to
the second set and j1, ..., j|Q| if they belong to the first set. The first route delivers Q − 1 units
to customer i1 and 1 unit to customer j1. The second route delivers Q − 1 units to customer j1
and 1 unit to customer i2. The third route delivers delivers Q− 2 units to customer i2 and 2 units
to customer j2, and so on. We obtain Q + Q − 1 routes where the last route delivers Q units to
customer j|Q|. The odd routes are performed in t = 2 while the even routes are performed in t = 1
(as no customer can be served more than once in the same period). The cost of this solution is
2 + (Q− 1)( εδ ) + 2Qδ + (Q− 1)(2δ + ε).

The ratio between z(PV RP ) and z(FPV RP ) is therefore 2Qδ+2Q
2+(Q−1)( ε

δ
)+2Qδ+(Q−1)(2δ+ε) . When Q

goes to infinity and ε, δ and ε
δ go to 0 this ratio tends to infinity.
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(a) Original Graph (b) PVRP Solution

t = 1 t = 2

(c) FPVRP Solution

Figure 1: Worst–case Analysis

�

The proof presented above is quite similar to the one proposed by Gueguen (1999) for the
analysis of the benefits of the SDVRP with respect to the VRP.

We now compare the FPVRP with the FPVRP-IC as defined in Section 3.3. The following result
holds.

Theorem 2. There exists no finite bound for the ratio z(FPV RP−IC)
z(FPV RP ) .

Proof. Let us consider the instance introduced in the proof of Theorem 1. In the FPVRP-IC,
initial inventory levels at customers must be defined. We define them as follows: the initial inventory
level is equal to 0 for the customers in the first set, to Q− 1 for the customers in the second set
and to 1 for the customers in the third set. The customers demands are equal to Q− 1 and 1, at
time t = 1 and t = 2, for customers of the second and third set, respectively. For the customers in
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the first set, demand at time t = 1 is equal to Q and demand at t = 2 is equal to 0. Note that the
customers of the second and third set cannot be served at time t = 1 as their initial inventory level
is equal to the storage capacity. On the other side, customers of the first set have to be served at
time t = 1 as their initial inventory level is 0 and the demand at t = 1 is positive. Thus, the only
feasible solution for the FPVRP-IC corresponds to the solution of the PVRP shown in the proof of
Theorem 1, i.e., Q routes are used to serve the customers in the first set with direct trips to the
depot at time t = 1 and Q routes serve one customer in the second set and one customer in the
third set each at time t = 2. The cost of this solution is 2Qδ+ 2Q. The solution of the FPVRP does
not change. Thus the ratio is the same and tends to infinity.

�

5 Mathematical Formulations

In this section we propose a load-based MILP formulation for the FPVRP. We also present the
load-based MILP formulations for the FPVRP-IC and the PVRP, which have been used in the
computational experiments.

Traditional VRP formulations with multiple vehicles use decision variables with a vehicle index
that shows which vehicle traverses each arc. This results in a high number of decision variables,
particularly in problems where decisions must be made at the different periods of a given time
horizon, like the ones we study in this paper. In order to mitigate this difficulty, recent works on
several VRP variants have proposed the use of the so-called load-based formulations, in which
decision variables identify the arcs used in the solutions without making explicit the vehicles that
traverse them (Letchford and Salazar-González, 2015; Archetti et al., 2014). For this, an additional
set of continuous commodity flow variables is needed to guarantee that routes are properly defined.
Such formulations tend to be quite effective in practice, although their linear programming (LP)
relaxations are usually weaker than their traditional counterpart. On the one hand they have a
smaller number of variables. On the other hand their implementation does not require the use of
sophisticated techniques, like branch-and-cut or column generation.

5.1 MILP Formulation of the FPVRP

For the load-based formulation for the FPVRP we introduce two sets of binary decision variables,
which identify the arcs that are traversed and the customers that are visited at each time period,
respectively. We also define a set of integer decision variables that indicate the number of vehicles
that are used at each time period. This can be easily computed by counting the number of arcs
leaving the depot at each time period. We finally define two additional sets of continuous variables.
The first one indicates the load of the vehicles when they traverse the arcs. The second one, gives
the amount of product that is delivered to each visited customer. The definition of the decision
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variables is the following:

• zti =

 1 If customer i is visited at time period t,
0 otherwise.

(i ∈ C, t ∈ T )

• ytij =

 1 If arc (i, j) is traversed at time period t,
0 otherwise.

((i, j) ∈ A, t ∈ T )

• zt0: Number of vehicles used at time period t ∈ T .

• ltij : Load of the vehicle traversing arc (i, j) ∈ A, at time period t ∈ T .

• qti : Quantity delivered to customer i ∈ C at time period t ∈ T .

The formulation of the FPVRP is as follows.

min
∑
t∈T

∑
(i,j)∈A

cijy
t
ij (1)

s.t. qti ≤ wizti i ∈ C, t ∈ T (2)∑
i∈C

qti ≤ Qzt0 t ∈ T (3)

∑
j|(i,j)∈A

ytij = zti i ∈ C, t ∈ T (4)

∑
j|(i,j)∈A

ytij =
∑

j|(j,i)∈A
ytji i ∈ N, t ∈ T (5)

∑
j|(i,j)∈A

ltij −
∑

j|(j,i)∈A
ltji =


−qti , i ∈ C∑
i′∈C

qti′ , i = 0 i ∈ N, t ∈ T (6)

ltij ≤ Qytij (i, j) ∈ A, t ∈ T (7)∑
j|(0,j)∈A

yt0j ≤ |K| t ∈ T (8)

zt0 =
∑
i∈C

yt0i t ∈ T (9)

