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0. Introduction

We consider fibrations f : T' — B from a complex projective threefold T" onto
a complex smooth curve B. We consider always that T"is normal, Q-factorial with
at most canonical singularities and that f is relatively minimal, i.e. the restriction
of K7 toany fibre F' of f is nef. We are interested in the case where I is of general
type. Given any fibration g : T' — B from a smooth threefold 7" and with fibres
of general type we can always get its relatively minimal associated fibration by
divisorial contractions and flips (cf. [14], [26]).

Our aim is to study f from a geographical point of view and hence to relate
some numerical invariants of 7', B and F. First of all note that under our as-
sumptions K7 (and hence Kr/p = Ky — f*Kp) is a Weil, Q-Cartier divisor. We
can consider its associated divisorial sheaves wr and wr/p, the canonical sheaf
of T' and the relative canonical sheaf of f respectively. Then & = f.wr/p is a
locally free sheaf on B of rank p,(F'). We have then the well defined numerical
invariants (note that the first one may be a rational number):

Kip = K; —6KE(b—1)
Af = degE

Xf = xOrxOp — xOr.

From [10] we know that £ is a nef vector bundle and hence that Ay > 0. From
the nefness of direct images of multiples of the relative dualizing sheaf it follows
that K7/p is also nef (see [28], Theorem 1.4) and so that [”%/B > 0. Moreover,
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if K3,p =0 then f is isotrivial (cf. [28] Corollary 1.5). When Ay = 0 we can
also deduce the isotriviality of f under some additional hypotheses (see Lemma
1.2). In general it is not known whether x; > 0 holds. In §1 we give examples
for which y is negative (see Remark 1.7) and prove (see Theorem 1.6):

THEOREM 0.1.  Let T be a desingularization of T. If dimalb%(f) # 1 and
some extra mild hypotheses hold, then x; > 0.

Then we can define for a wide class of fibrations two different slopes, A1 (f) =
K%/B/Af (when Ay # 0) and Az(f) = (%/B/Xf (when y; > 0) and prove some
natural invariance of them under certain operations.

With this notations we can state the only known general result on the geog-
raphy of fibred threefolds over curves, due to Ohno. We state a simplified version
of the theorem (see [28] for a complete reference).

THEOREM 0.2. ([28] Main Theorem 1, Main Theorem 2).  Let f : T — B
be a relatively minimal fibration of a threefold over a smooth curve of genus b.
Assume that the general fibre F' is of general type.

(i) Assume p,(F') > 3. Then K%/B > (4—e(py () (xOpxOF — xOr), where
e(py(F)) = ﬁ or ﬁ depending on whether |Kp| is composed with a pencil
or not.

(i1) ]fK%/B < A xOpxOp—xOr) then F falls in a list of 7 (possible) families.

We observe that in [28] is not proved that Y is non-negative. In fact, when
Xs < 0, Theorem 0.2 gives no information since K%/B > 0 holds.

In §2 we study general lower bounds for A;(f) and Ay(f). The main result
(Theorem 2.4) reads

THEOREM 0.3.  With the same hypotheses of Theorem 0.1, if p,(F) > 3 and
Xf >0 then M\o(f) > (9 —E(py(F))) except if F' is fibred by hyperelliptic, trigonal
or tetragonal curves, or |Kg| is composed, where &(p,(F)) ~ o(ﬁ).

In fact Theorem 2.4 is much more explicit and gives extra bounds for the
exceptional cases.

Section §3 is devoted to the study of the influence of the irregularity of T'
on the slope. In the study of fibred surfaces we have the general inequality
Af) >4 —¢e(F) and that A(f) > 4 when ¢(S) > ¢g(B) (cf. [34]). Similarly we
get for threefolds (cf. Theorem 3.3):

THEOREM 0.4.  If, moreover, q(T) > g(B) then X\y(f) > 9 except if F' has an

irrational pencil of hyperelliptic, trigonal or tetragonal curves.

Theorem 3.3 gives also explicit bounds and a structure result in the exceptional
cases. The key point here is to use the condition ¢(7') > ¢(B) to construct new
fibrations with the same slope and with fibres of higher invariants. The result
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follows then by a limit process in Theorem 0.3. Also we remark that, following
[2], the hypothesis ¢(T') > g(B) can be weakened to say that & = f.wr/p has a
locally free, rank one, degree zero quotient.

Finally in §4 we study fibrations with very low slope (A2 < 4). These are
known to exist (cf. [28] p.664); in [28], Ohno gives a classification of them in
seven possible families as announced in Theorem 0.2 (see Theorem 4.1 bellow for
a complete description). We prove (see Theorem 4.2):

THEOREM 0.5.  Let f: T — B be a relatively minimal fibration of a normal,
Q—factorial projective threefold T with only canonical singularities onto a smooth
curve B of genus b. Assume that the general fibre F is of general type, p,(F) >3
and x; = xOrxOp — xOr > 0.

Then if X\a(f) < 4 we have

(i) ¢(T)=b

(ii) € = fwwr/p has no invertible rank zero quotient sheaf (in particular, £ is
ample provided b < 1).

(tii) If p,(F) > 15 then F has a rational pencil of curves of genus 2.

(i) If p,(F) < 14 then one of the following holds

(a) F' has a rational pencil of hyperelliptic curves
(b) F has a rational pencil of trigonal curves and q(F)=10
(¢c) F is canonical, p,(F) =4, ¢(F)=0, K} =5.

In fact we have a more concrete description of case (iv) (b). Case (iv) (c) is
doubtful to exist (see Remark 4.3).

The author wants to thank very much professor Kazuhiro Konno who pointed
out the problem to him during his visit to Barcelona and for his encouragement
and advice. He also wants to thank his advisor, professor Juan Carlos Naranjo,
for help and continuous support.

Notations and conventions
We work over the field of complex numbers. Varieties are always assumed to
be projective, reduced and irreducible. Symbols ~, ~Q and = stand for linear

equivalence, Q-linear equivalence and numerical equivalence respectively.

1. Slopes of fibred threefolds

DEFINITION 1.1.  Let f : T —» B be a fibration of a normal, Q-factorial,

projective threefold with only canonical singularities onto a smooth curve. Let F
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be the general fibre of f and b = ¢g(B). We define

Af = deg f*wT/B
X7 = xO0pxOr — xOr

LEMMA 1.2.
(i) Ay = x5+ degR' fuwr/s > X5
(it) Ay > 0. If Ay =0 and |Kp| is birational, then f is isotrivial.

(iii) If B : T —» T is a nonsingular model of T and [ = f o3, then y; = X7
Ap=Ax
Proof.

(i) Follows from [28] Lemma 2.4 and 2.5.

(ii) Ay > 0 follows from the nefness of € ([10]). If Ay = 0 and |Kp/| is birational
we can apply [16] I (see also [25], 7.64).

(iii) Canonical singularities are rational (cf. [8]) and hence R'3,0z = 0 for i > 1
cf. , p-50). Hence YOz = yOr. The same holds for general fibres
f. [15], p.50). H Oz Or. Th holds for g 1 fibres F

and F of f and [ respectively, so Xf = X5

By Grauert-Riemenschneider’s vanishing we have Riﬁ*w% = 0 for z > 1.
Hence using the spectral sequence Ey? = RP f.(R?B.wz) = RPY fiws we
obtain that for every ¢ > 0 R’ f.wr = Riﬁw% holds

a

DEFINITION 1.3.  With the above notations if f is relatively minimal and the
general fibre F' of f is of general type we define

K3
M) =3 A £
K3
AQ(f):XL;B it xy>0

REMARK 1.4. In the case of fibrations of surfaces over curves we actually
have Ay = xOgs — xOpxOp = —x; > 0 (the minus sign here is a matter of the
dimension of the variety) and vanishing holds in the locally trivial case. Then
when f is not locally trivial we define A(f) = Kg/B/Af.
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Here we have two different possibilities for the slope of f : K%/B/Af or

K%/B/Xf- As we will see in §2, the natural methods provide lower bounds for

A1(f) (hence also for Ay(f): see Lemma 1.5 below). Note that from the geograph-
ical point of view the most interesting one is A2(f). But for this election we do
not know whether x; > 0. The aim of this section is to show that this actually
happens for general fibrations.

LEMMA 1.5.  Assume x5 > 0. Then
(1) X2(f) = M(f)

(it) If o : B — B is a finite map whose branch locus does not contain the
images of singular fibres of f and f : T = T x B — B is the induced
B

fibration, then A\;(f) = )\i(f), 1=1,2.

(ii1) IFT-5T is an €tale map such that f :~f o a has connected fibres, then
Aa(f) = A f) (but in general A (f) # M (f)).

