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Abstract. Quality of optical surfaces is currently limited by the accuracy of
the metrology used for their characterization. Synchrotron radiation facilities
require even more precise surface measurement techniques. The reconstruction
of measurement functions by using Lateral Shearing technique is proposed in
this paper. Thanks to this method, measurement accuracy given by a Fizeau
interferometer is not limited by the reference surface, but by imprecisions in linear
stage. Two of the errors caused by such imprecisions, calibration and tilt, are
tackled in this study. A tilt estimation method is proposed at the same time that
numerical results are detailed below. They demonstrate how these methods do
improve the accuracy of optical surface measurements.

PACS numbers: 06.00.00, 42.87.-d, 42.87.Bg, 07.85.Fv

1. Introduction

Third generation synchrotron sources that have appeared and developed during the
last twenty years are X-ray sources that produce high brilliance beams. Brilliance is
defined as the spectral flux density per unit phase space. The typical source size is in
the order of few microns, and the collimation of the beam is in the order of 10µ rad.
In the near future the free electron lasers will produce even more brilliant beams.

In order to profit this brilliance characteristic, the beamline optics must be
polished with accuracies better than 1µrad for mirrors up to one meter long. The
quality of the optical surfaces is currently limited by the accuracy of the metrology
used for their characterization during the manufacture. To reach the mirror quality
required in future applications, the development of new technologies to improve the
accuracy in optical metrology is needed [1].

Usually there are two kind of instruments used to characterize synchrotron optics:
long trace profilometers (LTPs) [2, 3] and Fizeau interferometers [4]. While the LTP
provides high accuracy, it is very sensitive to the variations of the environment, due
to the low scan speed. On the other hand, the Fizeau interferometer is much more
robust to the environment perturbations, although its absolute accuracy is limited by
the quality of the reference optics, often worse than the mirrors being characterized.
Such a limit in the accuracy is generally overcome either by a proper calibration of
the optics, or by combining different datasets, either by rotating the surface [5] or by
using different references [6].

In this paper we propose to remove the error introduced by the reference surface
by applying the Lateral Shearing (LS) Interferometry technique [7, 8]. It consists in
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subtracting the datasets corresponding to two different positions of the sample surface
with respect to the reference surface, and reconstructing the mirror function from its
finite differences. In this case, the accuracy of the measurement is not limited by the
reference surface, but by errors of the linear stage.

1.1. Fizeau Interferometer as a tool for ultra precise metrology

Most of two-beam interferometers, which two wavefronts follow different paths, are
very sensitive to external conditions, such as temperature fluctuations. The Fizeau
configuration is one of the best, because the test and reference beams are split by the
final surface of the interferometer optics. Hence all internal optical components are
traversed by the two wavefronts and they are in the common path of the two beams.

In this way, the potential sources of error are reduced, and as a result the Fizeau
Interferometer achieves high resolution and high repeatability. It is assumed that the
accuracy is basically limited by the accuracy of the reference surface. The calibration
of the phase-shift mechanics, the non-linearities of the CCD camera, the diffraction
effects (dust, speckle) also contribute to these errors, but the reference surface is the
main source of error for a well calibrated instrument in a controlled environment.

1.2. Lateral Shearing Interferometry

LS interferometers are commonly used in a broad number of applications: optical
testing, active or adaptive control, atmospheric turbulence measurements. Their
main advantage lies in the fact that the analyzed wavefront interferes with itself, thus
eliminating the need for a separate ideal reference wavefront. That is, two replicas
of the analyzed wavefront shifted one each other interfere, giving a fringe pattern
related to the measurement phase. However, lateral shearing interferometers are not
available for large apertures. This overlapping principle is used in our setting, but
in this case the shifted wavefronts do not interfere directly one each other, but are
measured sequentially with respect to a common reference.

The description of the new technique for continuous infinite domain functions is
given in section 2. Problems introduced when using sampled signals with finite domain
are explained in section 3. Also the solution to these problems by means of the natural
extension is given in this section. Then, the influence of different errors introduced by
the setup is studied in section 4, and a method to minimize the influence of the errors
is proposed. Finally, in section 5 a summary is presented.

For the sake of simplicity only one dimensional analysis is given in this paper.