∑
t∈T

qti = Wi i ∈ C (10)

qti ≥ 0 i ∈ C, t ∈ T (11)

zt0 ∈ Z t ∈ T (12)

zti ∈ {0, 1} i ∈ C, t ∈ T (13)

ytij ∈ {0, 1}, ltij ≥ 0 (i, j) ∈ A, t ∈ T (14)
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Objective function (1) minimizes the routing costs. Constraints (2) impose that the quantity
delivered to each customer does not exceed wi. Constraints (3) establish that the total quantity
delivered at time t does not exceed the total capacity of the vehicles used at time t. Constraints
(4) state that one arc has to exit from a node of a visited customer. Constraints (5) are the flow
conservation constraints. Constraints (6) are the load conservation constraints. Constraints (7)
impose that the vehicle load does not exceed its capacity and link y and l variables. Constraints
(8) ensure that the number of vehicles used is at most |K|. Constraints (9) ensure that variables
zt0 take the appropriate value. Constraints (10) impose that the total quantity delivered at each
customer at the end of the time horizon is equal to Wi. Finally, Constraints (11)–(14) define the
domain of the variables.
The above formulation has |T | × (|C|+ |A|) binary variables, |T | general integer variables, and
|T | × (|C|+ |A|) continuous variables. The number of constraints is |T | × (6|C|+ 2|A|+ 6) + |C|.

5.2 Mathematical Formulation of the FPVRP-IC

Below we present a load-based formulation for the FPVRP-IC, largely based on the formulation
proposed by Archetti et al. (2014). In addition to the l, q, y, and z variables used in the FPVRP it
uses another set of continuous variables that represent the customers inventory level at each time
period. As done in Archetti et al. (2014), the calculation of the inventory levels occurs after delivery
of qti and consumption of dti are carried out, and these levels cannot exceed wi − qti .

Decision Variables:

• I ti : Inventory level at customer i ∈ C at the end of time period t ∈ T .

The FPVRP-IC formulation is the following:

min
∑
t∈T

∑
(i,j)∈A

cijy
t
ij (15)

s.t. I ti = I t−1
i − dti + qti i ∈ C, t ∈ T (16)

qti ≤ wi − I t−1
i i ∈ C, t ∈ T (17)

Equations (2) – (9)

Equations (11) – (14)

(18)

The objective function (15) is the minimization of the total routing cost. Constraints (16)
and (??) determine the inventory level over time and avoid stock–out situations. Note that,
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since T = {1, . . . , H}, when t = 1, I t−1
i = I0

i corresponds to the initial inventory at customer
i. Constraints (17) ensure that delivered quantity does not exceed the maximum quantity
need at each customer and at each time period. The remaining constraints have the same
meaning as in the FPVRP model.

5.3 Mathematical Formulation of the PVRP

Below we present the formulation for the PVRP we have used in our experiments. To the
best of our knowledge this is the first load-based formulation in the literature for the classical
PVRP. It uses the same y, z and l variables as the FPVRP formulation. In addition, the
following set of binary decision variables is defined to determine the schedule that is chosen
for each customer:

• vsi =

 1 If customer i ∈ C is visited according to schedule s ∈ Si,
0 otherwise.

Then, the load-based formulation for the PVRP is:

min
∑
t∈T

∑
(i,j)∈A

cijy
t
ij (19)

s.t.
∑
s∈Si

vsi = 1 i ∈ C (20)

zti =
∑
s∈Si

vsi ast t ∈ T, i ∈ C (21)

ytij ≤
zti + ztj

2 t ∈ T ; i, j ∈ C(i 6= j) (22)

∑
j|(i,j)∈A

ltij −
∑

j|(j,i)∈A
ltji =


−wizti , i ∈ C∑
j∈C

wjz
t
j, i = 0 i ∈ N, t ∈ T (23)

Equations (3) – (5)

Equations (7) – (8)

Equations (13) – (14)

vsi ∈ {0, 1} i ∈ C, s ∈ Si (24)

The objective function (19) minimizes the total routing costs. Constraints (20) ensure that
a schedule is assigned to each customer. Constraints (21) relate the selected schedules with
customer visits. Constraints (22) allow to use edges connecting two customers only if both
customers are assigned to the same period. Constraints (23) are flow conservation constraints.
Finally, Constraints (24) define the domain of the new set of variables vsi .
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6 Inequalities

In order to strengthen the formulation and improve the computing times, several families of
inequalities have been tested for the FPVRP formulation presented above. Note that classical
inequalities that can be used when the amount of product delivered to each customer at
each time period is known, like the ones described in Letchford and Salazar-González (2015),
cannot be applied in our case because such an amount is a decision variable. The inequalities
that have been considered are the following:

Inequalities I1. Sum of final loads: All vehicles return to the depot with an empty
load. Indeed, these inequalities are not valid, as there are feasible FPVRP solutions that do
not satisfy them. Instead, they are optimality cuts, since there is at least one optimal solution
that satisfies them. Therefore, they can be used to reduce the domain of the solutions that
are explored.

∑
t∈T

∑
j∈C

ltj0 = 0 (25)

Inequalities I2. Symmetry-Breaking of Routes: The following inequalities partially
break the symmetry of the routes by exploiting the fact that arc costs are symmetric.
According to them only the routes with a certain orientation will be considered (as the
same route in the opposite orientation will have the same cost). Among the two possible
orientations for a route we chose the one that starts with the customer with the lowest index.
For this, we impose

yti0 ≤
∑
r≤i

yt0r, ∀i ∈ C, ∀t ∈ T (26)

That is, if arc (i, 0) enters the depot at time period t, then there must be a lowest index
arc (0, r) with r ≤ i which exits the depot at this time period.

The symmetry-breaking inequalities are also optimality cuts, but not valid inequalities.