Proof. (i) is obvious.
(11) If o does not ramify over the images of singular fibres of f then T =

T x B is again a normal, Q-factorial relatively minimal threefold over B with
B

only canonical singularities (cf. [25], 4.10). Clearly [&’~/~ = (dego)K7,p and
deg " . T =

and we are done.
(iii) From the standard theory of cyclic coverings (cf. [32]) we get that a,ws =
DIy (wr @ L), Since a is finite we have

= (dego)R' fuwr/p by flat base change. Then nA; = Af, nXf = X7

-1 . R
R fowgyy = "0 B fu(wryp © L)

and
K%/B =n(Kzp+(n—1)L)° = nK%/B :

Hence

X7 = deg fwT/B deg R'f. Wi g =

= S5 (deg fu(wryp © L9) — deg R [(wryp @ L7)) = nx;

Indeed, for this observe that by relative duality degR? fiwr/p = degf.Op =
degOp. For 1 < i < n—1, K*(Fwr® E%i) = hO(F,E%i) = 0 since ,C% is
non trivial. Then rank(R*f.(wy/p @ L)) = 0; but since R*fi(wr/p @ L)
is a subsheaf of Rzﬁw%/B (which is locally free, see [18]) it is torsion free and

hence R?f.(wr/p @ £%) = 0. Finally note that x(7,wr/p @ L®) = x(T,wr)
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(L € Pic®(T)). Then from Leray’s spectral sequence and Riemann-Roch on B
we get

wrs) = X(Tywr © £LOF) = sz(—l)fX(B, RO fu(wr)p @ LO) =

7=0

(=1 degR fu(wr/p @ L)| + x(F.wr @ Li7)xO5

I
-

Since again x(F,wp @ ,C(l}%i) = y(F,wr) we obtain that

2
Z(—l)]degR]f*(wT/B ® 'C@Z) = degf*(wT/B) - degle*(WT/B) = X¥
7=0

Then )\Q(f) = )\Q(f) '

Note that in general deg f.(wr/p @ L?") # deg fiwr/p and hence Ay need not
be invariant. 0O

The question now is whether vy > 0 holds. This is not always true (see
Remark 1.7). We give criteria for its non-negativity depending on the Albanese
dimension of T'. By Lemma 1.2 we hav that y; = X}vwhere f: foB,8:T —T

being a desingularization. Hence we can assume 7' is smooth.
First of all, consider ¢ € B, such that F} is smooth, and the Albanese maps

alb Fy

Ft —> Alb(Ft)

jit (Zt)*l
7 =2 ammr)

o
B LUQBAlb(B)

and let ¥ = alby(T). We set @ = albdim(7') = dim X. Let S — ¥ be a minimal
desingularization of ¥ and 7 : T — S the induced map on a birational model of

T.

Note that by rigidity, Im (i;). = A is an abelian variety independent of ¢, of
dimension ¢(7T') — b.
Consider also the induced map PicOT%Pico(Ft) which image is A

f%
Pic®(Fy). We say that f is special if for general ¢ € B, A = (he)*(Pic’Cy) C
Pi°(Fy), for some hy : F;, — () a fibration over a curve of genus g(C}) > 2.
Otherwise we say that f is general.

THEOREM 1.6. Let f: T — B be a fibration of a normal, Q-factorial,
projective threefold with only canonical singularities onto a smooth curve of genus
b. Let F' be a general fibre of f. Let a = dimalb(T).

Then x5 = xOpxOp—xOr > 0 provided one of the following conditions holds
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(i) b <1 and yOr < 0.
(i) a =2 and h°(S, W*w%/s) # 0.
(iii) a =3, f is special and has no non-reduced fibres.

(tv) a =3 and f is general.

REMARK 1.7.  Part (i) of the theorem is trivial since when b <1 y; > —yOr.
We only want to remark that condition yOr < 0 holds in most cases. Indeed, if
T is smooth and Kt ample then yOr = iclcg < 0 by Miyaoka-Yau inequality.
Also, if T'is minimal and Gorenstein xOr < 0 holds (cf. [24]). Finally, if « = 3
then yOr < 0 by a consequence of generic vanishing results (see [12]). Observe
that if @ = 0 then necessarily ¢(7') = b = 0 and hence this possibility is included
in (i).

Extra conditions included for the cases @ = 2,3 are very mild. This is clear
for the case @ = 3. In the case a = 2 observe that if I is a general curve on
S and H is its pullback on T, then h°(S, W*w%/s) = h°(E,mwp/g) (see proof of
part (iii) of the theorem). Then, remember that by Proposition 3.1.(v) m.wpp is
nef and contains an ample vector bundle, so condition h°(E, m.wp/g) # 0 is not
very restrictive.

We want to stress that in the statement of the theorem some hypotheses are
needed since x; > 0 is not always true. Indeed, we can construct counterexamples
as follows. Let (C;, ;) (i=1,2,3) be smooth curves with an involution. Let D; =
C;/m and g; = g(C;) > 2, b; = g(D;). Consider X = C; xCyxCsand 7: X — X
the involution acting on C; as 7;. Consider T' = X /7. Then T is a threefold of
general type with a finite number of (canonical) singularities, endowed with a
fibration f : T'— D; =: B with general fibre ' = (5 x C5 (hence it is isotrivial).
Since H(T, A'Q%) = HO(X, A°Q%)7 (see [9]) a standard computation shows that

YOp =1—b

XOp =(1-g)(1—g)

WO =q(T) = by + by +bs

h2Or = biby + bibs 4 bobs + (g1 — bi)(ga — b2) + (g1 — b1)(gz — b3)+
+(g2 — b2)(gs — b3)

h*Or = bibsbs 4 (g1 — b1)(g2 — ba)bs + (g1 — b1)(gs — b3)bat

+(g2 — b2)(gs — b3)by.
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If we take by = by = by = 0 (C; must be hyperelliptic then) we obtain ¢ = 0
and x; < 0. Any base change of this fibration to a curve of positive genus
produces a new fibration with q(T) =b>1 (hence with ¢ = 1) and X7 <0.

If we take by = by = 1, by = 0 we obtain again y; < 0 and ¢(T") > b (so a > 2).

Finally we must say that we do not have any reasonable criteria for the non-
negativity of yy when a = 1, which corresponds to the case when ¢(T) = b,
f« = 1d and alby factors through f (f is, then, an Albanese fibration). Nev-
ertheless this is precisely the case in which we are not interested in Theorem

3.3.

Proof.  (ii) By Remark 2.3 we have that x; = X7 where [ = fof3,8:T —»
T is a desingularization. Hence we can assume T smooth. We can always assume,
by the same arguments, that 7 : 7' — S has ramification locus contained in a
normal crossings divisor and that is flat using a flattening base change ([25], 1.10).
We have now a factorization of f

T\
f S

i

B

where g need not to be a relatively minimal fibration. Let C;, = ¢g~'(¢) be a
general fibre (¢(Cy) > 1) and m; : Fy — C; the induced fibration. Let G be
a general fibre of m;. Note that we have (m;).wp, /0, = mwr/s @ O¢, and hence
(R'7).0F, = (R'7.0r1) @ O¢, by relative duality on C;.

Take a n-torsion element £ € Pic®(S) verifying that for 1 < i < n —1
L% & g*(Pic’(B)) (this is possible since S is of Albanese general type by con-
struction) and such that 2°(Cy, R'(7¢).OF, @ Lic,) = 0 (this is also possible since
{L € Pic®(C) | h(Cy, (R'1).OF, @ L) # 0} is a finite set (see Proposition 1.8)
and the image of Pic’(S) — Pic’(C}) is a subtorus of positive dimension oth-
erwise ¢(5) = b, a contradiction).

Let M = 7*L € Pic®(T). Since m has a normal crossings ramification locus
we have that R'm.Or is locally free (cf. [18] Theorem 2.6 and §3) and hence
gx(R'7.Or @ L) is torsion free (hence it is locally free since B is a smooth curve).

Then
G (R'7.0r @ L) =0

since rk ¢, (R'7m.Or @ L) = h°(Cy, R (1¢).OF, @ Lyc,) = 0 by election of L.
Using the spectral sequence F5? = RP g, (R'7.F) = RPTf.F and that R*m, =
R*g, = 0 by dimension of fibres we have

(1) RZf*(M) = ng*(Rlﬁ*(M)) = ng*(Rlﬁ*OT ® 'C)
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We observe that R?f.(M) is locally free. Indeed M = 7*L; since £ is torsion
and /3% # O¢ for 1 <1 < n —1 we can consider the induced étale base change

of m:
_

M)
~

EN
Uy =——
o 3

g

PR

sy

N
and get

N n—1 . .
) R faspyy = T R (orys © MO
RO, = %}; R f (M),

Hence R?f.(M) is locally free, being a subsheaf of RQﬁOf (which is locally
free by relative duality and [18]).

Finally remember that for fibrations of surfaces over curves we have (cf. [34];
we do not need for this that the fibration be relatively minimal):

deg (m¢)uwr, /e, = XOr — XOcxOgq;  deg guwsp = xOs — xOcxOp.

Now we can compute

xOr = x(m.0r) — x(R'7.01) =

= xO0s — X(R'm.O0r @ L) since L € Pic?(S)
= xOs + x(R'¢.(R'm.Or @ L)) by Leray

= XOs + x(R* (M) by (1)

=yOs + X(f*(wT/B @ M) by relative duality

= XOS — deg(f*(wT/B @ M_l)) + hO(F, WF & M|_Fl)XOB by R.R.on B

By election of L, Serre duality on B and relative duality on B and C we
obtain

(3) h(F,wr @ ./\/l|_Fl) = h°(C, mwp/c Q@ we @ ,C|_Cl) = X(Mwr/c @ we @ ,C|_Cl)

= —X(R'm.0r © £) = —x(R'1.0F) = (xOF — xOcxOg) — g(G)xOc
= xOr — xOc¢

Hence:

(4) X7 = XOrxOp — xOr = deg( fu(wr/p @ M) — deg(gsws/B)
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Now we use the hypothesis: m.wr/s has a section and hence we have an
injection
00— OS — TWT/8

which gives
00— Ws/B & ,C_l — TWT/S X Ws/B X ,C_l = m(wT/B X M_l)

and so

(5) 00— g(wsyp @ L") D gu(mlwr/p @ M) = fulwrp @ M)

Note that deg(g.(ws/p @ L7")) = degg.ws/p. Indeed, by election of £ we have
that 2'(C,we @ ,C|_Cl) = 0; on the other hand R'g.(ws/p @ £L7") is locally free,

being a subsheaf of R'¢,wz,, for the étale cover S — S induced by £. Hence

S/B
R'g.(ws/g @ L71) = 0. Then use Leray spectral sequence and Riemann-Roch on
B and S as in the proof of Lemma 1.5 (iii).