2. Setup and procedure

The proposed setup consists on installing the sample mirror, the surface under test,
on top of a linear stage, in front of the Fizeau interferometer (see fig. 1). The sample
mirror is measured at two or more different positions of the linear stage. At each
position d of a the linear stage, the Fizeau provides an accurate measure of the optical
path difference t(x) between the reference surface r(x) and the sample s(x). They are
related as follows

t(x) = s(x) − r(x)

t1(x) = s(x − d) − r(x)
(1)
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By subtracting datasets acquired at different positions of linear stage, one gets

w(x) = t(x) − t1(x) = s(x) − s(x − d) (2)

which does not depend on the reference surface.

Reference

Surface under test Surface under test 

Linear stage

Figure 1. Scheme of the configuration. The sample is installed in a linear stage
to permit its displacement

To recover the sampled function s(x) from the difference w(x), the Fourier
transform (FT ) is applied to w(x). As the FT is a linear operator, it can be obtained

W (u) = FT [w(x)] =

a
︷ ︸︸ ︷

FT [s(x)]−

b
︷ ︸︸ ︷

FT [s(x − d)] (3)

According to Shift Theorem [9], (a) and (b) are only differing by a linear phase
which depends on the shift d. Then,

S(u) =W (u)T (u),

T (u) =
1

1 − exp (−2πiud)

(4)

where S(u) = FT [s(x)] and T (u) represents the so called shearing transfer
function [10, 11], which is undefined when u is multiple of 1/d. Then, a new shearing
transfer function is defined as

T̂ (u) =

{
T (u), u 6= k

d
, k ∈ Z

0, otherwise
(5)

Applying the Inverse Fourier Transform, s(x) can be obtained,

s(x) = FT−1
[

W (u)T̂ (u)
]

. (6)

This procedure, combining spatial and Fourier representations, allows w(x) to
obtain the original function s(x), free from the errors induced by the reference. Note
that the reconstruction has periodical errors of period d produced by the new shearing
transfer function. However, these errors can be avoided by combining three datasets
with d = 0, d1 and d2 where d1 and d2 are coprimes.

The actual application of the technique requires that the method must be
discretized, i.e. finite domain functions have to be used, and that the influence on
the accuracy of the translation stage errors should be studied. This is done in the
following sections.
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3. Discretization with Natural Extension

The problem introduced when using finite domain functions is sketched in fig. 2(a).
Each measure has a length η, then, in the first measure, s(xi), the captured values are
in the domain i ∈ [d, η + d] (represented in blue in figure 2(b)), while in the second
measurement, s(xi−d), the captured values are in the domain i−d ∈ [0, η] (represented
in red in figure 2(b)). From now, d and η represents the number of pixels of the shift
and of the entire frame. Note that the sampled finite domain functions are not longer
the sames functions, one shifted with respect to the other, and in consequence the
method described in section 2 will give errors [12, 13]. These errors are related with

ǫd(s) ∝

d∑

i=1

s(xi) − s(xi+η) (7)

In order to solve this problem one constructs a periodic function which is equal
to the target function in the region of interest [0, η] (see figure 2(b)). By means of
the Natural Extension (NE) [14, 15] it is possible to obtain the extended difference
function wd(xi) by using only measured values of w(xi).
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Figure 2. With two frames, a full period of a η+d sawtooth function is captured.
These acquisitions could be obtained with two analog processes: (a) displacing
the domain or (b) displacing the function. In figure (b) extended values of wd(xi)
are obtained by subtraction of the measurement function and its copy.

If at each acquisition, shifted d pixels one each other, the function is sampled
at η points, η + d different values are included. Then, the values of a full period
from the sample s(xi) are included in the difference w(xi). It is of note that there is
no periodical relation between both η-frames, as it happens with any tested function
s(xi) in a real world. Consequently, the corresponding w(xi) in both situations have
no periodical relation between their points.

The two η-pixels sampled functions s(xi) and s(xi−d) are not the same functions
because they contain different values, and then they do not fulfill the Shift Theorem.
The next step consists of conveniently extending w(xi) from no inherent periodic
functions s(xi), into wd(xi), as it were η + d periodic. The NE allows to obtain η + d
pixels from the η-values of the differences between the two shifted functions assuming
that s(xi) in η + d periodic. Then, values from next period are included, and thus,
the FT of wd(xi) fulfills the Shift Theorem.