Valid Inequalities I3: The relation between variables y and z can be imposed in several
ways. In our formulation this is done in a two-step fashion. On the one hand, the flow balance
constraints (6) relate the load variables l to the q’s, which, in turn, activate the z’s. On the
other hand, constraints (7) relate the load variables l to the arc variables y. Nevertheless,
this relation can be stated in a more direct way similarly to the constraints imposed in
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Christofides and Beasley (1984) for the PVRP. In particular, no arc yij can be used at time
period t unless customers i and j are visited at the same time period. Therefore, the following
inequalities are valid:

ytij ≤
zti + ztj

2 , ∀i, j ∈ C, ∀t ∈ T (27)

Taking into account that no arc will be traversed in both directions in the same time
period the above inequalities can be reinforced to:

ytij + ytji ≤
zti + ztj

2 , ∀i < j ∈ C, ∀t ∈ T (28)

7 Computational Experiments

In this section we present the numerical results of the computational experiments we have
conducted. The aim of these experiments was twofold: on the one hand to analyze the
computational difficulty of the FPVRP and the effectiveness of the proposed load-based
formulation. On the other hand, to highlight the benefits derived from allowing flexibility in
the PVRP and the IRP, by comparing the solutions produced by the three models. For the
computational experiments, all three formulations were implemented in C++ with ILOG
Concert Technology API and CPLEX 12.5.0.0, running on a HP Intel(R)-Xeon(R) 2.4GHz
Workstation with 32GB RAM (Win Server 2012, 64 bits). Default parameters were used. All
computing times were limited to 14400 seconds.

Before presenting the numerical results we describe the sets of benchmark instances we
have used. Data instances and complementary tests can be found at http://or-brescia.
unibs.it/instances.

7.1 Benchmark instances

Three different sets of benchmark instances have been used:

• Set 1 (S1): The IRP instances proposed by Archetti et al. (2014). This set consists
of 40 benchmark instances with |C| ∈ {5, 10, 15, 20} and a 3–period time horizon, i.e.
|T | = 3. Note that larger instances were considered in Archetti et al. (2014) but we do
not consider them in our experiments as they turned out to be too hard to solve for the
FPVRP.

• Set 2 (S2): The PVRP instances proposed by Francis et al. (2006). This set consists
of 24 instances with |C| ∈ {7, 9, 11, 15, 49} and time horizon |T | = 5. Instances were
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generated in a similar way to those used by Francis et al. (2006) and according to the
database provided by one of the authors. Schedules for each customer are assigned
according to their frequency of visits as explained in the following.

• Set 3 (S3): A newly generated set of 35 PVRP instances with clustered customers.
The time horizon used in the whole set is |T | = 5. Other parameters are: the number
of customers |C|, the vehicle capacity Q, the number of clusters p, a radius r which
determines the coverage area of each cluster, and a parameter β which together with r
determines the minimum distance β×r among the centers of the clusters. Five instances
were generated for each combination of |C| ∈ {10, 15, 20} and r ∈ {0.15, 0.30}, plus five
more instances with |C| = 20 and r = 0.50. Vehicles capacities, Q, have been set to 200,
250 and 300 for 10, 15 and 20 customers, respectively. For |C| = 10, we set the number
of clusters to p = 2, whereas for instances with |C| ∈ {15, 20} we set p = 3. When
r ∈ {0.15, 0.30}, the value of β has been set to 2, which avoids clusters overlapping.
Instead, for r = 0.50 we have set β = 1, allowing that a customer can belong to more
than one cluster.

Instances have been generated as follows:

– The depot is located at the center of the unit square.

– p centers (one for each cluster) are randomly generated from a uniform distribution
in the unit square. Each generated center must satisfy the minimum distance
condition β × r with respect to the others.

– Once all the centers have been fixed, the customers are generated in such a way
that clusters are balanced, i.e. each cluster contains up to

⌈
|C|
p

⌉
customers. Clusters

are progressively filled: first, one customer is generated for each cluster; then, a
second one; and so on, until |C| customers have been randomly generated using an
uniform distribution in the circles around the cluster’s centers of radius r.

– A demand wi, i ∈ C, is randomly generated from an integer uniform distribution
in [1, Q].

– A number of visits is randomly associated to each customer according to the
following options: fi = 5, 3 or 2.

– A set of schedules Si is assigned to each customer according to its frequency fi.

Figure 2 shows an example of an instance with |C| = 10, Q = 10 and p = 4. As can be
seen, two clusters have three customers each and two other clusters have two customers
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each. Nodes with the same color represent customers with the same assigned schedule.
The number inside each node represents the assigned demand wi.
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Figure 2: Clustered instance with |C| = 10, Q = 10, p = 4, and |S| = 3.

• Schedules for S2 and S3: Different schedule options are considered for the tests.
Case A - Single-Schedule:

– fi = 2 : Si = {(0, 1, 0, 1, 0)},

– fi = 3 : Si = {(1, 0, 1, 0, 1)},

– fi = 5 : Si = {(1, 1, 1, 1, 1)}.

Case B - Multi-Schedule:

– fi = 2 : Si = {(0, 0, 1, 0, 1), (0, 1, 0, 0, 1), (0, 1, 0, 1, 0), (1, 0, 0, 1, 0), (1, 0, 1, 0, 0)},

– fi = 3 : Si = {(0, 1, 0, 1, 1), (0, 1, 1, 0, 1), (1, 0, 1, 0, 1), (1, 0, 1, 1, 0), (1, 1, 0, 1, 0)},

– fi = 5 : Si = {(1, 1, 1, 1, 1)}.