In order to finish the proof it suffices to check that fi(wr/p @ M™') is nef.
By (2) we have that f.(wr/p @ M™') = fi(wr/p @ MEC=D) s nef since it is a
quotient of a nef vector bundle.

(iii) Assume that for general t € B we have a fibration h; : F; — C;. Let
é C B be a non-empty open set such that f° : f — é is smooth and for
every t € é there exists such a h;. We can consider now the fibration of abelian

varieties ¥ : Albo o — é For every t € é we have an abelian subvariety
T/B
K; = ker(AlbF;, — AlbC}) < AlIbF, = ¢»~'(¢). Then we can apply [3] Theorem

2.5 and get, up to base change, a relative abelian subvariety K' — Albo o

T/B

over é Let J = Albo o /K. Consider the natural map, up to base change,
T/B

@ f — Albs o — J over é For general t € é, @ @ Fy — J; has as image

T/B
('t by construction. Let §* = c,o(f) and complete the map to get

Nl <=—™

A
%

PR

T2
i
B =<7
Note that we are in the same situation for f as in (ii). We have even more since

by construction the hypothesis h°(m.wr/s) > 0 holds; indeed, let E be a general
curve on S and let H be its pullback on T'. We have that

S~
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Tuwn/E = (Tawr)s) © OF.

If £ is ample enough, we also have

hO(S, mwT/S ® Os(—E)) = hl(S, mwT/S ® Os(—E)) = 0

Hence h°(S,mwworss) = h°(E,mwh/k). But in the case of fibred surfaces
(B, mwn/p) > q(H) — g(E) according to Fujita’s decomposition (see Proposi-
tion 1.8). Finally note that by [7] ¢(H) — g(E) > ¢(T') — ¢(5) > 1.

So we can apply the same argument than in (ii) and get x5 > 0.

We apply now the hypothesis: f has no non-reduced fibres. In fact, after
some blow-ups in 7' and T, that do not modify y; and Xf, we can assume [ to
be semistable, and T smooth. Then we have

T_%TEB_)T
N
f

B——B

where o is induced by f and 7. Since f is semistable we can apply base change

theorem ([25], 4.10) and get

fwrg = fiworggg = o (fwrs) .
B

In fact we also have the same equality for R!f,: take H a very ample line bundle
in T and let H be a general smooth member of its associated linear system. We
have in a natural way

0 — fuwrp — fulwrp @H) — fuwnyp — R fuwor/p — 0

since le*(wT/B @ H) = 0 (by Kodaira vanishing h'(F,wp @ Hir) = 0 and
R' f(wr/p @ H) is locally free by the trick of a cyclic cover used in (ii)).

Note that all of them are locally free. Hence we have that after taking o* we
still have a long exact sequence. Considering the analogous exact sequence for f
and the natural maps we get

0 —o*(fuwr/p) —= 0" (fawr/p @ H) — o*(fawn/p) —= o*(R' fuwr/B) —=0

I

0 —= fu(wr/5) — fu(wr5 @ H) Fewr B R fuwr g —0

where v is naturally induced and exhaustive. Since le*wf/g and o*(R' fawr/B)

are both locally free sheaves of the same rank over B, v is an isomorphism.
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So we have
0 S Xf = degf*wf/g — deg le*wf/g = n(degf*wT/B — degle*wT/B) =nxy.

(iv) Since T' is of Albanese general type, then so is F; for t € B general. We
can apply then [6] Theorem 1 to get that {L£ € Pic®(F,)|h*(F;, L) # 0} is the
union of subtori hf(Pic?(C;)) for fibrations h; : F; — C; with ¢(C;) > 2 and a
finite number of (torsion) points.

Under our assumptions we can take a n-torsion element £ € Pic?(T) such

that for 1 <i<n —1, hl(Ft,,C%t) =0.

Hence as in Lemma 1.5 (iii) if we consider the étale cover o : T — T
associated to £, and f J oo we have that f.(wr/p ® L) is a quotient of f Wi
hence it is nef.

Since h'( [, ,C|_Flt) = 0 we have R' f.(wr/p @ L) = 0 (as above it is locally free)

and hence

T/B

Xfr = degf*wT/B - degle*WT/B =
= degf*(wT/B & ,C) — degle*(wT/B & L) = degf*(wT/B & ,C) Z 0

a

We finish with the following result on the structure of & = f,wy/p. The first
part is a well known result of Fujita ([10], [11]). The second part can be found in

[2].

PROPOSITION 1.8. Let X, Y be smooth varieties of dimensions n > m
respectively. Let f : X — Y be a fibration with a simple normal crossings
branching.

Then

(i) If m =1, E—wa/y—A@@E @(’)Y —a(Y)) where A is an am-

ple vector bundle and E; are stable degree zero non-trivial vector bundles.
Moreover, if E is a stable degree zero vector bundle which is a quotient of

E, then E is one of the F;.

(ii) If there exist a vector bundle E with det(F) =L € Pié(Y') and an epimor-
phism € = fiwy)y — E, then L is torsion. In particular, when m = 1,
E; is a torsion line bundle whenever rank (£;) = 1.

2. Lower bounds for the slopes of fibred threefolds

We give here a lower bound for A;(f) (and hence for Ay(f) provided it is well
defined) in the case of a relatively minimal fibred threefold with fibres of general
type. The bounds we obtain are considerably better than Ohno’s ones ([28] Main
Theorem 1) as far as p,(F') > 0.
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First we need some results on linear systems on surfaces of general type.

LEMMA 2.1.  Let F be a minimal surface of general type such that p,(F) > 3

and let 7+ ' —s F be a birational morphism. Let 0 < P < @ < 7°Kp be two
nef and effective divisors, such that the complete linear systems |P| and |Q| are
base point free. Let r < s be the ranks of |P| and |Q)| respectively. Let 3 be the

image of I through the map o induced by |P|. Then
(i) If ¢ is a generically finite map then we have

o P(t*Kp) > P%>2r—4+42q(X) if ¢ is a double cover of a geometrically
ruled surface X.
o P(r"Kp)> P? > 3r — T otherwise
(ii) If |P| is composed with a pencil of generic fibre D of (geometric) genus g,
D =7.D, and |Q] induces a generically finite map then we have
e QP >2(r—1)
o QP >3(r—1) except if D is hyperelliptic and |Q|p = g5.

o QP > 4(r — 1) except if D is hyperelliptic or trigonal and |Q|p = g3
1
or gs.

o QP >5(r—1) except if D is hyperelliptic, trigonal or tetragonal and
Qlip = 93, 293, g5 or g1, or D is of genus 2 or 3.

o P(T"Kp) > (29 — 2)(r — 1) or (29 — 2)r, according to the pencil is
rational or not, if the pencil |D| in F' has no base point.
o P(T"Kp) > (ZpG(ﬁ) -2 ﬁz)(r — 1) if the pencil |ﬁ| has some base
point.
(tii) If | K| is composed with a pencil of generic fibre D as in (ii) then we have

o P(T"Kp) > (29 — 2)(r — 1) or (29 — 2)r, according to the pencil is
rational or not, if the pencil |D| in F' has no base point.

« P(rKp) > maXWz(g —1) (1= ) (o) = 1)D?,
(ZpG(ﬁ) —2— ﬁz)(r — 1)} otherwise.

Proof. (i) Since P is nef and P < 7*Kp we obviously have P(7*Kp) > P?.
It is a well known fact that deg ¥ > r — 2 4 ¢(X) if ¥ is geometrically ruled and
that deg ¥ > 2r — 4 otherwise (see [4]).

Let a = deg ¢. If @ > 3 then P? > 3deg® > 3(r—2) >3r—7. lfa=2and &
is not geometrically ruled P* > 2(2r —4) = 4r —8 > 3r — 7. If ¥ is geometrically
ruled P? > 2degy > 2r — 4 4 2¢(X).

If « =1, let C € |P| be a smooth curve (|P| has no base point). Then
2Pc < (7"KF + P)ic < (Kz+ P)ic = Ko. So degPe < g(C') — 1. We can then
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apply “Clifford plus” lemma (cf. [5]) and get P? = degPc > 3h°(C, Po) — 4 >
3RO(F,P)—7=3r—T.

(ii) Let wp(F) = C CP"~'. The map F' — (' may not have connected fibres;
consider the Stein factorization of pp, F' — € — C'. Note that then we have
P = aD where D is an irreducible smooth curve such that D? =0and o = ajay
where a; = deg(C — (') and a3 > r — 1 (and equality holds only when C' is
rational). The pencil | P is said to be rational if C' = P' and irrational otherwise.
Note that in general also a > r — 1 and « > r if the pencil is irrational.

Since P < @), the map ¢p factors through ¢g. Let ¥ = ¢g(F) and consider
the induced map v : ¥ — (. By construction clearly ¢go(D) C o~ !(¢) for t € C
(note that ©»~*(¢) does not need to be connected).

We have that QP = ay(a1@QD) > (r—1)(c1@D). Let a be the degree of vgp,
D = pg(D) and d = degD. Note that a divides degpg although we will not use
it. We have then anQD = ajad. Note that ad > 2 (otherwise F were covered by
rational curves) and hence QP > 2(r — 1). But if QP < 3(r — 1) then oy = 1,
a=2,d=1(ifa=1,d =2 again F'is covered by rational curves). Hence D is
hyperelliptic and |Q|jp = ¢;.