The main problem for this purpose is that s(xi) is unknown. However, the NE
extends w(x) by d points with a linear combination of certain η values of itself, given
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by the following expression

wd(xi) =







w(xi) if i ∈ [0, η]

−
∑ η

d

l=1 w(xi−ld) if i ∈ [η + 1, η + d]

(8)

To check that wd(xi) corresponds to the differences of a η + d periodic function
s(xi) in the extended domain, we compare the values of η + d periodic function such
as in fig. 2(b) with the function obtained by the NE.

For this purpose, we develop eq.8(b)

−

η
d∑

l=1

w(xi−ld) = −

η
d∑

l=1

s (xi−ld) − s
(
xi−(l+1)d

)

= s(xi−η−d) − s(xi−d).

(9)

which in the extended domain, [η + 1, η + d], is

w(xη+1) = s(x1−d) − s(xη−d+1)
...

w(xη+d) = s(x0) − s(xη)

(10)

Comparing equation 10 with w(xi) values of a η + d periodic function (see fig.
2), it is clear that the NE effectively periodizes the tested function in the extended
domain, using only a linear combination of w.

The reconstruction of a function by the LS method, using NE or not, is shown
in fig. 3. Note that the errors achieved with the NE are smaller than those obtained
without using it. It is also remarkable that when NE is not used, the reconstruction
errors at both ends of the function, known as boundary errors, are larger than
central reconstruction errors, due to the fact that Shift Theorem is not fulfilled
there. Furthermore, the bigger is the displacement d, the bigger the error of the
reconstruction is. As one can see in figure 3(d) the error when using NE is a periodic
function of period d, as commented above this error can be reduced by using two
differents wd1

(xi) and wd2
(xi)
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Figure 3. In fig (a) the original function in dashed red and reconstructed in blue,
with a displacement d of 10mm. In fig. (b) the error of this reconstruction. In
fig. (c) the original function in dashed red and reconstructed in blue, using NE
with same displacement. In fig. (d) the error of this reconstruction.

4. Linear stage errors

As described in section 2 the sampled mirror is shifted with a linear stage that has
both guidance and positioning errors. These movement imprecisions become the limit
of the reconstruction accuracy for the proposed technique.
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4.1. Position errors

One of the most important parameters for the reconstruction of a function using LS
is the precision in the displacement between the two frames. As computational work
after function reconstruction by the Fizeau interferometer is required, it is crucial to
have good equivalence between the Fizeau and the computational coordinate systems.
Once the relation between computer and Fizeau pixel size is established, it is important
to know which is the difference between the real displacement of the linear stage and
the displacement given by the computer.

To perform such calibration, a software based on multiple line 1D correlation is
developed. The encoded displacement of the linear stage is compared to the position
of the mirror in the screen of the Fizeau, which is given by the maximum of the
cross-correlation to the image acquired at reference position.
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Figure 4. Chart (a) represents the fizeau position as a function of the motor
position (in pixels.) Chart (b) represents the number of events as a function of
the location error (in pixels). In chart (c) the quality factor Q as a function of
the location error is represented.

The location method has been tested in the laboratory and the positions in pixels
given by the algorithm have been compared to those given by the encoder of the linear
stage. The dependence is plotted in figure 4 (a). The uncertainty of the location
provided by the correlation algorithm is limited by its repeatability, due to the noise
of the acquisitions. The histogram of such repeatability is given in figure 4 (b). It
shows that the root mean square uncertainty is below 1.6% of a pixel. In figure 4 (c)
the quality factor Q, defined as Q = λHeNe/∆s where ∆s is the peak to valley of the
error of the reconstruction, decreases dramatically with the location error. However,
the callibration algorithm allows to reconstruct profiles with peak to valley errors
about λ/700, i.e. Q ≈ 700.

4.2. Tilt error

Another error introduced by the linear stage is the pitch error. It is when the guide
in which the stage is moved is not perfectly straight.