7.2 Evaluation of Alternative Formulations for the FPVRP

Our first set of experiments focused on the evaluation of the different formulations for the
FPVRP and their effectiveness. Preliminary tests showed that load-based formulations for the
FPVRP greatly outperform vehicle index formulations. Thus, this second type was excluded
from any further consideration in our experiments.
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Initially, we tested several variations of the formulation presented in Section 5.1 and the
obtained results indicated that the best performance was attained with formulation (1)-(14).
Then, we compared this base formulation against alternative reinforcements resulting from
the addition of different combinations of inequalities presented in Section 6. For this test, we
selected a subset of benchmark instances whose optimality was particularly difficult to prove
with the base formulation. This subset consists of 16 S2 instances (with |K| ∈ {3, 4}) plus
the 35 new S3 instances. For these experiments we considered the Case A of the schedule
assignment mentioned in Section 7.1.

Average results of the percentage optimality gaps at termination of the computation (over
all instances in each group) are summarized in Table 2. These optimality gaps have been
computed as 100× BestSol−LB

BestSol
, where BestSol is the best-known feasible solution value for each

instance (among all tested versions), and LB is the lower bound at termination of the tested
version. Each row corresponds to a group of instances. The first column indicates the set to
which the group of instances belongs. The next three columns give some characteristics of the
instances of each group: r (for instances in S3 ), |C| and Q (an average value is reported for
S2). The number of instances in each group is given in column Inst. Average results of the
combinations tested are given in the following six columns: entries in column Base correspond
to the base formulation (1)-(14), whereas under I1, I2, I3, we show the results of the base
formulation reinforced respectively with (i) the empty load return inequalities (25); (ii) the
symmetry breaking inequalities (26); (iii) the valid inequalities (28). The last two columns
correspond to the combinations of (i) with (ii) and of (i) with (iii). In each case, the number
of instances optimally solved, within the allowed computing time, is given in parenthesis next
to the percentage of optimality gap. These values are only given for the groups of instances
of S2 because it was never possible to prove the optimality for any of the instances in S3.

Other combinations of inequalities were also tested but did not give significantly different
results.

Set r |C| Q Inst. Base I1 I2 I3 I1+I2 I1+ I3

S2 15 999.38 8 0.43 (3) 0.30 (3) 0.38 (5) 0.45 (3) 0.26 (5) 0.36 (3)
15 8 0.32 (3) 0.29 (4) 0.31 (5) 0.52 (3) 0.26 (5) 0.35 (3)

S3 0.15 10 200 5 2.58 2.78 2.65 3.16 2.49 2.93
15 250 5 3.83 3.82 3.76 4.15 3.55 3.90
20 300 5 5.71 5.71 5.67 5.68 5.65 5.57

0.30 10 200 5 1.51 1.56 1.54 1.92 1.51 1.71
15 250 5 1.97 1.97 1.94 2.15 1.89 2.05
20 300 5 2.09 2.15 2.16 2.35 2.15 2.26

0.5 20 300 5 2.59 2.50 2.55 2.97 2.49 2.85

Table 2: Summary of results of FPVRP reinforced with different combinations of inequalities.
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Results show that strengthened formulations reduced the percentage gap in nearly all
cases. Broadly speaking, both the empty load return inequalities (25) and the symmetry
breaking inequalities (26) were effective. The effectiveness of inequalities (28) that relate y
and z variables is not so clear and in some cases the base formulation alone gives better
results than if they are used. We attribute this behavior to the high number of inequalities of
this family (O(|C|2|T |)). As can be seen, the best results are those of column I1+I2, which
corresponds to the base formulation reinforced with (25) and (26). Therefore, all subsequent
tests used the corresponding strengthened FPVRP formulation.

The results obtained with the strengthened FPVRP formulation for the full set of bench-
mark instances are summarized in Table 3. For Set S2 and S3, we considered only Case A.
Comparisons using Case B instances are made in Section 7.3.2. Again, rows correspond to
groups of instances with similar characteristics. The first five columns describe the character-
istics of the instances: r (for instances in S3 ), |C|, |K|, Q, and Dt (the total demand that
must be distributed at each time period). When not all the instances in the group have the
same parameters, minimum and maximum values are displayed. In the following columns,
Inst. gives the number of instances in each group, and O/F gives the number of instances of
the group that terminated with a solution with proven optimality (O) and with only proven
feasibility (F). The average percentage optimality gaps at termination are given in column
%Gap. Finally, the last two columns refer to the computing times: avrg. for the average times
and range for the minimum and maximum of such values.

Set r |C| |K| Q Dt Inst. O/F %Gap Time
avrg. range

S1 5 2 - 3 79 - 175 193 - 304 10 10/0 0.00 1.40 0 - 7
10 2 - 3 272 - 480 458 - 640 10 10/0 0.01 202.90 7 - 942
15 2 - 3 340 - 619 681 - 845 10 9/1 0.34 3086.80 101 - 14400
20 2 - 3 512 - 867 999- 1156 10 6/4 2.32 7214.50 147 - 14400

S2 7 3 496 - 871 699 4 4/0 0.00 0.25 0 - 1
9 3 1037 - 1208 1206 4 4/0 0.00 27.25 9 - 57
11 3 546 - 1521 851 8 7/1 0.26 1965.50 22 - 14400
15 3 757 - 1240 1360 8 5/3 0.24 6313.88 17 - 14400
49 4 1111 4443 1 0/1 49.76 14400 14400

S3 0.15 10 4 - 8 200 664 - 1401 5 0/5 2.49 14400 14400
15 6 - 10 250 1495 - 2484 5 0/5 3.55 14400 14400
20 10 - 12 300 2813 - 3408 5 0/5 5.65 14400 14400

0.30 10 5 - 8 200 820 - 1436 5 0/5 1.51 14400 14400
15 6 - 9 250 1488 - 2225 5 0/5 1.89 14400 14400
20 10 - 13 300 2824 - 3691 5 0/5 2.15 14400 14400

0.50 20 7 - 14 300 2059 - 4076 5 0/5 2.49 14400 14400

Table 3: Summary of results of selected FPVRP formulation for the complete set of instances.