If QP < 4(r — 1) then ayad < 3. If ajad = 2 the previous argument holds.
If cmad =3 then oy =1, a=3,d=1 (ifa=1,d=3, I would be covered by
elliptic or rational curves, a contradiction since F' is of general type). Then D is
trigonal and |Q|p = ¢3.

If QP < 5(r —1) then ajad < 4 and we only must study the case ajad = 4.
Four possibilities may occur. Either oy = 2, a = 2, d =1 (then D is hyperelliptic
and |Q|p = g3) or a; =1, a =4, d =1 (then D is tetragonal and |Q|p = ¢3)
or ay = 1, a = 2, d = 2 (then D is again hyperelliptic and |Q|p = 2¢g3) or
a1 = a = 1,d =4 (then D has at most genus 3; in particular D is also hyperelliptic
or trigonal).

Finally note that D7*Kp = 2g — 2 if |ﬁ| has no base point and D7*Kp =
DKp = 2pa(ﬁ) —2-D? (by adjunction formula on F') otherwise. Hence the
result follows from P(r7*Kp) = aD(7*KF) and the previous bound of a.

(iii) The first result is analogous to (ii) having in mind that if P < 7*Kp then
|P| is composed with a pencil of the same genus than |Kr| and with the same
general fibre.

Part of the second statement follows as in (ii). For the rest consider that from
Hodge Index theorem (KpD)? > K2D? and that when |Kp| is composed of a
pencil of genus zero then K7 > 2(g — 1) (1 — ﬁ) (py(F) — 1) ([21], Lemma
3.3). O

DEFINITION 2.2.  We say that a linear pencil || on F'is of type (r, g, p), r > 2,
g>2,p=0,1if |@Q] is a complete linear system of r-gonal (but not s-gonal for
s < r) curves of (geometric) genus g, rational if p = 0, irrational if p = 1. If |Q] is
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a rational pencil, we call D a generic member and ¢ = KpD = 2pa(ﬁ) —2- D2
If |@] is base point free, then clearly 6 = 2¢g — 2.

REMARK 2.3.  We recall the following result, originally due to Xiao ([34]) for
the case of surfaces and to Ohno ([28]) for 3-folds and given in full generality by
Konno in [22]. We refer there for details.

Given f : T' — B as before, consider £ = f,wy/p and the Harder-Narasimhan
filtration of &:

Ozgog...g&_lg&zg
and pg > prg > ... > pe >0, where y; = p(&;/&-1). If r; = rk& we have that
0
deg €= ri(pi — priz1)-

=1
Consider the induced rational maps ¢; : T'— —— > Pg(&;) and let T —>T

be a desingularization of T' which eliminates the indeterminacy of the ;. Let
T = F —— F the restriction of p to a general fibre F' of fop. Then we have

a sequence of nef effective Cartier divisors on F, Ph<P<...<P <Py <
7" Kp (where Pyi1 can be chosen to be Py or 7*Kp) such that the (projective)
dimension of the linear systems |P;| are r; — 1 (r; = rank(&;)) and such that, for
any 1 <1< ...<1, <i,01 =0+ 1and any 1 <m < n we have

3

(6) AT/B = (u*Kq/p)° Z o Py )P (1, — iy, ) +

n

—I_Z(PZ?—I_P P2p+1+Pii+1)(luiP_’uiP+1)

p=m

(7) AT/B > Y (P, + Py (T Kp) (i, — iy )

p=1

where pypq = 0.
In particular, for the indexes {1, /} we have

(8) Kpyp 2 Pln + (P + Phyie = PP(py + 2p0).

Now we can state the main result of this paragraph:

THEOREM 2.4.  Let T be a normal, Q-factorial, projective threefold with only
canonical singularities and let f T — B be a relatively minimal fibration onto
a smooth curve of genus b. Let F' be the general fibre.

Assume F is of general type, p,(F) >3 and that x5 = xOpxOp — xOr > 0.
Then
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(i) If |KF| is not composed with a pencil and |Kp| has no subpencil |P| of type
(rvgvp); r= 273,4, then

M f) = M(f) =9 (1 - m)

(ii) If |KF| is composed with a pencil with generic fibre D of (geometric) genus

g, then
M(f) > (f) > 49 -4 if the pencil is irrational
A(f) > (f) > %(4pa(ﬁ) —4— Zﬁz) if the pencil is rational

(tii) If |KF| is not composed, has no hyperelliptic subpencils, and has subpencils
{Qil}ier of type (ri, gi, pi) with r; =3, or 4 then

Ma(f) 2 M(f) Z min{AZ(Qi) }

el
where

M(Q) =9 — 5 —eilpy(F), 9)

N(Q) = 9— 5% —eSpy(F),0)  if 6=T,

- 17 .

i 6 (1 - W) otherwise

Q) =9 - 457% —eilpy(F),g)

o) = | 07 el 82T,
' 8 (1 - m) otherwise

() If |Kp| has hyperelliptic subpencils {|Q:|}ier of type (2,¢:,pi) then

Aa(f) 2 M(f) 2 min{AZ(Qi) }

el
where
o) = | 6 as b i 923
2 (1= 5p=) if g=2
A(Q) = 6 — 525 —e(py(1),0)  if &=4,
: A W) otherwise

1
pg(F)

and where €2 ~ o ) are the following positive functions

. (68g — 159)(36g — 84) o (176 — 91)(95 — 48)
T g =92 (Brg(F) — ) + (689 — 159)(49 = 9) ' (5= 5)(3pg(F) — 7)+ (3= 5)(170 — 91)
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. 36(g — 2)(68g — 137) 0 (95 — 36)(175 — 69)
ST (g 1)2(@pe(F) —7) + (689~ 137)(dg— 7) (5 3)°(3pg(F) — 7) + (3 — B)(175 — 69)
L 4(3g — 5)(9g — 17) o (95 — 24)(65 — 16)
4)

2T 20920 (F) —2) + (99 —11)(20—-3) 2 (53— 2)2(2pg(F) — 4) + (6 — 2)(95 - 24)

REMARK 2.5.  The statement of Theorem 2.4 looks considerably easier if we
consider the bounds for p,(F) >> 0 (in which case the functions ¢ tend to be
zero). This behaviour will play a special role in next section. We also observe
that even if y; < 0 then the bounds in the theorem hold for Ai(f) as far as

AlS) # 0.

Proof.  We consider & = f.wr/p and its Harder-Narasimhan filtration
0:50§51§§&:E

with slopes g1 > gz > ... > pp > 0 and ranks 1 < rp <1y < ... < 1rp = py(F).
As in §1.2, each piece induces a Cartier divisor F; on F' such that the linear
system | P;| has projective dimension at least r; — 1. We define as usual poq = 0,
Py = P,. We observe that following Remark 2.3 we could define, if necessary,
Pryr = 7 Kp > Py (|P| is the moving part of | Kp|), although this possibility will
only be used in very special computations and will be specifically pointed out.

¢
Remember that we have Ay = deg€ = > ri(p; — fig1)-
=1

Consider first the case |Kr| composed. Using Lemma 2.1 (iii) and Remark
2.3 we get, if the pencil is irrational

¢
Kpp = Z(Pz’ + P ) (T K ) (pi — pigr) 2

2 i((‘lg —A)ri + (29 — 2)) (i — piyr) + (4g — 4)ropee =

=1
= (49— DA+ (29 = 2)(p1 — o) = (49 — ) A
using that r;;4 > r; + 1. If the pencil is rational and Dis a generic member of
its moving part then we have

Kip > S((pa(D) — 4~ 2D%)r — (2u(B) — 2~ D)) — i) +

=1
+(4pa(D) — 4 —2D*)(re — 1)pte =
= (4p(D) 4~ 2D%)A s — 2pu(D) 2~ D) (s + o)
By Remark 2.3 using the indexes {1,/}

(P14 P) (7" Kp) (g1 — pue) + 2P (7" K )pe >
PZ(T*/A:F)(MI -I-A/M) >
(2pa(D) =2 = D)py(F)(p1 + pee)

[xT/B

VAR AVAR A/
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And hence eliminating (p1 + p¢) from the above inequalities

1 —~ .
1—|——)K3 > (4p.(D) — 4 —2D*)A
(14 1) Ktyn = (40.D) A,

which proves (ii).

From now on we assume |Kp| not composed. Let
m = min{k | |P;| induces a generically finite map} </

By Remark 2.3 we have

n

m—1
Kiyp 2 Y (P4 Poa) P — privr) + D (PP 4 PPy + PA) (1 — fiva)
=1

=m

Note that for z > m we have Pi2—|—1 > PPy > P? and if PPy, = P? then
P, = Pyy. Indeed, we have Ppy = P, + D;, with D; > 0. Hence PQ_I_1 =

K3

Pyi(P, 4+ D;) > Pyt P = (P, + D;)P; > P? since P; and P,y are nef and D,
effective. If P;P;y; = P? we would have P;D; = 0. Since |P;| is base point free
and is not composed, Hodge Index Theorem applies and hence either D? < 0
(which is impossible since then P? | = P? 4+ 2P, D; + D? < P?) or D; = 0. So we
get PZ = Pi-l—l-

Assume |Kp| has no hyperelliptic subpencil (in particular, the maps induced
by the linear systems | P;| are never double covers of geometrically ruled surfaces).

Then
(9)

Indeed, we call ¢; the map induced by |P;| and «; = degp;. Note that r; > 3.
First consider the case m < 1 < ¢ — 1. By Lemma 2.1, if ¢; and ¢;41 are

for m<:</-1 P¢2‘|‘Pipi+1‘|‘P¢2+1Z97“i—17
for 1=/ PZQ—I-PZPZ_H—I-PZQ_HZng—Ql

not double covers of geometrically ruled surfaces we have P? > 3r; — 7 and

Pi2-|—1 > 3riy1 — 7 > 3r; — 4; if P, # Piyy then PPy, > P? > 3r;, — 7 and we are
done. If P, = P4y then (P? + PPy + Pi2+1) = 3PZ»2_|_1 > 9r;q — 21 > 9y — 12.