This error is described by a linear function added to the shifted profile as follows

t̂1(xi) = s(xi−d) − r(xi) + axi, (11)

and therefore to the function of differences

ŵ(xi) = s(xi) − s(xi−d) − axi (12)

This is a critical error, not only because a change in the optical path difference
induces error in the LS reconstruction, but also because the NE is extremely sensitive
to it, giving poor measurement reconstructions. As stated before, this sensitivity
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comes from the fact that when periodizing s(xi) in the extended domain, this method
only uses w(xi) values. Consequently, if these w(xi) values are modified by a given
tilt, the NE can not obtain a correct wd(xi).
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Figure 5. Reconstruction error for different values of the tilt introduced by
the platform. On the top row the original function is represented in dashed
red, while the reconstruction is represented in blue. Bottom row represents the
reconstruction errors. The used tilts are (a) a = 0.005µrad, (b) a = 0.015µrad,
and (c) a = 0.03µrad.

Reconstruction errors caused by different tilts are shown in figure 5. Notice
that in fig. 5(a), the maximum error between t(xi) and t1(xi) induced by the tilt is
0.5 nanometers. With such a sub-nanometer error, an imprecise reconstruction would
already be obtained, and the larger tilt error the worse final reconstruction. It can also
be seen in fig. 5 that, as tilt increases, the reconstruction error becomes quadratic. In
other words, the tilt error provokes that the curvature of the reconstructed function
is very different to that of the real function. Aside from this, the function is well
reconstructed (i.e. the higher orders of the taylor series are not affected by the tilt
error).

Therefore, a method for removing this tilt reconstruction error before working in
the Fourier domain is required.

4.3. Tilt error estimation

We propose a method for estimating the tilt error.
As t(xi) and t1(xi) implicitly have similar information, hence both have repeated

values of the measurement function, the tilt can be estimated through w(xi).
If a perfect displacement without tilt is assumed, values of w(xi) are

I






w(x1) = s(x1) − s(x1−d)
...

w(xd) = s(xd) − s(x0)
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II






w(xd+1) = s(xd+1) − s(x1)
...

w(xη−d) = s(xη−d) − s(xη−2d)

(13)

III






w(xη−d+1) = s(xη−d+1) − s(xη−2d+1)
...

w(xη) = s(xη) − s(xη−d)

When all values of w(xi) are added up, central points (II) are canceled each other,
and the only values left are the negative terms from initial points (I) and the positive
terms from final ones (III), as follows

A =

η
∑

i=1

w(xi) = −

d−1∑

i=0

s(x
−i) +

η
∑

i=η−d+1

s(xi)

=

d−1∑

i=0

s(xη−i) − s(x
−i) (14)

If instead of having a perfect displacement (eq.13), a tilt is present (eq.11), the
sum (eq.14) becomes

η
∑

i=1

ŵ(xi) = A − a

η
∑

i=1

xi (15)

Then, tilt a can be written as

a =
−

∑η
i=1 ŵ(xi) + A
∑η

i=1 xi

(16)

where ŵ(xi) and all xi values are known.
A only depends on s(xi), which remains unknown, and thus, it becomes the

unique error source for tilt estimation. In order to determine the slope a of the error,
A term could be in different ways, here we present two of them:

(i) A = 0
With this statement, it is assumed that d initial values of s(xi) are equal to d
final values of s(xi−d). If A is not equal to zero, the tilt estimation error is

δa =
A

∑η
i=1 xi

(17)

(ii) A = −

d∑

i=1

t1(xi) +

η
∑

i=η−d+1

t(xi)

With this statement, it is assumed that d initial values of s(xi) are equal to its
respective t(xi) values and that d final values of s(xi−d) are equal to its respective
t1(x) values

s(xi) ≈







t1(xi+d) if i ∈ [−d + 1, 0]

t(xi) if i ∈ [η − d + 1, η]
(18)
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In this case, when assuming such condition, A estimation error is

δA =

δr
︷ ︸︸ ︷

−

d∑

i=1

r(xi) +

η
∑

i=η−d+1

r(xi) +

δs
︷ ︸︸ ︷

(a − â)

d∑

i=1

xi (19)

where δr appears when it is assumed that both end vectors of the reference
function are compensated when they are not.
To reduce δs error, produced by terms of equation 18(a) as terms in t1(x) are
already influenced by the tilt a itself, two iterations of tilt assessment are needed.
In first iteration, â, the estimation of a, is equal to 0. In second iteration, â is
already close to a and the impact of this δs error is minimized.
Tilt estimation error is

δa =
δA

∑η
i=1 xi

(20)