The obtained results highlight the difficulty of the FPVRP. This will become more evident
when the results of the FPVRP are compared with the results of the FPVRP-IC and the
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PVRP. Still, it was possible to optimally solve 35 out of the 40 S1 instances and 20 out of
the 24 S2 instances. For the set S1, the percentage optimality gap at termination was always
below 5%, except for one 20 customer instance (abs1n20_2). Optimality gaps of unsolved S2
instances were always below 1%, except for a 11 customer instance (Instn12t5k3_1), with a
2.11% gap, and the largest 49 customer instance for which the relative percentage deviation
between the upper and lower bounds at termination was of nearly 25%. The results of the
individual instances in S1 and S2 (see Tables 4, 5, and 6 below) show that, when all other
parameters are similar, a clear indicator of the difficulty of an instance is the fleet size.
As can be seen, the new instances of set S3 are considerably harder to solve than those of
sets S1 and S2 of similar sizes. We believe this is due to two factors. The first is the fleet size
which is much larger in S3 than in S1 and S2. The second is the proximity of the clustered
customers (particularly for the small radius 0.15), which makes it particularly difficult to
discriminate among solutions that permute the order in which neighboring customers are
visited.

7.3 Comparison of the FPVRP with other VRPs with periodic demand

The final series of experiments were oriented to analyze the potential advantage of the FPVRP
relative to the FPVRP-IC and the PVRP. Since all three models focus on the overall routing
costs throughout the time horizon, potential advantages can be quantified in terms of the
percentage relative reduction in the objective function value of the compared models. In
particular, we will use the value

%Imp = max
{

0, ZMod − ZFPVRP

ZMod

}
× 100,

where ZFPVRP and ZMod are the best-known values for the FPVRP and the compared model,
respectively.

7.3.1 Comparison between the FPVRP and the FPVRP-IC

For the comparison between the FPVRP and the FPVRP-IC we used the set of benchmark
instances S1. Each instance was run with both the strengthened FPVRP formulation and the
FPVRP-IC formulation with a time limit of 14400 seconds. The results are shown in Table 4
where the first five columns show the name of the instances and their characteristics. The next
two blocks of four columns each correspond to the FPVRP and to the FPVRP-IC results,
respectively. Column Status, indicates whether the instance was solved to prove optimality
(O), or a feasible solution was found but its optimality was not proven (F); BestSol gives the
value of the best solution obtained in the run, BestLB is for the lower bound at termination,
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and Time is the computing time consumed (in seconds). The last column of the table, %Imp,
gives the percentage relative improvement obtained with the FPVRP with respect to the
FPVRP-IC.

The results of Table 4 show that, except for the small instances with only five customers,
in general, the computing times required by the FPVRP are substantially greater than those
of the FPVRP-IC. This becomes more evident as the size of the instances increases and is
reflected by the fact that five instances were not optimally solved for the FPVRP within the
maximum computing time, whereas this number reduces to three for the FPVRP-IC. The
entries in column %Impr show that there are instances where both models have the same
optimal value, although in most cases the FPVRP produces an improvement (up to 9.48%)
with respect to the FPVRP-IC which increases with the size of the instances. It is worth
noting that, even for the two instances that were not optimally solved with the FPVRP
but were optimally solved with the FPVRP-IC, the best FPVRP solution at termination
was considerably better than the optimal FPVRP-IC solution. These results show that, if
possible, it is worthwhile to increase flexibility and not consider inventory levels, as done in
the FPVRP, as this may lead to remarkable savings.
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FPVRP FPVRP-IC %Imp
Instance |C| |K| Q Dt Status BestSol BestLB Time Status BestSol BestLB Time

abs1n5_1 5 2 144 193 O 1301.85 1301.85 0 O 1301.85 1301.85 0 0.00
abs1n5_2 3 96 193 O 1335.88 1335.86 0 O 1335.88 1335.88 0 0.00
abs2n5_1 2 118 158 O 1088.72 1088.72 0 O 1088.72 1088.72 0 0.00
abs2n5_2 3 79 158 O 1494.37 1494.37 2 O 1494.37 1494.23 4 0.00
abs3n5_1 2 228 304 O 2109.51 2109.51 1 O 2302.82 2302.82 2 8.39
abs3n5_2 3 152 304 O 2864.95 2864.87 1 O 2864.95 2864.95 0 0.00
abs4n5_1 2 134 179 O 1504.27 1504.27 7 O 1650.73 1650.59 0 8.87
abs4n5_2 3 89 179 O 2224.13 2223.94 3 O 2224.13 2224.13 1 0.00
abs5n5_1 2 175 234 O 1091.97 1091.97 0 O 1091.97 1091.97 0 0.00
abs5n5_2 3 117 234 O 1386.18 1386.18 0 O 1386.18 1386.18 4 0.00

abs1n10_1 10 2 476 635 O 1936.15 1936.01 96 O 1960.99 1960.82 18 1.27
abs1n10_2 3 317 635 O 2369.40 2369.16 737 O 2429.55 2429.55 31 2.48
abs2n10_1 2 408 545 O 2491.71 2491.52 7 O 2554.79 2554.79 14 2.47
abs2n10_2 3 272 545 O 3194.02 3193.71 185 O 3214.05 3213.88 19 0.62
abs3n10_1 2 343 458 O 1980.71 1980.71 17 O 1980.71 1980.71 6 0.00
abs3n10_2 3 229 458 O 2372.91 2372.73 13 O 2410.50 2410.50 39 1.56
abs4n10_1 2 411 548 O 2115.97 2115.78 9 O 2240.93 2240.73 35 5.58
abs4n10_2 3 274 548 O 2756.47 2756.20 942 O 2943.14 2942.87 279 6.34
abs5n10_1 2 480 640 O 1746.02 1746.02 11 O 1848.20 1848.20 14 5.53
abs5n10_2 3 320 640 O 2014.42 2014.42 12 O 2151.45 2151.45 19 6.37