If © = ¢ the result follows immediately from the previous considerations.
Similarly, if | K| admits hyperelliptic subpencils

for m<:</-1 PZ»Q—I—PZ'PZ'+1—|—PZ2+IZ6T¢—9

(10) fOI’ ZZK P42‘|‘PZPZ+1‘|‘P42+1267Y_12

Indeed, 9r; — 17 > 6r; — 9 (since r; > 3) so we only have to check the case
a; = 2 and 4,92(15) a geometrically ruled surface. Since @; factorizes through ¢;14,
a;11 = 1 or 2. In any case Pi2—|—1 > 2rip —4 > 2r; — 2. If P # P4y we have
PPy > P? > 2r; — 4 and we are done. If P, = P,y then P? + P, P; + Pi2—|—1 =
3P2, > 6r; — 6. For i = { the assertion is clear.

Observe that since P, < ... < P,,_q, all the maps ¢; induced by |P;| are
composed of the same pencil (with the only exception of r; = 1, P, = 0 for which
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we have no defined map ¢1). Indeed if i < j < m —1 the map ; factors through
the map ¢;. Since 4,92(15) and c,oj(ﬁ) are curves, both maps have, up to Stein
factorization, the same fibre.

Let P,_1 (and hence P; for i < m — 1) be of type (r,g,p). Now

10r,,—1 — 10 if r>35
. 8Tm_1 — 8 i r=4
— _ >
(11) If ¢=m—1 then (Pn_1+ Pn)Pn > 6r o _3
4Tm_1 —4 lf r=22

For this just note that (Py,—1 + Py,) Py > 2Py-1 Py, since P,y < P, and P,
is nef. Then apply Lemma 2.1. Note that even if r,,_y = r4 = 1 (hence P; = 0)
(P14 Pn)Pyn > 107,14 — 10 holds.

Finally, we have

10r;, —5 if r>5
8ri—4 if r=4
6r, —3 if r=3
4r; —2 if r=2

(12) If 1<i<m—2 then (P + Py1)Pn >

which follows immediately from Lemma 5.9, even if P, = P, =0 (r; = 1).
m—1

[fA;=deg &= Zri(ﬂi_ﬂi+1)7 call A} = Z ri(pi—pigr) and Ag = Ap—Ay.

Let us proof first (i) and (iii); we can assume then that |Kp| has no hyperel-
liptic subpencil. We get, using (9),(11) and (12)

If r>5
(13)AT/B > 10A) +9As — By — Bptm—1 — T, — dpe > 9y — 170y — 4piy

If r=4

[&T/B > 8A1 +9As —4Apy — A1 — Yt — dpee > 8A1 + 9A, — 170y — 4py
If r=3

AT/B > 6A1 + 92y — 3y — 31 — Wy, — 4pe > 61 + 90y — 17y — 4
Note that the bound for r > 5 also holds for m = 2, P,_.; = P =0
(ry =1),or m = 1. Using now Remark 2.3 and Lemma 2.1 (i) we have

AT/B > PPpy + 2p10) = (3pg(F) — 7)(pey + 2p1¢)

and so (we use —17uy — 4pe > —17(/,L1 + 2/,Lg ; note that yy may be zero):

(14) I or>5 (

r=4

If r=3 (1—|—

3pg )
3}79
py (£
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The first inequality proves (i) and holds also when m =2, P,y = P, =
0 (rm=1),or m=1.

In order to prove (iii) we can assume from now on that r = 3 or 4, otherwise
we have (i) which is stronger than (iii).

We can also assume m > 2 and, as pointed out, that |P,,_| is composed with
a pencil.

We divide the argument according to the pencil |FP,,_1| is irrational or not.

If the pencil is rational we use the same notation than in Lemma 2.1 and
Definition 2.2 and set D for the (possible singular) general element of the linear
system |7 P;| = |@;] in F' (with possible base points).

Then using Lemma 2.1 and according to the pencil is irrational or not we have

for 1 <m—2
(15) (P, 4+ Py1)(T"Kp) > (4g —D)ri + (29 — 2)  (except if P,=P, =0, = 1)

(Pt Py )(r*K) > (49,(D) — 4 — 257 — (2p,(D) — 2 - D)

for  1=m-—1
(P14 Po) (7" KFp) > 2P, 1 (7" KF)
(P14 Po)(7"KFp) > 2P, 1 (7" KF)

for m<i1</{-1
(P + P )(T"KF) > PP+ P,y

for 1=/
(P + PAy) (7" Kp) 2 2P/

(49 4)rm—1

>
> (4p,(D) 4 — 2D%)(rcs — 1)

Using Remark 2.3 we know

¥4
K75 Z (P + P )(7"Kp ) (i — priga)

and so we can conclude

It r=34 p=1
(16) [&T/B (4dg — 4) A1 + 60 — Wp, — 3pe > (4g — A1 + 65 — 11 pq — 3y

Finally,
If r=34p=0
K}/ > (Apa(D) — 4 = 2D*)A; + 622 — (2pu(D) — 2 — D*) (i1 — 1) —
(17) —(4pa(D) =4 = 2D*) (o1 = i) = Vgt — g1 >
> (2pa(D) — 2 — DA + 67y — 11y — 3

since Ay > (pt1 — ftm—1) 4+ 2(ftm-1 — ftm) (this is immediate if m —1 > 2; if m = 2,
then r1 > 2 and Ay = ri(p1 — p2) > 2(p1 — ).
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Note also that these formulas include the possibility ry =1, P, = 0.
Using now that K7 K7 = (Bpy(F) = T) (1 + 240) we get

., u e (49 — 4)Ay 4 61, ifr=34p=1
3p,(F) -7 /8 = (2pa(D) —2 — D*)A; 4+ 67, ifr=3,4,p=0

Considering simultaneously this last inequality together with (14) and using
that Ay = Ay — Ay we get (iii). All the arguments work similarly so we only give
details of one of them. Assume P,,_; is a tetragonal irrational pencil. Then last
inequality together with (14) give

17
14+ ——— | K3,, >8A 9A, = 8A A
( ‘|‘3pg(F)_7) XT/B 1+ 2 5+ Ay

(FUSSIE
3pg(F)_7

Observe that since |P,,_1]| is not an hyperelliptic pencil, then ¢ > 3 and so we
can get a lower bound for A, from the second inequality and we obtain
49 — 4

1+ 17 + ! l—I—L K3 A
3p,(F)—7 " 4g— 10 3p, (1) — 7 /8 = 4g—10] 7

which gives Aj(P,,_1). As for the computation of A(P,,_1) or A§(P,_1) we only
must be careful when § < 6 since then the corresponding second inequality does
not give a lower bound for A,. If this case happens, then just deduce from (14)

) K75 > (49 —4) A1 + 61, = (4g — 4)Af — (49 — 10)A,

8+

17
1+ 7) K3, > 8A if the pencil is tetragonal
( 3pg(F)—7) 1P =

17
1+ 7) K3, >6A; ifthe pencil is trigonal
( 3pg(F)—7) 1P =T

which give the special values of A in (iii).

Of course we must consider all the possibilities for |P,,_1| being trigonal or
tetragonal subpencils of |Kp| and so we must consider the minimum of all such
lower bounds.

Finally we must prove (iv). Assume |Kp| has hyperelliptic subpencils. Then it
may happens that for some 1 > m ¢, is of degree two onto a ruled surface. Also

may happen that r = 2. Altogether, Remark 2.3, Lemma 2.1 and inequalities
(13), (14), (16) and (17) read

AT/B > PFpn + 2p0) = (2pg(F) — 4) (g1 + 2p10)
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If >3 or m=1 or m=2 P,_1==0
]xT/B > 6A1 4+ 6A; — 31 — 3ptm—1 — 3t — 3pe > 67 — 9y — 3

and so
(18) If >3 1+ 79 K3,, > 6A
r
= 2py(F)—4) 1B =TT
If r=2

[XT/B > 4A1 + 6A2 — 2/11 — 2Mm 1 — 5Mm — 3/,64 > 4A1 + 6A2 — 9/,L1 — 3/,Lg

and so

9
(19) If r=2 1—|—m [XT/B >4A1—|—6A2
fr=2p=0

K}p > (2pa(D) — 2 — D*)Ay + 40y — 61 — 241

If r=2p=1
AT/B (4dg — )AL + 40 — 240 — 2p0 > (4g — 4) A1 + 40 — 21 — 241y

This last inequality needs an extra explanation for the coefficient of . If
r = 2, we have an hyperelliptic pencil on F. Let D be a general irreducible
member. For 1 > m, |F;||p| is a base point free sublinear system of |Kp| by
adjunction and hence maps D onto P'. Hence, ¥; = 4,92(15) is always a ruled
surface. Moreover, @; is of degree at least two. Since ¢,,,_; factors through ; for
i > m, then ¢(X;) > 1 (the pencil is irrational). Hence for ¢ > m:

PZ'(T*[(F) Z Pi2 Z (degc,oz)( r, — 2 + q(Z )) > 27“2 —2.