4.4. Test of the tilt estimator

To check how important this error is and, consequently, how reconstructions with
this technique are, a procedure is carried out. According to this operation, a
range of tilt errors is studied. For each tilt, the quality of reconstruction Q is
determined by calculating it for 4000 different references randomly generated from
realistic reference profiles. The average quality factor Q is represented in fig. 6.
A shift of 4mm it is chosen.
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Figure 6. Fig. (a) is a comparison of Q quality factor, with a tilt estimation
process or without it. Discontinued-green line sketches the case when no tilt
assessment method is used in the LS process. The other two lines show Q when
tilt estimation method from section 4.3 is applied, using reference surfaces of λ/10
quality (red-crossed line) and λ/20 (blue line). Y -axes in logarithmic. Fig. (b)
is the histogram of Q quality factors obtained by the described method with a d
shift of 4mm, using 100000 randomly λ/10 reference surfaces.

As shown in figure 6(a), the quality of the reconstruction Q remains constant
in the whole range of tilt errors, whereas without the tilt estimation, its values
decrease below Q from the reference surface, itself. This crucial stabilization of Q
allows us to explore all kinds of displacements without limitations, even in short
ones, where tilt error is frequently higher.
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Note that with λ/10 reference surfaces, results obtained with the proposed
method are, in average, similar to those obtained with around λ/100 reference
surface using phase shifting technique [16]. In case of λ/20 reference surfaces,
reconstruction errors are, in average, similar to those of λ/160 obtained with a
phase shifting technique.
In figure 6(b), the capability of the proposed technique to improve Q is shown.
The histogram done by simulating 100000 random λ/10 reference surfaces, with a
fixed tilt and a 4mm shift, shows how a Q of at least 48 can be obtained with the
proposed method. Thus, this results highlight the fact that error reconstructions
with the new method are at least 5 times better than those obtained with the
phase shifting technique.

5. Summary and conclusions

Quality of the optical surfaces is currently limited by the accuracy of the metrology
used for their characterization. In order to improve such accuracy in testing of
synchrotron mirrors, a new technique combining phase shifting and LS interferometries
is proposed in this paper. With this purpose, a software to reconstruct the tested
surface using LS with NE has been implemented.

Movement imprecisions of the linear stage limit the accuracy of the reconstruction
in the proposed technique. Specific error sources, such as calibration and tilt, have
been analyzed. Regarding calibration, a software based on multiple line 1D correlation
has been developed and tested to calibrate linear stage position. On the other hand,
a new method has been proposed to estimate and minimize the tilt error. With these
proposed new approaches, accuracy in optics calibration is improved by at least a
factor of 5 compared to that achieved with the phase shifting technique alone.
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UAB, especially Dr. Juan Campos, for their invaluable help and support in all kind
of circumstances.

References

[1] Sostero G, Cocco D and Qian S 1999 Proc SPIE 3739 310
[2] Takacs P, Church E, Bresloff C and Assoufid L 1999 Applied Optics 38 (25) 5468
[3] Li Z, Zhao Y, Li D, Xiao T and Xia S 2005 Optics & Laser Technology 37 391
[4] Heil J, Bauer T, Schmax S, Sure T and Wesner J 2007 Applied Optics 46 (22) 5282
[5] Aim C and Wyant J C 1993 Applied Optics 30 (5) 4698
[6] Vannoni M and Molesini G 2008 Applied Optics 47 (12) 2133
[7] Malacara D 1992 Optical Shop Testing 2nd ed. (Wiley-Interscience)
[8] Schreiber H and Schwider 1997 Applied Optics 36 (22) 5321
[9] Goodman J W 2005 Introduction to Fourier Optics 3rd ed. (Roberts & Co.)

[10] Freischlad K R and Koliopoulos C L 1986 J. Opt. Soc. Am. A 3 1852
[11] Loheide S and Weingrtner I 1998 Optik 108 53
[12] Moreno A 2003 Publicacions UAB

[13] Briggs W L and Henson V E 1995 The DFT. An Owner’s Manueal for the Discrete Fourier

Transform, (Philadelphia: SIAM)
[14] Elster C and Weingartner I 1999 J.Opt. Soc. Am. A 16 2281
[15] Elster C and Weingartner I 1999 Applied Optics 38 5024
[16] Creath K 1988 Progress in Optics XXVI


	Caratula.pdf
	Tesina3.pdf