abs1n15_1 15 2 619 826 O 1915.91 1915.77 175 O 1915.91 1915.89 21 0.00
abs1n15_2 3 413 826 O 2349.28 2349.05 5437 O 2402.36 2402.14 295 2.21
abs2n15_1 2 592 790 O 2161.09 2160.89 898 O 2185.68 2185.46 194 1.13
abs2n15_2 3 395 790 O 2388.97 2388.73 719 O 2388.97 2388.97 39 0.00
abs3n15_1 2 633 845 O 2373.10 2372.90 101 O 2373.10 2373.10 11 0.00
abs3n15_2 3 422 845 O 2646.11 2645.86 116 O 2646.11 2646.11 20 0.00
abs4n15_1 2 538 718 O 2064.15 2063.95 455 O 2199.78 2199.57 188 6.17
abs4n15_2 3 359 718 O 2403.11 2402.87 7297 O 2572.55 2572.30 705 6.59
abs5n15_1 2 510 681 O 2192.45 2192.23 1271 O 2309.75 2309.53 88 5.08
abs5n15_2 3 340 681 F 2678.85 2634.11 14399 O 2959.31 2959.02 5829 9.48

abs1n20_1 20 2 799 1066 O 2345.27 2345.04 6768 O 2410.91 2410.70 6343 2.72
abs1n20_2 3 533 1066 F 3004.62 2741.40 14399 F 3103.40 2867.75 14399 3.18
abs2n20_1 2 782 1043 O 2148.82 2148.63 156 O 2148.82 2148.82 18 0.00
abs2n20_2 3 521 1043 O 2365.64 2365.40 4511 O 2393.13 2392.90 658 1.15
abs3n20_1 2 768 1024 O 2283.53 2283.31 615 O 2283.53 2283.53 23 0.00
abs3n20_2 3 512 1024 O 2529.42 2529.19 147 O 2529.42 2529.28 16 0.00
abs4n20_1 2 749 999 F 2888.29 2858.71 14399 O 3136.22 3135.91 2782 7.91
abs4n20_2 2 499 999 F 3408.32 3287.19 14399 F 3664.52 3602.53 14399 6.99
abs5n20_1 3 867 1156 O 2854.24 2853.96 2352 O 2859.60 2859.35 379 0.19
abs5n20_2 3 578 1156 F 3562.11 3403.85 14399 F 3567.47 3507.53 14399 0.15

Average Improvement 2.56

Table 4: Comparison between FPVRP and FPVRP-IC using S1 instances.

7.3.2 Comparison between the FPVRP and the PVRP

For the comparison between the FPVRP and the PVRP we have used instances of both S2
and S3. , which consider several potential visit schedules for each customer. Each instance
in these two sets was run with the strengthened FPVRP formulation (1)-(14) and with the
PVRP formulation (19)-(24). Again, the time limit for each run was 14400 seconds. The
results for the instances of set S2 are presented in Table 5, where instances with the same
number of customers are ordered by decreasing capacity. The columns labeled as %Gap show
the relative CPLEX MIP gap after the termination of each optimization.

Most of the instances with |C| = 7, |C| = 9 and |C| = 11 were solved to optimality with
both the FPVRP and the PVRP formulations. Once more we can observe that, in terms of
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the computing times, the FPVRP formulation is more demanding than that for the PVRP.
This could be expected as the FPVRP incorporates additional decisions to the ones of the
PVRP. While the computing times to optimally solve the PVRP instances remain negligible,
they become significant for the FPVRP as the size of the instances increases. In particular, for
five of the instances the optimality of the best solution found could not be proven within the
allowed computing time. Concerning the improvement of the FPVRP with respect to PVRP,
we notice that no improvement can be perceived related to the flexibility in the delivered
quantities since the total vehicles capacities are enough to cover the demand of all customers
in the same day. Nevertheless, the FPVRP still shows slight improvements related to the
non-dependency of schedules. Moreover, although the FPVRP produced no improvement in
the large 49 customers instance, it was able to find a feasible solution within the time limit.
On the contrary, the PVRP produced no solution for that instance.

FPVRP PVRP %Imp
Instance |C| |K| Dt Q Status BestSol BestLB %Gap Time Status %Gap Time

Instn8t5k3_1 7 3 699 871 O 5.82 5.82 0 0 O 0 0 0.00
Instn8t5k3_3 765 O 5.82 5.82 0 1 O 0 0 0.00
Instn8t5k3_2 705 O 5.82 5.82 0 0 O 0 0 0.00
Instn8t5k3_4 496 O 6.30 6.30 0 0 O 0 0 0.00
Instn10t5k3_3 9 3 1206 1208 O 6.76 6.76 0 9 O 0 6 0.05
Instn10t5k3_1 1058 O 6.86 6.86 0.01 17 O 0.01 7 0.57
Instn10t5k3_2 1045 O 6.90 6.90 0.01 26 O 0 6 0.00
Instn10t5k3_4 1037 O 6.90 6.90 0.01 57 O 0 7 0.00
Instn12t5k3_6 11 3 851 1521 O 4.47 4.47 0.01 22 O 0 6 0.00
Instn12t5k3_5 1491 O 4.47 4.47 0.01 31 O 0 7 0.00
Instn12t5k3_7 1399 O 4.47 4.47 0.01 37 O 0 9 0.00
Instn12t5k3_8 1146 O 4.47 4.47 0.01 26 O 0 9 0.00
Instn12t5k3_4 925 O 4.47 4.47 0.01 44 O 0 8 0.00
Instn12t5k3_2 802 O 4.50 4.50 0.01 102 O 0.01 30 0.67
Instn12t5k3_3 748 O 4.54 4.54 0.01 1062 O 0.01 29 0.47
Instn12t5k3_1 546 F 4.83 4.73 2.01 14400 O 0.01 1404 0.59
Instn16t5k3_3 15 3 1360 1240 O 5.62 5.62 0.01 52 O 0 22 0.00
Instn16t5k3_4 1232 O 5.62 5.62 0 17 O 0 26 0.00
Instn16t5k3_1 1056 O 5.62 5.62 0 31 O 0 33 0.00
Instn16t5k3_2 1030 O 5.63 5.63 0.01 2100 O 0.01 1743 0.40
Instn16t5k3_8 1027 O 5.63 5.63 0.01 5113 O 0.01 1356 0.40
Instn16t5k3_7 851 F 5.74 5.70 0.73 14400 O 0.01 8054 0.38
Instn16t5k3_5 802 F 5.76 5.72 0.76 14400 O 0 37 0.07
Instn16t5k3_6 757 F 5.78 5.75 0.45 14399 O 0 26 0.00
Instn50t5k4 49 4 4443 1111 F 18.69 12.48 33.25 14400 I — — 0.00