From here we get

(20) (1 + ) K35 > (4g — A + 42, ifr=2p=1

ng(F) —4

6 oy
1+ — | K3 2. (D) — 2 — DA, + 4A ifr=2.p=0
( +2pg(F)_4) XT/B (p( ) ) 1t 2 ur y P

If » =2 (i.e., |Ppn_1]| is one of the hyperelliptic subpencils of |Kg|) then we
can proceed as in (iii) using (19) and (20) and inequalities in (iv) follow. Here
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the exceptional bounds appear in the cases rational and irrational. When p =0
and ¢ <4 (19) gives

9
14+ 7) K3 > 4A
( 2p,(F)—4) 1/ g

Al(f)24(1_m)

and so

When p =1, ¢ =2 we have from (20)

S

If » > 3 or |P,_1] is not composed with a pencil the situation can only be

better; indeed, in this case inequality (18) holds, which is better than inequality

(19) and hence it is better than any inequalities coming from (19) as (iv) are.
O

REMARK 2.6.  Theorem 2.4 shows that there is some influence on the slope of
the existence of certain special maps on the general fibre. This is precisely what
is known partially to happen in the case of fibred surfaces, where the gonality of
the general fibre seems to play an specal role (cf. [31], [23], [22]).

REMARK 2.7.  In [1] using a different aproach the author find some lower
bounds for Az( f) assuming that 7" is Gorenstein and either the sheaf £ is semistable
or the canonical image of F' lies in few quadrics.

3. The slope of non Albanese fibred threefolds

Consider, for t € B such that F} is smooth, the natural diagram of Albanese
maps
albpt

F,——=Alb(F})
it (7¢)*

VRLININT S
! fx

B LUQBAlb(B)

As t varies, the abelian subvariety (i;).Alb(F};) remains constant, say A, by
the rigidity property of abelian varieties. Let o = dimA. From this we get
b<q(T)=b+a<b+g

Moreover, from the diagram and the universal property of Albanese varieties
it is immediate to check that if 6 > 1 then b = ¢ if and only if albyp(T) = B.
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In this case we say that f is an Albanese fibration. We will say that f is a non-
Albanese fibrationif ¢(T') > b (i.e.,if b = 0and ¢(T) > 0 or if a = dimalb(T) > 2).
We want to analyze the influence of this fact in the slope as in Xiao’s result for
surfaces (cf. [34] Corollary 2.1 ): if ¢(5) > b then A(f) > 4. Our main tool will
be Theorem 2.4 together with an argument of étale covers.

First of all we need to control when étale covers of curves are d-gonal.

LEMMA 3.1.  Let D be a smooth curve and L € Pic°(D) a n-torsion element.

Let o : 5~—> D the associated étale cover of degree n.
Assume D has a unique (base point free) gi; then

(i) D has a g}.

Proof. (i) Let ¢ be the automorphism of order n of D such that D = 5/<w>'

Since D has a unique g}, ¢ commutes with the map ¢ : D — P" and hence there
is an order 7 automorphism @ of P! such that

DD

zl lz

p! —2>p!
commutes. Clearly @|n and Z|d. Hence we have an induced degree d= i—ﬁ map
D = 5/<w> — P}<¢> = P'. Composing with a map P! — P' of degree Z we
have the desired g on D.

(ii) Let ¥ be the automorphism of P' given by ( (1)

if 2 < n. Consider the diagonal action of Z, on P' x D by © and ¢ respectively.
Put S = (P' x D)/Zn' We have a natural fibration

0 i om ;
a)\mthoz =1,a" #1

1

/
such that m=1(1) = D for general { € B and 77!((1:0)) = n(5/<@>) =nD.

Moreover S is smooth along 7~!((1 : 0)) (cf. [30] pp. 65, 66), so for our purposes
can be considered smooth.

Then 7 verifies the hypotheses of Theorem 3.1 (b) in [3] and then one has

7T:S—>[F’Zn:[F’1

N

T

T
S—2>pR
|
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where R is a ruled surface, ® is of degree d and o solves ®. Notice that S still
has a fibre of multiplicity n over (1 : 0). Since R is ruled, 7 has a section so Too
has a d-section Z. Then d = DZ =nDZ is a multiple of n. O

LEMMA 3.2, Let I be a surface of general type and L € Pi®(F) a n-torsion
element. Let a: F' — F be the associated étale cover of degree n. Then, if n is
prime and big enough

(i) F' has no rational pencil of d-gonal curves (d=2,3).

(i1) If F has an irrational pencil of d-gonal curves (d =2,3) of genus g, then
so has F' and there exists a base change

F—F
7 h

c—=C
such that L = h*(M) € h*(Pi°(C)) and C — C is induced by M.

(ii1) If F has a pencil of tetragonal curves then, either so has F and there exists
a base change diagram as in (ii) (and necessarily the pencil is irrational),

or the pencil {5} is of bielliptic curves and F has a pencil {D} of biel-
liptic (hence tetragonal) or hyperelliptic curves such that o*(D) = D (and
2g(D) — 2 =n(29(D) — 2)) where

F = F
A,/
C

Proof.  Assume first F has a base point free pencil h:F — 6'; Let D

be a general fibre and let D = (O‘(E))red' Clearly D is smooth since D moves
algebraically.

If Lip # Op, then since n is prime ,C £ Op for 1 <i < n—1 and hence
a*(D) is a connected smooth étale cover of D containing D and so o*(D) = D.

If D* > 0, by [27], £Lip # Op and by the previous argument o*(D) = D,
0=D?=nD?> 0, a contradiction. So necessarily we have D* = 0.

If,C|D—(’)Dthenoz(D) Di+...+D, (DlzD)DD—OD#le

¢ # j, and hence we have a factorization

]
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such that £ € h*Pic®(C') and 3 is an étale cover. In particular g(C') > 1.

Now we want to explore the p0881b1hty D = a*(D). Since n is big enough
then so is g(D) and hence, if D has a gy (d =2,3,4) it is unique except if d = 4
and D is bielliptic. So Lemma 3.1 (ii) says that D has no gy (d=2,3,4) as far

as n does not divide d except when D is bielliptic.
But in this case, let o be the (unlque if g(D) > 6) bielliptic involution of

D. Let @ be the rank n automorphism of D induced by a. Since o is unique we
must have that oo op™' = ¢ and hence there exists an automorphism ¢ of the
elliptic base curve E such that the following diagram commutes

-

FE = D/<cr>
Hence there is an induced degree two map D = 5/<w> — F/cpn = E', where

E" is P! or an elliptic curve according @ has fixed points or not. Then D is
hyperelliptic or bielliptic (hence tetragonal). O

Then we can consider which is the influence of the irregularity of T in the
slope of f. We have an exceptional good behaviour:

THEOREM 3.3.  Let f: T — B be a relatively minimal fibration of a normal,
Q—factorial, projective threefold with only canonical singularities onto a smooth
curve of genus b. Let F be a general fibre. Assume F is of general type, p,(F) > 3,
and that xy = xOpxOp — xOr > 0.

Then, if q(T) > b we have

(i) Aa(f) = 4
(ii) If F' has no irrational pencil of d-gonal curves (d = 2,3,4) then A2(f) > 9.

(ti) If F' has an irrational tetragonal pencil of (minimal) genus g and no ir-
rational pencil of trigonal curves nor pencil of hyperelliptic curves then

Mo(f) 29— 55

(i) If f has an irrational tetragonal pencil of (minimal) genus g1, an irrational
trigonal pencil of (minimal) genus g2 and no hyperelliptic pencil, then

3 9
A > mi — — .
2(f)_m1n{9 491—979 492_7}

(v) ]fF has an irrational hyperelliptic pencil of (minimal) genus g, then Xy(f) >
G_ 2

3

(vi) If F' has a rational hyperelliptic pencil and none irrational, then As(f) > 6.
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(vii) If Xa(f) < 9 then either F has a rational pencil of hyperelliptic curves or
there exists, perhaps up to base change, a factorization of f

T-t-g
i
B

where S is a smooth surface fibred over B by curves Cy of genus g(Cy) > 1
and h is everywhere defined at the general fibre Fy of f, such that

e fort € B general the image of ((i;)* : Pic®(T) — Pic°(F})) lies in
Ry (Pic®(Cy)) C Pic®(Fy).

o for s € S general Dy = h™'(s) is hyperelliptic, trigonal or tetragonal
(necessarily hyperelliptic or of genus 3 if Ay(f) < 8).

Proof.  Note that (i) follows from (ii), (iii), (iv), (v) and (vi). Since ¢(T') > b
then for every n > 0 there exists a n-torsion element £ € Pic®T \ f*(Pic’(B))
such that for 1 <7 <n —1, /3% # Op. Then we can construct the associated

étale cover o : T —» T as in Lemma 1.5 (iii) and get f = foa such that

A2(f) = Aa(f).

If F' is the fibre of f, we have an étale cover o : F' —» F and hence pg(ﬁ) >

XOz = nxOf > n (note that ¢(F') > ¢(F') > 1 since ¢(T') > b). Since we can
do this process for n as big as needed, we can take in the bounds of Theorem 2.4
limit when p,(F') goes to infinity.

Assume that | K| is composed. We have p,(F) > n and either the genus of
the fibre of the pencil or the genus of the base curve increases, except if ¢(F') =1
and the pencil is elliptic. When |Kp| is composed the pencil can only be rational
or elliptic and the genus of the fibre is at most 5 provided p, > 0 ([5], [33]). So

if n is big enough and the pencil is rational [Kz| can not be composed. Since

Aa(f) = Ae(f) we can assume |Kp| not composed with a rational pencil.

Finally, if the pencil is elliptic and ¢(F') = 1, note that we can apply Theorem
2.4 (ii) and get that Ao(f) > 12if g > 4, Xa(f) > 8if g =3, Xa(f) >4 if g = 2.
So we have that (ii), (iii), (iv), (v) and (vi) hold. From now on we assume |Kp|
is not composed.

When F has a fibration A : ' — ' we have an induced map h = h o ay :
F — (. This map may not have connected fibres and hence factorizes through
an étale cover ' — . We have two possibilities.

It may exist an unbounded sequence {ni}ieN C N such that for every ¢

%ni has connected fibres over C' (hence it is a fibration) or for every n > ng, h,

factorizes through a non trivial étale cover C,, — C. B B
In any case we have that, if g, is the genus of the fibration F, — (),
g < ¢, <n(g—1)+1, the border cases being the two extreme possibilities.
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If C = P! (rational pencil) then C, = C for all n and the sequence {4,} is
unbounded. If F' has a pencil of tetragonal curves which are bielliptic, then by
Lemma 3.2 (iii) again may happen that {g,} is unbounded. Otherwise by using
Lemma 3.2, we have that g, = g holds for all n. B

If the sequence {g,} is bounded, since lim, .. p,(F,) = 0o, we can consider
Theorem 2.4 (iii), (iv) and get the bounds of (iii), (iv), (v) and (vi) (note that
gn = g is the worst case).

Finally assume {g,} (or ,) is unbounded. We must take limit in the bounds
of Theorem 2.4 when ¢ (or §) and p,(F') simultaneously (and linearly) grow. In
all the cases, the limit is 9. B

If F' has no irrational d-gonal pencil (d = 2,3,4) so has not F' by Lemma 5.13.
If " has a rational d—gonal pencil (d = 2,3,4) we know yet that A2(f) > 9. So
we can assume that if F' verifies the hypotheses of Theorem 5.11 (i) then so does
I and so we get A2(f) > 9 in the limit process. This proves (ii).

In order to prove (vii) note that in the previous arguments we always have
A2(f) > 9 except when there exists hy : F; — C; with hyperelliptic, trigonal
or tetragonal fibres (such that ¢(C) > 1 when non-hyperelliptic) and for every
L € Pic®(T) the étale cover F, — F} given by LF, factorizes through an étale
cover of (. This says that Im ((i,)*Pic®T — Pic°(F})) lies in the subtorus
hy Pic°C,.

In order to glue all the maps h; we can proceed as in Theorem 1.6 (iii). O

COROLLARY 3.4. With the same notations as in Theorem 3.3, if q(T') > b
then

(i) If \a(f) <9 then F is fibred by hyperelliptic, trigonal or tetragonal curves.
(ii) If \a(f) < 8 then F' is fibred by genus 3 or hyperelliptic curves.
(i) If Mo(f) < 22 then F is fibred by genus 2 curves.

COROLLARY 3.5.  With the same notations as in Theorem 3.3, if & = fuwr/p
has a quotient of rank one and degree zero, then the same conclusions as in
Theorem 3.3 hold.

In particular, if b = 0,1 and F is not fibred by d-gonal curves (d = 2,3,4)
and Xy(f) < 9 then & is ample.

Proof.  According to Proposition 1.18 (ii), if £ has a quotient £ of rank 1
and degree zero, then it is torsion and so it is trivial after an étale base change
o : B — B. Using now part (i) of Proposition 1.18, the induced new fibration

f:S — B verifies q(T) > g(é) and hence Theorem 3.3 applies. Finally note
that both fibrations have the same slope A by Lemma 1.5 (ii). O

REMARK 3.6.  Although in Theorem 2.4 we only must take care of subpencils
of |[KF|, in the proof of Theorem 3.3 we must take care of subpencils of |K| for

any étale cover F' — F', hence corresponding to arbitrary pencils in F'. Hence
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the hypotheses that appear in the statement of Theorem 3.3 can not be restricted
to subpencils of |K|.

EXAMPLE 3.7.  We give a family of examples of fibred threefolds with F' fibred
by genus two curves and with slope arbitrarily near to 6. For this consider a ruled
surface R onto a smooth curve C of genus m, and let B be a smooth curve of
genus b. Let Y = R x B and consider a suitable double cover T' — Y. If the
ramification locus is suitable chosen, the general fibre F' of the induced fibration
f:T — B has a genus two fibration. A standard computation shows that As(f)
is arbitrarily near to 6 provided m > 1 (in fact equal to 6 if m = 1). Observe that
by construction ¢(7') — b > m and so f is a non Albanese fibration. So we can
conclude that the bound 6 has certainly some meaning for fibrations with general

fibre fibred by hyperelliptic curves. The same construction produces examples
with arbitrary ¢ > 3 but then Ay(f) is far from 6.

4. Fibred threefolds with low slope

In [28], the following possibilities for fibred threefolds with fibre of general
type and Ay(f) < 4 are listed.

THEOREM 4.1. (Ohno, [28] Main Theorem 2).  Let f: T — B be a relatively
minimal fibred threefold as in Theorem 2.4. Assume F is of general type. If
K%/B < 4(xOpxOp — xOr) then F has one of the following properties:

(i) F carries a linear pencil of curves of genus two.
(i) KE <2p,(F)—1
(iii) K7 = 2p,(F), p,(F) > 3, q(F) < 2 and |Kp| is not composed (q(F) = 2
only if p,(F) =3).
(iv) |KF| is not composed and

K3 =8, p,(F)=3,q(F)<1 or
- KE2=9,p,(F)=4,q(F)<1 or
<9

) (}27':7; pg(F):?)} Q(F)

(v) K =4 orb, p,(F) =2 and the movable part of |Kp| is a linear pencil of
curves of genus three with only one base point.

(vi) K} =2 or3 and p,(F) =1
(vii) py(F) =0

Moreover Ohno gives an example of fibration of type (i).
In the case of fibred surfaces, no examples are known with slope less than 4 and
non-hyperelliptic general fibre if g = g(F') >> 0. It seems rather plausible that is
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the genus of the fibre is big enough, then the general fibre must be hyperelliptic.
The analogy in the case of threefolds is clear: the canonical map ¢|x | should not
be general. Curiously enough, we can prove this. If p,(F') < 2 the canonical map
is clearly very special. We can prove that if p,(F') > 8, F'is fibred by hyperelliptic
curves (in fact of genus 2 is p,(F7) > 15) and hence @, | has at least degree two.
In the remaining cases 3 < p,(F') < 7 we also prove that the canonical map of F
has degree 3 up to some exceptions.

In fact what happens is that only the first case in Ohno’s classification holds
when p,(F') is big enough. More concretely:

THEOREM 4.2.  Let f: T — B be a relatively minimal fibration of a normal,
Q—factorial projective threefold T with only canonical singularities onto a smooth
curve B of genus b. Assume that the general fibre F is of general type, p,(F) >3
and x; = xOrxOp — xOr > 0.

Then if X\a(f) < 4 we have

(i) ¢(T)=b

(ii) € = fwwr/p has no invertible rank zero quotient sheaf (in particular, £ is
ample provided b < 1).

(tii) If p,(F) > 15 then F has a rational pencil of curves of genus 2.
(i) If p,(F) < 14 then one of the following holds

(a) F' has a rational pencil of hyperelliptic curves
(b) F has a rational pencil of trigonal curves, q(F) =0 and

. either the canonical map of F' is of degree 3 and either p,(F) =
3, 3<KE<8orp,(F)=4,5 3p,(F)—6 <Kz <9

. or the canonical map of F is birational and

p(F)=4 5<Kp<9
5<p(F)<T 3py(F)—7< K <2py(F).
(¢c) F is canonical, p,(F) =4, ¢(F)=0, K} =5.

REMARK 4.3. It is doubtful that the cases of fibre F' canonical in (iv)(b) and
in (iv)(c) occur. In [1] the author proves that then K%/B > 4xy, provided T is
Gorenstein, so any example should necessarily have T' non Gorenstein.

Proof.

The first two statements follow from Theorem 3.3 and Corollary 3.5. Following
the list of Ohno in Theorem 4.1, if A\y(f) < 4 and p,(F') > 3, |Kr| is not composed.

We follow the notations of the proof of Theorem 2.4.

Assume F' has a rational hyperelliptic pencil. We must proof that the pencil
is of genus 2 provided p,(F) > 15. Call § = KpD. If the (geometric) genus of
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D is not 2 then we observe that § > 4 (if D? = 0 then § = 2g — 2; if D? >0
Hodge index theorem gives §? > K7 > 2p,(F)—4 > 26). Formula (17) reads for
r=2,p=20

[”%/B > 2501 + 405 — §(py — pm—1) — 20(fm—1 — fim) — Opim — 2410

Z 25A1 + 4A2 — 25,&1
and using that K%/B > (2py(F) — 4)(p1 + 240) we get

20
ng(F) —4

which together with (19) gives that K7,z > 4A; provided p,(F') > 15.

Assume F' has no rational hyperelliptic pencil. According to Remark 2.3 we
must check when the coefficient of (p; — p;41) is greater or equal than 4r,.

Take i such that m < i < /{—1. If @; = 2, then P? > 2r;—2 if the image is ruled
(since F' has no hyperelliptic rational pencil, degp;(F) > r; — 1) or P? > 4r; — 8
otherwise. In any case P? > 2r; —2 (r; > 3 since |P;| is not composed), and hence
PZ»Q—I-PZ'PZ'_H—I-PZ»Q_H 23P22 267“2'—6 247“2

If a; = 3 then a;41 = 1 or 3 and hence Pi2+1 >3rig1—7>3r,—4. It P #£ Py
then Pi2 + PiPi-l—l + PZQ_H Z QPZQ + 1 + PZQ_H Z 97“2' — 15 Z 47“2'. If PZ == Pi-l—la

(1+ )K%/B > 25A 1 + 47,

PZ»Q—I-PZ'PZ'_H—I-PZ»Q_I_1 :3Pi2-|—1 Z 97“2'—12 247“2
If a; > 4, P? + P;Piyy + PAy > 3P? > 12r; — 24 > 4r;. Finally if ¢; = 1

then a;y1 = 1 and hence, by the same argument as in (9), P? + P;P,1y + Pi2+1 >
9r; — 17 > 4r; (since r; > 4 if ; is birational).