Average Improvement 0.14

Table 5: Comparison between FPVRP and PVRP formulations using S2 instances.

On the other hand, Table 6 shows the results of the comparison between the FPVRP
and the PVRP with the S3 instances (Case B). For the PVRP instances, computing times
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increased significantly in some of them. The exception was instances FPVRP_n10k5t5_1,
for which no feasible PVRP solution could be found in the 14400 seconds allowed. The
strengthened FPVRP formulation was not able to prove the optimality of the best solution
found for any of the instances in the set, although it was always able to find a feasible solution.
In general, the percentage optimality gaps at termination are small, with higher values (up
to 5.51%) for the instances with the smallest radius r = 0.15. Despite not knowing whether
or not the best-known FPVRP solutions are optimal, in all cases they produce substantial
improvements in the routing costs with respect to the optimal PVRP solutions. In these
instances, the benefit of using FPVRP is more noticeable for instances of S2 because of
their structure. In fact, even if the number of schedules has increased for the PVRP, the
improvement is significant since it is allowed to partition customer demands into several
periods. The range of such improvements is 3.03%- 12.27%, with an average improvement of
7.43% in comparison to the PVRP.
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FPVRP PVRP %Imp
Instance r |C| |K| Q Dt Status BestSol BestLB % Gap Time Status % Gap Time
FPVRP_n10k5t5_1 0.15 10 5 200 938 F 20.78 20.3 2.36 14400 I — 14399 —
FPVRP_n10k4t5_2 4 664 F 12.44 12.12 2.64 14400 O 0.01 145 4.37
FPVRP_n10k5t5_3 5 874 F 13.23 12.87 2.8 14400 O 0 11 4.10
FPVRP_n10k4t5_4 4 738 F 13.53 13.05 3.68 14400 O 0.01 35 10.81
FPVRP_n10k8t5_5 8 1401 F 25.91 25.58 1.29 14400 O 0 1 6.60
FPVRP_n15k10t5_1 15 10 250 2317 F 34.26 33.39 2.61 14403 O 0.01 2445 5.55
FPVRP_n15k6t5_2 6 1495 F 17.42 16.51 5.51 14400 F 1.69 14399 12.27
FPVRP_n15k10t5_3 10 2484 F 25.25 24.45 3.27 14400 O 0.01 1213 10.12
FPVRP_n15k8t5_4 8 1767 F 32.11 31.25 2.75 14400 O 0.01 4587 5.81
FPVRP_n15k7t5_5 7 1606 F 23.89 22.84 4.6 14400 F 1.54 14399 7.28
FPVRP_n20k10t5_1 20 10 300 2813 F 24.58 23.58 4.24 14402 F 2.33 14399 5.25
FPVRP_n20k12t5_2 12 3408 F 36.1 35.45 1.83 14400 F 0.48 14399 7.71
FPVRP_n20k11t5_3 11 3138 F 23.7 22.79 3.99 14404 F 2.47 14399 11.03
FPVRP_n20k10t5_4 10 2957 F 35.35 34.53 2.37 14401 F 4.81 14399 10.34
FPVRP_n20k10t5_5 10 2874 F 29.45 28.89 1.94 14399 F 4.31 14399 6.36
FPVRP_n10k6t5_1 0.3 10 6 200 1028 F 19.04 18.97 0.37 14400 O 0.01 79 5.58
FPVRP_n10k6t5_2 6 1176 F 13.89 13.59 2.21 14399 O 0.01 122 11.05
FPVRP_n10k5t5_3 5 922 F 14.5 14.16 2.4 14400 O 0.01 269 7.03
FPVRP_n10k5t5_4 5 820 F 14.38 14.04 2.42 14400 O 0 19 4.39
FPVRP_n10k8t5_5 8 1436 F 19.4 19.34 0.31 14400 O 0.01 8 10.08
FPVRP_n15k9t5_1 15 9 250 2116 F 27.16 26.64 1.95 14400 O 0.01 105 3.03
FPVRP_n15k9t5_2 9 2225 F 29.72 29.19 1.82 14401 O 0.01 161 9.60
FPVRP_n15k7t5_3 7 1692 F 27.84 27.38 1.68 14400 F 1.68 14399 4.57
FPVRP_n15k7t5_4 7 1530 F 17.43 17.06 2.17 14401 O 0.01 8992 4.58
FPVRP_n15k6t5_5 6 1488 F 20.59 20.18 2.03 14400 F 0.88 14399 7.70
FPVRP_n20k10t5_1 20 10 300 2824 F 29.57 28.97 2.07 14400 F 3.44 14399 9.41
FPVRP_n20k12t5_2 12 3537 F 31.55 30.78 2.5 14400 F 0.58 14399 5.94
FPVRP_n20k10t5_3 10 2849 F 26.07 25.18 3.53 14400 F 4.27 14399 8.89
FPVRP_n20k13t5_4 13 3691 F 42.61 41.62 2.38 14407 F 1.47 14399 8.07
FPVRP_n20k12t5_5 12 3308 F 34.05 33.76 0.86 14400 F 2.3 14403 8.41
FPVRP_n20k14t5_1 0.5 20 14 300 4076 F 32.3 31.57 2.31 14400 F 0.69 14400 6.32
FPVRP_n20k10t5_2 10 2786 F 29.33 28.77 1.95 14400 F 5.46 14399 9.55
FPVRP_n20k7t5_3 7 2059 F 23.25 22.68 2.51 14400 F 1.61 14399 5.12
FPVRP_n20k10t5_4 10 2825 F 24.8 24.02 3.25 14400 F 4.09 14399 11.45
FPVRP_n20k11t5_5 11 3043 F 36.45 35.5 2.68 14400 F 2.38 14399 4.22