Let ¢ = /. As pointed in Remark 2.3, we can set Py ; = 7*Kp. Hence, if
Py = Py = 7°Kp we have PP + PPy + P42+1 = 3P} but if Py # P we
have P? 4+ PPy + P/, > Kf 4+ 2PF +1 > 3P + 2. Having this in mind
we obtain that P? + PyPpyy + P2y > 4ry except when ry = py(F) = 4, P} =
K} = 3p, — 7 =5 and F is canonical or r, = p,(F) = 3, P} = 3p, — 6 = 3,
K% =3p,(F)—6 or 3p,(F)—75 and the canonical map is of degree three. In
both cases we have necessarily ¢(F') = 0 (see Chapter 2 for the canonical case
and [35] for the degree 3 case).

Take ¢ such that 1 <¢ <m —1. If r, =1 (then ¢« = 1 and P, = 0) we have
(P, + Py)P,, > 4ry = 4 except when ry = 2 and P,, induces a g3 in the fibre
of the rational pencil |P;|. Assume r; > 2. If a,, = 2, then PP, > 2r; for
this we must look at the proof of Lemma 2.1 (ii). Assume 2r; — 1 > PP, >
as(arad) > (arad)(r; —1); we have that | P,|p = g3, hence @ = 2 and necessarily
a; = d = 1; if ay = r; — 1 the pencil would be rational (since ay = 1) which is
impossible by our assumptions; hence ay > r; which is again impossible. Then
(Pi4+ Piy1)Pr > 2P, P, > 4r;. If @y, > 3 then by Lemma 2.1 PP, >3(r;—1) >
2r; except if 1, = 2, a,, = 3. In this exceptional case, if P;py # P, then
(PZ—I_PZ-I—I)PT)’L Z (37“2 —3) + (37“2'4_1 —3) Z 67“2'—3 =9>8= 47“2'; if Pi-l—l = Pm
then (P, + P,,)P, > 8 = 4r; except if 4 > P2 > 3r,, — 6, i.e., 1y = 2, ry = 3,
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m = 2, a,, = 3 (which again produces a rational trigonal pencil in F'). Finally if
am =1 PPy, > 4r; —4 (Lemma 2.1) and hence P, P,, > 2r;, (P 4+ Piy1) Py > 4r;.

So we can conclude than either p,(F) = 4, ¢(F) = 0, K7 = 5 or F has a
rational trigonal pencil.

Note that in the discussion above, when F' has a rational trigonal pencil,
|P,,| induces a degree 3 map. Hence the canonical map of F' can only be of
degree 1 or 3. In any case K7 > 3p,(F)— 7. Hence, applying Theorem 4.1
we have 3p,(F) — 7 < K < 2p,(F) (if p,(F) > 5) and hence p,(F) < 7,
K3 <2p,(F) < 14.

Finally we must prove that q(F) = 0. If ¢(F) = 1, then K% > 3p,(F) +
Tq(F) — 7 = 3p,(F) (cf. [20]) which is impossible. Assume ¢(F) > 2. If |Kp|
is birational we have 3p,(F) —4 < K7 < 2p,(F) —1 (if ¢(F) > 1 we have
K% > 3p,(F)+q(F)—7but if equality holds then ¢(F') > 3 (cf., e.g., [1])) which is
impossible. If | Kp| induces a map of degree 3 we have 3p,(F)—3 < K% < 2p,(F)
(cf. [35] and Theorem 4.1) or p,(F) = 3, ¢(F') = 2, K} = 7; so in any case we get
p,(F') =3, K% > 6. Following the above discussion the only possibilities for the
Harder-Narasimhan filtration of £ are ry = 2, r9 =3 orry =1, 7 =2, r3 = 3.
The first one gives

_ : — — =
K75 2 (PrtPo) Papin—pia)43P5 p1a > 9(p—pia)+18p2 > 8(pn—pia)+12p5 = 44
The last one gives

P1+P2)P3(M1 2)-|-(P2+P3)P3(M2—M3)+3P32M3

1 (
]& /B

>
>

if o — p3 > py — po; otherwise consider

> (P + Ps)Ps(p1 — p3) + 3P5 s
> 6(p1 — ps) + 18us > Ay — pra) + 8(pa — p13) + 1203 = 44,

So we have necessarily ¢(F') = 0.

As for the restrictions for (p,(F'), K7) when the canonical map is of degree 3,
we refer to [29], [35], [19].

Finally we note that in [1] the author proves that if T'is Gorenstein and |Kp|
is birational, then A2(f) > 4. Then the last exceptional case and those verifying
3 <p,(F) <7 and |Kg| birational only can happen when T is not Gorenstein.
O

References

[1] M.A.Barja. Numerical bounds of canonical varieties. Preprint (1997).

[2] M.A.Barja. On the slope and geography of fibred surfaces and threefolds. Ph. D.
Thesis (1998).



References 33

[3]

[20]
[21]
[22]

[23]

M. A. Barja; J.C. Naranjo. Extension of maps defined on many fibres. To appear
in Collectanea Math.

A. Beauville. Surfaces algébriques complexes. Société Mathématique de France.
Astérisque 54 (1978).

A. Beauville. L’application canonique pour les surfaces de type général. Invent.
Math. 55 (1979), 121-140.

A. Beauville. Annullation du H! et systemes paracanoniques sur les surfaces. .J.
Reine Math. 388 (1988), 149-157.

J.-X. Cai. Irregularity of certain algebraic fiber spaces. Manuscripta Math. 99
(1998), 275-287. 359-387.

R. E. Elkik. Rationalité des singularités canoniques. Invent. Math. 64 (1981), 1-6.

E. Freitag. Uber die struktur der funktionenkorper zu hyperabelschen gruppen 1.
J. Reine Angew. Math. 247 (1971), 97-117.

T. Fujita. On Kahler fiber spaces over curves. J. Math. Soc. Japan 30 (1978),
779-794.

T. Fujita. The sheaf of relative canonical forms of a Kahler fiber space over a
curve. Proc. Japan Acad. 54 (1978), 183-184.

M. Green, R. Lazarsfeld. Deformation theory, generic vanishing theorems and some
conjectures of Enriques, Catanese and Beauville. Inv. Math. 90 (1987), 389-407.

B. Hunt. Complex manifold geography in dimension 2 and 3. J. Differential Geom.
30 (1989), 51-153.

Y. Kawamata. Crepant blowing-up of 3-dimensional canonical singularities and
its application to degeneration of surfaces. Ann. of Math. 127 (1988), 93-163.

G.Kempf, . Knudsen, D. Mumford, B.Saint-Donat. Toroidal embeddings 1. LNM
339 (1973) Springer.

J. Kolldr. Subadditivity of the Kodaira dimension: fibers of general type. Adv.
studies in Pure Math. 10 (1987), Algebraic Geometry, Sendai 1985. 361-398.

J. Kollar. Higher direct images of sheaves 1. Ann. of Math. 123 (1986), 11-42.

J. Kollar. Higher direct images of dualizing sheaves 1. Ann. of Math. 124 (1986),
171-202.

K. Konno. Algebraic surfaces of general type with ¢ = 3p, — 6. Math. Ann. 290
(1991), 77-107.

K. Konno. A note on surfaces with pencils of non-hyperelliptic curves of genus 3.
Osaka J. Math. 28 (1991), 737-745.

K. Konno. On the irregularity of special non-canonical surfaces. Publ. RIMS Kyoto
Univ. 30 (1994), 671-688.

K. Konno. A lower bound of the slope of trigonal fibrations. Internat. J. Math.
vol. 7 no. 1 (1996), 19-27.

K. Konno. Clifford index and the slope of fibred surfaces. Preprint 1997.



34

[24]
[25]
[26]
[27]
[28]

[29]

M. A. Barja

Y. Miyaoka. The Chern classes and Kodaira dimension of a minimal variety. Alge-
braic Geometry, Sendai (1985); it Adv. Study in Pure Math. 10 (1987), 449-476.

S. Mori. Classification of higher-dimensional varieties. Proc. Symp. in Pure Math.
46 (1987).

S. Mori. Flip theorem and the existence of minimal models for 3-folds. J. Amer.
Math. Soc. 1 (1988), 117-253.

M. Mendes Lopes. The degree of the generators of the canonical ring of surfaces
of general type with p, = 0. Arch. Math. 69 (1997), 435-440.

K. Ohno. Some inequalities for minimal fibrations of surfaces of general type over
curves. J. Math. Soc. Japan 44 (1992), 643-666.

G. Pompilj. Sulle superficie algebriche le cui curve canoniche posseggono una g.l.
Rend. Reale Ist. Lombardo di Sc. e Lett. T4 (1941), 280-286.

F. Serrano. Isotrivial fibred surfaces. Annali Mat. Pura ed appl. IV (1996), 63-81.
7.E. Stankova-Frenkel. Moduli of trigonal curves. Preprint 1997.

E. Viehweg. Quasi-projective moduli for polarized manifolds. Berlin, Heidelberg,
New York, Springer (1995).

G. Xiao. Lirregularité des surfaces de type général dont le systéme canonique est
composé d’un pinceau. Comp. Math. 56 (1985), 251-257.

G. Xiao. Fibred algebraic surfaces with low slope. Math. Ann. 276 (1987), 449-466.

F. Zucconi. Surfaces with canonical map of degree three and K? = 3p, — 5.
Preprint.