Average Improvement 7.43

Table 6: Comparison between FPVRP and PVRP formulations using S3 instances.

7.3.3 Analysis of the FPVRP benefits

In this section we focus on the analysis of the benefits of the FPVRP with respect to the
FPVRP-IC and to the PVRP that emerged in the computational experiments described in
the previous section. To this aim, we present a summary of the improvements of the objective
function achieved by the FPVRP relative to different problem parameters.

We start by focusing on the comparison between FPVRP and FPVRP-IC on the instances
of set S1. Results are shown in Table 7 where instances are clustered on the basis of the
number of customers, first, and fleet size, second. For each cluster of instances we report the
average and maximum improvement achieved by the FPVRP.
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|C| Avrg. Improvement Max. Improvement
5 1.73% 8.87%
10 3.22% 6.37%
15 3.07% 9.48%
20 2.23% 7.91%
|K| Avrg. Improvement Max. Improvement
2 3.11% 8.87%
3 2.02% 9.48%

Table 7: Improvement of FPVRP versus FPVRP-IC on S1 instances.

The table shows that the improvements increase with the number of customers except for
the case with |C| = 20 while they slightly decrease when the number of vehicles increases.
The maximum improvement is 9.48%.

We now analyze the benefits of the FPVRP with respect to the PVRP. Table 8 summarizes
the results for the instances of set S2. Instances are clustered by number of customers only
as all instances have the same number of vehicles. We do not consider instance Instn50t5k4
in this analysis.

|C| Avrg. Improvement Max. Improvement
7 0.00% 0.00%
9 0.16% 0.57%
11 0.43% 0.67%
15 0.21% 0.40%

Table 8: Improvement of FPVRP versus PVRP on S2 instances.

The results show that the FPVRP benefits are quite fluctuating with respect to the
number of customers. Nevertheless, FPVRP still shows slight improvements with respect to
the PVRP.

Finally, Table 9 focuses on the comparison between FPVRP and PVRP on the instances
of Set S3. Instances are clustered by the number of customers and radius. We did not consider
the number of vehicles for these instances as it varies with the number of customers.

|C| Avrg. Improvement Max. Improvement
10 7.11% 11.05%
15 7.05% 12.27%
20 7.87% 11.45%
r Avrg. Improvement Max. Improvement

0.15 7.69% 12.27%
0.30 7.22% 11.05%
0.50 7.33% 11.45%

Table 9: Improvement of FPVRP versus PVRP on S3 instances.
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We can notice that, as for instances of set S2, the benefits are quite fluctuating with
respect to the number of customers and the radius. The maximum savings are 12.27%.

When comparing the benefits of the FPVRP versus the FPVRP-IC and PVRP, respectively,
we notice that much larger improvements are achieved by the FPVRP with respect to PVRP
than with respect to FPVRP-IC. This is clearly due to the way the instances are constructed
and also due to the fact that PVRP is suffering from the rigidity derived from the fixed
schedules and fixed delivery quantities. Part of this rigidity is overcome with the FPVRP-IC.
However, the improvements of the FPVRP versus FPVRP-IC show that inventory constraints
may remarkably affect solution costs.

Finally, we made additional computational experiments in order to investigate the impact of
customer demands on the benefits produced by the PVRP. The results confirm that the highest
savings can be attained when the capacity is tight and demands are rather homogeneous,
whereas the smallest savings are obtained with larger capacities and high variations in the
demands. Details about these tests can be found at http://or-brescia.unibs.it/instances. A
similar observation was made in Archetti et al. (2008) concerning the benefits of the SDVRP
with respect to the VRP.

8 Conclusions and Future Research

In this paper we have introduced the Flexible Periodic Vehicle Routing Problem (FPVRP)
where a carrier has to establish a distribution plan to serve his customers over a planning
horizon, using a fleet of homogeneous capacitated vehicles. Each customer has a total demand
that must be served within the horizon, although the quantity delivered at each visit cannot
exceed a fixed quantity. The objective is to minimize the total routing cost over the time
horizon. The FPVRP is related to other VRPs in which customers have to be served with
a certain regularity, like the Periodic Vehicle Routing Problem (PVRP) and the Inventory
Routing Problem (IRP). We have presented a worst-case analysis which shows the theoretical
advantages of the FPVRP with respect to both PVRP and IRP. Furthermore, we have
presented a load-based mixed integer formulation for the FPVRP, together with some families
of valid inequalities. The results of the computational experiments that have been carried
out show that the FPVRP may produce substantial improvements in the routing costs in
comparison with both PVRP and IRP.
Given the difficulty of optimally solving FPVRP instances of relatively small sizes, a promising
avenue for future research is to develop an efficient heuristic able to produce high quality
solutions in small computing times.
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